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ABSTRACT. Let X be a smooth symplectic variety over a field k of characteristic
p > 2 equipped with a restricted structure, which is a class [n] € HO(X, Qk/dox)
whose de Rham differential equals the symplectic form. In this paper we con-
struct a functorial in (X, [n]) formal quantization of the category QCoh(X) of
quasi-coherent sheaves on X. We also construct its natural extension to a quasi-
coherent sheaf of categories QCoh,, on the product X (1) xS of the Frobenius twist
of X and the projective line S = P!, viewed as the one-point compactification of
Spec k[h]. Its global sections over X (1) x {0} is the category of quasi-coherent
sheaves on X. If X is affine, QCohy,, restricted to X@ % Spf k[[h]], is equivalent
to the category of modules over the distinguished “Frobenius-constant” quanti-
zation of (X, [n]) defined in [BK].
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1. INTRODUCTION

Let k be a field of characteristic p > 2. In [BK], Bezrukavnikov and Kaledin
initiated the study of quantizations of symplectic varieties over k. More precisely,
they introduced new notion of a restricted symplectic k-scheme: namely, they consider

pairs (X, [n]), where [n] is a global section of the sheaf coker(Ox 4 QL), such that
w = d([n]) € H°(X,0Q%) is a symplectic form'. In the case H'(X,0x) = 0 for i =
1,2,3, they construct a distinguished “Frobenius-constant” quantization of (X, [n]).
Roughly speaking, such a quantization is a sheaf Oy, of associative k[[h]]-algebras on
X equipped with two isomorphisms

e Ox = Oy /h,

o Oxw|[[A]] = Z(On),
that are also compatible with the restricted structure given by [1] in a certain way.
Here X denotes the Frobenius-twist of X and Z(Op,) is the center of Oy. The
prototypical example of such a quantization is given by the following: namely, the
E[[h]]-version of the Rees algebra Dy, of differential operators on Y gives the distin-
guished Frobenius-constant quantization of X = T*Y with the restricted structure
given by the canonical 1-form 7. An unfortunate feature of the construction is that
it is not functorial: there is no natural way to make the distinguished quantization
equivariant with respect to automorphisms of (X, [1]), and moreover the quantization
exists only if we require the aforementioned cohomology vanishing for X. A solution
proposed by Kontsevich ([K]) and studied further in ([VdB], [Y]) in characteristic
0 context is to replace the algebra Oj by the corresponding category of modules
Op-Mod. We develop a parallel picture in characteristic p: namely, we show that the
category Op-Mod is functorial in the pair (X, [n]) and glues to a canonical quanti-
zation of the category QCoh(X) of quasi-coherent sheaves on X for any restricted
symplectic k-scheme (X, [n]).

1One can think of [n] as an algebraic analogue of a “contact form” on X.
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Moreover, our construction allows to extend the range of the quantum parameter h
from being a formal variable to a genuine coordinate on P!, where the corresponding
category QCoh,, carries a formal resemblance with the twistor space construction
appearing in Simpson’s correspondence (see Remark 1.1 below).

1.1. Plan of the paper. The idea of “formal geometry” in the sense of Gelfand-
Kazhdan is to first deal with differential-geometric questions in the basic case of a
formal disc, and then descend to smooth varieties via the corresponding torsor of
formal coordinates. As observed by Bezrukavnikov and Kaledin in [BK] in charac-
teristic p one can replace formal disc by the corresponding Frobenius neighborhood
of zero, which makes things simpler. To be more precise, the key idea is to consider
a smooth S-scheme X of dimension d as a scheme over its Frobenius twist X" via
the relative Frobenius Fx/g: X — XM . This is not only a finite locally free map,
but in fact a locally trivial bundle in flat topology: namely, Zariski-locally on X,
the fiber product X X y 1) X splits as X x Spec Ay where Spec Ay is the Frobenius-
neighborhood of 0 in d-dimensional affine space?. One then can consider the canonical
torsor Mx — X of “Frobenius frames”: a T-point 7' — Mx is given by an isomor-
phism T X ya) X ~ T x Spec Ay, or, in other words, an identification of (pull-back
of) X with the Frobenius neiborhood of zero in an affine space of dimension d over
T. The scheme Mx — X is a torsor over the group scheme Aut(Ap) of automor-
phisms of Spec Ay and many basic objects of differential-geometric nature such as®
differential operators D x, differential 1-forms Q% , vector fields Tx, or just the struc-
ture sheaf Ox all come via descent from some representations of Aut(Ag). This also
gives a way to define differentiable structures on smooth varieties in characteristic p
by considering the subgroup H of Aut(Ag) that stabilizes that “structure” in the case
of X = Spec Ay. Prescribing such a structure on a given scheme X then corresponds
to a reduction of the Aut(Ag)-torsor Mx — X (1) to H. We will discuss in some detail
how this picture looks in the case of restricted symplectic structure (see Section 2.11).

The above picture motivates considering things like differential operators or sym-
plectic structures in the case of schemes like Spec Ay, or X considered as an X -
scheme. These schemes are not smooth, but nevertheless they are pseudo-smooth:
namely the sheaf Q%{ /s of relative Kéhler differentials is locally free. In Section 2 we

develop? some basic theory of pseudo-smooth schemes. In fact pseudo-smoothness
turns out to be enough to extend most of the standard features of differential geome-
try of smooth schemes in characteristic p: e.g. the algebra of differential operators is
still an Azumaya algebra over the Frobenius twist of the total space of cotangent bun-
dle (Corollary 2.38); there are also versions of Cartier isomorphism (Proposition 2.40)
and Milne’s exact sequence (Proposition 2.48). The only difference with the smooth
setting is that the notion of Frobenius twist should be slightly modified: namely, in-
stead of Frobenius twist X = X X g,Fg S one should consider the schematic image
X X of the relative Frobenius Fx/s: X — X (see Section 2.1 for more

details). The corresponding map F){f/}s: X — X} induced by Fx /s turns out to be

2Explicitly, Ao ~ Fp[z1, .. Lzgl/el =.. =2 =0

3Strictly speaking one needs to consider their pushforwards to X (1) under relative Frobenius.

4In fact, in [BK] Bezrukavnikov and Kaledin freely assume the relevant parts of the theory in the
pseudo-smooth (or, in their terminology, quasi-regular) setup, mostly without a proper justification
which sometimes leads them to small inaccuracies or even false claims. So we tried to carefully setup
the theory, mostly from scratch, only sometimes referencing their results.
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finite locally free, and is again a locally trivial bundle with fiber given by the Frobe-
nius neighborhood of 0 in the affine space (Lemma 2.71), however its dimension is
now given by rk Qﬁ( /s and not the relative dimension of X over S.

The key geometric input which allows to get a good control on pseudo-smooth
schemes is their local structure (Proposition 2.35) namely, Zariski locally any pseudo-
smooth S-scheme X is given by the Frobenius-neighborhood of a closed subscheme in
a smooth scheme. This observation allows us to extend most of the results from the
smooth to pseudo-smooth setting almost for free.

Moreover, in Section 2.9 we recall the definition of restricted Poisson structure
by introducing a restricted Poisson algebra monad. This section is an attempt to
explain and motivate the definition of restricted Poisson structure given in [BK]. In
Section 2.10 we then discuss restricted symplectic schemes (see Definition 2.65), where
a restricted structure exteding a symplectic form w has an equivalent description in
terms of a class [] € coker(Ox — Q%) such that d[n] = w (see Remark ??). Finally,
in Section 2.11 we endow Spec Ay with a restricted symplectic structure and define
the group Gy C Aut(Ap) of its restricted Poisson automorphisms, that plays a very
important role in most of the constructions below.

Construction of QCoh;,. Our goal in this paper will be to construct a certain
sheaf of categories QCoh,;, on X P x P!, given a restricted symplectic scheme (X, [1]).
We want this construction to be functorial in (X, [5]) and agree® with the distinguished
quantization of Bezrukavnikov and Kaledin in the cases when the latter exists. We
will discuss other expected properties of QCoh,, slightly later, in Section 1.2 below.

For the reader’s convenience let us note right away that in Section 4 we remind the
notion of a quasi-coherent sheaf of (abelian) categories on a scheme or, more generally,
an algebraic stack. We then also discuss actions of group schemes on the sheaves of
categories in Section 4.2.

Let S := P!, the idea behind the notation being that P! resembles a 2-dimensional
sphere. In the case X = T™Y with the canonical 1-form 7 one could expect QCoh,, to
come as the category of modules over the sheaf of twistor differential operators Dy s .
The latter comes as an instance of a P!-version of the Rees construction (see Section
3.1): namely, Dy corresponds to differential operators Dy endowed with the pair
of Hodge and conjugate filtrations®, see Section 3.2 for more details. Below, we will
define QCoh;, by certain universal property, and then check that it is indeed given by
Dys-Mod in the case of T*Y'.

The starting point of our construction is the following. Namely, to a restricted
symplectic scheme (X, []) one canonically associates a Go-torsor Mx ;) — X } of its
“Darboux frames”: a T-point T'— My is given by a restricted Poisson isomorphism

T X xy X >~ T X Spec Ay
(see Construction 2.72). This way a pair (X, []) produces a natural map
m: X 5 BG,.

A natural way to define QCoh,;, would be to take the pull-back of a certain universal
sheaf of categories over BGo x S ~ [S/G| via the map 7 x Id: X} xS — BG x S.
This is exactly what we do.

5Meaning that the restriction of QCoh;, to the formal neighborhood of 0 in P! should be given
by Op-Mod.
6That are dual to Hodge and conjugate filtrations on the de Rham complex in a certain sense.
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We construct the universal sheaf of categories on [S/Go] via descent. Namely, we
first produce a certain sheaf of algebras Ag over S (see Section 3.4) and then construct
an action of Gy on the corresponding sheaf of categories over S given by Ag-Mod
(Section 5). If (X,[n]) is Spec Ay equipped with the natural restricted symplectic
structure then QCoh,, is equivalent As-Mod. We will call Ag the “twistor reduced
Weyl algebra”.

Let us very briefly explain the construction of As. Namely, in the even-dimensional
case one can identify Spec Ay with a subvariety in cotangent bundle of a similar
Frobenius neighborhood Spec C, but of half the dimension. More precisely, Spec Ag
is just a Frobenius-neighborhood of zero section in T Spec C. The sheaf of algebras
Ag is defined as the corresponding central reduction of twistor differential operators
Dspec s, see Section 3.4 and Definition 3.15 in particular. Ag is a locally free sheaf
of algebras on S with the fiber at {0} € S is given by Ap, and with restriction to
S\{0} being a split Azumaya algebra: this way one can view Ag as a certain order in
a matrix algebra over S.

In Section 5 we construct the desired Gp-action on Ag-Mod. The key observation
is that imposing certain properties on the action automatically makes it canonical.
More precisely, in Theorem 1 we show that there is a unique Gy-action on As-Mod
that restricts to the natural action of Gg on Ap-Mod over {0} € S and is trivial over
{oo} € S. The proof of uniqueness crucially uses the description of automorphisms
of Ag whose restriction to {0} € S is trivial, which we establish in Section 3.7. The
construction of the existence is quite elaborate and uses an auxiliary sheaf of algebras
A% with a natural Go-action (see Section 3.8), as well as a certain Gp-action on
As ®0, AE’OP—I\/Iod constructed in [BV] in the formal neighborhood of 0. In Section 5.3
we also show that the Gg-action on Ag-Mod extends to a G,,, X Gy-action equivariant
structure where G,, now acts non-trivially on S. This allows to descend As-Mod
further to a sheaf of categories over [S/(G,, x Gp)].

In Section 6 we discuss the proprties of the resulting sheaf of categories QCoh;,.
In 6.1 we translate the defining properties of our Gy-action on Ag-Mod into defining
properties for QCoh,,. In Section 6.2 we give a slightly finer construction in the
presence of a G,,-action on X that rescales the contact form [r] with a weight coprime
to p. In this case one can descend QCoh,, further to the quotient stack [(X P} xS)/G,,]
under the diagonal action, where G,, acts on S by rescaling with the same weight as
above. In Section 6.4 we discuss the relation of QCoh,, with the Frobenius-constant
quantization Oy, constructed by Bezrukavnikov and Kaledin. Finally, in Section 6.5
we also construct the canonical quantization of restricted Lagrangian subvarieties
extending the work of Mundinger [Mu].

1.2. Properties of QCoh,,. For simplicity, below we let X be a smooth scheme over
a field of characteristic p > 2. In this case X ~ X and QCohy, is a sheaf of
categories over X (1) x S; thus for each scheme T'— X x S over X1 xS we obtain a
category QCoh,,(T'). Let us summarize the nice properties of QCoh, that we obtain
in Section 6.

(1) If we consider the Go-torsor m: Mx ,;; — X () of Darboux frames correspond-
ing to [n] then the pull-back (7 x id)* QCoh,, is equivalent to (p5As)-Mod,
where pa: M x S — S is the projection.

(2) The global sections QCoh,, (X’ x {0}) on the fiber over {0} € S are given by

QCoh(X).
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(3) In the case H'(X,0x) = 0 for i = 1,2,3, we have an equivalence
QCoh,, ‘X<1)x§ ~ Op-Mod where O, is the distinguished Frobenius-constant
quantization constructed in [BK].

(4) QCohy, is functorial in (X, [n]). In particular, for any map 7" — S there is a
natural O(T)-linear action of restricted Poisson automorphisms Aut((X, [1]))
on the global sections QCoh, (X1 x T).

(5) The restriction of QCoh, to X x (S\{0}) is equivalent to DX%—Mod,

where D x, 12l is the central reduction of D x g\ 0} correponding to [n]/h (see

Construction 3.13).

(6) The global sections QCoh,, (X’ x {co}) on the fiber over {oco} € S are given
by QCoh(X").

(7) For a smooth Lagrangian subvariety Y C X such that [n]|, = 0 there exists a
canonical flat object Vy1)s € QCohy, (Y1) x S) whose fiber over Y (1) x {0}

1—
is given by (Qgi,imy)Tp (considered as a quasi-coherent sheaf on X).
(8) If X is equipped with a G,,-action which rescales [n] with a weight 1, then
QCoh,, canonically descends further to the quotient stack (X x S)/G,,
where G,,, acts diagonally.

Remark 1.1. In the case X = T*Y and 7 is the canonical 1-form on T*Y, the global
sections QCohy, (X x S) can be alternatively described as the category of modules
over the sheaf of twisted differential operators Dx .

Also, from the above picture one gets the following properties

e QCoh, (XM x {0}) is given by the category of Higgs fields on Y;

e QCohy, (XM x{1}) can be identified” with the category Dy-Mod of D-modules
onY;

e QCoh, (XM x {oc}) is the category of Higgs fields on the Frobenius twist
Yy,

This resembles the construction of the twistor space due to Deligne and Simpson:
namely, given a smooth projective variety Y over C they construct a complex-analytic
space W — P! whose fiber over A\ € P}(C) is the “moduli space” of A\-connections on
Y. In particular, fibers Wy, Wy and W, over 0, 1 and oo € P}(C) are given by

e holomorphic Higgs fields on Y7
e bundles with holomorphic flat connections on Y;
e holomorphic Higgs fields on the complex conjugate Y

correspondingly. This way the category QCoh, can be considered as a categorified
characteristic p analogue of their construction. This motivates calling QCohx ;5
the twistor category associated to (X, [n]).

1.3. Acknowledgments. The authors are grateful to Dmitry Kaledin for his con-
stant attention to this work and to Alexander Efimov for fruitful discussions of the
categorical aspects of the paper. We would also like to thank Peter Scholze for bring-
ing up the question about an additional G,,-equivariant structure on QCoh;,. The
third author wishes to thank Boris Feigin for introducing to him the ideas of Gelfand-
Kazhdan “formal geometry” back in the year of 2005.

The work of the last author was supported in part by RNF grant N© 21—-11—-00153.

TUsing the Morita equivalence Dx,m ~ Dy ([BB]).
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2. DIFFERENTIAL GEOMETRY ON PSEUDO-SMOOTH SCHEMES

2.1. Pseudo-smooth schemes. Let B be an Fp-algebra. Following [BK] we consider
the following notion.

Definition 2.1. A finite-type B-algebra A is called pseudo-smooth if Q}MB is a locally
free A-module. A qcgs morphism X — S locally of finite type is called pseudo-smooth
if Q% /s is a locally free sheaf of finite type.

Remark 2.2. In [BK], Bezrukavnikov and Kaledin call® such algebras quasi-regular.
However, since terms quasi-regular and quasi-smooth are quite broadly used with a
different meaning, we decided to change it to pseudo-smooth.

Example 2.3. (1) Smooth schemes are pseudo-smooth.
(2) Let A := B[z]/aP. Then Q}A/B = A -dx and A is pseudo-smooth.
(3) Let Z < S be a closed subscheme. Then 2}, /s = 0 and Z is pseudo-smooth
over S.

Remark 2.4. One might count Example 2.3(3) as a pathological one and impose
flatness condition in Definition 2.1. This is relatively harmless for our goals: namely,
pseudo-smooth schemes that will appear in main applications (e.g. quantizations of
smooth schemes) will all be flat.

Remark 2.5. Pseudo-smoothness is preserved under base change: namely, having a
pseudo smooth S-scheme X — S and a morphism S’ — S the base change Xg =
X xg S’ is pseudo smooth over S’. Indeed one has Qﬁ(/s, = f*Qﬁ(/S where f: Xg' —
X is the natural map.

Construction 2.6 (Reduced Frobenius: algebras). Let A be a B-algebra. The
absolute Frobenius map Fs: A — A factors naturally through the Frobenius twist
AL = A XB,Fg B:

Fy

A A

N 7
AN /s

Wa/B h N s /FA/B
A
with Wa/p:a—a®1€ AW and Fy,p: a®b > aPb € A. The map Fy,p is usually
called the relative Frobenius; by construction it is B-linear (while F'4 and Wy, p are
Fp-linear). However, if B or A are not reduced one can factor F'4,p even further.
Namely, let A% C A be the image of Fy ,B: this is the B-subalgebra in A generated
by p-th powers AP, in other words A® := B. AP c A. By definition, one has a
natural surjection Fi{*: AWM - A®} Moreover, we get a further factorization

F
A = A
\ Fa/p /1
v
WasB , Fjp}

AW T _ 5 gl

int
FA

We have Fy/p = Fjlp} o FA"t and we can put Wip} = Fj{“ oWy,s. We will call Fj‘p}
and F" the reduced and intermediate Frobenii of A correspondingly.

8Strictly speaking they also assume that A/B is flat and B is Noetherian.
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In the case when both A and B are reduced, F{" is an isomorphism and so F4 /B =

Fjlp b However, we will be primarily interested in the non-reduced setting, where A%}
will turn out to be more relevant than A™.

Remark 2.7. Let us try to motivate consideration of the reduced Frobenius as com-
pared to the relative one. The main reason is that when A is pseudo-smooth, Fxgp} still
enjoys some properties that the relative Frobenius Fy,p has if we assume that A is
actually smooth. For example, we will see further that under the pseudo-smoothness
assumption (see Remark 2.39) Fj‘p} is a finite faithfully flat map, which is no longer
true for the relative Frobenius Fy,p in this generality. This is illustrated well by the
example of A := B[x]/xP, where one has A®) ~ B[z]/x? and where the relative Frobe-
nius Fy/p: Blzr]/x? — Blx]/aP is the unique B-algebra map that sends x to 0. This
map is clearly not flat. On the other hand, AP} C A is identified with B C Blz]/a?
and the reduced Frobenius Fjp} : AP} 5 A is given by the above embedding which is
indeed finite and faithfully flat.

Remark 2.8. In [BK], for a pseudo-smooth A it is claimed that A} can be identified
with the tensor product A? ® g» B via the natural map a? ® b — aPb. Unfortunately,
this is not exactly true. Put B :=F,[x] and A = B[t]/(t”? — ). One checks easily that
9114/3 ~ A-dt, and so A is pseudo-smooth. On the other hand B? ~ F,[z?], AP} ~
AP ~ B, and so the natural map A? @g» B — A% is identified with multiplication
map Fp[z] ®@p, yr) Fp[z] — Fp[z] which is not an isomorphism.

Remark 2.9. Let X = Spec A. By [Stacks, TagOBRS], F){(p}: X — X .= Spec AP}
is a universal homeomorphism. In particular, it induces an isomorphism of the un-
derlying topological spaces. In fact all three schemes X — X — X (1) .= Spec A
have the same underlying topological space and the difference between them is only
seen on the level of sheaves of functions.

Construction 2.10 (Reduced Frobenius: schemes). Given a base scheme S and an
S-scheme X, the construction A — A} globalizes, producing an S-scheme X}
This is a scheme which has the same underlying topological space as the original X
and its Frobenius twist X (1) := X X g Fg S, but with the sheaf of functions given by
O{);?} = 0% - Os C Ox. One has maps O){‘?} — Ox and Oxa) — O){‘?} (given locally
by Fj‘p b and F'{") which induce a map F ){(p Y. X — X and a closed embedding
Fint. X XM This way one can also view X} as the schematic image of the
relative Frobenius Fx,s: X — X inside the Frobenius twist XV := X xgp, S.
We will call F ){(p b and F' the reduced and intermediate Frobenii of X; both are
morphisms of S-schemes. We can also define a reduced twist map W){(p box o X
(by globalizing Wj‘p}); this map is not a morphism of S-schemes, instead it is Fg-
linear. One has relations F)i(”t o F){(p} = Fx/s and Wx,g o F)i(”t = W){(p}.

Example 2.11. Assume S = Spec B.
(1) Put P = Blzy,...,7q) with SpecP ~ A¢. Then P¥ = Pr. B ~
Blz},...,25] C P. On the other hand the Frobenius twist P :=
P ®p,ry, B ~ Blyi,...,yq) (with y; == 2; ® 1), and the relative Frobenius
Fp/p: P®M — P is the unique B-algebra map that sends y; to z¥. We see
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that in this case the intermediate Frobenius Fint: (A%)® — (AZ)M) is an
S
isomorphism.

(2) Consider the unique surjection P — B of B-algebras sending every z; to 0.
It corresponds to the embedding {0}g < A% of 0. Put

Q= B®P7F}{Dp} P~ P/(af,... ah).

X = Spec@ < Ag is the Frobenius neighborhood of 0: namely, X ~
{0}s X ya piv} AL, We have QWP = Q* . B ~ B C Q. However,
st yd

QW = Q®p,r, B~ DBlyi,...,yal/(¥},..,y5), and the intermidiate Frobe-
nius F*: QW — QP ~ B sends y; to 27 = 0.

Remark 2.12. Since F ){(p b X — X} is a universal homeomorphism, say by [Stacks,
Tag 0BTY] it induces an equivalence of small étale sites (X {P})et ~ X, by

(U —=XxPyexPh, — (X xymU-—X)e Xe.

2.2. Restricted Lie algebras and Jacobson’s formula. Let A be an associative
ring such that p- A = 0. For a € A denote by ad(a): A — A a map that sends
b [a,b] = ab — ba.

If A is commutative, given two elements a,b € A we have (a + b)? = a” + bP. This
formula generalizes to the general non-commutative case as follows

Lemma 2.13 (Jacobson, [GD, Chapter II, §7, Proposition 3.2]). Let a,b € A. Then
p—1
(a+b)P =a’ + b+ Li(a,b)
i=1

where Li(a,b) is a Lie polynomial described as i~! times the coefficient of t'=1 in the
expression ad(a + tb)P~1(b) € A[t].

Remark 2.14. In particular, L;(a,b) = ad(a)?~1(b).

Remark 2.15. For an element a € A denote by ad(a): A — A the commutator
map = — [a,x]. Note that ad(a)? = ad(a?). Indeed, ad(a) = ¢(a) — r(a) where
L(a),r(a): A — A are left and right multiplications by a correspondingly. Since £(a)
and r(a) commute we have

ad(a)? = (L(a) — r(a))? = L(a)? —r(a)? = £L(a?) — r(aP) = ad(a?).
We now remind the definition of a restricted Lie algebra.

Definition 2.16. A restricted Lie algebra over a ring B is given by a B-module L
with a B-linear Lie bracket [—, —] and a restricted p-power operation —[P that are
compatible in the following way:
(1) (ba)lP! = bPzl?] for any b € B and z € L;
(2) [zlP),y] = ad(x)P(y) for any z,y € L;
(3) (z+y)Pl = 2Pl 4 ylrl 4 Zf;ll L;(z,y), where L;(x,y) are the Lie polynomials
from Lemma 2.13.

The definition of restricted Lie algebra is mainly motivated by the following exam-
ple:
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Example 2.17. Let A be an associative B-algebra. Then by Lemma 2.13 and Remark
2.15, A endowed with the Lie bracket given by commutator [—, —] and the restricted
structure alP! := a? is a restricted Lie algebra.

Another natural source of examples of restricted Lie algebras is differential geome-
try in char p (see Remark 2.19 below). In particular, Lie algebra of any group scheme
G is endowed with a natural restricted Lie algebra structure.

2.3. Crystalline differential operators. We essentially follow [BMR, Section 2],
except we work in a relative and pseudo-smooth setting.

Let X — S be a pseudo-smooth S-scheme. Let Tx := Tx/,g be the sheaf of Og-
linear derivations of Ox. We will ocasionally call (local) sections of Tx vector fields.

Denote Q% = Qk/s. One has Tx ~ (%)Y, and, since X is pseudo-smooth, we
get that Tx is a locally free O x-module of finite rank.

The sheaf Ty has a natural (Og-linear) Lie bracket given by commutator’ which
endows it with the structure of a Lie algebroid over X. Let Dx be the universal
enveloping algebra of Tx. Explicitly, Dx is generated over Og by Ox and Tx with
the relations given by f1-fo— fo-fi =0for f; € Ox,v-f—f-v=uv(f) € Ox
forve Ty and f € Ox, and vy - v3 — vg - v1 = [v1,v2] € Tx for v; € Tx. A data of
O x-quasicoherent D x-module is equivalent to what is usually called a “D-module” on
X: namely, a quasicoherent sheaf & endowed with a flat connection V: & — € @ Q.

Remark 2.18. The algebra Dx comes with a natural increasing “PBW-filtration”
which is identified with the filtration by order of the differential operator. Namely,
Dx,<n C Dx is the Ox-submodule locally generated by the image of the multipli-
cation map Tx ®og ... ®0s Tx — Dx. Note that since [Tx,Tx] C Tx we have

[Dx,<i,Dx,<j] C Dx <itj—1. By a version of PBW-theorem for Lie algebroids (see
e.g. [R]) one has a natural isomorphism

gr, Dx ~ Symj  Tx.
Consequently, if we have a trivialization Tx ~ 0% given by a frame of vector fields
01,...,0q we can decompose

DX ~ @aeNdOX - 0%
as a left Ox-module. Here, for a € N¢, 9% denotes the monomial 9{" 097 In
terms of this decomposition Dx <, ~ BueneOx - 0% with

ol =1+ ... +aqg <n.

Remark 2.19 (Restricted Lie algebra structure on Tx). In char p, Tx is naturally
a sheaf of restricted Lie algebras over Og. Namely, note that the p-th iterate of an
Og-linear derivation v € Tx again defines a Og-linear derivation of O x, which we will
denote vP! € Tx. Since v?! is equal to the image of v? in the Og-linear endomorphisms
Endo4(Ox) and the Lie bracket on Tx is induced by the commutator in Endog(Ox),
one sees from Example 2.17 that the relations in Definition 2.16 are satisfied.

The algebra Dx naturally acts on Ox by Og-linear endomorphisms: namely, Ox
acts by multiplication, while Tx acts by the corresponding O g-linear derivations. Note
that any Og-linear derivation acts by zero on all functions in (‘){)f} = O’;( -0g C Ox.

9Namely, the commutator of two derivations is again a derivation.
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It follows that Og} C Ox lies in the center Z(Dx), and so one can consider Dy as a
sheaf of (‘)gf}—algebras. By adjunction, from the identification (F){(p})_l(‘)X{p} ~ O{)?},

we get a map Oy — Z(F;cijX) and this way we can consider F}{(pjﬂx as a sheaf
of algebras over X},

Remark 2.20. By construction, the map F){(p}: X — X ig affine. Consequently,
one has a monoidal equivalence of categories of quasi-coherent sheaves on X and
quasi-coherent sheaves of F){fj O x-modules on X7}, This then gives an equivalence of

categories of quasi-coherent D y-modules on X and quasi-coherent F' ){(IED x-modules
on X1

Remark 2.21. Note that by base change, Q% ) ~ W)*(/SQ& = 0% ®o, Oxw. In

particular, if X is pseudo-smooth, then so is X(). We warn that this is not necessarily
true for X (see Remark 2.33).

Let us also define the appropriate variants of twisted tangent and cotangent bun-
dles.

