
The Mathemati
al KnightNoam D. ElkiesRi
hard P. StanleyIntrodu
tionMu
h has been said of the aÆnity between mathemati
s and 
hess: two domains of humanthought where very limited sets of rules yield inexhaustible depths, 
hallenges, frustrationsand beauty. Both �elds support a venerable and burgeoning te
hni
al literature and attra
tmu
h more than their share of 
hild prodigies. For all that, the interse
tion of the two domainsis not large. While 
hess and mathemati
s may favor similar mindsets, there are few pla
eswhere a 
hess player or analyst 
an bene�t from a spe
i�
 mathemati
al idea, su
h as thesymmetry of the board and of most pie
es' moves (see for instan
e [24℄) or the 
ombinatorialgame theory of Berlekamp, Conway, and Guy (as in [4℄). Still, when mathemati
s does �ndappli
ations in 
hess, striking and instru
tive results often arise.This two-part arti
le shows several su
h appli
ations that feature the knight and its 
hara
ter-isti
 (2; 1) leap. It is based on portions of a book tentatively entitled Chess and Mathemati
s,
urrently in preparation by the two authors of this arti
le, that will 
over all aspe
ts of theintera
tions between 
hess and mathemati
s. Mathemati
ally, the 
hoi
e of (2; 1) and of the8� 8 board may seem to be a spe
ial 
ase of no parti
ular interest, and indeed we shall ono

asion indi
ate variations and generalizations involving other leap parameters and boardsizes. But long experien
e points to the standard knight's move and 
hessboard size as feli
-itous 
hoi
es not only for the game of 
hess but also for puzzles and problems involving theboard and pie
es, in
luding several of our examples.This �rst part 
on
entrates on puzzles su
h as the knight's tour. Many of these are 
learlymathemati
al problems in a very thin disguise (for instan
e, a 
losed knight's tour is aHamiltonian 
ir
uit on a 
ertain graph G), and 
an be solved or at least better understoodusing the terminology and te
hniques of 
ombinatori
s. We also relate a few of these ideaswith pra
ti
al endgame te
hnique (see Diagrams 1�., 10, 11). The se
ond part shows someremarkable 
hess problems featuring the knight or knights. Most \pra
ti
al" 
hess playershave little patien
e for the art of 
hess problems, whi
h has evolved a long way from itsorigins in instru
tive exer
ises. But the same formal 
on
erns that may deter the over-the-board player give some problems a parti
ular appeal to mathemati
ians. For instan
e, wewill exhibit a position, 
onstru
ted by P. O'Shea and published in 1989, where White, withonly king and knight, has just one way to for
e mate in 48 (the 
urrent re
ord). We alsoshow the longest known legal game of 
hess that is determined 
ompletely by its last move(dis
overed by R�osler in 1994) | whi
h happens to be 
he
kmate by promotion to a knight.Algebrai
 notation.We assume that the reader is familiar with the rules of 
hess, but require very little knowledgeof 
hess strategy. (The reader who knows, or is willing to a

ept as intuitively obvious, thatking and queen win against king or even king and knight if there is no immediate draw,will have no diÆ
ulty following the analysis.) The reader will, however, have to follow thenotation for 
hess moves, either by visualizing the moves on the diagram or by setting upthe position on the board. Several notation systems have been used; the most 
ommonone nowadays, and the one we use here, is \algebrai
 notation", so 
alled be
ause of the
oordinate system used to name the squares of the board. In the remaining paragraphs ofthis introdu
tory se
tion we outline this notation system. Readers already 
uent in algebrai
notation may safely skip ahead to Se
tion 1. 1



Ea
h square on the 8� 8 board is uniquely determined by its row and 
olumn, 
alled \rank"and \�le" respe
tively. The ranks are numbered from 1 to 8, the �les named by letters athrough h. In the initial array, ranks 1 and 2 are o

upied by White's pie
es and pawns,ranks 8 and 7 by Bla
k's, both queens are on the d-�le, and both kings on the e-�le. Thus,viewed from White's side of the board (as are all the diagrams in this arti
le), the ranks arenumbered from bottom to top, the �les from left to right. We name a square by its 
olumnfollowed by the row; for instan
e, the White king in Diagram 1 below is at d2. Ea
h of thesix kinds of 
hessmen is referred to by a single letter, usually its initial: K, Q, R, B, P areking, queen, rook, bishop, and pawn (often lower-
ase p is seen for pawn). We 
annot usethe initial letter for the knight be
ause K is already the king, so we use its phoneti
 initial, Nfor kNight. For instan
e, Diagram 1 
an be des
ribed as: White Kd2, Bla
k Ka1, Nf2, Pa2,P
2. To notate a 
hess move we name the pie
e and its destination square, interpolating \�"if the move is a 
apture. For pawn moves the P is usually suppressed; for pawn 
aptures,it is repla
ed by the pawn's �le. Thus in Diagram 11, Bla
k's pawn moves are notated a2and a�b2 rather than Pa2 and P�b2. We follow a move by \+" if it gives 
he
k, and by \!"or \?" if we regard it as parti
ularly strong or weak. In some 
ases \!" is used to indi
atea themati
 move, i.e., a move that is essential to the \theme" or main point of the problem.As an aid to following the analysis, moves are numbered 
onse
utively, from the start ofthe game or from the diagram. For instan
e, we shall begin the dis
ussion of Diagram 1 by
onsidering the possibility \1.K�
2 Nd3!". Here \1" indi
ates that these are White's andBla
k's �rst moves from the diagram; \K�
2" means that the White king 
aptures the uniton 
2; and \Nd3!" means that the Bla
k knight moves to the uno

upied square d3, and thatthis is regarded as a strong move (the point here being that Bla
k prevents 2.K
1 even at the
ost of letting White 
apture the knight). When analysis begins with a Bla
k move, we use\. . . " to represent the previous White move; thus \1 . . . Nd3!" is the same �rst Bla
k move.A few further re�nements are needed to subsume promotion and 
astling, and to ensurethat every move is uniquely spe
i�ed by its notation. For instan
e, if Bla
k were to move�rst in Diagram 1 and promoted his 
2-pawn to a queen (giving 
he
k), we would write thisas 1 . . . 
1Q+, or more likely 1 . . . 
1Q+?, be
ause we shall see that after 2.K�
1 White
an draw. Short and long 
astling are notated 0-0 and 0-0-0 respe
tively. If the pie
e anddestination square do not spe
ify the move uniquely, we also give the departure square's �le,rank, or both. An extreme example: Starting from Diagram 9, \Nb1" uniquely spe
i�es amove of the 
3 knight. But to move it to d5 we would write \N
d5" (be
ause other knightson the b- and f-�les 
ould also rea
h d5); to a4, \N3a4" (not \N
a4" be
ause of the knighton 
5); and to e4, \N
3e4" (why?).1 A 
hess endgameWe begin by analyzing a relatively simple 
hess position (Diagram 1 below). This may looklike an endgame from a
tual play, but is a 
omposed position | an \endgame study" |
reated (by NDE) to bring the key point into sharper fo
us.
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Diagram 1Z Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZpZpJ m Zj Z Z ZWhite to moveWhite, redu
ed to bare king, 
an do no better than draw, and even that with diÆ
ulty:Bla
k will surely win if either pawn safely promotes to a queen. A natural try is 1.K�
2,eliminating one pawn and imprisoning two of Bla
k's remaining three men in the 
orner. But1 . . . Nd3! breaks the blo
kade (Diagram 2a). Bla
k threatens nothing but 
ontrols the keysquare 
1. The rules of 
hess do not allow White to pass the move; unable to go to 
1, theking must move elsewhere and release Bla
k's men. After 2.K�d3 (or any other move) Kb1followed by 3 . . . a1Q, Bla
k wins easily.Diagram 2aZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ ZnZ ZpZKZ Z Zj Z Z Z
Diagram 2bZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z Zm Z Z ZZ Z Z ZpZ Z Z Zj J Z ZReturning to Diagram 1, let us try instead 1.K
1! This still lo
ks in the Bla
k Ka1 and Pa2,and prepares to 
apture the P
2 next move, for instan
e 1 . . . Nd3+ 2.K�
2, arriving atDiagram 2a with Bla
k to move. White has in e�e
t su

