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PREFACE TO THE
SECOND EDITION

It is a pleasure to take this opportunity to revise, correct, and update the original
edition of Function Theory of Several Complex Variables that was published in
1982. 1 find that, taking into account the developments of the last ten years, 1
have not fundamentally changed my view of what constitutes the foundations of
this subject. Accordingly, Chapters 1-8 have been changed only to the extent
of updating some references and correcting some errors. In the process, 1 have
been able to clarify and amplify certain passages.

Chapter 11 now briefly describes some of the ground-breaking work of
Lempert on the Kobayashi metric. We still do not understand its full significance;
but its impact on the subject is undeniable. This chapter now also includes a
brief introduction to the concept of finite type and its connections with mapping
theory. It concludes with a quick introduction to complex analytic dynamics.
I am grateful to J. E. Fornaess for providing me with an outline of this latter
material.

The new Chapter 9 treats what I call “constructive methods.” By this I
mean the solution of the inner functions problem and the attendant techniques
(developed by Forstneric, Lgw, Rudin, and Ryll-Wojtacek) for constructing holo-
morphic functions and mappings with specified characteristics. Although the
initial surge of activity following the solution of the inner functions problem has
subsided, I think that the long-term effects of this methodology will prove to be
substantial.

Although there have been exciting developments in the theory of biholo-
morphic and proper mappings, this area rapidly degenerates into a zoology of
specialized results and technical methodologies. The methods of Bell are still
the most far-reaching in the subject; they provide a suitable introduction to
mappings for a first book on several complex variables. We have, accordingly,
retained that treatment in Chapter 11.

We might have said more about the 9-Neumann problem and Condition
R, but those are treated in detail in the forthcoming volume Partial Differential
Equations and Complexr Analysis by this author. The d-problem is treated in
Chapters 4 and 10 of the present book.

Next, a word about Chapter 1. Just as the Cauchy integral formula is the
driving force in the function theory of one complex variable, so I see integral for-
mulas as occupying a central position in the theory of several complex variables.
Much of the history of several complex variables could be interpreted as an ef-
fort to circumvent an inadequate understanding of integral formulas (indeed, we
now realize that we could have solved the Levi problem a long time ago if we

xiii
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xiv  Preface to the Second Edition

had had a good grip on the Cauchy-Fantappie formalism). We now have a firm
understanding of both the canonical and the constructible integral formulas on
strongly pseudoconvex domains—the most important domains in the subject.
Thus I believe that integral formulas deserve a prominent, indeed a motivating,
position in my exposition.

But many users, especially students, have found my Chapter 1 discourag-
ing. The heavy use of differential forms, together with the plethora of different
integral formulas, can be confusing to the neophyte. The good news is that one
can skip all of Chapter 1 (except for a glance at Sections 1.1 and 1.2) on a first
reading. There are only a few portions of Chapters 2 through 6 that depend
directly on the Bochner-Martinelli kernel or the Bergman projection, and the
reader may refer back to Chapter 1 for key ideas when they are needed. In
the end, the reader will certainly want to become well acquainted with Chap-
ter 1. But Chapters 0,2,3,4,5, and 6 by themselves constitute a self-contained
and logically presented first course in the function theory of several complex
variables.

Also a word about the references: We have made every effort to provide an
extensive bibliography. This should prove especially useful to those beginning
work in the subject. But it would foolish to claim that it is exhaustive. Even
allowing for limitations of the author, the unfortunate barriers to communication
that have existed between eastern Europe and the western world for so many
years (and which, fortunately, are now being removed) have the side effect that
the important contributions of the Russian and other schools tend to appear to
be minimized. Sincere apologies for any omissions in this wise.

It is a pleasure to thank the many friends and colleagues who have helped
me with this second edition. Eric Bedford and John D’Angelo have given me
permission to use exercises from courses they have taught. A number of people
have brought misprints and corrections in the first edition to my attention. I
mention particularly Gerardo Aladro, Andrew Balas, David Barrett, Eric Bed-
ford, Steven Bell, Harold Boas, Dan Burns, David Catlin, Urban Cegrell, Kevin
Clancey, John D’Angelo, Guy David, Katy Diaz, Fausto Di Biase, Peter Duren,
John E. Fornaess, Siqi Fu, Paul Gauthier, Estela Gavosto, Robert E. Greene,
Reese Harvey, Xiaojun Huang, Piotr Jakobczak, Marek Jarnicki, Morris Kalka,
S. Kobayashi, Jacob Korevaar, Mark Kruelle, John M. Lee, Eric Lgw, Bao Lu-
ong, Daowei Ma, John Millson, Alex Nagel, Marco Peloso, Wiestaw Plesniak,
John Polking, Walter Rudin, Stephen Semmes, Nancy Stanton, Lee Stout, Jim
Walker, Sid Webster, Jan Wiegerinck, H. H. Wu, and Chen Zhenhua. Jiye Yu
contributed several suggestions for the new edition. I am grateful to Richard
Laugesen, Marco Peloso, Paul Vojta, and Tomasz Wolniewicz for reading much
of the new edition inch by inch and helping to correct both the mathematics and
the exposition. Responsibility for all remaining errors resides, of course, entirely
with me.

—S. G. K.
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PREFACE TO THE
FIRST EDITION

The strong interplay between harmonic analysis and the theory of several com-
plex variables (hereinafter referred to as SCV) that has come about in the last
20 years has stimulated desire for a text that introduces the classically oriented
analyst to holomorphic functions on C™. This is such a text. It is addressed
to those with an interest in partial differential equations, Fourier analysis, and
integral operators.

The organization of the material is accordingly function-theoretic. The
omission of certain topics (e.g., analytic spaces, the proofs of Cartan’s theorems
A and B) also reflects the prejudice toward classical analysis. We have included a
detailed chapter and a half on sheaf cohomology, written strictly for the ingénue,
but this material may be safely skipped with no loss in continuity.

Novelties in the text include discussions of the Szegt and Bergman kernels,
peaking functions for algebras of holomorphic functions, the Henkin integral for-
mulas and estimates for the 0 equation, foliation by complex analytic varieties,
the Fefferman mapping theorem, invariant metrics, the characterization of the
ball by its automorphism group, the notion of admissible convergence of H?
functions, the edge-of-the-wedge theorem, nonisotropic Lipschitz spaces, exten-
sion phenomena, and a detailed discussion of convexity. Since this is a text, there
are many examples and exercises. Analogies and nonanalogies are drawn with
the one-variable theory {e.g., there are infinitely many Cauchy integral formulas
in SCV, whereas there is only one in the classical one-variable theory). Several-
variable phenomena are examined from the one-variable point of view (e.g., why
is every open subset of C pseudoconvex?). Chapter 0 consists of a long expo-
sition of the differences between one and several complex variables. Numerous
open problems (e.g., the inner functions problem, the biholomorphic mapping
problem, the corona problem) are considered in both the text and the exercises.
Much of the material in Chapters 5 and 7 through 10 has never appeared in book
form.

The exercises are of two kinds. The ones in the body of the text are fairly
routine. Some consist of “details left to the reader,” whereas others contain ad-
ditional ideas. The Miscellaneous Exercises at the end of each chapter are highly
nonuniform in character and difficulty. Some are straightforward whereas others
are fairly challenging. Some exposit results from published or unpublished pa-
pers (references are included). Others are results from the mathematical folklore.
Difficult exercises are distinguished by an asterisk ().

In places this book is computational: We have computed the behavior of
a convex domain under a biholomorphic map, computed detailed examples of

XV
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xvi Preface to the First Edition

pseudoconvex domains, constructed smoothly varying peak functions on strong
pseudoconvex domains, computed numerous integral formulas, and computed
estimates for the 0 operator. The purpose of these computations is to force the
reader to do some work. We hope this feature will facilitate the reader’s rapid
and serious involvement in the subject. Also, we wish to provide a repository
for several calculations that are not readily available elsewhere.

As do all books, this one makes certain demands on the reader. We assume
familiarity with the elements of real variable theory, measure theory, one complex
variable, and functional analysis. We adopt the custom of using the same letter
to denote constants whose specific values may change from line to line (to which
fact the unaccustomed reader must become acclimated). What is perhaps more
significant is that this book uses the theory of differential forms consistently and
from the very outset. We expect, however, only that the reader should have an
acquaintance with differential forms at the level of advanced calculus. The only
way to gain facility with the language of forms is to apply it, and this is the ideal
subject in which to do so. Based on experience in teaching this subject, we have
included appendices (which are both ad hoc and extremely terse) on the four
prerequisites with which students seem to experience the greatest discomfort:
manifolds, surface measure, exterior algebra, and differential forms.

A few comments on the organization of the book are in order. Chapters
0 through 5 constitute a basic course in the analytic parts of several complex
variables theory. Chapter 6 and Sections 7.1 through 7.3 contain the rudiments
of the algebraic theory. Sections 7.4, 7.5, and Chapters 8 through 10 are dessert.
They contain more advanced topics in harmonic analysis, partial differential
equations, differential geometry, and holomorphic mapping theory. These topics
may be read selectively and in almost any order.

Many of the results in this book have been supplied with names (suggestive
of the mathematicians who proved them), and many corresponding references
have been given. This bibliographic work is not based on an exhaustive search
of the literature and is not meant to be complete. It is meant only to help the
reader begin to explore the vast number of research papers in existence. Any
omissions of references or failure to attribute theorems reflects only my ignorance
and not any malicious design.

—Steven G. Krantz
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0O An Introduction to the Subject

0.1 Preliminaries

The following standard notation will be used: R denotes the real numbers; C
denotes the complex numbers; (1, ...,zy) denotes an element of RY; and

(21, zn) = (1 + 91, Tn +5Un) = (21,1, -+ 1 Tns Yn)

is an element of C™. The partial differential operators on C™ given. by

9 _1(f9 ON L_y
8Zj_2 81,']' Zayj I e

will prove very useful. While at first perhaps puzzling in their form, these defi-
nitions are forced upon us by the logical requirements that

0 0
BZ]' % ’ 82]‘ zj ’
a
— 2 = O —_— = 0
6zj “k ’ sz Zs ’
and, when j # k,
0 o
_ = 0 — 7 =
0z, T 9z
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2 Chapter 0: An Introduction to the Subject

Likewise, we have the differentials

dz; =dz; +idy;, j=1,...,n,

dz; =dz; —idy;, j=1,...,n

o AN
<d2],a—zj'>—1, <dZ],8—Zj>—1,
) AN
<d2'j,8—2k>-—0, <d2]',a—2k>—0,

0 _ 0
<de,a—Zk>=0, <dZ],8—2k>=0

Next, since we shall deal with a great many integrals on both RY and C7,
we introduce the standard Euclidean volume form on C" (in perhaps slightly
unfamiliar notation):

Notice that

and, when j # k,

AV (z) = dVy(z) = (%)n (dzy Adz) A+ A (dZn A den)

1 n
= (§;> (2idzy Adyr) A .. A (28 dzn, Adyy)

(d.’L’l A dyl) AL A (da:n A dyn)

The symbol dV is also used to denote the usual Euclidean volume on RY.

We shall have occasion throughout this book to use many standard concepts
from the classical function theory of one complex variable: Cauchy integrals, nor-
mal families, power series, and so forth will be used virtually without comment.
The classic text Ahlfors [1] is a good reference for these matters. However, all
several complex variables concepts will be defined and developed here from first
principles.

If 2% € C*,r > 0, then define the open ball

B(*,r)={z€C":|z-2% <r}
and the open polydisc

D" r)={2€C": |z —z;)l <rj=1,...,n}
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0.1. Preliminaries 3

If P € C and r > 0, then D(P,r) denotes the disc {z € C: |z — P| < r}. We
reserve the symbol D for the unit disc D(0,1). The notations B(z°,7), D™(z°,7)
denote, respectively, the closures of B(2%,7), D™(2%,7). We will also will have
occasion to consider polydiscs of the form

D(z1,71) X -+ - X D(zpn,70n),

but shall introduce no special notation for them at this time.

Any theory of functions of several variables requires multi-index notation.
Let Zt = {0,1,2,...},N = {1,2,3,...}. A multi-inder « is an element of (Z*)".
If o = (ay,...,0,) is a multi-index, w = (wy, ..., w,), then

o = Qp,

n ?

— -1 -
= wpooowy,

(&) - )
&)

Also, ol = oyl -l and o] = Y a; > 0. If @, 8 € (Z1)", then o < § means
that a; < f; for all j (and similarly for a < 3).

Finally, we consider differential forms on C*. For any j > 1, let o € (Z1)7.
Then dz® = dzo, A+ ANdzy, and dZ® = dz,, A -+ A dZ,;. There is a similar
notation for real forms. If & = (aq,. .., ;) is a multi-index used to index a form
(rather than a derivative), dz* = dzq, A--- Adz,,, then |of denotes j, the length
of a. Context will make clear which meaning of |o/ is intended.

The theory of functions of one complex variable is old and well developed.
Many theorems are proved on fairly arbitrary domains. The function theory of
several complex variables is a much younger one; correspondingly, we are not at
a stage where we can profitably study domains with pathological boundaries. In
most (but not all) contexts in this book, we shall restrict attention to bounded
open sets with some boundary regularity. Our terminology is as follows. A
domain is a connected open set. A domain Q in RV (resp. C") with boundary
99 is said to have C* boundary, k& > 1, if there is a k times continuously
differentiable function p defined on a neighborhood U of the boundary of 2 such
that

w w‘lll...w

a. QNU ={zeU :p(z) <0}
b. Vp # 0 on the boundary of .

We call the function p a C* defining function for Q. It is an exercise with the
implicit function theorem to see that, for £ > 1, has a C* defining function if
and only if 99 is a C* manifold. See Hirsch [1] for more on these matters.
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4 Chapter 0: An Introduction to the Subject

This definition is so important that it bears some discussion. It is intuitively
appealing to think of the C* boundary of a domain Q C RY as locally the graph
of a C* function. That is, if P € 0, then we select a neighborhood Up > P

in RY and a Euclidean coordinate system t,...,ty on Up, so that the positive
ty-axis points into the domain. We say that 9 is locally the graph of the C*
function ¢p(ti,...,tn-1) if

IONUp = {(tl,...,tNﬁl,(ﬁp(tl,...,tN,l)) S Up}

Then, on Up, the role of the defining function p is played by pp(t) =
dp{t1,...,tn—1) — ty. A defining function on a neighborhood of all of 9 is
obtained by using a partition of unity to patch together the local defining func-
tions.

The concept of defining function p allows us to avoid (the somewhat ar-
tificial) reference to local coordinates when describing a boundary. Along with
guaranteeing that the boundary is a C* manifold, the condition that Vp # 0 im-
plies that Vp will be a nontrivial outward normal to the boundary at each point.
The books J. Munkres [1] and M. Hirsch [1] give a thorough treatment of these
ideas. Appendix I also treats other methods of thinking about C* boundaries.

Note in passing that once a defining function is given on a neighborhood of
the boundary of a domain, it is then a simple matter, using a partition of unity,
to extend the defining function to all of space. It is sometimes convenient for
us to assume that our defining function is given on all of space, and we do so
without comment.

0.2 What is a Holomorphic Function?

Now we can begin our study of the function theory of several complex variables.
How shall we define the concept of holomorphic (i.e., analytic) function? Let us
restrict attention to functions f : @ — C, Q a domain in C”, that are locally
integrable (denoted f € Ll ). That is, we assume that [, |f(2)|dV(z) < oo
for each compact subset K of . In particular, in order to avoid aberratious,
we shall only discuss functions that are distributions (to see what happens to
function theory when such a standing hypothesis is not enforced, see the work
of E. R. Hedrick {1]). Distribution theory will not, however, play an explicit role
in this book.

We now offer four plausible definitions of holomorphic function on a domain

QCCnr.
DEFINITION I A function f: Q — C is holomorphic if foreach j=1,...,n
and each fixed 21,...,25-1, 2j41,. .., 2, the function

Ci—> f(Zl,...,Zj_1,<,27+1,...,zn)
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0.3. Comparison of C! and C* 5

is holomorphic, in the classical one-variable sense, on the set
Dz, 251, %415 - 20) =16 € C i {21, 0,221, 2541, -, 2n) € Q).

In other words, we require that f be holomorphic in each variable separately.

DEFINITION II A function f : 2 — C that is continuously differentiable in

each complex variable separately on (2 is said to be holomorphic if f satisfies the

Cauchy-Riemann equations in each variable separately.

This is just another way of requiring that f be holomorphic in each variable
separately.

DEFINITION III A function f : Q@ — C is holomorphic (viz. complex ana-

Iytic) if for each 2% €  there is an r = r(2%) > 0 such that D"(2%,r) C Q and
f can be written as an absolutely and uniformly convergent power series

f(2) = aa(z = 2%)°
for all z € D"(2%,r).
DEFINITION IV~ Let f : £ — C be continuous in each variable separately

and locally bounded. The function f is said to be holomorphic if for each w € Q
there is an r = r(w) > 0 such that D™ (w,r) C Q and

1 £, 6n)
19 (2mi)r %C"_w" =r %C1~w1|*r (C1—21) - (Cn — 2n) Gy - dén

for all z € D™(w,r).

Fortunately Definitions 1-TV, as well as several other plausible definitions,
are equivalent. This matter is developed in detail in the next several sections.
We ask, for now, that the reader accept this fact in order to appreciate the
forthcoming overview of some of the important questions of the subject of several
complex variables.

In Section 1.2 we fix one formal definition of holomorphic function of several
variables and proceed logically from that definition.

0.3 Comparison of C! and C®

At a quick glance, one might be termpted to think of the analysis of several com-
plex variables (or several real variables, for that matter) as being essentially one
variable theory with the additional complication of multi-indices. This percep-
tion turns out to be incorrect. Deep new phenomena and profound (and as yet
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6 Chapter 0: An Introduction to the Subject

FIGURE 0.1

FIGURE 0.2

unsolved) problems present themselves in the theory of several variables. The
purpose of this section is to give the reader an appreciation for some of these
new features.

0.3.1 Domains of Holomorphy
Call an open set U C C" a domain of holomorphy if the following property holds:

There do not exist nonempty open sets Uy, Us, with Uy connected, Us ¢
U, Uy C Uy NU, such that for every holomorphic function h on U there
is a holomorphic Az on Us such that A = hgs on U;. (Refer to Figure 0.1).

The definition of domain of holomorphy is complicated because we must
allow for the possibility (when dealing with an arbitrary open set U rather than
a smooth domain Q) that U may intersect itself; see Figure 0.2. Setting aside
this technicality for the moment, we see that an open set U is not a domain
of holomorphy if there is an open set U that properly contains U and such
that every holomorphic function s on U analytically continues to a holomorphic
function h on U. Note that the open set U is not supposed to depend on h.

In the theory of holomorphic functions of one complex variable, every open
set is a domain of holomorphy. Here is a simple proof that the unit disc D C C
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0.3. Comparison of C' and C* 7

is a domain of holomorphy. Let
e .
— ¥
fo(Q) = 279¢%.
7=0

Then the series defining fo converges absolutely and uniformly on D by the
Weierstrass M-test. Therefore, it is continuous on D and holomorphic on D.
However the boundary function

o N
6 — E 2—jei279
=0

is the Weierstrass nowhere diflerentiable function (see Y. Katznelson [1]), so that
fo cannot be extended even differentiably, much less analytically, to a larger open
set. Since there exists one analytic function on D that cannot be continued to
a larger open set, it follows that D is a domain of holomorphy. Now if 2 is a
simply connected, smoothly bounded domain then, by the Riemann mapping
theorem, there is a conformal mapping ® : @ — D. By an old result of Painlevé
(see M. Tsuji [1] or S. Bell and S. G. Krantz [1]), the mapping @ continues to
be continuously differentiable from € to D. Likewise the mapping ®~! extends
to be continuously differentiable from D to Q. Then fy o ® is holomorphic on
Q and continuous on €, yet could not continue to be even differentiable on any
strictly larger open set. It follows that Q is a domain of holomorphy.

For the general case, let U be any connected open subset of C. Let {z;} C U
be a sequence of points that has no accumulation point in U but that accumulates
at every boundary point of U (the reader may construct such a sequence by
exploiting the distance function to the boundary). By Weierstrass’s theorem (see
subsection 0.3.4) there is a nonconstant analytic function h on U that vanishes
at each z; and nowhere else. If h were to analytically continue to an analytic
function h on some strictly larger open set U, then it would necessarily hold
that U contains a boundary point P of U. But then h would have zero set with
interior accumulation point P. It follows that h = 0, which is a contradiction.
Thus U is a domain of holomorphy.

The situation in several complex variables is decidedly different. Some open
sets are trivially domains of holomorphy; if

Q= D?*0,1) C C?,

then let fy be the function on the disc that we constructed above and set
w(z1,22) = fo(z1) - fo(z2). This function is clearly analytic in Q and does not
analytically continue to any strictly larger open set. If this simple product con-
struction were the only way to construct domains of holomorphy in several vari-
ables, then there would be little justification for studying this subject. But, in
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8 Chapter 0: An Introduction to the Subject

fact, the characterization of domains of holomorphy in several complex variables
is quite subtle.

It turns out that the unit ball B(0,1) C C™ is a domain of holomorphy,
but is not a product domain. The proof of this statement requires considerable
ingenuity, and we shall explore it later. The important lesson now is that not
all domains in several complex variables are domains of holomorphy. We now
explain this important discovery of F. Hartogs [1].

Let

Q = D%0,3)\ D*0,1) C C*

We claim that every holomorphic function on  analytically continues to the do-

main {2 = D?(0, 3). This assertion is a special case of a more general phenomenon

{the Kugelsatz) that we explore later. For now we give an ad hoc proof, using

only elementary one-variable facts about power series, of the continuation result.
Now let h be holomorphic on 2. For z; fixed, |z1| < 3, we write

oo

hzy(z2) = h(21,22) = Z a;(z1)7), (0.3.1.1)

j=—o0

where the coefficients of this Laurent expansion are given by

1 h(z1,¢)
aj(z1) = %]%:2 C;'H dag.

In particular, a;(z1) depends holomorphically on z; (by Morera’s theorem, for
instance). But a;(z1) = 0 for j < 0 and 1 < |z;1] < 3. Therefore, by analytic
continuation, a;(z;) = 0 for j < 0. But then the series expansion (0.3.1.1)
becomes

© .
> ai(21)
=0

and this series defines a holomorphic function h on all of D? (0,3) that agrees
with the original function A on Q. Thus 2 is not a domain of holomorphy—
all holomorphic functions on {2 continue to the larger domain D?(0,3). This
completes the proof of the “Hartogs extension phenomenon.”

One of the principal jobs for us in a basic course of several complex variables
is to solve the Levi problem: to characterize the domains of holomorphy in terms
of some geometric properties of the boundary (which should make no reference
to holomorphic functions on £2). This highly nontrivial problem was first solved
by K. Oka [1] for n = 2 and by H. Bremerman [1], F. Norguet [1], and K.
Oka [3] for n > 3. There are many useful approaches to the problem, including
the sheaf-theoretic methods of the authors just mentioned and the functional
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0.3. Comparison of C' and C* 9

analysis methods of A. Andreotti and H. Grauert [1], L. Ehrenpreis [1], Grauert
[2], and R. Narasimhan [2] (to name only a few). The Levi problem for complex
analytic manifolds and for analytic spaces has been solved by H. Grauert [1], R.
Narasimhan [2], R. Remmert and K. Stein [1], and others. These results are both
of theoretical interest and are extremely useful in applications. Further progress
on the Levi problem has been made by H. Skoda [2], J. P. Demailly [1], Y. T.
Siu [1], and others. A number of important problems still remain open.

The present text will present the partial differential equations approach
to the problem of characterizing domains of holomorphy. This technique has
been developed primarily by C. B. Morrey [1], J. J. Kohn [1], and L. Hérmander
[1], although modern contributions have been made by J. E. Fornass [1], R. M.
Range [3], and others. For the record, we note that the difficult part of char-
acterizing domains of holomorphy—namely, showing that a certain differential
geometric condition on the boundary is sufficient for a domain to be a domain of
holomorphy—is known as the Levi problem, in honor of E. E. Levi. This problem
will be enunciated in great detail in Chapters 3 and 5.

It turns out that all convex domains are domains of holomorphy. This
would be a lovely necessary and sufficient condition, for it is purely geometric
and makes no reference to holomorphicity. However convexity is not preserved
under holomorphic mappings: the domain D C C is convex, but its image un-
der the mapping ¢ — (4 + ¢)* is not. Thus some less rigid geometric condition
is required to characterize domains of holomorphy. We shall learn that there
is a biholomorphically invariant version of convexity, known as pseudoconvez-
ity, which characterizes domains of holomorphy. The notion of convexity will
command much of our attention in Chapters 3, 4, and 5. That is why we have
spent so much time discussing it now. It is the paradigm for a number of posi-
tivity conditions that play an important role in the complex analysis of several
variables.

We conclude this section by giving rather more brief coverage to several
other problems that distinguish several complex variables from one complex vari-
able.

0.3.2 Biholomorphic Mappings

The Riemann mapping theorem says that every proper, simply connected open
subset 2 of C is biholomorphic to the disc: that is, there is a one-to-one, onto,
holomorphic mapping @ : £ — D. (It is redundant to point out, but we do so
for the record, that such a mapping automatically has a holomorphic inverse.)
There is no analogue for this result in C*,n > 2. Indeed “most” (in the sense
of category) domains in C™ that are close to the ball—in any topology you like,
say, the C*° topology—are not biholomorphic to the ball. In fact the set of
biholomorphic equivalence classes, formed among domains close to the ball in
any reasonable sense, is uncountable in number {(see D. Burns, S. Shnider, and
R. Wells [1], and R. E. Greene and S. G. Krantz (1, 2}).
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10 Chapter 0: An Introduction to the Subject

Historically, the first result that suggested the failure of a Riemann map-
ping theorem in several complex variables was proved by Poincaré; he proved
that, in any dimension n > 2, the ball B(0,1) and the polydisc D"(0,1) are
not biholomorphic. Poincaré’s technique was to calculate the group of biholo-
morphic self-maps of each domain and to demonstrate that these groups are not
isomorphic as groups. We shall treat that proof and also some more modern,
geometric proofs.

The discussion in the preceding two paragraphs implies that there is no
canonical topologically trivial domain in C”*,n > 2, as there is in C! (namely, the
disc). This means that the analysis of holomorphic functions of several variables
depends on the domain in question. Even for topologically complex domains in
C!, the uniformization theorem (see H. Farkas and I. Kra [1]) often enables one
to reduce analytic questions on a planar domain to analytic questions on the
disc. This approach is explored in detail in S. Fisher [1]. But there is also no
uniformization theorem in several complex variables.

In spite of the complex state of affairs discussed in the last paragraph, there
has been some heartening progress made in the search for substitutes in several
variables for the Riemann mapping theorem. We mention particularly the work
of Fridman [3], L. Lempert [2], R. E. Greene and S. G. Krantz [1, 2], Daowei Ma
[1], and S. Semmes [1].

The subject of biholomorphic and, more generally, proper holomorphic
mappings has been an active area of research for the last 20 years. The most
fundamental question is the following: If €1, C C™ are open sets in C™ with
smooth boundaries and if ® : ; — {25 is a biholomorphic (resp. proper holomor-
phic) mapping, that is, ®(z) = (®1(z),. .., P, (2)) where each &, is holomorphic
and @ is one-to-one and onto (resp. each ®; is holomorphic and ®~!(K) is com-
pact in €y for each compact K in ).), is it true that ® extends to be a C*
mapping of Q; to Qy?

The answer to this last question is known to be yes in a number of important
cases. There are no known counterexamples. We discuss some of these matters
in detail in Section 11.4. Once the answer to this basic question is known to
be yes, then one might hope to calculate differential boundary invariants for
biholomorphic mappings. In turn, this will, in principle, allow one to identify
domains that are biholomorphically inequivalent, at least locally. There has been
some heartening progress in this program of Poincaré (see S. S. Chern and J.
Moser [1], and C. Fefferman [2]), and we shall touch on it in Chapter 11.

0.3.3 Zero Sets of Analytic Functions

If 2 C C" is a domain, f : & — C is holomorphic, and N(f) = {z € Q :
f(z) = 0}, then what properties (geometric, topological, or otherwise) does the
set Nq(f) have? In one complex variable, the Weierstrass theorem says that any
(denumerable) set S C £ without interior accumulation point is the zero set of
a holomorphic function. The converse is true as well and is rather trivial. A
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0.3. Comparison of C! and C* 11

more interesting question in one complex variable is to characterize the zero sets
of holomorphic functions satisfying a certain growth condition. For instance, let
H>(D) be the collection of bounded, holomerphic functions on the unit disc
D C C. Then a necessary and sufficient condition for {2;}%2; C D to be the zero
set of an f € H*(D) is that >_(1 — |2;]|) < c0.

Matters are vastly more complicated in the theory of several complex vari-
ables. The zeros of a holomorphic function f : C* — C, n > 2, are never
isolated. [If f had an isolated zero at z = 0, then 1/f would be holomorphic
on D"(0,3)\ D™(0,1) yet not continuable to D(0,3), contradicting the Hartogs
phenomenon.] Roughly speaking, the zero set of a holomorphic function of sev-
eral complex variables is no more complicated than the zero set of a holomorphic
polynomial of several variables (the Weierstrass preparation theorem, treated in
Chapter 6, makes this statement precise). Yet the study of zero sets of polyno-
mials of several variables is the principal subject of algebraic geometry, one of
the deepest branches of mathematics.

Speaking somewhat imprecisely, we may say that the zero set of a holo-
morphic function on a domain Q@ C C" is locally (but for an exceptional set of
lower dimension) a complex manifold of complex dimension (n — 1) (think about
what this says in dimension one!). To amplify and clarify this true, but rather
vague, description of a complex analytic variety is hard work (see R. C. Gunning
[2]). We shall say more about this matter in Chapters 6 and 7. Recently some
results have been obtained about zero sets for holomorphic functions satisfying
a growth condition, but they are hard to state and much more so to prove (see
G. M. Henkin [6], H. Skoda (3], N. Th. Varopoulos (1, 2, 3], W. Rudin (3]).

0.3.4 Divisors

Recall the Mittag-Lefller theorem of one complex variable theory.

THEOREM 0.3.1 (Mittag-Leffler) Let Q@ C C be a proper open subset
and {2;}22, C 2 a discrete set (no interior accumulation points). Let {f;} be
meromorphic in a neighborhood of z;, each j. Then there exists a meromorphic
function f on  such that f is analytic on 2\ {z; : j =1,2,...} and f— f; is
analytic near z; for each j.

Likewise, the Weierstrass theorem, which we mentioned earlier in this chap-
ter, is as follows:

THEOREM 0.3.2 (Weierstrass)  Let O, {z;}32; C {2 be as in the preced-
ing theorem. Let {k;} C Z. There is a meromorphic function f on {2, analytic
and nonzero off {z; : j = 1,2,...}, such that f(2)/(z — 2;)* is analytic and
nonzero near z;, each j.

It is of interest to have analogues of these theorems in the function theory
of several complex variables. Since we know from subsection 0.3.3 on zero sets of
holomorphic functions that the singularities of holomorphic functions are never
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12 Chapter 0: An Introduction to the Subject

isolated, it follows that there is difficulty in even formulating analogues of the
theorems.

Here is another way to phrase these types of problems. Let S C {2 have the
property that it is locally the zero set of an analytic function; that is, to each
w € S is associated a small open set §2,, C © and a holomorphic function f,, on
., such that

SNQy =Na, (fu)

Does it follow that there is a holomorphic function F' on £ with S = No(F)?
Problems formulated in this way lend themselves to solution by means of (the
known solutions of) the Cousin problems. The Cousin problems were a precursor
of sheaf theory.

Both sheaf theory and the Cousin problems will enter into our formulations
and our proofs of analogues of the Weierstrass and Mittag-Leffler theorems in
Chapters 6 and 7.

0.3.5 Factoring Holomorphic Functions

Let H°(D) be the space of bounded analytic functions on the unit disc. If
f € H>®(D), then (Section 8.1) it is possible to write f = F - B, where

1. F, B are analytic on D;
2. B is bounded by 1;
3. lim,_- B(re®) exists and has modulus 1 for almost every 6 € [0, 2r);

4. F is nonvanishing.

Stated crudely, F' carries the “size” of f, whereas B carries the zeros. It
turns out that B is a Blaschke product, a special case of the concept of “inner
function.” It is known (see L. A. Rubel and A. Shields [1]) that a factorization
like f = F - B is impossible in several complex variables. However there do
exist nonconstant inner functions: bounded analytic functions on the ball in
C” with unimodular radial boundary limits almost everywhere. In fact, it was
an open problem, studied intensely from 1965 until 1982, whether nonconstant
inner functions exist in dimensions greater than one. Most people, including
the original formulators of the problem (Rudin and Vitushkin), were convinced
that inner functions could not exist. A fairly large body of work was amassed to
support that belief. Rather surprisingly, Aleksandrov (1] and Legw [1] constructed
nonconstant inner functions in 1982.

