QUANTUM BETTI GEOMETRIC LANGLANDS FUNCTOR

EKATERINA BOGDANOVA

ABSTRACT. We construct the quantum geometric Langlands functor in the Betti setting via Whit-
taker coefficients. We show that the functor is compatible with the 2-Fourier-Mukai equivalence
between sheaves of categories over 2-stacks Gez, and Geﬂl(c), which classify gerbes on X with

respect to the center Zg of G and algebraic fundamental group w1 (G) of G.
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2 E. BOGDANOVA

1. INTRODUCTION.

The goal of this paper is to construct the functor

Betti .
Shv . niip (Bung) L“—) Rep, (G)
X

between the category of twisted automorphic sheaves with singular support in the global nilpotent cone
to the topological factorization homology of Repq(é). The existence of such functor was conjectured
in [BZN16] and it is expected to be an equivalence.

At the limit x — Kepiz We recover the functor L2t constructed in [GR24a). However, our construc-
tion uses Whittaker coefficients instead of Hecke action, and thus works in the quantum context as

well.

1.1. Betti quantum geometric Langlands theory. The story of geometric Langlands correspon-
dence begin with the following observation. Analogous to the space of automorphic forms, the cat-
egory of automoprhic sheaves carries a family of commuting Hecke operations given by elements
V e Shv(Grg)L+G for every point x € X. Here Grg stands for the affine Grassmannian, i.e. the
quotient LG /LT G of the loop group of G by the arc group.

Theorem 1.1.1. For every irreducible G-local system o there exists a unique Hecke eigensheaf with
eigenvalue o.

This statement is due to Deligne for G = GL1, Drinfeld for G = GLa2, Frenkel-Gaitsgory-Vilonen for
G = GL,, and Arinkin, Beraldo, Campbell, Chen, Faergeman, Gaitsgory, Lin, Raskin and Rozenblyum
for general G.

1.1.2. Global geometric Langlands conjectures. Lifting the object-wise statement of Theorem led
Beilinson and Drinfeld to the formulation of the global geometric Langlands correspondence, which says
(roughly) that

Theorem 1.1.3 ([CR24a], [ABC™24a), [CCE24|, [ABC24b]|, [GR24hL]). There exists a canonical
equivalence of derived categories

DMod(Bung) —» QCoh(LSs),

where Bung is the moduli stack of G-bundles and LS is the stack parameterizing de Rham local
systems on X.

The Betti global geometric Langlands correspondence was introduced by Ben-Zvi and Nadler in
[BZN16] as a version of Theorem in the Betti sheaf-theoretic context, which still remembers
information of Theorem and fits into the context of topological field theory (compared to Theorem
which fits into conformal field theory). The Betti Langlands correspondence states (roughly):

Theorem 1.1.4. There exists a canonical equivalence of derived categories

LBetti Betti
ShVNilp (Bung) T QCOh(LS@ ),

where LS is the stack of Betti G-local systems. In [GR24a] it is proved that Theorem is
equivalent to the de Rham Langlands correspondence, and thus the proof of Theorem [[.1.3| gives a
proof of the Betti version as well.

1.1.5. Quantization of global geometric Langlands conjectures. However, both the theory of modu-
lar /automorphic forms and quantum field theory suggest that there should be a generalization of
Theorem and Theorem And indeed, both sides of the equivalences L and LB°*"! deform over
the space of levels for the groups G and G respectively. A level & for G is by definition a W-invariant
bilinear form on the Cartan Lie algebra h of g, whose inverse is a similar kind of datum for g. For a
simple reductive group G the space of levels is 1-dimensional. Let us temporarily be in that situation.
The main idea of Drinfeld, further studied by Stoyanovsky and Gaitsgory-Lysenko is to consider twisted
sheaves/ D-modules.
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Let Lget denote the determinant line bundle on Bung, i.e., the line bundle whose fiber at a point Pg €
Bung is det RT'(X, gpc). Let L4et denote the determinant line bundle on Bung, i.e., the line bundle
whose fiber at a point Pe € Bung is det RI'(X, gp,, ). Then for every ¢ € k denote by DMod.(Bung)
the derived category of D-modules twisted by < Hh -th power of Lget, where A is the dual Coxeter number
of G. Let r be be the maximal multiplicity of arrows in the Dynkin diagram of G. Then the de Rham

quantum global geometric Langlands conjecture says

Conjecture 1. There exists a canonical equivalence of derived categories

DMod,(Bung) —% DMod_ 1 (Bung).
At the limit ¢ — 0 the category DMod_ 1 (Bung) becomes QCoh(LS¢), so Conjecture (1 limits to
Theorem However, note that unlike Theorem [1.1.3] Conjecture [1]is symmetric.
The quantum Betti global geometric Langlands equivalence in the Betti setting was introduced in
[BZNT16] and states that

Conjecture 2. There exists a canonical equivalence of derived categories

Betti .
Shvenip (Bung) ——> | Rep,(G).
= X

Here the right-hand side is the derived category of appropriately twisted Betti sheaves with singular
support in the global nilpotent cone. Let us explain the left-hand side, which is factorization homology
of the category of representations of the quantum group. Note that for ¢ = 1 we have

| Rep(C) = QCon(LSc),
X
so in the limit ¢ — 0 Conjecture [2] recovers Theorem [[.1.4}

1.1.6. Topological factorization homology. The theory of factorization homology derives from the fac-
torization algebras of Beilinson and Drinfeld ([BD04]), and is a topological version of their theory.
Factorization homology with coefficients in n-disk algebras are homology theories for topological man-
ifolds satisfying a generalization of the Eilenberg—Steenrod axioms for ordinary homology; as such, it
generalizes ordinary homology in a way that is only defined on n-manifolds and not necessarily on
arbitrary topological spaces. Second, these homology theories define topological quantum field theories
([CG17]). An important special case is that of associative algebras where factorization homology over
the circle recovers Hochschild homology.

Let us comment on the definition of [, A for a topological n-manifold M and an Ep-algebra A
in the sense of [Lurl7, 5.4]. We can think of A as a (appropriately twisted) family of E,-algebras A,
parameterized by € M. In [Lurl7, Chapter 5], Lurie proposes a convenient geometric way to encode
this data. He defines the topological Ran space Ran(M) as the collection of all nonempty finite subsets
of M. Then he defines a cosheaf Fa, whose stalk at S € Ran(M) is ®secsAs. We can view F4 as
a constructible cosheaf of Ran(M), obtained by gluing together locally constant cosheaves along the
locally closet subsets of Ran(M).

We refer to the global sections Fa(Ran(M)) as the topological factorization homology of M with
coefficients in A. A collection of striking properties of this construction is formulated and proved in
[Lurl?, Chapter 5.5].