Construction 2.22 (Twisted tangent and cotangent bundles). For the usual Frobe-

nius twist, one can consider Qi) ~ Tx ®oyx Oxu) and Tya) =~ W sTx =

Tx ®oy Oxa). Analogously, we define the (reduced Frobenius) twisted tangent and

cotangent bundles ‘J';f} = W){f}*ﬂ'x =Tx Qo Oﬁ(p} and Q}’{p} = Q% ®oy Og?} (here

the map Ox — ng} sends f — fP). One has Qﬁé{p} ~ (‘J'){?})V. We warn that it is no
L{p}

longer necessarily true that ‘J';{?} (resp. Q") is isomorphic to Ty (resp. Qﬁ( )

e.g. since X can happen to be not smooth. Nevertheless there is still some natural
compatibility (see Corollary 2.24).

For a vector bundle € on a scheme X let Totx (€) := Specy Symg . €Y be the total
space of €. In the case & is Tx or Q4 we denote it by TX and T*X correspondingly.
We denote by P} = W){(p}*ﬁ ~ €& ®oy Og(p} the pull-back of & to X,

Lemma 2.23. One has a natural isomorphism
Tot xiry (£17}) = (Totx (&))"
Proof. Note that Tot y(s) (E1P}) ~ Tot x (&) x x X} under the map W){f}: Xt X,
Indeed, Symg;p} (EfPh) ~ (Symg, €) oy Og?} and the isomorphism is obtained by
taking Specy iy of both sides. By taking Wéﬁx(ﬁ): (TotX(E)){p} — Totx (&) and
the projection (TotX(E)){P} — X1} we obtain a map
(Totx (€)' = Totx () xx X P ~ Tot y, (£PH).

To check that it is an isomorphism we can work locally on X and .S. So we can assume
X = SpecA, Y = Spec B and € is trivial. Then we need to check that the natural
map

Az, a,]) @4 AP — (Alzy, ... 2,]) P

given by f®s — fPsis an isomorphism. But it is clear that the right hand side is the

polynomial ring on 2%, ..., 2 over AP} and so this map is indeed an isomorphism. [

Plugging € to be Tx or Q% we get
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Corollary 2.24. One has isomorphisms
Tot yio (TP ~ (TX) P and Tot iy (37 ~ (T7X) 1P,

2.4. Differential operators on smooth schemes. For this section we assume that
X is a smooth scheme over S. We start with identifying the reduced Frobenius in
this setting.

Assume that X = A% is the affine space over S of dimension d. Then locally over
S we have S = Spec B and X = Spec Blz1,...,24]. Let P := B[xy,...,zq]. We have
P = B[2?, ... 28] C P and it is clear that P is a free P{P}-module of rank p?. In
particular, we see that F ){(p V. X — X1 s a finite faithfully flat map.

Moreover, following Example 2.11(1), F&'* induces an isomorphism p) =y piv},
This shows that F*: X(1) = X} is an isomorphism, and that under this identifi-
cation F){(p} = Fy/s.

In general smooth setting, Zariski locally X has an étale map ¢: X — A¢ for some
d. Since q is étale, the relative Frobenius F'y, Al is an isomorphism, and so one has a
fibered square

¥ 5

ql J/q(l)
F,q

Ag—> (ah)”
Since ¢ is flat, the pull-back F);/IS(O xm) — Ox is locally injective, and so oﬁg’} ~
F);/IS(OX(l)). This shows that Firt: X() =, X} is an isomorphism and F¥ =

Fx/s, as in the case of affine space. From the latter we also get that F){{p }is a finite
faithfully flat map of rank pdims X

Given the above natural identification X =5 X1} it follows that in the smooth
case the vector bundle ‘J'}{(p} can be identified with Ty ) and, consequently, (7*X ){p}
can also be identified with 77X (1),

Construction 2.25 (p-curvature map). Let X be a smooth S-scheme. Consider the
map 0 = Tx — Dx of sheaves on X given by the following formula

v O(v) =P — olP]

where —[P! is the restricted power (see Remark 2.19). We claim that

e 0 is additive: 6(v1 + v2) — (8(v1) + 0(v2)) = 0;

e 0 is Frobeinus-linear: 0(fv) — f?-60(v) = 0;

e 6(v) lies in the center Z(Dx) for any v € Tx: [0(v), f] = [6(v), w] = O for any

f€0Ox and w € Tx.

Indeed, note that 6(v) € Dy <, and that its image in gr, Dx ~ Sym¢, (Tx) is vP. It
is easy'" to see that all expressions above have 0 image in gr, Dx, and so belong to
Dx <p—1. Thus, by Lemma 2.26 below, they are zero if and only of their images in
Endo4(Ox) are. However, 6(v) acts by 0 on any function f in Ox since by definition

10For all cases except [A(v),w] this follows from the fact that the associated graded of Dx
is commutative. For [0(v),w] one can use that [—,w] induces a derivation of gr, Dx by sending
x € gr; Dx to the class of [Z,w] € Dx <; in gr; Dx, and that any derivation is 0 on the p-th power
vP.
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vl acts as v?, and so the image of all of the expressions above in &ndg (0x) is
identically 0.
This way we obtain a map

0 Tx ®o, 0% — Z(Dx)

of 0% -modules. Since Z(Dx) is in fact an Og?} ~ O% - Og-algebra we can extend this
to amap Tx ®oy OE?} — Z(Dx) of Og}, or in other words a map of sheaves on X 7}

(2.1) 0: TV 5 Z(FP D).
which we call the “p-curvature map”.

Lemma 2.26. Let X be smooth over S. Then the natural Og-linear action of Dx
on Ox induces an embedding Dx <,—1 — Endog(Ox).

Proof. The statement is Zariski-local, so we can assume that we have an étale map
f:+ X — A% given by functions fi,..., f,. Let z1,...,2, be the coordinates on A".
We have an isomorphism Ty ~ f*Taz and can consider the trivialization of Tx given
by 9; = f~(9.,). We have f; = f*(2;) and this way 9;(f;) = d;;. Tx is trivial with

i

basis 8;, i = 1,...,n where n = rk(Q%). Let D € Dx <,_1; by Remark 2.18 it can
be written as a sum

where g, € Ox and @ = (1, ..., qy,) is such that |a| < p—1. Take a maximal o with
respect to the lexicographic order on N¢ such that g, # 0; then it is easy to check
that D(f{™ ... f@m) = aq!...an! - ga, which is non-zero since all «; < p. O

Recall the twisted tangent and cotangent bundles (Construction 2.22 ‘J’}{f}, Qﬁ(’{p 4 ).
By Corollary 2.24 we have

(T* X)) P} ~ Spec i) (Symg{),;} ‘.Ti(p})

be the total space of Qk’{p}. The natural projection (T*X)¥ — X1} is affine and

so one has an equivalence of categories of quasi-coherent sheaves on (77X ){p} and

quasi-coherent Symg{p} Tx (py-modules on X P}, The map # above extends to a map
X

of sheaves of (‘)g’}—algebras

9: Sym:;{),;}‘f{;} - Z(FPDy),

and this way F' }{(ij x defines a sheaf of algebras over (T*X )},
Then, following [BMR] (or rather [OV, Section 2.1] in the relative setting) we have

the following structural result for F¥ D .

Proposition 2.27. Let X be a smooth S-scheme. Then
(1) The p-curvature map (defined in the end of Section 2.3)

0: Symg&p}ﬂ'x{p} — Z(F}CPEDX)

18 an tsomorphism.
(2) The sheaf of algebras over (T*X)} defined by Fj{(ijX is an Azumaya algebra
of rank 2pdims X
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Example 2.28. Assume that S = Spec B is affine and that X := A% with coordinates
21,...,2q. In this case global sections of Dy are given by the Weyl algebra

Wd(B) = B<Zl,. . .,Zd,azl, .. .,8zd>/([zi,zj] = [azi,azj] = 0, [8Zj,zi] = 51']').

The p-th power 02, acts by zero on Ox, so 8/[5] = 0 and 0(9,,) = 9%.. Then proposition
2.27 tells us that the center Z(Dx ) is isomorphic to the polynomial ring B[z}, 07 ] C
Dx and that Dx is an Azumaya algebra over it.

We finish with some remarks that will be useful in the next section:

Remark 2.29. Consider the homomorphism Symg{p} Ty — Og} sending ‘J’ﬁ?} to 0.
X

It corresponds to the embedding of the zero section ig: X < (T*X){}. Then the
pull-back Dx o = ZS(F){ij x) is an Azumaya algebra on X7 which is canonically
split. Indeed, F){(pjox is a vector bundle of rank pdims X and ‘J'){f} C Z(F){fj'DX) acts
on it by 0 (since vlPl by definition acts as v?): so the action of F){(pEDX on F){(pf Ox
factors through Dy g. Comparing the ranks we get that F ){(p*}O x is a splitting bundle
for Dx o, and so

®X,O ~ gndog(p} (F){(ijX).

Remark 2.30 (Cartier’s equivalence). From the above remark one gets an equiv-
alence of categories of quasi-coherent sheaves of Dy g-modules and quasi-coherent
sheaves on X',  The corresponding pair of qausi-inverse functors is given by
— ®O§<p} F){fjox and ﬂ'ComeX,O(F){{ijX, —). Under this equivalence the D x g-module

F){f*}OX corresponds to OE?}.

Remark 2.31. Let J C Ox be a quasicoherent sheaf of ideals that is invariant under
the action of Dyx. Note that F){(p tis affine, so the pushforward F}{(pj is exact, and for
any quasicoherent sheaf F on X the map (F){(p })’1(3"){?13") — Fis an equivalence. The
pushforward ?ﬁ?i(i]) then gives a sub-Dx g-module of ?gfi@ x which by the equiva-

lence in Remark 2.30 is necessarily of the form J ® o » ?;{fi(‘) x C ?;{fi(‘) x for some
X
ideal J C Og‘?}. Under the equivalence of categories between quasicoherent modules
over ?){?i(‘) x and quasi-coherent sheaves on X the module J ® g ir 5'"{)?1(‘) x exactly
X

corresponds to (F){(p})*ﬂ, and so we get that J ~ F){(p}*(ﬂ) for some ideal J C O:g?}.

2.5. Local structure of a pseudo-smooth scheme. The goal of this section is
to give a local description of a general pseudo-smooth scheme which will allow us to
make a reduction to smooth case. We start with the following lemma:

Lemma 2.32. Let Y be a smooth S-scheme, and let Z C YP} be a subscheme. Then
the preimage (F{{/p})fl(Z) =7Z Xy Y CY is a pseudo-smooth scheme.

Proof. Let J C Og} be the sheaf of ideals defining Z. Then J := Fg{,p}*(a) C Ox is
the sheaf of ideals defining X = (F{{,p})*l(Z). Note that J is locally generated by
elements in Og’} o~ (F}”})—loy{p}. Let i: X — Y be the corresponding embedding.
We have an exact sequence

i 1) Lok - al — o0
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of sheaves on X where the left map is induced by the map that sends [f] € J/92 to
df € Q.. However, for any f € Og} we have df = 0. Since J is locally generated by

elements in O{f} we get that the map d above is equal to 0 and so Q% ~i*Ql.. (]

Remark 2.33. We claim that in the above case the reduced Frobenius twist X} is
given by Z. Indeed, Ox (or rather i.0x) is described as the reduction Oy ® , () og’}/g.
Y

Indeed, oﬁﬁ} is the subalgebra in Ox generated by O% and Og, which is easily seen

to be isomorphic to O}{f’}/ﬂ ~ Oz. Moreover, this way the correponding embedding
i X s Y is identified with the original Z < Y P}, Consequently, we also see
that the commutative diagram

Fird
xX—=* .7

ii \Liﬁ’}
Jaatds

y Y. yin
is in fact a fiber square. In particular, F’ ){(p b is a finite locally free map of degree
pdims Y .
Note that Z here was an arbitrary closed scheme of Y'; in particular, it could be
very singular.

Remark 2.34. Recall that in the course of proof of Lemma 2.32 we showed that
i*Q), ~ Q% via the natural map. It then formally follows that i*Q3, ~ Q% for all
j > 0. By considering the commutative diagram

{p}
xir X

i{P}\L lz
wirk

vy Y v

it also follows that the natural map i{p}*Q{/’{p LN Qg’({p b induced by the identification
itk o W{{,p} = W){(p} o1 is an isomorphism for any j > 0.

In fact, all pseudo-smooth schemes Zariski-locally look like Frobenius neighbor-
hoods in smooth schemes:

Proposition 2.35. Let X be a pseudo-smooth S-scheme. Then Zariski-locally it is
of the form (F}{,p})_l(Z) =Z Xym Y CY withY smooth over S and Z <Y is a
closed subscheme (see Lemma 2.32).

Proof. Let z € X be a point. We will show that there is a neighborhood of x of the
form above.

Since X is locally of finite type, passing to an open we can assume that there is
an embedding i: X < A"; the natural map i*: i*QL, — QL is a surjection. Let
J C Opn be the ideal defining X. As before, we have an exact sequence

o) Sl Sk o

Since X is pseudo-smooth, the kernel of i* is a vector bundle. Let d :=rk H°(X,Q%).
After passing to a neighborhood U of = in A™ we can assume that Ker(i*) is a trivial
vector bundle with basis given by differentials dfy,...,dfn,—q of (n — d) functions
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fiseeos faa € 9. Consider the map s: OF"™% — QI defined by (n — d) sections
dfi,...,dfn_q. The support of its kernel is a closed subset which doesn’t intersect
X (and in particular doesn’t contain ) thus considering the complement we can
assume that s is an embedding. Moreover, the dimension of the stalk of the cokernel
is an upper-semicontinuous function bounded below by n — (n — d) = d. Since it
is equal to d on X we see that it is also equal to d on some neighborhood, and so
restriction of the cokernel to this neighborhood is a vector bundle of rank d. Shrinking
the open further we can assume that Qf; is trivial with basis given by differentials
dfi,...,dfn—da,dq1,...,dgq (with f;’s being the functions we considered before, and
gi’s some other functions).

Now, let iy : Y < U be the subscheme defined by Jy == (f1,..., fn_q) C J. Then

we claim that the map ¢: Y — A9 given by g1,. .., gq is étale. Indeed, one can realize
Y as asubscheme in UxA? C A" x A4 cut out by equations f; = ... = f,_q =t1—g1 =
...=1tq— gq = 0 where t;’s are coordinates on A%. Since dfi,...,dfn_q,dg1,...,dga

are linearly independent over Oy fiberwise, the Jacobian of this system of equations
(relative to A?) is a unit, and so projection to A? is étale.

This way we get that Y is in fact smooth over S. Let ' € Oy be the ideal defining
ix: X — Y. We have an exact sequence

SN @) & ol Bl o,
However, note that the map i% is now an isomorphism. Indeed, i% Q3 is exactly the
quotient of i*Qf; by df;, which are spanning the kernel of i%. Thus, we get that the
map d is 0, or, in other words, that d(J’') C J’. This is equivalent to J’' being invariant
under the action of Dy, from which it follows by Remark 2.31 that 7’ ~ F}{,p}*ﬂ for
some J C Oy 1. Then, putting Z € Y to be the subscheme defined by J we exactly
get that X ~ (FP)=1(2). O

Proposition 2.35 allows to extend the discussion in Section 2.4 to the pseudo-smooth
setting. We start with an extension of Lemma 2.26:

Corollary 2.36. Let X be a pseudo-smooth scheme over S. Then the natural map
DX,gp—l — gndos(OX)

induced by the action of Dx on Ox is an embedding.

Proof. The statement is local, so we can assume that X = (Fép})_l(Z) — Y for
a closed subscheme Z < Y} in smooth scheme. We can also assume that Y has
an étale map f: Y — A”. Let 0; and f; be as in the proof of Lemma 2.26. Let
i: X = Y be the embedding. Recall (see proof of Lemma 2.32) that i*Qj. — QL
and, consequently, Ty ~ i*Ty. Let 8! := i~1(9;) € Tx and let f/ == i*(f;) € Ox.
We have 0;(f;) = d;j. The same argument as in Lemma 2.26 then shows that for any
D € Dx <p—1 there is a function g € Ox such that D(g) # 0. O

Construction 2.37 (p-curvature map in the pseudo-smooth setting). As in the
smooth case, consider the map 6 := Ty — Dx of sheaves on X given by the fol-
lowing formula
v O(v) =P — olP],
Using Corollary 2.36 in place of Lemma 2.26 as in Construction 2.25 one shows that
e 0 is additive: O(vy + va) — (6(v1) + 6(v2)) = 0;
o 0 is Frobeinus-linear: 0(fv) — f?-60(v) = 0;
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e O(v) lies in the center Z(Dy) for any v € Tx: [0(v), f] = [#(v),w] = 0 for any
f€e€0Ox and w € Tx.

This way we obtain a map
I Tx Koy O[))( — Z(Dx)

of 0% -modules. Since Z(Dx) is in fact an Og?} ~ O% - Og-algebra we can extend this

to a map Tx ®p Oéf} — Z(Dx) of Og?}, or, equivalently, a map of sheaves on X ¥}
(2.2) 0: T 5 Z(FPDy).
which we still call the “p-curvature map”.

Corollary 2.38. Let X be a pseudo-smooth scheme over S. As before, consider
(T*X) %} ~ Specy 1) (Sym’gg{p}ﬂ'}{?}).

(1) The map 6: ‘T}{f} — Z(F){(p*}DX) induces an isomorphism

0: Symg&p}frg’} = Z(FPDy).

(2) F){(’;}@X, considered as a sheaf of algebras over (T*X)P}, is an Azumaya

algebra of rank' p? tkQx

Proof. Both statements are local (e.g. in Zariski topology) and so we can assume
X ~ (F}{,p})*l(Z) where Y is smooth over S and Z — Y is a closed subscheme. In
this case, Dy is a central reduction of Dy via an embedding T*Y(1)|Z — Ty ~
(T*Y)P}. More precisely, let i: X < Y be the embedding. Following the proof of
Lemma 2.32 in this situation we have isomorphisms Q% ~ i*Q},, and consequently,
Tx ~1*Ty. By naturality, the latter is an isomorphism of Lie algebroids, and induces
an isomorphism Dx ~ i*Dy. Also

Sym*og(pﬂ’g} o~ Sym*og}ﬂ’){f)} Bt Oz

and so (T*X)¥ can be identified with the restriction of (T*Y)¥ to Z — Y},
Moreover, if we denote by iz : Z < Y1} the corresponding embedding, applying Fy.
we get

F){(pj'DX ~ F){(pj(Z*Dy) ~ Z}F;;Z;}Dy ~ F;%}Dy@ogp}oZ ~ F{Ei}@y@@ O(T*X){p}7

(r*v)ir}

where in the last isomorphism we considered F}{}i} Dy as an Azumaya algebra over

(T*Y)P}. Thus we get that F){(ij x as a sheaf of algebras over (T*X )1} is a restriction
of an Azumaya algebra, and as such is an Azumaya algebra itself. Its center then also

is necessarily isomorphic to Op-xy =~ Symgg}ﬂ'ﬁf}. O

Remark 2.39. From the proof of Proposition 2.35 it also follows that F ;f Yox o
X} ig a finite faithfully flat map of degree p™* QX Indeed, it is locally obtained as
a base change of relative Frobenius for a smooth scheme Y of (relative) dimension

rk Q4 (see Remark 2.33).

LA priori this is a locally constant function on X.
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2.6. De Rham complex and Cartier operation. Let X be a pseudo-smooth
scheme over S. Put r := rk QL; this is a locally constant function on X. Consider
the de Rham complex

dRx =[0— O0x = Q% — ... = Q% = 0]:
this is a complex of sheaves of Og-modules on X with differential given by the (rel-
ative) de Rham differential. Since the relative de Rham differential is 0% - B-linear,
the pushforward F){f f dRyx defines a complex of coherent sheaves on X P},
Let Hjig x = J{*(F){(pdeX) denote the sheaf cohomology algebra of F){(pdex.

Recall the notation Q;’{p} = W){(p }*Q}(. One can define the inverse Cartier morphism

— * 1, *
c /\og{p}(ﬂx{p}) — Hir,x

as follows. Namely in degree 0 it is given by (F){{p})_lz Oxtm — Fx.«Ox, while in
degree 1 locally one sends (W) =1(df) € Q4 to [fr—1df] € H}r x- By astandard

computation the latter gives a well-defined additive map to j{}m, , Which is F){(p t

linear. For higher degrees, C~! uniquely extends by multiplicativity.
The classical result of Cartier states that C~! is an equivalence if X over S is
smooth. This remains true in the pseudo-smooth setting as well.

Proposition 2.40. Let X be a pseudo-smooth S-scheme. Then the inverse Cartier
map s an isomorphism.

Proof. We deduce the statement from the smooth case. The statement is Zariski
local, so we can assume X = (Fj,p})_l(Z) is as in Lemma 2.32 (so Y is smooth
and Z — Y. In this case X" ~ Z. Let i: X — Y and i¥: Z — ybh,
By Remarks 2.33, 2.34 and base change, F ;(pdeX can be naturally identified with
i{P}*FéIf dRy. By Cartier isomorphism in the smooth case, the cohomology sheaves

Hir,y are isomorphic to /\:‘9 {F}Q;’{p}; in particular, they are vector bundles and thus
Y
are flat over O}{f}. From this and Remark 2.34 we get that

* k(- * . * 1k . * * 1, * 1,
Hipx ~ H (W FPdRy) ~ i Hipy =i (/\Og,}QY{p}) ~ N0y o o

Let C be the inverse to C~!. In each degree i, C gives an isomorphism fHéR’ x
Qé’({p} which we can precompose with the projection F){(piﬂf;(,d —» fHéRX from the

closed i-forms. We will call the resulting map C': F ;{(ij&cl — Qi)’({p } the Cartier
operation. For i =1 one gets a short exact sequence

(2.3) 0— FiP oy ol 4 pial Sl 5o,

of sheaves on X1} where the term on the left is identified with the exact 1-forms
via d.

Remark 2.41. The map C: F){(p*}ﬂkcl — Y™ dually induces a map T¥ ®
FiPay , — 0% which lifts the pairing map T ® Q" — 0%, Substituting

a local section & € ‘J’g’} we obtain the corresponding “contraction” maps

e FPOY = 0% and iy ol
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Following [BK, Lemma 2.1], we have the following explicit formula for fg. Namely,
given a closed 1-form a € Qk’d and a vector field £ € Ty (giving a section ¢} =

(W){(p })71(6) € 7}?}) we have the following formula

(2.4) i (@) = te0 (C(@)) = tema — € (rea) € O c 0y

for the corresponding contraction.

2.7. The relative dualizing sheaf of the Frobenius morphism. As an applica-
tion of the Cartier isomorphism we prove the following.

Proposition 2.42. Let X be a pseudo-smooth S-scheme, d = tkQ%. Then the
relative dualizing sheaf for the Frobemius morphism F){(p}: X — X s given by
(@),

Proof. Since F' ){(p b is finite flat it is enough to construct an isomorphism of F ){(pi(‘) x-
modules

(2.5) FEH(Q4)E1P) 5 Home _,, (FPOx, 0xm)-
Define the trace map
tr: PP ((Q4)®7) = Oxim
to be the composition
FE(Q%)®7) = (@™)® ! @ FEIa% — (Q%7)® 7 @ Hdn x > Oxon.
Here the first and the last isomorphisms come from the projection formula (using

F){f }*Qi’{p} — (24)®P) and Proposition 2.40 respectively. The morphism in the
middle is given by the projection from the sheaf of top degree forms to the de Rham
cohomology sheaf. Define a morphism of F' ){(p *}O x-modules

(2.6) FP Q%)) = Homo_,, (FPOx,0xm)

sending a local section a of F){(pj((Qg()@l_p) and a local section f of F){(pg Ox to tr(fa).
We claim that (2.6) is an isomorphism. Indeed, (2.6) is morphism of vector bundles.
Thus, it suffices to check the isomorphism property on fibers. Using Proposition 2.35
and base change we reduce the problem to X = SpecF, [z, -, zq]/ (27,1 < i < d),
S = SpecF,,, where it is verified directly. O

Remark 2.43. For every section £ of Tx, we have that
(2.7) troLe = 0.

Indeed, for a local generator u of Qg( /80

(troLe) (Fu®7) = tr(u® Pdig(f1)) = 0

because the Cartier morphism vanishes on exact forms. Observe that the O x-module
(Q4)®1=P has a right D x-module structure: the right action of ¢ is given by —Lg.
(More generally, a left D x-module structure on M yields a right D x-module struc-
ture on M ®p, Q%. In particular, this can be applied to M = (Q%)®P =
F ){(p }*((Qi’{p })®_1) with its Frobenius descent connection.) Also, the left action of
Dx on Ox makes Homo ., (FP0x,0x4m) aright F# D x-module. Equation (2.7)

implies that (2.5) is an isomorphism of right F' ){(pjﬂ x-modules.
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2.8. Line bundles with connection and Milne’s exact sequence. Let (€,V),
with V: & — & @ QL be a quasi-coherent sheaf with flat connection on a pseudo-
smooth S-scheme X. The connection V induces a map Dx — Endo,(E), whose

restriction to Z(Dx) factors through the subalgebra of Ox-linear endomorphisms

Endo, (€)Y =0 C Endp (&) that are flat with respect to the natural connection'? on

Endo, (&). Indeed, central elements commute both with multiplication on functions
and action by vector fields.

Construction 2.44 (p-curvature map for line bundles). Let & :== £ in (&,V) be a
line bundle. In this case, the endomorphism sheaf (Endo, (£),V’) with its natural
connection is given by (Ox,d). In particular, Ende (L)V/:0 C Oy is given by kerd,
which is identified with O){J;} C Ox by Proposition 2.40. Using the p-curvature map
(2.2) we obtain a map of sheaves U’;{f} — ng}, or, in other words, a section of Qﬁé{p},
which we will denote c,(£, V) € Q4. It is not hard to see from the definition (and
the way T){f} - Z(F){(pj Dx) acts on the tensor product), that

Cp((Ll, Vl) & (LQ, Vg)) = Cp(Lh Vl) + CP(LQ, Vg).

If we are given a trivialization £ ~ Ox, V can be written in the form d + a for
some closed 1-form o € Qﬁ( .- Restricting to line bundles of this form we get a map
of sheaves

Cp: F){ijkd %Qﬁf’{p}, ¢ a—¢p(Ox,d+ a).

Since (Ox,d + a1) ® (Ox,d + as) ~ (Ox,d + a1 + azg) the above map is a map of
sheaves of abelian groups.

Remark 2.45. One has an explicit formula for the map ¢, in terms of the Cartier
operation. Namely, given o € Q%{,cl let’s compute the pairing (5{1’},cp(a)> for any
e Ty, e (W){(p})*l(f) € ‘I;f}: this will define c,(c) uniquely. By definition, we
need to compute the action of (&) = &7 — £ on line bundle (Ox,d + «). This is
given by

(€+ (& a)? — €M — (6P a) = (g, a)” — (¢¥,C(a)) € Endo, (0x)
where for the equality we used that & — &Pl acts by 0 on Ox, formula (2.4) and
also Jacobson’s formula. Note that (£, a)? = (W){(p})*l(@,a)) = (¢t} Pty where
o = (W) ~1a. This gives
cpl@) = ot — C(a).
We now consider a non-commutative counterpart of the above p-curvature map.

Construction 2.46 (Central reductions of Dx associated to 1-forms). Let o €
HO(X{A”},Q;{Z)}) be a global section. Let io: X — (T*X)¥ be the graph of a.
Under the identification (T*X ) ~ Specy Sym ) ‘J'g’}, the image 'y, = Im(iy) C
X
(T*X) %} of i, is defined by the sheaf of ideals generated by linear expressions
Ja = (5 — <§, a>)£€T§f} C Symgg(p} “Tg}
12Here the connection V'’ on &ndy , (€) is given by (V/())(s) == V(b(s)) — (V(s) for s € &

and ¢ € Endg (€). Thus an endomorphism 3 € Endp , (€) is flat with respect to V' if and only if
it commutes with the action of Tx induced by V.
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We denote by Dx o = i} (Fx.«Dx) the corresponding pull-back of F ;ﬁ@ x considered
as a sheaf of algebras over (T*X){P}. For any o the sheaf D, defines an Azumaya

algebra over X} of rank p?™%2x

Construction 2.47 (Line bundles with connection vs splittings.). Suppose we are
given a line bundle with flat connection (£,V) and put o = ¢,(£,V). Then by

definition of ¢, we have that £ € ‘J'g?} acts on F){(pjﬁ by (£,a) € O){?}. It follows that
the action of F){(I’EZDX on Fj{fjﬁ induced by V factors through Dx ,. Moreover, by

Remark 2.39 F ){(Z)EL is a vector bundle of rank p* 2% on X and thus is a splitting
bundle for Dx o: namely, V induces an isomorphism

V: DX,a l> 8Tldo§?} (F;(piﬁ)

Vice versa, let € be a splitting bundle Dx o-module on X !, Then € is a vector
bundle of rank p**2x . However & is also a quasi-coherent Fy, O y-module (with the
action via the composition F){(ijX — F){(ijX — Dx o) and so comes as a push-
forward (F' ){(pi)ﬁ" of some quasi-coherent sheaf ¥ on X. Since F ){(p b is a finite locally
free map of degree prkﬂk the only option is that F ~ (Fj{fj)_l(ﬁ) is a line bundle.