While inner functions have proved a useful tool for constructing holomor-
phic functions with prescribed behavior (see W. Rudin [9] for an exhaustive
treatment), they have not provided the rich structure that inner functions and
Blaschke products have given us in dimension one (see K. Hoffman [1] for the
classical theory). In Chapter 9 we shall construct inner functions of several com-
plex variables and present related techniques in constructive function theory.
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0.3. Comparison of C! and C* 13

A related problem, also in the spirit of factoring holomorphic functions, is
ascribed to A. Gleason. For a domain 2 C C", any n, let A(Q2) denote the space
of functions that are continuous on € and holomorphic on Q. If f € A(D) and
f(0) = 0, then of course we can write f(z) = z - g(z), with g also an element
of A(D). Gleason proposed that the analogue in C™ should be that if f € A(B)
and f(0) = 0, then we can write

f(Z) =211 (Z) +-- ann(z)

with g; € A(B),j = 1,...,n. This result was proved not only for the ball, but
for convex domains with C? boundary, in Leibenzon [1]. It was proved for more
general domains in N. Kerzman [2], N. Kerzman and A. Nagel [1], N. Sibony and
J. Wermer [1], and J. E. Fornzss and N. @vrelid [1]. We will treat these matters
in Chapters 5, 7, and 10.

0.3.6 Domains of Convergence for Power Series

Consider the power series
oo
Y]
E a;z
=0

for z € C. It is elementary to see that there is an r,0 < r < o0, such that the
series converges absolutely and uniformly for |z| < 7 and diverges for |z| > r.
Observe that the domain of convergence is always a disc.

Matters are not so simple, geometrically speaking, in several variables. The
series

D (a1t )
§=0

converges absolutely and uniformly for |21 + 22| < 1 and diverges for |z; + 23] > 1.
However, the series
(o)
2 (a1 z)’
j=0

J

converges absolutely and uniformly for |z1-2z2| < 1 and diverges when |21 -2z2| > 1.
Finally, the series

oo
j
>4
=0

converges absolutely for |21] < 1,2o arbitrary and diverges for |z1] > 1, 22
arbitrary.
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14 Chapter 0: An Introduction to the Subject

Whereas in one complex variable the domain of convergence of a power
series is always a disc, in several complex variables the domain of convergence
does not have a simple geometric description. Since power series are central
to the way that we represent holomorphic functions, it is clearly of interest to
understand this matter. We shall address it in Chapter 2.

0.3.7 Extending Holomorphic Functions
Let B C C? be the unit ball and define

~ 1
d:Bﬂ{(zl,zQ)€C2:22:§}.

Of course d is just a copy of the disc D(0, \/?W) Suppose that ¢ is a holo-
morphic function of one complex variable on D(0, M) Then, by defining
f(z1, %) = ¢(z1), we can construct an analytic function on d. The question is:
Is ¢ necessarily the restriction to d of a function F on all of B? If ¢ is bounded,
can we find an F that is bounded?

In any program to construct holomorphic functions with specified prop-
erties, an affirmative answer to these questions would be useful. There is an
affirmative answer on the ball, and on any domain of holomorphy, but a great
deal of the machinery of several complex variables must be used to provide a
construction. [Note, in the example posed in the last paragraph, that the trivial
extension F(z1,2z2) = f(z1, 3) cannot work since it makes no sense for |z1| > ‘/75]
We shall explore methods for treating extension problems in Chapter 5.

Observe that the types of extension problems being discussed here are
trivial in complex dimension one.

0.3.8 Approximation Problems

Let Q C C™ be a domain and f : £ — C a holomorphic function. Let K C §2 be
compact. Is f the uniform limit, on K, of a sequence of functions holomorphic
on a neighborhood of Q7?

This is an example of what we call an approzimation problem. In one
complex variable, much is known. Two examples of classical results of this type
are as follows.

THEOREM 0.3.3 (Runge) Let Q2 C Cbe adomain. Let f be holomorphic
on 2 C Candlet K C Q be compact. Let n > 0. Then there is a rational function
(quotient of polynomials) r(z) with poles in °K such that

sup | f(¢) = (O] <.
K
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0.3. Comparison of C! and C* 15

THEOREM 0.3.4 (Mergelyan) Let K be a compact subset of C whose
complement in C is connected. Let f : K — C be continuous on K and holo-
morphic on the interior of K. Then f is the uniform limit on K of holomorphic
polynomials.

Notice that the hypotheses of both these theorems are purely topological
in nature. In several complex variables, to the limited extent that we have any
results of this type, the hypotheses depend on differential geometric data of
and K and also on how 2 and K are imbedded in space. Sections 5.4 and 10.4
treat these matters briefly.

0.3.9 The Cauchy-Riemann Equations

Let ¢ be a continuously differentiable function on a domain {2 in C and taking
values in C. Then ¢ is holomorphic if and only if (8/9¢)¢(¢) = 0. For if we write
¢ = ¢ + ipo—the decomposition of ¢ into its real and imaginary parts—then

ol 1/0 .0 .
a*g— 5(67[: +’La‘y> (¢1 +Z¢2)

1[04 Oy 1 /041 Op2
- 5(%‘@)*5’(8—@/*%)

Thus the condition that (8/8¢)$(¢) = 0 corresponds to the simultaneous van-
ishing of the real and imaginary parts of the displayed equations. But that is
just the classical Cauchy-Riemann equations for ¢.

It is of interest to be able to solve the inhomogeneous equation

ou
%=

when 1) is a given function on C, that is, say, C' with compact support. It turns
out {as we shall prove in the next chapter) that the formula

ERWRG
ue) = -5 [ o5 (e

always supplies a solution to this problem. However, even though 1 is compactly
supported, no solution of the equation du/9¢ = 1) can be compactly supported
if [¥(¢)dV(¢) # 0. For if there were a compactly supported u, say u(¢) = 0
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16 Chapter 0: An Introduction to the Subject

when || > R, that satisfied the equation, then

0 = ﬁ[g,:R u(€) de

(Stokes) Ou ~
/|'£|<R65(£) £ d

= 21
/KKR@/;@) dv ()
£ 0

if D(0, R} contains the support of 4. That is a contradiction.

Now the analogous problem in several complex variables is as follows: Let
P1,...,1%n be given functions that are in C!(C") (that is, C' with compact
support in C™). We seek a C? function u such that

o )
6_2]-_%’ ]—1,...,77,. (032)
Since
8%u . 9%y
Bijé‘ik N 82k32j’

it is clearly necessary, for (0.3.2) to have a solution, that

O _ O .

— = Il5,k=1,...,n.

82k 82] I’ a. J? ¥ * n

Subject to this compatibility condition, we shall prove in Section 1.1 that the
system is always solvable and a solution is given by

. 1 Qp’(zlw"7Z'717§7Z'+17"'7Zn)
u(e) =~ [ e av (),

for any choice of j = 1,...,n. This solution is always compactly supported when
the dimension n > 1. Suppose for simplicity that j = 1. Now 0u/0Z, = 1y = 0,
all £, when z is large. Thus u is holomorphic in each variable separately, hence
holomorphic, for z large—say when |z| > R. But, looking at the definition of v,
we see that u(z) itself must be zero when z is large. By analytic continuation,
u(z) = 0 on the unbounded component of “(U;suppt;) In other words, u is
compactly supported.

Although it is not evident now, it will become plain later that many of the
differences between the the function theories of one and several complex variables
can be accounted for by the support behavior of solutions of the inhomogeneous
Cauchy-Riemann equations. These equations will be a principal tool for us in
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0.3. Comparison of C! and C* 17

constructing holomorphic functions with specified properties. Since the theory
of one complex variable has so many other tools for constructing functions—
Blaschke products, Weierstrass products, Runge and Mittag-Lefller theorems,
and so on—the Cauchy-Riemann equations have played a less prominent role in
that subject. But in several complex variables these equations are central.

We now terminate this list of introductory problems, since the intended
point has been established—namely, we have seen that there are significant dif-
ferences between the theories of one and several complex variables, and we have
introduced a number of the problems to be considered in succeeding chapters.
We will see later that these problems are by no means disjoint; many of the same
tools are used to attack all of them. This is a reflection both of the beauty of
the subject and of the limited nature of our knowledge.
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1 Some Integral Formulas

Our mission in this chapter is a bit eccentric when compared to the mission of
other books on the subject. But it is well motivated: Whereas many classical
treatments of the function theory of one or several complex variables imply
by their presentation that complex analysis is a subject unto itself, with its
own language and its own notation, our point of view is rather different. We
demonstrate in this chapter that Stokes’s theorem is the first step and that
all our basic analytic tools follow from it. Thus our presentation will entail
the repetition of a bit of classical textbook material; for instance, we derive
Green’s theorem in N dimensions directly from Stokes's theorem. We derive
several important integral formulas using first principles directly from Green’s
theorem. We show that the classical Cauchy integral formula, and some of its
generalizations to several complex variables, is an aspect of Stokes’s theorem.
Although many of the steps of our treatment may be found in some form
in some other text (generally in a much more abstract setting), it is our purpose
here to present the entire development in a self-contained fashion, beginning with
ideas of advanced calculus. Since the function theory of several complex variables
can become rather abstract rather quickly, it is well to begin our journey with
concrete material such as this. For another quite concrete development, see W.
Rudin [7]. The reader who is impatient may safely skip Sections 1.3-1.6, referring
back to this material when necessary. We do encourage the impatient reader to
look over the material in Sections 1.1 and 1.2 before proceeding to Chapter 2.

1.1 The Bochner-Martinelli Formula

If w is a differential form on Q C R¥, then, in coordinates, w can be written as
a finite sum of terms of the form w,dz®, where « is a multi-index and w, is a
smooth function. Differential forms on C” may be written in this fashion also,
since C™ is canonically identified with R?”. However it is much more convenient
to use the complex notation introduced in Chapter 0. Thus if Q@ C C” and w
is a differential form on {2, then w is a sum of terms of the form wqgdz™ A dz?,

19
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20 Chapter 1: Some Integral Formulas

where a, 8 are multi-indices with |a| < n,|8] <n. If0 < p,¢ < n and

w = Z Wag 2% A dz?,
la|=p,|8l=¢

then w is said to be a differential form of type (or bidegree) (p, q).

In classical advanced calculus only a differential form of total degree m
may be integrated on a space or surface or manifold of (real) dimension m (see
Appendix 1V). Likewise, in our new notation, only forms of type (p,q) with
p+ g = m may be integrated on a space or surface or manifold of (real) dimension
m.

Ifw=3", 3wapdz® dz?, then we define

8w:zzaw;ﬁ dz; Adz® A dZP,

:En:Zawaﬁd Adz® AdZP.

a,f

Letting d denote the usual exterior differential operator on forms (see W. Rudin
[1], H. Federer [1], and Appendix IV), we see by a straightforward calculation
that d = 9+ 9.

Notice that when f is a C'! function (or (0,0) form), then

5 of
7

Since the differentials dZ; are linearly independent, we conclude that df =0on
Q if and only if 8f/8z; =0 for j = 1,...,n; that is, 9f = 0 on Q if and only if
f is holomorphic in each variable separately.

The language of differential forms is needed in order to formulate Stokes’s
theorem.

THEOREM 1.1.1 (Stokes) Let Q C C™ be a bounded open set with C'?
boundary. Let w be a differential form of bidegree (p,q) with coefficients in

C1(Q). Then
/ w = / dw = [ Ow + Ow.
0 Q Q

Standard references for Stokes’s theorem are W. Rudin [1] and G. de Rham
[1]. The Stokes’s theorem that we have recorded here is the standard one simply
expressed in complex notation.
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1.1. The Bochner-Martinelli Formula 21

The full Cauchy integral formula in C is a formula not just about holo-
morphic functions but about all continuously differentiable functions. We now
derive this more general result for all C™*, n > 1, and learn what consequences it
has for the function theory of both one and several variables.

DEFINITION 1.1.2  On C™ we let

w(z) = dz1 Adza A+ Ndzy,

n
Z(—l)j+12jd21 FANRIEWAN de,l A\ de+1 A A dZn
=1

=3

—~~
I

—r
Il

The form 7 is sometimes called the Leray form. We will often write w(Z) to mean
dz; A -+ A dz, and, likewise, n(Z) to mean Z?:l(—l)j“ijdil A= ANdZjor A
dZip 1 A+ A dzp.

The genesis of the Leray form is explained by the following lemma.

LEMMA 1.1.3 For any zg € C*, any € > 0, we have

/BB(zO,e) n(Z) ANw(z) = n/B(ZO,C) w(Z) A w(z).

Proof  Notice that dn(z) = dn(2) = nw(z). By Stokes’s theorem,

/63@0)6) n(z) Aw(z) = /B(ZD’E) dn(z) A w(2)].

Of course the expression in [ ] is saturated in dz’s, so, in the decomposition
d =0+ 9, only the term @ will not die. Thus the last line equals

(n(z wlz)=n w(z) ANw(z). O
fo, B A = [ ) ne)

B(z0%¢)

Remark: Notice that, by change of variables,

/}g(zo’e)w(z)/\w(z) = /B(Oye)w(i)/\w(z)
= &n /B o w(Z) A w(z).

A straightforward calculation shows that
/ w(2) Aw(z) = (=)™ . (2))™ - (volume of the unit ball in C* ~ R?"),
B(0,1)

where g(n) = [n(n — 1)]/2. We denote the value of this integral by W(n). O
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22 Chapter 1: Some Integral Formulas

THEOREM 1.1.4 (Bochner-Martinelli)  Let 2 C C" be a bounded do-
main with C! boundary. Let f € C*(Q). Then, for any z € (2, we have

_ 1 F(On(¢ - 2) ANw(()
=) = nW(n) Jaq IC — [

- nVVl(n) a |¢8f(§|)2n An(C = 2) Aw(C).

Proof Fix z € Q. We apply Stokes’s theorem to the form

F(On(€ = 2) Aw(d)

BO="

on the domain §2, . = Q\ B(z, €), where ¢ > 0 is chosen so small that B(z,¢€) C Q.
Note that Stokes’s theorem does not apply to forms that have a singularity; thus
we may not apply the theorem to L, on any domain that contains the point
z in either its interior or its boundary. This observation helps to dictate the
form of the domain €2, .. As the proof develops, we shall see that it also helps to
determine the outcome of our calculation.

Notice that

0(Q,.c) = 0N UIB(z,¢€)

but that the two pieces are equipped with opposite orientations (Figure 1.1).
Thus, by Stokes,

/anLZ(o_/aB(z,e) L = /892,5 L:(¢)

_ / de(L.(0))- (1.1.4.1)
Qe

Notice that we consider z to be fixed and ¢ to be the variable. Now

deL.(() = 0OcL:(¢)
0f(¢) An(¢ ~ 2) Aw(S)

¢ — 2>

Zac <|C_Z|2.n> w(¢) Aw(C)- (1.1.4.2)
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1.1. The Bochner-Martinelli Formula

FIGURE 1.1
Observing that
9 ( G =% ) S S TRl
8¢ NI =27 ) = 10— 2P ~ "¢ — 2P

we find that the second term on the far right of (1.1.4.2) dies and we have

9f(Q) An(¢ — 2) Aw(()
¢ — 2 '

d( L, (O =

Substituting this identity into (1.1.4.1) yields

23

/.@@—/‘ LAQ=/ f(Q) Anl¢ — 2) Awl¢) (1.1.4.3)
o0 8B(z,€) Qe

¢ — 2>

Next we remark that

_ (¢ ~ 2) Aw(()
/83(2,6) L (C) B f(Z) -/BB(z,e) lc - z|2n
(F¢) = f(2)n(C — 2) Aw({)
* /amz,e) =2
= T+ Ts. (1144)

Since | f(¢) — f(2)| < C|¢— 2| (and since each term of (¢ —z) has a factor of some
(¢; — z;)), it follows that the integrand of T5 is of size O(|¢ — z|) 7212 & ¢ =272,
Since the surface over which the integration is performed has area ~ €271, it

follows that T, — 0 as ¢ — 0.
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24 Chapter 1: Some Integral Formulas

By Lemma, 1.1.3, we also have

= ¢ f(z (- Aw
T = () /33@,6)”“ ) Aw(0)

= ne " f(2) w(¢) Aw(Q)

B(0,¢)
= nWi(n)f(z). (1.1.4.5)

Finally, (1.1.4.3)—(1.1.4.5) yield that

L.(0)) = nW(m)( srvn [T~ o)
([,20) b= [, eron[Ee

Since

O(I¢ — 2|72+,

-

the last integral is absolutely convergent as ¢ — 0% (remember that Of is
bounded). Thus we finally have

1 o
1= 375 oy 21O~ sy [, 2108 it et

This is the Bochner-Martinelli formula. O

COROLLARY 1.1.5 Tt Q C C is a bounded domain with C"' boundary and if
f € CY{(Q), then, for any z € Q,

)= L /6 FQ) 4o L /Q (OF/) 4 pac.

2nt Jaq (— 2 2mi (—=z

Proof It is necessary only to note that, when n =1,

w(¢) = d¢, n(~2)=C(-2 and nW(n)=2mi. o

COROLLARY 1.1.6 With hypotheses as in Corollary 1.1.5 and the additional
assumption that 8f = 0 on 2, we have

BIG

271 BQC_Z

f(z) = dg.
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1.1. The Bochner-Martinelli Formula 25

Remark: Corollary 1.1.6 contains the familiar Cauchy integral formula from
analysis of one variable. It is a wonderful fluke of one-variable analysis that when
n = 1, the expression ({; — 2;)/|¢ — 2|* becomes ({ — 2)/|¢ — z|? = 1/(¢ — 2).
In particular, the kernel of the classical Cauchy integral formula is holomorphic
i z. This provides an important technique for creating holomorphic functions
(namely, integrating this kernel against a measure) in one-variable analysis that

at this stage is missing from multi-variable analysis. O

COROLLARY 1.1.7 1f  C C” is bounded and has C! boundary and if f €
CY(Q) and 8f = 0 on {2, then

1 F(On(€ —2) "
1) = v L T M€ (1.1.7.1)

It is rather surprising that the nonholomorphic kernel in (1.1.7.1) somehow
manages to reproduce d-closed, or holomorphic, functions. What makes (1.1.7.1)
of limited utility is that it does not create holomorphic (9-closed) functions.
Although it is true that the form

(¢~ 2)
= Aw((
¢ = M)

is O-closed in z for z # ¢ (in fact, this kernel is a fundamental solution for
the 0 operator—see R. Harvey and J. Polking [1]), it is not the case that this
expression is holomorphic in the free variable z unless n = 1. In other words, the
form is O-closed away from the singularity, but its coefficients, as functions, are
not holomorphic in z.

1t is a fairly recent development, primarily due to G. M. Henkin [2], E.
Ramirez (1], and H. Grauert and 1. Lieb [1], that fairly explicit holomorphic n-
dimensional reproducing kernels have been constructed (a nonconstructive way
to find such kernels is given in Sections 1.4 and 1.5). We consider these con-
structions in Chapters 5 and 10.

In spite of its limitations, a few useful facts can be gleaned from Corollary
1.1.7. In particular, one may check by differentiation under the integral sign
that a O-closed function is in fact C, indeed real analytic, on its domain of
definition because the integral kernel has these properties.

Now we derive the explicit integral solution formula for the inhomogeneous
Cauchy-Riemann equations that we discussed in subsection 0.3.9. We will see
that the holomorphicity of the one-dimensional Cauchy kernel will play an im-
portant role in the derivation of this formula. First we give a careful definition
of the support of a form.

DEFINITION 1.1.8  If X is a differential form on RY or C", then the support
of A, written supp A, is the complement of the union of all open sets on which
the coefficients of A vanish identically.
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26
Let ¢y € C(C). The function defined by

THEOREM 1.1.9
1 v = 1
u _—_—,/—£ Cd§/\d§_ ng Cde)

satisfies
= ou
Bu(¢) = 5£(0) 4 = () dC.
Proof Let D(0, R) be a large disc that contains the support of 4. Then
ou _ _ 1o [3©
6_5(0 = TImal Jet—¢ d€ N dE
10 [+
B _271'28C_/ dé 1 dg
R o ]
= )T dENdE
oY
L oc ) 8 A de.

27 Jpo,ry €€

By Corollary 1.1.5, this last equals
YO e~ y(c).

1
vie) - 2mi /6D(O,R) §—¢
O

Here we have used the support condition on . This is the result that we wish

to prove.
Recall now that the convolution of two L' functions on R¥ is defined by

(Fr9)e) = [ fla=va® avie) = [ o=@ ave)

The same notion applies in C* ~ R?". Let K(£) = —1/(n€) on C. Then Theorem
1.1.9 asserts that for any ¢ € C1, it holds that u({) = K * ¥({) satisfies

ou
50 =10
In other words,
oK
(%)=
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1.1. The Bochner-Martinelli Formula 27

for all ¥ € C¢°. Elementary distribution theory then implies that

oK _,
¢

the Dirac 6 mass at 0. In particular, dK/9( has no support away from 0, so
K must be holomorphic away from 0. Of course we can see by inspection that
this last assertion is true, but our argument shows that it is necessary for any
convolution kernel that solves the Cauchy-Riemann equations to be holomorphic
away from zero. (The reader who is adept at distribution theory can give an
alternative proof of Theorem 1.1.9 by showing directly that K /8¢ = § in the
sense of distributions.)

It is an important and nontrivial fact that the equation 0K/3( = & has
an analogue in several complex variables, where the role of K is played by the
Bochner-Martinelli kernel. That is, the Bochner-Martinelli kernel is a funda-
mental solution for the d operator (see R. Harvey and J. Polking [1]). We shall
not explore this point of view further.

Now let us set up the machinery for studying the inhomogeneous Cauchy-
Riemann equations, or -problem, in several variables and see how things change.
The reader will want to refer back to the introductory material presented in
Section 0.3.

Let 9 be a (0,1) form on C™ with C} coefficients. We seek solutions u to
the equation

ou =1

where u should be (at least) a C* function on C™. If A is any form of type (p, q),
then

0=d’X=(8+0)°A=0* N+ (00 + 0N+ =T+ 1I+1I1.

Since [ is a form of type {p + 2,q),1II is a form of type (p+ 1,9+ 1), and I1]
is a form of type (p,q + 2), it follows that each of I,1I, and I1] must be zero.
We conclude that

0? =0, 9% =0, 00 +060=0.
Now if we apply the operator 0 to the equation Ju = 1 that we ‘wish to solve,
then we find that a necessary condition for its solvability is that 9y = 0.

Exercise for the Reader
1. Compare the compatibility conditions for the O-problem discovered in sub-
section 0.3.9 with the condition 8¢ = 0 that we just determined to see that
they say the same thing.
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28 Chapter 1: Some Integral Formulas

2. Begin with Theorem 1.1.4 and attempt to imitate the proof of Theorem 1.1.9
to find a solution operator for the 8-problem in several complex variables.
What sort of formula do you get?

3. The compatibility condition 0y = 0 is always trivially satisfied for (0,1)
forms in C!. Why?

We now present a formula that will solve the inhomogeneous d-equation
for compactly supported data in C™. Although we shall later learn that this is in
fact not the most interesting type of inhomogeneous Cauchy-Riemann equation
to solve, it still has some short-term utility.

THEOREM 1.1.10  Let ¢ = 7, ¢;(2) d2; be a (0,1) form on C", with
C} coefficients, that is d-closed. Then for any choice of j,1 < j < n, the function

1 wj(zla”wzjflaCaZj—i—l,-”azn) =
() = — d
u;(2) 277i[c = de A dg

satisfies Qu; = 1. For any j and j',1 < 7,7 < n, it holds that u; = u.
If n > 1, then the functions u; are compactly supported; indeed, u; =0 on
the connected component of ¢(supp ) that contains co.

Proof  The assertion about compact support was proved in subsection 0.3.9.
Given this, we note that the C' function u; — u;. is annihilated by 0; thus it is
holomorphic in each variable separately. Hence, because of its compact support,
it must be identically zero. It remains to prove the first assertion.

We write
19} 1 9 zpj(zl,...,zj,l,C%-zj,sz,...,zn) <
P - - d¢ Nd
0z Y (Z) 271 0z /C ¢ ¢ ¢
O
1 {21, 5221, 0+ 25,2501,y 2n) -
- 3Zl< 1 7—1 < 31 <j+1 )dC/\dC
27t Jo ¢
Ot
1 2ty 251, F 25,201,005 20)
- - | = ’ A dé A de.
2mi J¢ ¢

In this last equality we have exploited the compatibility condition 9y = 0.
For fixed z, let D(0,R) be a large disc in C that contains the support of

Y(21,- .-, Zj—1,"y Zj41,- -+, 2n). Then the last integral can be written as
e . )
_—}T oz, (z1,00125-1,8, Zj415 - - -, Zn) A dC.
27 Jp(o,R) C—z
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1.1. The Bochner-Martinelli Formula 29

Now the argument that we used to complete the proof of Theorem 1.1.9, using
Corollary 1.1.5, shows that this last expression equals 1,(z). In other words,

ng = ’Qb,

as required. O

Exercise for the Reader B
Use integration by parts to prove that if ¥ is a d-closed (0, 1) form in C” with
CF coefficients, k € N, then uy = --- = u, is a C* function.

The integral formulas that we have derived will have interesting applica-
tions that we will present in the next section. However, it turns out to be much
more important to solve the equation du = v on a domain Q when the data 1
are supported in (2, but not compactly so. The existence problem for this differ-
ential equation, subject to the usual compatibility condition that &y = 0 on €,
is a delicate one that is bound up with geometric properties of 9§2. In fact the
problem is essentially equivalent with the Levi problem—that is, the problem of
characterizing domains of holomorphy. A large part of this book is directed to
this circle of ideas.

The next exercise for the reader will utilize a piece of notation that will
prove useful throughout the remainder of this book. If U is an open set and £
is a subset of U, then we will write E CC U to mean that the closure of E in
space is a compact subset of U—in other words, the notation means that F is
relatively compact in U.

Exercise for the Reader

Let {f;}52, be a sequence of C ! functions on a domain Q CC C™ such that 8f; =
0 for each j and suppose that the sequence converges uniformly on compact sets
to a limit function f. Prove that the limit function f is C! and satisfies 8f = 0
on Q. (Hint: Apply the Bochner-Martinelli formula on a smoothly bounded
subdomain ' CC Q to the functions f;. By differentiating under the integral
sign, prove that f; — f in the C! topology on any subdomain " CC Q'.)

We conclude this section by giving a brief and informal discussion of the
role of the Bochner-Martinelli kernel as a fundamental solution for the Cauchy-
Riemann operator. (This discussion is not necessary for further reading of the
text, and those unfamiliar with distribution theory may wish to skip it.) Our
source for this material is Harvey and Polking [1], which is an excellent reference
for those interested in integral formulas (see also R. M. Range [3]).

If P is a linear partial differential operator, then a fundamental solution
for P is a function (or sometimes a distribution) K that satisfies

P(K) = 6.
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30 Chapter 1: Some Integral Formulas

Here ¢ is the Dirac mass at the origin. If ¢ is a C'°° function with compact
support, then define

u=¢x K.

It follows that
Pu)=¢*(PK)=¢+d=2¢. (1.1.11)

Thus, in some sense, K gives rise to a right inverse for P. This is the most
important feature of a fundamental solution. As previously noted, the Cauchy
kernel is a fundamental solution for the 8 operator in C*.

Because the Cauchy-Riemann equations are overdetermined in dimensions
greater than one, the notion of fundamental solution must then be modified.
That is, we can no longer expect to solve du = ¢ for any ¢; therefore, we replace
equation (1.1.11) by the chain homotopy formula (1.1.12). First we need a new
notion of convolution.

In Harvey and Polking [1], the notion of convolution is extended to forms
as follows. If

A= anpdz®AdZ®  B=Y bagdz* NdZ’
a,g .3

are differential forms, then we define the convolution of these forms to be

A#Bz/QA(z—C)/\B(().

In order to obtain maximum flexibility from this concept, we do not mandate
that (aepd¢® AdCP) A (bo pdC® A dCP') integrates to zero if either |a| +|o/| # n
or |B] + |8'| # n. If either of the sums is greater than n, then, of course, the
term dies. But if the sum is less than n, then we think of the form as living on a
lower-dimensional manifold (such as the boundary of the domain). The proper
language for these ideas is that of currents (see H. Federer [1]), but these are
beyond the scope of this book.

A form K on C” is called a fundamental solution for the 8 operator if, for
any form ¢ with smooth coefficients of compact support, it holds that

O(K#¢) + K#(04) = ¢. (1.1.12)

Notice that when ¢ is O-closed, then the second term on the left drops out and
(1.1.12) looks more like the classical formula (1.1.11) for a fundamental solution.
It can be checked that the Bochner-Martinelli kernel B, considered as a form
of type (n,n — 1), is a fundamental solution for the operator 0. In particular,
one can then prove that if ¢ is a 0-closed (0, 1) form with smooth coefficients of
compact support, then O(B # ¢) = ¢.
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1.2. Applications of Cauchy Theory 31

If one extends the foregoing concepts to forms with coefficients that are
distributions (that is, to currents), then one can apply the chain homotopy for-
mula to xn¢, where xq is the characteristic function for a domain 2 and ¢
is now smooth on € (not necessarily compactly supported inside). From these
considerations one can recover the Bochner-Martinelli formula of Theorem 1.1.4.

1.2 Applications of Cauchy Theory and
the 0 Equation

Now we fix once and for all a definition of holomorphic function in C* and
develop some elementary properties of these functions. We finesse for now some
niceties about minimal hypotheses on these functions. We shall see later, by a
theorem of F. Hartogs (much as Goursat proved for analytic functions of one
variable), that there is no loss to assume as we do that holomorphic functions
are C1.

DEFINITION 1.2.1 A C! function f defined on an open set U C C™ is said
to be holomorphicif f =0 on U.

THEOREM 1.2.2 (Cauchy Formula for Polydiscs) Let w € C" and
71,79, ...,Tn > 0. Suppose that f is continuous on D' (wy,71) X - -~ x DY (wy,7s)
and holomorphic on DY (wy,71) % -+ x D*(wpn, r,,). Then, for any z € D! (wq,71) %
-++ x DYwy,ry), it holds that

-1 J (ST ey
f(Z) - (27.‘.2)71 /ICn—wnIZTn /Cl~w1[—r1 (Cl — Zl) H. (Cn - Zn) dG an

Proof By repeated application of the one-variable Cauchy integral formula,
we obtain

f(z) .
1 f(zlyz27"'7zn—1,<’n)d
= 3 o
/l;n_znl—"'n

2mi (Cn - zn)
ii / f(zl,ZQP"aCnfl,Cn)
27TZ 27TZ [Cn_znlzrn Kn—l_zn—l =Tn—1 (C"—l - Zn—l)((:n - Zn)

1 f(Cb)C’n«)
- - d¢y - -d¢,.
(2mi)" /ICn—zn|=Tn /Icl—zll—h (¢t —z1) (Cn — 2n) Cr---dC O

an —1 an
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32 Chapter 1: Some Integral Formulas

COROLLARY 1.2.8 1If f is holomorphic on 2 C C™, then f is C* on (.

Proof  Apply the Cauchy integral formula on any closed polydisc contained
in . Then differentiate under the integral sign. a

COROLLARY 1.2.) 1f f is holomorphic on 2 C C", then f has a convergent
power series expansion about each element w € 2.

Proof  Assume without loss of generality that w = 0. Apply the theorem
on some D™(0,r) C Q. We may assume that » = 1. As in the corresponding
one-variable proof, write each ({; — z;) ™! as

o0

¢ H1- ZJC = Z ZJC

£=0

which converges for |szj_1[ < 1. o

Remark: The hypothesis that f € C(Q) in the definition of holomorphic
function was not used in the proof of the Cauchy integral formula for polydiscs.
However, to differentiate under the integral sign or to compute the power series
in Corollary 1.2.4, Fubini’s theorem must be applied. Therefore, one needs to
assume, for instance, that f is bounded on compact sets. Our hypothesis that
f € C' is much stronger than is needed.

Historically, holomorphic functions on 2 C C™ were defined to be functions
that are holomorphic in each variable separately and bounded on compact sets;
then the Cauchy integral for polydiscs implies that they are infinitely differen-
tiable. It was Hartogs who proved, in 1906, that the hypothesis of boundedness
on compacta is superfluous. His proof, using a lemma of Osgood and some sub-
harmonic function theory, is very ingenious and a bit difficult to fathom. To this
day there is not an essentially simpler proof. ]

To avoid interrupting the flow of this section, we now state Hartogs’s result,
but we isolate its proof in Section 2.4. This technical proof may be skipped with
no resulting loss in continuity.

THEOREM 1.2.5 (Hartogs) Let U C C” be an open set and f: U — C.
Suppose that for each j = 1,...,n and each fixed z1,...,2j-1,2j41,...,2n the
function

Cr flz,-- 221,80, 2501, -+ 2n)

is holomorphic, in the classical one-variable sense, on the set
U(Zl,...,Zj_172j+1,...,2n) = {C eC: (Zly---’Zj—17<-7zj+17-~7zn) S U}

Then f is continuous on U.
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Proof  Deferred to Section 2.4. O

Theorem 1.2.5 certainly solves our problem, for continuous functions are
bounded on compacta. We now know that all four definitions of holomorphic
function posited in Section 0.2 are equivalent. The reader should verify that this
is so.

Remark: The “real variable analogue” of Hartogs’s theorem is that a function

f:RY SR
such that
tr—>f(xl,...,:z:j_l,t,xjﬂ,...,xN)
is in C*°(R) for each j, and for each fixed set of z1,...,2;_1,j11,..., 2N, IS

continuous as a function on R¥. This assertion is false (it is even false if we
replace C™ by real analytic—see Krantz and Parkes [2]). The reader should
construct an example to see that this is the case.

The most one can say is that a function satisfying these hypotheses must
be in the (N — 1)5* Baire class. In particular, it will be measurable. (See C.
Kuratowski [1] for more on these matters.) a

The reader who has come this far will now be rewarded with our first truly
n-dimensional theorem using a typical d-argument. The scheme used here is
generally attributed to Ehrenpreis and to Serre.