1.2. Main result. The goal of this paper is to construct the quantum Betti Langlands functor LEet
of Conjecture

First, let us mention that in the non-quantum case the construction of the functor is given in
[GR244a]. Namely, they define the functor

Lcoarse,Betti,L . QCOh(LSgetﬁ) — Sthﬂp(Bunc)

as follows. Recall that via geometric Satake the Hecke action defines an action of Rep(G) on
Shvnip (Bung) for every point z € X. In [NY19] Nadler and Yun showed that this action is lo-
cally constant with respect to the point of X, and hence gives a natural action of QCoh(LSgem) on
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Shvyilp (Bung). Then the functor Le°#BehE g given by acting on a certain object

. Vac,glob
Poinc, *“#°" € Shvyip(Bung).

Lastly, in [GR24a] it is proved that Le*™®Be:L admits a right adjoint Learse-Betti,

However, one of the main defects of the quantum setting is that the Hecke action is more degenerate:
for instance, for irrational ¢ the category Shv.(Grg)” O s equivalent to the category of vector spaces,
so the Hecke action carries no information. Therefore the strategy of [GR24a] does not work. But
there is a tool that still works as expected in the quantum setting and provides finer information than
Hecke action: Whittaker coefficients. Thus instead, we are going to use this tool to construct LE®,

We also embed our construction of LE**! into the formalism of 2-Fourier-Mukai transform of [GR24b).
Recall that this is an equivalence between sheaves of calegories over the 2-stacks Gez, and Ge, (),

which classify gerbes on X with respect to Z¢ and 71(G).

In Section@we upgrade the categories Shv, niip(Bung) and [ Rep, (G) to sheave of categories over
and Gez, and Ge,, (¢ respectively, and the assertion is that the resulting two sheaves of categories map
to one another under the 2-categorical Fourier-Mukai transform. This implies that LE®* intertwines
convolution action of Shv(Bunz ) on Shv, nip (Bung) with the action of QCoh(Ge,, (&) on [y Repq(é)

via the 1-categorical Fourier-Mukai equivalence
Shv(Bunz ) = QCoh(Ge,, (&)

As an application, using this we generalize the result of [Bog25] from the case of adjoint group G to
the case of arbitrary G.

1.3. Outline of the proof. Recall that there are several properties of LB®*" that fix the functor
uniquely. Among these is the condition that “the first Fourier coefficient” functor on DMod(Bung)
correspond to the functor I'(LSE*™, —).

The quantum version of this compatibility can be expressed as the commutativity of the diagram

Whit, (G)ran — 77— I'**(Ran, Rep, (G))

(L.1) Jeoute Tr.

Shv . nip (Bung) T fX Repq(é).
Here the top arrow is the Fundamental Local Equivalence (see Subsection [5.2]) between the category of
Whittaker ind-constructible sheaves on the Beilinson-Drinfeld Grassmannian and (the appropriate Ran-
version of) the category of representations of the quantum group, coeff'®° is the Whittaker coefficient
functor defined in Subsection and I'y is the functor discussed in Corollary @ Let us say more

about the definition of T'**(Ran, Repq(é)). As was mentioned, from the category Rep,(G) we can

form a cosheaf of categories Repq(é)Ran on Ran(X). Then I'*(Ran, Repq(é)) is the category of lax
global sections of this cosheaf. Informally, this means that for every x € X we need to give an element

Ve € Repq(é)z, and for every specialization x ~» y we need to give a map mgwy(Vz) — V,, where
My @ Rep,(G)z — Rep,(G)y is the corresponding specialization map.

So to give the construction of LE®** the first thing we do is, parallel to the de Rham case ([Gaildl
Proposition 4.3.4]), prove that Iy is fully faithful (Corollary . Then we formulate the property that

distinguished [, Rep,(G) inside Rep,(G)ran. Informally, the property says that the collection
{Va}eex € "™ (Ran, Repq(é))
lies in | < Repq(@) if and only if for every specialization = ~~ y the natural map
Ve — mfwy(vy)
is an isomorphism.

Let us explain how to check this property on X?. Let us also assume, for simplicity, that the tangent

bundle to X is trivial. It suffices to show that for every G € Rep,(G)x2\ x,, and

2
F € Shv , moiv,Nilp x 7+ x2 (Bung x X7)
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we have
(1:2) (OB (F) x5, (9)) 2 (c00fE™(F) s x,, 6,
where (—, —) are the duality pairings, and
mRqu(@)ﬂ\XA : Repq(é)xz\XA — Repq(G)XA
is the map

LS(X”\ Xa) ® Rep,(G)®* — LS(Xa) ® Rep, (G)

coming from the Ez-structure on Rep,(G) and encoding all mg..y.
To show (1.2), we consider the functors

(1.3) Poinc. co 1= (coeffloc)v : Repq(é)xa\XA — ShV  meriv, Nilp x T+ (x2\ X 0 ) (Bung ><(X2 \ Xa))
and
(1.4) F: Shvtriv&ra,T*(XZ\XA)xNilp((X2 \ Xa) x Bung) — ShV(X2 \ Xa)
defined as
F' = pxa\xa g o (F © F).

We show that they have the property of being defined and codefined by a kernel, a notion introduced in
[AGK+22aJ. In particular, this means that both (1.3) and (1.4)) commute with mg., (& , which
ePg(G) x2\ x 5

gives the desired equivalence (|1.2]).
1.4. Notations and conventions.

1.4.1. Categories. We use the formalism of co-categories developed in [Lur09], [Lurl7], and theory of
DG categories as understood in [GR17]. By a DG category we mean k-linear stable co-category. We let
DGCat be the category of presentable DG categories with continuous functors with monoidal structure
given by the Lurie tensor product ®.

1.4.2. Lie theory. Throughout the paper G will stand for a reductive group over k of adjoint type. We
choose Borel subgroup B C G, the opposite Borel B~ C G and the Cartan subgroup 7'= BN B~. Let
N (N7) be the unipotent radical of B (B™). Let A (A) denote the lattice of weights (coweights) of G.
Let AT (AT) denote the subset of dominant weights (coweights). Let Z denote the set of nodes for the
Dynkin diagram of G. For i € Z, we let «; (&;) denote the corresponding simple root (coroot). Let 2p
denote the sum of simple roots and 25 the sum of simple coroots. Let G be the Langlands dual group
over k for G. We denote by LG (L*G) the loop (arc) group of G.

Let girr C g denote the reduced closed subscheme of irregular elements. We let A’ C g denote the
nilpotent cone. We let A/ . — AN girr denote the subscheme of irregular nilpotent elements. We let
N8 C N denote the open complement to AN, which parametrizes of regular nilpotent elements.

1.4.3. Lewvels. A level k for G is a G-invariant symmetric bilinear form
x : Sym*(g) — C.

Denote by kg,cri¢ the critical level, i.e. —% times the Killing form. Throughout the paper we will assume
that the level k is non-degenerate, i.e. that Kk — Kg,crit is nondegenerate as a bilinear form. The dual
level % on G for k is the unique nondegenerate level such that the restriction of & — kg,crit to t* and the
restriction of kK — Kg,crit to t are dual symmetric bilinear forms.

Suppose G is simple. A level k is rational if k is a rational multiple of the Killing form and
irrationalotherwise. A level k is positive if kK — Kg,crit 18 @ positive rational multiple of the Killing form.
A level is megative if it is not positive or critical. For general reductive GG, we say a level k is rational,
irrational, positive, or negative if its restrictions to each simple factor are so.