eeded in passing the move to Bla
kby taking a detour from d2 to 
2. Now it is Bla
k who 
annot pass, and any move restoresthe White king's a

ess to 
1. For instan
e, play may 
ontinue 2 . . . Nb4+ 3.K
1, rea
hingDiagram 2b. Bla
k is still bottled up. If it were White to move in Diagram 2b, White wouldhave to release Bla
k with Kd1 or Kd2 and lose; but again Bla
k must move and allow Whiteba
k to 
2, for instan
e 3 . . . Nd3+ 4.K
2 and we are ba
k at Diagram 2a.3



So White does draw | at least if Bla
k obligingly shuttles the knight between d3 and b4 tomat
h the White king's os
illations between 
1 and 
2. But what if Bla
k tries to improveon this? While the king is limited to those two squares, the knight 
an roam over almostthe entire board. For instan
e, from Diagram 2a Bla
k might bring the knight to the far
orner in m moves, rea
hing a position su
h as Diagram 3a, and then ba
k to d3 in n moves.If m + n is odd, then Bla
k will win sin
e it will be White's turn to move. Instead of d3,Bla
k 
an aim for b3 or e2, whi
h also 
ontrol 
1; but ea
h of these is two knight moves awayfrom d3, so we get an equivalent parity 
ondition. Alternatively, Bla
k might try to rea
h b4from d3 in an even number of moves, to rea
h Diagram 2b with White to move; and againBla
k 
ould aim for another square that 
ontrols 
2. But ea
h of these squares is one or threeknight moves away from d3, so again would yield a 
losed path of odd length through d3.Can Bla
k thus pass the move ba
k to White? For that matter, what should White do inDiagram 3b? Does either K
1 or K�
2 draw, or is White lost regardless of this 
hoi
e?Diagram 3aZ Z Z mZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZpZKZ Z Zj Z Z Z
Diagram 3bZ Z Z mZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZpZpJ Z Zj Z Z ZWhite to moveThe out
ome of Diagram 2a thus hinges on the answer to the following problem in graphtheory:Let G = G8;8 be the graph whose verti
es are the 64 squares of the 8�8 
hessboard and whoseedges are the pairs of squares joined by a knight's move. Does G have a 
y
le of odd lengththrough d3?Likewise White's initial move in Diagram 3b and the out
ome of this endgame 
omes downto the related question 
on
erning the same graph G:What are the possible parities of lengths of paths on G from h8 to 
1 or 
2?The answers result from the following basi
 properties of G:Lemma. (i) The graph G is 
onne
ted. (ii) The graph is bipartite, the two parts 
omprisingthe 32 light squares and 32 dark squares of the 
hessboard.Proof : Part (i) is just the familiar fa
t that a knight 
an get from any square on the 
hess-board to any other square. Part (ii) amounts to the observation that every knight move
onne
ts a light and a dark square.Corollaries. 1) There are no knight 
y
les of odd length on the 
hessboard. 2) Two squares4



of the same 
olor are 
onne
ted by knight-move paths of even length but not of odd length;two square of opposite 
olor are 
onne
ted by knight-move paths of odd length but not ofeven length.We thus answer our 
hess questions: White draws both Diagram 1 and Diagram 3b bystarting with K
1. More generally, for any initial position of the Bla
k knight, White 
hoosesbetween 
1 and 
2 by moving to the square of the same 
olor as the one o

upied by theknight.Remark. Our analysis would rea
h the same 
on
lusions if the Bla
k pawn on 
2 wereremoved from Diagrams 1 and 3b; we in
luded this super
uous pawn only as bait to makethe wrong 
hoi
e of 
2 more tempting.Puzzle 1. For whi
h re
tangular boards (if any) does part (i) or (ii) of the Lemma fail?That is, whi
h Gm;n are not 
onne
ted, or not bipartite? (All puzzles and all diagrams notexpli
ated in the text have solutions at the end of this arti
le.)Knight's tours and the Thirty-Two KnightsThe graph G arises often in problems and puzzles involving knights. For instan
e, the peren-nial knight's tour puzzle asks in e�e
t for a Hamiltonian path on G; a \re-entrant" or \
losed"knight's tour is just a Hamiltonian 
ir
uit. The existen
e of su
h tours is 
lassi
al | even Eu-ler spent some time 
onstru
ting them, �nding among others the following elegant 
entrallysymmetri
 tour (from [9, p. 191℄): Diagram 4Z Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZAAAAHHHH����HHHHAAAAHHHH������������HHHH����AAAA����HHHH����HHHH������������HHHH������������AAAAHHHH����HHHH����HHHH����HHHH�
���AAAAHH

HH����HHHHAAAAHHHH������������HHHH����AAAA����HHHH����HHHH������������HHHH������������AAAAHHHH����HHHH����HHHH����HHHH����
a 
losed knight's tour 
onstru
ted by EulerThe extensive literature on knight's tours in
ludes many examples, whi
h, when numberedalong the path from 1 to 64, yield semi-magi
 squares (all row and 
olumn sums equal 260),sometimes with further \magi
" properties, but it is not yet known whether a fully magi
knight's tour (one with major diagonals as well as rows and 
olumns summing to 260), eitheropen or 
losed, 
an exist.More generally, we may ask for Hamiltonian 
ir
uits on Gm;n for other m;n; that is, for
losed knight's tours on other re
tangular 
hessboards. A ne
essary 
ondition is that Gm;nbe a 
onne
ted graph with an even number of verti
es. Hen
e we must have 2jmn and bothm;n at least 3 (
f. Puzzle 1). But not all Gm;n satisfying this 
ondition admit Hamiltonian
ir
uits. For instan
e, one easily 
he
ks that G3;4 is not Hamiltonian. Nor are G3;6 and G3;8,5