THEOREM 1.2.6 (Hartogs’s Phenomenon Again) Let Q@ C C” be a
bounded domain, n > 1. Let K be a compact subset of { with the property that
Q\ K is connected. If f is holomorphic on {2\ K, then there is a holomorphic
F on 2 such that F|Q\K = f.

Proof Let ¢ be a function in C°(Q) that is identically 1 on a neighborhood
of K. Define

; (1-¢(2) - f(2) if zeQ\K,
f(z):{o if zeK.\

Then f € C®(9). Finally, set
¥(z) = 8f(2).

Then 1 satisfies the following crucial properties:

1. 1 has C' coefficients;
2. Oy = 02f =0;
3. supp v is a compact subset K of §2.
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34 Chapter 1: Some Integral Formulas

The first two of these properties are obvious, and the last follows because fis
holomorphic in © N (neighborhood of 92).

By Theorem 1.1.10, there is a function u € C°(C"), with support com-
pact in €, so that du = 1. In particular, the function u is identically 0 in a
neighborhood U of 8. We define F' = f — u. Then

OF =8f —Ou=v¢ —9 =0,
so F is holomoerphic on Q. Also, shrinking U if necessary,
Fl, = (f— l = ~| = .
o= (-w|, =], = o

Therefore, F agrees with f near 8. Since 2\ K is connected, we may conclude
by the uniqueness of analytic continuation that F' = f on €\ K. The proof is
complete. O

Remark: Let us examine this proof and see why it works. The idea is that f
is a C* extension of f to £2. It could not, in general, be holomorphic, because
it is identically 0 on K (which could have interior). What we hope is that we
can subtract a function u from f to make it holomorphic. That is, we want
O(f —u) =0 or Ou = .

The equation du = 1 has many solutions because 9 is a linear operator
with a large null space (all holomorphic functions). One solution is the function
f itself; but this would be a poor choice, since then f — u would be identically
zero. This is why it is so important that we be able to find a solution u with
support compact in ). For since f has support near 952, then f ~ u is not the
zero function and agrees with the original function f near 0€2. O

Exercises for the Reader
1. Construct a counterexample to Theorem 1.2.6 for the case n = 1. At what
crucial step does the proof break down?

2. Construct a counterexample to Theorem 1.2.6 for the case when 2\ K is
disconnected.

3. Let f be holomorphic on 2 C C*,n > 1. If v € C is a constant and § =
F~(y) # 0, then prove that the level set S is not contained in any compact
subset of 2.

4. Use Exercise 3 to formulate and prove versions of the maximum and mini-
mum principles for holomorphic functions of several variables.

5. Suppose that f is holomorphic on a bounded domain  and continuous on 2.
Use Exercise 3 or 4 to see that if 7 is a constant and f(z) = v for all z € 012,
then f = ~. (This is really a fact about harmonic functions—see Section
1.3. We have simply stumbled upon a convenient proof for holomorphic
functions.)
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6. Notice that the exercise at the end of Section 1.1 proves that the normal (that
is, uniform on compact sets) limit of holomorphic functions is holomorphic.
Give another proof using Theorem 1.2.2, Corollary 1.2.4, or Theorem 1.2.5.

1.3 Basic Properties of Harmonic Functions

One of the themes of this book is that one should not look at complex analysis,
either of one or of several complex variables, as a language unto itself. Rather,
it is a meeting ground of several different disciplines. When one encounters a
question or topic in this book, one should say “this works because holomorphic
functions are harmonic” or “this works because holomorphic functions are real
analytic,” and so forth. Only in this fashion can one keep the hierarchy of ideas
straight.

Many of the easy properties of holomorphic functions of several complex
variables, especially the ones that they share with holomorphic functions of one
complex variable, follow from the fact that they are harmonic. We explore
harmonic functions in space in the present section.

Let © C RY be a domain and f: 2 — C a C? function. We say that f is
harmonic if it satisfies the differential equation

N 82
j=1 2

(For the record, the Laplacian of differential geometry—that is, the Laplace-
Beltrami operator for the Euclidean metric—is the negative of our Laplacian.
In the study of eigenvalue asymptotics it is more convenient to work with the
positive operator —A.)

If Q C C and f is holomorphic on €, then f is harmonic because 0 = 99 f =
(1/4)(Af)dz A dz. Tt follows that a holomorphic function of several variables is
harmonic because it is holomorphic in each variable separately.

Familiarity with the basic properties of harmonic functions will be helpful
for motivation when reading what follows; but for completeness we provide a self-
contained treatment. As predicted at the beginning of this chapter, we begin by
deriving Green’s theorem from Stokes’s theorem.

THEOREM 1.3.1 Let Q C RY be a domain with C? boundary. Let do
denote area ((2N — 1)-dimensional Hausdorff) measure on 9Q0—see Appendix II.
Let v be the unit outward normal vector field on 9. Then, for any functions
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36 Chapter 1: Some Integral Formulas
u,v € C%(Q), we have

/ u(vv) —v(vu)do = /(uAv — vAu)dV.

90 Q

Proof  Write the volume form dV as dV = dz; A --- A dxy. By definition,
do = —v|dV, where | represents interior multiplication of the form dV by the
vector field v. (See H. Federer [1] for the concept of interior muitiplication; this
equality for do is in fact the key to Green’s theorem.) Notice that grad u— (vu)v
is orthogonal to v so that (gradu — (vu)v)] dV is zero when restricted to 9.

Therefore,
/ (vgradu)|dV = / (v(ru)v)| dV
890 a0
or
(vgradu)| dV — _/ v(vu) do. (1.3.1.1)
80 o0
Likewise,
/ (ugradv)|dV = —/ u(vv) do. (1.3.1.2)
o0 o0

We combine (1.3.1.1) and (1.3.1.2) and apply Stokes’s theorem to obtain
/ u(vv) —v(vu)do = / —(ugradv — v gradu}| dV
a0 80
= /Q —d[{ugradv — vgrad u}| dV]
= /Q [—du A (gradv| dV) + uAv dV]
- /Q [—dv A {gradu] dV) + vAudV]. (1.3.1.3)
Here we have used the facts that
—div(gradv)dV = Av - dV,
—div(gradu) dV = Au - dV,

and that, for any vector field X,

div X dV = (X,dV) = d(X | dV)

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



1.3. Basic Properties of Harmonic Functions 37

(this is essentially the definition of divergence and of interior multiplication—see
Federer [1, Section 4.1.6]).
Finally,

du A (gradv| dV) = < gradu, gradv > dV = dv A (gradu| dV).

Therefore, (1.3.1.3) becomes
/ (uAv — vAu) dV,
Q

and Green’s theorem is proved. 0

Although Stokes’s theorem and Green’s theorem are two different aspects
of the same phenomenon—the fundamental theorem of calculus in several vari-
ables—they have a different flavor. We particularly wish to note that in Stokes’s
theorem the boundary is oriented, whereas in Green’s theorem it is not.

Throughout this section the symbol 2 denotes a given C'? domain, v de-
notes the unit outward normal vector field to 912, and do is Euclidean area
measure on 9 (see Appendix IT). The symbol wy_; denotes the o-measure of
the (N — 1)-dimensional unit sphere in RY.

Many of the ensuing arguments come grosso modo from E. M. Stein and G.
Weiss [1], which is a good source for further information on harmonic functions.
See also M. Tsuji [1].

PROPOSITION 1.3.2 The fundamental solution for the Laplacian on RY, N >
2, is given by

_ | (2m) tlog|x| if N=2,
Ty(z) =T(z) = { (2 — N)flwxll_llxl—N—ﬂ i N> 2.

More precisely, for any ¢ € C2(RY), it holds that

/(A¢)F dv = ¢(0).

Remark: This result is so important that it merits discussion. The conclusion
of the proposition says that AI' = &y, the Dirac delta mass, in the weak (or
distribution) sense. In particular, AT(z) = 0 when x # 0. This assertion may
also be verified directly using calculus.

It is a straightforward exercise for the reader to derive from the proposition
the statement that if ¢ € C°(R"), then u = I * ¢ satisfies Au = ¢. Thus T is
the kernel for a solution operator of the Laplace operator. O

Proof of the Proposition: We do only the case N > 2. The case N = 2 has
the same substance but a different form, so we leave it for the reader (see also
0. Kellogg [1])

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



38 Chapter 1: Some Integral Formulas

<

FIGURE 1.2
Fix ¢ € C®(R¥) and a large ball B = B(0, R) C RY such that supp ¢ C

B(0, R). Let 0 < ¢ < R and apply Green’s theorem on the domain Q. = B(0, R)\
B(0,¢) with u =T and v = ¢. Then, since AT'(z) =0 for z # 0,

/QE(AQS)FdV = /QE(AqB)FdV—/QEqS-(AI‘)dV

/ {(vg) - T —¢-vT}do
8B(0,R)

+/ {(vd) T —¢-T}do
8B(0,€)

~ 0-¢(0) /a o T [ /8 o, 9T
+f RCOREOIRG do]

= 0—¢(O)/ vI'do +0(1) as € —07.
8B(0,¢)

We have used here the facts that T'(z) = ¢ |z|"V*? and 0(0B(0,¢)) = ¢’ - V1.
Letting € — 07 and noting that the outward normal vector field v to 89, at
points of 0B(0,¢) is oriented oppositely to v when thought of as the outward
normal vector field to 0B(0, €) itself (see Figure 1.2) gives

lig §O)wiLy) [ el M do(e)

/ (AQ)T dz
OB(0,¢)
#(0)

as desired. o
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1.3. Basic Properties of Harmonic Functions 39

LEMMA 1.8.3 1If u is harmonic on = B(zg,7) C RV and is C? on {, then

/ vudo = 0.
8B(zg,r)

Proof  Apply Green’s theorem with the functions u and v = 1 on the domain
. a

THEOREM 1.3.4  Let u be harmonic on a domain  C RY. Suppose that
B(P,7) C Q. Then

1

S@BIP, 1)) Jopiry M) 171 = 1)

Proof  We give the details for N > 2 only. Let 0 < ¢ <r and apply Green’s
theorem on the region Q. = B(P,r)\ B(P, ¢) with u the given harmonic function
and v = T'(z — P). The result is

0 = /uAv—vAudV
Q.

= {/aB(P,r) wI(z — P)do + /BB(P,e) uvl(z — P) do’}
—{LB(P,T)(VU)F(I ~ P)do+ /C,)B(Pﬁ)(’/u)r(w - P) da}.

Now the second expression in braces is equal to zero by Lemma 1.3.3, since
[(z — P) is constant on OB(P,r) and on OB(P,¢). Thus we have

0 = (-N+2)"Ywy_1)™* [(—N—}—Q)T_N‘H/a udo

B(Pr)
- (—N+2)6_N+1/ udo | .
OB(P,e)

The second expression inside the brackets tends, as ¢ — 0T, to
wn-1{N = 2)u(P).

We conclude that

(wy_1) LN /BB(P )u(x) do(z) = u(P). |
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40 Chapter 1: Some Integral Formulas

Exercise for the Reader
Supply the details for the proofs of Proposition 1.3.2 and Theorem 1.3.4 for the
case N = 2.

COROLLARY 1.3.5 (Mazimum Principle)  Let uw be a nonconstant, real-
valued harmonic function on a domain Q@ C RY. Then for every z € Q, it
holds that

u(z) < sup u(y).
ye2

Remark: There are several useful ways to restate the maximum principle.
One of these is the contrapositive statement: If u is real-valued harmonic on {2
and there is an z € Q such that u(z) = sup,cq u(y), then u is constant.

A slightly weaker statement is this: Assume that {2 is bounded. If u is
continuous on © and harmonic on , then maxp u = maxpq u. This statement
has a strong intuitive appeal. O

Proof of the Corollary: Let A = sup,cq u(y). We may as well suppose that
A is finite or else there is nothing to prove. Let S = {w € Q : u(w) = A}. We
will show that S is either empty or all of Q.

If S is not empty, let z € S. There exists a number 7y > 0 such that
B(x,79) C §2. Then for every 0 < r < rg, we have from the mean value property
that

1
TR g, ) = @) = 4
Since u < A, it follows that u is identically A on B(z, 7). Thus S is open. But §
is clearly closed since u is continuous. Since S is not empty and (by assumption)
Q) is connected, we conclude that S = ; hence v = A. This completes the
proof. O

COROLLARY 1.8.6 1If uy,uy are harmonic on Q cc RY and continuous on 2,
and if uilyg = ualyq , then uy = uz on {1

Remark: The corollary holds in particular for a holomorphic function on a
domain  in C” that is continuous on the closure. Compare with the exercises
following Theorem 1.2.6. 0O

Exercises for the Reader
1. Prove that if u is harmonic on Q@ C RV, P € Q, and B(P,r) C Q, then

1

BT gy U ) = WP

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



1.3. Basic Properties of Harmonic Functions 41

2. Prove that following trivial variant of Theorem 1.3.4. Under the same hy-
potheses,

! / u(P + ry)do(y) = u(P).
WN-1 J8B(0,1)

LEMMA 1.3.7 Let Q CR" be a domain and let u € C%(Q). For z € Q, define
the expression

2
U(z) = lim ¢ _1

— u(x +ry)do
el MURLCEROLE

(the limit exists because u € C?). Then

1
U(z) = N(Au)(m)
Proof By the chain rule we have
N

Uz = —— 3 /8 Oy doly).

WN_ Ox;:0xy,
N-1 =1 J9B(0,1) YHiC%k

When j # k, then oddness implies that fa B(0,1) YiVk do(y) = 0. Therefore,

0 u(x)

- 2 dol(y . 1.3.7.1
2/63(0 07 dx3 ( )

WN-—1

But observe that

N
y? do(y) —/ y2 do(y) = wn_
Z/83(01 ! 8B(0,1) Z ! ) !

so that

2 WN-1
y; do(y) = :
/63(0,1) ! N

Hence line (1.3.7.1) becomes Au(z)/N, as desired. a

THEOREM 1.3.8 If v is C? on a domain Q C RY and if for every z € Q
there is a sequence r; — 0 (possibly depending on x) such that

1

WN-1

/ w(z + ) do(y) = u(z),
8B(0,1)

then u is harmonic on Q.
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42 Chapter 1: Some Integral Formulas

Proof  If we use the notation from Lemma 1.3.7, then the hypothesis of the
theorem implies that U(z) =0 on © or Au = 0. Hence u is harmonic. O

Exercises for the Reader

1. If $ € C(RY) is radial (that is, ¢(z) = ¢(z') whenever |z| = |z’|) and
Jédr =1, let ¢(z) = e Ng(x/e). Prove that [ ¢.dz = 1.

2. Use Exercise 1 to show that if @ C RY is a domain and f € C(f2) then,
defining f.(z) = f * ¢(z) = [ f(z — t)¢(t) dt for € sufficiently small, it
holds that f. — f uniformly on compact subsets of Q (see Y. Katznelson [1]
or E. M. Stein and G. Weiss [1] for this type of argument).

3. Let f: Q — C be continuous on {2 and satisfy the mean value property on
every sphere contained in 2. Conclude that f.(z) = f(z) for z in a compact
subset of 2 and € small. Prove that f., hence f, is harmonic.

4. If {u,} is a sequence of harmonic functions on  C R that converges
normally on Q (i.e., uniformly on compacta), then the limit function v is
harmonic on €.

5. Prove Weyl’s lemma: If u is continuous on Q C RY and if u is a weak
solution of Laplace’s equation in the sense that

/quSdV:O

for all ¢ € C°(£2), then w is harmonic on €.

6. Conclude from Exercise 5 that a continuous function u : @ — C,Q C CV,
which is a weak solution of the Cauchy-Riemann equations, is in fact a bona
fide holomorphic function. )

7. The reader who knows some distribution theory can generalize Exercises 5
and 6 to the case where v is a distribution solution of either A or 8.

DEFINITION 1.3.9 (The Green’s Function)  Let  C RY be a bounded do-
main with C? boundary. A function G : (2 x Q) \ {diagonal} — R is the Green’s
function (for the Laplacian) on { if:

1. G is C? on Q x Q\ {diagonal} and, for any small € > 0, is C*>~¢ up to
(©2 x ) \ {diagonal};
2. AG(z,y)=0forz #y,y e
3. for each fixed z € Q the function G(z,y) + I'n(y — ) is harmonic as a
function of y € §2 (even at the point z);
4. G(z,Y)|,coq = 0 for each fixed z € (.
Remark: The reader should check that properties 1-4 uniquely determine the

function G. Notice that we have not yet asserted that Green’s functions exist;
this assertion is the content of Proposition 1.3.11.
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1.3. Basic Properties of Harmonic Functions 43

We also have not said much about the dependence of G on the z variable.
We shall learn in the exercises at the end of the chapter that G(z,y) is symmetric
in the variables z and y. DO

THEOREM 1.3.10 (Solution of the Dirichlet Problem) Let  C RY
be a bounded domain with C* boundary. Let f be a continuous function on Of2.

Then there exists a (unique) F' € C({2) such that F|,, = f and F is harmonic
on §2.

Remark: In case f is real, the function F' is constructed as a supremum of
subharmonic functions (see Section 2.1) whose boundary values do not exceed f
(this construction is called the Perron method). In particular, F' is constructed
in the abstract, not given by an explicit formula.

We shall not give a proof of Theorem 1.3.10, because the ideas involved
would lead us far afield. However these ideas are important and have played a
critical role in the development of analysis. We refer the reader to L. Ahlfors [1]
for details of the two-dimensional case and to P. Garabedian [1] and L. Bers, F.
John, and M. Schechter [1] for the higher-dimensional case. a

Given Theorem 1.3.10, we can now see that Green’s functions always exist:

PROPOSITION 1.3.11 Let © C RY be a bounded domain with C? boundary.
Then 2 has a Green’s function.

Proof Fix z € Q. Let fo(y) = — T'(y — 2)|,cpq - Let Fu(y) be the unique
solution to the Dirichlet problem with boundary data f.(y). Set G{z,y) =
—I'(y —z) — F,.(y). Then Properties (2)—(4) of the Green’s function follow imme-
diately. The smoothness assertion (Property 1) follows from regularity properties
of elliptic boundary value problems, and we shall not provide the details (see C.
B. Morrey [1] or L. Bers, F. John, and M. Schechter [1] or S. Krantz [19]). O

The reader should not be surprised to now learn that the Green’s function,
together with Green’s formula, gives us a new integral formula.

THEOREM 1.3.12 (Poisson Integral Formula) Let @ C RY be a
bounded domain with C? boundary. Let v represent the unit outward normal
vector field on 9. Let the Poisson kernel on € be the function

P(l‘,y) = _VyG(xay)'

If u € C(£2) is harmonic on 2, then

u(x) = Pz, y)uly)do(y) forall z € Q.
on

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.
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Proof  First assume that u € C*(Q). Fix z €  and a positive number € <
dist(z, 9§1). We apply Green’s formula on £, = Q\ B(z, €) with u(y) the given
harmonic function and v(y) = G(z,y). Then

o0,

/a G ) o)~ | Gl doty)

- / (8, Gz, v)) uly) AV () / G (,9) (Byu(y)) AV (y).

2 3

Since G{z, ) and u(-) are harmonic, the right side vanishes. Using the definition
of G{z,y) from the proof of Proposition 1.3.11, we may rewrite the last equation
as

/a vyG(z, y)uly) do(y)

€

= [ G yvuly) doly) - / Iz - y)vyuly) do(y)
80 dB(x,e€)

- / F, (y)vyu(y) do(y).
OB(z,€)

The first term on the right vanishes, since G(z,-)|,, = 0. The second vanishes,
because I'(x — ')|88(z o is constant and because of Lemma 1.3.3. The last term

vanishes as ¢ — 07, since the integrand is bounded.
Thus we have

/ (1, Gz, ) uly) do(y) = o(1)
9

/ G uwdrw) == [ (4,00 uly) doly) + o(1)
o2

OB(x,e€)

Recall that the unit outward normal to 92, at a point y € B(x,€) is the
negative of the unit outward normal to 9B(z, €) at y. With P(z,y) = —v,G(z,y),
we may now write

P(z,y)uly) do(y)

a0 /33(116) vy Gz, y)uly) do(y) + o(1)

- / v L(z — y)u(y) do(y)
aB(z,¢€)

4 /@ o U8 dot0) + 0(0).
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The second term on the right side of the last equation is o(1) as € — 07 because
the integrand is bounded. A now-familiar computation (see the proof of Theorem
1.1.4) then shows that the first term on the right tends to u(z). Letting e — 07,
we conclude that

u(z) = /a  Pla)uly) dof).

This is the Poisson integral formula when u € C%(Q).

To eliminate the hypothesis that u € C?(Q2), we exhaust 2 by relatively
compact, smoothly bounded subdomains €2; and apply the preceding result to
4 on Qj. A limiting argument then completes the proof. Details are left to the
interested reader. 0O

COROLLARY 1.3.18 For each fixed y € 99, P(z,y) is harmonic in z.

Proof  Of course, this follows from the previously noted fact that G(z,y) =

Gy, z).

An alternate proof may be obtained by noting that |, aa P(@,9)¢(y) do(y)
is a harmonic function of z for every ¢ € C(9€2). Now choose a sequence ¢; such
that ¢; do converges to 8, in the weak—x topology. [Use 1.3.10, 1.3.12, and the
Ascoli-Arzela theorem.] O

Exercise for the Reader
Why does a proof similar to the second proof of the corollary not suffice to imply
that the Bochner-Martinelli kernel is holomorphic?

The Poisson kernel can almost never be computed explicitly. However we
can compute it for the ball; later on we can exploit the explicit formula on the ball
to obtain sharp estimates for the kernel on a general domain. These estimates
suffice for most applications of the kernel. We begin with the following.

DEFINITION 1.3.14 (Kelvin Inversion)  Let the dimension N be at least two.
The Kelvin inversion on the domain RY \ {0} is the map

K :RY\ {0} — R™\ {0}

given by K(z) = z/|z|?. Notice that K = K.

PROPOSITION 1.5.15 Let the dimension N be at least two. If € is an open
subdomain of RY,0 ¢ , and if » is harmonic on 2, then

@ o]V (o K(x))

is harmonic on K (§2). Notice that in dimension two the prefactor |z| V*2 be-
comes 1.

Proof  Exercise for the reader (just compute). a
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THEOREM 1.3.16  The Poisson kernel for the ball {2 = B is given by

11— |z?

wy—1 |z —y|N

P(z,y) =

Proof We do the details only for N > 2. If we can construct the Green’s
function for the ball, then the rest is straightforward. A glance at the proof of
the existence of the Green’s function shows that the main obstacle is to construct
F,forz e B. Fixz € B. Set

—N+2

y
ly|?

Fay) =~y D (e~ K (1)) = ~wy’ 3 (2-N) "yl V2 o -

Now I'(z —y) is plainly harmonic on R™ \ {z}; hence, F,(y) is harmonic on
a neighborhood of B\ {0}. It may be checked directly that, in fact, F, is smooth
at 0, so it follows from the continuity of the derivative that F, is harmonic
on a neighborhood of B (alternatively, use the identity |y|~V2I'(z — K(y)) =
lz)]~N+2T(y — K(z))). Since the Kelvin transform K fixes 8B, it follows that

Fo( - )lap = —T'(x - )lap -

Thus F, is the function we seek, and the Green’s function for B must be

—N+2}

Y
r— 2

lyl?

~T(z—y)—Fu(y) = —wy',(2-N)* {l:v —y| TV — gy TV

Finally, by Theorem 1.3.12, the Poisson kernel for the ball is

P(z,y) = (Q_N)—lwﬁl—l
N _N42
0 _N42 ~N+2 Yy
XY yia—Rlz—y — |yl -
; ? 9y, {l | lyl?

N
1 - —-N+2 _
= et Y { (T -l 20— )
Jj=1

—N+2) N —N+2
- yl N, o — =
( 7 )W
-N
_ —N+2>[y,fzv+z _ Y
2 ly)? |

Er(eee) ()
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When y € 9B, this yields

P(z,y) = wz‘vil'lx—yI'N{W—w-y—IyIQIx—y|2
N N
= D il — )2+ )|
0=1j=1
= wyl -y ™{l-z-y-|z—yP+1-z-y}
_ -1 1— |zl
TN g TV
This is the desired result. O

Exercise for the Reader
Prove Theorem 1.3.16 for the case N = 2.

PROPOSITION 1.3.17 The Poisson kernel for B C R" has the following prop-
erties:

1. P(z,y) = 0.
2. [opP(z,y)do(y) =1,allz € B.
3. For any 6 > 0, any fixed {; € 9B,
lim P(z,y)do(y) =0.
B32=Co J1¢o—y|>6

Proof Inequality 1 is obvious. Also, by the reproducing property of P and
the fact that P > 0, we have

1= /8 1 P(z,y) do(y) = |P(z, )| 1105, do).
B

As for Property 3, choose 0 < € < §/4. Then (o — y| > 6 and |z — (o] <
min(wy_1e¥ 1, §/2) imply that

1 1-|z|? 1 2uwy_eVtl
P z, = S * S €
@Y = T Ty S oy 62"
uniformly in |¢p — y| > d. The result follows. O
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THEOREM 1.3.18 (Poisson Integral for the Ball)  Let B C RY bethe
unit ball and f € C(0B). Then the function

F(z) = { ﬂ?g)P(xvy)f(y) da(y) ifif: f; z gB

is harmonic on B and continuous on B.

Proof  We already know that the Poisson kernel is harmonic in the z variable
by Corollary 1.3.13 (or, with the explicit formula on the ball, one can check this
directly). Therefore, by differentiating under the integral sign, F' is harmonic
on B. Since F is obviously continuous (indeed smooth) inside B and also is
continuous on 0B, it remains to check that if ( € 9B, then

Bgfgcf’f(x) = (9.

Let € > 0. Since f is uniformly continuous on 0B, we may find a § > 0
such that if £, € 9B and |£ — (| < 4, then |f({) — f(&)| < e. With this § fixed,

we write

Pi(z) - 1(Q) /a P@§)f()d(e) - 1)

_ / P(z, &)[F(€) - £(O))do(©).
OB

Here we have used part 2 of Proposition 1.3.17.
But this last equals

/ P, &)F(E) ~ F(Q))do(€)
OBN{|(—¢|<8}
+ P, )[/(€) ~ S(O)do() =T +11.
oBN{[¢—¢[>8}
Now |I] < € fy5 P(2,€) do(£) = € by the choice of 4. On the other hand,
|[11] < 2sup|f] P(z,£)do(§) — 0
aB " JoBn{ic—¢1>8)

as z — ( by part 3 of Proposition 1.3.17. This is what we wished to prove. O
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1.4. The Bergman Kernel 49

Exercises for the Reader
1. Give another proof of Theorem 1.3.18, using Theorems 1.3.10 and 1.3.12,
that involves no computation. This proof will be valid for any domain
with C? boundary.

2. Examine the proof of Theorem 1.3.18 to see that lim, _;- Pf(r() tends to
F(¢) uniformly in { € 9B when f € C(0B).

Remark: Let © C RY be any domain with C? boundary. It follows from the
maximum principle that G(z,y) > 0. Hence, by the Hopf lemma (Exercise 22 at
the end of the chapter), we conclude that P(z,y) > 0. Therefore, for each z € Q,
the argument in Proposition 1.3.17 shows that || P(z,-)||11(s0,d0) = 1. Thus, for
¢ € C(99), the functional

¢ | P(z,y)o(y)do(y)
519

is bounded. From this, Theorem 1.3.12, and the maximum principle, we have
the next result. O

PROPOSITION 1.3.19 The Poisson kernel for a C? domain € is uniquely de-
termined by the property that it is positive and solves the Dirichlet problem for
A.

1.4 The Bergman Kernel

We have already noted that it is difficult to create an explicit integral formula,
with holomorphic reproducing kernel, for holomorphic functions on a domain in
C™. Although we shall carry out such a construction on an important class of
domains in Chapter 5, we now examine one of several nonconstructive approaches
to this problem. This circle of ideas, due to S. Bergman [1] and to G. Szegd [1]
(some of the ideas presented here were anticipated by the thesis of S. Bochner
[1]), will later be seen to have profound applications to the boundary regularity
of holomorphic mappings.

In this section we will see some of the invariance properties of the Bergman
kernel. This will lead to the definition of the Bergman metric (in which all
biholomorphic mappings become isometries) and to such other canonical con-
structions as representative domains. The Bergman kernel has certain extremal
properties that make it a powerful tool in the theory of partial differential equa-
tions (see S. Bergman and M. Schiffer [1]). Also, the form of the singularity of
the Bergman kernel {calculable for some interesting classes of domains) explains
many phenomena of the theory of several complex variables (see Chapter 8 for
more on this matter).
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50 Chapter 1: Some Integral Formulas

1.4.1 General Properties of the Bergman Kernel

Let Q@ C C™ be a domain. Define the Bergman space

A%(Q) = {f holomorphic on 2 : / |f(2)]2dV(2)V/? = 1fllaz) < oo} .
Q

LEMMA 1.4.1 Let K C Q be compact. There is a constant Cx > 0, depending
on K and on n, such that

Su}lz IF(2)] < Ckliflla2 all f € A%(Q).
zE

Proof Since K is compact, there is an r(K) = r > 0 so that for any z €
K,B(z,7) C Q. Therefore, for each z € K and f € A%(Q), the first exercise
following Corollary 1.3.6 implies that

SO = Fa | Lo, OO

(V(B(z, T)))71/2||f||L2(B(z,r))

Cn)r~"|Ifll a2

Crllfllazc- ]
LEMMA 1.4.2 The space A%() is a Hilbert space with the inner product

(£,9) = Jo f(2)g9(2) dV (2).

Proof  Everything is clear except for completeness. Let {f;} C A% be a
sequence that is Cauchy in norm. Since L? is complete, there is an L? limit
function f. We need to see that f is holomorphic. But Lemma 1.4.1 yields that
norm convergence implies normal convergence. And the last exercise in Section
1.1 or Exercise 6 at the end of Section 1.2 yields that holomorphic functions are
closed under normal limits. Therefore, f is holomorphic and A%(Q) is complete.
O

LEMMA 1.4.8 For each fixed z € (2, the functional

1

I

1T VAN VAN

o, fr f2), feA* ()

is a continuous linear functional on A2(Q).

Proof This is immediate from Lemma 1.4.1 if we take K to be the singleton
{z}. O
We may now apply the Riesz representation theorem to see that there is

an element k,:€ A%($2) such that the linear functional ®, is represented by inner
product with k,: If f € A2(f2), then for all z € Q we have

f(2) = {f,kz)-
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1.4. The Bergman Kernel 51

DEFINITION 1.4.4  The Bergman kernel is the function K(z, ¢) = k,({),
z,¢ € . Tt has the reproducing property

1) = [ K010 dv(©), ¥f e 47@).

PROPOSITION 1.4.5 The Bergman kernel K(z,() is conjugate symmetric:
K(5¢) = K(G,2).

Proof By its very definition, K((,-) € A?(f2) for each fixed ¢. Therefore, the
reproducing property of the Bergman kernel gives

LK@@MQWW@zK@@

On the other hand,

/K@@K@ﬂﬁ%): /K@ﬁK@ﬂﬂ%)
Q

= K(Z7C):K(Z7C) o

PROPOSITION 1.4.6 The Bergman kernel is uniquely determined by the prop-
erties that it is an element of A?(Q) in z, is conjugate symmetric, and reproduces

A%(9).
Proof Let K'(z,({) be another such kernel. Then

K@o:=Km@=/Kv@mewm

- /K@ﬁﬁ@ﬂwm

~ K20 = K'(z0) o

Since L?(f) is a separable Hilbert space, then so is its subspace A2(£2).

Thus there is a complete orthonormal basis {¢;}52, for A*(£).

PROPOSITION 1.4.7 Let K be a compact subset of 2. Then the series
> 4i(2)4;(O)

=1

sums uniformly on K x K to the Bergman kernel K(z,().
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52 Chapter 1: Some Integral Formulas

Proof By the Riesz-Fischer and Riesz representation theorems, we obtain
1/2
sup (z o) = e,
z€EK
{2 }uzz 1

zeK
Zw
z€K

= sup |f(z)] <Ck. (1.4.7.1)
Il 52 =1
z€K

In the last inequality we have used Lemma 1.4.1. Therefore,

oo oo 1/2
> Jos(9,(0) < (erﬁ] z>n2) <Z|¢j(<>|2>

and the convergence is uniform over z,{ € K. For fixed z € , (1.4.7.1) shows
that {¢;(2)}52, € ¢*. Hence we have that ) ¢;(2)¢;(() € A%(Q?) as a function of
¢. Let the sum of the series be denoted by K'(z, (). Notice that K’ is conjugate
symmetric by its very definition. Also, for f € A%(Q), we have

[ KCOfQ a0 = Y0 00 = 10,

where convergence is in the Hilbert space topology. [Here f (7) is the jth Fourier
coeflicient of f with respect to the basis {¢,}.] But Hilbert space convergence
dominates pointwise convergence (Lemma 1.4.1), so

- / K'(z,0)f(Q)dV(Q), all f e A(Q).

Therefore, K’ is the Bergman kernel. m|

Remark: It is worth noting explicitly that the proof of 1.4.7 shows that

> $i(2)8;(0)

equals the Bergman kernel K(z,({) no matter what the choice of complete or-
thonormal basis {¢;} for A%(Q2). O
PROPOSITION 1.4.8 If Q is a bounded domain in C", then the mapping

P fH/K Q) av(e)
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1.4. The Bergman Kernel 53

is the Hilbert space orthogonal projection of L%(€), dV') onto A%(12).