Let g be the quantum parameter associated to k. Namely,

q = exp(2migx),

where g, is the quadratic form A — k such that the associated bilinear form is k.
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1.4.4. (Twisted) sheaves. We will work in one of the following sheaf-theoretic contexts:

e DMod(—) denotes the category of D-modules;
e Shv(—) denoted the category of all Betti sheaves.

For a level , let DMod,.(Bung) be the category of x-twisted D-modules as in [ABC™24al, Section 10.1].
By [GL18| Proposition 3.1.9] from a fixed level x one gets a factorization gerbe Go on Grg, which
descends to Bung. We let Shv,(Bung) be the category of sheaves on Bung twisted by Ga.

1.4.5. Ran space(s) and factorization. In the geometric situation, the notation Ran for the Ran space
is borrowed from [ABCT24a]. We refer to loc.cit. for generalities on Ran spaces and factorization.
The topological Ran space Ran(M) is as in [Lurl7, Chapter 5.

1.5. Acknowledgements.

2. (GENERALITIES.

2.1. Whittaker coefficients and Poincare functors. Let Whit,(G) denote the twisted version of
the local Whittaker category of [ABC™24al Section 1.3] in either de Rham or Betti contexts.

Let Grg p(wy) be the twisted Beilinson-Drinfeld Grassmannian in the sense of [ABC+24a, 1.2].
Consider the map

7 : Gra, p(wy) — Bung,
and the corresponding functor

7' : DMod, (Bung) — DModK(GrG’p(Wﬂ)LNW,X’

where x is the non-degenerate character. To simplify the notation, we will work over a fixed point
x € Ran and will define a functor

coeffy : DMod(Bung) — DMod, (Grcqp(WX)Q)LNW,X.
Note that LN, is a filtered union of subschemes N*. For each « consider

AVY X DMod, (Grg piuwy).e) — DMod, (Gre, YVIX s DMod (Gre pluy ) z)-

wx )z
For N® C N we have a natural transformation

(2.1) Aviva/ — AV,
Lemma 2.1.1. [ABC"24a Lemma 9.3.4] For N® large enough the natural transformation

’
N© ! N !
Av, omy = Av, om,

induced by is an equivalence.
Therefore for large enough N® the functors AvY “ coincide. So in particular, they map to
Ane DModn(Gra piwy)e) X 2 DModw (Gre, piwy).e) - ™.
The resulting functor is coeffgc.
Construction 2.1.2. We also construct the functor
(2.2) Shv . Nip (Bung) — Sth(GrG,p(wx))LN’X,

which will give us the desired coeff'®°. A priori the construction of coeff'®® as in [ABCT24al Section
9.3] involves !-pullback and x-pushforward, which are ill-behaved functors in the world of all Betti
sheaves. However, by [AGKT22b| G.2] the objects in are Shv, nip(Bung) are weakly constructible, so
the construction in loc. cit. goes through and the resulting functor is continuous.
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The Whittaker category admits a global model. Namely, for Z — Ran let Buny , ),z be the
stack introduced in [CCF'24] Section 10.2.1]. Denote by pz the projection

Buny ywy),z = Bung xZ.

Denote by Shv,(Buny, y(wy),z) the corresponding category of twisted sheaves, by means of the pullback
of the gerbe corresponding to . Following [Gai20), Section 4.7] we can define a full subcategory

Whit,. (G)8'" C Shv,(Buny, p(wy),2)-

As in [CCFT24] Section 10.2] one can also define a dual category Whit, (G)2°®. We have a natural
equivalence

O, : Whits(G)%" = Whit, (G)*".
We have a naturally defined map
7zt GIG pwy ),z — BULN p(wy),2-
Theorem 2.1.3. [Gai20, Theorem 5.1.4, Proposition 5.4.2, Corollary 5.4.5]

(1) The functor (rz)2""X induces an equivalence

Whit . . (G) = Whit, (G)E°".
(2) The functor (7z)" induces an equivalence

Whit, (G)®°" = Whit, 1(G).
(8) The composition

lob
(r2) 0 Ofn 0 (12

is isomorphic to Ownit[—2dim Buny ,(. )]

)Av »X

Proposition 2.1.4. The functor
coeff : DMod,; nip (Bung) — Whit, (G) € DGCat?lg’geom
admits a left adjoint Poinc;.

Proof. The argument will use the global interpretation of the Whittaker category and coefficients
functor. Namely, for Z — Ran the a priori pro-functor Poinc is given by (pz):. Let us show that it is
defined. Write Poinc; as a !-pushforward along the composition

(2.3) Whit,, <5 White” L Buny oz 225 Bung .
But p/T is pseudo-proper, hence (p/T')r is defined, (f/T"): is defined by [GR25l Proposition 8.1.9], and
j is defined by [AGIH| Section 8§]. a

We refer to |ABC™24a, Section 9] and [CCF'24l Section 10.2] for more details.

2.2. Constant term and Eisenstein series functors. Let x be a level for g, and recall that we use
the same character x to denote the corresponding level for m.

We let
CT, : DModcrit g+ (Bung) — DModcrit ;4 (Bunas)

denote the composition

@1
! ® det un2
DMod,.(Bung) 2 DMod, (Bunp_ ) ~ DMod , (Bunp.)  —36M

®5
dlog(dctBlmG M )tk

(q ) — shift]

— DMod, (Bunp-) — DMod, (Bunas) :DModﬂ(BunM) —  DMod, (Bunys),

where
shift := dim . rel.(Bunp- / Buna).
By [DG16, Proposition 1.1.2] the functor CT, admits a left adjoint Eis:.
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For an M-torsor Pj; we define the translated constant term and Eisenstein functors

Eis;PZM : DMod% (Bung) = DMod% (Buny) : CT,

*’PZJVI
by

Eis;pZM := Eis;” o(translp, ). and CT:J’ZM = (translp, | ) o CT,,

where

translpZM : Bunys — Bunyy

is the automorphism given by translation by Pas.

2.3. Naive and corrected quantum Jacquet functors. The goal of the rest of this section is to
recall the constructions of local and global versions of enhanced Jacquet functors, which are going to
be used in the sequel.
We now recall the contents of [GL18, Section 5.1]. Let P be a parabolic group of G, let P — M be
the Levi quotient, and let Np be the corresponding unipotent group. Let A denote roots of unity in k.
Consider

GI‘G <L Grp L) Grar .

Lemma 2.3.1. [GLIS8| 5.1] For any S — Ran the pullback along q induces the equivalences
GG(S XRan GI‘]\/[) — GG(S XRan GI‘P)

and
FactGe(S XRan Grar) — FactGe(S Xgran Grp)

For Gi € FactGe(Grg), denote its pullback to Grp by Gp. Let G be the corresponding factorization
gerbe on Grys. Then for any S — Ran the functors

p': Shv,(Grg) — Shv,(Grp)
and
g« : Shv,i(GI'P) — ShVK(GI"]V[)

are well-defined. We refer to the resulting map g¢. o p' of sheaves of categories over Ran
Shv.(Grg) — Shv.(Gra)

as the naive Jacquet functor.