but G3;10 has a Hamiltonian 
ir
uit, as does G3;n for ea
h even n > 10. For instan
e, thenext diagram shows a 
losed knight's tour on the 3� 10 board:Diagram 5Z Z Z Z ZZ Z Z Z ZZ Z Z Z Z����HHHH������������HHHH��������HHHHAAAA��������HHHH����HHHH����HHHH����AAAA����HHHH����HHHH����HHHH��������AAAAHHHH����a 
losed knight's tour on the 3� 10 boardThere are sixteen su
h tours (ignoring the board symmetries). More generally, enumer-ating the 
losed knight's tours on a 3 � (8 + 2n) board yields a sequen
e 16, 176, 1536,15424, . . . satisfying a 
onstant linear re
ursion of degree 21 that was obtained independentlyby Knuth and NDE in April, 1994. See [23, Sequen
e A070030℄. In 1997, Brendan M
Kay�rst 
omputed that there are 13267364410532 (more than 1:3 � 1013) 
losed knight's tourson the 8� 8 board ([19℄; see also [23, Sequen
e A001230℄,[26℄).We return now from enumeration to existen
e. After G3;n the next 
ase is G4;n. This istri
kier: the reader might try to 
onstru
t a 
losed knight's tour on a 4 � 11 board, or toprove that none exists. We answer this question later.What of maximal 
liques and 
o
liques on G? A 
lique is just a 
olle
tion of pairwise defending(or atta
king) knights. Clearly there 
an be no more than two knights, again be
ause G isbipartite: two squares of the same 
olor 
annot be a knight's move apart, and any set of moreat least three squares must in
lude two of the same 
olor. Co
liques are more interesting: howmany pairwise nonatta
king knights 
an the 
hessboard a

ommodate?1 We follow Golomb([21℄, via M. Gardner [9, p. 193℄). Again the fa
t that G is bipartite suggests the answer(Diagram 6): Diagram 6NZNZNZNZZNZNZNZNNZNZNZNZZNZNZNZNNZNZNZNZZNZNZNZNNZNZNZNZZNZNZNZN32 mutually nonatta
king knights

Diagram 7Z Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z Z����������������
����������������

HHHHHHHHHHHHHHHH
HHHHHHHHHHHHHHHH

����������������
����������������

HHHHHHHHHHHHHHHH
HHHHHHHHHHHHHHHH

rrrr
rrrr

rrrr
rrrr

rrrr
rrrr

rrrr
rrrr

rrrr
rrrr

rrrr
rrrr

rrrr
rrrr

rrrr
rrrr

A one-fa
tor in GIt is not hard to see that we 
annot do better: the 64 squares may be partitioned into 32pairs ea
h related by a knight move, and then at most one square from ea
h pair 
an be1Burt Ho
hberg jokes (in [11, p. 5℄, 
on
erning the analogous problem for queens) that the answer is 64, allWhite pie
es or all Bla
k: pie
es of the same 
olor 
annot atta
k ea
h other! Of 
ourse this joke, and similar jokessu
h as 
rowding several pie
es on a single square, are extraneous to our analysis.6



used. See Diagram 7. This is Patenaude's solution in [21℄. Su
h a pairing of G is 
alled a\one-fa
tor" in graph theory. Similar one-fa
tors exist on all Gm;n when 2jmn and m;n bothex
eed 2; they 
an be used to show that in general a knight 
o
lique on an m� n board hassize at most mn=2 for su
h m;n.Puzzle 2. What happens if m;n are both odd, or if m � 2 or n � 2?Are Diagram 6 and its 
omplement the only maximal 
o
liques? Yes, but this is harderto show. One elegant proof, given by Greenberg in [21℄, invokes the existen
e of a 
losedknight's tour, su
h as Euler's Diagram 4. In general, on a 
ir
uit of length 2M the onlysets of M pairwise nonadja
ent verti
es are the set of even-numbered verti
es and the set ofodd-numbered ones on the 
ir
uit. Here M = 32, and the knight's tour in e�e
t embeds that
ir
uit into G, so a fortiori there 
an be at most two 
o
liques of size M on G | and we havealready found them both!Of 
ourse this proof applies equally to any board with a 
losed knight's tour: on any su
hboard the light- and dark-squared subsets are the only maximal 
o
liques. Conversely, aboard for whi
h there are further maximal 
o
liques 
annot support a 
losed knight's tour.For example, any 4� n board has a mixed-
olor maximal 
o
lique, as illustrated for n = 11in the next diagram: Diagram 8MNMNMNMNMNMZ Z Z Z ZZ Z Z Z Z ZNMNMNMNMNMNa third maximal knight 
o
lique on the 4� 11 boardThis yields possibly the 
leanest proof that there is no 
losed knight's tour on a 4� n boardfor any n. (A

ording to Jelliss [14℄, this fa
t was known to Euler and �rst proved by C.Flye Sainte-Marie in 1877; Jelliss attributes the above 
lean proof to Louis Posa.)Warning: the existen
e of a 
losed knight's tour is a suÆ
ient but not ne
essary 
ondition for theexisten
e of only two maximal knight 
o
liques. It is known that an m� n board supports a 
losedtour if and only if its area mn is an even integer > 24 and neither m nor n is 1, 2, or 4. In parti
ular,as noted above there are no 
losed knight's tours on the 3�6 and 3�8 boards, though as it happenson ea
h of these boards the only maximal knight 
o
liques are the two obvious mono
hromati
 ones.More about G:Domination number, girth, and the knight metri
Another 
lassi
 puzzle asks: how many knights does it take to either o

upy or defend everysquare on the board? In graph theory parlan
e this asks for the \domination number" of G.22This terminology is not entirely foreign to the 
hess literature: A pie
e is said to be \dominated" when it 
anmove to many squares but will be lost on any of them. (The meaning of \many" in this de�nition is not pre
isebe
ause domination is an artisti
 
on
ept, not a mathemati
al one.) The introdu
tion of this term into the 
hesslexi
on is attributed to Henri Rin
k ([12, p. 93℄, [16, p. 151℄). The task of 
onstru
ting e
onomi
al dominationpositions, where a few 
hessmen 
over many squares, has a pronoun
ed 
ombinatorial 
avor; the great 
omposerof endgame studies G.M. Kasparyan devoted an entire book to the subje
t, Domination in 2545 Endgame Studies,Progress Publishers, Mos
ow, 1980. 7



For the standard 8 � 8 board, the following symmetri
al solution with 12 knights has longbeen known: Diagram 9Z Z Z ZZ Z ZNZMNZNM ZZ M Z ZZ Z M ZZ MNZNMZNZ Z ZZ Z Z ZAll uno

upied squares 
ontrolledPuzzle 3. Prove that this solution is unique up to re
e
tion.The knight domination number for 
hessboards of arbitrary size is not known, not evenasymptoti
ally. See [9, Ch.14℄ for results known at the time for square boards of order upto 15, most dating ba
k to 1918 [1, Vol.2, p. 359℄. If we ask instead that every square,o

upied or not, be defended, then the 8 � 8 
hessboard requires 14 knights. On an m � nboard, at least mn=8 knights are needed sin
e a knight defends at most 8 squares.Puzzle 4. Prove that mn=8 + O(m + n) knights suÆ
e. Hint: treat the light and darksquares separately.We already noted that G, being bipartite, has no 
y
les of odd length. (We also en
ounteredthe non-existen
e of 3-
y
les as \G has no 
liques of size 3".) Thus the girth (minimal 
y
lelength) of G is at least 4. In fa
t the girth is exa
tly 4, as shown for instan
e in Diagram 10.Diagram 10Z Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z Zo Z Z ZNj Z Z ZZ Z Z ZK����HHHH����HHHH White to move draws