Proof  Notice that P is idempotent and self-adjoint and that A%()) is pre-
cisely the set of elements of L? that are fixed by P. O

DEFINITION 1.4.9 Let 2 C C™ be a domain and let f : 2 — C” be a holo-
morphic mapping; that is, f(z) = (fi(2),..., fa(z)) with f1,..., f, holomorphic
on Q. Let w; = f;(z),j = 1,...,n. Then the holomorphic Jacobian matriz of f
is the matrix

6(w1,...,wn)

Jof = N2ty oy 2n)

Write z; = z; + iy;, wp = & +ing, 4,k = 1, ..., n. Then the real Jacobian
matriz of f is the matrix

8(5177717' .. 7£n7nn) ]
a(l’l, Yiy--- 7$nyyn)

PROPOSITION 1.4.10 With notation as in the definition, we have

Jrf =

det J]Rf = |det chlz

whenever f is a holomorphic mapping.

Proof  We exploit the functoriality of the Jacobian. Let w = (w1,...,w,) =
f(z) = (f1(2), ..., fn(2)). Write z; = z; + iy;,w; = &; +in;,7 = 1,...,n. Then,
by the definition of the Jacobian,

déi Adm A - ANdép Ndny, = (det Jpf(z,y))dzy Adyy A+~ Adzy, Ady,,.

(1.4.10.1)
On the other hand,
d§i Ndny A - ANdEy A dny,
1
1 -
= @ (det Jo f(z))(det Je f(2))dzy Adzi A=+ Adzy Adzy
7
= |det Jof(2)|?dwy Adyy A--- Adzy Ady,. (1.4.10.2)
Equating (1.4.10.1) and (1.4.10.2) gives the result. a
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54 Chapter 1: Some Integral Formulas

Exercise for the Reader

Prove Proposition 1.4.10 using only matrix theory (no differential forms). This
will give rise to a great appreciation for the theory of differential forms (see L.
Bers [1] for help).

Now we can prove the holomorphic implicit function theorem.
THEOREM 1.4.11  Let f;(w,2),7 = 1,...,m be holomorphic functions of

(w,2) = (w1, ..., wn), (21,...,2,)) near a point (w? 2%) € C™ x C*. Assume
that

fj(wo,zo) =0, j=1,...,m,

and that
det <%> #0 at (w?, 2%).

Owk / 5 ks
Then the system of equations
filw,2z) =0, j=1,...,m,

has a unique holomorphic solution w(z) in a neighborhood of 2° that satisfies

w(2%) = w°.

Proof  We rewrite the system of equations as
Re f;(w,2) =0, Im f;(w,2) =0

for the 2m real variables Rewy,Imwg,k = 1,...,m. By Proposition 1.4.10 the
determinant of the Jacobian over R of this new system is the modulus squared
of the determinant of the Jacobian over C of the old system. By our hypothesis,
this number is nonvanishing at the point (w', 2%). Therefore, the classical im-
plicit function theorem (see W. Rudin [1]) implies that there exist C! functions
we(z),k=1,...,m, with w(2%) = w® that solve the system. Our job is to show
that these functions are, in fact, holomorphic. When properly viewéd, this is
purely a problem of geometric algebra
Applying exterior differentiation to the equations

O:fj(w(z),z), jzl,-"7m7

yields that
6fj i Bf]
=df, = E 43 d E Z4J .
0 d] kli . wk+k1 dezk

There are no dz;’s and no dwy’s because the f;’s are holomorphic.
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The result now follows from linear algebra only: The hypothesis on the
determinant of the matrix (0f;/0wy) implies that we can solve for dwy, in terms
of dz;. Therefore, w is a holomorphic function on z. ]

A holomorphic mapping f : 21 — Q9 of domains 33 C C*, 0, C C™ is
said to be biholomorphic if it is one-to-one and onto and det J¢ f(z) # 0 for every
z e Ql.

Exercise for the Reader
Use Theorem 1.4.11 to prove that a biholomorphic mapping has a holomorphic
inverse (hence the name).

Remark: It is true, but not at all obvious, that the nonvanishing of the Jaco-
bian determinant is a superfluous condition in the definition of “biholomorphic
mapping;” that is, the non-vanishing of the Jacobian follows from the univalence
of the mapping. A proof of this assertion is sketched in Exercise 37 at the end
of Chapter 11. O

In what follows we denote the Bergman kernel for a given domain Q by
Kq.

PROPOSITION 1.4.12 Let Q1,5 be domains in C™. Let f : Q3 — s be
biholomorphic. Then

det J(Cf(z)KQ2(f(Z)a f(C))det J(Cf(g) = Kﬂl (Z’ C)
Proof Let ¢ € A%(Q). Then, by change of variable,

/Q det Je £ (2) Koy (f(2), £(0))det Te F(O)$(C) dV Q)

- /Q det J f(2) Ko, (£(2), O)det Jef(F1(0)8(f ()
xdet Jg f~H(C) dV (C).

By Proposition 1.4.10 this simplifies to

e @) [ Kau(52,0 { (a0 aes (@) o (770) f av@

Q3

By change of variables, the expression in braces is an element of A%(Q5). So the
reproducing property of Kq, applies, and the last line equals

det Jo f(2) (det Je f(2)) ™1 ¢ (F71(f(2))) = d(2).

By the uniqueness of the Bergman kernel, the proposition follows. O

PROPOSITION 1.4.13 For z € Q cC C”, it holds that Kq(z,z) > 0.
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Proof Now

Ka(z,2) = 3 1¢;(z) > 0.
j=1

If, in fact, K(z,z) = 0 for some z, then ¢;(z) = 0 for all j; hence f(z) = 0 for
every f € A%(Q). This is absurd. ]

DEFINITION 1.4.14  For any 2 C C™ we define a Hermitian metric on 2 by

2

This means that the square of the length of a tangent vector £ = (£1,...,&,) at
a point z € {2 is given by

Il = Z 9i5(2)&:&;.

The metric that we have defined is called the Bergman metric.

In a Hermitian metric {g;;}, the length of a C* curve 7 : [0, 1] — Q is given
by
1/2

)= [ | Taso0renn)

If P, @ are points of ©, then their distance do (P, Q) in the metric is defined to be
the infimum of the lengths of all piecewise C! curves connecting the two points.

It is not a priori obvious that the Bergman metric for a bounded domain
Q is given by a positive definite matrix at each point. We outline a proof of this
fact in Exercise 39 at the end of the chapter.

PROPOSITION 1.4.15 Let Q7,05 C C™ be domains and let f: £y — Qs be a
biholomorphic mapping. Then f induces an isometry of Bergman metrics:

113, = [(Jcf)élB,s2)

for all z € Q1,£ € C™. Equivalently, f induces an isometry of Bergman distances
in the sense that

Proof  This is a formal exercise, but we include it for completeness:

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



1.4. The Bergman Kernel 57
From the definitions, it suffices to check that

ng ) (Jef(2)w), (Jof(z)w Zgw (2)w;w, (1.4.15.1)

for all z € Q,w = (w1,...,w,) € C™. But by Proposition 1.4.12,

2

0
ngjl (Z) = 8zi2j logth(ZaZ)

= o o (et Je  (2) Ko (1(2). £}

2

~ o og Kau(f(:), £(2) a5

since log |det Jc f(2)[? is locally
log (det J¢ f) + log (det Jc f) + C

and hence is annihilated by the mixed second derivative. But (1.4.15.2) is nothing
other than

. 0fe(z) 0fm(2)
Zgifm(f(z»—a—zi—a—gj

Zm

and (1.4.15.1) follows. a

PROPOSITION 1.4.16 Let Q CC C™ be a domain. Let z € Q. Then

Kz = sp L s par

2
reaz(@) I NGz sz, =1

Proof Now

K(z,2)

I

Dol
(il{aj}ll@z 1 )Z d)] GJD

sup | f(2)I?,
“f”A2:1

fi

I
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by the Riesz-Fischer theorem. This equals

F()P
S AT .

We shall use this proposition in a moment. Meanwhile, we should like to
briefly mention some open problems connected with the Bergman kernel.

The Lu Qi-Keng Conjecture

We have already noticed that Kqo(z,z) > 0, all z € Q, any bounded (.
It is reasonable to ask whether Kq(z,() is ever equal to zero. In fact, vari-
ous geometric constructions connected with the Bergman metric and associated
biholomorphic invariants (which involve division by K) make it particularly de-
sirable that K be nonvanishing.

If Q = D, the unit disc, then explicit calculation (which we perform below)
shows that

1 1

hence, K(z,() is nonvanishing on D x D. Proposition 1.4.12 and the Riemann
mapping theorem then show that the Bergman kernel for any proper, simply
connected subdomain of C is nonvanishing.

The Bergman kernel for the annulus was studied in M. Skwarczynski [1]
and was seen to vanish at some points. It is shown in N. Suita and A. Yamada [1]
that that if Q C C is a multiply connected domain with smooth boundary, then
K¢ must vanish—this is proved by an analysis of differentials on the Riemann
surface consisting of the double of Q. By using the easy fact that the Bergman
kernel for a product domain is the product of the Bergman kernels (exercise),
we may conclude that any domain in C? of the form A x 2, where A is multiply
connected, has a Bergman kernel with zeros. The Lu Qi-Keng conjecture can be
formulated as follows:

Conjecture: A topologically trivial domain in C™ has nonvanishing Bergman
kernel.

It is known (R. E. Greene and S. G. Krantz [1, 2]) that a domain that is C™
sufficiently close to the ball in C™ has nonvanishing Bergman kernel. Also,
if a domain Q has Bergman kernel that is bounded from zero (and satisfies
a modest geometric condition), then all nearby domains have Bergman kernel
that is bounded from zero. Thus it came as a bit of a surprise when in H.
Boas [2] it was shown that there exist topologically trivial domains—even ones
with real analytic boundary and satisfying all reasonable additional geometric
conditions—for which the Bergman kernel has zeros. See also J. Wiegerinck [1],
where interesting ideas contributing to the solution of this problem first arose.
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Exercise for the Reader
The set of smoothly bounded domains for which the Lu Qi-Keng conjecture is
true is closed in the Hausdorff topology on domains.

1.4.2 Smoothness to the Boundary of Kg

It is of interest to know whether K¢ is smooth on 1 x . We can see from
the above formula for the Bergman kernel of the disc that Kp(z,z) blows up
as z — 1. In fact this property of blowing up prevails at any boundary point
of a domain at which there is a peaking function (apply Proposition 1.4.16 to
a high power of the peaking function). The reference T. Gamelin [1] contains
background information on peaking functions.

However, there is strong evidence that—as long as 2 is smoothly bounded—
on compact subsets of

QxQ\ (8 x ) N {z=(}),

the Bergman kernel will be smooth. For strongly convex domains (all boundary
curvatures are positive), this statement is true; its proof (see N. Kerzman [3])
uses deep and powerful methods of partial differential equations.

Perhaps the most central open problem in the function theory of several
complex variables is to prove that a biholomorphic mapping of two smoothly
bounded domains extends to a diffeomorphism of the closures (this topic is
treated in detail in Chapter 11). It is known (see S. Bell and H. Boas [1])
that a sufficient condition for this problem to have an affirmative answer on
a smoothly bounded domain @ C C” is that for any multi-index « there are
constants C = C, and m = m, such that the Bergman kernel K¢, satisfies

(83

—KQ(Z,C)i <C-da(C)™™

sup
2€8

0z«

for all ¢ € . Here dq{w) denotes the distance of the point w € € to the boundary
of the domain.

1.4.3 Calculating the Bergman Kernel

The Bergman kernel can almost never be calculated explicitly; unless the domain
Q has a great deal of symmetry—so that a useful orthonormal basis for A%(Q)
can be determined—there are few techniques for determining Kq.

In 1974 C. Fefferman [1] introduced a new technique for obtaining an
asymptotic expansion for the Bergman kernel on a large class of domains. (For
an alternate approach, see L. Boutet de Monvel and J. Sjéstrand [1].) This work
enabled rather explicit estimations of the Bergman metric and opened up an
entire branch of analysis on domains in C™* (see C. Fefferman [2], S. S. Chern
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and J. Moser [1], P. Klembeck [1], and R. E. Greene and S. G. Krantz [1-11],
for example).

The Bergman theory that we have presented here would be a bit hollow
if we did not at least calculate the kernel in a few instances. We complete the
section by addressing that task.

Restrict attention to the ball B C C”. The functions z%, o a multi-index,
are each in A?(B) and are pairwise orthogonal by the symmetry of the ball.
By the uniqueness of the power series expansion for an element of A2(B), the
elements z“ form a complete orthonormal system on B (their closed linear span
is A%(B)). Setting

1= [ RaveE)

we see that {2%/,/74} is a complete orthonornal system in A%(B). Thus, by
Proposition 1.4.7,

Koo = 328

Y

[¢3

If we want to calculate the Bergman kernel for the ball in closed form, we need to
calculate the ,’s. This requires some lemmas from real analysis. These lemmas
will be formulated and proved on R and By = {z € RY : |z| < 1}.

LEMMA 1.4.17 We have that

/ el gy = 1.
RN

Proof The case N = 1 is familiar from calculus (or see E. M. Stein and G.
Weiss [1]). For the N-dimensional case, write

_ 2 2 2
/ e el da:z/e mld;vl---/e TEN dx v
RN R R

and apply the one-dimensional result. ]

Let o be the unique rotationally invariant area measure on Sy_1 = 0By
(see Appendix 1I) and let wy_1 = o(0B).

LEMMA 1.4.18 We have

271_N/2
WN-1 = 572770y

[(N/2)

where

() =/ ==Lt gt
0

is Fuler’s gamma function.
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Proof  Introducing polar coordinates we have

>0
2 2
1= el gy = do e~ N1 gy
RN sN—1 0

1 00 dr
— e~ T TN iy
wWN—_1 0 T

Letting s = r? in this last integral and doing some obvious manipulations yields
the result. O

or

Now we return to B C C™. We set

n(k;):/ 1212 do, N(k):/ AlPEAv(z),  k=0,1,....
OB B
LEMMA 1.4.19 We have

2(k!) k!

ey A T

Proof  Polar coordinates show easily that n(k) = 2(k+n)N (k). So it is enough
to calculate N(k). Let z = (z1,29,...,2,) = (21, 2"). We write

/ P dV(z)
|z|<1

/ (/ |21 dV(zl)) v ()
J2']<l \J{z1]<4/1—]2'|?
= 271'/ / r2r dr dV ()
|z/]<1
|

0
1. 2Yk+1
= 27r/ (Chullc Wi
[2/]<1

n(k) = 7"

{

N(k)

il

2k +2
1
™ » n—
= mu)Qn,g‘/O‘ (1 — Tz)k+17"2 3 dr

1
it ds
— e 1— k+1_n—-1 %2
k12 3/0 (1= s o
vis
= e aBn—1,k+2),
20k + 1) 3B(n—1,k+2)

where 3 is the classical beta function of special function theory (see G. Carrier,
M. Crook, and C. Pearson [1] or E. Whittaker and G. Watson [1]). By a standard
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identity for the beta function, we then have

™ I{n~-DI'(k+2)
N(k) = 2+ 1) T+ k+1)
B 7 277~ T(n—1)T(k+2)
- 2(k+1)T(n~1) T'(n+k+1)
7"k
 (k+n)V
This is the desired result. ]

LEMMA 1.4.20 Let z € BC C™” and 0 < r < 1. The symbol 1 denotes the
point (1,0,...,0). Then

n! 1

KB(Z,’I"H) = F—(l—_'r_;l—)n—_,_l‘

Proof Refer to the formula preceding Lemma 1.4.17. Then

22(r)® S 2k
Kg(z,rl) = — =
Grt) = X =X vm
1 & kE+n)!
= W—nZ(Tzl)]C ( il
k=0
n! s k+n
= W—Z(mq)( n )
k=0
_ n! 1
T ogm (1 —rzy)n+t
This is the desired result. O
THEOREM 1.4.21 If z,{ € B, then
n! 1

where 2 - = 2,(1 4+ 208 + -+ + 21,Cn.

Proof Tet z = rz € B, where r = |z| and || = 1. Also, fix ( € B.
Choose a unitary rotation p such that pzZ = 1. Then, by Proposition 1.4.12 and
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Lemma 1.4.20 we have

Kp(z,¢) = Kp(rz,¢)=K(rp '1,()
= K(ri,p() = K(p{,rl)

_ n! 1
= g (1 —T(E)l)n+l
n!
T -y @)
_ 1
= _— (1 _ (Tp_l ]l) . E)Th“l
n! 1

BN R -

PROPOSITION 1.4.22 The Bergman metric for the ball B = B(0,1) C C" is
given by
n+1 -
9:(2) = A=:P)2 (1= |2*)8i; + Ziz;] .

Proof Since K(z,z) = n!/(x™(1 — |2|*)™!), this is a routine computation
that we leave to the reader. a

COROLLARY 1.4.23 The Bergman metric for the disc (i.e., the ball in dimen-
sion one) is

2

This is the well-known Poincaré, or Poincaré-Bergman, metric.

PROPOSITION 1.4.24 The Bergman kernel for the polydisc D™(0,1) C C™ is
the product

1 & 1
K =— || -——=.
(z,¢) an 1= 250,

Proof  This is left as an exercise for the reader. Use the uniqueness property
of the Bergman kernel. O

Exercise for the Reader
Calculate the Bergman metric for the polydisc.
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1.4.4 The Poincaré-Bergman Metric on the Disc
If D C C is the unit disc, z € D, then Corollary 1.4.23 shows that
g, — {202 V7 V2l
R VTR T BT P

where the subscript B indicates that we are working in the Bergman metric. We
now use this formula to derive an explicit expression for the Poincaré distance
from 0 € D tor+i0 € D,0 < r < 1. Call this distance d(0,r). Then

1
d(O,T) = inf {/ I'Y/(t)lB,'y(t) dt .
0
v is a curve in D, v(0) = 0,v(1) = r + 0} .

Elementary comparisons show that, among curves of the form #(t) = rt +
iw(t),0 < ¢t < 1, the curve ¥(t) = tr + 0 is the shortest in the Poincaré
metric. Further elementary arguments show that a general curve of the form
P(t) = v(t) + iw(t) is always longer than some corresponding curve of the form
rt +40(t). We leave the details of these assertions to the reader. Thus

d0,r) = /0 ——_\[(2;)2) at

(1
Tl
= 2 —di
A
1

_ o 1+r
V2 E\1-+ /)

Since rotations are conformal maps of the disc, we may next conclude that

; 1 1
d(0,re’) = ﬁlog <1i:) .

Finally, if w1, ws are arbitrary, then the Mdébius transformation

bizm Tt
1~ w2

satisfies ¢(w1) = 0,¢(w2) = (wy — w1)/(1 — @Wywsz). Then Proposition 1.4.15
yields that

1+|w2tw1

Wy — Wy 1 1—wiwse

d(wy,ws) =d |0, — =—1lo

( ! 2) < l—wlwg) \/§ & 1 — llwztwl
— Wi wsy
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We note in passing that the expression p(wy, ws) = (w1 —wa)/(1 — wiws)|
is called the pseudohyperbolic distance. 1t is also conformally invariant, but it
does not arise from integrating an infinitesimal metric (i.e., lengths of tangent
vectors at a point). A fuller discussion of both the Poincaré metric and the
pseudohyperbolic metric on the disc may be found in J. Garnett [1] and in S.
Krantz [20].

1.4.5 Appendix to Section 1.4: The Biholomorphic
Inequivalence of the Ball and the Polydisc

THEOREM 1.4.25  There is no biholomorphic map of the bidisc D?(0,1)
to the ball B(0,1) C C%.

Proof  Suppose, seeking a contradiction, that there is such a map. Since
Mobius transformations act transitively on the disc, pairs of them act transitively
on the bidisc. Therefore, we may compose ¢ with a self-map of the bidisc and
assume that ¢ maps 0 to 0.

If Y € OB, then the disc dy = {2z € B:2=Y,( € C,|{| <1} is a totally
geodesic submanifold of B (informally, this means that if P, are points of dy,
then the geodesic connecting them in the Riemannian manifold dy is the same as
the geodesic connecting them in the Riemannian manifold B—see S. Kobayashi
and K. Nomizu [1]). Here we work in the Bergman metric.

By our discussion in the calculation of the Poincaré metric, we may con-
clude that the geodesics, or paths of least length, emanating from the origin
in the ball are the rays 7y : ¢ — tY. (This assertion may also be derived from
symmetry considerations.)

Likewise, if a, 3 € C,|a] = 1,|8] = 1, then the disc eg = {({c,{B) : € €
D} C D?(0,1) is a totally geodesic submanifold of D?(0,1). Again we may apply
our discussion of the Poincaré metric on the disc to conclude that the geodesic
curve emanating from the origin in the bidisc in the direction X = (o, () is
Yap i t — tX. A similar argument shows that the curve ¢ — (¢,0) is a geodesic
in the bidisc.

Now if ¢ — tX is one of the above-mentioned geodesics on the bidisc, then
it will be mapped under ¢ to a geodesic t +— tY in the ball. If 0 < #; <ty < 1,
then the points £, .X,4,X € D? will be mapped to points #,Y,t,Y € B and it
must be that 0 < ] < ¢, < 1, since ¢ is an isometry and hence must map the
point t5X to a point further from the origin than it maps t1X (because t2.X is
further from the origin than ¢, X). It follows that the limit

lim ¢(tX)

t—1-

exists for every choice of X and the limit lies in 0B. After composing ¢ with a
rotation we may suppose that {¢{(t(1,0))} terminates at (1,0).
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Now consider the function f(z1,22) = (21 + 1)/2 on B. This function has
the property that f(1,0) = 1, f is holomorphic on a neighborhood of B, and
[f(2)] < 1for z€ B\ {(1,0)}. For 0 < r < 1 we invoke the mean value property
for a harmonic function to write

1 27

5 fog(r,re?) dd = fop(r,0). (1.4.25.1)
T Jo

Asr — 17 the right-hand side tends to lim,_,{- f(¢,0} = 1. However, each of the
paths r — (7, 7€) is a geodesic in the bidisc, as discussed above, and for different
6 € [0,27) they are distinct. Thus the curves r — ¢(r,7e*) have distinct limits
in OB, and these limits will be different from the point (1,0) € dB. In particular,
lim, ;- f o ¢(r,re?) exists for each § € [0,27) and assumes a value of modulus
strictly less than 1.

By the Lebesgue-dominated convergence theorem, we may pass to the limit
as r — 17 in the left side of (1.4.25.1) to obtain a limit that must be strictly
less than one in absolute value. That is the required contradiction. ]

1.5 The Szeg6 and Poisson-Szego Kernels

The basic theory of the Szegd kernel is similar to that for the Bergman kernel—
they are both special cases of a general theory of “Hilbert spaces with reproducing
kernel” (see N. Aronszajn [1], Chang and Krantz [2]). Thus we only outline the
basic steps here, leaving details to the reader.

Let 2 C C” be a bounded domain with C? boundary. Let A(f2) be those
functions continuous on ) that are holomorphic on 2. Let H2(9) be the space
consisting of the closure in the L?(952,do) topology of the restrictions to 49
of elements of A(Q). Then H?(8Q) is a proper Hilbert subspace of L?(d9).
Each element f € H?(02) has a natural holomorphic extension to 2 given by its
Poisson integral P f. We shall prove in Chapter 8 that for g-almost every ¢ € 010,
it holds that

lim £(¢ — eve) = £(C).

Here, as usual, v, is the unit outward normal to 0€) at the point (.
For each fixed z € (2, the functional

Y H2(0Q) 3 f — Pf(2)

is continuous. (Why?) Let k,(¢) be the Hilbert space representative for the
functional 1,. Define the Szegd kernel S(z,¢) by the formula

S(¢) =) zeean.
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1.5. The Szegd and Poisson-Szegd Kernels 67

If f e H%(0N), then

Pf(z) = [ 5(2¢)f(¢) da(¢)

o0

for all z € Q2. We shall not explicitly formulate and verify the various uniqueness
and extremal properties for the Szegd kernel. The reader is invited to consider

these topics.
Let {$;}52, be an orthonormal basis for H*(69). Define

S(z,0) = ¢;(2)$;C),  zCeQ
j=1

For convenience we tacitly identify each function with its Poisson extension to the
interior of the domain. Then, for K C 2 compact, the series defining S’ converges
uniformly on K x K. By a Riesz-Fischer argument, S’(-, () is the Poisson integral
of an element of H?(0)) and S’(z, -) is the conjugate of the Poisson integral of an
element of H%(99). So S’ extends to (Q x Q) U (2 x Q), where it is understood
that all functions on the boundary are defined only almost everywhere. The
kernel S’ is conjugate symmetric. Also, by Riesz-Fischer theory, S’ reproduces
H?(99). Since the Szegd kernel is unique, it follows that S = S’

The Szego kernel may be thought of as representing a map

S:fr [ fOS() do({)
19}

from L2(89) to H%(09). Since S = S’ is self-adjoint and idempotent, it is the
Hilbert space projection of L2(0§2) to H?(9).

The Poisson-Szegd kernel is obtained by a formal procedure from the Szegd
kernel: This procedure manufactures a positive reproducing kernel from one
that is not necessarily positive. Note in passing that, just as we argued for the
Bergman kernel in the last section, S(z, z) is never 0 when z € (.

PROPOSITION 1.5.1 Define

2
P(z,():%, z2€Q, (€00

Then for any f € A(Q) and z € §, it holds that

f(z) = /a HOP( Q) do ).
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Proof Fix ze Qand f e A(§)) and define

Then u € H%(8N); hence

fz) = ulz)= /@ S(.u(€) do(()

/ P20 £() do(().
oQ

This is the desired formula. O

Remark: In passing to the Poisson-Szegd kernel we gain the advantage of
positivity of the kernel (for more on this circle of ideas, see Chapter 8 and also
Chapter 1 of Y. Katznelson [1]). However, we lose something in that P(z,()
is no longer holomorphic in the z variable nor conjugate holomorphic in the
¢ variable. The literature on this kernel is rather sparse and there are many
unresolved questions. )

As an exercise, use the paradigm of Proposition 1.5.1 to construct a positive
kernel from the Cauchy kernel on the disc (be sure to first change notation in
the usual Cauchy formula so that it is written in terms of arc length measure on
the boundary). What familiar kernel results?

Like the Bergman kernel, the Szegd and Poisson-Szegt kernels can almost
never be explicitly computed. They can be calculated asymptotically in a number
of important instances, however (see C. Fefferman [1] and L. Boutet de Monvel
and J. Sjostrand [1]). We will give explicit formulas for these kernels on the ball.
The computations are similar in spirit to those in Section 1.4; fortunately, we
may capitalize on much of the work done there.

LEMMA 1.5.2 The functions {2®}, where « ranges over multi-indices, are pair-
wise orthogonal and span H?(0B).

Proof  The orthogonality follows from symmetry considerations. For the com-
pleteness, notice that it suffices to see that the span of {2} is dense in A(B) in
the uniform topology on the boundary. By the Stone-Weierstrass theorem, the
closed algebra generated by {z*} and {2} is all of C'(0B). But the monomials
Z* a # 0, are orthogonal to A(B) (use the power series expansion about the
origin to see this). The claimed density follows. ]

LEMMA 1.5.3 Let 1=(1,0,...,0). Then

(n—1)! 1
27 (1= z)

Sz, 1) =
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Proof  We have that

z%. 1 N 1 &2k +n—1)
8(27 Il) ”ZaH22 - Z ( ) - o2 Z k!
o Welizzem) =" k=0
-~ kt+n—-1Y ,, O-1DI 1
= = . O
27 Z n—1 A1 277 (1= z1)™

LEMMA 1.5.4 Let p be a unitary rotation on C*. For any z € B,{ € 9B, we
have that S(z,¢) = S(pz, p¢).

Proof  This is a standard change of variables argument and we omit it. O

THEOREM 1.5.5 The Szego kernel for the ball is

(n—1)! 1

(20 = 2 (1 —z-Q)n

Proof Let z € B be arbitrary. Let p be the unique unitary rotation such
that pz is a multiple of 1. Then, by 1.5.4,

S 1,0 =S(1,p) =5ee = 1
2r™ (1= (pC) - 1)

_ (n—-12) 1 _{n-1) 1

2w (1 (D) I (-
COROLLARY 1.5.6 The Poisson-Szegd kernel for the ball is

5(z,¢)

I

(n—1! 1 -][)"

Exercise for the Reader
Calculate the Szegd and Poisson-Szegd kernel for the polydisc.

1.6 Afterword to Chapter 1

It follows from work of A. Gleason [2] and L. Bungart [1] that Cauchy-type
integral formulas that are holomorphic in the z variable (this is crucial for con-
structing holomorphic functions) exist on virtually any domain. However these
references tell us almost nothing about the form of the integral kernel—whether
its singularity is only on the diagonal or at what rate it blows up. The Bergman
and Szegd theories give other methods for producing integral formulas on a wide
class of domains.
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Thus we have several “canonical kernels” on domains in C™ : the Poisson
kernel, the Bergman kernel, and the Szeg6 kernel. Unfortunately, these kernels
are virtually never computable (however see C. Fefferman [1], L. Boutet de Mon-
vel and J. Sjostrand [1], and L. Hua [1]). Later on we shall learn of a construction
by G. M. Henkin (variants were also constructed independently by E. Ramirez [1]
and H. Grauert and I. Lieb [1]) that yields rather explicitly computable kernels
on a large class of domains in C". For many practical applications, the Henkin
kernel is just as useful as the Szegd kernel. And it turns out that the Szegd
kernel may be expressed as an asymptotic expansion in terms of powers of the
Henkin kernel (see N. Kerzman and E. M. Stein [2]).

The connection between canonical kernels and computable kernels has
opened up new vistas and has made accessible many deep results in function
theory and geometry (see N. Kerzman and E. M. Stein [1, 2], R. E. Greene and
S. G. Krantz [1-11], D. H. Phong and E. M. Stein [1}, C. Fefferman [1, 2], L.
Boutet de Monvel and J. Sjostrand [1], and S. Bell [3]). The subject of integral
representations will be a fertile area of research for some time to come.

EXERCISES

1. Prove that if f and f? are real-valued harmonic on a domain Q C RY, then
f is constant. What can you say for complex-valued f7

2. Let f be harmonic on © C R¥, real-valued, and nonvanishing. Prove that
AlfP = p(p — DIfIP~*[VfI* > 0 provided that p > 1.

3. Prove that the phenomenon cited in Exercise 1 fails for pluriharmonic func-
tions (recent private communication of P. Ahern). See Section 2.2 for the
concept of pluriharmonicity.

4. Let f be holomorphic on 2 C C™ and nonvanishing. Prove that A|f]F =
(?) - |fIP72|8f|> > 0 if p > 0. Prove that log|f| is harmonic by computing
Alog|fl.

5. The automorphism group of the ball. Let B C C? be the unit ball. Complete
the following outline to calculate the set of biholomorphic self-maps of B.

a. Let ¢ € C,|a|] < 1. Then

1——@21, 1‘&21

¢a(21,22) _ ( z1—a +/1— |a|222)

is a biholomorphic mapping of B to itself.

b. If p is a unitary mapping of C? (that is, the inverse of p is its conjugate
transpose; equivalently, p preserves the Hermitian inner product on C?),
then p is a biholomorphic mapping of the ball.
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c. Prove that if ¢ : B — B is holomorphic and ¢(0) = 0, then all eigenvalues
of Jac(0) have modulus not exceeding 1 (Hint: Apply the one-variable
Schwarz lemma in a clever way).

d. Apply part ¢ to any biholomorphic mapping of B that preserves the origin,
and to its inverse, to see that such a mapping has Jacobian matrix at the
origin with all eigenvalues of modulus 1.

e. Use the result of part d to see that any biholomorphic mapping of the
ball that preserves the origin must be linear, indeed unitary.

f. If now « is any biholomorphic mapping of the ball, choose a complex
constant a such that ¢, o a is a biholomorphic mapping that preserves
the origin. Thus, by part e, ¢, o « is unitary.

g. Conclude that the mappings ¢, and the unitary mappings generate the
automorphism group of the ball in C2.

6. Generalize the result of Exercise 5 to n complex dimensions.

7. Let © € RY be a domain. Suppose that 99 is a regularly imbedded C”
manifold, 7 = 1,2,.... This means that for each P € 0 there is a neigh-
borhood Up € RY and a C7 function fp : Up — R with Vfp # 0 and
{x € Up : fp(z) = 0} = Up N IN. [For a discussion of these matters see
Appendix 1.] Prove that there is a function p : RN — R satisfying
a. Vp # 0 on 99,

b. {z e RN : p(z) < 0} = O
c. pis CI.
We call p a defining function for Q.

Prove that if  has a C7 defining function, then € is a regularly imbedded
C7 submanifold of RV,

Prove that both of the preceding concepts are equivalent to the following:
For each P € 9%} there is a neighborhood Up, a coordinate system #1,...,¢y
on Up, and a C7 function ¢(t1,...,%y) such that {(t1,...,in) €Up : ty =
¢(t1, ..., ty-_1)} = 0Q N Up. This means that 0Q is locally the graph of a
Y function.

8. Prove that if f is harmonic on a domain  C RV, then f is real analytic.

9. Let h?(0D) be the space of those continuous functions that are the boundary
functions of harmonic functions on the disc. Mimic the construction of the
Szegd kernel to obtain a reproducing kernel. What reproducing kernel do
you obtain? Why is the space h%(0D) defined incorrectly (see B. Epstein [1,
p. 63])?