However, to make this functor compatible with geometric Satake and with factorization, one need
to perform a certain correction by applying a cohomlogical shift. This procedure is described in [GLIS8|
5.3].

We denote the resulting functor

Shv,.i(Gr(;) — ShV,.i (GI’]u)

by Jg;”

However, we will also need a version of Jacquet functors which encode the Hecke structure as well,
i.e., the so-called enhanced Jacquet functors. We give the definition in Subsection [2.5] Before that, we
digress to introduce the background, mostly discussed in [GL19] and |[CCFT24].

2.4. The metaplectic semi-infinite category. Consider the factorization category
_ s
I(G,P7) := Shv, (Grg)“Np L7 M,

Here the renormalization procedure is with respect to LM and is given as in [CCF™ 24, Section 1.2].

As in [GL19, 14.2], we have that I(G, P™) admits a natural action of the spherical category Sph, (G).
Also, as in |[CCF"24, Section 1.3], we get that I(G,P~) admits a (corrected) action of Sph, (M)
commuting with the action Sph, (G).
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2.4.1. We have a factorization functor

I(G, P7) i= Shva(Gra) Yo =My Shy, (Grp- )ENe 70 o

(24) [shift]
= Sphq(M) S Sphq(M)7

where

e the second arrow is (p~)',
e the third arrow is induced by (¢7)"
e the last arrow is the shift by (X, 2pp) on Grj;.

Analogous to [Gai22 Proposition 1.5.3] and [FH25|, the functor (2.4) admits a factorization left
adjoint:

(25)  indspn, 2 Sphy (M) = Sph (M) s Shv, (Grp )ENEETM 0 1@ P,
Define
AT2 = indSphq%% (61,GTM)'
In other words, A™% is the l-extension of the dualizing sheaf on the LNp_-orbit through the origin
in Grg. In the quantum context the object A™% still satisfies the properties described in [CCF " 24l
1.3.5-1.3.9].
2.4.2.  We also have a functor

()"

BN, Sph, (M) 2L Shv, (Grp- )XNP ETM U8 (@ pr),

(2.6) Sph, (M)
denoted by indgphﬁ%. Set
Vsph,— s = indspn, e (01,6rp)-

The object Vsphqﬁ% satisfies the properties described in [CCE™ 24| Section 1.3.10-1.3.12].

2.4.3. Recall that there is also a factorization algebra
1, ¥

in I(G,P7). It is constructed in [GL19, Section 13] for the principle parabolic. The construction for
general parabolic follows [FH25] and [DL25]. This algebra is unital and equipped with homomorphisms
of unital factorization algebras

_ oo
ASphqﬂ% — ICq 2 = VSphq—y%~

2.5. Enhanced quantum Jacquet functors. In this subsection we recall the construction given in
[GL19] Section 15] and [CCF*24| 1.8] of the generalized Jacquet functors. The functors J{;r‘!*, JaT,
and Jar'! are defined using the correspondence

Grys < Gras XRan Grg — Grg

m‘g

using the kernels IC;,’1 , VSPhq—l -2, and ASPhq—l S respectively. We can also perform the twisting

by p(wx) as in [ABCT24al 1.8.5], and we denote the result by the same notation Jg;'*, J5;*, and Jg;'.

3. FUNCTORS DEFINED AND CODEFINED BY A KERNEL.
3.1. Functors (co)defined by a kernel. For quasi-compact stacks V1 and ), the notion of functors
Shv (Y1) — Shv()-)

defined and/or codefined by a kernel was introduced in [AGK™22al appendix B]. The following descrip-
tion from loc.cit. will be useful.
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Lemma 3.1.1. [AGK"22al B.1.5] The functor
Q : Shv(Y1) — Shv(Y2)

is defined by a kernel if an only if for any algebraic stack Z the functors idz KQ commute with the
following operations:

e for amap f: Z' — Z, the diagram

ShV(ZI X yl) W ShV(ZI X yz)
id z/ ¥Q

(ind)Al (ind)AJ/

ShV(Z X yl) W} ShV(Z X yg)
idz MQ

commutes;
o for a map f: Z' — Z, the diagram

ShV(Z/ X :)/1) W} ShV(ZI X yz)
id z/

Q

T(fxid)! T(fxid)!

Shv(Z x Y1) ————— Shv(Z X )»)
idz KQ

commutes;
e for F € Shv(Z), the diagram

Shv(Z' X Z x Y1) —————— Shv(Z' x Z X V)
idgry =z XQ

J=- J7=-

ShV(Z X yl) le—EQ> ShV(Z X yg)

commutes.

Motivated by Lemma [3.1.1} we introduce the following definition. Let DGCat®#°°™ and its dual
DGCat2'#8°°™ be the categories introduced in [GKRV2H|.

Definition 3.1.2. For C, D € DGCat™® ™ we say that a functor between plain DG categories
f:Ckr — Dg
is defined by a kernel if it upgrades to a functor
F:C — D € DGCat&&™
Definition 3.1.3. For C, D € DGCat5 8™ we say that a functor between plain DG categories
f:Cr — Dy
is codefined by a kernel if it upgrades to a functor
F:C — D € DGCat}'®&™ .

Lemma 3.1.4. A functor
f : Ck — Dy

defined by a kernel is also codefined by a kernel if F admits a right adjoint in DGCat?'&&°™,

3.2. Poincare series functors are defined and codefined by a kernel. The goal of this subsection
is to prove the following:

Proposition 3.2.1. The functor
Poincy : Whit, (G) — Shv, nip(Bung) € DGCat
is defined and codefined by a kernel.
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Notation 3.2.2. Fiz an an affine scheme S. Let
Shvngtriv,Nilp xT*S(BunG XS)Eis,! C ShVnIthriv,Nilp xT*S(BunG ><5)
denote the subcategory generated by essential images of functors Eis{" for all proper parabolics. Set
ShvﬁmtrivyNilp xT*S(BunG XS)cusp = (Shvmlgtriv,Nilp XT*S(BunG' XS)Eis,!)l

We have a recollement

LEis,! Peusp,

Shvn&triv,Nilp xT*S(BunG XS)Eis,! W Shvn&triv,Nilp xT*S(BunG XS) — Shvn&triv,Nilp xT*S(BunG XS)Cusp-
is,! cusp

Lemma 3.2.3. The endofunctors tgis, © Pris,! and Leusp © Peusp 67€ defined and codefined by a kernel.

Proof. Note that by construction the functor CT. is defined by a kernel. On the other hand, by the
Second Adjointness Theorem ([DG16, Theorem 1.2.3]), the fact that Eis, is defined by a kernel, and
Lemma we get that CT, is also codefined by a kernel.

Note that the functor Eis, is codefined by a kernel by construction. However, by [Gail6, Theorem
0.1.8] and the fact that CT. is defined by a kernel, we get that Eis) is also defined by a kernel. The
assertion of the lemma follows. d

Recall the construction of the quantum constant term functor from [ABC™24al Section 8.1.8]. For an
algebraic group K denote by 7x the Chevalley involution. Let dx := dim Bungx. Recall the translation

maps transl from [CCFT24, Section 1.7].