The action of Dx ~ (F)~1(F¥ D) on F induces a natural flat connection, whose
p-curvature is given by «. Moreover, isomorphisms between two line bundles (£, V1)
and (Lo, V) with the same p-curvature « exactly correspond to isomorphisms be-

tween the corresponding D x ,-modules F){fjﬁl and F){(ijQ. In particular, any two
such line bundles a étale (and, in fact even Zariski) locally isomorphic.

This gives an equivalence of two groupoids: line bundles with flat connection on
X with p-curvature «, and splitting bundles'® for D X,o 00 X &} correspondingly.

Consider the map dlog: 0% — chl of étale sheaves on X sending f to df/f. It

induces a map of étale sheaves Fjg’jo;( — F){ﬁﬂ}(,d on X7},

Proposition 2.48. There is a short exact sequence of étale sheaves on X P}
0 P03 /)" 1% Flok, £ 0k o

where ¢, is the map from Construction 2.44.

Proof. The idea is to use the equivalence of groupoids described in Construction 2.47.
First of all, the kernel of dlog: F){(ij;é — F){fjﬁkd is given by the intersection of

ijjo;( and kerd C F){fj Ox. The latter is isomorphic to OE?} by Proposition 2.40,
so the intersection is exactly (O){?})X. This shows exactness from the left. To show

that c, is surjective, for any local section a € Q;’{p Vit is enough to show that étale
locally on X there is a line bundle with p-curvature given by (the corresponding
pull-back of) a. By the above this is equivalent to finding a splitting bundle for the
Azumaya algebra D x ,, which is always possible étale locally. It remains to show the
exactness in the middle. Let aj,as be two closed forms on an étale open U — X
such that c,(a1) = (). Then by the discussion in Construction 2.47 line bundles

13Here an object is given by a vector bundle & on X ¥} together with an isomorphism ~: Dx,a
Endo{p} (&), and morphisms are isomorphisms of vector bundles that preserve this data.
X
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with connection (Oy,d+ 1) and (Oy,d + ) are locally isomorphic, which means'*
that (after some cover) ay = ag + dlog f for some function f. ([l

2.9. Restricted Poisson structures. We recall and try to motivate the definition
of restricted Poisson structure due to [BK].

Recall that a Poisson bracket on a commutative ring A is a Lie bracket {—, —}
on A that is also a derivation in each variable. If the corresponding derivations are
B-linear for some algebra B with a homomorphism B — A then we will say that the
Poisson bracket is over B (or B-linear).

Construction 2.49 (Free Poisson algebra). Let V' be a B-module. Let T(V') be the
tensor algebra over B and L(V') the free Lie algebra over B on V' correspondingly.
Then T(V) is the universal envelopping algebra of L(V). Viewed this way, T'(V)
acquires a PBW-filtration FXBWT(V), for which grf’BW T(V) ~ Sym}, L(V). One
can also consider the corresponding Rees algebra'® Q(V) :== EBiFiP BW(V) - h corre-
sponding to FZBWT(V); this is an h-torsion free B[h]-algebra such that Q(V)[h 1] ~
T(V)[h,h™'] and Q(V)/h ~ grPPWT(V). Since [FFEVT(V), FIEVT(V)] C
FEEWT(V) one has [Q(V),Q(V)] C h-Q(V) and there is a natural Poisson bracket
on gr’BW (V) defined by

h-{f.g} =1[f.3] mod h’

where f and § are some lifts of f, g € grPBW T(V) ~ Q(V)/h to Q(V).

The resulting Poisson bracket on gr’BW T(V) ~ Sym’; L(V) is identified with the
Kostant-Kirillov bracket, namely the unique bracket that on linear functions z,w €
L(v) C Symy L(V) is given by {z,w} = [z,w] € L(V). We call Symy L(V) with the
above bracket the free Poisson algebra on V and denote it Pois(V).

This is justified by the universal property: namely, any B-linear map f: V — A
to a Poisson algebra A extends to a Poisson algebra homomorphism Pois(V) — A.
Indeed, f extends to a Lie algebra map f’: L(V) — A with respect to the Poisson
bracket on A, and then we can extend f’ to an algebra map Symp L(V) — A. Since
the Poisson bracket on Symp L(V') is uniquely defined by its restriction to L(V) we
get that this map is automatically Poisson. In particular, for any Poisson algebra A
there is a natural Poisson algebra map Pois(A4) — A.

Remark 2.50. The construction V' — Pois(V') defines a monad on B-modules. In-
deed, we have a natural map V — Pois(V) and a natural map Pois(Pois(V)) —
Pois(V) induced by the Poisson structure on Pois(V') that endow Pois(—) with a
structure of a monad. Then, using the morphism Pois(A) — A one can define Pois-
son B-algebras simply as modules over Pois(—).

The idea of a restricted Poisson structure on A is that together with a Poisson
bracket one should include a restricted p-power operation —P1: 4 — A that would
turn (A, {—, —}) in a restricted Lie algebra. However, the natural question is how — 7!
should interact with the mulptiplication on A. This is what we will try to explain in
the rest of this section. First, motivated by Construction 2.49 we can build the free
restricted Poisson algebra:

Mndeed, if (Oy, V) and (Oy, V') are isomorphic, the isomorphism is given by multiplication by
f and then V' =V + dlog f.
151n [BK] Q(V) is called the algebra of quantized polynomials in V, hence the notation.
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Construction 2.51 (Free restricted Poisson algebra: part I). Let V' be a B-module
and consider the free restricted Lie algebra Lyest(V) on V. The underlying B-module
of Liest(V) has a natural filtration Lyest(V)S* with Liest(V)S™1 = 0, Lyet(V)S0 ~
L(V), and Lyest (V)= is inductively defined as Lyest(V)<? + (Lyest(V)=H)P!, where
by the Jacobson’s formula the latter expression is a well-defined B-module. One has
g (Lrest (V) =~ @50 L(V)® | where L(V)® = L(V) ®p,ry, B is the ¢’th Frobenius
twist.

We can consider the corresponding universal enveloping algebra and its Rees al-
gebra Qrest(V) = @;FFBWU(Liest(V)) with respect to the PBW-filtration. One
can then define the free restricted Poisson algebra Poisest(V) as Qrest(V)/h =~
Sym Lyest (V). As in Construction 2.49 this is naturally a Poisson algebra via the
Lie bracket on Lyest (V). However, we also need to endow Sym Lyt (V') with a natural
restricted structure. For this we need a little more preparation.

Let L be a restricted Lie algebra over B (e.g. Lyest(V')), and consider its universal
enveloping algebra U(L). Let us denote by Uy, (L) := @, FLBWU(L)-h™ its Rees alge-
bra with respect to the PBW-filtration. L embeds in Uy, (L) as h-L C h-FFBWU(L) C
Un(L) and generates Uy (L) over BJh].

Consider the map 0: L — Uy, (L) which sends = € L to 2P — h?~'zPl, Note that it
is F'g-linear.

Lemma 2.52. 0 is additive and its image lands in the center Z(Uy (L)) C Uy (L).

Proof. We will denote by [—, —]1 the Lie bracket in L to distinguish it from the one
in Up(L). The additivity follows from the Jacobson’s formula (see Lemma 2.13 and
part(2) of Definition 2.16). For the statement about the center, it is enough to show
that [0(z),y] = 0 for y € L. Note that for x,y € L we have [z,y] = h - [z,y]L.
Thus for y € L we have [zP,y] = ad(x)P(y) = hPadp(z)P(y). On the other hand,
[2P], 9] = hadp(2)?(y). This shows that [0(z),y] = 0. O

The map from 2.52 gives a map of B-algebras
0: Sym LY — Z(U,(L)).

Let —(W: L — LM be the natural map sending z to z ® 1. Consider also the map
D Qrest(V) = Poisrest (V) =~ Qrest (V') /b given by reduction modulo h. Note that given
2 € Poisest (V) and any lift T € Qrest(V) the element ()P € Qrest(V) is well-defined
modulo hP. Indeed, by Jacobson’s formula

p—1

(T +hy)? =3"+ > Li(Z,hy) (mod hP),

i=1
but each L;(%, hy) is Lie polynomial of total Lie degree'® p — 1 and (see the explicit
description of L; in Lemma 2.13) L;(Z,hy) = h'L;(Z,y). Thus (¥ + hy)? = P
mod hP.

Then one can reconstruct the restricted structure on L in terms of 6, namely

P~ glPl = 77 — 9(2™M)  (mod hP).
Under the identification AP =1 Q est (V) /AP =~ Qrest(V')/h this defines z[P! uniquely. The

idea now is to define the restricted structure on the whole of Sym Lyest (V') in a similar
manner using the map 6.

16Meaming that it is expressed as a sum of terms each involving a composition of p — 1
commutators.
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Lemma 2.53. (1) For any x € Poisest(V) and any lift T € Qrest(V) the element
TP — 0(zM) s divisible by hP~1.
(2) The map —lrl: Poisest (V) — Poisyest (V) defined by

R~ 1glPl = 7P — g(2™M))  (mod hP)

endows Poisest (V') 2 Sym Lyest (V) with a restricted Lie algebra structure that
agrees with the one on Lyest(V).

Proof. Consider the B[h]/hP~l-algebra given by Qest(V)/hP~t. By the discus-
sion above concerning the Jacobson’s formula, = + P produces a well-defined
map Poisest (V) =~ Qrest(V)/h — Qrest(V)/hP~1. By [BK, Lemma 1.3] this is in
fact an algebra homomorphism. Moreover, it agrees with 6 on L,s and since
Poisyest (V) = Sym Lyet(V) it agrees with 6 on the whole Pois,est(V). We get that
7P — 0(x™M) = 0 modulo h?~! for any x € Pois,est(V).

For (2) we need to check the defining properties of restricted Lie algebra (Definition
2.16). First of all, =[P is Frobenius-linear since 2 — & and 6 are. Note that since
{x,y} = h[Z,7] mod h? one has

adi_ 1(#7)(9) = ad- (2)"(5) = h” - ad(— _y(2)"(y) mod AP
Since §(z(M) is central applying [—,§] to the expression for 2Pl we get that
hPadi _y(z)(y) = hPad;_ _y(z)(y) mod hPT.

Finally, the formula for (z + )] follows from the Jacobson formula. Namely, 6 is a
homomorphism, so we have 8(z(*) 4 yM)) = 9(z()) + o(y™M), and

Pt (x4 y)P — 2P — Py = (4 )P — 77 — 4P mod kP

where the right hand side is given by h?~!' >~ L;(x,y) (2.13, here since each L; is a
Lie polynomial of degree p — 1 we have L;(%,9) = h?~*L;(x,v)). O

Construction 2.54 (Free restricted Poisson algebra: part II). Continuing Construc-
tion 2.51, via Lemma 2.53 we can now endow Poisest(V) not only with a Poisson
bracket, but also a p-power operation —P such that (Poisyest(V), {—, =}, =) be-
comes a restricted Lie algebra. This allows to consider Poisest(Poisrest(V)) and a
homomorphism of algebras

PoiSyest (Poisyest (V) — Poisyest (V)

defined (via the identification Poisest(Poisrest(V)) =~ Sym Lyest (Poisrest(V'))) by send-
ing Lyest(Poisrest(V)) to Poiseest (V) using the structure of restricted Lie algebra, and
then extending by multiplicativity. We also have an embedding V' C Lyst(V) C
Poisest (V) which with the map above endows Pois,et with a structure of a monad on
the category of B-modules.

Definition 2.55 (Restricted Poisson algebra). A restricted Poisson algebra A over
B is a module over the monad given by V +— Poisest (V).

Remark 2.56. We note that there are a lot of structures underlying the restricted
Poisson structure. Let A be a restricted Poisson B-algebra.
e There is a natural map of monads Pois(—) — Pois,est(—) induced by the
embedding Sym*(L(V)) — Sym®(Lest(V)), which in turn is induced by
L(V) — Lyest(V) for each B-module V. Thus by Remark 2.50, A has a
natural Poisson algebra structure.
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e There is a natural map of monads Lyest(V) — Poisiest(—) induced by the
embedding Lyest(V) — Sym™(Lyest(V)) for each B-module V. This gives a
restricted Lie algebra structure on A.

e There is a natural diagram of monads

L(—) — Pois(—)

| |

Lrest(_) — POiSrest(_)

given by the above maps and embeddings L(V) — Sym*(L(V')) and L(V) —
Lyest (V) for each B-module V' correspondingly, which shows that the Lie al-
gebra structure on A given by the above Poisson structure and restricted Lie
structure on A agree.

Finally, let us describe more explicitly how (—)P! in Pois,es (V) interects with
multiplication.

Construction 2.57 (Polynomial P(z,y) and formula for (zy)P.). Consider V =~
Bz @& By: a free B-module of rank 2 with basis given by = and y. Consider the
(non-restricted) algebras Q(V) and Pois(V'). Then by [BK, Equation 1.3] (which in
turn follows from [BK, Lemma 1.3]) the expression (zy)? — 2Py is divisible by AP~ L.
One can the define a Poisson polynomial P(z,y) € Pois(z,y) := Pois(V') by

W=l P(z,y) = (zy)” — 2Py”  (mod hPQ(V)).
Then, for the restricted structures in Qyest(V) we have an equality
Wyl = (2y)? — O(wy) = aPy” + WP~ Pla,y) — (@ — P~ el (y? — o1yl =
= WP~ @byl 4 2lPly + P(z,y))  (mod A?),

which shows that (zy)P! = 2PylP! 4 2Ply 4 P(2, ) € Pois,est(V). Note that for any V'
this formula uniquely defines the restricted structure on Poisest (V) > Sym™ (Lyest (V)
by induction on the degree.

This way for any restricted Poisson algebra A and any two elements x,y € A we
have

(2.8) (ay)P) = 2Py 4 2Ply + Pz, y),

where the value of P(z,y) € A is computed via the map Pois(4A) — A. In fact,
since the above formula defines the restricted structure on a free restricted Poisson
algebra uniquely, one can give an alternative definition of a restricted Poisson al-
gebra as a Poisson B-algebra A with a restricted p-power operation —®! such that
(A, {—, =}, —IP]) defines a restricted Lie algebra and that the relation (2.8) is satisfied
for any x,y € A. This is how it is defined in [BK] (namely, see [BK, Definiton 1.8]).

Equation 2.8 is hard to check in practice in the original form essentially because
the definition of P(xz,y) is complicated (and not very explicit). But, at least when
p > 2 there is an equivalent condition that is easier to check:

Remark 2.58. Let p > 2. Let 2 € Pois(V) be some element. Then, for any lift
7 € Q(V) we have (72)P = 2P - 2P and so P(z, ) = 0. From this and (2.8) we get that

(2.9) ()P = 2zlPl P,
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Note that 2y = 1((z+y)? — (z —y)?). Thus, applying the restricted power, we get

(o)) = 3(( +9)* = (2~ )

which, using Jacobson’s formula, gives an expression for P(z,y) in terms of — 7]
applied to squares and some Poisson polynomial in z, y, z!?) and y®!. This shows
that checking Equation (2.8) reduces to checking that —[P! together with the Poisson
bracket give a restricted structure in the Lie algebra structure and that Equation
(2.8) holds for all x.
In particular, (A, {—, —}, —[P!) defines a restricted Poisson algebra 2.8 if and only

if

e (A, {—,—1}) is a Poisson algebra;

o (A, {—,—},—P) defines a restricted Lie algebra;

o (22)lPl = 2zlPlgP for any z € A.

This simplification of [BK, Definiton 1.8] was also previously observed in [BYZ].
2.10. Restricted symplectic geometry.

Definition 2.59. A symplectic scheme (X,w) over S is a pseudo-smooth S-scheme
X with a non-degenerate globally defined closed 2-form w € HY(X,Q%).

Since w is non-degenerate it induces an identification Ty — QL via & — tew,
where (¢ is the contraction with £. This way w also defines a section w™! of /\%X‘J'X,
which then gives a Poisson bracket on Ox: {f, g} == (w™!,df A dg). The property
that dw = 0 translates to the Jacobi identity for {—,—}: in particular (Ox,{—,—})
defines a sheaf of Lie algebras over Og.

Having a Poisson bracket {—, —}, for any f € Ox the bracket {f,—} defines a
derivation Hy: Ox — Ox. This gives a map of sheaves H_: Ox — Tx locally
sending f — Hy.

The following definition is classical:

Definition 2.60. A vector field £ € H(X,Ty) is called Hamiltonian if ¢ = Hy for
some f € H°(X,0x).

Remark 2.61. Tracing through the definitions one can see that the equation { = H
is in fact equivalent to t¢w = df . Since w is non-degenerate it follows that Hamiltonian
vector fields generate Tx over Ox Zariski locally on X.

One of the key ideas in [BK] is that in char p there is a natural enhancement of
the usual Poisson structure given by restricted Poisson structure, where the latter
amounts to a sheafified version of Definition 2.55, as reformulated in Remark 2.57.

Definition 2.62. A restricted Poisson structure on a pseudo-smooth S-scheme X is
given by

(1) an Og-linear Poisson bracket {—,—} on Ox;

(2) a restricted p-th power operation —[Pl: Ox — Ox that turns (Ox,{—, —})

into a restricted Lie algebra;
(3) for any f,g € Ox one has

(2.10) (fg)l¥! = frgl®! + flPlgp 4 P(f,g),

where P(z,y) is the Poisson polynomial from Remark 2.57.
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By Remark 2.58, if p > 2, (2.10) is equivalent to the simpler relation

(f2)[p] — Qf[p]fp
for any f € Ox.

It is natural to ask when a Poisson structure extends to a restricted one, and what
such extensions are given by. Note that for the restricted Poisson structure for any
f € Ox we have

Hyp = H][cp] €Tx,
since vector fields act as H }9 on Ox. Thus Hamiltonian vector fields should be closed

under the the p-th restricted power operation —?!. This imposes some restrictions on
the underlying Poisson bracket. For example, in [BK, Theorem 1.11] Bezrukavnikov
and Kaledin show that, given a symplectic S-scheme (X, w), Hamiltonian vector fields
are closed under —?! if and only if'" C(w) = 0.

More generally, in [BK, Theorem 1.12], for symplectic pseudo-smooth (X, w), they
were able to fully describe all restricted Poisson structures compatible with w. Below
we include a different proof of their result. First, note that there is a well defined
map of sheaves QL /d(Ox) — Q3% induced by d.

Proposition 2.63. Let p > 2. Let (X,w) be a pseudo-smooth symplectic S-scheme.
Then there is a natural bijection

global sections restricted Poisson
(2.11) [n] of Q% /d(0x) Lol structures on X
s.t. d[n] =w compatible with w

Locally on X, given a lift of [n] € H°(X,0%/d(Ox)) to a globally defined 1-form
n € HY(X,QY), the corresponding restricted p-th power operation —Pln:0x = 0x
is given by the formula

(2.12) S = HY ) = g

Proof. First, we construct a map from the left to the right in somewhat inexplicit
terms, which in the end will out to agree with (2.12). The idea is to realize Ox as a
Lie algebra of a certain group scheme over X7} associated to 7.

More precisely, for any n € H°(X,Q%) define a group sheaf én over X{P} ag
follows: for T — X 1P} put

Gy(T) :={(¢, f), ¢ € Autp(X xxnT), f € O(XXxinT), s.t. ¢*n—n=df}.

Here the multiplication is given by (é1, f1) - (¢2, f2) = (d1¢2,d5(f1) + f2). Since
X — X1} is finite locally free and d is Oif}—linear it is clear that é,, is represented
by an affine group scheme over X {7},

The corresponding Lie algebra is given by the vector bundle

Lie(G,) = {(0, f), 0 € Tx, f € Ox, s.t. Lyn = df}

where Lg denotes the Lie derivative. The Lie bracket on Lie(G),) is given by
[(01, f1), (B2, f2)] = ([61,02], 61(f2) — O2(f1))-

THere C': F){(png( 0= Qi(‘{p} is the Cartier operator and the condition C(w) = 0 is equivalent

to w being exact locally in Zariski topology.
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One has a natural embedding of Lie algebras

Lie(én) CDx<1, (0,f) =0+,

and below we will occasionally consider elements of Lie(G)) as differential operators
of order < 1.
Let now n be such that dn = w. We define a map

a: Ox — Lie(G,) C Dx <1
by a(f) := Hy + f 4 tu, 7. Since
Lan = (LHfd + dLH_f)77 = lH;W + d(Lan) = d(f + Lan)v

a(f) indeed lands in Lie(G)).

Lemma 2.64. The map a: (Ox,{—,—}) = Lie(G))) is an isomorphism of Lie alge-
bras.

Proof. We have

[a(f).alg)] = [Hy + f +eun Hy + g+ eun] = [Hy, Hgl + L, (9 + tu,m) —
— Ly, (f +tum) = Hypgy +2{f, 9} + La,tu,n — Lu, .
Since Lgtg = teLg + 1[g,¢) this further simplifies to

[a(f),a(g)] = Hypgy +2{f, 9} +tu, Lu,m+ v, m,m— Lu,tam =
= Hpgy +2{f,9} +tmtmdn + g dig,n + m, g, m — ta,dimm =
= H{f,g} + 2{f7 g} + {ga f} + L[Hf,Hg]W = H{f,g} + {fyg} =+ L[Hf,Hg]W7

which is exactly a({f,g}). Thus « is a map of Lie algebras.
It remains to see that « is an isomorphism. Let T¥*™ C Ty denote the (O;?}—

linear) Lie subalgebra of Hamiltonian vector fields. Note that if (6, f) € Lie(G,),
then 6 € THam, Indeed,

tow = (Lg —dog)(n) = d(f — em),

s0 § = Hf_,,, by Remark 2.61. The map Lie(G,) — TH*™ is surjective with H;
being hit by a(f), and its kernel is given by pairs (0, f) with f € Ox with df = 0,
which is ng} C Ox. We get a short exact sequence of Lie algebras

0— 0 5 Lie(G,) — T 0

(with the zero bracket on Og?}). There is a similar exact sequence for (Ox,{—, —}),
with the map Ox — TH™ given by f +— H ¢, and whose kernel is the Poisson center

Ogj} . The map « gives a commutative diagram

H
0—=o 12 o S gian
, ~ (0,F)—0 J’
0—— o DG, {2020 gitam 0

with left and right vertical maps being identity maps. Thus « is an isomorphism. [
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Recall that the Lie algebra of an affine group scheme carries a canonical structure

of a restricted Lie algebra (see Demazure-Gabriel). It is defined as follows. Let
R = Og} and put R[e] to be the algebra of dual numbers over R (so €2 = 0).

The Lie algebra Lie(G,) (as a sheaf of R-modules) is given by definition by the
kernel of the map G,(R[e]) — G,(R)) induced by reduction R[] — R. Now, one

can consider an auxiliary ring R[e1,...,&,] (with all €2 = 0), and an R-subalgebra
S C Rlex,...,¢ep| generated by the sum o = €1 +...4+¢, and the product m = €1 ... ¢p;
it is easy to see that S is isomorphic to the subring of ¥,-invariants in Rleq, ..., &p),

and that S ~ R|o,n]/(cP, 7% on). Note that we have a natural projection S —»
R[x]/m2. For z € Lie(G,)) denote by ¢** the corresponding element of G, (R[e]). The
elements e*** in én(R[sl, ...,€p]) commute with each other'®, and so e“1%...er®
gives an ¥,-invariant element in C~v',7 (R[e1, - - -,€p])- Since é,, is representable we have
én(R[el, .. ,sp])zj o~ én(S), thus e®1% ... €7 gives an element in én(§) and we can
take its image in G,)(R[r]/m?), which is equal to e™ for some y € Lie(G,). Then one
can show that the association
Ty =: 2P

defines a structure of restricted Lie algebra (see par 7, 3.4. Demazure-Gabriel) on
Lie(én). Let (0, f) € Lie(én). Then to compute (6, f)I?! via the above recipe we need
to look at the image of

(1+e1b,e1f) .- (1+ep0,epf) € Gy(Rer, - .-, 5)))
in én(R[ﬂ']/’/TQ). It is not hard to see that it is given by a pair (1 + w0}, 70P=1(f)).
In other words, we get that

(0, £ = (0171, g7 ().

Via the identification a: Ox —» Lie(G,)) we can now endow Ox with the structure
of restricted Lie algebra; more precisely, it is given by f — o~ *(a(f)IP!). This agrees
with (2.12): indeed, we have

()P = (Hy, f o) = (P HGE o+ oym) = (S HY ()
and this way
fP = oY a(f)P) = HY (o, m) — Lyl

Moreover, f — flPln defines a restricted Poisson structure:
(f2)lPln = HJi’;l(LHf2 n) — LH]@n = (Qf)p—lHJ;zﬂ@f ) — (2f)pLH}[cpm _
= (Qf)P(H}’*I(Lan) — LH}pm) = 2P flPln,

where above we used that Hy> = 2fH.

Note that the association 7 — (—)Pln in fact only depends on the class [5] in
QL /d(0x): indeed, if n = n + dg, then

J0r = V00 = B, df) = 0 df = (ad £)7(9) = (ad £ (g) = 0.

This way, having a section [n] € H(X,Q%/d(Ox)) we can still associate a well-
defined restricted Poisson structure (—)Plm by lifting [] to an actual 1-form 7 locally
and gluing the resulting operations (—)P!n globally.

1801’16 has e€iTefiTe—CiTe—EjT — esia‘j[z,z] = 1.
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It remains to show that the association [f] — (—)Plm is bijective. Note that
both sides of (2.11), considered as Zariski sheaves on X{P} are torsors over ‘J’g}.
Indeed, the sheaf of sections [n] € Q% /d(Ox) with d[n] = w is naturally a torsor over
Hy qr = Q" and we can identify the latter with T by pulling back to X {7}
the isomorphism Ty — Q% induced by w (recall that it sends & — tew). For the
restricted Poisson structures note that by (2.10) the difference of two p-th restricted
power operations (—)PI* and (—)Pz defines a Frobenius-derivation, which moreover
should take values in the Poisson center, since both {f[P), g} and {2 g} are equal
to H ][f’ ! (g9) (by the definition of restricted Lie algebra). It is also immediate to check
that if one adds to a given (=) such a derivation it still defines a restricted Lie
algebra structure, and also a restricted Poisson structure. Moreover, such derivations
are exactly identified with the sections of ‘J’}{(p}. Thus it remains to see that the

association [n] + (=)[PIm respects the torsor structure. Let a be a local section of
QY with da = 0, then

f[p]VH»Q _ f[p]n — H‘I;fl(LHf O[) — a,

Jred
which by Remark 2.41 is the same as fLH}p}C(a). This ;hows that if we act on [n]
by a vector field £1P} € ‘T}{(p} the corresponding p-th power operation will change by
g Letmw P = (teep,w)? = E(f)P,
which is exactly what we need. O
Given Proposition 2.63 the following definition now is logical.

Definition 2.65. A restricted symplectic S-scheme (X, [n]) is a pair of a pseudo-
smooth S-scheme X and a section [n] € H(X,0Q/d(0x)) such that w = dn €
HO(X,0%) is non-degenerate.

Indeed, by Proposition 2.63 this data is equivalent to a symplectic structure (given
by w) together with a compatible restricted Poisson structure.
The following remark will be useful.

Remark 2.66 (No difference in doing differential geometry on X as a scheme over
X1 or S). Let X be an S-scheme and let X — X {7} be the reduced Frobenius. Then
we claim that providing X with the structure of a restricted symplectic scheme over
S is the samle as providing it with the same structure over the reduced twist X ¥},
Indeed, we have a commutative diagram

X — x}

N

S
which gives an exact sequence

Flbq r ol sl 0
X Yixty T Mx 7y xm U

1
X/X{p
fX'/X{p
more generally of the de Rham complex dRx/x»y ~ dRx. Lastly, essentially by

Since the pull-back map FY }*Qﬁ( o

so X is pseudo-smooth over X We also have isomorphisms

, — Q% is 0 we get that Q , ~ Q% and

y =~ Q% and,



THE CANONICAL GLOBAL QUANTIZATION OF SYMPLECTIC VARIETIES IN CHAR. p 31

the definition of reduced twist, X for X considered as an X{"'-scheme or as an
S-scheme coincide (because ng} is defined as the image of relative Frobenius). Thus
symplectic and, more generally, restricted symplectic structures on X considered as
an X P'-scheme or an S-scheme are the same thing.

2.11. The group scheme Gy and Darboux lemma. Another insight of
Bezrukavnikov and Kaledin is that restricted Poisson structures on X can be inter-
preted in terms of “formal geometry” and related torsors. To recall it let us introduce
one more piece of notation.