10. Is there a Bergman kernel for the square integrable harmonic functions on
the disc? Can you write it down explicitly? (See Ligocka [1, 2, 3] for more
on these matters.)

11. Let (X, u), (Y, v} be measure spaces. Suppose that K : X x Y — C satisfies

/ K (2, 9)ldu(z) < Co, all y e,
X
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and

/ |K (z,y)|dv(y) < Cp, allz e X,
Y

for some constant Cj that does not depend on y € Y,z € X. Show that if
f € LP(Y,v), then the operator

Tf(z) = / K(2,9) (4)dv(y)

satisfies

ITfllexw) < Collfllery, 1<p < oo

This is called Schur’s lemma. (Hint: Use Fubini’s theorem.)

12. Use Exercise 11 and the integral formula for solutions of du = f on C given
in Theorem 1.1.9 to prove the following assertion. If f is > with compact
support in K CC C and u is the unique solution to Ou = f that vanishes at
o0, then

lullzery < CUE, L) f] e

for any compact set L C C.

13. Derive a formula for the Green’s function and the Poisson kernel for the
ball B(zo,7) € RY by using invariance properties of the Laplacian (do not
imitate the proof in the text for the unit ball).

14. Use the result of Exercise 13 to prove the Harnack inequalities for a harmonic

function: If u is a positive harmonic function on the ball B(zg,r), then for
any x € B(xzg,7) C R?, we have

T |zl
r— |z

r— |zl
7+ |z

u(zg).

u(zo) < ulx) <

How do these inequalities change in dimension N > 27

15. Use the result of Exercise 14 to prove Harnack’s principle: If u; < ug <

- are harmonic functions on a domain @ C RY, then either u; / +oo

uniformly on compact sets or the u; converge uniformly on compacta to a
harmonic function ug.

16. Explain why, in one complex dimension, the Green’s function is related to
the Bergman kernel by the formula

K(z,w) = —%Gz@(z, w).
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Here subscripts denote derivatives. For help in this matter see B. Epstein
[1]. There is an analogous formula in higher dimensions in which the Green’s
function is replaced by the kernel of a certain fundamental solution operator.
See Harvey and Polking {1] for more on this matter.

17. Prove that if {f;} are harmonic and uniformly bounded on a domain 2, then
there is a normally convergent subsequence. (Hini: Apply Ascoli-Arzela.)

18. Use the mean value characterization of harmonic functions to prove that the
Poisson kernel Py(z,t) for a domain € must be harmonic in z.

19. Here is an alternate proof that the Poisson kernel for the ball is harmonic in
the x-variable (for which I am indebted to C. Berg): Assume without loss
of generality that y = (1,0,...,0). For N > 2 we write

1 2z-y)-y
[z —y¥2 z gV

wal'P('T7y) =

-1 12 2
|z —ylN=2 " N =20z \|z—ylV>/"

20. Suppose that Q C C is a domain and f : Q — C is conformal. Show that

/Q 1F(2) %V (2)

is precisely the area of the image of f.

21. Let © C RY be a bounded domain with C? boundary. Let G(z,y) be the
Green’s function for the Laplacian on Q. Prove that G(P, @) = G(Q, P), all
P # Q. In particular, assuming part 1 of Definition 1.3.9, G extends to a
smooth (C?7¢) function on Q x Q\ {(z,z) : = € O} and is harmonic in each
variable. (Hint: Fix P,Q € Q, P # Q. Apply Green’s theorem on

Q. =0\ (B(P,e) U B(Q,e)) ,

e small, to the functions G(P,-) and G(Q,-).)

22. Hopf’s lemma, originally proved (see R. Courant and D. Hilbert [1]) for
the sake of establishing the maximum principle for solutions of second-order
elliptic equations, has proved to be a powerful tool in the study of functions
of several complex variables. Here we state and outline a proof of this result.
Although simpler proofs are available (see S. Krantz [19]), this one has the
advantage of applying in rather general circumstances.

Theorem: Let Q@ C RY be a bounded domain with C? boundary. Let
f: € — R be harmonic and nonconstant on Q,C' on €. Suppose that
f assumes a (not necessarily strict) maximum at P € 9Q. lf v = vp is
the unit outward normal to 9Q at P, then (0f/0v)(P) > 0.
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FIGURE 1.3

Outline of Proof

a. Let B; be a ball internally tangent to 9 at P with 8B, N 92 = {P}.
Let r > 0 be the radius of By (see Figure 1.3). Assume without loss of
generality that the center of B, is at the origin. Let Bs be a ball centered
at P of radius 1 < . Let B’ = By N By. Notice that 8B’ = 5] U S5.

b. Let o > 0 and set h(z) = e~elzl” _ g=ar’ Thep

Ah = =" {402|z|? — 2aN}.

c. If @ > 0 is sufficiently large, then Ak > 0 on B’.

d. Set v(z) = f(z) + eh(z). If € > 0 is sufficiently small, then v(z) < f(P)
for z € §7. Also v(z) = f(x) < f(P) for x € S5\ {P}. Use the maximum
principle.

e. max, g5 v(z) = f(P).

f. %(P) =9L(P)+ €22 (P) > 0.

g 5 (P)>0.

Now suppose only that f € C(Q) and harmonic on Q and that the point
P € 99 is a local (not necessarily strict) maximum of f. Modify the preceding
argument to prove that

lim inf (f(P) "f(P—E”)> > 0.

e—0+ €

23. Let f € C5(C),k > 1. Let u be the solution to du = fdz given by the
integral formula in the text. Prove that u € C.

24. Let  C C be any open set. Let f be a C* function on © (not necessarily
compactly supported). Complete the following outline to show that there is
a C* function u on Q with Ou = fdz.
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a. Write Q@ = US° K;, where K; CC Kj1; and each K is compact and is
the closure of its interior;
. Construct n; € C°(K;41) such that n; = 1 on Kj.
- Write f =30 f =mf+ 200 — -0 f.
. Let u; € C*(Q) with du; = f; (see Exercise 23).
Notice that u; is holomorphic on Io(j_l forj=2,3,....
f. Apply the Runge theorem to u; with respect to K; 1 C . Find a holo-
morphic v; on Q with supg _ |u; —v;] < 277.
g. Let u = > (u; — v;). Prove that the series converges uniformly on com-
pacta and that Ou = fdz.
h. Note that if f € C*, then v € C*. If f € C*, then u € C*. Where does
this proof break down in C2?

e 0T

o

25. Prove the classical Mittag-Leffler theorem of one complex variable, using the
D-equation, by completing the following outline (see subsection 0.3.4 for the
statement of the theorem):

a. For each j, let ; C Q be a neighborhood of z; that does not contain any
Zk,k 7é ] Let Qo =0 \ {Z]}?O:I

b. There is a C° partition of unity {¢,}7°, subordinate to the covering
{Q}72. Say that ¢ is supported on ;).

c. Let by = 37070 delfe = fic0)-

d. Check that

¥(z) = Ohp(2), z €y,

is a well-defined > form on 2.
e. Let u € C°(Q) satisfy Ou = ¢ on Q (use Exercise 24).
f. Check that

f(z) = fu(2) — ha(2) +u(2), 2z € S,

is a well-defined meromorphic function on 2.

26. Construct another proof of Theorem 1.2.6 (the Hartogs extension phenomenon)
using the idea of the proof in the special case of the polydisc given in Section
0.3. 1t will only be possible to slide the contours around locally, but this and
a connectedness argument (using the fact that Q \ K is connected) suffices
to give a proof. Note that there are delicate analytic continuation problems
involved with this approach and you may have to make extra hypotheses on
the boundary of the domain to make this proof work. (This attack on the
problem was originated by W. F. Osgood [1].)

27. Holomorphic mappings in C? are not necessarily conformal (i.e., infinitesi-
mally angle preserving). Show that the example F(z1,20) = (22,27 + z2)
confirms this statement.
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28.

29.
30.

31

32.

33.

34.

Chapter 1: Some Integral Formulas

Use the classical Hurwitz theorem of one complex variable to give another
proof that a holomorphic function of several variables cannot have an isolated
Zero.

Are holomorphic functions open? Are holomorphic mappings open?

Let z € 3 C Qy C C”. Let K; be the Bergman kernel for £2;. Then show
that Ky (z, z) < Ki(z,z2) for all z € ;. Further show that ||K3(z, )|z2(q,) <
1K1 (2, Mz @0)-

Let © C RY be a domain and let f be harmonic on Q. Let P € Q and assume
that the function ¢ is compactly supported in 2 and is radially symmetric
about P (that is, ¢(z) = ¢(z’) if |x — P| = |2’ — P|). Further assume that
[ #(z) dz = 1. Then prove that f(P) = [ f(z)¢(z) dz.

Let {a;;}7,;—, be complex constants such that ) a;;w;w; > C|w|? for some
C >0 and all w € C™. Let

Q= {Z cC":—-2Rez + Z aijzizj < O}
ny=1
Prove that the Bergman kernel for € is given on the diagonal by

K( ) n!ldet (aij)i”)j:l
“E = 7Tn(2 Re Z1 — ZZj:l aijziij)”+1 ’

(Hint: The domain 2 is biholomorphic to the ball. See I. Graham [1] for
details.)

Let Q C C™ be a domain. Let {f;} be a sequence of holomorphic functions
on ) that converges pointwise to a function f at every point of ). Prove
that f is holomorphic on a dense open subset of Q. (Hint: Let U C Q be the
closure of any open subset U of Q). Apply the Baire category theorem to the
sets Sy = {2z € U : |f;(2)] < M, all j}.)
Check that (8/0z;)zk = 0k, (0/02;)zi = 6;1. Also (0/0z;)zr = 0 and
(0/0%;)zx = 0 for every j and k. Finally, (dz;,0/0z) = 6k, (dZ;,0/0%Z) =
Ok, (dz;,0/0%;) = 0, (dz;,0/0z;) = 0 for all j, k. These equalities make the
definitions of 0/0z;,0/0%;,dz;, and dz; seem natural.

Prove the following complex versions of the chain rule (supply the right
hypotheses as well):

9 _N~Of 99k N~ Of O3
%”m_zzk%+2&g%’

0 _N~0I D9 N~ OF 05
azj(fog)—z z c’)zj+zaz 0z;
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How do these equations simplify in the case that either f or g is holomorphic?

35. Derive the complex form of Taylor’s theorem for a function f (not necessarily
holomorphic) on a ball B(z%,r) C C* : If f € C*(B(z°r)),w € B(z% ),
then

AN/ 8 B (w—zo)a(w;;ﬂ)ﬁ
f(w) = R — f(ZO) .
lalgﬂ:lék (az> <‘9Z) alf!
+0(|ZO — u}lk)

36. Use the notation of the Bochner-Martinelli formula. Let Q@ CC C” be a
domain with C! boundary. Let a(¢) = (a1(¢),--.,an(¢)) with a;(¢) =
p;(¢)/q(¢),5 = 1,...,n. Suppose that the a;,p;,q are C* functions on 9.
Let do be area measure on 0€). Then

n(@) A (g = qiz%do(o

for some continuous h on 9. (Hint: This is a purely algebraic fact. Write
out the case n = 2 explicitly to see it.)

37. Complete the following outline to prove the Cauchy-Fantappié formula:
Theorem: Let 2 CC C" be a domain with C! boundary. Let
w(z,¢) = (wi1(z,(), ..., wn(2,¢)) be a C!, vector-valued function on
Q x O\ {diagonal} that satisfies

ij(z,g)(@- —z;) =1

Then, using the notation from Section 1.1, we have for any f € C'(Q)N
{holomorphic functions on Q} and any z €  the formula

1
1) = s [ FOmtw) n (o)

Proof: We may assume that z =0 € ).
a. If a' = (af,...,al),...,a" = (a},...,a?) are n-tuples of C' functions

TN

on () that satisfy > ; al(¢) - (¢ —2z:) =1, let

B(a!,...,a") = Z e(o)a},(l) A 5(a§(2)) Ao A 5(&3;(”)),
cES,

where S, is the symmetric group on n letters and ¢(o) is the signature of
the permutation o. Prove that B is independent of o'.
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b. It follows that 8B = 0 on Q\ {0} (indeed OB is an expression like B with
the expression a} ;) replaced by ‘%(1;(1))-

c. Use (b), especially the parenthetical remark, to prove inductively that if
Bt = (bi,...,bL),..., 08" = (b},...,b"), then there is a form v on 2\ {0}
such that

[B(al,...,a") — B(8',...,B"] Aw(¢) = By = dv.
d. Provethatifa! = - = a™ = (wy,...,w,), then B(a!,...,a") simplifies
B(al,...,a™) Aw(() = (n — 1)Inw) Aw(().

e. Let S be a small sphere of radius € > 0 centered at 0 such that S C Q.
Use part ¢ to see that

/ FOmw) Aw(¢) = / F(On(w) Aw(©).
o0 S

f. Now use (c) and (d) to see that

/5 FOnw) Aw@) = [ F(On(w) Aw(C),

S

where

G —Z

(Warning: Be careful if you decide to apply Stokes’s theorem.) From
the theory of the Bochner-Martinelli kernel, we know that the last line is
n-W(n)- f(0).

In Section 9.1 we will learn a much more elegant proof of the Cauchy-
Fantappié formula, which is due to G. M. Henkin. The proof just pre-
sented is in W. Koppelman [1]. See also R. M. Range [3] for a detailed
consideration of integral formulas.

38. Use a limiting argument to show that the hypotheses of the Cauchy-Fan-
tappié formula (the preceding exercise) may be weakened to f € C(Q), w €
C(Q x 89Q).

Prove, using ounly linear algebra, that if w is as in the statement of the
Cauchy-Fantappi¢ formula, then there are functions ¢, ..., ¥, ¥ such that
w; =¢;/V,j =1,...,n (see Exercise 36).

39. Let 2 C Q3 C --+- C C” be bounded domains such that UQ; = Q, also a
bounded domain. Let K denote the Bergman kernel. Prove Ramadanov’s
theorem (I. Ramadanov [1]): Koq,(-,w) — Kq(-,w) normally on Q. (Hint:
Use the fact that the Kq (-, w) all represent the same linear functional.)

Show that the hypothesis of increasing union can be weakened.
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Exercises 79

Here is a useful way to generate an orthonormal basis for the Bergman
space. Fix zg € Q. Let ¢y be the (unique!) element of A? with ¢o(zp) real,
llpoll = 1, and ¢o{2p) maximal. (Why does such a ¢¢ exist?) Let ¢1 be the
(unique) element of A2 with ¢1(z0) = 0, (8¢1/021)(20) real, ||¢1]] = 1, and
(8¢1/071)(2p) maximal. (Why does such a ¢; exist?) Now ¢, is orthogonal
to ¢g, or else ¢; has nonzero projection on ¢g, leading to a contradiction.
Continue this process to create an orthogonal system on 2. Use Taylor series
to see that it is complete. This circle of ideas comes from the elegant paper
S. Kobayashi [1].

Use Exercise 40 to do the following. Let 2 C C™ be a bounded domain and
let (gi;) be its Bergman metric. Prove that the matrix (g;;(2)) is positive
definite, each z € ). (Hint: The crucial fact is that for each z € ? and each
Jj there is an element f € A%(2) such that 8f/0z;(z) #0.)

Without using the calculations of Section 1.4, show that K(0,0) = 1/V(B).
Here K is the Bergman kernel for the ball B. Use the automorphism group of
B, together with the invariance of the kernel, to calculate K(z, z) for every
z € B. The values of K on the diagonal then completely determine K(z,().

Let f be holomorphic on the unit bidisc. Suppose that f(z1, z2) # 0 if either
|z1] < 1/2 or |z3| < 1/2. Prove that then f does not vanish on the unit ball.

A pair of domains (U, W) is said to exhibit Hartogs’s phenomenon if U C
W, U # W, and every holomorphic funtion on U analytically continues
to W. Find a domain  C C? with the following property: There exist
domains Q, ), containing (2, and distinct from 2, such that (£2, Q;) exhibits
Hartogs’s phenomenon, (£, Q) exhibits Hartogs’s phenomenon, but (€2, ;U
Q) does not.

Refer to Exercise 44 for terminology. Prove that there is a domain Q C C?
that is not a domain of holomorphy, but such that there is no ) properly
containing € so that (,Q) exhibits Hartogs’s phenomenon. (Hint: Think
carefully about the definition of “domain of holomorphy”.)

Let 0 < a < co. Define Q, = {(z1,22) : |z1||22]* < 1}. Prove that Q, is
a domain of holomorphy. Is every bounded holomorphic function on 2,
constant? {Hint: Consider the case of a rational and the case of a irrational
separately.)

Let Q be the Hartogs triangle {(21, 22) : |21] < |22| < 1}. Every analytic func-
tion on a neighborhood of Q continues to the bidisc. Find an orthonormal
basis for A2(Q).
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2 Subharmonicity and
Its Applications

2.1 Subharmonic Functions

The analogue of the Laplacian for functions of one real variable is the differential
operator d?/dz?. Thus the analogue of harmonic functions on R! is the null space
of this operator, or the linear functions.

A convex function f of a real variable is one whose graph satisfies the
following property: If (a, f(a)), (b, f(b)) are points on the graph of f and 7 is the
chord connecting them, then the graph of f on the interval [a,b] lies below T.
Subharmonic functions are the complex function-theoretic analogues of convex
functions (with graphs of harmonic functions replacing line segments and discs
replacing intervals). Although subharmonic functions are in fact more subtle
than convex functions, the analogy that we have just drawn will prove useful
both in formulating and in understanding the ideas connected with subharmonic
function theory. We shall have a great deal more to say about convexity in
Chapter 3.

Subharmonicity is a real-variable notion, so in this section all of our do-
mains lie in RY. Good references for the classical theory of subharmonic functions
in the complex plane are W. Hayman and P. B. Kennedy [1], W. Hayman [1],
and M. Tsuji [1].

DEFINITION 2.1.1 A function f: O — R U {—oo} is upper semicontinuous
(us.c.) at a point P € Q if

limsup f(z) < f(P).
Q3z—P

It is upper semicontinuous on € if it is such at each point of €.
A function g on § is lower semicontinuous (1.s.c.) at P € Q (resp. on Q) if
—g is u.s.c. at P (resp. on §2).

81
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82 Chapter 2: Subharmonicity and Its Applications

O— u.s.c
O Ls.c
.

FIGURE 2.1

Exercises for the Reader

1. The real-valued function f is upper semicontinuous on € if and only if {z €
Q: f(z) < a} is open for each ¢ € R. The function g is lower semicontinuous
on  if and only if {z € Q: g(z) > a} is open for each a € R. A real-valued
function is continuous at a point if and only if it is both u.s.c. and l.s.c. at
that point. Figure 2.1 is a useful mnemonic for distinguishing u.s.c. from
Ls.c.

2. A function that is u.s.c. is bounded above on compacta. If {f,}aca are
u.s.c., then f(z) = sup, fo(z) is not necessarily us.c., even if f(z) < oo at
all points. But g(z) = inf,, f,(z) is u.s.c. . If A is finite then f is u.s.c.

We leave the corresponding statements for Ls.c. functions for you to for-
mulate.

PROPOSITION 2.1.2 1i f is a u.s.c. function on {2 and bounded above, then
there is a sequence f1 > fo > - -- of continuous functions on 2 that are bounded
above and that converge to f. In particular, if u is a nonnegative finite Borel
measure supported in ), then fQ fdp is well defined and equals lim ; fQ fidu.

Proof  Define
fi(z) = sup{f(y) — jlz —yl}, €.
yeR
Clearly
fi(@) 2 folz) 2 -+ 2 f(z) — jlz — 2] = f(z)

and

fi(z) <sup f < oo

If we fix €,7 > 0 and select 21,72 € Q with |z; — x| < €¢/j, then for all
y € it holds that

fly) = gler ~yl < f(y) — Jlo2 —yl + e
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Hence

fi(z1) = fi(z2) < e

By symmetry,
fil@a) = fi(z1) < e

Thus each f; is continuous.

It remains to verify that f;(z) \, f(z) for each z. Suppose without loss of
generality that sup f = 1. Fix £ €  and assume for simplicity that f(z) = 0
(the case f(x) = —oo is left for the reader). Fix 0 < € < 1. Since f is u.s.c. there
is a § > 0 such that if [y —z| < §, then f(y) <e. If [y—2| > § and j > 1/4, then
fly)—dlz—y| £1-1=0= f(x). It follows that

0=f(z) < fi(x)= sup {f(y)—jlz -y} <e

ly—z|<é
Therefore, f;(z) \, f(x). ]

DEFINITION 2.1.3 An upper semicontinuous function f : @ — RU {—oo} is
said to be subharmonic if it satisfies the following condition: For every z € Q
and r > 0 satisfying B(z,7) C Q and for every real-valued continuous function &
on B(z,r) that is harmonic on B(z,r) and satisfies h > f on dB(z,), it holds
that A > f on B(xz,r).

The reason for the terminology subharmonic is manifest; refer again to the
analogy with convex functions at the beginning of this section for motivation. By
the maximum principle, harmonic functions are subharmonic. If both v and —u
are subharmonic, then u is harmonic. Our definition of subharmonic function
allows the identically —oco function as an example. Some treatments rule out
this function by fiat.

The following theorem will assist us in identifying and creating subharmonic
functions.

THEOREM 2.1.4 Let 2 C RY and let f : @ — RU {—o00} be us.c. The
following are equivalent:

1. f is subharmonic on §2.

2. For all B(z,r) C Q and P, ,(-,-) the Poisson kernel for B(z,r) (see Exercise
13 at the end of Chapter 1), we have

) < /8 o Perv, 010400

for all y € B{xz,r).
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3. If z € Q and 7 > 0 satisfy B(z,7) C Q, then

1
[ tYdo(t).
T /8 o, J 080

4. If dist (z,°Q) > § > 0 and if p is any positive Borel measure on [0, 4], then

f(z)

1

WN-1

8 5
f(z)- / du(s) < ]0 [ I+ s dote) duts).

5. For each § > 0 and z with dist (z, “2) > ¢, there exists one positive Borel
measure p on [0,4] with (supp p) N (0,48] # @ so that the inequality in (4)
holds.

6. If K CC Q is compact and h € C(K) is harmonic on Io( and majorizes f on
0K, then h > f on K.

7. The function f is the limit of a decreasing sequence of subharmonic functions.

8. For all B(z,r) C (2, we have

1
1) S BT o FOW

Remark: Some of the parts of the theorem are redundant, but we state each
of them explicitly for convenient reference later. O

Proof of the Theorem The scheme of the proof is shown in Figure 2.2.

(4) = (5) Trivial.

(8) = (6) Let h be continuous on a compact subset K of {2 and harmonic on
the interior of K, with h > f on K. If there is a y € IO{ such that w(y) =

S{y) — h(y) > 0, then semicontinuity implies that w attains its maximum M
over K on a relatively compact subset L CC K. Let P € L be a point that is

nearest to K. Choose § > 0 such that B(P,d) C Io{ . The extremal property of
P guarantees that for 0 < s < §, the sphere 0B(P, s) contains a relatively open
set on which w < M. Thus, using the hypothesis about f and the mean value
property for h, we see that

5 é s
/ / w(P + &) do{€) du(s) < Mwy_1 / du(s) = w(Pwyn_1 / du(s).
0 OBn_1 0 0

This inequality contradicts (5).
(6) = (1) Trivial.
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|

7T «—> 1

6 5 «—— 4 «——

e

8

FIGURE 2.2

(1) = (2) Let f; on B(z,r) be continuous with f; \, f (Proposition 2.1.2).
Let h; be the solution to the Dirichlet problem on B(z,r) with boundary data
fjlaB(m,r) . Then, for y € B(z,r), it holds that

f() < hyly) = / Per(y,8)f5(t) dor(t).

9B(z,r)

As j — +00, the right side tends to
| Pwor@ o)
OB(z,r)

(2) = (3) Set y =z in (2).

(3) = (4) Integrate (3) against p.

(1) = (7) Let f; = f +(1/7).

(7) = (1) Let h > f on 8B(x,7), B(z,r) C Q,h harmonic. Let ¢ > 0. Let f;
be subharmonic, f; \, f. Define S; = {z € 0B(z,7) : f;j(z) > h(z) + €}. Then
each S; is compact, S; 2 S D ---, and NS; = @. Thus S; = O for j large.
We conclude that f < f; < h+ ¢ on 9B for j large. Since f; is subharmonic,
f <h+eon B(z,r). Letting ¢ — 07 now yields the result.

(3) = (8) Integrate out in the radial direction.
(8) = (6) Same as (5) = (6). o

COROLLARY 2.1.5 Let u be subharmonic on the domain §2 and M = supg u.
If u(z) = M for some z € Q2 then u = M on (.

Proof Theset S={z € Q:ulx)= M} is closed by upper semicontinuity.
By part (8) of 2.1.4 and again by upper semicontinuity, S is also open. Since S
is nonempty by hypothesis, it must be all of 2. O

COROLLARY 2.1.6 Finite sums of subharmonic functions are subharmonic.
Proof  Apply part (3) of 2.1.4. ]
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COROLLARY 2.1.7 1If f is subharmonic on £2, and ¢ : R — R is both con-
vex and monotonically increasing, then ¢ o f is subharmonic (here ¢(—oc) is
understood to equal lim; ,_ o, ¢(t)).

Proof  For any z € Q,r > 0 small, we have

1
< _ t)do(t
9o flz) < ¢(TN*IMN~1 [, s >)
< v | eeswan
T WN-1 J3B(z,r)
by Jensen’s inequality. O

Exercise for the Reader

In the case that f is harmonie, it is necessary in Corollary 2.1.7 to assume only
that ¢ is convex (not necessarily monotone increasing) to conclude that ¢ o f is
subharmonic. The necessity of monotonicity for postcomposition with a convex
function to preserve subsolutions is a general feature of elliptic equations.

COROLLARY 2.1.8 1If each z € Q has a neighborhood U, C Q) such that flUz
is subharmonic on U, then f is subharmonic on 2.

COROLLARY 2.1.9 If f, are subharmonic on O and f(z) = sup, fo{z) is
u.s.c., then f is subharmonic on 2.

Exercises for the Reader

1. In R, harmonic functions are linear and subharmonic functions are convex.
In particular, finite-valued subharmonic functions are continuous (which is
not the case in higher dimensions). In dimensions at least 2, the fundamental
solution T" for the Laplacian is subharmonic (where it is understood that its
value at £ = 0 is —oo). What (if anything) is the fundamental solution to
the Laplacian in R'? Is it subharmonic? (Hint: You may have to use some
distribution theory.)

2. If  C C and f is holomorphic on §2, then prove that log|f| is subharmonic.
(Hint: Use the fact that harmonic functions are locally real parts of holo-
morphic functions; do not assume that f is nonvanishing.) Also, |f|? is
subharmonic for p > 0.

3. Prove that if f is subharmonic on 2, then for each P € {2 we have

f(P) = limsup f(z).
Qsz—-P

PROPOSITION 2.1.10 Assume that @ C RY is a domain. Let f : Q —
R U {oo} be subharmonic and not identically —co. Then f is locally integrable
on Q. In particular, P = {x € Q: f(z) = —oo} has zero Lebesgue measure.
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Proof LetU = {z € : fis integrable on a neighborhood of z}. If x € Q\P
then, for r sufficiently small,

1
VB@n) /BW) J£) dVi#) < oo,

where the right inequality follows from the fact that u.s.c. functions are bounded
above on compacta. So we know that U is open and nonempty and that U C P.

f(z) <

But f = —oc in a neighborhood of each element of “U. Hence ¢U is open. Since
1 is connected, and U is nonempty, we conclude that U = €. Hence f is locally
integrable on 2. O

Exercise for the Reader
Let Q@ C RY and f: Q — RU {co} be subharmonic and not identically —oo. If
w € ) and B{w,r) C 2,7 > 0, then

/ | (w)| do(w)
dB(w,r)

exists and is finite. (Hint: The positive part of f is easy to control. The negative
part is controlled by the sub-mean value property.)

PROPOSITION 2.1.11 1If f is subharmonic on £2 and not identically —oo and
if $ € C(Q),¢ > 0, then

/ fAGdV () >0
Q

Proof  The existence of the integral follows from Proposition 2.1.10. On the
other hand, let z € Q,r < dist (z,9Q), and write

f(z) < —

T WN-—1

/ f(@ +7¢) do(©).
8B(0,1)

Then

oo [ )o@ avia) < [ ota) /BB(Olf(erTC)dU(C)dV()
:/ /ml B — 7€) do(¢) AV (2)

/f(z /8301) |a|<z< ) ¢(x) - (_a!oa+0(r3) do(¢)dV (z).
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Now the zero-order term in the Taylor expansion on the right cancels with the far
left side; also the first-order terms and the mixed second-order terms vanish by
parity. If we divide through by 72 and let r — 0, then the O(r3) term vanishes,
and we are finally left with

al 52(75 Wy -1
OS/Qf(x);%?—(x) N V(@) 0

COROLLARY 2.1.12 1f f € C?(f2) and f is subharmonic on 2, then Af > 0.
Proof  Integrate Proposition 2.1.11 by parts. O

PROPOSITION 2.1.13 If f € C?(Q) and Af > 0 on , then f is subharmonic
on 2.

Proof  First, suppose that Af > 0 on Q. If f is not subharmonic, then there
is a K CC Q and a function h € C(K) that is harmonic on the interior of
K such that h > f on 0K but w = f — h is positive at some interior point

of K. Let zg € I% be a point at which the maximum of w on K is attained.
Since Af(zg) > 0, there is a contradiction (use the second-derivative test from

calculus).
In the general case, apply the preceding argument to f + €|z|?; then let
€ — 07 and use part (7} of Theorem 2.1.4. O

COROLLARY 2.1.14 Tf f is harmonic on {, then |f|? is subharmonic for all
p=>1

Proof  According to Exercise 2 of Chapter 1, A|f|? > 0 in a neighborhood
of any point where where f # 0. At points where f(x) = 0, part (8) of 2.1.4 is
trivially satisfied.

An alternate proof may be obtained by applying Jensen’s inequality to the
mean value property for harmonic functions. 0O

COROLLARY 2.1.15 1f f is holomorphic on £ C C™, then |f|? is subharmonic
for all p > 0.

Proof  The proof is similar to the proof of the last corollary. O

Exercise for the Reader
The hypotheses of the last corollary also imply that log|f]| is subharmonic.

Remark: As we shall see in Chapter 8, Corollaries 2.1.14 and 2.1.15 go a long
way toward explaining the different boundary behavior of holomorphic functions
and harmonic functions. O

Our next goal is to prove a converse to 2.1.11. This requires some prelimi-
nary development.
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LEMMA 2.1.16 1If u is locally p*" power integrable on ©,1 < p < oo, and
¢ € C®, [¢pdx =1, then lim, g+ [u(z — rt)¢(t) dV (L) = u(z) in the Lf’oc(Q)
topology (here u is understood to be equal to 0 off Q).

Proof Fixacompactset K CC Q. Chooser > 0sosmall that dist (x, ) > r
for all z € K. Then

/ I/ u(x — rt)o(t) dV (t) — u(x)

- / ‘/[“x—”)—U( )]¢(t)dV()
/RN /K lu(z —rt) — u(@)|” dV (z)[6(t)] dV (t)

av (z)

dv(z)

IN

by, for instance, Jensen’s inequality. The continuity of the integral implies that,
for r sufficiently small, [, [u(z—rt)—u(z)[? dV(z) < ¢, uniformly over ¢ € supp ¢
(exercise) whence the last line does not exceed €|l ;. O

Remark: See also Exercise 2 immediately following Theorem 1.3.8. O

Let f be subharmonic on  and let B(z,7) C . Then, on dB(z,7), f is the
limit of a decreasing sequence of continuous functions f; (see 2.1.2). Of course
we may solve the Dirichlet problem on B(z,r) with boundary data f;. Call the
solution u;. Then it is easy to see, for instance from Harnack’s principle, that
the u; converge to a harmonic function u. We will refer to u as the solution of

the Dirichlet problem with boundary data f ] OB(x.r)

LEMMA 2.1.17 1f f is subharmonic on Q, B(z,79) € Q, and 0 < r < 7/ < rg,
then (with B = B(0,1)),

flx+7r&)do(€ / flx+1r'¢) do(€). (2.1.17.1)

OB

Proof Let F be the solution to the Dirichlet problem on B(x,r) with data
flop(s,r and define

z Fiy if jt—z|<r
f(t>:{f(t) if [t—z|>r

Then f is subharmonic on  (why?), and its value at x is wy' | times the left

side of (2.1.17.1). Let G be the solution of the Dirichlet problem on B(z,r’) with

data f‘ =1 . Then G is a harmonic majorant for f on Bz, "),
8B(z,r') OB(z,r")

and its value at z is wy' | times the right side of (2.1.17.1). |
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THEOREM 2.1.18 If f € L} () and [ f(z)A¢(z)dV(z) > 0 for all non-
negative ¢ € C(2), then f can be corrected on a set of measure zero to be
subbarmonic. Indeed, if ¢ is a fixed nonnegative radial function in C°(B(0,1))

with [ ¢(z)dV(z) =1, then

F(z) = lim /f(:c —ri)y(t)dV () (in the Li _ topology)

r—0+

agrees with f a.e. and is subharmonic.