Diagram 10aZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZokZNZ ZZ Z Z ZZ Z Z ZK����HHHH����HHHH After 2 Nd3!This square 
y
le is important to endgame theory: a White knight traveling on the 
y
le 
an8



prevent the promotion of the Bla
k pawn on a3 supported by its king. To draw this positionWhite must either blo
k the pawn or 
apture it, even at the 
ost of the knight. The point isseen after 1.Nb4 Kb3 2.Nd3! (rea
hing Diagram 10a) a2 3.N
1+!, \forking" king and pawnand giving White time for 4.N�a2 and a draw. On other Bla
k moves from Diagram 10aWhite resumes 
ontrol of a2 with 3.N
1 or 3.Nb4; for instan
e 2 . . . K
2 3.Nb4+ or 2 . . . K
33.N
1 Kb2 (else Na2+) 4.Nd3+! et
. Note that the White king was not needed. 3Puzzle 5. Constru
t a position where this Nd5 resour
e is White's only way to draw.Warning: this puzzle is hard, and requires 
onsiderably more 
hess ba
kground than anything elsein this arti
le. The 
onstru
tion requires some deli
a
y: is not enough to simply stalemate the Whiteking, sin
e then White 
an play 2.Na2 with impunity; on the other hand if the White king is put inZugzwang (so that it has some legal moves, but all of them lose), then the dire
t 1 . . . a2 2.N�a2K�a2 wins for Bla
k.Evenmore important for the pra
ti
al 
hessplayer is the distan
e fun
tion on G, whi
h en
odesthe number of moves a knight needs to get from any square to any other. The diameter(maximal distan
e) on G is 6, whi
h is attained only by diagonally opposite 
orners. This isto be expe
ted, but shorter distan
es bring some surprises. The following table shows thedistan
e from ea
h vertex of G to a 
orner square:
5 4 5 4 5 4 5 64 3 4 3 4 5 4 53 4 3 4 3 4 5 42 3 2 3 4 3 4 53 2 3 2 3 4 3 42 1 4 3 2 3 4 53 4� 1 2 3 4 3 4N 3 2 3 2 3 4 5

Diagram 11Z Z Z jZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z Zo Z Z ZM Z Z ZZ ZKZ ZWhite losesThe starred entry is due to the board edges: a knight 
an travel from any square to anydiagonally adja
ent square in two moves ex
ept when one of them is a 
orner square. But theother irregularities of the table at short distan
es do not depend on edge e�e
ts. Anywhere onthe board, it takes the otherwise agile knight three moves to rea
h an orthogonally adja
entsquare, and four moves to travel two squares diagonally. This pe
uliarity must be absorbedby any 
hessplayer who would learn to play with or against knights. One 
onsequen
e, knownto endgame theory, is Diagram 11, whi
h exploits both the generi
 irregularity and the spe
ial
orner 
ase. Even with White to move, this position is a win for Bla
k, who will play . . . a2and . . . a1Q. One might expe
t that the knight is 
lose enough to stop this, but in fa
t itwould take it three moves to rea
h a2 and four to rea
h a1, in ea
h 
ase one too many. In3Note to more advan
ed 
hessplayers: it might seem that the knight does need a bit of help after 1.Nb4 Kb1!?,when either 2.Na2? or 2.Nd3? loses (in the latter 
ase to 2 . . . a2) but Bla
k has no threat so White 
an simplymake a random (\waiting") king move. But this is not ne
essary, as White 
ould also draw by thinking (andplaying) out of the a2-b4-d3-
1-a2 box: 1.Nb4 Kb1 2.Nd5! If now 2 . . . a2 then 3.N
3+ is a new drawing fork,and otherwise White plays 3.Nb4 and resumes the square dan
e.9



fa
t this knight helps Bla
k by blo
king the White king's approa
h to a1!Puzzle 6. Determine the knight distan
e from (0; 0) to (m;n) on an in�nite board as afun
tion of the integers m;n.Further puzzlesWe 
on
lude the �rst part with several more puzzles that exploit or extend our dis
ussion:Diagram 12Z Z Z ZZ Z Z ZZ Z Z ZZpZ Z ZopZ Z ZaropZ ZopspZ OlnjbJ ZWhite to play and mate as qui
kly as possible

Diagram 13Z Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ ZNZ Z������������������������������������ �������� �������� �������� ����
AAAA AAAA AAAA AAAAAAAA AAAA AAAA AAAA
HHHH HHHHHHHH HHHH HHHH HHHHHHHH HHHHs

the 4! shortest knight paths from d1 to d7Puzzle 7. How does White play in Diagram 12 to for
e 
he
kmate as qui
kly as possibleagainst any Bla
k defense?Yes, it's White who wins, despite having only king and pawn against 15 Bla
k men. But thesemen are almost paralyzed, with only the queen able to move in its 
orner prison. White mustkeep it that way: if he ever moves his king, Bla
k will sa
ri�
e his e2-pawn by promotingit, bring the Bla
k army to life and soon overwhelm White. So White must move only thepawn, and the pie
e that it will promote to. That's good enough for a draw, but how toa
tually win?Puzzle 8. (See Diagram 13.) There are exa
tly 24 = 4! paths that a knight on d1 
an take torea
h d7 in four moves; plotting these paths on the 
hessboard yields a beautiful proje
tionof (the 1-skeleton of) the 4-dimensional hyper
ube! Explain.Puzzle 9. We saw that there is an essentally unique maximal 
on�guration of 32 mutuallynon-defending knights on the 8� 8 board.i) Suppose we allow ea
h knight to be defended at most on
e. How many more knights 
anthe board then a

ommodate?ii) Now suppose we require ea
h knight to be defended exa
tly on
e. What is the largestnumber of knights on the 8�8 board satisfying this 
onstraint, and what are all the maximal
on�gurations?Puzzle 10. A \
amel" is a (3; 1) leaper, that is, an unorthodox 
hess pie
e that moves from(x; y) to one of the squares (x� 3; y� 1) or (x� 1; y� 3). (A knight is a (2; 1) leaper.) Sin
ethere are eight su
h squares, it takes at least mn=8 
amels to defend every square, o

upiedor not, on an m� n board. Are mn=8 +O(m+ n) suÆ
ient, as in Puzzle 4?Syntheti
 games 10



The remainder of this arti
le will be devoted to 
omposed 
hess problems featuring knights.A syntheti
 game [13℄ is a 
hess game 
omposed (rather than played) in order to a
hieve someobje
tive, usually in a minimal number of moves. Ideally the solution should be unique, butthis is very rare. Failing this, we 
an hope for an \almost unique" solution, e.g., one wherethe �nal position is unique though not the move order. For instan
e, the shortest gameending in 
he
kmate by a knight is 3.0 moves: 1.e3 N
6 2.Ne2 Nd4 3.g3 Nf3 mate. White
an vary the order of his moves and 
an play e4 and/or g4 instead of e3 and g3. The Bla
kknight has two paths to f3. The biggest 
aw, however, is that White 
ould play 
3/
4 insteadof g3/g4, and Bla
k 
ould mate at d3. At least all 72 solutions share the 
entral feature thatWhite in
ar
erates his king at its home square. A better syntheti
 game involving a knightis the following.Puzzle 11. Constru
t a game of 
hess in whi
h Bla
k 
he
kmates White on Bla
k's �fthmove by promoting a pawn to a knight.Proof gamesA very su