Construction 2.67 (Algebra Ag). Fix a number d € N and let S = SpecF,. Let
V be a vector space scheme of dimension d over F,, (so V ~ SpecF[z1,...,24]) and
let W = V @ VYV be the total space of the cotangent bundle to V: thus W is a
symplectic vector space of dimension 2d. Let y; be the dual coordinates to x;; one
has W ~ SpecFy[z1,...,Ta, Y1, .., Yd]-

Consider the ring of functions on the Frobenius neighborhood Fy;' ({0}) of 0 in W
(see Example 2.11). Explicitly, put'®

Ao = Fylzi, yili<ij<a/@; = y; = 0.
We have Q) ~ (@, Ao - dz;) & (B, Ao - dy;) (namely, since da? = dy? = 0 the
map Q) ®F, [zs,y;] Ao — Qho is an isomorphism). In particular, Ag is pseudo-smooth

over F,. We endow Spec Ag with a natural restricted symplectic structure given by

the 1-form
d

Necan = Zyzdmz € Q}AO-
i=1
Indeed, the 2-form w := dnea, = 21 dy;Ndx; € 91240 is easily seen to be non-degenerate.
Similarly, for any F,-algebra R we can consider an R-algebra

Ao(R) = Ay ®r, R.
We have Q)| ) /p =~ Q4 ®@r, R and via this identification the pair
(Spec Ao(R), [ncan & 1])

defines a restricted symplectic R-scheme (see Definition 2.65). Further we will denote
Nean ® 1 DY 7ean for convenience.

Construction 2.68 (Group scheme Gg). Consider the functor
Ap: R— Ap(R)
on Fy-algebras. Let Aut(Ap) be the functor
Aut(Ap): R— Autr(Ap(R)) ~ Isog(Spec Ap(R), Spec Ag(R))

that sends an Fj-algebra R to the group of R-linear algebra automorphisms. Since
Ap(R) is a free module over R one sees that Aut(Ag) is represented by the affine
group subscheme of GL(Ap) given by those linear automorphisms that preserve mul-
tiplication on Ag. Finally, let Gy C Aut(Ap) be the functor

R~ Aut$((Spec Ag(R), [1can]))

that sends R to the group of R-algebra automorphisms of Ag(R) that also preserve
the restricted symplectic structure given by nean. It can be seen to be represented by a

I9This algebra is denoted by A in [BK, Section 3].
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group subscheme of Aut(Ag): namely, one adds equations to ¢ € Aut(Ag) saying that
C(*Nean — Nean) = 0 (which is equivalent to [7can] € QLO(R)/d(AO(R)) being preserved
under ¢).

Remark 2.69. The group scheme H = Aut(Ap) is not particularly nice, for example
it is not reduced. Indeed, let Iy = (z1,...,24,¥1,-..,Yd) C Ao be the maximal ideal.
Note that for a reduced R any ¢ € Autr(Ao(R)) preserves Ip(R) = Iy ® R: indeed
Iy(R) in this case coincides with nilradical of Ag(R). If H were reduced this would
also be true for the O(H)-point of H given by H Mg and, since any R-point of H
factors through this one, we would get that any ¢ € Autg(Ag(R)) for any R preserves
Iy(R). This, however, is not true: whenever «,(R) := {x € R | 27 = 0} is non-zero
there is a natural automorphism of Ag(R) sending z; to z; + € for some € € a,(R)
and this automorphism doesn’t preserve Io(R). Similarly, Gy is also not reduced: in
fact 7can is also preserved by the above automorphism.

Construction 2.70 (Torsor of “Frobenius-frames”). Let X be a pseudo-smooth
scheme over a base scheme S such that rk Q% /s = 2d . Let Ag be the algebra
from Construction 2.67 for that particular d. Consider the reduced Frobenius map
F){(p}: X — X1} (Construction 2.10).

There is a canonical Aut(Ag)-torsor Mx on X7 which is defined as follows.
Namely, for a map 7' — X"} one puts

Mx (T) == Tsor(Spec Ag X T, X X xim T).
This is a sheaf in flat topology on the category of schemes over X endowed with a
natural action of Aut(Ap). Moreover, flat locally on X ¥} one has an isomorphism

Mx |, =~ Aut(Ap) x U.
Indeed, let U — X be a Zariski cover that trivializes Q%{ /5" Then U is still pseudo-
smooth, so Fép U - U s faithfully flat (as well as the composite map U —
Ut — X{P}) and (by Lemma 2.71 below) we have
X Xxtm U>U Xy U~ Spec Ag x U.

This way the restriction Mx |, is identified with the functor

(T = U) — Isor(Spec Ay x T,Spec Ay x T)

which is exactly X x Aut(Ap). Thus the action of Aut(Ag) on My is effective and
the latter indeed defines an Aut(Ag)-torsor over X P}, In [BK] it is called the torsor
of Frobenius frames on X.

Lemma 2.71. Let X be a pseudo-smooth scheme over a base scheme S. Then Zariski
locally on X one has a natural isomorphism

X X xm X ~ X x Spec Ag.

Proof. When X is smooth over S, F ){(p Vo X o X s given by the relative Frobenius
Fx/s: X = X () and the statement is classical: Zariski locally one has an étale
map X — A%d and in the case of affine space the isomorphism is easy to construct
explicitly.

For a general pseudo-smooth scheme we use Proposition 2.35: namely, X Zariski
locally is identified with the Frobenius neighborhood (F}{,p })_1(2) in a smooth S-
scheme Y of a closed subscheme Z — Y Following Remark 2.33 the reduced
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Frobenius map F){(p}: X — X ~ Z is the pull-back of F}{,p}: Y — Y. This way
we have

X X x{p} X ~ (Y Xy {p} Y) Xy 7

and we can reduce to the smooth case. O

Construction 2.72 (Restricted symplectic structures as reductions of Mx to Gop).
Another observation of [BK] is that restricted symplectic structures on X can be
identified with reductions of the Aut(Ag)-torsor Mx to the subgroup Gy C Aut(Ay).

Let us recall this identification. By Remark 2.66, given a restricted symplectic
S-scheme (X, [n]) one can equivalently consider it as a restricted symplectic scheme
over X} One can define a functor M X,[n on schemes over X ®} as follows. First,
note that for any T one gets a restricted symplectic T-scheme (Spec Ag, [fcan]) X T'.
Second, given a map T — X1} the fiber product (X, [n]) x xu T is also a restricted
symplectic T-scheme. Then one defines a functor

(T = X 1) = Moy ) (T) = LsoF* ((Spec Ao, nean) x T (X, [1]) X x 0y T)

where IsoF™ denotes isomorphisms over 7' that preserve the restricted symplectic

structure. This is a sheaf in flat topology on the category of schemes over X ¥} with a
natural action of Gy. Moreover, picking an affine refinement of a flat cover U — X ¥}
as in Construction 2.70 and using Remark 2.73 we get that (X, [1]) X x» U is in fact
isomorphic to (Spec Ag, Nean) X U. Thus, the restriction MX’[,,HU can be identified
with the functor

(T — U) — IsoF*((Spec Ao, [ean]) x T, (Spec Ag, [1can]) x T)

or, in other words,
MXa[W”U ~ Gy x U.
This way My [, defines a Go-torsor on X {} and by construction one has a natural

isomorphism
a: My ) <90 Aut(Ag) ~ Mx.

Conversely, having a Go-torsor M’ over X ¥} such that
M x% Aut(Ag) ~ My,

we can take a flat cover U — X as above such that X Xy U ~ Spec Ag x U and
descend the restricted symplectic U-scheme given by (Spec Ag, [fean]) x U to X P}
using the descent data provided by M’ and «.

Remark 2.73. Let R be an Fp-algebra. Then one can show that any two restricted
R-linear Poisson structures on Spec Ag(R) are isomorphic (see [BK, Proposition 3.4]).

Finally, let us fix some notation:

Definition 2.74. The Go-torsor Mx [, over X1} is called the torsor of Darbous
frames associated to (X, [n]).

Remark 2.75. The fact that there exists a faithfully flat cover U — X such that
X Xx U =~ (Spec Ag, [ean]) X U as restricted Poisson schemes, can be considered
as an analogue of the Darboux lemma in the restricted symplectic setting. Indeed,
we see that (Spec Ao, [1)can]) serves as a “local model” for any restricted symplectic
structure.
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3. SHEAVES OF ALGEBRAS Ag AND A% AND THEIR CATEGORIES OF MODULES

For the rest of this section set S := P!. For each dimension n we will define two
quasi-coherent sheaves of algebras on S. The first one is the P'-version Ag of the Rees
construction of reduced Weyl algebra (on 2n generators), which encodes Hodge and
conjugate filtration on the latter. The second is an auxhillary algebra Ag which is
obtained as another central reduction from Weyl algebra on 4n generators. Following
[BV] we will construct an Og-linear action of G on A2% — Mod, which will the be used
later to construct the canonical action of Gy on the category As — Mod.

3.1. Rees construction over P!. First let us remind the usual Rees construction
and its properties.

Let B be a quasicoherent sheaf of associative (but not necessarily commutative)
algebras over a base scheme Y. Let B<, = ... C B<,, C B<p41 C ... be an increasing
filtration on B indexed by integers. We assume that the filtration is multiplicative
(B<i - B<j C B<it;) and exhaustive (namely B = colim,B<,).

Construction 3.1 (Rees construction over Al). Let h be a formal variable. Let B<,
be as above.

Define the Rees construction Bp: of the filtered algebra B<, as a subsheaf of
algebras

Bar = ®;B<; - h' C B[h,h ™| =B @z Z[h, h ™.

Since B<; - B<; C B<it; and B<; C B<jy1, the multiplication on By: is well-defined
and B defines a (quasicoherent) subsheaf of Oy [h]-algebras in B[k, h~1]. One also
has isomorphisms

(3.1) Bur/h~gr,B and Bu[h ']~ B[h,h .

Here for the second isomorphism we used the exhaustiveness of filtration.

Using a monoidal equivalence of categories of quasicoherent Oy [h]-modules and
quasicoherent sheaves on A XY we can view the Oy [h]-algebra B,: as a quasicoherent
sheaf of algebras B1 over A' x Y. Formulas 3.1 then give isomorphisms

BA1|{0}><Y ~gr, B and fBA1|Gme ~ Og, X B.

Construction 3.2 (A variant over the center). Let Z(B) C B be the center and
define the filtration Z(B)<, = Z(B) N B<.. This filtration is also multiplicative
and exhaustive and we can consider the corresponding Rees construction Z(B)a:.
Then B,: is naturally a sheaf of algebras over Z(B),1 and as such also defines a
quasi-coherent sheaf of algebras over the relative spectrum Specyi,y (Z(B)a1).

Construction 3.3 (Descent to [A'/G,,]). Consider the standard action of G,, on
Al (such that t o h = th for t € G,;,). It induces a G,,-action on Y x A! and endows
Oy [h] with a Z-grading such that Oy has grading 0 and the variable h has grading 1.
Consider the corresponding quotient stack [A!/G,,] x Y. Using faithfully flat descent
the abelian category of quasicoherent sheaves on [A!/G,,] x Y can be identified with
the category of quasicoherent sheaves of graded Oy -[h]-modules on Y.

The algebra B,: comes with a natural grading (Bs1)" :== B<; - h* that makes it
into a graded Oy [h]-algebra. This way B, defines a quasi-coherent sheaf of algebras
X‘B[Al/Gm] on [Al/Gm} xY.

The descent above also has a variant over the center. Namely, Z(B),: is also a
graded Oy [h]-algebra, which endows Specyi,y (Z(B)ar) with a natural G,,-action.
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Moreover, By is a graded Z(B),1-algebra and as such defines a quasi-coherent sheaf
of algebras on the quotient stack [Specgiyy (Z(B)a1)/Gm].

Now, having two multiplicative exhaustive filtrations on B we can glue the two
corresponding Rees constructions into a sheaf over P! x Y

Construction 3.4 (Rees construction over P!). Let B be a quasi-coherent sheaf
of algebras over Y endowed with an exhaustive increasing filtration B<, and an
exhausting decreasing filtration B=*. We will denote such data by (B, B<., B=*).
Cover P! by two charts given by affine lines A} ~ SpecZ[h] and Al ~ SpecZ[h~}],
with intersection G,, = P!\ ({0} U {co}) =~ Spec Z[h, h~1]. On these charts take Rees
constructions®” associated to the two filtrations:
But = BBy - h' CBlh, AT D Byr = @B h"

By, and By are the Oy [h] and Oy [h~!] subalgebras of B[h, h~!], and as such define
quasicoherent sheaves of algebras on Ai xY and Al x Y correspondingly. Moreover,

we have natural isomorphisms

BAI

~ XB~B
Y xy = O6m Allg

m XY

Using the composite isomorphism as the gluing data we obtain a quasi-coherent sheaf

of algebras on P! x Y which we will denote Bp: and call Rees construction over P!.
The above construction also localizes over the center of B. Namely, Bp: naturally

defines a sheaf of algebras on Specp: 3y Z(B)pr which we will continue to denote Bg.

Here Z(B) denotes the center of B.

Construction 3.5 (Descent to [P!/G,,]). Analogously to Construction 3.3 algebras
BA}F and B,: are endowed with natural gradings (BA#)i = B<;-h' and (B ); =
B=¢. h'. This way they define quasi-coherent sheaves of algebras on [A} /G,,] x Y
and [Al /G,,] x Y. Moreover, the restrictions of both Ba1 /c,,) and [Bar /Gy] to

[Gin/Gy] XY ~ Y are naturally identified with B = colim;_, o, B<; = colim;_,B=""%.

This way they glue to a quasi-coherent sheaf of algebras Bp1 /g,.; on [P!'/G,,] X Y.
This construction also localizes over the center of B. Namely B /g,

naturally defines a quasi-coherent sheaf of algebras over the relative spectrum

Specppr /g, 1xyv (Z(B)pi/c,.1)-

Example 3.6 (Split case). Assume B is commutative (so B ~ Z(B)). Let B be
graded B ~ @;B; and consider the split exhausting filtrations associated to it:

‘Bgn = @zgn'Bz and an = @127131
Then there is a natural isomorphism
Specpi y (Bp1) =~ Specy (B) x PL.

Moreover, this isomorphism is G,,-equivariant, where the G,,-action on Specy (B) is
defined by the grading on B. This way we also get an isomorphism

Spec[]P’l/Gm]XY(B[]P’l/Gm]) ~ [(Specy (B) x Pl)/Gm]-
To see these isomorphisms explicitly, note that
('B[h])n ~ @i+j=n%i “hI o~ EB%'STLB’L' ~ Bgn

20Here7 one can view B,1 as an instance of 3.1 for the increasing filtration given by F;B := B2t

and where the coordinate on Al is h=1.
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and, this way B[h] ~ B AL as a graded Oy-algebra. Similarly,

(B[h_l])n ~ @ifj:n‘Bi . h_j >~ @zanBz ~ an
and so B[h™!] =~ B,1. Moreover, under this identifications, the gluing data over
G X Y is just given by the isomorphism (B[h])[h~] ~ (B[h~])[h]. This way we can
identify Bp: with the pushforward p,O for the projection p: Specy (B) x P! — P!
hence the statement above.

3.2. Twistor differential operators Dy pi. We now discuss a particular case of
the above construction in the case of the sheaf of differential operators on a pseudo-
smooth scheme. Let us clarify the setup.

Construction 3.7 (Hodge and conjugate filtrations on Dy ). Namely, let X be a
pseudo-smooth S-scheme and let Dy be the sheaf of differential operators that we

have defined in Section 2.3. The pushforward F' ){(p E@ x defines a quasi-coherent sheaf of
algebras over X7}, Let us discard F;fj from the notation and implicitly consider D x
as a sheaf of algebras over ng}. Recall that we have an isomorphism 0~ !: Z(Dy) ~

Symg{p} ‘J'{)f} (see Corollary 2.38). Let us temporarily discard the subscript given by
X

oﬁﬁ} to lighten up the notations.
We endow D x with two filtrations:
e (Hodge filtration). Consider filtration Fil%, := Dx <+« by the order of dif-
ferential operator (see Remark 2.18). Ome has Dx <, = 0 if n < 0 and
DX,SO ~0x C Dx:
...=0=0C Ox CDX,SI C:DX$§2 C...

e (Conjugate filtration). This is a filtration Fil=* defined as follows. Namely

cnj
one has Filczn? ~ Dy if n <O0:

...=Dyx =Dy C FilZ} ¢ Filz2

cnj cnj "
and Filcznz is defined as SymtiJ ‘J'){?} -Dx C Dx. In particular, it is a p-step

filtration (one has Filcznij = Filcznij_1 unless p|i).

Remark 3.8. The conjugate filtration Fil= is a reindexed variant of a filtration that

cnj
appeard in [OV].

Remark 3.9 (Induced filtrations on the center). Filtrations induced on Z(Dx) by
the Hodge and conjugate filtrations on Dx above are in fact split. Namely, we claim
that the two filtrations Z (D x)NFilY, and Z(Dx) ﬂFilCZIS are obtained by construction
in Example 3.6 from the single graaing on Z(Dx) given as follows:

0 if ptn

Z(Dx)y = X
(Dx) {Symkﬂ'){f} ifn=p-k

This is clear for the conjugate filtration: since Z (D X)ﬁFilini », 1s given by SymZ[%] ‘J'){‘?}
which is also a direct sum ®;Z(Dx); with i > n. For the ﬁodge filtration this requires
a slight argument.

More precisely, we need to show that Fﬂgn NZ(Dx) ~ Sym=l7] ‘J’;{?} (where the

latter is isomorphic to ®;Z(Dx); with i > n). Recall that the map 6: Sym( ) ‘T}{?} —
X
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Z(Dx) is induced by v — 0(vPH): vP — Pl and so 0(Tx) C Filgp. Consequently,
H(Symgk Tx) C Filgpk and to show the statement it is enough enough to show
that the map gr,, 0: Sym* ‘J‘g'} — grgpk between the associated graded pieces is
an embedding. We have 9(1){1)} ) =P € grf,I and this way we see that the map of
Og}—algebras gr,(f): Sym* ‘J’){f} — Symgp , Tx is the map given by reduced Frobe-

nius F}p];( T*X — (T*X)®} (as affine schemes over Og?}), which is an embedding
essentially by definition.

Following the discussion in Example 3.6 we then get the following description of
the Rees construction for Z(Dyx). Namely, the grading on Z(Dx) that we considered
above corresponds to the G,,-action on (T*X) ~ Specyyy Z(Dx) where t € G,,
acts by rescaling the fibers of the vector bundle (T*X)t — X1} by 2. We get a
G-equivariant isomorphism

Specximing Z(Dx)s ~ (T*X){p} x S,

where the action on the right is diagonal.
It then also descends to an isomorphism

Specxtix(s/6.) Z(Dx)5/6,) = [(T7X) P x S)/Gi].
for the corresponding quotients by G,,.

Definition 3.10 (Twistor differential operators). We define the sheaf D x s of twistor
differential operators on X as the Rees construction (3.4) over S associated to
(Dx,FilZ,, Fil2Y). By Remark 3.9 and discussion in Example 3.6, Dy,s defines a
Gp-equivariant quasi-coherent sheaf of algebras over (T*X)¥} x S (with G,,-action
as in Remark 3.9).

Remark 3.11. Let us describe Dx g more explicitly. Namely, the restriction
Dx s\{oc} is the Rees algebra associated to PBW-filtration on Dy and as such can
be identified with the subalgebra in Dx[h] generated by Ox and h - Tx. One can
also describe it as a sheaf of algebras over Ogg} [h] generated by Ox and Tx with the
relations given by f1-fo—fo-f1 =0,v-f—f-v =h-v(f) and v1-va—va-v1 = h-[v1, V2]
(here we identify Tx with its image in Dx <1 - h in the Rees construction).
Following Remark 3.9 and Example 3.6 we have an isomorphism Z(D X)S\ (oo}

Z(Dx)[h] ~ (Symggﬂ“g’})[h]. The corresponding map Z(Dx)g\ (o0} = Px.5\{o0}

sends O{)‘?} to Ox via F){(p}, while v} € ‘J'g(p} maps to’! 0,(v) = vP — hP~1 - plPl,

For the description of the other chart note that since Filing = Dx we have a natural
embedding Z(Dx)[h™1] C Z(Dx)g\foy- Moreover, by the way how Filcgnj is defined,
Dx s\{o} is identified with the tensor product D x [h_l]@)z('px)[h—l] Z(@X)S\{O}. Using
Remark 3.9 and Example 3.6, one can further identify D x s\ oy with the pullback of
Dx X Og\{0y along the endomorphism of \j,—» of (T*X)%} x (S\{0}) given by the
fiberwise dilation by h~P. In particular, over {co} € S\{0}, A;—» is the zero map and
thus the fiber Dy foc) = Dx g\ (0} /7" is identified with Dx,0® ) Sym” T¥ where
Dx o is the central reduction from Remark 2.29. Recall that Dx ¢ =~ endoﬁf} (Ox)isa

21Ty see why this is the formula: we have 6(v) € Filgp and O(v) - h? = vPhP — olPIpP =
(vh)P — hP=1(vlPlp).



38 E. BOGDANOVA, D. KUBRAK, R. TRAVKIN, AND V. VOLOGODSKY

split Azumaya algebra; this way D yx (o is Morita equivalent to Ox Ry ) Sym* ‘J’g} ~
Symg, Tx. In particular, the category of quasi-coherent sheaves of D x (}-modules
is equivalent to quasi-coherent sheaves over T7*X.

The two restrictions Dx g\ (o0} and Dx g\ (01 are then glued along S\ ({0} U {oo})
by identifying the restrictions of both algebras with D x[h, h™1].

3.3. Central reduction of twistor differential operators. We extend Construc-
tion 2.46 to the algebra of twistor differential operators. Let o € HO(X P}, Q;{p}) be
a global section, i, : X% < (T*X){P} the graph of a. Denote by

jo(,g C Z(@)()S C DX,S
the sheaf of ideals determined by the closed embedding i, xIds: X PF xS < (T*X) P} x
S. Let Dx, o s be the quotient Dx5/JasDx s

Recall that we have the natural map —{P}: HO(X, Q%) — HO(X ¥}, Qﬁé{p}), a -

afPt Tt turns out that the association a +— D for « € H°(X,QL) only

alp}
X, 20 s

depends on the class [a] € HY,. (X, coker(Ox 4 Q_lX/S)) in a canonical way, as the
discussion below shows.

Construction 3.12. Let u € H°(X, Q%(/S) be a closed 1-form on X. Define an
automorphism ¢u of algebra D x g\ (o0} (viewed as the subalgebra of D x [h] generated
by Ox and h-Tx) by setting ¢« (f) = f and ¢u (hv) = hv + 1y, for every function f
and every vector field v. Informally, this automorphism is the conjugation by enr
though this expression does not make sense as a function on X x S, the conjugation
automorphism is well defined. For 1, us € HO(X, Q}(/S), we have that

(3.2) Gu1 0 pus = Py, .
h h h

*

ng}ﬂ'}{f})[h] of the algebra Dx s\ (o0} is given by

The action of ¢u on the center (Sym

the Katz p-curvature formula (see Remark 2.45): ¢x acts trivially on OE?} and, for
vlPt ¢ ‘J'){f}, one has that ([f)%(hpv{l)}) = hPolPt 1o oy (uPr — hP=1C(p)). In particular,
if C(u) =0 i.e., pis exact, then ¢ extends to an automorphism of Dx s and acts on
the spectrum of its centre (T*X ){p} x S as the translation by p. Thus, for an exact
1-form g2 on X and a section o € HO(X P} Qié{p}), one has that ¢u (Jos) = Joqputm s-
It follows that ¢« descends to an isomorphism:

¢u:Dx, 55— DX7Q+}¢?{p} s

Construction 3.13 (Generalized central reduction D A class

X,[ihl,g)'

[n] € HY,. (X, coker (Ox BN Qk/s))

gives rise to a certain sheaf of algebras D 1, 4 locally given by a central reduction

x, bl
of Dxg. This is a sheaf of quasi-coherent O){?}—algebras that comes together with
the following structure. For any open subset U together with a 1-form 7 € Qﬁ( / s(U)

{r}
U

representing [n], we have an isomorphism of O}’ -algebras

YUn: (®X7[}ILJ)S)\U ? ®U (o) (P} s

ST RD s
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such that, for any two 1-forms 7y, 2 on U representing the class [n], one has that
YU © 757171 = qs% . Formula (3.2) shows that the algebra D Xl together with
the collections of vy, exists and is unique up to a unique isomorphisms. Moreover,
the construction is functorial, meaning that the sheaf algebras D x5 is equivariant
with respect to the group Autg(X,[n]) of automorphisms of X over S preserving
the class [n]. For future reference we display the induced action Autg (X, [n]) on the
direct image CDK%,S along the projection prg,g: X xS — 5 x S by Ogxs-algebra

automorphisms

(3.3) ¥ Auts(X, [n]) — Aut(prg, ®X,%,S)'

The algebra D ;. ) ¢ has further symmetries: simultaneous multiplication of h and
YR

[n] by a scalar A doesn’t change the algebra. More precisely, endow S with an action
x of G, by homotheties: x(h) = zh, where z is the coordinate on G,,,. Then pullback
of ®X,[,l],S with respect to the morphism G,, x X xS — X xS given by the G,,-action
on the last factor is naturally isomorphic to D¢« x, (21 pri, 1)) /h, S where G,,, x X
is considered as a scheme over G, x S and pry: G,, x X — X is the projection.

Example 3.14 (The sheaf Dx s). Let’s consider a particular case of the above
construction when we have [] = 0. The corresponding sheaf of algebras Dx s is
simply the restriction of D x g to the zero section XS = (T*X)#rx S, or in terms
of sheaves of algebras we have Dx 0s ~ Dx s @z(Dy)s Og}.

Let us describe more explicitly the gluing data defining D x o s. Namely, Dx o5\ o0}
is the quotient of Dx g\ (oo} (see Remark 3.11) by the two-sided ideal generated
by v? — h?~%lPl v € Tx. On the other hand, the restriction Dx 0,5\{0} is re-
ally simple, namely Dx o5\ {0} = Dxo[h~!]. Indeed, by Remark 3.11 Dxs\{oy =
Dx [h_l] ®Z(Dx)[h*1] Z(DX)S\{O} from which we get that

D o5\ = Dx[h ™) @z 1) O A1 = Dx o[-

Observe that for every class [n] the restriction of D (5 ¢ to X x {oo} — X x S'is
S

naturally isomorphic to that of Dx g s. In particular, the former is a canonically split
Azumaya algebra over X x {oo}.

3.4. Twistor reduced Weyl algebra As. We will be now interested in a very
particular case of the Construction 3.13. Namely, let us fix a number n € N. Consider
the algebra C = Fplzy,...,z,]/(2Y,...,2P): this is the (ring of functions on the)
Frobenius neighborhood of {0} in an n-dimensional affine space over F,. Put Y =
Spec C' considered as a scheme over F,,. This is a pseudo-smooth Fp-scheme (with
QL ~ @, C - dz;) and one has Y ~ Spec(C?) ~ SpecF,,.

Definition 3.15. We define the twistor reduced Weyl algebra As as Dy, s. This is a
quasi-coherent sheaf of algebras on S.

Remark 3.16. Note that by (the proof of) Lemma 2.71 any pseudo-smooth X con-
sidered as a scheme over X ¥} flat locally looks like C' with n = dim X. This way Ag
can serve as a model example of quantization (in this context of T%X).

Let us describe Ag in terms of its restrictions to S\{oco} and S\{0} and the gluing
data. First, let us describe the algebra Dy := I'(Y, Dy). We have Ty ~ @ ,C - 0;
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with 87,(.1‘]) = 5” Thus
Dy ~Fp(ws, yihr<ijen/ (@i, w5 = i, y;] = 27 = 0, [y;, 23] = 045)
with y; corresponding to 0;. One sees easily that 61[” | — 0 and so the center Z (Dy) is
described as
Z(Dy) = Fplyi,-..,yn] C Dy.
Hodge filtration on Dy is given by the total degree in y;’s. Following Remark 3.11
the corresponding Rees algebra Dy g\ (oo} is the Fy[h]-algebra given by
Dy s\{ooy = Fplhl(zi, yj)1<i5<n/ ([, 23] = [yi, y;] = 7 = 0, [y, ] = h - bij)
The center Z(Dyg\{o}) is identified with

Z(Dyg\{oo}) = Fplhy7, -, Y] C Dys\{o0}-
We have Dy s\ {00} = Dy s\{00} @Z(Dy s o) F,[h] and so
Dy o8\{oo} = Fplh[(@i,yj)1<ij<n/ ([0, 25] = [yis ys] = v = =0, [y;,xi] = h - 6ij).
Finally, Dy, := Dy ®z(py) O(Y) ¥ is described as
Dy = Fp(wi, yi)i<ij<n/ ([T, 23] = [yi,y5] = 27 = y§ =0, [y;, zi] = 04j).
Following Remark 2.29 the natural action of Dy on C (where z; acts by multiplica-
tion and y; by 9;) produces an isomorphism
Dy,o ~ Endg, (C) >~ Mat,n ().

Remark 3.17 (Explicit description of Ag). Now, following Example 3.14 we can
explicitly describe As. Let Ag\ (oo} and Ag\ (o} be the restriction of Ag to the
corresponding charts. We have Ag\ (oo} =~ Dy,05\{o0}, and so the F,[h]-algebra
As\ (0o} = T'(S\{00}, Ag\ {oc}) is described as

A\ oo} = Fplhl(is yi)1<ij<n/ ([0 5] = i, y5] = v = 2] = 0, [yj, 2] = h - 655).

We note that Ag\ (o} is a free Fp[h]-module of rank p* (by ordered monomials z'y”
with the degrees less or equal than p — 1 in each variable).