Proof  First suppose that f € C%(Q). Then integration by parts and Propo-
sition 2.1.13 give the result.
For the general case, replace f on

Qs = {z € Q: dist (x,0Q) > 6}
by

fole) = / f(@ - §69(t) dV (1),

where 1 is chosen as in the statement of the theorem. Then fs5 € C*({s) and
fs satisfies the hypotheses of the theorem on €2 5. By the first part of the proof,
f5 is subharmonic on Q5. If we can show that {fs} is a decreasing sequence as
§ — 07, then lims_ g+ fs(z) exists for every z and is subharmonic by part (7) of
2.1.4. But Lemma 2.1.17 implies that

/ fo(z — et)p(t) dV (2)

decreases, for fixed §, as ¢ — 0. We let § — 07 in this line to obtain that f.
decreases as ¢ — 07. Finally, since f. — f in L}, it follows that f. — f a.e.

and the result is proved. O

Remark: If G is another subharmonic function that equals f a.e., then

G(z) < / Gz — 5typ(t) dV (2)

for each x by subharmonicity; also the limsup of the right-hand side cannot
exceed G(z) by upper semicontinuity. Since this limsup also equals F(z), we
conclude that there is precisely one way to correct f on a set of measure zero to
make it subharmonic. O
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Exercises for the Reader

1. Check that the proof of Theorem 2.1.18 actually contains the following useful
fact: Let Q@ C RY and let f : & — R be subharmonic. For ¢ > 0, let Q, =
{z € Q : dist (z,90Q) > €¢}. Then there is a family of functions f. € C™()
such that each f,. is subharmonic on 2, and f. ™\ f.

2. Compare the theorem with Weyl’s lemma from Chapter 1.

The following result, sometimes called Hartogs’s lemma, is a key step in
the proof of the separate analyticity theorem that we shall present in Section 4.

PROPOSITION 2.1.19 Let f; be a sequence of subharmonic functions on {2.
Suppose that for each K CC €2 there is a finite Mg > 0 such that f; < Mg on
K for every j. Suppose further that limsup,_,., fj(z) < C < oo for all z € Q.
Then for each € > 0 and each K CC €, there is a J = J{(¢, K) such that

file) <C+e forall 7> J, allz € K.

Proof Fix K ccC . Choose Ky such that K CcC Ky cC Q and Kj is
the closure of an open set. We may suppose that f; < —1 on Kj, all j. Let
0 < r < dist (K,“Ky)/3. Choose, for z € K, e > 0, a natural number j; so large
that (by Fatou’s lemma)

| smave Vet 20, 5z
B(z,r)
(Note that the negativity of the functions involved reverses the usual inequality

of Fatou.) Let
1/N
d=r- (C+2€> —1}.
C+e

Then |z — 2’| < § implies that
V(B)r+ 8N f,(2) < / £, dvi(e)
B(z’,r+8)

[ nwave
B(z,r)
V(B)rN(C + 2¢)

IA

IN

or fi(z') < C+¢ all 2’ € B(x,d). Now we invoke the compactness of K to
complete the proof. O

We conclude with some results on removable sets for subharmonic functions
(see also Section 2.2).
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PROPOSITION 2.1.20 Let Q CRY and s: Q — RU{~00} be a subharmonic

function not identically —co. Let P = {z € Q2 : s(z) = —oo} (we sometimes call
P a polar set). Let f € C(Q) be subharmonic on £\ P. Then f is subharmonic
on {1

Proof Let Qy CC . Then s is bounded above on 2y, and we may assume
that s|QO < 0. For ¢ > 0 the functions f. = f 4+ es are subharmonic on €.
(Exercise: This is an important trick in potential theory!) Thus if K CC Qg and

h € C{K) is harmonic on K and majorizes [ on 9K, it follows that
fe(@) € flz) < h(z), z€dK

whence
fe(z) <h(z), €K

Letting € — 07 gives
flz) < h(z), € K\P.

But P has measure zero (by 2.1.10}; hence °P is dense. Since f is contin-
uous, it follows that

f(z) < h(z), zEK.

Hence f is subharmonic on g. But {1y was an arbitrary relatively compact
subset of 2. Hence f is subharmonic on all of Q. a

Exercise for the Reader

Show that the hypothesis that f is continuous in Proposition 2.1.20 is actually
necessary. In particular, show that it cannot be replaced by u.s.c. However,
Proposition 2.1.21 gives a substitute result.

PROPOSITION 2.1.21 Let © C RN and P C Q be the polar set of a sub-
harmonic function s on Q. Suppose that f : &\ P — R is bounded above on
a neighborhood of P and is subharmonic. Then there exists a subharmonic

function f on all of 2 such that f| = f.
unction f on all of  such tha fQ\P f

Proof  Once again restrict attention to Qs CC . By the definition of u.s.c
we are virtually forced to define

- B limsupQ\Paz_)p f(SE) if peP,
o ={ i pgP (21211

Then f will be u.s.c.
Let € > 0. Assuming as we may that s < 0 on a neighborhood U of (2o NP,
we define f. = f + ¢s. Then f, is subharmonic on U. Let B(xzg,7) C U and let h
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be a continuous function on B(zg,7), harmonic on the interior, that majorizes
f on 8B(zp,r). Then

fe(x) < f(z) < h(z), =€ dB(zo,m)\P. (2.1.21.2)

But f. = —co on 8B(z,r) NP so (2.1.21.2) holds on all of dB(xg,). Thus, it
also holds on B(zg,r). Letting ¢ — 0" now yields that

f(ac) < h(z), z € Blzg,r)\P.

This inequality extends to all of B(zq,r) by the definition of f. Since B(zo,7)
was arbitrary in U, we conclude that f is subharmonic U. O

Remark (Hartogs Functions): IfQ C Cand f: Q — Cis holomorphic, then
log | f] is subharmonic, so that the zero set of f is polar. In one dimension this
set is, of course, discrete, and we know from the Riemann removable singularities
theorem that such a set is removable for locally bounded holomorphic functions.
There is not such an elegant connection between pluripolar sets and removable
singularities for holomorphic functions of several complex variables. That a
pluripolar set is removable is true, but this is a weak implication {Cegrell [1]).

Even more is known. . For, in a certain sense, the zero sets of holomorphic
functions “generate” all polar sets in C. More precisely, let @ C C and let Fq
be the smallest “cone” of functions that contains all log|f|, f holomorphic, and
that is closed under the following operations:

If ¢1, 2 € Fq, then ¢ + ¢p2 € Fq.

If ¢ € Fq and a > 0, then a¢ € Fq.

If {¢;} € Fa,é1 > ¢g > -, then lim;_, ¢; € Fo.

If {¢;} € Fa, ¢; uniformly bounded above on compacta, then sup; ¢; € Fo.

If ¢ € Fq, then limsup,,_,, ¢(2’) = ¢(z) € Fa.
If ¢l € For for all ' CC Q, then ¢ € Fq.

SR A A

The elements of the family Fq are called Hartogs functions.
It is a classical result that for Q C C, the u.s.c. Hartogs functions are
precisely the subbarmonic functions. O

Call a set P C C locally polar if each z € P has a neighborhood U, and a
subharmonic function f, : U, — RU{—o00} with PN U, the polar set of f,. It is
a classical result that the locally polar sets are polar. This is proved by showing
that polar sets are sets of zero logarithmic capacity (see M. Tsuji [1]). We do
not mvestigate this matter here.

In the next section we shall comment on complex n-dimensional analogues
of these ideas.
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94 Chapter 2: Subharmonicity and Its Applications

2.2 Pluriharmonic and Plurisubharmonic

Functions

The function theory of several complex variables is remarkable in the range of
techniques that may be profitably used to explore it: algebraic geometry, one
complex variable, differential geometry, partial differential equations, harmonic
analysis, and function algebras are only some of the areas that interact with the
subject. Most of the important results in several complex variables bear clearly
the imprint of one or more of these disciplines. But if there is one set of ideas
that belongs exclusively to several complex variables, it is those centering around
pluriharmonic and plurisubharmonic functions. These play a recurring role in
any treatment of the subject; we record here a number of their basic properties.

Whereas the setting for the material in the last section was RY, the setting
for the present section is C". Let a,b € C™. The set

{a+b(:(eC}

is called a complez line in C*. More generally, if b!,...,b* are linearly indepen-
dent over C, then the set

k
a+> VG, GeC

=1

is a k-dimensional complez affine space in C™ (it is not a complex subspace unless
a=0).

Remark: Note that not every real two-dimensional affine space in C" is a
complez line. For instance, the set £ = {(x 4+ 40,0+ iy) : z,y € R} is not a
complex line in C? according to our definition. This is rightly so, for the complex
structures on £ and C? are incompatible. This means the following: If f : C2 — C
is holomorphic, then it does not follow that z = = + iy — f(x + i0,0 + dy) is
holomorphic. The point is that a complex line is supposed to be a (holomorphic)
complez affine imbedding of C into C™. O

DEFINITION 2.2.1 A C? function f : Q — C is said to be pluriharmonic if for
every complex line £ = {a + b(} the function ¢ — f(a + () is harmonic on the
set Gy ={CeC:a+b{ €O}

Exercise for the Reader
A C? function f on Q is pluriharmonic iff (02/02;0z)f =0forallj,k=1,...,n.
This, in turn, is true iff 09f = 0 on (L.

In the theory of one complex variable, harmonic functions play an impor-
tant role because they are (locally) the real parts of holomorphic functions. The
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2.2. Plurisubharmonic Functions 95

analogous role in several complex variables is played by pluriharmonic functions.
To make this statement more precise, we first need a “Poincaré lemma.”

LEMMA 2.2.2 Let a = ), a;dz; be a differential form with C* coefficients

and satisfying da = 0 on a neighborhood of a closed box S C RY with sides
parallel to the axes. Then there is a function a on S satisfying da = a.

Proof Tet P=(p1,...,pn) € S and define, for z € S,

N

Zj
a(x):Z/ a;(z1,...,T5-1,t,Pj4+1,..-,PN) dt.
j=1 pj
Then
0
BI_ka(w) = ak(mla"'7Ik7pk+l7-"7pN)
Oa;
+ Z / ] -7"13 . 7'Tj—-17t’pj+l""apN)dt
j=k+1
= ak(xl’ c oy Lk Pk+1, - "7pN)
0ak
+ xl: - ’$j—17t7pj+17"'7pN)dt7
Oz;
j=k+1"7Pi J

where we have used the fact that « is d-closed. By the fundamental theorem of
calculus, this last equals

ak(ml,. oy TEy P41y s ,pN)

+ Z lar(ey, - 25,0541, PN) —k(T1, - -, Tj-1, P - -, PN )]

j=k+1
= ak(wl, ce ,.Z‘N).
That completes the proof. ]

Notice that the proof of the Poincaré lemma shows that if da = 0 and «
has real coefficients, then a can be taken to be real. Now we have the following.

PROPOSITION 2.2.83 Let D™(P,7) C C™ be a polydisc and assume that f:
D"(P,r) — R is C2. Then f is pluriharmonic on D"(P,r) if and only if f is the
real part of a holomorphic function on D™(P,r).

Proof  The “if” part is trivial. -
For “omly if,” notice that o = i(8f — Jf) is real and satisfies dao = 0
But then there exists a real function g such that dg = «. In other words,

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



96 Chapter 2: Subharmonicity and Its Applications

d(ig) = (Of — gf); Counting degrees, we see that 9(ig) = ~df. It follows that
O(f +1ig) = 0f — Of = 0; hence g is the real function we seek. a

Remark: If f is a function defined on a polydisc and harmonic in each vari-
able separately, it is natural to wonder whether f is pluriharmonic. In fact the
answer is “no,” as the function f(z1,22) = 2122 demonstrates. This is a bit sur-
prising, since the answer is affirmative when “harmonic” and “pluriharmonic”
are replaced by “holomorphic” and “holomorphic.”

Questions of “separate (P),” where (P) is some property, implying “joint
(P)” are considered in detail in Hervé [1]. See also the recent work of Wiegerinck
[2]. O

A substitute result, which we present without proof, is the following (see
F. Forelli [1] for details).

THEOREM 2.2.4 (Forelli) Let B C C™ be the unit ball and f € C(B).
Suppose that for each b € 9B the function z — f(z - b) is harmonic on D, the
unit disc. Suppose also that f is C* in a neighborhood of the origin. Then f is
pluriharmonic on B.

It is known that the hypothesis in Forelli’s theorem that f be C'* near 0
cannot be appreciably weakened.

The proof of this theorem is clever but elementary; it uses only basic Fourier
expansions of one variable. Such techniques are available only on domains—such
as the ball and polydisc and, to a more limited extent, the bounded symmetric
domains (see S. Helgason [1])—with a great deal of symmetry. One of the themes
of this book is the following: Whereas the principal objects of study in complex
analysis of one variable are functions, instead the principal objects of study in the
complex analysis of several variables are domains. Every domain in complex n-
dimensional space has its own geometric character that determines the function
theory on that domain, and classical techniques that exploit groups of symmetries
are usually neither available nor relevant.

Exercises for the Reader
1. Pluriharmonic functions are harmonic, but the converse is false.

2. If @ C C" is a domain, P is its Poisson-Szegd kernel, and f € C(£2) is
pluriharmonic on Q, then P( f|y,) = f. (What happens if we use the Szegd
kernel instead of the Poisson-Szegd kernel?)

3. If f and f? are pluriharmonic, then f is either holomorphic or conjugate
holomorphic (see Exercise 1 at the end of Chapter 1).

Remark: In Chapter 1 we solved the Dirichlet problem for harmonic functions
on smoothly bounded domains in RY, in particular on the ball. Pluriharmonic
functions are much more rigid objects; in fact the Dirichlet problem for these
functions cannot always be solved. Let ¢ be a smooth function on the boundary
of the ball B in C? with the property that ¢ = 1 in a relative neighborhood of
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(1,0) € 9B and ¢ = —1 in a relative neighborhood of (—1,0) € 8B. Then any
pluriharmonic function assuming ¢ as its boundary function would have to be
identically equal to 1 in a neighborhood of (1, 0) and would have to be identically
equal to —1 in a neighborhood of (—1,0). Since a pluriharmonic function is real
analytic, these conditions are incompatible.

In fact, there is a partial differential operator £ on 0B so that a smooth f
on OB is the boundary function of a pluriharmonic function if and only if Lf = 0
(see E. Bedford [1], and E. Bedford and P. Federbush [1]). The operator £ may
be computed using just the theory of differential forms. It is remarkable that £
is of third order. m]

DEFINITION 2.2.5 Let Q C C™ and let f : & — RU {—o0} be us.c. We
say that f is plurisubharmonic if, for each complex line £ = {a + b{} C C™, the
function

¢ fla+6()

is subharmonic on 2, = {( € C:a+ b¢ € Q1}.

Remark: Because it is cumbersome to write out the word plurisubharmonic,
a number of abbreviations for the word have come into use. Among the most
common are psh, plsh, and plush. We shall sometimes use the first of these. O

Exercise for the Reader

Q2 CC”and f: Q — C is holomorphic, then log|f| is psh; so is |f|P,p > 0.
The property of plurisubharmonicity is local (see Corollary 2.1.8). A real-valued
function f € C%(Q) is psh iff

n 2
> 2 >0
S 6zj8zk

for every z € Q and every w € C™. In other words, f is psh on  iff the complex
Hessian of f is positive semidefinite at each point of 2.

PROPOSITION 2.2.6 If f : Q@ — RU{—o0} is psh and ¢ : RU {—o0} —
R U {—o0} is convex and monotonically increasing, then ¢ o f is psh.

Proof  The proof is left as an exercise. O

DEFINITION 2.2.7 A real-valued function f € C?(Q),Q C C", is strictly
plurisubharmonic if

k23 agf
— (2)w;wg, >0
]_%_:1 02,07 J

for every z €  and every 0 # w € C™ (see the preceding exercise for the reader
for motivation).
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Exercise for the Reader
With notation as in Definition 2.2.7, use the idea of homogeneity to see that if
K CC Q, then there is a C = C(K) > 0 such that

— (2)w;wy, > Clwl]?
j;l 0z;0Z 7k

for all z € K,w € C™.

PROPOSITION 2.2.8 Let QCC" and f:Q — RU{—o0} be a psh function.
For ¢ > 0 we set Q. = {z € Q : dist (2,09) > ¢}. Then there is a family
fe: @ — R such that f. € C*°(Q,), fc \\ f, and each f. is psh on Q..

Proof Let ¢ € C(C") satisfy [¢ =1 and ¢(z1,...,2,) = ¢(|z1],. .-, ]2n])
for all 2. Assume that ¢ is supported in B(0,1).
Define

f(2) = / flz = )B(QAV(C) , ze Q..

Now adapt the arguments of 2.1.18. O

Continuous plurisubharmonic functions are often called pseudoconvez func-
tions.

Exercise for the Reader

If 9,0, C C", Q, is bounded and f: Qs — RU {~oc0} is C?, then f is psh if
and only if f o ¢ is psh for every holomorphic map ¢ : Q; — Q5. Now prove the
result assuming only that f is u.s.c. Why must ; be bounded?

The deeper properties of psh functions are beyond the scope of this book.
The potential theory of psh functions is a rather well-developed subject and is
intimately connected with the theory of the complex Monge-Ampeére equation.
Good reference for these matters are U. Cegrell [1], and M. Klimek [1]. See
also the papers of E. Bedford and B. A. Taylor [2, 3, 4] and references therein.
In earlier work (E. Bedford and B. A. Taylor [1]), the theory of the Dirichlet
problem for psh functions is developed.

We have laid the groundwork earlier for one aspect of the potential theory
of psh functions, and we should like to say a bit about it now. Call a subset
P C C™ pluripolar if it is the —oo set of a plurisubharmonic function. Then zero
sets of holomorphic functions are obviously pluripolar. It is a result of B. Josefson
[1] that locally pluripolar sets are pluripolar. In E. Bedford and B. A. Taylor
[4], a capacity theory for pluripolar sets is developed that is a powerful tool for
answering many natural questions about pluripolar sets. In particular, it gives
another method for proving Josefson’s theorem. Plurisubharmonic functions,
which were first defined by Lelong, are treated in depth in the treatise L. Gruman
and P. Lelong [1].
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Define the Hartogs functions on a domain in C” to be the smallest class of
functions on {2 that contains all log|f|, f holomorphic on {2 and that is closed
under the operations {1)—(6) listed at the end of Section 2.1. H. Bremerman
[2] showed that all psh functions are Hartogs (note that the converse is trivial)
provided that § is a. domain of holomorphy. He also showed that it is necessary
for € to be a domain of holomorphy in order for this assertion to hold. This
answered an old question of S. Bochner and W. Martin [1].

2.3 Power Series

Power series are essentially a real-variable device. The elementary results about
power series representations of holomorphic functions of one or several variables
are merely results about real analytic functions dressed up in complex notation.
We refer the reader to the monograph S. G. Krantz and H. R. Parks [2] for a
detailed treatment of the lore of real analytic functions.

In fact, there is an important point here that is valid even in the theory
of one complex variable but is vital in keeping one’s perspective in the function
theory of several complex variables: Some facts about holomorphic functions of
several variables are true merely because they are real analytic; some are true
because they are harmonic; some are true because they are inherited from the
function theory of one variable. Others are truly indigenous to the function
theory of several complex variables. So far in this book we have encountered
none of the latter type of result. These will begin to appear in Chapter 3.

The most important result of the present section is a characterization of
domains of convergence of complex power series of several variables. The result
contrasts with the simple result in one complex variable (all domains of conver-
gence are discs) and gives us our first glimpse of what turns out to be the single
unifying feature of the function theory of several complex variables: convexity.

DEFINITION 2.3.1  The power series »__ aq(z — P)% is said to converge at
z € RY if some rearrangement of it converges. That is, if

> aag(z — P
j=1

is the rearrangement, we require that the partial sums

K
SK = Zaa(j)(l‘ - P)a(j)
=1

converge numerically as K — oo.
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100 Chapter 2: Subharmonicity and Its Applications

One could worry here about different ways to define the convergence of a
power series that is summed over the lattice of multi-indices. For conditional
convergence, the definition that one takes for “partial sum” strongly affects the
entire theory (see J. M. Ash [1] for a nice discussion of this topic). Since we will
be concerned primarily with absolute convergence—which is, of course, invariant
under rearrangement—these considerations are less crucial. For the record we
mention that two standard methods of summing a series indexed over a lattice
are to exhaust the lattice by spheres (Sy = 3, <y) and by cubes (Ty =
2 {aclay |<N,j=1,..,n})- We shall not need to concern ourselves with the subtleties
associated with the different methods of convergence. (However, in the theory of
multiple Fourier series, there is a world of difference between the two methods—
see K. M. Davis and Yang-Chun Chang [1].)

DEFINITION 2.3.2 Let © C RY be a domain. A function f: @ — C is called
real analytic if for each P € , there is a neighborhood Up of P such that for
all x € Up there is an absolutely and uniformly convergent series representation
of the form

f@) = aq(z—P)*.

Here the summation is over multi-indices «. The a,, will depend on P but, of
course, not on x € Up.

Observe that polynomials are real analytic, as are the familiar transcen-
dental functions of advanced calculus—sin z, cos z, tan z, log |z|, I'(z), f(z)—on
their respective domains. Compositions and inverses of real analytic functions
are real analytic, although this is rather difficult to verify directly (see S. G.
Krantz and H. R. Parks [2] for details). Simple examples of analytic functions of
several variables are easily manufactured by superposition of these one-variable
examples.

The function
if <0,
if >0

f@) = { S—WF

is a C*° function that is not real analytic (why?).

Remark: If 3" a,(y — P)® converges at y € RV, then there is a C' > 0 such
that {|aq|ly — P|*} is bounded by C. a

Without loss of generality, we shall for simplicity of notation consider al-
most exclusively power series expanded about the origin; with this in mind we
give the following definition. The result that follows it is the justification for the
new terminology.
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2.3. Power Series 101

DEFINITION 2.3.3 If x = (z1,...,zn5) € RY (resp. 2 = (21,...,2y) € C"),
then define the silhoueite of x (resp. the silhouette of z), denoted s(x) (resp.
s(z)) to be the set {(riz1,...,ryzy) : -1 < 1; < 1,5 = 1,...,N} (resp.
{(Clzl,...,cnzn) : Cj S C,KJI <1l,j= 1,...,n}).

Likewise, the silhouette of a set E is the union of the silhouettes of its
elements.

PROPOSITION 2.8.4 (Abel’s Lemma) If ) aq,x® converges at a point y #
0, then it converges absolutely and uniformly on compact subsets of s(y). More-
over, if p is a fixed polynomial of N arguments, then > p(a)an,z® converges
absolutely and uniformly on compact subsets of s(y).

Proof Let K CC s(y). Choose A = (A,...,An),0 < A; < 1, with |z;] <
Ajly;l, all z € K,5 =1,...,N. By the remark preceding the definition, there is
a C > 0 such that |a,y®| < C, all multi-indices . Assume that p is a monomial
of degree d. Then we have, for x € K,

Yo Ip@)llaalle®] < > Clp(a)r
< c.c. Z[al—i"”d)‘(lh:‘l:zlaN—l—lld/\(]]\JN}
oy apn
< 0.
The Weierstrass M-test completes the proof. O

Remark: It is worth noting that the hypothesis sup, |a,y®| < C < oo also
implies the conclusion of the proposition. a

PROPOSITION 2.8.5 If f :  — C is real analytic, then f is C°° and the
derivatives of f on Up (see the definition) may be obtained by termwise differ-
entiation of the power series expansion of f about P. The derived functions are
also real analytic on .

Proof Let P € 2 and r > 0 be so small that the closure of D(P,r) = {z :
|z; — P;| <rj;,j=1,...,N} lies in Up, where we are using the notation from
the definition of real analytic. Let Q@ € D(P,7) and select real numbers h ; such
that 0 < |h;| <r—|P; —Q;|,j =1,...,N. Let ¢; = (0,...,0,1,0,...,0), with
the 1 in the j* position. Then

f(@+ hje;) — f(Q) S a (Q+hje; - P)* — (Q - P)*
h, « h, '

J [

(2.35.1)
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102 Chapter 2: Subharmonicity and Its Applications

The o' term in the sum does not exceed C(|as||a]|Q — P|'*I=1) in absolute
value. But

> lacllall@ - Pl

converges by the preceding proposition. By the (discrete version) of the Lebesgue
dominated convergence theorem we may now conclude that the limit of (2.3.5.1)
exists as h; — 0 and has the asserted limit. ( All we are really doing here
is passing a limit under an integral sign—a process that we have performed
before—only now our measure space is discrete.)

The result for higher derivatives now follows by induction. a

COROLLARY 2.3.6 Let ) aq(x — P)® be a power series representation for f
on B(P,r) C RY. Then
1 a\“
=—(Z) fp.
Ga = <8w> 1(P)

In particular, the power series expansion for a function f about a point P is
unique if it exists.

Proof  The assertion for @ = 0 is obtained by setting x = P in the power
series expansion. The full result follows by differentiating the series (use the
proposition)} and setting z = P. ]

COROLLARY 2.8.7 It Q C C" is a domain and f : @ — C is holomor-
phic, then f is real analytic. If P € , then the power series for f, ex-
panded about P, is given by > an(z — P)®, where the a are multi-indices

and ao = (0/02)* f(P)/al.

Proof  The fact that f is real analytic follows, for instance, from the Bochner-
Martinelli representation for f on any ' CC  (or from the fact that f is
harmonic)—just expand the real analytic kernel of the integral formula into a
power series. The formula for the a, follows either by writing the formula in
Corollary 2.3.6 in complex notation (this is messy) or by mimicking the proofs
of Proposition 2.3.5 and Corollary 2.3.6.

An alternate and somewhat more elementary proof results from using the
Cauchy integral formula for a polydisc (see 1.2.2). ]

It is trivial—but should be noted—that a function defined by a uniformly
convergent complex power series is of course holomorphic; this is so because it
is the limit, uniformly on compact sets, of the partial sums (which are plainly
holomorphic).

COROLLARY 2.3.8 Let Q C RY be a domain and f :  — C be real analytic.
Set N = {z € Q: f(z) = 0}. If V has nonempty interior, then N' = ; i.e.,
f=0.
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2.3. Power Series 103

Proof Let P be an interior point of A. Then the power series expansion of
f about P is identically zero. The set of all points with identically zero power
series expansions is therefore open. It is also closed since f is C'™. Since it is
nonempty by hypothesis, it is all of 2. O

Remark: It is natural to wonder how thin the zero set of a real analytic
function can be. In one real variable, if the zero set of a real analytic function
has an interior limit point, then the function must be identically zero. There is an
elaborate and difficult structure theorem for zero sets of real analytic functions
in N dimensions (known as real analytic varieties) that generalizes this sharp
one-dimensional result (see S. Lojaciewicz [1], and S. G. Krantz and H. R. Parks

[2))-

What one can prove without much difficulty is that a real analytic variety
must have N-dimensional Lebesgue measure zero. Prove this as an exercise, in
contrapositive form, by induction on dimension. ]

2.3.1 Complexification

If >, aa(z — P)* converges for |z — P| < r, and hence defines a real ana-
lytic function f for |z — P| < r, then we may define an associated complexified
function F(z) = 3 aqa(z — P)*. Here we have identified the original point
P =(p1,...,pn) € RY with P = (p; +10,...,p, +i0) € CV. Notice that Abel’s
lemma implies that the new complexified series converges on the whole complex
ball B{z + 0, r) and defines a holomorphic function.

The notion of complexification is not simply an affectation, for complex an-
alytic (holomorphic) functions f are easily identified by the differential condition
Of = 0. There is no such simple device for recognizing real analytic functions.
As a simple application, to verify that the composition f o g of two real analytic
functions is real analytic it is best to complexify and then use the chain rule
when applying 0/0z; to F o G. A more direct proof using just the definition of
real analyticity is quite difficult (see S. G. Krantz and H. R. Parks [2]). One
can also check that the collection of real analytic functions is closed under the
arithmetic operations and under inversion. We leave details to the reader.

Exercises for the Reader
1. Let ag,a1,-.. be an arbitrary sequence of real numbers. Prove E. Borel’s
theorem: There is a C'® function f on R such that the Taylor series of f
at 0 is 2;20 ajz?. More difficult is S. Besicovitch’s theorem: If {a;}, {b;}
are real numbers, then then there exists an f € C'°°[—1,1] such that f is
real analytic on (~1,1) and f)(~1) = a;, fU(1) = b; for all j. See S. G.
Krantz and H. R. Parks [2] for details.

2. Can a real analytic function be compactly supported?
3. Can a real analytic function vanish at oo?

4. Can a real analytic function vanish exponentially at co?
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104 Chapter 2: Subharmonicity and Its Applications

Preliminary to our consideration of domains of convergence for power series
of several variables is the next result.

LEMMA 2.3.9 (The Cauchy Estimates)  Let f be holomorphic on a neighbor-
hood of D = D(Py,r1) X -+ X D(Pp,my) and let M = maxp |f|. Then

l(%)aﬂP)) < Mol

7'-(111 ...r?{"

Proof  Write the Cauchy representation for f on the polydisc D, differentiate
under the integral sign, and perform the most obvious estimations (as in the
one-variable case). O

LEMMA 2.3.10 Let ) aqoz® converge absolutely in a neighborhood of w €
C™. Then, for ¢ > 0 sufficiently small,

Ce
H;‘l:1(|wj| +e)
Proof By Abel’s test, the series converges on a neighborhood of a polydisc

of the form D(0, w1 |+ €) X - -+ x D(0, |wy,| + €). Now apply the Cauchy estimates
on this polydisc. ]

laa| <

DEFINITION 2.3.11 Let )~ aaz® be a power series (as usual, for simplicity,
we take P = 0). Let

C=U{26C":Z|aawa|<oo, alllz—w|<r}.

r>0

We call C the domain of convergence for the power series.
We also define

B= U {zE(Cn:suplaaza| gk}.
k=1 @

Then B is called the domain of boundedness of the power series.

Easy considerations (such as the root test) show that CC B . However,

Abel’s test shows that I%Q C. Hence C :lOS .

Not every open set can be the domain of convergence for a power series,
for if z € C, then (121, .., nzs) € C for every choice of [y;] < 1,7 =1,...,n.
Thus we are interested in certain special sets.

DEFINITION 2.3.12 A set S C C™ is called circular (or a circled set) if z € S
implies that (¢?z;,...,e%2,) € Sforall0 < 0 < 27. The set is called a Reinhardt
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2.3. Power Series 105

domain if (€%12y,...,e¥z,) € S for all 0 < 0; < 27,5 = 1,...,n. The set is
called a complete circular domain or complete Reinhardt if z € S implies that
(1215 ., pnzn) € S for all p; € Cwith ;] <1,5=1,...,n.

Warning: There is some confusion in the literature between circular and Rein-
hardt. Some writers do not distinguish between the two.

The silhouette of any given set is a complete circular domain. For us this
will prove to be the most important example of such a domain.

DEFINITION 2.3.13 If § C C™”, then we define

log ||S|| = {(loglsil,...,loglsn]) : s = (s1,...,8,) € S}

DEFINITION 2.3.14 A set § C C" is said to be logarithmically convex if
log ||S]| € R™ is convex in the classical geometric sense.

Notice that it really makes sense to discuss logarithmic convexity only for
a set that is Reinhardt (and, after some thought, it is only natural for a set that
is complete circular—the results below will make this assertion clear). Now we
have come to the main point of our work.

PROPOSITION 2.3.15 Let ) aq.z® be a power series. Then C is complete
circular and logarithmically convex.

Proof  The complete circularity is obvious.

Let w,w’ € C,0 < X < 1. Then, for ¢ > 0 sufficiently small, Lemma 2.3.10
implies that
Ce

[1j—1 (lw;| + )

laa| <

and
Ce

I (wjl + )

laa! <

Hence, for slightly smaller e,

o] < =

o] < -

ST I (e P P2 + ey

But this means that (Jw;|*|wi|} =2, ..., JwaMwh, ') € C, or

Alog lwil,... log |wn[) + (1 — A)(logwh],. .., log |w,|) € log IC|.-

This is the desired result. ]
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106 Chapter 2: Subharmonicity and Its Applications

loglz,!

loglz,|

(—log?2, —log?2)

FIGURE 2.3

Remark: Abel’s lemma implies that if ¢ € log||C||, then ¢’ € log ||C]| for all ¢/
satisfying ¢ < t;,j = 1,...,n. Moreover, z € C if and only if [2] < et component-
wise for some ¢ € log ||C||. Now the intersection of logarithmically convex sets
is logarithmically convex. So if § C C™ is Reinhardt, then there is a smallest
logarithmically convex Reinhardt domain S containing S. Note that S is in fact
completely circular. By the proposition, any power series converging on S will
actually converge on 5. O

EXAMPLE  Let
= D(0,1)\ D*(0,1/2)

= {z2eC?:|n|<1,1/2 < |z| <1}
Uz e C?: %] <1,1/2 < |z] < 1}.

Then 2 is Reinhardt and Q = D?(0,1). See Figure 2.3. This result is no surprise
in view of Hartogs’s extension phenomenon. |

PROPOSITION 2.3.16 1If Q C C” is a connected Reinhardt domain that con-
tains 0 and f : 2 — C is holomorphic, then the power series expansion of f
about 0 converges normally on £ and hence normally on €.

Proof  Write (3 = U32,(};, where
Q; ={z € N:dist (2,°0) > |z|/5}.