Proposition 3.2.4. For Z — Ran, the following diagram of functors commutes:

Whit, (G) z T Whit,: (G) zc
POinCG,!,Z[d]l J\;/’l’iitﬂ'l
(31) ShVﬁ@triv,Nilp XT*Z (Blll’lG X Z) VVhltn(]\4)Zg
CT’MPP(WX):ZJ POinCM,!,Zl
(Prsmall, =)t

C
ShVanZItriv,Nilp xT*Z(BunM XZ) ShvnMXItriv,Nilp xT*Z(BunM XZ‘)a

where
hd CT*ypp(wx) = (tranSIZPP(WX))*OTMOCT:,;JP(WX) oTG = TMO(tranSLQPP(WX))*OCT;pp(wx) °TG;
hd J\;/’}!Ait,-r =TMO© J\;/’}!;it °Ta;
o d= _26(NP)PP(wx) — 6(N;)pp(wx) + 25N;.

Remark 3.2.5. Proposition is a generalization of Corollary 10.1.8], where the state-
ment is for k = Kerit, and the proof relies on that condition.

In what follows, we refer to Section 10.5] for the notation, definitions, and properties
related to Zastava spaces.

Proof. By Proposition 10.6.8] the functor

ins.uni J. .
Whith (G)z "5'F Whitk (@) ¢ ' Whit), (M) c

corresponds to

| ~— ! ! — ! . .
(translyy. oy ) 0(52¢ )s0fhr 2 ((('pz>'<—>) ® ('Bz)' 0 (j2): Weun, xz>) [ shift +26(,), )+ ]

(N;)ﬂp(wx)

where
shift := dim. rel. (Bunp- / Bunwm),

and the maps are as in the diagram
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(3.2)
Ra:
Zasz™"
Gra,p(wx).2 Zasz Buny ), p(wy),2<
Pz Par, =<
TZ
_ Pz
BunN,p(wX),Z Bunj, x2S
id X prgmall, z
I az
Bunp- XZ(]+> Bunp- ; ————> Bunuy x 2.
Therefore the composition
. - . :
(3.3) (Id X Prypan,z) © Poincar,y z 0 Jyj, , © ins. unitz

identifies with

(Id X prsmall,Z)! o (ﬁM,Zg)! o (tra‘nSIPP(wx))* o (522)*0

(3.4) o f1!\/1,2 <((/§§)‘(7)) é (/52)! ° (jz)!(wBunP_ XZ)) [— shift +25(Np)p

Pwx) + 6(N;)pp(wx)]'

Note that by ﬂm, Lemma 10.3.2] the map fas, = is pseudo-proper and universally homologically
acylic, and also the map s;c is pseudo-proper, thus we can rewrite (3.4)) as
(3.5)
!

@) 0 (P2)ro (((’52)’(—)) ® (P2)' 0 (1)1 (Wb, xz>) (= Shift 203, ey + Oz, oy -

Moreover, by [Lin22, Lemma 4.1.10] we rewrite (3.5) as

(3.6) (@z)r0 (Pz)ro (Jzasz)r 0 (Jzssz) o (Bz) (=)[=shift +28(np, (o) + SN ) pws))

where the maps are as in the diagram
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(3.7)
Zas,
jZasZ
Gra p(wy), 2 Zasz

,E;
=
.
Pz
Buny pwy),z

— q
Bunp- XZC? Bunp- 2 —————~ > Buny xZ.

But the composition
,ﬁz o jZasz

is smooth, so (3.6)) identifies with

R

(@z)10 (Pz) 0 (Jzasz ) © (Jzesz)" © (Bz)"(—)[2(dim(Zas ;) — dim(Bunp- z))]
= @z) 0 (('P2)"(—) ® ('Pz)"(jik))
by [Lin22, Theorem 4.1.10]. Finally, right-hand side of identifies with

(3.8)

CT. pp(wx),z © Poincg 1,z [shift]

by [Lin22], Proposition 4.1.8].

Proof of Proposition|3.2.1. By Lemma [3.2.3|it suffices to check that the compositions

(39) Lcusp © Pcusp © Poinc:
and
(310) LEis,! O PEis,! O POiHC!

are defined by a kernel.
Note that by Proposition 1.4.7] we can identify

Leusp © Peusp © PoINC 22 teusp © Peusp © Poincy[— dim Z¢],

and the latter composition is defined by a kernel by definition of Poinc..
To check that (3.10) is defined by a kernel, it suffices to show that

CT. o Poinc;
is defined by a kernel, which follows from Proposition [3.2.4
Corollary 3.2.6. The functor (Poinc)Y is defined by a kernel.

Corollary 3.2.7. The functor Poinc. co is defined and codefined by a kernel.

13
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3.3. Kernels given by objects from Shvyii,(Bung). Let us record the following result:
Theorem 3.3.1. |[AGK™22a, Corollary 4.2.8] For any
Fe Shvtriv&n,T*XgisjXNilp(XZiCiS.i X Bung)co,
the functor
F: Sthriv&m,T*XéciSjXNilp(X(]iciSj X Bung) — Shv(XC'fisj)
defined as

F —=pxe J(FF)

disj?

is defined and codefined by a kernel.

4. CONSTRUCTIBLE COSHEAVES OF CATEGORIES AND LAX GLOBAL SECTIONS.

4.1. Constructible cosheaves of categories.

Notation 4.1.1. [Lej21, Definition 2.12] Denote by StratTop the category of conically stratified D,
topological spaces.

Notation 4.1.2. [Lej21] Definition 1.22] For a topological space X let Shv(X,D) (resp. ¢Shv(X,D))
be the category of D-valued hyper(co)complete (co)sheaves on X. For X — A € StratTop and any
symmetic monoidal category D, let Shva(X,D) (resp. cShva(X,D)) be the category of D-valued
hyper(co)complete A-constructible (co)sheaves on X.

Example 4.1.8. Informally, a cosheaf F € cShv(X, D) gives the data of an element F, € D for every
x € X, and for every specialization map x ~~ y the data of a map Fo — Fy.

For a map f: (X — A) —» (Y — B) € StratTop we have a pair of adjoint functors
(4.1) fr 1 cShva(X, D) === cShvp(Y,D) : f*,

where f, stands for the cosheaf pushforward, and f* stands for cosheaf hyperpullback ([Lej21] Definition
1.5, Corollary 2.18]).

Remark 4.1.4. The category cShv(X, D) has a canonical symmetric monoidal structure. The subcat-
egory cShv 4 (X, D) is stable under this tensor product.