On the other hand, Ag\ {0y ~ Dy, (0} = Dy,p[h™!], and so by the above the
Fp[h~1]-algebra Ag\ o} = T'(S\{0}, As\(0}) is given by

Asvqoy = Fplh™ @i, v 1<ig<n/ (05, 25 = [yh vf]) = 2 = 47 = 0, [y}, ) = 6i5).
Similarly, this is a free F,[h~!]-module of rank p*". It follows that Ag is locally free
as an Os-module of rank p??. The identification AS\{OO}[h_l] ~ Ag\qoy[h] is given by

x; =2, and y; = h -y} (since y; and y; in fact corresponds to h - 9; and ;).
Remark 3.18. Since Dy,o ~ Mat, (F,,) we get that Ag\ joy ~ Mat,» (F,)[h~']. Also,
Ag\ {0} embeds into Ag\ (oo} [ ~ Agy(oy[h] > Matyn (Fy)[h, '], and so As is an
order in the matrix algebra of rank p™ over S.

Construction 3.19 (A module Vg over Ag). We define a sheaf Vg of Ag-modules as
follows. As an Og-module Vg is free:

VS = OS ®Fp[~r1a e 7xn]/(1‘f7 1 S Z S n)
The action of z; € T'(S,As) on Vs is given by the multiplication on the right factor;
the action of y; € I'(S\{oo}, As) is given by the formula y;(f) = h ® chf,;’ for f €
]Fp[xl’ e axn}/(xf’ 1 S { S n)
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3.5. Algebra Aj. Let ig: {0} ~ SpecF, — S be an embedding of 0.

Definition 3.20. We define the Fp-algebra Ay to be ijAs. Equivalently, Ay ~
Ag\{o0}/h and so (using Remark 3.17)

Ao = Fplzi, yjli<ij<n/ (2] = y§ = 0).

Let Ay be the h-adic completion of the k[h]-algebra Ag\ (o). Since Ag\ (oo} is finitely-
generated as a k[h]-module one has Ap, =~ Ag\ (o0} @p(n) K[[2]]-

For an [F-algebra R we denote by Ag(R) the R-algebra Ay ®p, R. Note that
Spec Ag(R) is pseudo-smooth over R for any R.

Construction 3.21. We denote by evy: Ag — [, the “evaluation at 0”-map that
sends all z; and y; to 0. We let Iy := Ker(evg) C Ag be the ideal given by its kernel.
Obviously, Ip = (21,...,Zn, Y1, --,Yn). Forany R we put Iy(R) = Iy®r, R C Ao(R).
Note that Io(R) C a,(Ao(R)).

Let us now apply some of the results of Section 2 to S := SpecR and X =
Spec Ag(R). Following Example 2.11(2) we have Ag(R)"' ~ R C Ay(R); this way the
reduced Frobenius map F){(p} : X — X1} is identified with the projection X — S. On
the other hand, since 2 = yf = 0 the reduced twist map Wz}( R) Ap(R) — Rinduced

evo (=P

by a — a? € R ~ Ag(R)"W} is identified with the composition Ag(R) —% R —— R,
a +— evp(a)P.

Consider the Ag(R)-module Qho(R) = Q}%(R)/R of R-relative differential 1-forms.
Q}%(R) is a free Ag(R)-module of rank 2n spanned by dz; and dy; for i = 1,...,n.

. 1.{p} ._ 1,cl
Consider also the R-module QAOZ(’R) = 9}40(3) ® Ao (R),evy I We let Q% ) C Q}%(R)

be the R-module of closed 1-forms. We have the de Rham differential Ag(R) 4 Qi‘gl( R)

and the Cartier operation C: stl(m — Qi{j’&).
Lemma 3.22. There is a short exact sequence of R-modules

0 A(R)/R S QY S

Proof. This follows by applying the global sections functor to the Cartier short exact
sequence (2.3) on the affine R-scheme X = Spec Ag(R). O
Remark 3.23. Under an isomorphism

1, n .
QA(;{I()%%) ~ (D R - dx;) © (B R - dys) ,

the Cartier operation has the following description. Namely, given o € Qk /R, W€ Can
write it as a linear combination of monomials in x;, y; times dxy, dy; with coeflicients
in R and look at the coefficients a; € R and b; € R’ in front of summands of the form

2P dx; and y;’*ldyj. Then C(a) =37, a; - dx; + >, b; - dy; € QZ’?&).
We can also consider maps dlog: Ag(R)* — Q4 and the map —#: QY —

Ql D ‘XO(R) AO( )
1,{p ] « 8 1 € 4’
Q !(;{(}R) Se“dlllg « tO i(}é).

Lemma 3.24. There is a short exact sequence

dlog, ~1,el  a—Cle)—at?t - 1
(3.4) 0= Ao(R)"/R* — Q% g —>QA0’(7R) — 0.
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Proof. Let X := Spec Ag(R). By Example 2.11, X' ~ § := Spec R. Recall Milne’s
exact sequence (Proposition 2.48). We claim that HZ (S, F){(p*} 0%/0%) = 0. Indeed,
by Remark 3.25 below, F}{(pj(‘))x( splits as OF x (14 Ip)* and H} (S, (1 + Ip)*) is 0.
The other terms in Milne’s exact sequence are coherent sheaves, and so also don’t

have higher cohomology. Thus, applying global sections to 2.48 we exactly get (3.4)
above. O

Remark 3.25. Recall the notation Iy(R) := Ker(evg)(R). Consider the subgroup
(14 Io(R))* C Ap(R)*: it is well-defined since Ip(R) lies in the nilradical of Ag(R),
and identifies with the kernel of the map Ay(R)* — R* induced by evg. Together
with the map R* — Ag(R)* this gives a splitting Ag(R)* ~ R* x (1 + Iy(R))
functorially in R. Moreover, (1 4 Io(R))* has a (functorial in R) finite filtration by

(1+I(R)* D (1+ Io(R)*)* > (1 + I(R)*)* + ...

with (1 + Io(R)™)/(1 + Io(R)"Y) ~ I4(R)"/Io(R)™, which is a free R-module
spanned by monomials in z;’s and y;’s of degree n.

This shows that the étale sheaf (14 Ip)*: R — (1 4 Io(R))™ on the big site of
affine Fj,-schemes has a finite filtration with the associated graded given by a coherent
sheaf. In particular, for any specific Spec R the restriction of this sheaf to the small
étale site (Spec R)q; doesn’t have higher cohomology: HZ°(Spec R, (1 + I5)*) = 0.

Construction 3.26 (Restricted structure on the Frobenius neighborhood). We en-
dow X = Spec Ap(R) with the structure of a restricted symplectic R-scheme as in
Construction 2.67. Namely, we consider (X, [fecan]) with

n
Nean = Zyid:ﬂi € QAO(R).
i=1
The corresponding symplectic from is given by w = dnjcan = >, dy; A dz; € 91240( R)"

For the lemma that will follow shortly we will need the following generalization of
Definition 2.60.

Definition 3.27. Let X be a symplectic S-scheme. A derivation ¢ € H°(X,Ty) is
called log-Hamiltonian if £ = f~' - Hy for some f € H°(X,0%).

Remark 3.28. Similarly to the Hamiltonian case, the condition & = f=1 - H r is
equivalent to tew = dlog f.

Given a vector field £ € H(X, Tx) we denote by L¢: Q% — Q% the Lie derivative
along &. We recall the Cartan formula: L¢ = ¢ od + d o t¢ in terms of the de Rham
differential and contraction. A vector field £ is called Poisson if Lew = 0.

Lemma 3.29. (1) A Poisson vector field { € T 4, (r) is Hamiltonian if and only
if for all f € Ap(R) we have

§(FPYy = HETHE(R)).

(2) A Poisson derivation { € Ty (r) is log-Hamiltonian if and only if for all
f € A we have

(3.5) (P = HYHE() + )"
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Proof. The proof essentially follows [BK, Lemma 2.5]. By Cartan formula and the
assumption Lew = 0 = d(tew) + 0 = 0 we get that g = tew € Q}%(R) is closed. By
Remark 2.61 and Lemma 3.22 £ is Hamiltonian if and only if C(8) = 0. Similarly,
by Lemma 3.24 £ is log-Hamiltonian if and only if C(8) = B Since w is non-
degenerate, Hamiltonian vector fields generate T4, (). Then vector fields of the form
H}p} generate T,{L\?(R)v and so it is enough to understand the pairing of C(5) € Qi‘,jﬁ%)
with (the twists of) Hamiltonian vector fields. By Remark 2.41 Lyt (C(B)) = LHj[cp]Bf

H})_l(LHfﬂ). Substituting 8 = tew we get LH}p}(C(B)) = ¢(flPh) - H}’_l(«f(f)) ERC

Ag(R). Thus, C(8) = 0 if and only if {(fIP)) — HE'(£(f)) = 0 for all f € Ag(R). This

gives Part 1. Part 2 is obtained similarly, by noting that ¢, (Bt = (LHfﬁ){p} =
s

§(f). U

3.6. h-separable algebras. Let Sch/g be the category of schemes over S. To con-
struct a group action on the category of Ag-modules it will be crucial to have some
understanding of the algebra automorphisms of As. This will become easier if we
restrict to a certain subcategory in Sch/g, where automorphisms of Ag are closely
related to Go. The goal of this section is to define this subcategory.

Construction 3.30. Let R € CAlgy 1), For an element b € R/h let be Rbea

lift. Then the operation b — b? gives a well-defined map R/h — R/hP. Indeed, given
another lift & = b + he we have (b)P = bP + hPcP.

Consider a,(R/h) = {a € R/h | a? = 0} C R/h. Then restricting the above map
to ap(R/h) gives a map 6: ap,(R/h) — hR/hPR.

Definition 3.31. An F,[h]-algebra R is called h-separable if

(1) it is h-torsion free (i.e., multiplication by h is injective on R);
(2) the map dr: ap(R/h) — hR/hPR is equal to 0.

Remark 3.32. It is not hard to see that the latter condition is equivalent to the
following: for any a € R one has

a? € hR & aP € hPR.
We denote by CAlggiZ?? the category of h-separable F,[h]-algebras.

Example 3.33. (1) Let C be an Fj-algebra. Then R := C ®p, F,[h] is h-

separable.

(2) Any F,[h, h~']-algebra R is h-separable. Indeed, it is obviously h-torsion free
and the second condition is vacuous since R/h = 0.

(3) R:=T,[h!/?]is not h-separable. Indeed, R/h ~ F,[x]/x? where  is the class
of h'/P, and the map dp sends x to h € hR/hPR.

(4) More generally, let K be any extension of F,(h) ramified at 0. Let R C K be
the integral closure of F,[h] inside K. Then R is not h-separable.

Note that o, (R/h) has a natural structure of R-module such that ¢ is a Frobenius-
linear map of R-modules. Let 6%: a,(R/h) @R r, R — hR/hPR be its linearization.
Obviously, 6z = 0 < 6% = 0.

Even though it might not yet be clear what is the motivation behind the notion
h-separability, let us show that it is local in étale topology:
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Lemma 3.34. Let R be an F,[h]-algebra and let R — R’ be an étale cover. Then R
is h-separable if and only if R’ is.

Proof. R’ is faithfully flat over R, and so R is h-torsion free if and only if so is R'. It
remains to relate g and 0r/. Since R — R’ is étale, the relative Frobenius Fp /g is
an isomorphism. We have a factorization

R g o R

| e b

R L g M

Fri/r

Fr

of Frs as the composition Wg/ /g 0 Fri/g (recall that Wy g by definition is the pull-
back of Fg to R'). Identifying a,(B) with the kernel of Fp and the diagram above,
it is not hard to see that the linearized map &%, : a,,(R'/h) ® g/ p,, R — hR' /WP R’ is
identified with FR, /R applied to the base change

65 @ R': a,(R/h) @p p, R&r R — hR/WPR®R R/
Thus, 6% =0« g = 0. O

Remark 3.35. Let R be an h-separable k[h]-algebra. Then for any a € R/h the
image a? € R/h? only depends on the p-th power a? € R/h. Indeed, if a,b € R/h are
such that a? = b, then a — b € a,(R/h) and @” — b = dp(a — b) = 0, so @’ = bP. In
other words, the map (—)?: R/h — R/hP factors through the image of the absolute
Frobenius on R/h. This gives a well-defined map

s: (R/h)P ~ (R/h)/ap(R/h) — R/hP.

Definition 3.36. An S-scheme X — S is called h-separable if its base change to
S\{oo} has a Zariski cover by {U; := Spec R;} where each R; is an h-separable I, [h]-
algebra.

Example 3.37. (1) If the map X — S factors through S\{0} then X is h-
separable. Indeed, in this case Xg\ (0} can be covered by spectra of F[h, h=1)-
algebras that are h-separable.

(2) Let R be an h-separable k[h]-algebra. Then the composition Spec R —
S\{oo} — S defines an h-separable S-scheme.

We consider the big site Schh 5P Schys of all h-separable schemes over S endowed
with the étale topology??.

Remark 3.38. Any S-scheme that lives over S\{0} is h-separable, and so we have
a natural embedding Schyg\ (0} C Sch %P We also have a fully faithful embedding

(CAlg]if [ZEP)OP C Schh *P with the image given by those separable h-schemes that
live over S\{oc} and are affine. Moreover, any (X — S) € Sch/hs_selD has a Zariski

cover U; — X such that each U; — S belongs to one of the two subcategories.

2211 fact for all the computations we will only need to use Zariski topology, but we just wanted
to point out that étale topology also make sense in this setup.
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The functor Ag: (f: X — S) — T'(X, f*Ag) defines a sheaf on Aff/é_%p. Its

restriction to (CAlgh Z??)Op c Affh P is given by

R = Ag\ {0} (R) = Ag\ {00} @kl s
(see Remark 3.17 to recall the definition of Ag\ (o)) Explicitly,
Ag\ {00} (R) = R(zi, yj)i<ij<n/ ([T, 25) = i, y5] = v5 = 2] = 0, [yj, w:] = h- 6i5).

Note that the underlying R-module of Ag\ (s} (R2) is free of rank P2

Taking the fiber (X — S) = Xyo over {0} € S defines a map of sites
o' Schys™P — Schyg,. On (CAlgy ;%)°P C Schyg™™ this functor is given by
sending an F,[h]-algebra R to Spec R/ h Consider the sheaf Ag on Sch/p  send-
ing X — T'(X, 4 ®F, O x) and the corresponding pushforward ig.Ag. Its restric-
tion to Schyg\ (03 C Sch P is 0, while on (CAlgI}FL [Zejl/’)of’ c Aﬁ}%_sep it is given by
R+— Ag(R/h).

We have a natural map As — i+ Ao (induced by the isomorphism Ay =~ ijAs as

sep

a quasi-coherent sheaf on S). Its restriction to Schyg\ (03 C Sch/hg_ is the zero map

Ag — 0, while on (CAlgh SCp)Op C Aﬂh *P it is given by reduction modulo h
A\ (oo} (R) = Ag\ {00} (R)/h =~ Ag(R/D).

3.7. Automorphisms of As. We let Aut(As) be the sheaf on big fpqc site of S which
sends f: X — S to algebra automorphisms of f*Ag. Given the explicit description of
Ag in Remark 3.17 one sees that Aut(Ag) is represented by a finite type group scheme
over S. Since by definition Ay ~ ijAs (as quasi-coherent sheaves) we get a natural
“reduction mod h”-map ify: Aut(As) — io«(Aut(Ap)).

Recall the group subscheme Gy C Aut(Ay) of restricted Poisson automorphisms of
(Spec Ao, [Mean]) (Construction 2.68). The first goal of this section is to show that if
we restrict to Schh P C Sclyg the map 45 : Aut(As) — io.(Aut(Ag)) above factors
through 49, Go.

The key is to reinterpret the restricted Poisson structure on Ag(R/h) in terms of
Ag\ {00} (R). Note that (since Ao = igAs) we have Ag(R/h) ~ Ag\ (o0} (R)/h.

Remark 3.39 (Poisson structure). Let R be h-torsion free. Then Ag\ (oo} (R) is h-
torsion free as well, and we can identify h'Ag (oo} (R)/h"T Ag\ (oo} (R) ~ Ao(R/h)
(via dividing by h?) for any i > 0. For an element f € Ag(R/h) let f € Ag\ {00} (R)
denote a lift under the projection Ag\ ;o1 (R) — Ag(R/h). One can define a Poisson
bracket {—, —} on Ag(R/h) by the equation h{f,g} = [f,d] (mod h?). One sees
immediately from the relations defining Ag\ (oo} (R) that {x;,z;} = {vi,y;} = 0,
while {y;,z;} = 0;; and so this Poisson structure agrees with the one defined by w
(see Construction 3.26).

The restricted p-th power operation —[?! (corresponding to the restricted Poisson
structure on Ag(R)) is more subtle to identify, and this is where h-separability of R
is important.

Construction 3.40 (Restricted structure). Note that for any f € Ao(R/h) and
any lift f € Ag\{oo}(R) the expression fP is well-defined mod AP. Indeed, by the
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Jacobson’s formula (see Section 2.2) we have
p—1
(f +hg)P = f*+ PGP + ) h'Li(f,3),
i=1
where each L;(f, §) is a Lie polynomial of total degree p — 1. Since the commutator
[AS\{OO}(R);AS\{OO}(R)] C hAS\{oo}(R) we get that hiLi(f, g) € hp_1+iAS\{oo}(R),
and, consequently, that (er hg)P = fr (mod hP).
Recall the map s: (R/h)? — R/hP from Remark 3.35. We will denote by s its
composition with the embedding R/hP — Ag\ (o0} (R)/hP. The p-restricted structure

then appears as follows, namely for any f € Ag(R/h) and a lift f € Ags\ (0} (R) one
can show as in Lemma 2.53 that the difference f? — s(evo(f)?) is divisible by hP~!
and define
Rt fIPl = fP _s(evo(f)P)  (mod AP).

Here we implicitly identified h?~!Ag\ (oo} (R)/hP As\ (oo} (R) ~ Ag(R/h) and consid-
ered s(evo(f)?) as an element of Ag\ (o} (R)/hP. By the same argument as in Lemma
2.53, one sees that this defines a restricted Poisson structure on Ag(R/h).

Remark 3.41. It is important to note that the map s(evo(—)?): Ao(R/h) — R/h?
given by f + s(evo(f)?) € R/RP is preserved®® by any R/h-linear automorphism of
Ao(R/h). Indeed, Autp/;,(Ao(R/h)) acts trivially on Ag(R/h) ~ R, and evo(f)? is
identified with the reduced Frobenius map F¥ _ : Ag(R/h) — Ao(R/h)® which

Ao(R/h) "
commutes with the action by automorphisms.

Lemma 3.42. The restricted structures on Ao(R/h) from Constructions 3.40 and
3.20 coincide.

Proof. Once we know that both constructions give restricted Poisson structures it
is enough to check that they act in the same way on the algebra generators z; and
y;. We claim that in both cases xgp - yl[p I =0, Indeed, for 3.40 this follows from
evo(x;) = evo(y;) = 0. For 3.26, note that H,, = 0., and H,, = —0,,. In both cases

Hj[cp] = 0, and so we need to check that
HE (e, m) = HE (e, m) = 0.
We leave this as an exercise to the reader. O

Lemma 3.43. Let R be an h-separable Fp-algebra. If ¢ is an R-linear algebra au-
tomorphism of Ag\{s0}(R), then the reduction of ¢ modulo h preserves the restricted
Poisson structure on Ag(R/h). In other words, ¢o € Go(R/h).

Proof. By Remark 3.39
h-{¢0(f), ¢0(9)} = [6(f), (@] = ¢([f,d]) = h- do({f,g}) (mod h?)

thus ¢ preserves Poisson structure. Similarly,

WP~ (@o(£)P = (30(f))P—s(evolgo(£))?) = d(FP—s(evo(f)P) = P~ Lgo(f)  (mod h?),

SO ¢q also preserves the restricted structure. O

Corollary 3.44. The map if: Aut(As) — io.Aut(Ao) of sheaves on Sch/]gSeP factors
through i9+Go.

23Meaning for any ¢ € Autg/p(Ao(R/h)) and f € Ao(R/h) we have s(evo(f)P) = s(evo(o(f))P).
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Proof. Indeed, by Remark 3.38 it is enough to check on the subcategories Schyg\ (9) C
Sch/hg_SeP and (CAlgl>P)ep ¢ Sch/hs_sep. The restriction of both ig,Aut(Ag) and

Iy [h]/
10+Go to the first subpcategory is trivial and so the statement is trivial as well. For
Re (CAlgﬁ ,SS?)OP C Schh *P this is exactly the statement of Lemma 3.43. O

Let r: Aut(As) — i0+Go denote the resulting map of sheaves on Sch/}é_sep. We are

now going to describe the kernel of r. Note that AJ acts on Ag by conjugation and
that its image lands in this kernel. Once again, it is enough to see this separately
for objects over S\{0} or for spectra of h-separable k[h]-algabras. The restriction
of Ker(r) to S\{0} is the whole Aut(As), so there is nothing to prove. For a k[h]-
separable algebra R the action of Ag\ (o) (R)* on Ag\ o0} (R) by conjugation is trivial
modulo A since [Ag\ (s} (R), As\{sc} (R)] C h - Ag\{oc} (R). Thus we have a natural
map
Ad: AZ — Ker(r) C Aut(As)

of Zariski sheaves on Schh %P The map of algebras Og — Ag induces a homomor-

phism G,,, — AZ which factors through the invertible elements in the center Z(Ag)*.

Proposition 3.45. The map Ad: A — Ker(r) is a surjection of Zariski sheaves on
Scly’éfse". The kernel of Ad(—) is canonically identified with G,, C Ag .

Proof. Again, 1t is enough to prove the statement separately for the restrictions to

Schyg\ {0y C Sch P and (CAlgE}f [;?/))Op - Sch/hs—sep.

For Sch/s\{o} C Sch” /S P we have Ker(r) ~ Aut(Ag\ 0}) and we want to show that
there is a short exact sequence

0—G,, — ASX\{O} — Aut(Ag\(0y) = 0.

By Remark 3.17 we can identify Ag\ (o} with the matrix algebra Mat,, and the
sequence above turns into

0— Gm — GLpn — PGLpn — 0,

which is exact in Zariski topology.
The case of (CAlgh [S?p )P C Schh **P is more involved. Let us first identify the

kernel of Ad. By deﬁmtlon it cons1sts of the invertible elements Z(Ag)* of the
center. Every element a € Ag\{oo}(R) can be uniquely written as ZI’J rrgzly” with
rr,g € R (with I = (41,...,%,), J = (J1,...,Jn) and 0 < i, 5; < p—1). Since R is
h-torsion free, from the relations defining Ag\ (oo} (R) it is clear that if r7 ; # 0 for
some non-zero I or J then there is x;, or y; such that one of the commutators [a, ;]
or [a,y;] is non-zero. Thus Z(Ag\ (o0} (R))* ~ R* and Ker(Ad(—)) ~ Gy,.

It remains to show that automorphisms of Ag\ {1 (R) that are trivial modulo & are
given by conjugation, at least after a Zariski localization R — R’. We will first prove
this after inverting h, then for h-completion of R, and then will obtain the result for
R using Beauville-Laszlo gluing.

If h € R is invertible then Spec R lies over Schyg (o}, and we are done by the case
SCh/S\{O} C Schh e

If Ris h- complete, then Ag\ (o0} (R) if also h-complete (since it is a free module of
finite rank over R). We will approximate Ag\ (oo} () by As\foc}(R)/h™ for all n > 0.
As a base of induction let us show that any ¢ € Ker(r) is equal to an inner automor-
phism modulo k2. In other words, we would like to find x € Ag\ {oo} () such that
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¢ = Ad(x) mod h?. Note that the map ¢ —id mod h?: Ag\ (o0} = As\ (o0} /h? fac-
tors through A - Ag\ (o0} (1) and gives a well defined map £y: Ag(R/h) ~ Ag\ (o0} /h —
hAg\ (s} /P* As\ {0} = Ao(R/h), which is an R/h-linear derivation®* of Ag(R/h). For
¢ = Ad(z) with x = ¢ mod h we have

h-€ad()(a) = var™ —a=[z,a] -2 = h- ﬁ{xo,a} (mod h?),

and so one sees that {aq(s) = %on. Thus it is enough to show that for ¢ € Ker(r)
the corresponding vector field £, is log-Hamiltonian.

Looking at the action on commutator modulo k2, one sees that &e is Poisson
(namely, L¢,w = 0). Thus, by Lemma 3.29(2) we need to show that £y satis-
fies equation (3.5). Moreover, it is enough to check (3.5) on f € Ih(R/h) = {f €
Ao(R/h) | evo(f) = 0}: indeed, the constants R/h and Io(R/h) span all Ag(R/h).

By 3.40, for f € Io(R/h) and any lift f € Ag\ {0} (R) we have
fP=hP7t fPl (mod hP).
We then have
W o701 = 7t (o1 — f8) = (F 4 €)= 7 (mod h7HY).
Using Jacobson’s formula (2.13) the right hand side is identified with h?(&,(f)? +

Lyi(f, £s(f))) (mod hPT1). From this, using that Li(z,y) = ad(z)?~(y) (2.14) and
identifying Ag(R/h) ~ hP? Ag\ (o0} (R) /WP Ag\ (o0} (R), we get that

Es(fP) = &4 (£) + HE 1 (E(1)),

as desired.

For n > 2 one shows analogously that if ¢: Ag\ (s} (R) — Ag\ (oo} (RR) is an auto-
morphism which is identity modulo A™ then there exists an element z € Ag\ (o0} (R)
such that ¢ = Ad(1 + A" !'x) modulo h"*!. Namely, such ¢ also defines a
derivation E:zﬁ of Ag(R/h) by considering the map ¢ —id mod h"*!: Ag\ {oc} (R) —
Ag\ {0} (R)/R" ! which factors through Aj/h ~ A; and whose image lies in
h”AS\{OC}(R)/h”HAS\{OO}(R) ~ Ag. As in the case of n = 1, looking at the ac-

tion on the commutator one sees that 5;5 is Poisson. However, we now have
W' - Exdann—1ay(a) = (L+ A" 2)a(l — A" o) = h™ - [x9,a] (mod A" F1);

in other words, {aq(14nn-12) = Hz,. Also, given ¢ that is trivial modulo A" with
n>2

—_~

Py (P) = W (G — ) = (F G (D)) — 7 (mod k),
from which (using Jacobson’s formula again) we get
() = HY 7 (6s(1)),

so by Lemma 3.29(1) &, is Hamiltonian and ¢ agrees with Ad(1+ h"~'z) for some z.
This way, starting with an automorphism ¢ € Ker(r), we can construct a sequence
of elements x1, 2,73, .. € As\ [} (R) such that

¢ =...0Ad(1+ h%z3) 0o Ad(1 + hay) o Ad(zy) = Ad(...- (1 + h?x3)(1 + hao)x),

24Indeed,
h-Eo(zy) =@ §) —T-§=¢(@) 6@ —T-§=h-(Ey(x) - y+z-E4(y)) (mod A?).
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where the infinite product on the right hand side is well-defined since R is h-complete.

Let now R be an arbitrary h-separable k[h]-algebra. We are trying to show that the
map of (Zariski) sheaves AZ — Ker(r) on Sch/'gSeP is surjective. It is enough to do so
on stalks, and so we can assume R is local (and, in particular, that Pic(R) = 0). Since
Ag\ {00} (R) is a free R-module of finite rank, by Beauville-Laszlo theorem [BL], an
R-linear automorphism of Ag\ o0} (1) is uniquely encoded by a pair of automorphisms
¢1 € Autrp (Ag\ (oo} (R])), P2 € Autgpp—1)(As\ (oo} (R[RT'])) (where R} is the h-adic
completion of R) such that their images in Autgan-1)(As\ (oo} (B, [h=1])) agree. By
the discussion above we can find elements a; € Ag\ (oo} (R}), a2 € Ag\foo} (R[]
such that ¢; = Ad(a1) and ¢ = Ad(az); moreover, if we denote by a3, a3 the images
of a; and ag in Ag\ (e} (Rp[h™Y]) then we have Ad(aj) = Ad(a3), so af = s - a$ for
some central unit s € (Rj[h~!])*. Now, again by Beauville-Laszlo, one has a natural
embedding of the double quotient® (Rp)*\(Rp[h~1])*/R[h~1]* to Pic(R). Since
Pic(R) = 0 by our assumption, it means that we can decompose s € (Rp[h™1])* as
31_132 with s; € (Rp)* and sy € (R[h™!])*. Replacing a; and as by sja; and sqas
we now get a = a3, while still ¢; = Ad(a1) and ¢; = Ad(az). Using Beauville-Laszlo
one more time the data of ay € Ag\{oo}(Rp), a2 € Ag\ (oo} (R[h!]) with af = a3
gives an a € Ag\ (oo} (R)*. Moreover, the data of Ad(a1) € Autpy(Ag\ oo} (B7)),
Ad(az) € Autgp,-17(As\ (oo} (R[21])) is the same as for the ¢. Thus, ¢ = Ad(a) and
we are done.