Notice that each £; is Reinhardt, open, and contains 0. Moreover 2 = U ;€;
and Q; C Q;4, for each j. Since 2 is connected, we may replace each €2 ; by its
connected component containing the origin and all the properties just listed will
still hold.
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2.4 Hartogs’s Theorem on Separate Analyticity 107

Now the idea of the proof is to represent the (unique) power series expansion
of f about 0 in two different ways. Fix j and z € ;. Notice that the mapping

(Ch'")CH) = f(ClZI,-u,CnZn)

is well defined for |(1| = [(o| = -+ = |Cu| = 1 + 1/5 by the definition of the set
;. Thus the Cauchy integral

_ 1 f(Clzla""anﬂ) d coed
felw) = (27i)n /|<1|:1+1/j X /Icnl—1+1/j (C1—wi) - (Cn — wn) s

defines a holomorphic function of w on D™(0,141/7). If |2| is small enough, then
(€121, .., Cnzn) € Q for every ¢ € D™(0,1 + 1/4). Hence Theorem 1.2.2 yields
that f,(1,1,...,1) = f(2). By analytic continuation, f,(1,1,...,1) = f(z) on
all of §2;.

On the other hand, for w lying in a compact subset of D™(0,1 + 1/5), we
can expand the integrand of the Cauchy integral to obtain a normally convergent
power series expansion for f, about 0. The coefficient of w ¢ in this expansion is

)~ f(Clzh'")ann)
o) o
e /[<1|:1+1/j /|< L gon Tl ¢ Gt

a1+1
al=141/5 GO

Now set w = 1, choose z small, and notice that the coefficient of w < in fact must
be 2%9° f(0)/al. Thus, saying that the Taylor series for f, converges normally
on D™(0,1+ 1/7) is just the same (by change of notation) as saying that the
Taylor series expansion of f itself converges normally on €2;. This is what we
wished to prove. a

Proposition 3.4.10 will prove that every logarithmically convex complete
circular domain ) has defined on it a holomorphic function that cannot be an-
alytically continued to any larger open set. By the preceding proposition, the
domain of convergence for the power series of that function will be precisely 2.
Thus we shall learn that the Reinhardt domains that are domains of convergence
are precisely the Reinhardt domains that are domains of holomorphy; these, in
turn, are just the logarithmically convex Reinhardt domains.

2.4 Hartogs’s Theorem on Separate
Analyticity

Here we present a proof of Theorem 1.2.5—that a separately analytic function
is holomorphic according to Definition 1.2.1. We again refer the reader to Hervé
[1] for a detailed study of separate analyticity and related phenomena.
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108 Chapter 2: Subharmonicity and Its Applications

We begin by recalling the Baire category theorem.

THEOREM 2.4.1 Let X be a complete metric space. Then X cannot be
written as a countable union of nowhere dense sets.

Proof SeeS. G. Krantz [14]. O

Recall that Theorem 1.2.2 and subsequent remarks show that a function
that is separately analytic and locally bounded on an open domain 2 is in fact
C®°, and hence holomorphic. So it is enough to check local boundedness.

Now the proof of Hartogs’s theorem is by induction on dimension. When
n = 1 there is, of course, nothing to prove. Assume inductively (and for the rest
of the section) that the result has been proved in dimensions 7 = 1,...,n— 1.
(However, it should be mentioned that Lemma 2.4.3 stands alone and has been
formulated accordingly.)

LEMMA 2.4.2 Let 2 C C™ be a domain and let f: € — C be holomorphic in
each variable separately. Let

D= D(z1,m1) X -+ X D(zp,7n) T

with 71,...,7, > 0. Then there exist D(z;,rg-) C D(zj,7),7 = 1,...,n, with

each 77 > 0 and with D(zl,7") = D{(2p,7y), such that f is bounded on

ny'n
D' = D(zy,7m)) x -+ x D(2,,77).

In particular, f is C* and holomorphic on D’ = D(z},r}) x - X D(z},7,).
1,71 n'n

Proof We write { = ((1,...,¢(n) = (¢',¢n). For M =1,2,..., define

n—1
Su=4¢ € [ Dlaiory) : 1F(C 6 < M, all G € D(Gny7n)

j=1

Then

1
D(Zj,Tj) =
1

n

Sw-

1

TCe

.
I

By the inductive hypothesis, each f(-,{,) is continuous as a function of {’, so
each Sy is closed. By Baire’s theorem, one of the S/’s, say Su,, has interior.
The proof is completed by selecting D(2],7]) x -~ x D(zl,_1,7t_1) € Sy, O
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2.4 Hartogs’s Theorem on Separate Analyticity 109

Remark: Notice that Lemma 2.4.2 does not yet yield Hartogs’s theorem. All
we know so far is that every polydisc in  contains a polydisc (of full size in the
last variable) on which f is holomorphic. Thus there may still be a closed set
without interior on which f is ill behaved. This possibility is obviated by the
following calculation, which is the heart of the proof. O

LEMMA 2.4.8 Let 0 <r < R, and suppose that g : D™(P, R) — C satisfies

1. For each (, € D(P,,R), the function ¢’ — ¢({’,(,) is holomorphic on
anl (P/7 R),
2. The function g is holomorphic and bounded on D = D" '(P’,r) x D(P,, R).

Then g is holomorphic on D™(P, R).

Proof  Assume for simplicity that P = 0. For fixed {,, we expand g(-,{,) in
a power series expansion on D" 1(0, R) (we use here hypothesis 1):

9(¢, &)= D aalG)()™ (2.4.3.1)

aE(Z+)n—1

Here

a(Cn) = ((;Z,) ’ 9(0,¢0) /.

In particular, a, is a holomorphic function of {,, by hypothesis 2.

It is our goal to see that the series (2.4.3.1) converges uniformly on compact
subsets of D™(0, R). Let M be a bound for g on D.Let 0 < R, < Ry < R. Now
Lemma 2.3.10 yields that

|aa(<n)|R'2al — 0 when |a| — O

and hypothesis (2) with the Cauchy estimates yields that

laa (C)|P1* < M when |¢,] < R.
This last line tells us that the function

Co o 10g |aa(Ca)] = hal(Ca)

||

is subharmonic and bounded above (by log(M + 1)) on the disc {{, : |¢.] < R}
And the line that precedes it tells us that

lim sup o (¢a) < log(1/Re).

ja]—o0
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110 Subharmonicity and Its Applications

Thus we may apply Hartogs’s Proposition 2.1.19 to see that, for |o] suffi-
ciently large,

1

1
Z og |ag(Cy)] < log —, ¢, < Ry.
o] 0g |aa(¢ )I_ogR1 ICnl < Ra

In conclusion,

laa(Ca)]- (R <1, all |G| < Ru.

This trivially yields that the series (2.4.3.1) converges normally on {|{,] < Ri}.
Since R; was an arbitrary positive number less than R, we have that the series
(2.4.3.1) converges normally on {|{,] < R}.

We conclude that the series (2.4.3.1) converges to a harmonic, hence locally
bounded, hence (by Cauchy theory) holomorpic function on D" (P, R). a

Final Argument in the Proof of Theorem 1.2.5 Let w € Q,R > 0
satisfy D™(w,2R) C Q. Apply Lemma 2.4.2 to find a P € D"(w,R) and
r = minj:L_H?n{r;} so that the hypotheses of Lemma 2.4.3 are satisfied with
g = f. Then, by 2.4.3, f is holomorphic in a neighborhood of w. Since w €
was arbitrary, we are finished. O

The proof of Hartogs’s theorem that we have presented is not essentially
different from the original proof of F. Hartogs [1]. In spite of the intervening
years, no essentially simpler argument has been found. An old conjecture of
Hervé [1] was that a separately subharmonic function is subharmonic. This
implication would give an easy and natural way to see that a separately analytic
function is locally bounded above, hence is holomorphic. Unfortunately, the
Hervé conjecture is false, as was recently discovered by Wiegerinck [2].

1t would be quite interesting to have a truly new proof of Hartogs’s theorem.

EXERCISES

1. Prove that if u;,u2 > 0 on  C C and logu; is subharmonic, j = 1,2 (where
log 0 is understood to be —o0), then log(u; + ug) is subharmonic.

2. Let D C C be the unit disc and, for 0 < p < o0, define

2m
HP(D) = {f holomorphic on D : sup / |F(re®)|PdoYP = || Fllawcpy < oo} .
0<r<1 Jo

Prove that if f € HP(D), then |f|” has a harmonic majorant on D in the

sense that there is a harmonic function g on D with g > |f|”. (Hint: Use
Corollary 2.1.15 and Lemma 2.1.17).
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3. Let
5 1
Q = (z,z)eC :Z<|22|<1,|z1|<1
1 1
U{(zl,ZQ) €C?:|m| < §,|z1| < 5}

Let

1
Q = {(z1,22)€C2:Z<\/x§+y%<1,\/x%—i—y§<1}
2. [, 2 1 2 21
U< (z1,22) € C*: m2+y1<§, x1+y2<§ :

Now € is a circular domain. Compute log ||| and log ||Q1]|. Although Q,
is not circular, can you compute the smallest Reinhardt domain that contains
it? Notice the complex structure playing a role; that is, your answer should
be affected by the way that ), sits in space.

4. Examine the domains of convergence for the sample series discussed in sub-
section 0.3.6. Verify that they are logarithmically convex and Reinhardt.

5. Suppose that f : C* — C has the property that its restriction to every
two-dimensional real affine subspace of C™ (not just the complex lines) is
harmonic. Prove that [ is linear. Suppose that the word harmonic is replaced
by subharmonic. Then what can you say?

6. Let £ C R be any closed set. Show that there is a C* function F: R — R
such that {x € R : f(z) = 0} = E. This fact generalizes to RY,N > 1,
by way of the Whitney decomposition of an open set (see E. M. Stein [1]).
Contrast these results with those in the text for the zero set of a real analytic
function.

7. True or false? Let Q C C” be a domain, f : @ — R continuous. Suppose
that for each compact K CC Q and for each h € C(K) that is pluriharmonic

on [%, it holds that h > f on 8K implies A > f on K. Then f is psh.

8. The Poisson-Szegi kernel and the Poisson kernel. Let B C RY be the unit
ball. If f € C*(dB), then Pf, its Poisson integral, is in C°°(B). This can be
proved by integration by parts. The analogous result for the Poisson-Szegd
kernel on B C C" is false.

a. Let f: 8B — C be given by f(¢) = |¢1]?. Calculate P f(r 1,0) explicitly
to see that, as a function of , this function is C'! and its first derivative
is Lipschitz 1 — € for every e > 0. However, the function is not C?2.

b. Use the fact that P commutes with rotations to see that if f € C*°(dB),
then OB 5 { +— P f(r{) is C* for any fixed 0 < 7 < 1.
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112 Subharmonicity and Its Applications

¢. On the ball, the Poisson-Szegd kernel solves the Dirichlet problem for the
Laplace-Beltrami operator coming from the Bergman metric (see E. M.
Stein [2]). This operator is given by

4 H?
AP = (1= 121%) ) G5k — 22k) 5
n+1 g—}; J J 02,0z

Verify that A? is elliptic on B, but not uniformly so. Compute its symbol
to see this. As |z| — 1, the operator degenerates.

d. Tt is a result of G. B. Folland (1] that a function f € C°°(9B) has Poisson-
Szegd integral Pf € C*(B) if and only if P f is pluriharmonic on B. Give
an example of a function f € C°°(JB) for which you can verify directly
that Pf is not pluriharmonic. Verify that P(-, () is not pluriharmonic in
the first variable.

The work of C. R. Graham [1] explores in detail the nonregularity of the

Poisson-Szego operator on the ball. See also Krantz [19, Ch. 6].

9. The generalized Cayley transform and the Siegel upper half-space. Let n > 2
and let B C C" be the unit ball. Let i = {w € C" : Tmw; > Y7, |w;[*}.
Define ®(2) = (w1, ..., w,), where

o 1l-2z
w = 1-
! 1+Z1
Zj .
;= =2,...,n.
w] 1+Zl’ J ’ y b

a. Verify that ® maps B biholomorphically onto /. The domain U is the
standard unbounded realization of the bounded symmetric domain B. It
is called a Siegel upper haif-space of type I1 (see S. Kaneyuki [1]).

b. The set C*~! x R can be equipped with the multiplicative structure

(<7t>'(£as): (C+f,t+5+21mff),

where ¢-£ = Z;;l ngj. Verify that this binary operation makes C*~! xR
into a nonabelian group {called the Heisenberg group and denoted by
H,,—1).

c. If (t+1i|2'|%, 20,...,2,) € OU, where 2’ = (23,...,2,), then identify this
point with (z/,¢) € H,,_;. Thus 9U is a group in a natural way.

d. If w € U, write p(w) = Imw; — |w'|? > 0 and

w = ((Rew; +i|w'|?) +i(lmw, — |w'|®),wa, ..., w,)

(ug,...,un) + (ip(w),0,...,0).
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If (7/,t) = g € Hh—q, then let

gw = g(uy, ..., us) + (ip(w),0,...,0),

where g(ui,...,u,) denotes the natural action of H,_; on 8U. Indeed,
each g € H,,_; induces an element of Autif (the biholomorphic self-maps
of U). Denote this subgroup of Auti/ by N.

e. To what subgroup of Aut B does N C Auti/ correspond by way of the
map &7

f. Ifw = (wy,...,w,) €U,e >0, define o (w) = (2w, ews, ..., ew,). Then
{a.} € Autl. Indeed {a.} is a group. Call it A. To what subgroup of
Aut B does it correspond?

g. Compute the subgroup K of Autl{ consisting of elements that fix (4,0, .. .,
0). To what subgroup of Aut B does K correspond?

h. Show that Autdf = K - A- N. This is the Iwasawa decomposition of the
Lie group AutU (see S. Helgason [1]).

10. How much of the construction in Exercise 9 can you carry out for the poly-
disc?

11. Refer to Exercise 9. Use ® to calculate the Poisson-Szego kernel for the
Siegel upper half-space U. Verify that the Poisson-Szegt operator on U can
be realized as a convolution operator on the Heisenberg group (i.e., on 0U).

12. Let © cc C” be a domain with C* boundary. Let F : Q — C™ be injective,
holomorphic, and satisfy |[VF| > C > 0 on Q. If k is large enough, € > 0 is
small enough, and ||F — G||crqy < € for some holomorphic G on {2, then
show that G is injective. What is the least & that suffices for this result? Is
it necessary that I’ be holomorphic?

13. Prove that a C* function f on an open interval I C R is real analytic if for
any compact K C [ there exist constants C, M such that for any £ € K and
any positive integer j it holds that | f ) (k)| < C- M* - k!. Prove the converse
as well.

14. The following formula of Fad de Bruno is useful for differentiating composi-
tions: If f, g, h are scalar-valued functions of a real variable and if h = go f,
then

A (0)
o (59 () ()

where k = k1 + ks + ...+ k,, and the sum is taken over all k1, ko, ..., k, for
Use this formula to verify directly that the composition of two real analytic
functions is real analytic.

k1
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15.

16.

17.

18.

19.

20.

21.

22

23.

24.

Subharmonicity and Its Applications

Use the result of Exercise 14 to prove that if f : I — R is a real analytic
function on an interval I C R, if f’ is nonvanishing, and if f has an inverse,
then f~! is real-analytic.

Prove that if u is a positive, compactly supported measure of finite mass in
RY and T is the fundamental solution of the Laplacian, then

u(z) = / Tz — t) du(t)

defines a subharmonic function. What is the domain of u?

If v is a subharmonic function, then show that w is a distribution in a natural
sense. Verify that Aw, interpreted in the sense of distributions, is positive
and hence is a measure.

Let S be a countable subset of the unit disc in C with no interior accumula-
tion point. Give a procedure for constructing a subharmonic function on D
whose pole set is precisely S.

Let

P(z,z) = Z aop2®2°
Jal+|BI<N

be a polynomial in both z and z. Give necessary and sufficient conditions
for P to be pluriharmonic.

If M is a positive semidefinite m X m matrix and if F = (fi,... fin) is an
n-tuple of holomorphic functions, then prove that

FM'F

is plurisubharmonic.

What can you say about the size or geometry of the zero set of a nontrivial
pluriharmonic function? (Hint: First consider harmonic functions in R?.)

Let f and g be pluriharmonic on a neighborhood of the closed unit ball in
C™,n > 1. Let U be a neighborhood of the point (1,0,...,0) € B. If f and
g agree on OB NU, then prove that f = ¢. Does this result still hold when
n =17

Is there a Liouville theorem for pluriharmonic functions? For subharmonic
functions? For plurisubharmonic functions?

A C?, real-valued function is called convex if its real Hessian matrix is pos-
itive semidefinite at each point of its domain. Prove by an example that a
subharmonic function need not be convex. Is it true that convex functions
are subharmonic?
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26.

27.

28.

29.

30.

Exercises 115

Suppose that ¢ : RU {—cc} — RU {—o0} is a function with the property
that for every subharmonic function f it holds that ¢ o f is subharmonic.
What can you say about ¢7

Suppose that it were the case that a function f(z1,...,z2,) that is subhar-
monic in each complex variable separately is then subharmonic as a func-
tion on C™ = R?". This would provide an elegant and simple proof of the
Hartogs’s separate analyticity theorem. Unfortunately, the assertion about
separate subharmonicity is false (see J. Wiegerinck [2]). Hervé [1] is the
original source for the problem and gives background and related results.

Let Q be a connected Reinhardt domain. Prove that if f is holomorphic
on (), then f has a Laurent expansion that converges uniformly on compact
subsets of {2 to f.

Let f be real analytic in the N-cube (—1,1) x---x (~1,1) C R, What sort
of Cauchy estimates hold for the derivatives of f at the origin?

Let uw be a harmonic function in C” such that z; - u is harmonic for j =
1,...,n. Show that v must then be holomorphic. What other n-tuples of
functions may be used instead of (z1,...,2,)7?

Let Q@ = {(21,20) € C? : |21] < |22| < 1}, the Hartogs triangle. Prove that

there is no bounded psh function u on {2 such that u(z) tends to 0 as z tends
to Of.
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3 Convexity

3.1 Many Notions of Convexity

The concept of convexity goes back to the work of Archimedes, who used the idea
in his axiomatic treatment of arc length. The notion was treated sporadically,
and in an ancillary fashion, by Fermat, Cauchy, Minkowski, and others. It was
not until the 1930s, however, that the first treatise on convexity (by Bonneson
and Fenchel [1]) appeared. An authoritative discussion of the history of convexity
can be found in Fenchel [1].

One of the most prevalent and classical definitions of convexity is as follows:
A subset S C R is said to be convex if whenever P,Q € S and 0 < X < 1,
then (1 — A)P + AQ € S. In the remainder of this book we shall refer to a
set or domain satisfying this condition as geometrically convez. From the point
of view of analysis, this definition is of little use. We say this because the
definition is nonguantitative, nonlocal, and not formulated in the language of
functions. Put slightly differently, we have known since the time of Riemann
that the most useful conditions in geometry are differential conditions. Thus we
wish to find a differential characterization of convexity. We begin this chapter by
relating classical notions of convexity to more analytic notions. All these ideas
are properly a part of real analysis, so we restrict attention to RV.

Let © € RY be a domain with C! boundary. Let P RY - R beaC!
defining function for ). Recall (Section 0.1 and Exercise 7 at the end of Chapter
1) that such a function has these properties:

1. Q= {z e RN : p(z) < 0}
2. Q= {z € RY: p(z) > 0}
3. gradp(z) #0 Vz € 00

117
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118 Chapter 3: Convexity

If k > 2 and the boundary of  is a C* manifold in the usual sense (see Appendix
I), then it is straightforward to manufacture a C* (indeed a C*) defining function
for by using the signed distance-to-the-boundary function.

DEFINITION 3.1.1  Let © C RY have C' boundary and let p be a C! defining
function. Let P € 8. An N-tuple w = (wy,...,wy) of real numbers is called a
tangent vector to 902 at P if

N
Z 0p/0z;)(P)-w; =0.

Jj=1

We write w € Tp(09).

Of course this definition makes sense only if it is independent of the choice
of p. We shall address that issue in a moment. First, if P is a boundary point of a
domain ) with C! boundary, then we let vp denote the unit outward normal to
00 at P. It should be observed that the condition defining tangent vectors simply
mandates that w L vp at P. And, after all, we know from calculus that Vp is
the normal vp and that the normal is uniquely determined and independent of
the choice of p. In principle, this settles the well-definedness issue.

However this point is so important and the point of view that we are
considering is so pervasive that further discussion is warranted. The issue is
this: if § is another defining function for 2, then it should give the same tangent
vectors as p at any point P € 9Q. The key to seeing that this is so is to write
p(x) = h(z) - p(z), for h a function that is nonvanishing near 9. Then, for
P €99,

N
> (0p/0z;)(P) - w; = Z dp/dx;)(P) - w;
i=1

|
)
)
~
Q
8
k)

§

+0, (3.1.2)

because p(P) = 0. Thus w is a tangent vector at P vis-a-vis p if and only if w is
a tangent vector vis-a-vis p. But why does h exist?

After a change of coordinates, it is enough to assume that we are dealing
with a piece of 9 that is a piece of flat, (N — 1)-dimensional real hypersurface
(just use the implicit function theorem). Thus we may take p(z) = zn and
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3.1. Many Notions of Convexity 119

P = 0. Then any other defining function p for 9Q near P must have the Taylor
expansion

pa) = c-zn + R(z)

about 0. Here R is a remainder term satisfying R{z) = o(|z|). (There is no loss
of generality to take ¢ = 1, and we do so in what follows.) Thus we wish to
define

—

(z

ey

hz) =

=14 8(z).

B
—
~—

Here S(z) = R(z)/zny and S(z) = o(1) as znx — 0. Since this remainder term
involves a derivative of 5, it is plain that h is not even differentiable. (An explicit
counterexample is given by p(z) = zn - (1 + |zn]).) Thus the program that we
attempted in equation (3.1.2) is apparently flawed.

However an inspection of the explicit form of the remainder term R reveals
that because p is constant on 99, h as defined above is continuously differen-
tiable in tangential directions. That is, for tangent vectors w (vectors that are
orthogonal to vp), the derivative

Oh

7 6.’13]‘ J

s defined. Thus it does indeed turn out that our definition of tangent vector
is well posed when it is applied to vectors that are already known to be tangent
vectors by the geometric definition w-vp = 0. For vectors that are not geometric
tangent vectors, an even simpler argument shows that

0p
%(P)w] #0

if and only if
N

B, (P)w; # 0.

Thus Definition 1.1 is well posed. Questions similar to the one just discussed
will come up later when we define convexity using C'? defining functions (and
also when we define the concept of pseudoconvexity). They are resolved in just
the same way and we shall leave details to the reader.

The reader should check that the discussion above proves the following: If
p, p are C* defining functions for a domain 2, then there is a C*~! function h
defined near 0X2 such that p=h - p.
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120 Chapter 3: Convexity

This somewhat protracted discussion of a small technical point seems nec-
essary because it is recorded incorrectly in most places in the literature (including
the first edition of this book).

3.1.1 The Analytic Definition of Convexity

For convenience, we restrict attention for this subsection to bounded domains.
Many of our definitions would need to be modified and extra arguments would
need to be given in proofs were we to consider unbounded domains as well.

DEFINITION 3.1.3  Let @ cC RY be a domain with C? boundary and p a
defining function for €. Fix a point P € 9. We say that 9 is (weakly) convex
at P if

N 82
3 s (Plwjwe 20, vwe Tr(09).
st 6I]8$k

We say that 9Q is strongly convez at P if the inequality is strict whenever w # 0.
If 99 is convex (resp. strongly convex) at each boundary point, then we
say that 2 is convex (resp. strongly convex).

( > p ( P)) v
00z k=1

is frequently called the “real Hessian” of the function p. This form carries con-
siderable geometric information about the boundary of €2. It is, of course, closely
related to the second fundamental form of Riemannian geometry (see B. O’Neill

]).

There is a technical difference between strong and strict convexity that we
shall not discuss here (see L. Lempert (2] for details). Tt is common to use either
of the words strong or strict to mean that the inequality in the last definition
is strict when w # 0. The reader may wish to verify that at a strongly convex
boundary point, all curvatures are positive (in fact, one may, by the positive
definiteness of the matrix (02p/6:cj8mk), impose a change of coordinates at
P so that the boundary of 2 agrees with a ball up to and including second
order at P). It is also the case that any strongly convex boundary point P
is extreme: If z,y € Q and if P = (1 — ANz + My, some 0 < A < 1, then
z = y = P. Although it is necessary and sufficient for strong convexity of a
point P that all boundary curvatures be positive, it is only necessary that the
boundary point be extreme. The point P = (1,0) in the boundary of the convex
domain {(z1,72) € R? : [z1[? + |z2|* < 1} is extreme, but is not a point of strong
convexity.

The quadratic form
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3.1. Many Notions of Convexity 121

Now we explore our analytic notions of convexity. The first lemma is a
technical one.

LEMMA 3.1.4 Let Q C RY be strongly convex. Then there is a constant C > 0
and a defining function p for £ such that

N ~
E 7 P)wjwy, > Clwl?, VP € 80, w e RV,
xjax

(3.1.4.1)

Proof Let p be some fixed C'? defining function for . For A > 0, define

(@) = exp()\p/(\x)) - 1.

We shall select A large in a moment. Let P € 0Q and set

X=Xp={wecR":|w=1and Zax Fe (P)wjwg <0
7 k

Then no element, of X could be a tangent vector at P; hence X C {w : |w| =
1 and 3, 0p/0z;(P)w; # 0}. Since X is defined by a nonstrict inequality, it is
closed; it is, of course, also bounded. Hence X is compact and

1 = min Zap/axj(P)wj rwe X
7
is attained and is nonzero. Define

. 82

— mingex Ej,k *—P—axjazk (Pwjwy

A= 3 +1.
I

Set p = px. Then for any w € RY with |w| = 1, we have (since exp(p(P))
that

1y

Z{ %0 (py 1202 (p) 00
7,k

Ox;0zy Ot Oy (P)} Witk

2
8%p
A .
jz,z; {3%39%} Yokt Z oz, ©
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122 Chapter 3: Convexity

If w ¢ X then this expression is positive by definition. If w € X then the
expression is positive by the choice of A. Since {w € R¥ : |w| = 1} is compact,
there is thus a C' > 0 such that

8%
Z{ P } (P)wjwy, > C, Vw € RY such that |lw] = 1.
Iy Ox; 0z,

This establishes our inequality (3.1.4.1) for P € 99 fixed and w in the
unit sphere of RY. For arbitrary w, we set w = |w|t, with @ in the unit sphere.
Then (3.1.4.1) holds for . Multiplying both sides of the inequality for @ by |w|?
and performing some algebraic manipulations gives the result for fixed P and all
w € RY. (In the future we shall refer to this type of argument as a “homogeneity
argument.”)

Finally, notice that our estimates—in particular, the existence of C—hold
uniformly over points in 92 near P. Since 01 is compact, we see that the constant
C may be chosen uniformly over all boundary points of §2. O

Notice that the statement of the lemma has two important features: (1)
that the constant C may be selected uniformly over the boundary and (2) that
the inequality (3.1.4.1) holds for all w € RY (not just tangent vectors). In fact, it
is impossible to arrange for anything like (3.1.4.1) to be true at a weakly convex
point.

Our proof shows in fact that (3.1.4.1) is true not just for P € 99 but for
P in a neighborhood of 9€2. It is this sort of stability of the notion of strong
convexity that makes it a more useful device than ordinary (weak) convexity.

PROPOSITION 8.1.5 If € is strongly convex, then (2 is geometrically convex.

Proof  We use a connectedness argument.

Clearly Q x (1 is connected. Set S = {(P1,P2) € QxQ: (1-NP+ AP €
1, all 0 < A < 1}. Then S is plainly open and nonempty.

To see that S is closed, fix a defining function p for {2 as in the lemma. If
S is not closed in  x €2, then there exist P, P, € € such that the function

t— p((1—t)Py + tPy)

assumes an interior maximum value of 0 on [0, 1]. But the positive definiteness
of the real Hessian of p contradicts that assertion. The proof is complete. O

We gave a special proof that strong convexity implies geometric convexity
simply to illustrate the utility of the strong convexity concept. It is possible
to prove that an arbitrary (weakly) convex domain is geometrically convex by
showing that such a domain can be written as the increasing union of strongly
convex domains. However the proof is difficult and technical (the reader inter-
ested in these matters may wish to consider them after learning the techniques
in the proof of Theorem 3.3.5). We thus give another proof of this fact.
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3.1. Many Notions of Convexity 123

PROPOSITION 3.1.6 1f Q is (weakly) convex, then €2 is geometrically convex.

Proof  To simplify the proof we shall assume that {2 has at least C'® boundary.

Assume without loss of generality that N > 2 and 0 € §2. For ¢ > 0, let
pe(z) = p(z) + €|z|*™ /M and Q. = {z : p.(z) < 0}. Then Q, C . if ¢ < € and
Uesof2e = Q. If M € N is large and ¢ is small, then €. is strongly convex. By
Proposition 3.1.5, each €. is geometrically convex, so {1 is convex. O

We mention in passing that a nice treatment of convexity, from roughly
the point of view presented here, appears in V. Vladimirov [1].

PROPOSITION 8.1.7 Let Q cC RY have C? boundary and be geometrically
convex. Then Q is (weakly) convex.

Proof  Seeking a contradiction, we suppose that for some P € 90 and some
w € Tp(081), we have

8%p

ko

Suppose without loss of generality that coordinates have been selected in RY so
that P = 0 and (0,0,...,0,1) is the unit outward normal vector to 9 at P.
We may further normalize the defining function p so that dp/Bzy(0) = 1. Let
Q=Q =tw+e-(0,0,...,0,1), where ¢ > 0 and ¢ € R. Then, by Taylor’s

expansion,

N
Q) = Za—p 0@ +5 E axjax (0)Q; @k +o(I1QI?)

N

Z 8:0 3 k (0)w;wg + O(€2) + o(t?)
J

= E—Kt2+(’)(e )+0(t2).

Thus if t = 0 and € > 0 is small enough, then p(Q) > 0. However, for that same
value of ¢, if [t|] > 1/2¢/K, then p(Q) < 0. This contradicts the definition of
geometric convexity. 0O

Remark: The reader can already see in the proof of the proposition how useful
the quantitative version of convexity can be.

The assumption that 02 be C? is not very restrictive, for convex functions
of one variable are twice differentiable almost everywhere (see A. Zygmund [1]).
On the other hand, C? smoothness of the boundary is essential for our approach
to the subject. O
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Exercise for the Reader
If O C RV is a domain, then the closed convex hull of ) is defined to be the

closure of the set {Z;nzl Ajsjis; €QmeN N >0,2 A =1}
Assume in the following problems that @ C R is closed, bounded, and
convex. Assume that £ has C? boundary.

1. Prove that 2 is the closed convex hull of its extreme points (this result is
usually referred to as the Krein-Milman theorem and is true in much greater
generality).

2. Let P € 00 be extreme. Let p = P + Tp(9Q) be the geometric tangent
affine hyperplane to the boundary of {2 that passes through P. Show by an
example that it is not necessarily the case that pNQ = {P}.

3. Prove that if Q is any bounded domain with C? boundary, then there is a
relatively open subset U of 9Qq such that U is strongly convex. (Hint: Fix
zg € Qo and choose P € 9y that is as far as possible from zg).

4. If Q is a convex domain, then the Minkowski functional (see S. R. Lay [1])
gives a convex defining function for 2.

Our goal now is to pass from convexity to a complex-analytic analogue of con-
vexity. We shall first express the differential condition for convexity in complex
notation. Then we shall isolate that portion of the complexified expression that
is invariant under biholomorphic mappings. This invariant version of convexity
will be the focus of much of our study for the remainder of the book. Because of
its centrality we have gone to extra trouble to put all these ideas into context.

Now fix 2 cC C™ with C? boundary and assume that 9Q is convex at
P e o If we C™, then the complex coordinates for w are, of course,

w = ('(Ul,...,wn) :(fl +’”7177€TL+7’77’IZ)

Then it is natural to (geometrically) identify C™ with R?” via the map

(gl +Zn17>€n+lnn) — (ghnla“'ygnann)-

Similarly, we identify z = (21,...,2,) = {(£1 + iy1,...,Zn + iyn) € C* with
(T1,Y1, -+ > Tn, Yn) € R??. (Strictly speaking, C* is R” ®g C. Then one equips
C™ with a linear map J, called the complex structure tensor, which mediates
between the algebraic operation of multiplying by 4 and the geometric mapping
&m0y ny ) — (—11,81, -+, =N, &n ). In this book it would be both tedious
and unnatural to indulge in these niceties. In other contexts they are essential.
See R. O. Wells [2] for a thorough treatment of this matter.) If p is a defining
function for ) that is C? near P, then the condition that w € Tp(8) is
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In complex notation we may write this equation as

;; (52 + 5 ) o) (s +0)

The space of vectors w that satisfy this last equation is not closed under
multiplication by 7, and hence is not a natural object of study for our purposes.
Tnstead, we restrict attention in the following discussion to vectors w € C™ that
satisfy

Z az] ; =0.

The collection of all such vectors is termed the complex tangent space to 0S) at
P and is denoted by Tp(9R2). Clearly Tp(0§2) C Tp(99); indeed, the complex
tangent space is a proper real subspace of the ordinary (real) tangent space. The
reader should check that 7p(d) is the largest complex subspace of Tp(02) in
the following sense: If S is a real linear subspace of Tp(0Q) that is closed under
multiplication by 4, then S C 7p(d). In particular, when n = 1,0 C C”, and
P € 99 then Tp(092) = {0}. At some level, this last fact explains many of the
differences between the functions theories of one and several complex variables.
Now we turn attention to the convexity condition.