essful variation of syntheti
 games that allows unique solutions are proof games,for whi
h the length n of the game and the �nal position P are spe
i�ed. In order for the
ondition (P; n) to be 
onsidered a sound problem, there should be a unique game in n movesending in P . (Sometimes there will be more than one solution, but they should be related insome themati
 way. Here we will only 
onsider 
onditions (P; n) that are uniquely realizable,with the ex
eption of Diagram 17.)The earliest proof games were 
omposed by the famous \Puzzle King" Sam Loyd in the1890's but did not have unique solutions; the earliest sound (by today's standards) proofgame seems to have been 
omposed by T. R. Dawson in 1913. Although some interestingproof games were 
omposed in subsequent years, the vast potential of the subje
t was notsuspe
ted until the fantasti
 pioneering e�orts of Mi
hel Caillaud in the early 1980's. A 
loseto 
omplete 
olle
tion of all proof games published up to 1991 (around 160 problems) appearsin [28℄.Let us 
onsider some proof games related to knights. We mentioned above that the shortestgame ending in mate by knight has length 3.0 moves. None of the 72 solutions yield proofgames with unique solutions, i.e., every terminal position has more than one way of rea
hingit in 3.0 moves. It is therefore natural to ask for the least number n (either an integer orhalf-integer) for whi
h there exists a uniquely realizable game of 
hess in n moves ending with
he
kmate by knight, i.e., given the �nal position, there is a unique game that rea
hes it inn moves. Su
h a game was found independently by the two authors of this arti
le in 1996for n = 4:0, whi
h is surely the minimum. The �nal position is shown in Diagram 14.

11



Diagram 14rZblkansZpopopoppZ Z Z ZZ Z Z ZZ Z Z ZZ ZnO ZPO ONOPOSNAQJBZRPosition after Bla
k's 4th move. How did the game go?Five other proof game problems involving knights are the following. The minimum knownnumber of moves for a
hieving the game is given in parentheses. (We repeat that the gamemust be uniquely realizable from the number of moves and �nal position.)Puzzle 12. Constru
t a proof game without any 
aptures that ends with mate by a knight(4.5).Puzzle 13. Constru
t a proof game ending with mate by a knight making a 
apture (5.5)Puzzle 14. Constru
t a proof game ending with mate by a pawn promoting to a knight(5.5).Puzzle 15. Constru
t a proof game ending with mate by a pawn promoting to a knightwithout a 
apture on the mating move (6.0).Puzzle 16. Constru
t a proof game ending with mate by a pawn promoting to a knightwith no 
aptures by the mating side throughout the game (7.0).There is a remarkable variant of Puzzle 14. Rather than having the game determined byits �nal position and number of moves, it is instead 
ompletely determined by its last move(in
luding the move number)! This is the longest known game with this property.Puzzle 140. Constru
t a game of 
hess with last move 6.g�f8N mate.The above proof games fo
used on a
hieving some obje
tive in the minimum number of moves.Many other proof games in whi
h knights play a key role have been 
omposed, of whi
h wegive a sample of �ve problems. Diagrams 15, 16, and 17 feature \impostors"|some pie
e(s)are not what they seem. The �rst of these (Diagram 15) is a 
lassi
 problem that is one of theearliest of all proof games, while Diagram 16 is 
onsiderably more 
hallenging. Diagram 17features a di�erent kind of impostor. Note that it has two solutions; it is remarkable howea
h solution has a di�erent impostor. The 
omplex and diÆ
ult Diagram 18 illustrates theFrolkin theme: the multiple 
apture of promoted pie
es. Diagram 19 shows, in the words ofWilts and Frolkin [28, p. 53℄, that \the seemingly indisputable fa
t that a knight 
annot losea tempo is not quite unambiguous."
12



Diagram 15rZblkansopo ZpopZ o Z ZZ Z Z ZZ Z Z ZZ Z Z ZPOPOPOPOS AQJBMRAfter Bla
k's 4th. How did the game go?

Diagram 16rmblkansopopopopZQZ S AZ Z Z ZZPZPO ZZ Z ZNZPO M ZPOZ Z JBZRAfter Bla
k's 12th. How did the game go?

Diagram 17ZkZ Z sZbopZpopo s o ZZ a Z ZZ ZnZ Zl Z Z ZPZPOPOPOSNAQJBMRAfter White's 13th. How did the game go? Two solutions!13



Diagram 18rAblka sZPZpmponZ M Z ZZ Z Z ZORZKZPZZPZPZ OQZ ORZPZZ Z M ZAfter White's 27th. How did the game go?

Diagram 19rmbZ Z ZopopZ ZZ Z lpZZ Z o akNZ ZrZ ZZ O Z ZPO OPO OS AQJBMRAfter Bla
k's 10th move. How did the game go?Diagram 20Zbmka ZspopoporpZ Z Z oZ ZNZ ZZ Z Z ZO Z Z ZOPOPOPOmRANJBSMate in oneRetrograde analysisIn retrograde analysis problems (
alled retro problems for short), it is ne
essary to dedu
einformation from the 
urrent position 
on
erning the prior history of the game. It is onlyassumed that the prior play is legal; no assumption is made that the play is \sensible." Proofgames are a spe
ial 
lass of retro problems. We will give only one illustration here of a retroproblem that is not a proof game. It is based on 
onsiderations of parity, a 
ommon themewhenever knights are involved. Diagram 20 is a mate in one. A 
hess problem with thisstipulation almost invariably involves an element of retrograde analysis, su
h as determiningwho has the move.4Length re
ords4In a problem with the stipulation \Mate in n," it is assumed that White moves �rst unless it 
an be provedthat Bla
k has the move in order for the position to be legal.14



Here one tries to 
onstru
t a position that maximizes the number of moves whi
h mustelapse before a 
ertain obje
tive is satis�ed. The most obvious and most-studied obje
tiveis 
he
kmate. In other words, how large 
an n be in a problem with the obje
tive \mate inn" (i.e., White to play and 
he
kmate Bla
k in n moves)? Chess problem standards demandthat the solution should be unique if at all possible. It is too mu
h to expe
t, espe
iallyfor long-range problems, that White has a unique response to every Bla
k move in orderfor White to a
hieve his obje
tive. In other words, it is possible for Bla
k to defend poorlyand allow White to a
hieve his obje
tive in more than one way, or even a
hieve it earlierthan spe
i�ed. The 
orre
t uniqueness 
ondition is that the problem should be dual-free,whi
h means that Bla
k has at least one method of defending whi
h for
es ea
h White moveuniquely if White is to a
hieve his obje
tive. The obje
tive of 
he
kmate 
an be 
ombinedwith other 
onditions, su
h as White having only one unit besides his king. The ingeniousDiagram 21 shows the 
urrent re
ord for a \knight minimal," i.e., White's only unit besideshis king is a knight. For other length re
ords, as well as many other tasks and re
ords, see[20℄. Diagram 21Z Z Z Zo ZNZ ZpZ Z Z Zo Z Z ZpZ Z Z ZJ Z Z opo Z mpjZ Z Z anMate in 48ParadoxThe term \paradox" has several meanings in both mathemati
s and ordinary dis
ourse. Wewill regard a feature of a 
hess problem (or 
hess game) as paradoxi
al if it is seeminglyopposed to 
ommon sense. For instan
e, 
ommon sense tells us that a material advantageis bene�
ial in winning a 
hess game or mating qui
kly. Thus sa
ri�
e in an orthodox 
hessproblem (i.e., a dire
t mate or study) is paradoxi
al. Of 
ourse it is just this paradoxi
alelement that explains the appeal of a sa
ri�
e. Another 
ommon paradoxi
al theme is un-derpromotion. Why not promote to the strongest possible pie
e, namely, the queen? Thistheme is related to that of sa
ri�
e, sin
e in ea
h 
ase the player is forgoing material. Tobe sure, underpromotion to knight in order to win, draw, or 
he
kmate qui
kly is not sosurprising (and has even o