O

Remark 3.46. From Proposition 3.45 we get an exact sequence of sheaves on
Schyg>P:

1= G — AS — Aut(As) = Go.

In fact, if we restrict to even smaller subcategory of locally constant schemes (see the
discussion just above Lemma 6.8) one can also show that the morphism r becomes
surjective, and so the sequence above becomes a 4-term exact sequence.

Further we will need the following corollary:

Corollary 3.47. Let T be an IFp-scheme and let m: T x S — S be the projection.
Let R be the stalk of Orxs at a point © € T X S and consider the corresponding map
Spec R — S. Then every R-linear automorphism of As(R) that lies in Ker(r)(R) is
mner.

Proof. Note that Spec R — S is h-separable. Indeed, either 7(z) = {oo} and then
Spec R lies over S\{0} or 7(z) € S\{oo} and then R is a localization of a k[h]-algebra
of the form Example 3.33(1) (and thus is also h-separable). O

3.8. The algebra .Ag and the Gy-action on .Ag —Mod. We implicitly fix a number
n € N. As in Construction 2.67 we endow X := Spec Ay with a restricted symplectic
structure given by the 1-form 7, = Zz Yy dx;.

Definition 3.48. The sheaf of algebras Ag is defined as D

Spec Ao, eanl g

25Which corresponds to the gluing data for a line bundle on Spec R given by trivial line bundles
on Spec R and Spec R[h~!] and the gluing Rj[h~1] ~ R{[n~!] for the restrictions to Spec Rj [h™!]
given by s € Rjp[h~1].
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Note that Ay is a particular example of the algebra C' considered in Section 3.4

where we take the number of parameters to be 2n. We have Aép b~ F, and since
Yy’ =0 € Ay it follows that

(ncan){p} = Zylpdmz =0.

Since DSpe only depends on the pull-back [7]?” we get that in fact

CAO»%,S

(36) ®SpccAo, [W(;Lan] S >~ DSpec Ap,0,S-

In particular, the discussion in Section 3.4 applies to D [nean] g @S Well.

Spec Ag, 52

Remark 3.49. The above isomorphism .Ag ~ Dgpec 49,0,s determines a splitting of
the Azumaya algebra Ag/{o} (see Example 3.14).

The reason to interpret Dgpec 44,0, as D ) 18 that in the latter presen-
s R

Spec Ag
tation it acquires a natural action of Gy.

Construction 3.50 (Gg-action on A2%). This is a variant of the construction in [BV,
Section 3.1]. Let S be a scheme over F,. Denote by prg: S xS — S the projection.
Applying Construction 3.13 (with X = S x Spec Ap and [n] being the pullback of
[Mcan] to X) we have a homomorphism

Go(S) — Aut(prg Ag),

where the group displayed on the right-hand side consists of all Ogxgs-linear algebra
automorphisms of prg Ag. This defines a homomorphism of group schemes over S:

Y: Go xS — Aut(A2).

Let (X, [n]) be a restricted symplectic S-scheme. Recall that [n] defines the Go-
torsor of Darboux frames My p,, — X (o} (see Construction 2.72). Let prg: Mx, [ ¥
S — S be the projection. The Gy-action on A% endows prg Ag with the structure of
Go-equivariant sheaf of algebras on My ;) X S (where Gy acts on M XM])' Denote
the corresponfing sheaf on the quotient X ¥ x S by

G b
MXv[ﬂ] x 70 Ag.
reference? is this in paper with Katia?

Proposition 3.51. Let (X, [n]) be a restricted symplectic S-scheme. Then one has a
natural isomorphism

G b
Mo, 7 As = Dy m 6-

4. QUASI—COHERENT SHEAVES OF ABELIAN CATEGORIES

4.1. Sheaves of categories. For a (classical) additive category C, let Center(C)
denote the center of C, that is the ring of endomorphisms of the identity functor
Id: ¢ — €. Given a commutative ring R, an R-linear structure on a presentable addi-
tive category € is given by a ring homomorphism R — Center(€). Note that by [SAG,
Remark D.1.3.4] this is equivalent to providing a continuous action of the monoidal
category R-Mod on €. In particular, for any M € R-Mod we have a natural endo-
functor of € given by tensor product with M: X +— X ®p M. Let LinCatﬁdd denote
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the (2, 1)-category of (classical) R-linear presentable additive categories (considered
as an (00, 1)-category).

Following [HA, Definition 1.3.5.1], by a Grothendieck abelian category we will mean
a presentable abelian category € for which the collection of monorphisms is closed
under filtered colimits. In particular, € is cocomplete. We will denote by LinCat%b -
LinCatIA{dd the full subcategory spanned by those R-linear additive categories whose
underlying category is equivalent to a Grothendieck abelian category. We will call
an object of LinCaty” an abelian R-linear category (or abelian categories over R),
see [SAG, Definition D.1.4.1.(3)]. Note that morphisms in LinCat5” are given by
continuous additive functors, and they are not assumed to be exact.

Given a homomorphism R — R’ there is a natural base change functor LinCat%b —
LinCatéP, C — C ®gr R’ which is left adjoint to the forgetful functor LinCat%}) —
LinCat5” ([SAG, Construction D.2.4.1]). The category € @z R’ € LinCat7? can be
explicitly described as the R’-linear category formed by pairs (M, «), where M is an
object of € and a: R’ — End(M) is a homomorphism of R-algebras. The unit of
adjunction € — C ®pg R’ is given by the functor that sends an object X € € to a pair
given by X ®pr R’ with the natural action of R’ on the right. Note that if R’ is flat
over R this functor is exact.

A key useful result that we are going to consistently use below is a form of flat
descent for R-linear abelian categories. More precisely, by [SAG, Corollary D.6.8.4]
the functor

LinCat*?: CAlg, — Catoo
sending a commutative ring R to LinCat%b forms an fpqc sheaf.

Construction 4.1. Let S be a base affine scheme and consider the category PStk,g
of prestacks over S, by which we mean accessible functors X: Affg” — Spc to the cat-
egory of spaces. Given a prestack”® X: Aff — Spc we define the category LinCat?Cb

as the value on X of the right Kan extension of functor LinCat™"; more explicitly
LinCat&b = lim LinCatéb.
Spec R—X

Note that, as a limit of (2,1)-categories, LinCat4” is still a (2,1)-category. Given a
map of prestacks f: X — Y we will denote by

fr LinCat?b — LinCat4”

the natural pull-back functor. The association X — LinCat‘DACb sends colimits to limits.
Since LinCat®” was an fpqc sheaf, it also factors through the fpqgc-sheafification,
namely the pull-back

v LinCathqc(x) — LinCaty”,
for the natural map ¢: X — Lgpqc(X) to the fpgce sheafification is an equivalence.
Definition 4.2. Let X: Aff” — Spc be a prestack.

(1) We will call an object € of LinCat%b a quasi-coherent sheaf of abelian cate-
gories on X. It amounts to the following piece of data:
(i) For every affine scheme Z — X an abelian category €(Z) over O(Z).

26By Spc here we mean the co-category of spaces, also known as co-groupoids.
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(ii) For every morphism u: Z’ — Z of affine schemes over X, an equivalence
u*: €(Z) oz 0(Z") = €(2'),

of categories over O(Z").

(iii) For every composable pair of morphisms w1, us of affine schemes over X,
an isomorphism (u oug)* = ujou}, such that the natural compatibility
axiom for 3-fold compositions holds.

(2) For a quasi-coherent sheaf of categories € € LinCat?Cb we define its category
of global sections to be the additive category given by the limit

e(X) = lim €(2)

over affine schemes mapping to X. We warn the reader that in general €(X)
does not need to be an abelian category (since functors in the limit above are
typically not exact). However, it is abelian if X is represented by an algebraic
stack Remark 4.5(2).

Example 4.3. (1) Let X be representable by an affine scheme Spec R. Then the

category of affine schemes over X has a final object given by the identity map
Spec R — X, and so

LinCaty” ~ LinCat".

In other words, a quasi-coherent sheaf of abelian categories over Spec R is just an
R-linear abelian category.

Let X: AfY” — Spc be a prestack. Let the naive category of quasi-coherent
sheaves on X to be the limit

QCoh™°(X) := lim O(Z)-Mod
Z—X

over affine schemes over X; this is an additive monoidal 1-category. Let A €
QCoh™"°(X) be an algebra object; for any map f: Z — X it defines an algebra
A(Z) over O(Z) and this association is functorial under pull-back. Then the
association to f: Z — X the abelian O(Z)-linear category A(Z)-Mod defines an
object A-Mod of limy_,x LinCatSl()Z), or, in other words, a quasi-coherent sheaf
of abelian categories over X.

As a standard consequence of fpqc descent for LinCat™” one can use Cech resolu-

tions to compute LinCat4y":

Remark 4.4. Let f: X — Y be an fpqc surjection of prestacks and let X(*) denote the
corresponding Cech nerve. Then by ref in HT'T the natural map colimq)caor X -y
becomes an isomorphism after applying the fpqc sheafification Lg,qc(—). Applying
LinCat*?, we get an equivalence of categories

LinCat{;b = [I]imA LinCat%%’.).
ojc

Since all terms in the limit are (2, 1)-categories, it can in fact be replaced by a similar
limit over A<z C A.

Let us apply this to the situation when X is an algebraic stack.
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Remark 4.5 (Sheaves of categories on algebraic stacks). Let X: Affg” — Grpd be
a classical®” algebraic stack. Assume for simplicity that X is a quasi-compact Artin
stack with affine diagonal. Then:
(1) There is a smooth cover U = Spec R — X by an affine scheme, and all terms
U(®) = Spec R(® of the corresponding Cech nerve are also affine. By Remark
4.4 we get an equivalence of (2, 1)-categories
(4.1) LinCaty® =5  lim LinCatg'f.).
[e]eAcs
This way an object € € LinCat&b amounts to an explicit piece of data similar
to the one in Construction 4.1: an R-linear abelian category €, together
with an equivalence of categories u: € @z R ~ € @z RM for the two
different maps R = R(® — R with a choice of an isomorphism of functors
a: 8% (u) = 8% (u) o 65 (u) for the pull-back to R, whose various pull-backs
to R®) are strictly compatible.
(2) Let € € LinCaty”. By (4.1) we also have analogous formula for the global
sections of € (as an additive category):
¢(X) = lim eU®).
[e]eAcs
Note however that all functors in the limit are exact (since the covering U — X
was flat). It follows that €(X) is an abelian®® category.
(3) *? Assume the base affine scheme S is Noetherian and the atlas U is of fi-
nite type over S. Then X: Aff® — Grpd is left Kan extended from the
subcategory Afffst C Affg, namely

X 55 colimy_,x Z

where Z € Affil. Tt follows that in the limit formula for LinCaty” as the right
Kan extension one can restrict to finite type affine S-schemes:
LinCaty” ~ lim LinCatd(y).

zeasfl
Z—X

Remark 4.6 (Sheaves of categories on formal prestacks). By an h-adic formal
prestack we will mean a functor 7': Aﬁ%‘fh] — Spc such that T(Z) = @ unless h

is nilpotent on O(Z). A datum of such T is given by a collection of prestacks T}, over
Sm = Spec Z[[h]]/h™ L, m > 0, together with isomorphisms T}, 41 X s, ., S — Thn-

~

m-+1
The prestack T is reconstructed from {7),}men as colim,, T,, in prestacks over
SpecZ[h]. We get an equivalence of categories

LinCatTAqb = lim LinCat‘%ﬁj.
o ,

In particular, a quasi-coherent sheaf of categories over T is given by a collection
{Cm,y 1% Cmt1 = ¢, m> 0}, where €, is a quasi-coherent sheaf of categories over
T,, and @}, &, 41 is the pullback of €11 to Tp,.

2TWe consider it as a prestack via the nerve functor N: Grpd — Spc whose essential image is
given by 1l-truncated spaces.

28Note that abelian categories are closed under limits with respect to exact functors in LinCat‘f_—‘tdd
[SAG, Remark D.1.6.5].

29Do we need this?
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4.2. Groups acting on a category. For an affine group scheme H over S acting on
a fpge-stack X and a quasi-coherent sheaf of categories € over X, an H-equivariant
structure on € consists of a quasi-coherent sheaf of categories €x,f over the quo-
tient stack X/H together with an equivalence of quasi-coherent sheaves of categories
between the pullback of €x /g to X and €.

In particular, if H acts trivially on X we shall refer to the above data as an
action of H on €. Note that, indeed, for every affine scheme Z — X, the group
H(Z) acts on the abelian category €(Z) (via the natural action of H(Z) on the point
Z X — X/H ~ X x BH). For h € H(Z) we will denote by ¢}, the corresponding
autoequivalence of €(Z).

The following construction will play an important role in what follows.

Construction 4.7 (A version of the Grothendieck construction). Let A be an algebra
in QCoh™"*(X) whose underlying quasi-coherent sheaf is locally free of finite type"
and let A* the relatively affine group scheme®! of its invertible elements. Let

(4.2) 15 A" 5 Hy »HxgX — 1
be an extension of group schemes over X together with an action
(4.3) a: Hx — Aut(A)

of H x on A by algebra automorphisms such that

(T) the action of Hyx on A* induced by (4.3) is equal to the adjoint action arising
from exact sequence (4.2).

Since A* C A is dense, it follows that the restriction of o to the subgroup A* C H X
is equal to Ad. Extension (4.2) gives rise to an action of the group scheme H on
A-Mod. Indeed, (4.3) defines an action of Hx on A-Mod and we claim that the latter
factors canonically through H. Indeed, for an affine scheme over X, u: Z — X, and
an element a € A*(Z) C H(Z), the corresponding endofunctor ¢, of A-Mod(Z) is
induced by the inner automorphism Ad, of u*A(Z). Consequently, the multiplication
by a induces an isomorphism between the identity endofunctor and ¢,. The above
construction determines descent data for A-Mod along the morphism X — X/H =
X x BH, where BH is the classifying stack of H. We denote the corresponding
quasi-coherent sheaf of categories over X/H by A-Mod” Maybe A-Mod is a better
notation?.

Remark 4.8 (Explicit local description of A-Mod* ). Let Z be an fpqc-stack and let
f:Z — X x BH be a morphism. Let us give an explicit description of the category
of global sections A-Mod”(Z). Let u: M — Z be the H-torsor corresponding to
f- The group Hy acts on M via the projection Hyx — H xg X. Action (4.3) of
Hy on A makes the pullback At of A to M a H x-equivariant sheaf of algebras
on M. Then A-Mod”(Z) is the category of H x-equivariant (naive) quasi-coherent®?
Apt-modules F on M, such that the action of A* on F induced by the Aj(-module
structure coincides with the action of the subgroup A™ a X-

3OMeaning that for any affine scheme f: Z — X the pull-back f*A is locally free of finite type
over Z.

31That is, a group stack A* — X over X that is representable in affine schemes.

3230, objects of the category of Ayc-modules in QCoh"ai"e(M/ﬁx) (for the latter see Example
4.3(2)).
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In the case Z = X x BH and f is the identity map we get the following ex-
plicit description of the category of global sections of A-Mod”; namely an object in
A-Mod” (X x BG) is given by a quasi-coherent sheaf M € QCoh™"°(X) together
with an action of A and an action 8: Hx — Aut (M) such that

(1) Bu(am) = an(a)Br(m) fora € A, me M, h € Hy;
(2) Ba(m) =am fora e A* C Hx and m € M.

Assume that, for f: Z — X x BH as above, we are given a ﬁX—torsor M— Z with
ﬁ/é* = M. Using the action of ﬁx on A define a sheaf O z-algebras O = M x Hx Ag.
Applying the construction from Example 4.3(2) we consider the quasi-coherent sheaf
categories O-Mod over Z. By definition, the category O-Mod(Z) is equivalent to
the category of H x-equivariant quasi-coherent modules over As:. An object §F €
A-Modx/y(Z) determines via the pullback along M — M an object of O-Mod(Z).
Repeating this construction for every affine scheme over Z we get a functor between
quasi-coherent sheaves of categories over Z:

(4.4) F*(A-Modx/51) — O-Mod.

Proposition 4.9. Morphism (4.4) is an equivalence. In particular, it induces an
equivalence of categories A-Modx,/y(Z) — O-Mod(Z).

Proof. Thanks to the faithfully flat descent for quasi-coherent sheaves of categories
it suffices to exhibit a fpgc cover of Z' — Z such that functor (4.4) induces an
equivalence of categories A-Modx/x(Z') — O-Mod(Z’). We take u: Z' = M — Z.
Then both categories are identified with the category of quasi-coherent Asz-modules

and morphism (4.4) evaluated at M is isomorphic to the identity functor. O

Example 4.10. Assume that the projection fIX — H xg X has a section s: H xg
X — ﬁX. Then the action of H on A-Mod lifts to an action of H on A. Moreover,
the section defines a lift M — Z of M — Z such that the corresponding sheaf of
algebras is given by the formula O = M x A. Note that when the image of the
section s commutes with A" C H x the action of H on A is automatically trivial
(because A™ C A is dense).

Remark 4.11. Let ¢ be an action of H on the category A-Mod. For a scheme Z
over X and a point h € H(Z) denote by ¢, the corresponding autoequivalence of the
category of Az-modules. Assume that, for every Z — X and h € H(Z), fpgc locally
on Z the autoequivalence ¢, preserves the isomorphism class of the free Az-module
Ayz. Then ¢ arises from data (4.2) and (4.3) for an appropriate Hx. Namely, one sets
PAIX(Z) to be the group of pairs (h,ay,), where h € H(Z) and ay,: ¢ (Az) — Ay is
an isomorphism of Az-modules. If X, H are schemes of finite type over a field then
it is enough to check the above condition on ¢ for schemes Z which are also of finite
type.

Remark 4.12 (Tensor product of actions). In the context of Construction 4.2 let
A, Az be two quasi-coherent sheaves of algebras that are locally free of finite type
over X. Fori=1,2 let

1—>A;*—>}AIZ-7X—>HX—>1

and a;: H; x — Aut(A;) define an action of H on A;-Mod. Then we have a natural
H-action on (A; ®9, Az)-Mod. In terms of short exact sequences it is explicitly given
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by the extension
1— (Al ®A2)* — j‘.\’1®27x —Hx —1

where I;ﬁ@gx is defined as the quotient of (Hi x Xm, H2 x) X (A1 ® A3)" by the
subgroup A] x A5 embedded antidiagonally. The map aigs: ﬁ1®2,x — Aut(A; ® As)
is defined as follows: the components H; x act separately on the A;, while (4; ® Ag)*
acts by conjugation.

5. ACTION OF GGy ON Ag-Mod.

5.1. Main Theorem. The action of Gy on Ag defines its action on Ayp-Mod. The
goal of this subsection is to extend the latter to an action of Gy on As-Mod.

Theorem 1. Let H be an affine group scheme overIF), equipped with a homomorphism
v: H — Gy. There exists a unique (up to a unique isomorphism) action of the group
scheme H on As-Mod equipped with a trivialization at h = oo such that the induced
action of H on the center of Ap-Mod (identified with Ay) equals the composition
H 5 Go — Aut(Ay).

Proof. Let’s start with some preliminary remarks.

a) Set Hs = H x S. We claim that giving an action of H on Ag-Mod amounts
specifying an extension

~

1 Al Hs Hs 1

(5.1) & Ja

Aut(Asg),

satisfying property (T) in Construction 4.7. Indeed, using Remark 4.11 it suffices
to check that, for any affine scheme Z finite type over S, every autoequivalence ¢
of the category As(Z)-Mod over O(Z) fpgc locally on Z preserves the isomorphism
class of the free As(Z)-module As(Z). We shall see that this is true even Zariski
locally on Z. Choose a point z € Z and let Z,) := Spec Oz . be the spectrum of the
local ring. If the image of z in S is not 0 then As(Z) is an Azumaya algebra in some
Zariski neighborhood U of z. Hence, the restriction of ¢ to U is given by the tensor
product with a line bundle £. Replacing U with a smaller neighbourhood over
which £ is trivial, we get that ¢ restricted to that neighbourhood is isomorphic to
the identity functor. If the image of z in Sis 0, then Ag(Z(.)) is a local ring. Hence,
by Kaplansky’s theorem, every projective Ag(Z.))-module is free. In particular,
this can be applied to a projective module ¢(As(Z(.))). Using that the ring of
endomorphisms of ¢(As(Z())) is a local ring (namely, Ag(Z(;))°?) we conclude
that ¢(As(Z(2))) is indecomposable, and therefore isomorphic to As(Z.y). This
isomorphism then also extends to a Zariski neighborhood of z.

b) By Lemma 5.5, Hg viewed as a Ag-torsor over Hg is locally trivial for the Zariski
topology on Hs.

¢) Under the identification in part a) a trivialization of the action at A = co amounts
to the choice of a section H = H X oo — ﬁg Xg 0o whose image commutes with
the subgroup A3 xs oo C ﬁg xg 00 (see Example 4.10). The action of H = H x 0
on the center of Ag-Mod is induced by «p: ﬁg xs 0 — Aut(Ap). The uniqueness
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part of Theorem 1 asserts that, for any two extensions (5.1), such that ag equals
the composition

Hg x50 — Hg x50 2 Gy C Aut(Ap),

together with chosen sections at h = 0o, there exists a unique isomorphism con-
necting the two that carries one section to the other.

We will first prove the uniqueness assertion in the theorem. Let T be an affine
scheme over F,,, m: T'x S — S the projection. The tensor product with a line bundle
defines a functor

(5.2) Pic(T x S) — Aut(r"As-Mod)

from the Picard groupoid of line bundles over T' X S to the groupoid of autoequiva-
lences® of the quasi-coherent sheaf of categories 7*Ag-Mod.

Lemma 5.1. Functor (5.2) is fully faithful and its essential image consists of
those autoequivalences $ C Aut(n*Ag-Mod) that act identically on the center of
(m*As)|rx0-Mod (identified with Ay @ O(T')).

Proof. The only part that requires a proof is the essential surjectivity of the functor
Pic(T x S) — $. Let ¢ be an autoequivalence in $. We claim that ¢, locally for
the Zariski topology on 1" x S, is isomorphic to Id. Indeed, as explained in remarks
(a) and (b), every autoequivalence of 7*Ag-Mod is, Zariski locally on T' x S, induced
by an automorphism of 7*Ag. Since ¢ € §), the latter automorphism is equal to Id
modulo h. Now the claim follows from Lemma 3.47. Assigning to every open subset
U C T x S the set of isomorphisms ¢y ~ Id we define a torsor (for the Zariski
topology) under the sheaf of central elements in (7*Ag)*. The latter sheaf is equal
to Og,p. This defines a line bundle Ly over T' x S such that ¢ is the tensor product
with L. O

Next, consider the groupoid £ formed by pairs (¢,a), where ¢ € $ and
QO Txoo — Id. The equivalence Pic(T x S) — § induces an equivalence be-
tween $’ and the groupoid of line bundles over T x S equipped with a trivialization
at T' x co. Since the Picard stack of S = P]%‘p is isomorphic to Z x BG,, it follows that
$' is discrete and its mg is the group H(T,Z).

Returning to the proof of the uniqueness assertion recall that giving an action ¢ of
H on As-Mod is equivalent to giving descent data along the morphism S — S x BH.
In particular, any action gives rise to an autoequivalence

¢: m*Ag-Mod = 7* Ag-Mod,

where m: H X S — S is the projection. If ¢y, ¢ are equipped with trivializations
at h = oo and induce the same action on the center of Ap-Mod then ¢; o qb;l is an
object of )/ corresponding to some element [¢; o ¢5 '] € H°(H,Z). Using the cocycle
isomorphisms related to ¢; it follows that [¢1 0 ¢y 1] is, in fact, a group homomorphism
H — 7Z. The latter must be trivial because H is assumed to be affine and, in
particular, quasi-compact. We conclude that there is a unique isomorphism ¢; — ¢
that commutes with trivializations at H x oo. The discreteness of §)' (applied to
T = H x H) implies that ¢; — ¢ commutes with the cocycle isomorphisms. This
completes the proof of the uniqueness assertion of the Theorem.

33The composition of autoequevalences makes Aut(7*As-Mod) into a group object in the category
of groupoids. Functor (5.2) is a homomorphism of groups in groupoids.
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Remark 5.2. The argument above proves a more general assertion: if 7" is any scheme
over I, and prg: S x T'— S is the projection, then there exists at most one (up to a
unique isomorphism) action of H on pr§ As-Mod equipped with a trivialization over
oo x T such that the induced action of H on the center of (prg As)oxr-Mod is given
by v.

Let us prove the existence. Without loss of generality we may assume that H = G,
v = Id. We shall use the action ¢: Gy x S — Aut(A2) from Construction 3.50 and
the following result borrowed from [BV]. Let Aj, (resp. A}) be the h-adic completion
of Ag\{cc} (Tesp. Ag\{oo}). Set Bs = As Qo AE’OP, and let Aut(By) be the group
scheme over [, of F,[[h]]-linear automorphisms of the h-adic completion of Bg\ .
That is, for a Fy-algebra R, Aut(B},)(R) is the group of R[[h]]-algebra automorphisms
of tensor product Bj,®g, pR[[h]]. Define a homomorphism I'y,: Gy — Aut(By) =
Aut(Ag ® A%) by the formula Ty, (9) = g ® 10 (g).

Lemma 5.3 ([BV, Corollary 3.5]). There exists a unique (up to a unique isomor-
phism) triple (G*, o, 4) displayed in the digram

Bh(hil)*
B; Gt Go 1
& l‘)‘ lpw

Aut(Bp,) —— Aut(Bo)

where the middle sequence is exact, the north east arrow is the natural inclusion, i is
a monomorphism, and a(g) = Ad;g). In addition, if W is an irreducible represen-

tation of By(h™'), Bp(h™') = Endg, ((n)) (W), there exists a Fy[[h]]-lattice A C W,

invariant under the Bp-action on W and under the action of Gt

i GF o Aut ) (A) © Auty, () (W) = Ba(h™")"

The plan of our construction is the following. Since Ag and A2 restricted to S\{0}
are split Azumaya algebras (see Remarks 3.18 and 3.49) their categories of modules
are equivalent:

As\ {0}-Mod — Og\ (03-Mod — A3, (4y-Mod.

Thus s\ {0} defines an action of G on Ag\ (g}-Mod. On the other hand, if S denotes
the formal completion of S at {0} the diagram (5.3) yields an action of Gy on Bs-Mod
whose restriction to the punctured disk is trivialized. Together with d)lg the latter
defines an action G on Ag-Mod equivalent to the above over the punctured disk. We
use the Beauville-Laszlo theorem to glue the two pieces together. Let us provide the
details.

First, we define an action of the group Go on Ag-Mod. Recall from Remark 4.6
that the latter amounts to specifying an action of Gy on Ag, -Mod, for every m > 0,
together with the restriction isomorphisms.

Let us denote by L*G,, the group valued presheaf on affine k-schemes sending
Spec R to R][[h]]*. Recall the following 4-term exact sequence

(5.4) 1— LG, — A, Ad, Aut(Ap) — Go — 1,
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where the map L*G,,, — A} is induced by the homomorphism k[[h]] — A, and the
map Aut(An) — Gy is given by reduction modulo h. Here, the surjectivity of the
latter map follows from [BK, Lemma 3.10], while the exactness at other terms follows
from Remark 3.46 (see also [BK, Remark 3.12])

Let Aut(A) — Aut(A%) be the projection to Gy followed by % and let
Ly Aut(Ay) — Aut(Ah) x Aut(A”) C Aut(By,) be its graph. Set G =a Y(Im I'y)C
G*. Note that a: G — Im I'y is surjective: indeed, the image of I'y, in Aut(Bjy) is
contained in I'y, (Gyp), and the surjectivity follows from the exactness®! in the middle

of the sequence

B 24 Aut(B,) — Aut(Bo)

n (5.3). We derive from (0.3) the following commutative diagram:

1 a—a®1 G() 1
e
Aut Ah =G,

where the sequence on top is exact by (5.4).

For a non-negative integer m, denote by (A} )Z™ the subgroup of A} of elements
equal to 1 modulo A™*!. Then the above diagram yields a compatible family of
extensions

(5.6) 1— A5 J(A)2™ — GJ(A5)Z™ — Gy — 1.
Observe that the group scheme A} /(A})=™ over Spec[F, is obtained from the group
scheme Agm over S,, by applying the Weil restriction of scalars functor, that is

A} /(A)=™ = Morg (Sm,Ag, ). Therefore, by adjunction, sequence (5.6) gives rise
to an extension of group schemes over S,,

1 A Gs,, — GpxS,, — 1

—m

(5.7) Xd} l

Explicitly, extension (5.7) is obtained by pulling back (5.6) to S,, and then taking
the pushout with respect to the homomorphism Morg (Sy,, Ag ) xS, — Ag . Using
Construction 4.2, diagram (5.7) yields the promised action of Gy xS,,, on Ag, -Mod. It
is clear from the construction that the actions are compatible as m varies. Following
Construction 4.2 and Remark 4.6, we denote by Ag—ModG0 the corresponding quasi-
coherent sheaf of categories over §/Gy.

Homomorphism 1 defines an action of Gy on Ag—Mod. Denote by Ag—ModG0 the
corresponding quasi-coherent sheaf of categories over S/Gy.