Let Exita be the exit-path category of [Lurl7l, Appendix A.6]. Let Enters := Exit9.
Remark 4.1.5. A symmetic monoidal functor D1 — D2 induces a symmetric monoidal functor
c¢Shva(X,D1) — cShva(X,Ds).
Theorem 4.1.6. [Lej21] Corollary 3.12] For X — A € StratTop we have
Fun(Exita, D) 2 Shva (X, D),
Fun(Enter 4, D) 2 cShv4 (X, D).
For a map of A-stratified spaces f : X =Y we have an obvious functor
(4.2) f : Entera(X) — Entera(X),

such that the diagram

Fun(Entera(Y),D) — Fun(Entera (X)), D)

| |

¢Shv (¥, D) ————— cShva(X, D).
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is commutative. Also, the diagram

Fun(Enter4(X),D) —— Fun(Entera(Y)), D)

Lo
cShv4 (X, D) —_— cShva(y, D).

is commutative, where the top arrow is given by the left Kan extension along .
Example 4.1.7. When A is trivial, we have Entera 2 X5P¢, and

cShva(X, D) = lim D =: LS(X, D).
XSpe

4.2. Lax global sections of a constructible cosheaf of categories.
Notation 4.2.1. Denote by DGCat the (00, 2)-category of DG categories.
Definition 4.2.2. For an (00, 2)-category D, define

(4.3) ¢Shv 4 (X, D)'*"" .= Fun(Enter 4, D)™™

where the right-hand side is constructed in [CEF25, Construction 4.5]. This is the (00, 2)-category of
constructible cosheaves valued in D and lax natural transformations.

Example 4.2.3. Informally, an arrow
F1 — Fa € cShva (X, D)'=mat

is the data of a natural transformation in D

Firo — Fiy

|~

Foo — Foy
for every specialization x ~~ y.
Notation 4.2.4. Denote by

Vectx € cShva(X,DGCat) ™™ := Fun(Enter 4, DGCat)"™"*

the constant functor with values Vect € DGCat.

Theorem 4.2.5. [AGH24l Theorem 3.5.4] For any scaled simplicial set S there is an equivalence of
(00, 2)-categories
2 — coCart /g 2 Fun(S, BiCatoo )™,

where coCart s stands for an (0o, 2)-category of 2-coCartesian fibrations and maps of scaled simplicial
sets over S.

Lemma 4.2.6. We have an equivalence of categories
End ghy , (x,DGCat)laxnat (Vect x ) = ¢Shva (X, Vect).
Proof. By Proposition [£:2.5] we have
End ghy , (x,DGCat)laxnat (Vect x ) = Fulipy, (Bater 4, BiCato, )laxnat (xx, Vectx ) = Fun(Enter 4, Vect),
where * is the point space. But by Theorem
Fun(Enter a, Vect) 2 c¢Shv a (X, Vect).

Remark 4.2.7. By Verdier duality ([Lurl?, Theorem 5.5.5.1]) we have
cShv 4 (X, Vect) 2 Shv 4 (X, Vect).
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Definition 4.2.8. For an object F € cShva(X,DGCat)'™™*  define its lax global sections as
I'*(X, F) := Funggp, , (x.pGCatwsnat (Vect x, F).
Remark 4.2.9. By Lemma I'**(X, F) is acted on by cShva(X, Vect) = Shva (X, Vect).
Remark 4.2.10. Let F be the coCartesian fibration corresponding to
F € c¢Shva (X, DGCat)'>"at

by Proposition[{.2.5 Then
T (X, F) 2 Sect/nter 4 (F).

4.3. Comparison of I'* (X, —) with ©x, 4. Let us first recall the construction of
Ox,4 : cShv4(X,DGCat) — cShv 4 (X, Vect) -mod(DGCat).

from [CEF21] 6.2].

Notation 4.3.1. Let DGCaton; denote the pith of the (oo, 2)-category DGCaty,, -
The coCartesian fibration

(4.4) DGCatonj — DGCat

induces a coCartesian fibration

(4.5) Fun(Enter 4, DGCatonj) — Fun(Enter 4, DGCat).

The latter corresponds to a functor

(4.6) Fun(Enter 4, DGCat) — Cat .

Since under Grothendieck construction symmetric monoidal coCartesian fibrations correspond to lax
symmetric monoidal functors ([Ram22, Theorem 2.1]), the functor (4.6 upgrades to

(4.7) ©x,4 : Fun(Entera, DGCat) — ¢Shv 4 (X, Vect) -mod(DGCat).
Lemma 4.3.2. The functor I'* (X, =) precomposed with
¢Shv 4 (X, DGCat) — cShv 4 (X, DGCat)"™"*

consides with ©x a.

Proof. The functor identifies with
(4.8) Fun(Enter 4, DGCat)vec; , ; — Fun(Enter 4, DGCat).
Therefore the functor is described as

F = Sect /Enter 4 (.7:—)7
where F be the coCartesian fibration corresponding to F. This coincides with the description in
Remark The comparison directly upgrades to c¢Shv 4 (X, Vect)-module categories. a
Construction 4.3.3. Construct a diagram

fSet -+ DGCat

as follows. For I € fSet, the corresponding DG category is P(Mc{isj,]:). Here

o fSet is the category of finite sets with surjective maps,
° Miisj C M7 the open subspace consisting of I-tuples of disjoint points.
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Let us now describe the connecting functors
[(Misj, F) — D(Mgig, F)
for a: I - J € fSet. Note that
M7 — M!
MdJisj Méisj’
and choose a tubular neighborhood Uy of M(;Iisj in M. Then the connecting functor is defined as the
composition

F(Md1§J7 —> F(Mdmy]:)a

o /

F(Ua N Mdisja ]:)

where ¢1 and ¢2 are described as follows. The functor ¢1 is the natural restriction coming from the
fact that .7-"|M£_ s locally constant and thus also has a sheaf structure. The functor ¢2 is the natural
isj

induction using the cosheaf structure of F.
Example 4.3.4. Let M be such that its tangent bundle is trivial. Note that in that case
(4.9) Ua N Mg = M x [ ] Confy-a) -
jeJ

Then for F = Aran with A € AlgEM the composition ¢2 o ¢1 coincides with the composition
(4.10) LS(Mi) @ A®T — LS(Ua N Miy) ® A®" — LS(Miy) ® A®7,
where the first map is the natural restriction, and the second map comes from the Epr-structure on A.
Corollary 4.3.5. [CEF21] Proposition 6.2.6] For F € cShva(X,DGCat), we have

'™ (Ran(M), F) 2 laxlimresses [(Maisj, F),
where the lax limit is taken over the diagram constructed in Construction[{.3.9

4.4. Comparison with factortization homology. Let C be a symmetric monoidal category. As-
sume tensor product on C' preserves colimits separately in each variable. Let M be a k-dimensional
manifold.

Theorem 4.4.1. [Luri7, Theorem 5.5.4.10, Proposition 5.4.5.15] The category of Easr-algebra objects
n C is equivalent to the category of C-valued constructible factorization cosheaves on Ran(M).

For A € Algg, (C) denote by Aran the corresponding cosheaf on Ran(M). Recall the following
description of of factorization (chiral) homology of A.

Theorem 4.4.2. [Lurl7, Theorem 5.5.4.14] Suppose that M is connected and A is locally constant.