urred a fair number of times in games) sin
e a knight 
an makemoves forbidden to a queen. Tim Krabb�e thus remarks in [15℄ that knighting hardly 
ountsas a true \underpromotion."5 Nevertheless, knight promotions 
an be used for surprisingpurposes that heighten the paradoxi
al e�e
t.Diagram 22 shows four knight sa
ri�
es, all promoted pawns, with a total of �ve promotions5More paradoxi
al are underpromotions to rooks and bishops, but we will not be 
on
erned with them here.15



to knight. Diagram 23 shows a 
elebrated problem 
omposed by Sam Loyd where a pawnpromotes to a knight that threatens no pie
es or 
he
ks and is hopelessly out of play. Forsome interesting 
omments by Loyd on this problem, see [27, p. 403℄.Diagram 22Z ZrZ Zo o oPoPZPZPZPZZ Z ZKZZ o ZPZZ Z Z ZpZ O opsZ ZRZnjqWhite to play and win

Diagram 23bZ Z Z ZOPZ Z ZZ Z Z ZZ Z Z ZZ Z Z JZ Z Z AZ Z ZNZZ Z S akMate in 3Note that the impostors of Figures 15{17 may also be regarded as paradoxi
al, sin
e we'retrying to rea
h the position as qui
kly as possible, and it seems a waste of time to moveknights into the original square(s) of other knights. Similarly the time-wasting 5.h�g8N6.Nh6 7.N�f7 of Diagram 19 seems paradoxi
al|why not save a move by 5.h�g8B and6.B�f7+?HelpmateIn a helpmate in n moves, Bla
k moves �rst and 
ooperates with White so that White matesBla
k on White's nth move. If the number of solutions of a helpmate is not spe
i�ed, thenthere should be a unique solution. For a long time it was thought impossible to 
onstru
t asound helpmate with the theme of Diagram 24, featuring knight promotions. Note that the�rst obsta
le to over
ome is the avoidan
e of 
he
kmating White or stalemating Bla
k. The
omposer of this brilliant problem, Gabor Cseh, was tragi
ally killed in an a

ident in 2001at the age of 26.

16



Diagram 24Z Z Z ZZ Z ZNSZ Z ZPAZPZ O OZ ZPZ ZZ o ZpZpporo o ojblraKZHelpmate in 10Pie
e shu�eIn pie
e shu�es or permutation tasks, a rearrangement of pie
es is to be a
hieved in aminimum number of moves, sometimes subje
t to spe
ial 
onditions. They may be regardedas spe
ial 
ases of \moving 
ounter problems" su
h as given in [2, pp. 769{777℄ or [3, pp.58{68℄. A 
lassi
 example involving knights, going ba
k to Guarini in 1512, is shown inDiagram 25. The knights are to ex
hange pla
es in the minimum number of moves. (Ea
hWhite knight ends up where a Bla
k knight begins, and vi
e versa.) The systemati
 methodfor doing su
h problems, �rst enun
iated by Dudeney [3, solution to #341℄ and 
alled themethod of \buttons and strings," is to form a graph whose verti
es are the squares of theboard, with an edge between two verti
es if the problem pie
e (here a knight) 
an move fromone vertex to the other. For Diagram 25 the graph is just an eight-
y
le (with an irrelevantisolated vertex 
orresponding to the 
enter square of the board). See Diagram 26. Thisrepresentation of the problem makes it quite easy to see that the minimum number of movesis sixteen (eight by ea
h 
olor), a
hieved for instan
e by 
y
li
ally moving ea
h knight foursteps 
lo
kwise around the eight-
y
le. If a White knight is added at b1 and a Bla
k knightat b3, then somewhat paradoxi
ally the minimum number of moves is redu
ed to eight! Avariation of the stipulation of Diagram 25 is the following problem, whose solution is a bittri
ky and essentially unique.

17



Diagram 25nZnZ ZNZNEx
hange the knightsin a minimum number of moves
Diagram 26

b3��
�
1Na2 ���
3n b1��� a3n
2��� a1NThe graph 
orrespondingto Diagram 25Puzzle 17 In Diagram 25 ex
hange the knights in a minimum number of move sequen
es,where a \move sequen
e" is an unlimited number of 
onse
utive moves by the same knight.For some more sophisti
ated problems similar to Diagram 25, see [10, pp. 114{124℄. The mostinteresting pie
e shu�e problems 
onne
ted with the game of 
hess (though not fo
using onknights) are due to G. Foster [5, 6, 7, 8℄, 
reated with the help of his 
omputer programWOMBAT (Work Out Matrix By Algorithmi
 Te
hniques).Puzzle answers, hints, and solutions1 The graph Gm;n is 
onne
ted for m = n = 1 (only one vertex) and not 
onne
ted form = n = 3 (the 
entral square is an isolated vertex). With those two ex
eptions, Gm;n is
onne
ted if and only if m > 2 and n > 2. Every Gm;n is bipartite, ex
ept G1;1 (emptyparts not allowed); ea
h non-
onne
ted graph Gm;n is bipartite in several ways ex
ept forG1;2 = G2;1.2 If m = 1 or n = 1 then Gm;n is dis
onne
ted, so the maximal 
o
lique is the set of all mnverti
es. The graph G2;n (or Gn;2) de
omposes into two paths of length bn=2
 and two oflength dn=2e. It thus has a one-fa
tor if an only if 4jn, and otherwise has 
o
liques of size> n; the maximal 
o
lique size is n+Æ where Æ 2 f0; 1; 2g and n � �Æ mod 4. If m and n areodd integers greater than 1 then the maximal 
o
lique size of Gm;n is (mn+1)=2, attained bypla
ing a knight on ea
h square of the same parity as a 
orner square of an m�n board. One
an prove that this is maximal by deleting one of these squares and 
onstru
ting a one-fa
toron the remaining mn� 1 verti
es of Gm;n.3 Ea
h of the four 2�2 
orner subboards requires at least three knights, and no single knightmay o

upy or defend squares in two di�erent subboards. Hen
e at least 4 � 3 = 12 knightsare needed. For three knights to 
over the fa1, b1, a2, b2g subboard, one of them must beon 
3; likewise f3, f6, 
6 must be o

upied if 12 knights are to suÆ
e. It is now easy to verifythat Diagram 9 and its re
e
tion are the only ways to pla
e the remaining 8 knights so as to
over the entire 
hessboard.4 ([3, #319, p. 127℄) On an in�nite 
hessboard, ea
h square of odd parity is a knight-moveaway from exa
tly one of the squares with 
oordinates (2x; 2y) with x � y mod 4. Interse
tingthis latti
e with an m � n 
hessboard yields mn=16 + O(m + n) knights that 
over all oddsquares at distan
e at least 3 from the nearest edge. Thus an extra O(m+n) knights defendall the odd squares on the board. The same 
onstru
tion for the even squares yields a totalof mn=8 +O(m + n). 18