Lemma 5.4. There exist
(i) A pair ¥, : As-Mod < A%—Mod: U* of adjoint functors of the form
(58) \I/*(N) :HOIIIAS(AS,ZV)7 q/*(N/) = As ®Ag N/,
34Recall that algebras Ay, := Ay, and AZ = Ai,n implicitly depend on the dimension parameter

n, and that by (3.6) there is an isomorphism of algebras AZ ~ Ap 2,. Consequently, we have an
isomorphism Bj, =~ Ay, 3, and so the exactness follows from (5.4).
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where Ag is a locally finitely generated As @, Ag’ol)-module,

(ii) A pair (V.)g,q,: As-Mod“° < Aé-ModGo; (¥)g/6, of f;djoint functors
together with an isomorphism between its pullback to S and the pair
(W) 60 (97),0),

(iii) An integer N > 0, such that the kernel and cokernel of the adjunction mor-
phisms Id — W, o U*, U* o U, — Id are killed by h™ (in particular, the
adjunction morphisms are isomorphisms when restricted to S\0).

Proof. The group Gg acts on Ag-Mod and on A%—I\/Iod. This yields an action of Gy on
Bs-Mod and every global section of Bg—ModGO gives rise to a functor ﬂ%—ModGo —
Ag—l\/lodco. In terms of group extensions this Gy-action is given by diagram (5.3);
indeed, following Remark 4.12 this reduces to identifying G* with the quotient of

G x B;} by A; embedded antidiagonally. Here, (5.3) produces a compatible sequence
of diagrams of group schemes over F,

1 —— B} /(B})2™ —— G'/(B},)>™ Go 1

|

Aut(By,/h™),

for m > 1, which then gives an action of Gy on Bg-Mod (as in the passage from (5.6)
to (5.7) above).

Moreover, the homomorphism ¢: G# — Auty ,(A) from (5.3) restricts to ho-
momorphisms ¢, : G¥/(B)Z™ — Autg ()/pm (A/R™) for m > 1, compatibly with
Bp/h™-module structure on A,, := A/h™ (meaning that the two corresponding ac-
tions of B} /(B})=™ on A,, agree). By Remark 4.8 we can consider each A,, as an
object of (13§/G0—Mod)(Sm/G’O)7 which then glue into an object

Asjq, € (Bg'M°d§/GO)(§/G0) ~ ?Em

1 (Bs,;,-Mod) (S, /Gh)

of the global sections over g/Go. Let us denote by Ag the pull-back of Ag /Go via

S— g/GO. Merely as a Bg-module, Ag can be extended to a Bs-module Ag, locally free
over Os. Indeed, we have a Morita equivalence Bg\ (9}-Mod = Os\{0}-Mod. Using
this equivalence, Ag determines a 1-dimensional space over F,((h)). To construct As,
choose a free rank one F,[h~!]-submodule of the latter and use the Beauville-Laszlo
theorem [BL]. Finally, we define the desired pair of adjoint functors by formulae (5.8).
The adjunction morphisms Id — ¥, o U*, ¥U* o ¥, — Id are induced by morphisms of
bimodules that are finitely generated as Os-modules and also are isomorphisms away
from 0 € S. Thus the cones of these morphisms are killed by some power of h. O

We return to the construction of the action of Gy on Ag-Mod. Let m: Gg x S — S
be the projection. Giving a descent datum on Ag-Mod along the morphism S — S/Gg
amounts to giving an autoequivalence

0: m* As-Mod — 7* Ag-Mod

together with the cocycle isomorphisms. In turn, 6 is determined by a bimodule
My € (As®@AZ)-Mod(Go x S). We construct My using the Beauville-Laszlo theorem.
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The action ¢ of G on A% determines an autoequivalence
0" : 7" A%-Mod — m* A%-Mod.
Consider the composition

(W, b o (U*
(5.9) 7 Ag-Mod %) i -Mod L Al-Mod "% ) 7 Ag-Mod,

where U,, U* are the functors constructed in Lemma 5.4. Let
f: m* As-Mod — 7" As-Mod

be the functor determined by the action Gy on Ag-Mod. Since ¥U* restricted to S is
Go-equivariant (by Lemma 5.4 (ii)), we have that

7 (0*) 0 0° o " (W,) = 7% (™) o * (W) 0§ — 0,
where the right arrow comes by adjunction. By Lemma 5.4 the cone of the right
morphism is killed by a power h. Reformulating in terms of bimodules we have a
Og, xs-coherent bimodule M’ € 7*(As ® AZ’)-Mod(Gy x S) determined by (5.9), a
bimodule M, € 7* (Ag@flgp)—Mod(Go %S) coherent as a 0, xg-module over the formal

scheme and an isogeny between M, and M’ restricted to Gy %S. This determines the
glueing datum over O(Gy)((h)): an isomorphism between My @0 () O(Go)((h))
and the restriction of M’. By the Beauville-Laszlo theorem the latter defines My. We
leave it to the reader to glue the cocycle isomorphisms. This completes the proof of
Theorem 1. (]

We shall denote by As-Mod° the quasi-coherent sheaves of categories over S/Gg ~
S x BGq obtained by applying Theorem 1 to H = G and v = Id.

We end the section with a proof of the result that we used in Remark (b) (during
the proof of Theorem 1).

Lemma 5.5. Let A be a sheaf of Ox-modules on a scheme X which is finite locally
free as an Ox-module. Then

Hflpqc(Xv‘AX) =~ H%ar(X"AX)'

Proof. Tt suffices to show that any A-module £ that is fpqc locally isomorphic to
A is also Zariski locally isomorphic to A. Note that the Ox-module underlying £
is Zariski locally free by flat descent. Let m: Totx (L) — X denote the projection.
Consider the open subscheme U C Totx (£) classifying points v of Tot x (£) such that
the map A ) = L|x(v) defined by a — a-v is an isomorphism. Since £ is fpqc locally
trivial the projection U — X is surjective. Now, pick a point x € X; we claim that
there exists a k(z)-valued point of U over z. If the residue field k(z) is infinite this
is obvious. If the residue field of z is finite, note that it is true by the Lang theorem:
Hio(w, A%) = Hg(z, A%) = 0. In both cases this point extends to a section of
U — X over a Zariski neighbourhood of z which then defines a trivialization of £
over this neighbourhood. O

5.2. The restriction of As-Mod®® to {0}/Gy. In this subsection we shall identify
the action of G on (Ag-Mod) 0y — Ag-Mod from Theorem 1 with the one induced
by the natural action of G on Ag.

For applications in §6.5 we shall work in a more general setting of Theorem 1. Let
H be an affine group scheme over F, equipped with a homomorphism v: H — Go.
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Let ¢: S — S be the involution sending h to —h. There exists a unique isomorphism
of algebras over S

(5.10) a: FAL 5 As

such that, for every i, a(z;) = x;, a(y;) = y;. Observe that, for any algebra Cs,
the group stack of autoequivalences of ¢*Cg’-Mod is that of Cs-Mod pulled back by ¢.
It follows that there is an equivalence of categories between the groupoid of actions
of H on Cs-Mod and on :*C¢’-Mod. Consequently, o defines an autoequivalence of
the groupoid of actions of H on Ag-Mod. We shall refer to the latter as twisting
by «. Applying this autoequivalence to an action from Theorem 1 (equipped with a
trivialization at oo) we derive that its twist by « is uniquely isomorphic to the former
one. We rephrase this using the language of group extensions: if the actlon is given by
a diagram as in (5.1), then there exists a unique isomorphism 7: ¢ Hg — HS fitting
in the diagram

1 AL v* H Hg 1
(5.11) b l? JId
1 A§ Efg Hs 1

in which the first row is the pullback of the second one via ¢, 7(a) = a(a)™!, that

«
commutes with the homomorphisms to Aut(As) = Aut(A) — *Aut(As) and
respects the sections at co. In particular, restricting 7 to A = 0, we find an involution
7o of Hg xg {0} that carries a € A to a~! and equals the identity on the quotient H.

Proposition 5.6. Assume that H is connected. There erists a unique To-invariant
group scheme theoretic section

(5.12) H — Hg xs {0}.
of the projection Hs xs {0} = Hy. In particular, this applies to H = Gy.
Proof. Let (Hs xs {0})™ C Hg xs {0} be the subgroup of 7y-invariants. The ho-

momorphism A aj; A{ is surjective with kernel isomorphic to ug. This gives an
extension

1 — py — (Hs xg {01 — H — 1.
We wish to show that the above has a unique splitting. The uniqueness follows from
connectedness of H. For the existence, it suffices to prove the claim for H = Gy,
v = Id. In this case the result follows from

Lemma 5.7. We have H},(Go x SpecF,, us) = 0.

Proof. According to [BV, Lemma 4.1] the reduced subgroup of Gy is an extension
of Sp(2n) by a (connected) unipotent group. By [FP] HL (Sp(2n) x SpecF,, u2) ~

Smg(Sp(Qn)((C),IFg) (recall that p # 2); the latter group is 0 since the topological
group Sp(2n)(C) is simply connected. O

Indeed, this gives a section s: Gy --» @S xs {0} of the corresponding ps-torsor over
F,. Changing the section by an element of 12(Go) ~ Z/2 so that s(1) = 1, one sees
from connectedness of (Go)y that s is in fact a group splitting. The uniqueness of
the group splitting then guarantees that it descends to F,,. O
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Section (5.12) identifies the Gg-action on Ag-Mod with one induced by the tauto-
logical action of Gy on Ajg.

5.3. A G,, X Gy-equivariant structure on Ag-Mod. The next proposition shows
that the action of Gy on the quasi-coherent sheaf of categories Ag-Mod constructed in
Theorem 1 extends to an equivariant structure with respect to a larger group acting
on S. Define an action A\: Ag = Ag ® O(G,y,) of Gy, on Ag by the formulae

(5.13) AMzi) =z, Myi) = 25,1 <i < n.

Here z denotes the coordinate on G,,. We have that A([n]) = z[n]. Hence, the
subgroup G,,, C Aut(A4p) normalizes Gy. Denote by

(514) G, X Go := Gy, X Ady Gy C Aut(Ao)

the subgroup generated by Gy and G,,,. Endow S with an action x of G,, by homo-
theties: x(h) = zh. The projection to the first factor defines an action of G,, X Go
on S. Formulae (5.13) yield a G,,-equivariant structure on sheaf of algebras As. We
denote by (As-Mod)s/g,, the corresponding quasi-coherent sheaf of categories on the
stack S/Gy,. Since the G,,-action on the fiber of Ag over the fixed point {co} € S
is trivial, we have that the restriction of (As-Mod)s/g, to {00}/G,, is equivalent
to Of{oc}/G,,-Mod. Finally, let ¢: S/G,, — S/(G,, x Go) by the morphism of stacks
induced by the inclusion G,, — G,, X Gy.

Proposition 5.8. There exists a unique (up to a unique equivalence) quasi-coherent
sheaf of categories (As-Mod)s,(G,, xGo) 0N the stack S/ (G x Go) equipped with equiv-
alences

@2 q*((‘AS'MOd)S/(GmMGO)) L) (\Ag—MOd)g/Gm,

Eoot ((As-Mod)s/(G,, xG0)) 00/ (CmxGo) — Ofoc}/ (G xGo)-Mod,
and an isomorphism w between the pullbacks of 2« and © to 0o/G,y,, such that the
action of G, X G on the center of Ag-Mod induced by © comes from the embedding
(5.14). Moreover, the G,, x Go-action on Ag-Mod is isomorphic to the one given by

(5.14).

Remark 5.9. Consider the diagram corresponding to the Goy-action on Ag-Mod (see
Remark (a) in the proof of Theorem 1).

1 A Gs GypxS ——1

(5.15) Y l“

Aut(Asg).

Morphisms A, xy and Ad, determine a G,,-equivariant structure on all the group
schemes displayed above except for @g The proposition asserts that there exists a
unique G,,-equivariant structure on (A?S that makes the whole diagram G,,-equivariant
and such that the section Gy X co — CA}’S X g 0o commutes with the G,,-action.

Proof. We start with the existence assertion. Let (As-Mod)g,¢, be the quasi-coherent
sheaf of categories on S/G¢ constructed in Theorem 1. We construct the quadru-
ple ((As-Mod)s/(G,, xGo)s ©5 oo, @) by specifying the descent data for (As-Mod)s ¢,
along the morphism

pr: S/GO — S/(Gm X Go)
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Let prg/g,.,X: (S/Go) x G, — S/Go be the projection and the action morphisms
respectively. We have to construct an equivalence

(5.16) prg/Gm ((As-Mod)s /) - X" ((As-Mod)s )

together with the cocycle datum. Note the G,,-equivariant structure on Ag identifies
the pullback of the quasi-coherent sheaves in question to S x G,,, with Ag-Mod lifted
along prg: S X G,,, — S. Thus, each of the corresponding quasi-coherent sheaves
of categories determines an action of Gg on pr.As-Mod, each of which comes with
a trivialization over oo X G,,. Using Remark 5.2 there exists a unique isomorphism
between the two actions compatible with trivializations. This gives equivalence (5.16).
The cocycle datum for this equivalence is defined using the “unique up to a unique
isomorphism” part of Remark 5.2.

For uniqueness assertion, observe that if ((As-Mod)s/(G,,xG0)s©5Ece, @) is a
quadruple from the Proposition, then, by Theorem 1, pr*((As-Mod)s;(c,,xG,)) 18
equivalent to (As-Mod)s,g,. Hence (As-Mod)s/G,.xq,) arises from a descent data
along prg as above and our assertion also follows from the “unique up to a unique
isomorphism” part of Remark 5.2.

As in §5.2, to prove the last assertion of the Proposition it suffices to construct
a G,,-invariant section Go x 0 — és xs 0. In fact, the uniqueness of 7 in (5.11)
implies that the latter is G,,-equivariant. It follows that the same is true for section
(5.12). O

5.4. Further remarks. The following corollary of Theorem 1 will be used in §6.5.

Proposition 5.10. Let f: T — Gy x S be a morphism of schemes, Ty — T the
scheme theoretic fiber of f over Go x 0. Then Zariski locally on T there exists a
morphism of S-schemes g: T — Aut(As) such that fir, = gr,-

Proof. Consider the action of Gy on Ag-Mod from Theorem 1 and let
1—>A§—>CA¥S—>G0><S—>1

be the corresponding extension (5.1). As explained in Remark (b) in the proof of The-
orem 1, Zariski locally on T' the map f admits a lifting f: T'— Gs. The composition
of f with a: Gs — Aut(Asg) does the job. O

References in the following have to be fixed. The following description of the
extension (5.5) will be used in §6.5. For a group scheme H over F,, let LH be
the sheaf of groups defined by LH(R) = H(R((h))). Recall from Remark 3.18 that
there is an isomorphism Aj(h~') 5 Mat,n (k((R))). This defines an embedding
G = Aut(Ay) — Aut(A,[h~Y]) ~ LPGL(p"), and a central extension

(5.17) 1= LGy —G—G—1, G=LOLO") xrparpm G

together with an embedding A} < G (see [BV, §3.2]) induced by the maps A} —
Ap[h~']" ~ LGL(p") and A} — G. By a result of Contou-Carrere (see for instance

[BV, Lemma A.1}), the extension L*G,, — LG,, — LG,,/L*G,, =: Grg,, splits.
Consider the commutative diagram

1 —— A —— G/Grg,, —— Gy —— 1
(5.18) Y l
Aut(Ap).
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Proposition 5.11. There is an isomorphism G = G/ Grg,, that induces an isomor-
phism between diagrams (5.5) and (5.18).

Proof. We freely use notations from [BV, §3.2]. Consider the extension
(5.19) 15 LGy -G =G — 1.

It suffices to show that its pullback via the homomorphism v : Gy — G” reduces to the
subgroup Grg,, C LG,,. In fact, we shall prove that the pullback extension reduces to
the neutral connected component W of Grg,,. Using Lemma 77 we identify W with
the kernel of the evaluation homomorphism evj—..: Mor(Speck[h™1],G,,) — G,,.
Let A” C A3 (h™') be a k-subalgebra generated by h ™', x;, y;, h " tv;, A" uy, 1 < i < m.
One readily sees that the action ¥ on A?L(hfl) preserves A’ and the left ideal J C A
generated by h~!, h~'v;, h~'u,;. As an algebra over the polynomial ring A° is isomor-
phic to the matrix algebra Mat,2. (k[h]). In particular, its automorphism group,
Aut(A”), is identified with Mor(Spec k[h~1], PGL(V)), where V is a vector space of di-
mension of dimension p?”. The subgroup of the former that consists of automorphisms
preserving the ideal J is identified with the subgroup Mor(Spec k[h~1], PGL(V))" of
the latter formed by elements f such that evp—oo(f) € PGL(V) belongs to the sub-
group P C PGL(V) of of automorphisms that fix a given line spane C V. Summa-
rizing, we see that 1 : Go — Aut(A% (h™')) =+ LPGL(V) factors through

(5.20) Go — Mor(Speck[h '], PGL(V))'.
Let Mor(Spec k[h™1], GL(V))" € Mor(Speck[h~!], GL(V)) be the subgroup formed
by elements f such that evp—oo(f) € GL(V) fixes the vector e € V. The projection
(5.21) GL(V) — PGL(V)
defines a left exact sequence

1 — W — Mor(Spec k[h™"], GL(V))" — Mor(Spec k[h '], PGL(V))".

To complete the proof of the Proposition it suffices to show that morphism (5.20) lifts
locally, for the Zariski topology on Gy (and consequently for the fpge topology), to
Mor(Spec k[h~1], GL(V))". To this end consider the map

(5.22) U : Gy x Speck[h™'] — PGL(V)
given by (5.20), and let L be the pullback of the G,,-torsor (5.21) to Gy x Spec k[h™1].

The morphism ¥ carries the closed subscheme Gy "=3 Gy x Spec k[h~1] to the sub-
group P. Observe that the restriction of the G,,-torsor (5.21) has a section. Hence
L comes together with a trivialization Lg, = Gy x G,,,. We have to check that
there exists an open covering Go = UU; such that the restriction of (L,o) to each
U; x Speck[h™!] is trivial. Recall that Gg is a group scheme of finite type over a
perfect field. In particular, the reduced subscheme Gy req C Gy is smooth. It follows
that, for every affine open subset U C Gy, we have that

Pic(U x Speck[h™']) == Pic(U,eq x Spec k[h™1]) —= Pic(Upea)-
Thus, there exists a covering Gy = UU; such that the restriction of L to each U; x

Spec k[~ is trivial. Since the inclusion U; < U; x Spec k[h™!] admits a retraction,
one can choose the trivialization of L compatible with o.

O

References in the above have to be fixed
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Remark 5.12. We claim that the action of Gy on As-Mod constructed above does
not lift to an action on the algebra Ag even if S is replaced by the formal completion S.
To see this we shall prove that the surjection r: G = Aut(Ap) - Gp has no sections
i.e., group homomorphisms s: Gg — G with 7 o s = Id. Assuming the contrary
consider the induced morphisms of the restricted Lie algebras. Write k = F,. The
restricted Lie algebra Lie Gq is the algebra of Hamiltonian vector fields on Spec Ag
([BK, Lemma 3.3.]). The restricted Lie algebra Lie G is isomorphic to the restricted
Lie algebra of k[[h]]-linear derivations of the associative algebra Ay. It follows from
Proposition 3.45 that all derivations of A; that are trivial modulo h are inner. This
way we can identify Lie G with the Lie subalgebra (A, /k[[h]]) C An(h™1)/k((h)):

0 — Lk = +4, 24 Der 4, — 0.

In particular, Lie G has the structure of restricted Lie algebra over k[[h]] and the
differential of r is identified with projection

dr: Lie G — Lie G/hLie G = Lie Gy.
Thus, ds defines an isomorphism of restricted Lie algebras over k[[h]]
Lie Go ®y, k[[h]] — LieG.

Consequently, we have Lie Gy ® k((h)) — Lie G @) k((h)). The isomorphism
Ap(h™) = Matyn (k((h))) identifies Lie G @y k((h)) with pgl,. (k((h))), the quo-
tient of gl,. (k((h))) by its center. It is shown in [BV, Lemma 4.4] that there exists
a split surjection Gy — G,. This yields a nonzero homomorphism of restricted Lie
algebras Lie Go®x k((h)) — k((h)), where k((h)) is equipped with the zero p-th power
operation. We claim that pgl,,. (k((h))) does not admit such homomorphisms. Indeed,
the quotient gl,. /[gl,n, gl,.] is the restricted Lie algebra of the multiplicative group.
In particular, p-th power operation on this quotient is non-trivial. This contradiction
completes the proof.

6. CANONICAL QUANTIZATION OF QCoh(X).

6.1. Construction of the canonical quantization and its uniqueness. For the
duration of this subsection let S be a scheme® over F, with p > 2, and let (X, [n])
be a quasi-smooth scheme over S equipped a restricted symplectic structure

[n] € H°(X, coker(Ox LN Qﬁg/s))

We shall also assume that the rank of the vector bundle Q}( /s is constant, say, 2n,
for some n € Z. Denote by w := d[n] the corresponding symplectic form on X/S.
Let m: My ) — X1} be the Go-torsor of Darboux frames (see Construction 2.72).
Denote by &: X — BG( the morphism corresponding to the latter. In Theorem 1
we constructed an action of G on As-Mod and the corresponding quasi-coherent sheaf
of categories (As-Mod)s/c, on S/Gy. Let QCoh;, be its pullback via the morphism
¢ x1Id: Xt xS — BGy x S =S/Gy:

—— *
QCohy, := (¢ x Id)* (As-Mod)s g,
35Do we need any finiteness assumptions on S?7 — Doesn’t seem so: all the object on X we are

interested in are classified by maps from X} to finite-type stack over Fp, so they’ll (locally) be
base-changed from X’¥#} — S’ = Spec R’ where R’ is a finite-type Fp-algebra.
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In §5.2 we identified the action of Gy restricted to Ag-Mod with the one induced
by the tautological Ggp-action on Ag. In particular, section (5.12) defines a lift of
the Go-torsor My ) — X1} to a G xg {0}-torsor. Using Proposition 4.9 and the

isomorphism F;{p o x = Mx 1y x G0 Ay we derive an equivalence
(6.1) Zo: (QCohy,)x ) x g0y — FP 0 x-Mod.

Observe that (6.1) yields, in particular, an equivalence between the category
QCoh,, (X7} x {0}) and the category of quasi-coherent sheaves on X. We shall refer
to QCohy, as the canonical quantization of QCoh(X).

The trivialization of the Gg-action on the fiber of As-Mod at h = oo yields an
equivalence

ot (QCOhh)‘X{p}X{OO} - OX{p}-MOd.

Moreover, the restriction of QCoh;, to S\{0} can be described as modules over a
central reduction of the algebra of twistor differential operators (see Construction
3.13):

(6.2) (QCohy, ) x trt xs\ {0y — Dx,h-1[5],5\{0}-Mod,

where D x j,—1[,),5\{0} 18 the restriction of Dx ;-1(,s. To see this recall from the proof
of Theorem 1 that the restriction of (As-Mod)s/q, to S\{0}/Gy is equivalent to the
restriction of (Ag—Mod)S/GO, where the action of Gy on Ag—l\/lod arises from a G-action
on Ag. Proposition 4.9 and the isomorphism of algebras Mx [, x Go .Ag ~Dx p-1[ns
from Proposition 3.51 yields (6.2).

By construction, QColy, is functorial in (X/S, [n]). In particular, QCoh,, is an equi-
variant quasi-coherent sheaf of categories with respect to the group of automorphisms
of (X/S, [n]) that acts naturally on X xS,

In the remaining part of this subsection we explain in what sense the canonical
quantization QCoh,, is unique. Let H be a connected affine group scheme over F,
equipped with a homomorphism v: H — Go and let mp: Mx ,m — X} be an
H-torsor equipped an H-equivariant morphism Mx ;) 7 — Mx, [, where the action
of H on Mx [, is given by v.

Proposition 6.1. There exists a unique (up to an equivalence unique up to a unique
isomorphism) quadruple (QCoh,,, Oy, ., wy), consisting of quasi-coherent sheaf of
categories QCoh,, on X1P} xS equipped with the following pieces of structure:

(i) An equivalence O : (ry x Id)* QCoh, — IS VN As-Mod of quasi-
coherent sheaves of categories over Mx ) i X S. Here PIN g st - Mx (1,1 X
S — S is the projection.

(ii) An equivalence Zo: (QCohy,)|x (v} x {oo} — Oxmn-Mod of quasi-coherent
sheaves of categories over X P} together with an isomorphism wy between the
pullback of Eoc to Mx ), m and the restriction of ©g to Mx ) 5 X {00}36.

that satisfies the following property

~

36The restriction of On yields 71 ((QCohy) | x ) » (o0}) =

As-Mod) 1 = OMX.[n ;~Mod, where the second equivalence comes

*
(Pr3tx gy 1
from (3.18).

|MX,[7;],H><{OO I8
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(P) The isomorphism Center(mz; ((QCohy,)|xtr) xf01)) = Ao ®F, Ontx .. deter-
mined by O descends®” to Center((QCohh)|X{p}X{o}) ~ F*{p}OX,

Proof. The existence assertion follows from the construction of QCoh; explained
above: O is the pullback of the equivalence (m x Id)* QCoh, — pr*MX,[n] Ag-Mod
along the morphism My ) 7 — Mx,[,) and wy comes from the construction of Z,
as a decent of the equivalence on Mx p,; x {oc}. Property (P) follows from (6.1).

To prove the uniqueness, let (&;,0;,E4,@;), i = 1,2, be quadruples with prop-
erty (P). We shall prove that there exists a unique equivalence (up to a unique isomor-
phism) connecting the two. The argument is similar to the proof of the uniqueness
part of Theorem 1. Giving a pair (&;,0;) is equivalent to specifying the descent

data for prj, - As-Mod along the morphism My ;. g X S — Mx . a/H xS =

X xS. In particular, (6,,0,) determines an autoequivalence ¢, of As-Mod lifted to
GoxMx ), 5 XS. Property (P) implies that the composition ¢; ®¢51 acts as Id on the
center of Ag-Mod pulled back to H x Mx ). i x{0}. Applying Lemma 5.2 we conclude
that ¢; ® ¢2_1 is the tensor product with a line bundle L over H X Mx ),z X S. The
equivalence = ; yields an isomorphism between ¢; restricted to H x Mx ) g X {00}
and the identity functor. In turn, the latter determines a trivialization of L re-
stricted to H X Mx [,z X 00. The groupoid of line bundles over H x Mx [, g X S
equipped with a trivialization over H x Mx j,, g x {00} is discrete and its mo is the
group H°(H x Mx .1, Z) = Z (since H is connected). Finally, the cocycle con-
straint implies that ¢; and, hence, ¢ ® ¢35 1 is isomorphic to Id when restricted to
1g X Mx 1 % {oo}. This defines a trivialization of L. O

Let (QCoh,,, O, =, wx) be a quadruple from Proposition 6.1. We shall explain
how the uniqueness part of the Proposition can be used to construct equivalence
(6.1). First, note that, by property (P), Oy determines a F,Ox-linear structure
on (QCohy,)|xr x oy (i€, (QCohy) x1r) x oy is the direct image of a quasi-coherent
sheaf of categories on X). Secondly, observe that, for any ring A, the groupoid
of autoequivalences of A-Mod is identified with the groupoid of autoequivalences
of A°’-Mod. In particular, the descent data for pr;\/[x,[n],H As-Mod along the mor-

phism Mx .5 X S — X1t xS specified by (QCoh,,,0y) determines a descent
data for prﬁvtx - AZP-Mod. We denote QCohy, the corresponding sheaf of categories

over X' xS and by ©%: (ry x Id)* QCoh;, P ,, Ag’-Mod the equiv-

alence it comes with. Explicitly, QCoh, assigns to each affine Z —% X x S

the category of all right exact O-linear functors u* QCoh; — Oz-Mod that com-

mute with all direct sums®®. Equivalence Z. and isomorphism wpy determine

=% (QCohy )| x 10 x {oo} — Ox-Mod and an isomorphism w$ between the pull-

=2
back of Z3_ to Mx ),z and the restriction of ©%. Next, recall from (5.10) an iso-
morphism a: (*Ag’ — As. By Proposition 6.1 there exists a unique equivalence of

37For a quasi-coherent sheaf of categories & over a stack Y, we denote by Center(&) the presheaf
of Oy -algebras on Y assigning to each affine scheme Z over Y the O(Z)-algebra Center(&(Z2)). If u :
7' — Z is a flat morphism of affine schemes over Y then the canonical morphism Center(6(Z))®¢(z)
0(Z'") — Center(6(Z’)) is an isomorphism. In particular, Center(&) is a sheaf for the fpgc topology
on Y (but not necessarily a quasi-coherent sheaf on Y).

38To see this observe that, for any ring A, the category of right A-modules is equivalent to the
category of right exact functors from left A-modules to abelian groups that commute with all direct
sums.
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the triples
(6.3) ¥: (QCohy, O, Ea, wr) — ((Id x 1)* QCohj, a0 O%, 22, @y ).