Then we have a canonical equivalence in C:

A~ T(Ran(M), Aran).
M

Remark 4.4.3. For C = DGCat, we have
I'(Ran(M), Aran) = Funcgny , (x,pccat) (1x, ARan) = SeCt?Cﬁ?ﬁﬁA (ARan)

Corollary 4.4.4. [CF25 Construction 4.5, Proposition 4.6] For C = DGCat, a connected M and a
locally constant A, we have a natural fully faithful embedding

(4.11) / A — '™ (Ran(M), Aran).
M
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Remark 4.4.5. In the language of Comllary the subcategory is described as
{ar} € T"™(Ran(M), F) = laxlimseses T'(Mdisj, F),
such that for a: I — J € fSet the map
$1(ar) = ¢3'(ay)

is an isomorphism.

The following criterion for determining whether an object of Flax(Ran(M),ARan) lies inside the
factorization homology subcategory will be useful.

Proposition 4.4.6. Let A € Algg, (DGCat) be locally constant and M is connected. Assume in

addition that A is dualizable. Then for a € T"**(Ran(M), Aran), it lies in the subcategory if and
only if for every I € fSet and

. K V2 . K \
be Iﬂ»%glfSet ['(Misj, (A" )Ran) C laxlim— kesset I'(Maisjs A )Ran)

we have
(4.12) (ar, a2,av 0 @1 av(br)) = (d1(as), d1,av (b))
for every o : I — J € {Set, where (—, —) is the duality pairing.
Proof. By duality, criterion is equivalent to
((92,4v) " (ar), ¢1,av (b)) = (¢1(as), dr,av (b1)),
but (¢,4v)Y = ¢F, and we obtain the result by Remark d

5. BETTI QUANTUM LANLGANDS FUNCTOR VIA WHITTAKER COEFFICIENTS.

5.1. Construction of the local Whittaker coefficients functor. The goal of this subsection is to
construct the functor

(5.1) coeff'®® : Shv,,. nip (Bung) — Shv. ap,., (Gra, pwy)) ™,

where ARran is the stratification on Grg (., ) coming from stratification on Ran by number of distinct
points.

Proposition 5.1.1. Functor factors through the embedding
Shv i, Apan (GIGp(wx)) X C Shvi(Gra prwy)) VX
Proof. 1t suffices to show that for
F e ShvletriV,Nilp XT*X(a) (Blll’lG XX(G’))
and a € ARran, the sheaf
Coeffloc(]:)x(a) € Whit,g(G)X(a) C ShV,i(Grgyp(wX)’X(a))

is ULA with respect to the projection

Pa : GrG,p(wX),X(@ — X(a)
Denote by

(—, =) : Whit, (G) x(a) ®shv(x(a)) Whit_ +(G)x(a) = Shv(X(a))
the natural pairing induced from the pairing
ShVN(GI‘G,p(wX),Xw)) @Shv(X(a)) Shvf,ﬁ(GrG,p(wX%X(a)) — Shv(X(a))
given by
!
(F,G) = Pas(F @ G).
Let us identify : Whit, (G) x (o) with : Whit, «(G) x(a) as in [Ras16].
Note that to check that coeﬁlOC(F )X (a) 18 ULA with respect to p, it suffices to show that the functor

<C06ffloc(]:)x(a), 7) : Whit, (GerP(WX)sx(a)) — Shv(X(a)
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sends ULA objects with respect to p, to ULA object with respect to Id. Indeed, in that case the
functor

(coeff'*(F)x(a), —) ® Id : Whit . (G) x(a) ®Shv(x (a)) Whits(G)x(a) = Whits(G)x(a)
send ULA objects to ULA objects. However, the unit
u € Whit_«(G) x(a) shv(x(a)) White(G) x(a) C Shv(—)mx(Gra,pwy), X () Xx(a) GTG,pwx), X (a))
is ULA with respect to the projection to X (a), and we have
(coeft'** (F) x (ay, u) @ Id = coeff'* (F) x (a)-
Fix G € Whit(G) x(,) ULA with respect to p,. Note that by duality

(coeft'** (F) x(a), G) = (F, Poincu.co(G)) := Tx (a),«(F @ Poinc, co(G)),

where Tx(,) : Bung xX(a) — X(a) is the projection. By Corollary [3.2.7] and [AGK™22al Corollary
B.10.7] the sheaf Poinc. o (G) is ULA with respect to mx (). But since F has nilpotent singular support,

by Theorem [3.3.1) and [AGK™22al Corollary B.10.7] we get that

!

X (a),«(F @ Poinc,co(G))
is ULA with respect to Id, which finishes the proof. a
5.2. Quantum Fundamental Local Equivalence. One of the key ingredients in our construction
of the quantum Langlands functor will be the quantum version of the Fundamental Local Equivalence

(ﬂm, Theorem 6.1.4]). A recent result of Gaitsgory and Hayash provides the construction of
the functor in our setting:

Theorem 5.2.1. There ezists a canonical functor

(5.2) FLE : Shvy g, (Gre pwy)) VX = I'**(Ran, Rep, (G)).
We will need a stronger expected result:

Conjecture 3 (Gaitsgory, Lurie). The functor is an equivalence.

Remark 5.2.2. Let us describe explicitly what Conjecture [3 says. Recall from [CE21, Lemma 6.2.1]
(and Verdier duality [Lurl7, Theorem 5.5.5.1]) that Shv, ARM(Grg) is equivalent to the laz limit of
LS« (Grg, X(a)) for a € ARan, where the connecting functors are jija1 for a — b € Aran. Moreover, the
functors jbja,! send subcategories Whit,, x(4) to Whit, x ). In other words, the category Whit, can
also we described as a lax limit with connecting functors jéja’!.

On the other hand, recall the description of I'**(Ran, Rep,(G)) from Corollary In [GH25],
the authors prove that for every a € Aran the functor

Whit,., x(a) = I'(X (@), Rep, (G))

is an equivalence. Thus, Conjecture@ amounts to show that the map

R
(53) FLE(]b]aq!) - ¢2,Repq(é) © (bl,Repq(é)

is an equivalence.

Remark 5.2.3. The construction of the functor 5.2) from [GH25] (and the proof that the functor is
equivalence at a point) follows the strategy of [GL19]. Namely, it reduces to the know case of G =T as
follows. Gaitsgory and Hayash prove that

(5.4) I'**(Ran, Rep, (G)) = Q, -FactMod(A, -mod(I"**(Ran, Rep,;(T)))),
where the factorization algebra Qg is as in [GLI9|, and Aq := On,, is an algebra in
Rep(Tw) C Rep,(T).

Similarly, they prove that
(5.5) Whit, (G)ran = QY™ -FactMod(AY™" -mod(Whit, (T)ran))-
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Finally, they check that the factorization algebras Q4 and Q™™ and A, and AV™ correspond to one

another under the toric FLE.