Diagram 27Z Z Z ZZ Z Z ZZ Z Z ZZ Z Z ZZ Z Z Zo Z ZpoNj Z ZPaZ Z ZKZWhite to move draws5 One su
h position is Diagram 27 above. On
e the a-pawn is gone, the position is atheoreti
al draw whether Bla
k plays f�g2+ (Bla
k 
an do no better than stalemate againstK�g2, Kh1, Kg2 et
.) or f2 (ditto after Ke2, Kf1, et
.), or lets White play g�f3 and Kg2 andthen jettison the f-pawn to rea
h the same draw that follows f�g2+. But as long as Bla
k'sa-pawn is on the board, White 
an move only the knight sin
e g�f3 would liberate Bla
k'sbishop whi
h 
ould then for
e White's knight away (for instan
e 1.Nb4 Kb1 2.g�f3? g2+!3.K�g2 Bd6 4.Nd5 Kb2) and safely promote the a-pawn. Bla
k's pawn on f3 
ould also beon h3 with the same e�e
t.6 The distan
e is an integer, 
ongruent to m+n mod 2, that equals or ex
eeds ea
h of jmj=2,jnj=2 , and (jmj + jnj)=3. It is the smallest su
h integer ex
ept when in the 
ases alreadynoted of (m;n) = (0;�1), (�1; 0), or (�2;�2), when the distan
e ex
eeds the above lowerbound by 2.7 (adapted from Gorgiev) To win, White must promote the pawn to a knight, 
apture thepawns on b5 and 
4, and then mate with N�b3 when the Bla
k queen is on a1. Thus N�b3must be an odd-numbered move. Therefore 1.h4, 2.h5, 3.h6, 4.h7, 5.h8N does not workbe
ause all knight paths from h8 to b3 have odd length. Sin
e the knight 
annot \lose themove", the pawn must do so on its initial move: 1.h3!, followed by 6.h8N!, 7.Nf7, 8.Nd6,9.N�b5, 10.Nd6, 11.N�
4, 12.Na5. At this point the Bla
k queen is on a2, having made11 moves from the initial position; when
e the 
on
lusion: 12 . . . Qa1 13.N�b3 mate. (Weomitted from Gorgiev's original problem the initial move 1.Kf2�Ne1 Qa2-a1, whi
h onlyserved to give Bla
k his entire army in the initial position and thus maximize the materialdisparity; and moved a Bla
k pawn from 
5 to b5 to make the solution unique, at some 
ostin strategi
 interest.)8 Re
all that a knight's move joins squares di�ering by one of the eight ve
tors (�1;�2)or (�2;�1), and 
he
k that to get some four of those to add to (0; 6) we must use thefour ve
tors with a positive ordinate in some order. Thus, to rea
h d7 from d1 (or, moregenerally, to travel six squares north with no obstru
tion from the edges of the board) infour moves, the knight must move on
e in ea
h of its four north-going dire
tions. Thereforea path 
orresponds to a permutation of the four ve
tors (�1; 2) and (�2; 1). The number ofpaths is thus 4! = 24, and drawing them all yields the image of the 4-
ube under a proje
tiontaking the unit ve
tors to (�1; 2) and (�2; 1). Instead of d1 and d7 we 
ould also draw the19



24 paths from a4 to g4 in four moves to get the same pi
ture. Not b2 and f6, though: besidesthe 24 paths of Diagram 13 there are other four-move journeys, for instan
e b2-d3-f4-h5-f6.9 (i) The maximum is still 32 (though there are many more 
on�gurations that attain thismaximum). To show this, it is enough to prove that at most 8 knights 
an �t on a 4 � 4board if ea
h is to be defended at most on
e. This in turn 
an be seen by de
omposing G4;4as a union of four 4-
y
les (Diagram 28), and noting that only two knights 
an �t on ea
h4-
y
le.(ii) On
e again, the maximum is 32, this time with a new 
on�guration (Diagram 29) uniqueup to re
e
tion! (But note that this 
on�guration has a 
y
li
 group of 4 symmetries, unlikethe elementary abelian 2-group of symmetries of the maximal 
o
lique (Diagram 6).) Thatthis is maximal follows from the �rst part of this puzzle. For uniqueness, our proof is toolong to reprodu
e here in full; it pro
eeds as follows. In any 32-knight 
on�guration, ea
h ofthe four 4� 4 
orner subboards must 
ontain 8 knights, two on ea
h of its four 4-
y
les. Weanalyze 
ases to show that it is impossible for two knights in di�erent subboards to defendea
h other. We then show that Diagram 29 and its re
e
tion are the only ways to �t four8-knight 
on�gurations into an 8� 8 board under this 
onstraint.10 Yes, mn=8+O(m+n) 
amels suÆ
e. The 
amel always stays on squares of the same 
olor.The squares of one 
olor may be regarded on a 
hessboard in its own right, tilted 45Æ andmagni�ed by a fa
tor ofp2 | in other words, multiplied by the 
omplex number 1+i. On thisboard, the 
amel's move amounts to the ordinary knight's move sin
e 3+i = (2�i)(1+i). We
an thus adapt our solution of Puzzle 4. Expli
itly, on an in�nite 
hessboard ea
h square withboth 
oordinates odd is a 
amel's move away from exa
tly one square of the form (4x; 8y).Thus 
amels at (4x + a; 8x + b) (a; b 2 f0; 1g) 
over the entire board without dupli
ation,and the interse
tion of this 
on�guration with an m�n board 
overs all but O(m+n) of itssquares.
Diagram 28Z ZZ ZZ ZZ Z���������������� AAAAHHHHAAAAHHHHAAAA����AAAA���� ����HHHH����HHHH

Diagram 29NMNM ZNMMNMNZ MNZ Z ZNMZ Z Z MNNM Z Z ZMNZ Z ZNM ZNMNMMNZ MNMNSolution of Puzzle 8(ii)11 1.d3 e5 2.Kd2 e4 3.K
3 e�d3 4.b3 d�e2 5.Kb2 e�d1N mate. White 
an play d4 insteadof d3 (so Bla
k plays e�d4) and 
an vary his move order, but the �nal position is believedto be unique. This game �rst appeared in [17℄.12 (G. Forslund, Retros Mailing List, June 1996) 1.e3 f5 2.Qf3 Kf7 3.B
4+ Kf6 4.Q
6+ Ke55.Nf3 mate. 20