:'007
Denote by
%o: (QCohy,) x x fo3 — (QCOh}) | x w1 x 0y

the restriction of the latter to X x {0}. Observe that the pullback %y to
Mx (1,5 x {0} is naturally isomorphic to the identity functor Ag ® Oxty ,, ,,-Mod ~

~

AG" ® Oy, n-Mod.  Every F.Ox-linear equivalence Zg: (QCohy)|xwxfoy —
F,0x-Mod induces (QCohy) x ) x {0} — F.Ox-Mod denoted by =5.

Proposition 6.2. There exists a unique triple (Zo, k,v), where
(6.4) EO: (Qcohh)lx{p}x{o} L) F*OX—MOd

is a F,Ox-linear equivalence of quasi-coherent sheaves of categories over X}, k is
an isomorphism between w3 (Zo) and the composite

O
7 ((QCohy,) | x v x f03) — Ao ® Oy, -Mod —= 73 (FLO x-Mod),

and v is an isomorphism Z§ o ¥y — Ey compatible with k.

Proof. Locally, for the fpgc topology, (QCohh)‘ X1} x{0}» a8 & quasi-coherent sheaf of
categories with a F,O x-linear structure, is equivalent, to F.Ox-Mod. Assigning to a
scheme over X} the groupoid of such equivalences we define a gerbe on X ¥ banded
by the group scheme of invertible elements in F,Ox or, equivalently, a gerbe & on X
banded by G,,. The equivalence ¥y amounts to specifying an isomorphism between &
and the opposite gerbe i.e., the reduction of € to a gerbe & on X banded by ps C G,,.
By construction the pullback of & to Mx 5],z X x t»y X is trivialized. We wish to show
that the latter descends uniquely to a trivialization of &’.

For the uniqueness part it suffices to show that every us-torsor on X equipped
with a trivialization over My ;) i X x »y X admits a unique trivialization (compatible
with the given trivialization over Mx iz X x» X). The latter amounts to showing
that the pullback map
(6.5) He (X, pi2) — Hey (M ) X x 00 X, pi2)

€

is an isomorphism ¢ = 0 and injective for 7 = 1. The morphism 7 X Id: Mx ) X x
X — X is a H-torsor locally trivial for the étale topology. The claim follows from
connectedness of H.

For the existence part we may assume that H = Gg. Using the vanishing of
H!,(GoxSpecF,, i), fori = 0,1 (see Lemma 5.7), we conclude that s — 7o R(7 x
Id),p2. This implies that, for H = Gy the pullback map (6.5) is an isomorphism
1 =0,1 and injective for ¢ = 2 as desired. (]

Remark 6.3. We leave it to the reader to verify that equivalence (6.3) comes as
the pullback of (As-Mod)s;c, — (¢*Ag’-Mod)s, given by diagram (5.11). Con-
sequently, equivalence (6.1) defined using (5.11) comes equipped with x and v and,
thus, it is isomorphic to the one from Proposition 6.2.
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6.2. G,-equivariant quantizations. Let S be a scheme over F, with p > 2, and
let (X,w) be a scheme quasi-smooth over S equipped with a symplectic 2-form w €
Q?X/S(X) and a G,,-action
(6.6) v: Gy x X = X,
We assume that v is a morphism of schemes over S and the following identity holds
(6.7) Y'w =z"pry w,
for some integer m invertible in F,. Here z denotes the coordinate on G,, and
prx: G, x X — X the projection. The G,,-action on X defines a homomorphism
from the Lie algebra of G,, to the Lie algebra of vector fields on X. Denote by 6
the image of the generator Za% of Lie G,,. Formula (6.7) together with the identity
dw = 0 imply that

dipw = mw.
Hence, 1-form n = %ng, defines a restricted Poisson structure on X. Observe that
the composition

Gy x XM Fﬁﬁfd Gy x XM L X(l)7
where Fg,, is the Frobenius morphism on G,,, carries the closed subscheme G,, x
X G, x XM to X — XM yielding a morphism

(6.8) Yp: Gy x X 5 X P

Endow X with a G,,-action given by vp- Note that the Frobenius morphism
F: X — X is G,,-equivariant. Also, consider the action Xpm: G, X S — S given
by the formula x* (h) = z™h. We shall see that the canonical quantization QCoh,,
comes equipped with a G,,-equivariant structure with respect to the diagonal action
(Yps Xm): G, x (XTPF x §) — X1PF x'S. Let us explain a construction of the corre-
sponding quasi-coherent sheaf of categories (QCohy,)(x} xs) Jrp o G OT1 the quotient
stack (X x S)/, .. G-

Recall from §5.3 the homomorphism A: G, — Aut(4y) and denote by A, its pre-
composition with the isogeny t,,: G, = Gy, t5,(2) = 2™. The action of G,, on Ay
normalizes Go C Aut(Ag). Denote by G, xad,, Go the corresponding semidirect
product. Let m: Mx ;) — X1} be the Go-torsor of Darboux frames. Then, using A,
and v, the action of Go on Mx [, extends to an action of G, Xaa,, Go making 7
equivariant with respect to this larger group. The product Mx (,,) X S equipped with
diagonal action of G, Xad,, Go yields a morphism of stacks

(6.9) (XT % 8)/5, 1, Gm —> Mx ) X 8)/ (G X ady,,, Go) = S/ (G X aay,, Go)
The homomorphism
Gm Xaa,,, Go X9 G, X ady Go

and the identity map on S induce a morphism

S/xm (G, X Adax,, Go) = S/x(Gp X aq, Go),
where x = xo. Let

st (X % 8)/s, 0 Gm = S/(Gim Xaa, Go)
be the pre-composition of the latter with (6.9). Set (QCohy,) xtr xs)

/’vp,Xm Gm
E;((AS—Mod)S/(GmMGO)), where (As-Mod)s/ (G, xc,) is constructed in Proposition 5.8.
By construction, the pullback of (QCohy,) x X8) /oy xm G £O X1t xS is QCoh,,. Also,
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the category of global sections of (QCohh)(X{p}XS)/VP.’Xme on (X% x {0})/,,G,, is
the category of quasi-coherent sheaves on X/, Gp,.

6.3. The canonical quantization of the cotangent bundle. Let Y be a quasi-
smooth scheme over S. We shall describe the canonical quantization of QCoh(X),
where X = T*Y is the cotangent bundle equipped with the restricted symplectic
structure given by the Liouville form n € Q% / ¢(X). Recall from Definition 3.10 the
sheaf of twistor differential operators obtained by applying the Rees construction to
the sheaf of differential operators on Y/S equipped with the Hodge and reindexed
conjugate filtrations. Twistor differential operators Dy g form a G,,-equivariant co-
herent sheaf of algebras on X% x S. We wish to show, using Proposition 6.1, that
the canonical quantization of QCoh(X) is given by Dy s-Mod.
Let H C G be the subgroup of automorphisms of Ay that carry the subalgebra

Co =Fplzy,--x,]/ (2,1 <i<n)C A

to itself and let Mx .7 < Mx [, be a closed subscheme of Darboux frames com-
patible with the projection X — Y. That is, a T-point of Mx [, & is a pair (i,,a),
where i, : T — X is a morphism (that itself can be thought as a pair consisting

of a morphism 7" — Y {? and global section v of the sheaf Qz}’,{i}y{p)T)/T)

an isomorphism X X y 3 T — Spec Ag x T of restricted symplectic schemes over T
that fits into a commutative diagram

and « is

X Xywm T =5 SpecAyxT
(6.10) | |
B

Y Xy T —+ SpecCy x T,
for some 8 (uniquely determined by a). The group H acts on Mx ;) z and mg :
Mx (g — X P} is an H-torsor. We wish to construct an isomorphism of algebras
(6.11) (7TH X Id)*Dy’S L> pr;V[X‘[n],H .AS.

To do this observe that a pair (i,,a) as above determines a 1-form pon Y Xy T
relative to T with = v: the graph iyt Y Xy T = X X x4 T of puis the preimage
of the closed subscheme of Spec Ay x T' specified by equations y; =0, 1 < i < n. The
image [u] in

d
HYY Xy T, coker(OyXy{p}T — Q%/XymT))
is 0. (Conversely, (v, 5, 1) as above determines «.) The pullback of Dy s along the
map T x S — X x S is the central reduction of twistor differential operators

Dovxymmirars — Dys, ymymits = Porx,pym)/m018-

Using 8 we construct Dy 7)/7,(0],8 — AsX O. This gives (6.11) and, thus, an
equivalence
@HZ (7TH X Id)*'Dy,S—MOd L> pr}‘v[X . As—MOd.

In addition, as explained in Remark 3.11 the restriction of Dy g to X ) % {o0}, being
isomorphic to the pullback of Endo_,, (Féi}Oy) via the projection pri?t : X —
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Y} is a canonically split Azumaya algebra. The splitting yields an equivalence

—_
—

oo - ('Dy’g—MOd)‘X(p}X{OO} ;> OX{p}-MOd.

Furthermore, the trivialization of the vector bundle F;{p j Oy pulled back to My .1
yields an isomorphism wy making (Dy,s-Mod, Oy, Eo,, wp) the canonical quantiza-
tion of QCoh(X)?.

Next, we wish to compute Zo. The description of D x s\ (o} as the Rees construc-
tion applied to Dy endowed with the order filtration (also called the Hodge filtration)
yields an isomorphism (see Remark 3.11)

(6.12) (Dys)|xt0t x {0} — FiPoy.

Proposition 6.4. The canonical equivalence =y from Proposition 6.2 is isomorphic
to the composition

Y A
(6.13) Zo: (Dys-Mod)|x ) o — FE O x-Mod 5 Fi# 0 x-Mod.
Here 7y is induced by isomorphism (6.12) and X is given by the formula
1—p
FE e Ky

M) = M®F§(’f0x

where Ky = QY and pr: X =Y is the projection.
Proof. Recall that if M is a left Dy-module then M ®¢, Ky has the structure of a

right Dy-module. This extends to an equivalence Dy g-Mod — (Id x L)*D%—Mod ~
(Id x ¢)*(Dys-Mod)°. The same is true for the functor that carries a left Dy-module

~

M to the right Dy-module M ®¢, Ky ¥ —» (M @0, Ky?) ®0, K, where K"
is equipped with the Frobenius descent connection. We wish to promote the corre-
sponding equivalence ¥: Dx s-Mod —» (Id x ¢)*(Dx s-Mod)® to an equivalence of
quadruples

(@y,S—MOd, @H, Eoo, wH) L) ((Id X L)*DY,S—MOdO7 « O @%[, EZO, w%,)

Let us just explain how to make the following diagram of functors 2-commutative.

(Dy8))x ) xoo-Mod —=— (D) x 1) x oo-Mod
(6.14) F* Fop

QCohy(y — 94— QCohy g -

Equivalence Zo is determined by the (Dys)|x ) xoo-module prirh F}{,Z}Oy, equiva-
lence ZZ is the given by f]-fomox{p} (pr{p}* F{{/‘Z}Oy, Ox ). Thus, the commutativity
datum in (6.14) amounts to an isomorphism of right Fy ,Dy-modules

(6.15) FEKE? 25 Somo,, (FE Oy, Oy o).
The latter is constructed in Remark 2.43.
Let us return to the proof of Proposition. Since Zj is F}{(pjox—linear it suf-

fices to show that Z¢ carries the free module (Dy ¢)xtr) xo tO F){(pf pr* K*2°. Set

Z0(Dy s)xtr xo = L. Then, by Proposition 6.2, L is locally free F){(’;}OX—module of
rank 1 equipped with a trivialization of its pullback to My [, 7 and an isomorphism

39T, apply Proposition 6.1 we need to verify that H is connected. In fact, the maximal reduced
subgroup H,..q C H is Aut(Co)red-
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L@pirg, L = PP pr* K17 of FP0 x-modules compatible with above trivializa-

tion. The module F)Epj pr* K=" comes equipped with the above structure, thus the
uniqueness part of Proposition 6.2 completes the proof.
|

6.4. Quantizations of QCoh(X) vs quantizations of Ox. In this subsection we
shall explain how, under a certain assumption, (6.18) below, (QCohh)|X{p}XS can
be described as modules over a Frobenius-constant quantization of the algebra Ox.
For the sake of simplicity we shall assume that S is the spectrum of a field k of
characteristic p > 2 and X is a smooth S-scheme.

For an integer [ > 0, set G = coker((4})=!! Ad, =5 @), where (A})2171 C Aj is the
subgroup of elements equal to 1 modulo h'. Recall from [BK] that a Frobenius-
constant quantization of Ox of level | is a Gj-torsor Mx [, over X P} together
with a Gj-equivariant morphism My ,,; — Mx [, of schemes over X P}, The lat-
ter determines a coherent sheaf of algebras O; = My X9 Ap/(h!T) flat over
Oy [h]/ (A1), (Note that the canonical map Gy — Aut(Ay/(h!*t1)) is not surjec-
tive. Consequently, the torsor M x [, ; carries more information than sheaf of algebras
0;.) A section

(6.16) GO — G1

of the projection G; — Gg constructed in [BK] identifies the groupoid of level 1
Frobenius-constant quantization with the groupoid of 0% /O%-torsors on the étale
site of X. Thus, every Frobenius-constant quantization O;, (I > 0), determines a
class p([O1]) € HL,(XW),0% /0%).

Proposition 6.5. For every integer I > 0, the following data are equivalent.

(i) A Ggl -torsor J\/[X [l X1} xS, together with a Ggl equivariant morphism

J\/[X il — Mx g X Si of schemes over X xs,.
(ii) A Frobenius-constant quantization Mx ;1 of Ox of level I together with an
equivalence

(6.17) OZ-MOd ;> (QCOhh)lX{p}XSl-

(ili) An object O, € QCohy, (X P} xS;) such that ©(wx1d)*(0,) € As-Mod(Mx ;) x
Sy) is locally isomorphic to the free As-module Ag pulled back to Mx 1, x S;.

Moreover, in the setting of (i) and (iii), p([O1]) is equal to the class of the line bundle
[E0((Q)1x 3 xg0y)] € Pic(X) mapped to Hl(X P}, 0% /0Y).

Proof. (i) = (ii). The morphlsm Gs, — Aut(ASl) displayed in diagram (5.7) yields a
coherent sheaf of algebras O; = M X, [l x @ %t Ag, and Proposition 4.9 yields equlvalence
(6.17). It remains to construct Mx, [y the algebra Oy is associated with. Let G be
a group scheme over k such that, for any scheme T over k, G( ) is the subgroup of
Mors, (T' x Sy, Ggl) of morphisms whose composition with GSL — Go x Sy is constant
along S;. Smoothness of Ag implies that, for any GS, torsor MX[ 1= X xS,
that lifts My ;) X S;, there exists a faithfully flat morphism 7" — X ! such that
the pullback of JV[X,[U]J to T x Sy is trivial. It follows that the groupoid of such
torsors is equivalent to the groupoid of torsors under G /(A})=" that lift Mx ;). The
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torsor Mx [, is constructed from G /(A})>!-torsor corresponding to M X,[n],0 using
the homomorphism G/(A4%)Z! — Gip1 — Gy

(#4) = (4#1). The image of the free module O,,
equivalence (6.17) does the job.

(4ii) = (i). For a scheme over X1} xS, f: T — X xS, let égm (T') be the
égm (T')-set of pairs (f, «), where f:T — Mx 1y X Sy is @ morphism lifting f, and
« is an isomorphism between f*@(r x Id)*(0,,) € As-Mod(T) and the free module
Ag pulled back to T'. This is enough.

For the last statement of the Proposition, consider the extension

€ Om—Mod(X{p} X S,,) under

1~>Gm%@SOHG1%1.

The equivalence Z is constructed using the section Gy — @So of the projection
@So — G (see Remark 6.3). The assertion follows from the fact that the composition
of the section Gy — G\SO with the map Gs, — G is equal to (6.16). We leave the
verification of this fact to the reader. O

Remark 6.6. Assume that
(6.18) H*(X,0x) =0.

Then every GSL ,,-torsor. Indeed, as explained along the proof of Proposition 6.5
it suffices to check that every @/(A;)Zl—torsor lifts to a @/(AZ)ZHl—torsor. The
obstruction to the lifting lives in H2(X ™, My |, x° Ag) = H*(X,0x) = 0. Also
under the same assumption on X and a Frobenius-constant quantization O; with
p(0;) = 0, (I > 1), one has an equivalence O;_1-Mod — (QCohy,) xwixs, ,- To
prove this consider the surjective homomorphism

G/(AHZ 5 @) xg, G, — 1

A Frobenius-constant quantization with p(0;) = 0 defines a torsor under the fiber
product displayed above. The kernel of the above homomorphism is an abelian unipo-
tent group. Thus, using the vanishing of H?(X, Ox) our torsor lifts to a torsor under
G/(A%)='=1 and the claim follows.

6.5. Canonical quantization of Lagrangian subschemes. For the duration of
this subsection let (X, [n]) be a smooth symplectic variety of dimension 2n over a
field k of characteristic p > 2 endowed with a restricted structure. Recall from
[Mu] that a smooth Lagrangian subvariety Y of X is called restricted if [n]jy = 0 in

HY.. (Y, coker (Oy N Q%/)) Let J C Ag be the ideal generated by y;, 1 <i < mn,

and let Go.; C Go be the subgroup of automorphisms preserving J. In ([Mu][Theorem

2.10]), Mundinger proves that there exists a fpgc cover Z — Y} and an isomorphism
Z X x {p} X l> Z X SpecAo

of restricted Poisson schemes over Z that induces an isomorphism between the closed
subscheme Z Xy Y — Z X x 3 X and Z X Spec Ag/J — Z x Spec Ay. This defines
a Go,j-torsor my : Mx y [ — Y} fitting into the commutative diagram
Mxym = Mxp
(6.19) l”y l”
y i} — XMW
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where 7: My ;) — X1} be the Go-torsor of Darboux frames. Let (QCoh,, 0, Z., @)
be the canonical quantization of QCoh(X). The equivalence © induces
QCohy,(Mx ) xS) — Ag-Mod(My, [, X S) also denoted by ©. Let prg y : My, X
S — S be the projection. Recall from Construction 3.19 a Ag-module Vs.

Theorem 2. There exists a unique (up to a unique isomorphism) pair (Vy v} «s, 1),
where Vy vy ys € QCohy, (Y} x S) ¢ QCoh, (X} x S) and
0 oo (Vyt1 x8) [y 1) x {00} — Oy )
such that
(6.20) q: @((WY X Id)*Vy{p} S L) prg’y Vg.

Moreover, one has an isomorphism

(6.21) Z0(Vy ) x8)jy 01 x {0} — FAP L7
where Ky = QY is the canonical sheaf.

Remark 6.7. Note that K)lfp is the relative dualizing sheaf F' !Oy{p} of the Frobenius
morphism F: Y — Y Indeed, we have that

F'Oyy — Homo,, (F*Ky 1, Ky) — Homo, (KV, Ky) =5 Ky

In particular, there is a non-degenerate pairing

1
FjP}KyTp ® F{P}K 72 N F{P}Kl P _) Oy{p}

F*{P} OY

Proof. We start with the existence part. In §5 we defined a quasi-coherent sheaf
of categories (As-Mod)s,g, on BGo x S whose pullback to S is Ag-Mod. We shall
construct an object Vs q, , € (As-Mod)s, g, (BGo,s xS) whose pullback to S is Vs and
then define Vy () .5 to be the pullback of Vg,q, , along the map Yy xS — BGy,; xS
determined by Mx y,,. Explicitly, using Remark (a) in the beginning of the proof of
Theorem 1, let

1 GSJ—>GOJXS*>1

(6.22) \ l

Aut(Ag).

be the diagram corresponding to the Gy, s x S-action on Ag-Mod. Also, let Aut(As, Vs)
be the group scheme parametrizing pairs (¢a., v, ), where ¢4, € Aut(As), ¢y, €
Auty (Vs) with ¢y, (av) = ¢a,(a)pv.(v), for all a € As, v € Vs. Giving an object
Vs/a,. , as above is equivalent to giving a homomorphism

(623) éS’J — M(\AS7,\7S)7

whose composition with the projection Aut(As,Vs) — Aut(As) is a and whose re-
striction to Ag carries a € A to (Ad,,a). The uniqueness part of Theorem 1 asserts
that (6.22) together with the splitting at h = oo is uniquely characterized by the
requirement that the restriction of « to ég 7 Xs 0 factors through the identity mor-
phism Gy ; — Aut(Ap). To produce (6.23) we shall explain a convenient construction
of (6.22).

Call a scheme T over S locally constant if, for every point x € T, there exists an
open neighborhood x € U C T and a k-scheme P such that the map U — S factors
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as an étale map U — S x P followed by the projection S x P — S. Observe that a
scheme smooth over a locally constant scheme is also locally constant and that the
fiber product 77 xg T5 of locally constant schemes is again locally constant. Denote
by € the site whose underlying category is formed by locally constant schemes over S
equipped with the Zariski topology. Define a sheaf @g 7 of groups on € sending T € €
to

Gs.1(T) = {(b.ns, dv,) € Aut(As, Vs)(T), v € Go,1(T)|(bas)iz, = Yimy }

where Tp is the scheme theoretic fiber of the structure morphism 7" — S over 0 € S.
Consider the sequence of sheaves on C.

(6.24) 1—>A§—>@S7J—>G07J><S—>1,

where the second map sends a € A5 to {(Adg,a),Id} and the third one carries
(¢Ag7¢\7ga7~/]) € HS to w

Lemma 6.8. The sequence (6.24) is exact for the Zariski topology on C.

Proof. Every scheme T € € is flat over S. In particular, the restriction map Ag(7T) —
AS(T\Tp) is injective. Hence, the injectivity of the second morphism in (6.24) follows
from the diagram

Ag(T) ——— Autg, (Vs)(T)

| l

AS(T\Tp) —— Aut, (Vs)(T\To).

Let us show exactness at the middle term. We have to check that Zariski locally on
T every (¢a;, dv;) € Aut(As, Vs)(T) with (¢a,)7, = Id comes from a section of Ag.
Using Lemma 3.47 we may assume that ¢4, = Ad,/, for some o’ € A§(T). Since
Aut 4 (Vs)(T) = 0*(T) we conclude that ¢y, = fa', for some a’ € O*(T). Hence, the
pair (¢4, Pv,) is the image of fa' € AL(T).

Lastly, let us check the surjectivity of the map to Go ; x S. Let ¥ € Go 4(T),
for some T' € C. Using Proposition 5.10, Zariski locally on T, there exists ¢4, €
Aut(As)(T) with (¢a;)im, = ¥j1,- To construct ¢y, consider the embedding As C
Endg,(Vs) given by the action of Ag on Vs. Note that as a Os-algebra Ende, (Vs)
is generated by global sections x;, 4, 1 < i < n that are rational sections of Ag. Tt
follows that every automorphism ¢4, € Aut(As)(T) whose restriction to Ty preserves
the ideal generated by y;’s extends to an automorphism of the algebra Ende,(Vs)
pulled back to T. Using that, Zariski locally, every automorphism of an Azumaya
algebra is inner, we infer, locally on T', the existence of ¢y, € Auty (Vs)(T) with
Adyy, = ¢u, in Aut(Endo,(Vs))(T) as desired. O

Next, we claim that the sheaf @S 7 is representable by a locally constant scheme
over G j xS. Indeed, using Lemma 6.8 we may view GS,J as a Ag-torsor over Gg j XS
locally trivial for the Zariski topology. The total space of this torsor, denoted, abusing
notation, also by ég J is locally constant since Ag is smooth over S. By the Yoneda
Lemma @g, J acquires a group scheme structure over S making (6.24) a group scheme
extension. Together with the natural homomorphism és J — Aut(As, Vs) — Aut(As)
it defines an action of G,y X S on As-Mod and makes Vs a G j X S-equivariant Ag-
module with respect to this action. To complete the proof, it remains to observe that
(6.24) splits over S\{0} and, in particular, over h = co.
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To construct isomorphism (6.21) we shall use the description of Zy from Section
5.2 and Remark 6.3. We need the following.

Lemma 6.9. The group Gy, ; is connected.

Proof. Let G8’J C G, be the stabilizer of 0 € Spec Ay. Since (GS’J)red = (Go,J)red is
suffices to prove that Gg’ ; is connected. The subgroup G,, C Aut(Ap) of homotheties
normalizes Gf) ;. Moreover, the map G, x G) ; = G ;, (A, g) = A" ogo ), extends
to a morphism ®: A" x GJ ; = G{ ;. The restriction Djgxqy , carries G{ 5 to the

subgroup P C Sp(2n) C Gg’ ; of linear symplectic transformations preserving J which
is connected. The lemma follows. O

The isomorphism a: (*AZ" — Ag makes t*Vs into a right As-module. Explicitly,
the right action of Ag on ¢*Vg is given by the formula fa; = z; f, v(hy;) = —%, for
all fe Ag/J =T(S,*Vs) and 1 < i < n. Define a perfect pairing
(6.25) B: 1"Vs ®0; Vs = t"Vs ®a, Vs — Og

as follows. The dualizing sheaf on Spec Ao/ J is (Qg,,. AO/J)I_I’. Hence, the trace
map defines a non-degenerate bilinear form:

n 1-p n 1-p n — tr
(626) (QSpecAg/J) 2 Ok (QSpecAo/J) 2= (QSpecAo/J)1 P — k.
Using the identification
~ 1p 1p
(6.27) Ao/ — (Qpec agys) = - [ fldey---day) 2

the latter yields Ag/J ®x Ap/J — k which by the Og-linearity extends to a bilinear
form B: t*Vs ®9, Vs = Os. We need to check that B factors through t*Vs ®4, Vs.
This amounts to the following identity:

0f1 df2
8$i’f2) + B(fla axi

for f; € Ao/J, 1 < i < n, which in turn follows from the invariance property of the
trace map

B(

) =0,

trol o =0.

Bz,

For ¢y, € Auto,(Vs), let ¢}, € Auto,(t*Vs) be the adjoint automorphism with

respect to bilinear form (6.25) and v(¢v,) = (¢%,)~". Define an isomorphism 7 in
the diagram below

1 AL *Gsy — Gog xS —— 1
(6'28) J/T l? J[d
1 Ag Gs g — Goy xS — 1

sending (das, Pvs, ) € L*@SJ(T), for T € €, to (apa,a™t,v(pv,),). Also, recall
that 7(a) = a(a)~!. We need to check (apa,a™t,v(pv,)) € Aut(As, Vs)(T). Since T
is flat over S it is enough to check this after replacing T by T\Tj. Over S\{0} the mor-
phism A — Aut(Asg, Vs) is an isomorphism. Thus, we may assume that (¢4, py,) =
(Adg,a), for some a € t*Ag(T). Thus, using that B(av,v") = B(v,a(a)v’), we have
that (a Ad, o™, v(a)) = (Ad,(q),7(a)), as desired.
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By construction, the following diagram is commutative.

L*ag’.] —— Auto,(¢*Vs)

(6.29) y l

ésJ _ Autos(vs).

Using Lemma 6.9 and discussion in 5.2 there exists a unique section G¢ ; — GS’J Xs
{0} invariant under 7. This section defines an action p of Gy, s on the fiber Vj = Ay/J
of Vg over 0. satisfying the following properties:

(i) pg(av) = g(a)py(v),

(i) Bloy(v) © py(0) = Blo@ ).
Using Remark 6.3, we have that Zo(Vy () xs)jy st x {0} — MbX’Y’[n] xGo.1 V. Now
isomorphism (6.21) is a consequence of the following.

Lemma 6.10. Isomorphism (6.27) carries G, j-action p on Vg to the natural action
of Aut(Ao/J) on (g, AO/J)FTP restricted to the subgroup Go j C Aut(Ao/J)

Proof. Since the trace map tr: (g, .. AO/J)l’p — k is Aut(Ao/J)-invariant the second
G, s-action on Vj also satisfies properties (i) and (ii). We prove the Lemma by showing
that there exists at most one Gy_s-action on Vj satisfying (i) and (ii). Indeed, using (i),

any two such actions p, p’ differ by 1-cocycle ¢, gzg; of Gy, with values in (Ag/J)*.

Using (i) we see that ¢7 = 1, that is ¢, is a homomorphism from Gy, s to pe. Since
Gy, is connected it follows that ¢, = 1. O

Let us prove the uniqueness assertion of Theorem (2). Observe that, for any flat
morphism f: W — S the group of automorphisms of f*Vs € As-Mod(W) is O*(W).
Let (Vytmxs:7); (Vi 0y 40 ¥') be two pairs as in Theorem (2). By the observation
above, assigning to a flat morphism ¢: T — Y x S the set L(T) of isomorphisms

T Vy oy s — TV iy s We get a Gy,-torsor L over Yy} x S. Isomorphisms ¥,

¥ define a trivialization v of L over Y} x {oc}. The groupoid of G,,-torsors over
Y x S with equipped with a trivialization over Y} x oo is discrete and its mg is
the group HO(Y{P x S,Z) (cf. proof of the uniqueness part of Theorem 1). Using
(6.20) and the inclusion

(my x 1d)*: HO(YW x S,Z) — H*(Mx v, % S,Z)

we conclude that (L,~) is trivial.
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