5.3. Construction of the quantum Langlands functor in Betti context. Recall that in subsec-
tion [E.1] we constructed

(5.6) coeff'* : Shv,, nip (Bung) — Shv ap.. (Gra pwy)) %

We are now ready to prove our main result.
Theorem 5.3.1. The composition

FLE ocoeff*° : Shvs,nitp (Bung) — Shve g, (Gra,pwy)) X 22 T'**(Ran, Rep, (G))
factors through [, Rep,(G).
Notation 5.3.2. Denote the resulting functor
Shv nilp (Bung) — /X Rqu(é)

by L.

The result will follows from Propoosition and the following claim:
Proposition 5.3.3. In the notation of Construction for everya: I — J, G € Whit_, yr, and

I
F € Shvn@triv,Nilp xT* X1 (BunG x X )

we have

(5.7) <Coeff(]:)xgisj7¢2,z4v 0 ¢1,4v(G)) = (p1(coeff (F)x1 ), d1,4v(9))

dij
Proof. Rewrite by duality
(5.8) (coeff(]—")X&zisj , 2,4V 0 @1 av(G)) <<}—)Xa’asj ,Poincy co © ¢a, av © ¢1, av(G)).
By Corollary we can rewrite as
<(-F)Xa7iﬁjv¢2,AV 0 ¢1,4v 0 Poinc.,co(G)),
and by Theorem we further rewrite it as
(5.9) Car 0 ¢2,vect © <Z51,Vect<(}_)x(lhsj , Poinc. o (9)) x1,

!
where (—, =) xr :=7xr ,(— ® —). However, 1D agrees with
<¢1(C06H(F)X§isj)a¢l,flv (9))-

6. 2-FOURIER-MUKAI TRANSFORM AND THE QUANTUM LANGLANDS FUNCTOR.

6.1. Sheaves associated with automorphic and spectral categories. Let G be a semisimple
group. Consider categories

(6.1) Shv, niip (Bung)  and /X Repq(G).
We will now upgrade them to the elements

(6.2) Shv,; niip (Bung) € ShvCat(Gez, (X)) and /X Repq(G‘) € ShvCat(Ge,, (&) (X))
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6.1.1. The short exact sequence of groups

(6.3) 1226 —>G— Gaa — 1
induces a map

(6.4) Bung,, = Gez, (X).

Since Gez,(X) is discrete, the map (6.4) induces on Shv, nilp(Bunaa) the structure of a sheaf of
categories over Gez,, (X) denoted by Shv, niip(Bung).

6.1.2. To define
/ Repq ) € ShvCat(Ge,, (&) (X))

it suffices to upgrade the category Rep, (@)t
Repq(é) € ShvCat(B*mi(Q@)).

/x Repq(é)

will be defined as follows. For every affine S with a map

5:8 — Gem(é)(X)

Indeed, then

we set
s / Rep,(G)) = ps.g:Rep, (G),
Jx

where gs is the map corresponding to s and

SxX T> Gem(@)(X)

2

S.
Note that since B?7;(G) has only one equivalence class of points we have
(6.5) ShvCat(B’m1(G)) = QCoh(B7:1(G)),, ., -mod = Rep(m1 (G))conv -mod .

Here the first equivalence is given by the fiber at the trivial element of B%m; (G‘) Further, Fourier-Mukai
transform gives

(6.6) Rep(71(G))cony -mod = QCoh(Zg) -mod = ShvCat(Zg).
Moreover,

Zg =m(G)",
=)

ShvCat(Zg) = ShvCat(m1(G)").
Let us now define an element in ShvCat(m(G)Y) corresponding to
Repq(é) € ShvCat(B*m1(G)).

Note that 71(G) C Zgse, and thus

char(Zgec) - m1(G)".
Then consider the category Repq(G‘SC). For every V € Repq(ésc) we have a canonical decomposition

V= EBX@H(G)VVX’

which upgrades Repq(ésc) to an element in ShvCat (w1 (G)Y).
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6.2. 2-Fourier-Mukai transform and L. The goal of this subsection is to prove:

Theorem 6.2.1. There exists a natural functor

6.7) Shv. iy (Bung ) — 2-FM( / Rep, (G)) € ShvCat(Gez, (X))
- X
compatible with L.

Remark 6.2.2. The statement of Theorem [6.2.]] is equivalent to saying that there exists a natural
functor

(6.8) 2-FM(Shv iy (Bung)) — / Rep, (C) € ShvCat(Bm (G)

compatible with L.
Note that Fourier-Mukai equivalence induces
FM : Shv(Bunzg) =2 QCoh(Ge,, (&) (X)).
Taking the fiber of at the trivial gerbe o9 € Gez, (X) we get
Corollary 6.2.3. For F € Shv, nip(Bung) and M € Shv(Bunz,) we have
L(MxF) = FM(M)*L(F).
Proof of Theorem[6.2-1] Since the construction of L is of local nature, the proof will also go through a
local statement. Namely, note that we have the pairing of 2-Fourier-Mukai type
(6.9) Crzge6, XB’m(G) = B°G,,

which induces
2-FMRan : ShvCat(Grz, 26, ,Ran) = Sthat(B27rl (@)Ran)-

It is enough to show that there exists a functor

(6.10) Whit, (G)Ran — 2-FMpan (I (Ran, Rep, (G)))
compatible with FLE (5.2). Or, as in Remark [6.2.2] to show that there exists a functor
(6.11) 2-FMRan (Whits (G)Ran) — I'**(Ran, Rep, (G)) € ShvCat(B*m1(G))

compatible with FLE (5.2). The latter is equivalent to giving a functor
(6.12) 2-FMgan (Whitx (G)ran)go — I'™(Ran, Rep, (G)) _
- 8]

compatible with the action of Rep(m1(G))conv. By [GR24b] 8.11], the functor can be rewritten

as

(6.13) Whit(Gad)ran — I'(Ran, Rep, (Gsc))-

We get the functor from FLE . Let us check that (6.13]) is compatible with the action of
Rep(m1(G))conv = QCoh (71 (G)Y) = QCoh(Zg).

By Remark (and since the factorization algebras 2 and algebras A were independent of the center

of the group) it suffices to check that the special case of

(6.14) Shv(Grrg,_ Ran) — I'**(Ran, Rep;(T¢..))

is compatible with the action of QCoh(Zg Ran) = QCoh(71(G)¥an ). Here the action of QCoh(Zg Ran)

on the left-hand side of 1D is induced from the decomposition of GrTGad _Ran into connected compo-

nents, and the action of QCoh(71(G)%an) on the right-hand side of is given by the identification
of Eg-categories

Repq (TGSC) = AGSCa
where
A= Q*(B(Ts ).
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However, then the desired compatibility follows from the construction of (6.14) provided in
Section 7]. 0

7. APPLICATION: NON-VANISHING OF QUANTUM WHITTAKER COEFFICIENTS FOR ARBITRARY GROUPS.

As an application of Theorem [6.2.1] we are able to relax the condition on the center of G in the

results of [Bog25]:
Theorem 7.0.1. For any reductive group G, the functor

coeff'® : D, (Bung)"V™ "™ — Whit, (G)

18 conservative.
Proof. Follows from [Bog25, Theorem 6.3.1], [FR22] Proposition 2.5.4.1(4)] and Theorem a
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