13 (G. Wi
klund, Retros Mailing List, O
tober 1996) 1.Nf3 e6 2.Ne5 Ne7 3.N�d7 e5 4.N�f8Bd7 5.Ne6 Rf8 6.N�g7 mate.14 (P. R�ossler, Problemkiste, August 1994 (version)) 1.h4 d5 2.h5 Nd7 3.h6 Ndf6 4.h�g7Kd7 5.Rh6 Ne8 6.g�f8N mate.15 (G. Donati, Retros Mailing List, June 1996) 1.h4 g6 2.Rh3 g5 3.Re3 g�h4 4.f3 h3 5.Kf2h2 6.Qe1 h1N mate.16 (O. Heimo, Retros Mailing List, June 1996) 1.d4 e5 2.d�e5 d5 3.Qd4 Be6 4.Qb6 d4 5.Kd2d3 6.K
3 d2 7.a3 d1N mate.140 See solution to Puzzle 14.17 a1-
2, 
1-b3-a1, 
3-a2-
1-b3, a3-b1-
3-a2-
1, 
2-a3-b1-
3, a1-
2-a3, b3-
1. Seven movesequen
es.Diagram solutionsDiagram 14. (N. Elkies, R. Stanley, 1996) 1.
4 Na6 2.
5 N�
5 3.e3 a6 4.Ne2 Nd3 mate.Diagram 15. (G. S
hweig, Tukon, 1938) 1.N
3 d6 2.Nd5 Nd7 3.N�e7 Ndf6 4.N�g8 N�g8. Theimpostor is the knight at g8, whi
h a
tually started out at b8.Diagram 16. (U. Heinonen, The Problemist 1991) 1.
4 Nf6 2.Qa4 Ne4 3.Q
6 N�d2 4.e4 Nb3 5.Bh6Na6! 6.Nd2 Nb4 7.R
1 Nd5 8.R
3 Nf6 9.Rf3 Ng8 10.Rf6 N
5 11.f4 Na6 12.Ngf3 Nb8.Here both Bla
k knights are impostors, as they have ex
hanged pla
es! For a detailedanalysis of this problem, see [16, pp. 207{209℄.Diagram 17 (D. Pronkin, Die S
hwalbe, 1985, 1st prize) 1.b4 Nf6 2.Bb2 Ne4 3.Bf6 e�f6 4.b5 Qe75.b6 Qa3 6.b�a7 B
5 7.a�b8B Ra6 8.Ba7 Rd6 9.Bb6 Kd8 10.Ba5 b6 11.B
3 Bb7 12.Bb2K
8 13.B
1.1.N
3 Nf6 2.Nd5 Ne4 3.Nf6+ e�f6 4.b4 Qe7 5.b5 Qa3 6.b6 B
5 7.b�a7 b6 8.a�b8NBb7 9.Na6 0-0-0 10.Nb4 Rde8 11.Nd5 Re6 12.N
3 Rd6 13.Nb1. This problem illustratesthe Phoenix theme: a pie
e leaves its original square to be sa
ri�
ed somewhere else,then a pawn promotes to exa
tly the same pie
e whi
h returns to the original squareto repla
e the sa
ri�
ed pie
e. In the �rst solution the bishop at 
1 is phoenix, while inthe se
ond it is the knight at b1! As if this weren't spe
ta
ular enough, Bla
k 
astlesin the se
ond solution but not the �rst.Diagram 18. (M. Caillaud, Th�emes-64, 1982, 1st prize) 1.a4 
5 2.a5 
4 3.a6 
3 4.a�b7 a5 5.Ra4 Na66.R
4 a4 7.b4 a3 8.Bb2 a2 9.Na3 a1N! 10.Nb5 Nb3 11.
�b3 
2 12.Be5 
1N! 13.Bb8Nd3+ 14.e�d3 e5 15.Qg4 e4 16.Ke2 e3 17.Kf3 e2 18.Ke4 e�f1N! 19.Nf3 Ng3+ 20.h�g3h5 21.Re1 h4 22.Re2 h3 23.Ne1 h2 24.Qh3 h1N! 25.g4 Ng3+ 26.f�g3 Ne7 27.Nd6 mate.An amazing four promotions by Bla
k to knight, all 
aptured!Diagram 19. (A. Frolkin, Shortest Proof Games, 1991) 1.g4 e5 2.g5 Be7 3.g6 Bg5 4.g�h7 Qf65.h�g8N! Rh4 6.Nh6 Re4 7.N�f7 K�f7 8.N
3 Kg6 9.Na4 Kh5 10.
3 g6. If 5.h�g8B?Rh4 6.B�f7+ K�f7 7.N
3 Re4 8.Na4 Kg6 9.
3 Kh5, then White must disturb his po-sition before 10: : : g6. A knight is able to \lose a tempo" by taking two moves to getfrom g8 to f7, while a bishop must take one or at least three moves.Diagram 20. (V. A. Korolikov, S
ha
h, 1957) White's knights are on squares of the same 
olor andhen
e have made an odd number of moves in all. Ea
h White rook and the White kinghave made an even number of moves, and White has made one pawn move. No other21



White unit (i.e., the queen and bishops) have moved. Hen
e White has made an evennumber of moves in all. Similarly Bla
k has made an odd number of moves. Sin
eWhite moved �rst it is 
urrently Bla
k's move, so Bla
k mates in one with 1: : :N�
2mate.Diagram 21. (P. O'Shea, The Problemist, 1989, 1st prize) 1.Ne5 b1N+ (the only defense to 2.Nf3mate) 2.Ka2 Nd2 3.Ka1 Nb3+ 4.Kb1 Nd2+ 5.Ka2. If Bla
k moves either knight then
he
kmate is immediate, so 5: : : a3 is for
ed. NowWhite and Bla
k repeat the maneuverKa1, Nb3+, Kb1, Nd2+, Ka2 (any pawn moves by Bla
k would just hasten the end):8.Ka2 a4 11.Ka2 a5 14.Ka2 a6. Then 15.Ka1 Nb3+ 16.Kb1 a2+ 17.K�a2 Nd2. Thismanuever gets repeated until all Bla
k's a-pawns are 
aptured: 44.K�a2 Nd2 45.Ka1Nb3+ 46.Kb1 Nd2+ 47.Ka2. Finally Bla
k must allow 48.Nf3 mate or 48.Ng4 mate!Diagram 22. (H. M. Lommer, Sza
hy, 1965) White 
annot allow Bla
k's rook at e8 to stay on theboard, but how does White prevent Bla
k from being stalemated without releasing thesleeping units in the h1 
orner? 1.f�e8N d3 2.Nf6 (not 2.Nd6? e�d6, and stalemate
annot be prevented without releasing the h1 
orner) g�f6 (
apturing with the otherpawn merely hastens the end) 3.g5 f�g5 4.g7 g4 5.g8N g3 6.Nf6 e�f6 7.Kg6 f5 8.e7 f49.e8N f3 10.Nd6 
�d6 11.
7 d5 12.
8N d4 13.Nb6 a�b6 14.a7 b5 15.a8N and wins, asWhite 
an play 19 N�f3 mate just after 18: : : b1Q. For the history of this problem, see[25, pp. xxi{xxii℄.Diagram 23. (S. Loyd, Holyoke Trans
ript, 1876) 1.b�a8N! K�g2 2.Nb6, followed by 3.a8Q (or B)mate. Note that a knight is needed to prevent 2: : : B�a7. A queen or bishop promotionat move one would be stalemate, and a rook promotion leads nowhere. Normally akey move of 
apturing a pie
e is 
onsidered a serious 
aw sin
e it redu
es Bla
k'sstrength. Here, however, the 
apture seems to a

omplish nothing so it is a

eptable.Loyd himself says \[i℄f the 
apture seems a hopeless move : : :then it is obviously well
on
ealed, and the most diÆ
ult key-move that 
ould be sele
ted" [18, p. 156℄. Forfurther problems by Loyd featuring distant knight promotion, see [27, pp. 402{403℄.Diagram 24. (G. Cseh, StrateGems, 2000, 1st prize) 1.h1N! Nd6 2.h2 Nf5 3.Ng3+ N�g3 4.h1N! Ne25.f�e2+ Kg2! (not 5: : : K�e2?, sin
e Bla
k's tenth move would then 
he
k White)6.f1N! R
7 7.Bg3 R�
3 8.B�e5 R�
2 9.Bg7 R�
1 10.b�
1N! B�g7 mate. Four pro-motions to knight by Bla
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