The convexity condition on tangent vectors is

7,k=1
+2 2; 8:6]834 P)esme + Z 3y38y Pinme
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<y +w) (1) (- )
73 (0G5 -5) () G -a2)
(1) (wy ~ ) (1) (o~ )

w wg + E Wi
7 6z]82k ]
g k=

.

k;:
2 PYww
' ir= 8zjazk( sk
" 9% L 9%
= 9P p 2 P
2Re j%::l B2,00 L Wi | + ];1 az]a*( oy

(This formula could also have been derived by examining the complex form of
Taylor’s formula—see Exercise 35 at the end of Chapter 1.) We see that the real
Hessian, when written in complex coordinates, decomposes rather naturally into
two Hessian-like expressions. Qur next task is to see that the first of these does
not transform canonically under bibolomorphic mappings but the second one
does. We shall thus dub the second quadratic expression “the complex Hessian”
of p. It will also be called the “Levi form” of the domain 2. This form will be
the object of our considerable attention for the remainder of this book.

The Riemann mapping theorem tells us, in part, that the unit disc is biholo-
morphic to any simply connected smoothly bounded planar domain. Since many
of these domains are not convex, we see easily that biholomorphic mappings do
not preserve convexity (an explicit example of this phenomenon is the mapping
¢ : D — ¢(D),$(¢) = (¢ +2)*). We wish now to understand analytically where
the failure lies. So let 2 CC C™ be a convex domain with C? boundary. Let
U be a neighborhood of Q and p : U — R a defining function for Q. Assume
that ® : U — C” is biholomorphic onto its image and define ' = &({2). Hopf’s
lemma (Exercise 22 at the end of Chapter 1; the proof shows that Hopf’s lemma,
is valid for subharmonic and hence for plurisubharmonic functions) guarantees
that p/ = po ®! is a defining function for Q’. Finally fix a point P € 9 and
corresponding point P’ = ®(P) € 0. If w € Tp(99), then

€ Tp: (05Y).

LT NPT
> Y
j=1 Ji=1
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3.1. Many Neotions of Convexity 127

Let the complex coordinates on ®(U) be z;/,..., 2. Our task is to write the
expression determining convexity,

2 Re P (Pywjwy | +2 Y oL (Pywwy, (3.1.8)
7»

in terms of the z;” and the w;’. But

8%p 0 = 0p 0%,
520 ) 0z, Z:: 0z, Oz
- %y 0%, 0%, . (9p %%
= Z p 0% TR - A
Pt 82,0z, Oz, 0z = 10z, 0207,
T - " 0p 08y _ N~ 0% 0% 0B
0207 Oz Bzé 0% 62’ 1.0z, 0z; Oz
Therefore,
(318) = 2Re z; 92 Ia / %z: EZ: % W

nonfunctorial

+22": 62I 2

£m~

—

functorial

So we see that the part of the quadratic form characterizing convexity that is
preserved under biholomorphic mappings is
8zj8§k

(P)w;wy.
J,k=1

DEFINITION 3.1.8  Let @ C C" be a domain with C? boundary and let P €
9. Let p be a C? defining function for 2. We say that OQ is Levi pseudoconvez
at P if

n

Z

(P)w]wk >0, Vw e Tp(09). (3.1.8.1)
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The expression on the left side of (3.1.8.1) is called the Levi form. The point
P is said to be strongly (or strictly) Levi pseudoconvez if the expression on the
left side of (3.1.8.1) is positive whenever w # 0,w € Tp(0£2). A domain is called
Levi pseudoconvex (resp. strongly Levi pseudoconvez) if all its boundary points
are pseudoconvex (resp. strongly Levi pseudoconvex).

The reader may check that the definition of pseudoconvexity is independent of
the choice of defining function for the domain in question.

The collection of Levi pseudoconvex domains is, in a local sense to be made
precise later, the smallest class of domains that contains the convex domains and
is closed under increasing union and biholomorphic mappings.

PROPOSITION 38.1.9 If Q C C" is a domain with C? boundary and if P € 89
is a point of convexity, then P is also a point of pseudoconvexity.

Proof Let p be a defining function for 2. Let w € 7p(0Q). Then iw is also
in 7p{09). If we apply the convexity hypothesis to w at P, we obtain

Oz,
fywe 8238

2Re

(Pywjwy, | +2 Z (P)wjwy, > 0.

7,k=1

(92] Bz
However, if we apply the convexity condition to iw at P, we obtain

_ >
2Re E (92](92 Plwwy | + ZJ kg 1 c’?z]c?‘ ———(P)w;w, > 0.

Adding these two inequalities we find that

hence 0%) is Levi pseudoconvex at P. O

The converse of this lemma is false. For instance, any product of smooth
domains 1 x 9 C €2 is Levi pseudoconvex at boundary points that are smooth
(for instance, off the distinguished boundary 92 x 892). From this observation
a smooth example may be obtained simply by rounding off the product domain
near its distinguished boundary. The reader should carry out the details of these
remarks as an exercise.

There is no elementary geometric way to think about pseudoconvex do-
mains. The collection of convex domains forms an important subclass, but by
no means a representative subclass. As recently as 1972 it was conjectured that a
pseudoconvex point P € 982 has the property that there is a holomorphic change
of coordinates ® on a neighborhood U of P such that ®(UN9dQ) is convex. This
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3.1. Many Notions of Convexity 129

conjecture is false (see J. J. Kohn and L. Nirenberg [1]). In fact it is not known
which pseudoconvex boundary points are “convexifiable.”

The definition of Levi pseudoconvexity can be motivated by analogy with
the real variable definition of convexity. However, we feel that the calculations
above, which we learned from J. J. Kohn, provide the most palpable means of
establishing the importance of the Levi form.

We conclude this discussion by noting that pseudoconvexity is not an in-
teresting condition in one complex dimension because the complex tangent space
to the boundary of a domain is always empty. Any domain in the complex plane
is vacuously pseudoconvex.

3.1.2 Convexity with Respect to a Family of Functions

Let © C RY be a domain and let F be a family of real-valued functions on §2
(we do not assume in advance that F is closed under any algebraic operations,
although often in practice it will be). Let K be a compact subset of Q0. Then
the convexr hull of K in Q with respect to F is defined to be

Kfz{xeﬂzf(x)gsupf(t) forallfe]-'}.

tcK

We sometimes denote this hull by K when the family F is understood or when
no confusion is possible. We say that €2 is conver with respect to F provided Kr
is compact in Q whenever K is. When the functions in F are complex-valued,
then |f| replaces f in the definition of Kr.

PROPOSITION 8.1.10 Let Q@ cC RY and let F be the family of real linear
functions. Then  is convex with respect to F if and only if {2 is geometrically
convex.

Proof  The proof is left as an exercise. Use the classical definition of convexity
at the beginning of the section. |

PROPOSITION 3.1.11 Let Q CC RY be any domain. Let F be the family of
continuous functions on 2. Then €2 is convex with respect to F.

Proof If K cC Q and = € K, then the function F(¢) = 1/(1 + |z — t]) is
continuous on 2. Notice that f(r) = 1 and |f(k)| < 1 for all k& € K. Thus
z € K. Therefore, Kz = K and € is convex with respect to F. O

PROPOSITION 3.1.12 Let 2 C C be an open set and let F be the family of
all functions holomorphic on ). Then {2 is convex with respect to F.

Proof  First suppose that 2 is bounded. Let K CC €. Let r be the Euclidean
distance of K to the complement of 2. Then r > 0. Suppose that w € §2 is of dis-
tance less than r from 9. Choose w' € 9§ such that jw—w'| = dist(w, ). Then
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130 Chapter 3: Convexity

the function f(¢) = 1/(¢ —w’) is holomorphic on § and | f(w)| > supex | f(C)]-
Hence w € K7, so Kr CC §. Therefore, 2 is convex with respect to F.

In case Q is unbounded, we take a large disc D(0, R) containing K and
notice that Kz with respect to Q is equal to K with respect to QN D(0, R),
which by the first part of the proof is relatively compact. O

Exercise for the Reader

Prove that, in the last proposition, if the family F is replaced by the family G
of bounded holomorphic functions, then not every € will be convex with respect
to G (however your example will not have smooth boundary). What about the
family ‘H of square integrable holomorphic functions?

The reader should consider carefully why the argument in the last propo-
sition breaks down in C™,n > 2. The reason is that, in higher dimensions, the
zeros of a nonconstant holomorphic function are never isolated. The fact that
holomorphic functions of one variable do have isolated zeros made it very easy
to construct the required function f. But in C?, a holomorphic function that
vanishes at w’ € 9Q might also perforce vanish at points inside the domain as
well.

In fact, it is the notion of pseudoconvexity that helps to detect when the
zeros of a holomorphic function that vanishes at a boundary point of a domain
can be kept outside the domain. This is a subject that we explore in detail as
the book develops.

With respect to the exercise, we note that in C2, there is a bounded,
topologically trivial domain  with smooth boundary such that 2 is convex
with respect to the family of all holomorphic functions but not with respect
to all bounded holomorphic functions (see N. Sibony [1, 3]). A variant of this
example will be considered in Exercise 7 at the end of Chapter 8.

3.1.3 Concluding Remarks

The discussion thus far in this chapter has shown that convexity for domains
and convexity for functions are closely related concepts. We now develop the
latter notion a bit further.

Classically, a real-valued function f on a convex domain €2 is called convex
if, whenever P,@ € Q and 0 < A <1, we have f((1-A)P+2Q) < (1-N)f(P)+
Af(Q). A C? function f is convex according to this definition if and only if the
matrix (82 f/8z; Ba:k);.vk:l is positive semidefinite at each point of the domain of
f- The function is convex at a point if this Hessian matrix is positive semidefinite
at that point. It is strongly (or strictly) conver at a point of its domain if the
matrix is strictly positive definite at that point. Of course, the function is called
strictly convex if it is such at each point of its domain.

Now let © C R be any domain. A function ¢ : Q@ — R is called an
ezhaustion function for Q if, for any ¢ € R, the set Q. = {z € Q : ¢(z) < c} is
relatively compact in Q. It is a fact (not easy to prove) that £ is convex if and
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3.1. Many Notions of Convexity 131

only if it possesses a convex exhaustion function, and that is true if and only if it
possesses a, strictly convex exhaustion function. In Section 3.3 we shall present
the necessary tools for proving a result such as this.

We close this discussion of convexity with a geometric characterization of
the property. We shall, later in the book, refer to this as the “affine sphere”
characterization. First, if @ C RY is a domain and I is a closed one-dimensional
segment lying in €2, then the boundary 0T is the set consisting of the two end-
points of I. Now the domain Q2 is convex if and only if whenever {I;}52, is a
collection of segments in £ and {91} is relatively compact in €, then so is {I;}.
This is little more than a restatement of the classical definition of geometric
convexity. We invite the reader to supply the details.

All our approaches to convexity will prove useful in later parts of the book.
Each of them will have an analogue in the complex analytic setting, and each will
be part of the arsenal of tools that we use to characterize domains of holomorphy.
In fact, one of the main goals of the first five chapters of this book is to prove
the following equivalence (here  C C" is a domain with C? boundary and F is
the family of holomorphic functions on ):

Q is a domain of holomorphy. <=

) is convex with respect to F. <

€ is Levi pseudoconvex. <=

Q has a C° strictly psh exhaustion function. <—

The equation du = f can be solved on  for
every O-closed (p,q) form f on Q. <=

Whenever {4;}52; C Q is a family of closed analytic
discs (see Section 3.2) such that {86,} is relatively
compact in 2, then {d;} is also relatively compact
in Q.

The hardest part of these equivalences is that a Levi pseudoconvex domain is
a domain of holomorphy. This implication is known as the Lewvi problem and
was solved completely for domains in C", all n, only in the mid-1950s. Some
generalizations of the problem to complex manifolds and analytic spaces remain
open. An informative survey is Y. T. Siu [1]. We shall use the technique of the &
equation to attack the Levi problem; that is, we first prove that the J equation
can always be solved on a Levi pseudoconvex domain. Then we use this tool to
show that a Levi pseudoconvex domain is a domain of holomorphy.

The next section collects a number of geometric properties of pseudoconvex
domains. Although some of these properties are not needed for a while, it is
appropriate to treat these properties all in one place.
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132 Chapter 3: Convexity

3.2 Convexity and Pseudoconvexity

Let © cC C™ be a domain with C? boundary. If P € 89, then P is a point
of (weak) Levi pseudoconvexity if the Levi form is positive semi-definite on the
space of w € Tp(£2). Explicitly, P € 99 is a point of Levi pseudoconvexity for
Q={zeCV:p(z) <0}if

n 82,0
3zj5‘2k

(P)wjﬂ;k >0
7,k=1

for all w € CV that satisfy

j=1

The point P is a point of sirong (or sirict) pseudoconvexity if the Levi form at P is
positive definite for some choice of defining function and w € 7p(952). One checks
that these definitions are in fact independent of the choice of defining function.
The domain € is said to be Levi pseudoconvex {resp. strictly or strongly Levi
pseudoconver) if every P € 0% is a point of Levi pseudoconvexity (resp. strict
or strong Levi pseudoconvexity).

A line-by-line imitation of the proof of Lemma 3.1.4 yields the next result.

PROPOSITION 3.2.1 1If Q is strongly pseudoconvex, then {2 has a defining
function p such that

— (Pywjwy, > Clw)?
j%gl 6zj5‘zk J

for all P € 99, all w € C™.

By continuity of the second derivatives of p, the inequality in the propo-
sition must in fact persist for all z in a neighborhood of 0Q. In particular, if
P € 99 is a point of strong pseudoconvexity, then so are all nearby boundary
points. The analogous assertion for weakly pseudoconvex points is false.

EXAMPLE Let Q = {(21,22) € C% : |21]? + |22|* < 1}. Then p(z1,22) =
—1+4)21)%+]22/* is a defining function for €2 and the Levi form applied to (w1, w2)
is jwi|? + 4]z2)?|w2|%. Thus 0Q is strongly pseudoconvex except at boundary
points where |23/ = 0, and the tangent vectors w satisfly w; = 0. Of course,
these are just the boundary points of the form (€*?,0). The domain is (weakly)
Levi pseudoconvex at these exceptional points. O
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z, plane

FIGURE 3.1

FIGURE 3.2

EXAMPLE  Let €, be the “solid torus” in C? whose major circle of rotation
(of radius 1) is independent of zo and whose minor circle of rotation (of radius
r} is independent of z; (see Figure 3.1). This region is described by the equation

a?+12-2.a-1-cosb < r?
that is, the domain has defining function
p1(z1,22) = l21|* + |zl + 1 = 2|z | — 7%,

The reader may calculate that the domain is strongly pseudoconvex for 0 < r <
1.

On the other hand, let 5 be the “solid torus” in C? whose major circle of
rotation (of radius 1) lies in the ©; — 2 plane and whose minor circle of rotation
(of radius r) is in the y; — yo plane (see Figure 3.2). This region is described by
the equation

a?+12-2.a-1-cosf < r%

that is, the domain has defining function

pi(z1,22) = |a1|* + |22f” + 1 — 24/2f + 23 — 2.
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The reader may calculate the Levi form of 23 and determine that € is pseudo-
convex only if r < 1/2. It is strongly pseudoconvex if 0 < r < 1/2.

The two tori described here are isometric in Euclidean geometry. But they
are not biholomorphic. They are imbedded into complex Euclidean space in such
a fashion that they are different from the point of view of complex analysis. O

We see from the last example that pseudoconvexity describes something
more (and less) than classical geometric properties of a domain. We will learn
later that certain cohomology groups of 2 with coefficients in C must vanish when
Q is pseudoconvex. Also, pseudoconvexity can be characterized by a condition
similar to the classical characterization of convexity (presented in Section 3.1)
by families of imbedded segments; for pseudoconvexity we replace segments by
holomorphically imbedded discs. However, it is important to realize that there is
no simple geometric description of pseudoconvex points. Weakly pseudoconvex
points are far from being well understood at this time. Matters are much clearer
for strongly pseudoconvex points.

LEMMA 8.2.2 (Narasimhan) Let @ CC C™ be a domain with C? boundary.
Let P € 01 be a point of strong pseudoconvexity. Then there is a neighborhood
U C C™ of P and a biholomorphic mapping ® on U such that ®(U N 0Q) is
strongly convex.

Proof By Proposition 3.2.1 there is a defining function p for 2 such that

for all w € C™. By a rotation and translation of coordinates, we may assume
that P = 0 and that v = (1,0,...,0) is the unit outward normal to 9Q at P.
The second-order Taylor expansion of p about P = 0 is given by

_ _ 1 & 0%
pw) = FO+ Y GE Py +g S0 (Pl
j j,k=1
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n 62.,
+ ) 5, (P)wide + o(jwl?)

7,k=1 8
n 32~
2Re{wi+3 Z 8%6%( Jwjwg
7,k=1
+ i PP Py + oflul?) (3.2.2.1)
P 0z;0%, ik o
by our normalization v = (1,0,...,0).
Define the mapping w = (wi,...,w,) — w = (w),...,w),) by
1 < 0%
wy =& (w) =w + 7 32,07 (P)wjwg
k=1
wy =Po(w) =wo
wl, =®,(w) =w,.

By the implicit function theorem, we see that for w sufficiently small this is
a well-defined invertible holomorphic mapping on a small neighborhood W of
P = 0. Then equation (3.2.2.1) tells us that, in the coordinate w’, the defining
function becomes

n 82~ . )
) =2Rewl + 37 5l (Phufu + o).
7,k=1

Thus the real Hessian at P of the defining function p is precisely the Levi form;
and the latter is positive definite by our hypothesis. Hence the boundary of
(W NN) is strictly convex at ®(P). By the continuity of the second derivatives
of p, we may conclude that the boundary of ®(W N Q) is strictly convex in a
neighborhood V of ®(P). We now select U C W a neighborhood of P such that
®(U) C V to complete the proof. a

By a very ingenious (and complicated) argument, J. E. Forness [1] has
refined Narasimhan’s lemma in the following manner.

THEOREM 3.2.3 (Fornasess)  Let @ C C" be a strongly pseudoconvex do-
main with C? boundary. Then there is an integer n' > n, a strongly convex do-
main ' C C™" , a neighborhood 2 of 2, and a one-to-one imbedding ® : {} — C"
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FIGURE 3.3

such that
1. () C O
2. (00) C 8%
3. ®(0\ Q) cC\
4. ®(Q) is transversal to 9.

Remark: In general, n’ >> n in the theorem. Sharp estimates on the size of
n', in terms of the Betti numbers of 2 and other analytic data, are not known.
The example that we gave above of the strongly pseudoconvex torus shows that
strongly pseudoconvex domains are, in general, not strongly convex. However,
Forneess’s theorem is the next best thing: a strongly pseudoconvex domain can
be mapped properly into a strongly convex domain of higher dimension. Figure
3.3 suggests, roughly, what Forngess’s theorem says.

It is known (see J. Yu [1]) that if £ has real analytic boundary, then
the domain Q' in the theorem can be taken to have real analytic boundary
and the mapping ® will extend real analytically across the boundary (see also
Forstneric [1]). It is not known whether, if © is described by a polynomial
defining function, the mapping ® can be taken to be a polynomial. Sibony has
produced an example of a smooth weakly pseudoconvex domain that cannot be
mapped properly into any weakly convex domain of any dimension (even if we
discard any smoothness and transversality conclusions). See N. Sibony [4] for
details. It is not known which weakly pseudoconvex domains can be properly
imbedded in a convex domain of some dimension. O

DEFINITION 3.2.4  An analytic disc in C™ is a nonconstant holomorphic
mapping ¢ : D — C". We shall sometimes intentionally confuse the imbed-
ding with its image (the latter is denoted by d). If ¢ extends continuously to D
then we call ¢(D) a closed analytic disc and ¢(0D) the boundary of the analytic
disc.

EXAMPLE  The analytic disc ¢(¢) = (1,() lies entirely in the boundary of
the bidisc D x D. By contrast, the boundary of the ball contains no nontriv-
ial (i.e., nonconstant) analytic discs. To see this last assertion, assume that
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3.2. Convexity and Pseudoconvexity 137

¢ = (¢1,92) : D — OB is an analytic disc. For simplicity, take the dimension
to be two. Let p(z) = —1 + |z1]? + |22/ be a defining function for B. Then
po¢=—1+ |¢1]? + |p2|? is constantly equal to 0, or |¢1()|? + |2(O)|*> = 1.
Each function on the left side of this identity is subharmonic. By the sub-mean
value property, if d is a small disc centered at ¢ with radius r, then

1= (OF +18(OF < —15 [ 161 +oa(6) dA(e) = 1.

Thus, in fact, we have the equality

B1(OF +162(0F = 5 [ 11OF +1a(OP dAe).
But also
B(OF = =3 [ 1616 dA©
and

62O < =5 [ IealO)P A

It therefore must be that equality holds in these last two inequalities. But then
|¢$1]? and |¢2|? are harmonic. That can be true only if ¢, ¢o are constant. O

Exercises for the Reader
1. Prove that the boundary of a strongly pseudoconvex domain cannot contain
a nonconstant analytic disc.
In fact, more is true: If Q is strongly pseudoconvex, P € 8Q, and ¢ : D — Q
satisfies ¢(0) = P, then ¢ is identically equal to P.

2. There is a precise, quantitative version of the behavior of an analytic disc at
a strongly pseudoconvex point. If P € 012 is a strongly pseudoconvex point,
then there is no analytic disc d with the property that

lim dist(z, 00) _o
d>z—P IZ - P |2

This property distinguishes a weakly pseudoconvex boundary point from a
strongly pseudoconvex boundary point. For example, the boundary point
(1,0,0) in the domain {z € C? : |z1|2+|22|? +|23]|* < 1} has a zero eigenvalue
of its Levi form in the direction (0,0,1). Correspondingly, the analytic disc
#(¢) = (0,0,¢) has order of contact with the boundary greater than 2 at
the point (0,0,1). We shall provide a detailed discussion of these ideas in
Section 11.5.
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Zero set of fp

FIGURE 3.4

3.2.1 Holomorphic Support Functions

Let Q C C™ be a domain and P € 0f). We say that P possesses a holomorphic
support function for the domain {2 provided that there is a neighborhood Up of P
and a holomorphic function fp : Up — C such that {z € Up : fp(z) =0}NQ =
{P} (see Figure 3.4). Compare the notion of holomorphic support function with
the classical notion of support line or support hypersurface for a convex body
(see F. A. Valentine [1] or S. R. Lay [1]).

Suppose now that P € 9Q is a point of strong convexity and that Tp{0Q)
denotes the real tangent hyperplane to 02 at P. Then there is a neighbor-
hood Up of P such that Tp(0Q) N Q N Up = {P} (exercise). Identify C"
with R?" in the usual way. Assume, for notational simplicity, that P = 0. Let
(a1,b1,..-,8n,bn) >~ (a1 +b1,...,0n +1iby) = (01,...,q,) = « be the unit out-
ward normal to 0 at P. Then we may think of Tp{0) as {(z1,¥1,-- -, Zn,¥n) :
> ajzj+bjy; = 0}. Equivalently, identifying (z1,91,...,%n, yn) with (z1,.. .,
zni, we may identify Tp(9) with

(zl,...,zn) : R,GZZJ‘O_{]‘ =0
j=1

Let f(z) = Y &;z; = z-@. (The notation (z, o) is used in some contexts in place
of 2 - @.) Then f is plainly holomorphic on C" and f is a support function for
Q at P, since the zero set of f lies in Tp(012). The next proposition now follows
from Narasimhan’s lemma.

PROPOSITION 8.2.5 If Q C C™is a domain and P € 6 is a point of strong
pseudoconvexity, then there exists a holomorphic support function for 2 at P.

As already noted, the proposition follows immediately from Narasimhan’s
lemuma. But the phenomenon of support functions turns out to be so important
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3.2. Convexity and Pseudoconvexity 139

(see Chapter 5, for instance) that we now provide a separate, self-contained
proof.

Proof of the Proposition Let p be a defining function for  with the property

that
zn: p (PYw;@y, > Cluwl?
=1 82]'62[9 7
for all w € C™. Define
= Op 1 & 9%
&) =X g P& = P+ 5 D g (P) (e = B)(ax = Po).

The function f is obviously holomorphic. It is called the Levi polynomial at P.
We claim that f is a support function for §2 at P. To see this, we expand p in a
Taylor expansion about P :

p(z) = 2Red . aj (P)(z; — P;)
=1 9%
1 & 02
2 Z 3zj;zk (P){(z; — P;) (2 — Fx)
7.k=1
+ 2 92,05 D)@ — D)z = Pe) + ollz = PF)
7,k=1
= 2Ref(z)+ Z azjapzk (P)(z; — P;)(zx — By) + o(|z — P|?).
J,k=1

Now let z be a point at which f(z) = 0. Then we find that

BZjazk,

pz) = (P)(z; — P)(zx — Pr) +o(|z = P|?)

jk=1
> Clz- P|2 +o(|z — P|2).

Obviously, if z is sufficiently closed to P, then we find that

o) 2 Sz - PP,
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140 Chapter 3: Convexity

Thus if 2 is near P and f(z) = 0, then either p(z) > 0, which means that z lies
outside 2, or z = P. But this means precisely that f is a holomorphic support
function for Q2 at P. a

EXAMPLE  Let Q = D3(0,1) C C3. Then
80 = (0D x D x D) U(D x 8D x D)U (D x D x 8D).

In particular, 9O contains the entire bidisc d = {({1,¢2,1) : |G| < 1, [¢2] < 1}
The point P = (0,0, 1) is the center of d. If there were a support function f
for Q at P, then f|4 would have an isolated zero at P. That is impossible for a
function of two complex variables.

On the other hand, the function g(z1,22,23) = 23 — 1 is a weak support
function for Q at P in the sense that g(P) = 0 and {z: g(z) =0} N C Q.

If @ C C" is any (weakly) convex domain and P € 94, then Tp(9Q) N
Q0 C 09Q. As above, a weak support function for Q at P can therefore be
constructed. a

As recently as 1972 it was hoped that a weakly pseudoconvex domain would
have at least a weak support function at each point of its boundary. These hopes
were dashed by the following theorem.

THEOREM 3.2.6  Let
2 2 g, 15, on 6
Q={(z1,22) € C° : Rezz + |z122]" + |=1] +7|z1| Rezy < 0}.

Then € is strongly pseudoconvex at every point of 9§ except 0 (where it is
weakly pseudoconvex). However there is no weak holomorphic support function
{and hence no support function) for  at 0. More precisely, if f is a function
holomorphic in a neighborhood U of 0 such that f(0) = 0, then for every
neighborhood V of zero f vanishes both in VN Q and in V N Q.

Proof  The reader should verify the first assertion. For the second, consult
J. J. Kohn and L. Nirenberg [1]. In the exercises at the end of the chapter, an
argument of Hakim and Sibony is used to prove a stronger result. O

Necessary and sufficient conditions for the existence of holomorphic support
functions or of weak holomorphic support functions are not known.

3.2.2 Peaking Functions

The ideas that we have been presenting are closely related to questions about
the existence of peaking functions in various function algebras on pseudoconvex
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3.2. Convexity and Pseudoconvexity 141

domains. We briefly summarize some of these. Let 2 C C™ be a pseudoconvex
domain.

If A is any algebra of functions on 2, we say that P ¢ ) is a peak point
for A if there is a function f € A satisfying f(P) = 1 and |f(z)| < 1 for all
z € 0\ {P}. Let P(A) denote the set of all peak points for the algebra A.

Recall that A(Q) is the subspace of C({2) consisting of those functions that
are holomorphic on . Let A7(Q)) = A(2) N CY(£2). The maximum principle for
holomorphic functions implies that any peak point for any subalgebra of A(Q)
must lie in Q. If Q is Levi pseudoconvex with C° boundary, then P(A(Q))
is contained in the closure of the strongly pseudoconvex points (see Basener
[1]). Also the Silov boundary for the algebra A(Q) is equal to the closure of the
set of peak points (this follows from classical function algebra theory—see T. W.
Gamelin [1]), which in turn equals the closure of the set of strongly pseudoconvex
points (see Basener [1]).

The Kohn-Nirenberg domain has no peak function at 0 that extends to
be holomorphic in a neighborhood of 0 (for if f were a peak function, then
f(2) — 1 would be a holomorphic support function at 0.) Hakim and Sibony [1]
showed that the same domain has no peak function at 0 for the algebra A8((2).
J. E. Fornaess [2] has refined the example to exhibit a domain 2 that is strongly
pseudoconvex except at one boundary point P but has no peak function at P
for the algebra A'(2). There is no known example of a smooth, pseudoconvex
boundary point that is not a peak point for the algebra A(£2). The deepest work
to date on peaking functions is E. Bedford and J. E. Fornzess [1]. See also the
more recent approaches in Forneaess and Sibony [2] and in Fornaess and McNeal
[1]. It is desirable to extend that work to a larger class of domains and in higher
dimensions, but that program seems to be intractable.

1t is reasonable to hypothesize (see the remarks in the last paragraph about
the Kohn-Nirenberg domain) that if  C C™ has C* boundary and a holomor-
phic support function at P € 02, then there is a neighborhood Up of P and a
holomorphic function f : UpN§) — C with a smooth extension to Up N 2 so that
f peaks at P. This was proved false by T. Bloom [1]. However this conjecture is
true at a strongly pseudoconvex point.

The problem of the existence of peaking functions is still a matter of great
interest, for peak functions can be used to study the boundary behavior of holo-
morphic mappings (see Bedford and Fornaess [2]). Recently Fornzss [4] modified
the peaking function construction of Bedford and Fornaess [1] to construct re-
producing formulas for holomorphic functions.

Exercise for the Reader

Show that if 2 C C is a domain with boundary consisting of finitely many C7
Jordan curves, then every P € 9Q is a peak point for A7~'(2). (Hint: The
problem is local. The Riemann mapping of a simply connected Q to D extends
C7~¢ to the boundary. See O. Kellogg [2] and, Tsuji [1].)

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



142 Chapter 3: Convexity

3.2.3 Pseudoconvex Neighborhood Systems

Strong pseudoconvexity is a more useful condition than weak pseudoconvexity
for a number of reasons. Two of these are the support function and peak point
phenomena already discussed. It is also important that strong pseudoconvexity
is stable under C'? perturbations of 82, whereas weak pseudoconvexity is not
(exercise). Indeed, if Q is strongly pseudoconvex with defining function p, then,
for €5 > 0 small, the functions p.(z} = p(z) + €,0 < € < ¢g, define an increasing
family of strongly pseudoconvex domains that exhaust 2. Likewise, the functions
pe(2) = p(z) —€,60 > € > 0, define a decreasing family of strongly pseudoconvex
domains whose intersection is €.

We prove in the next section that every weakly pseudoconvex domain can
be exhausted by an increasing union of strongly pseudoconvex domains. It was
hoped that every smoothly bounded weakly pseudoconvex domain could also be
written as the decreasing intersection of strongly pseudoconvex domains. This
was shown not to be the case by K. Diederich and J. E. Fornaess [2] in 1976. An
easy counterexample with nonsmooth boundary is given by the so-called Hartogs
triangle; see Exercise 17 at the end of the chapter.

3.3 Pseudoconvexity, Plurisubharmonicity,
and Analytic Discs

At this point the various components of our investigations begin to converge to
a single theme. In particular, we shall directly relate the notions of pseudocon-
vexity, plurisubharmonicity, and domains of holomorphy. In order to effect this
unity, we need a second notion of pseudoconvexity. This, in turn, requires some
preliminary terminology:

DEFINITION 3.3.1 A continuous function g : C* — R is called a distance
function if

L op>0;

2. u(z) = 0if and only if z = 0;

3. w(tz) = ltju(z), vt C,z e C™.
DEFINITION 3.3.2 Let & C C” be a domain and g a distance function.
Define

pa(z) = p(z, ) = inf p(z-w).

If X CQis a set, we write

pa(X) = inf ua(e).
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It is elementary to verify that the function p g is continuous. In the special
case that p(z) = |z|, one checks that in fact p must satisfy a classical Lipschitz
condition with norm 1. Moreover, for this special u, it turns out that when )
has C7 boundary, j > 2, then uq is a C’ function near 0Q (see Krantz and
Parks [1] or S. Gilbarg and N. Trudinger [1]). The assertion is false for j = 1.
The matter is addressed in detail in Exercise 4 at the end of the chapter.

DEFINITION 3.3.3  Let @ C C™ be a (possibly unbounded) domain (with,
possibly, unsmooth boundary). We say that Q is Hartogs pseudoconver if there
is a distance function g such that — log g is plurisubharmonic on 2.

This new definition is at first obscure. What do these different distance
functions have to do with complex analysis? It turns out that they give us a
flexibility that we shall need in characterizing domains of holomorphy. In practice
we think of a Hartogs pseudoconvex domain as a domain that has a (strictly)
plurisubharmonic exhaustion function. Theorem 3.3.5 will clarify matters. In
particular, we shall prove that a given domain  satisfies the definition of Hartogs
pseudoconvex for one distance function if and only if it does so for all distance
functions.

PROPOSITION 3.3.4 Let 2 C C be any planar domain. Then 2 is Hartogs
pseudoconvex.

Proof  We use the Euclidean distance d(z) = |z|. Let D(zq,7) C © and let h
be harmonic on a neighborhood of this closed disc. Assume that h > —logdgq
on 3D(zg, 7). Let h be a real harmonic conjugate for h on a neighborhood of
D(zp,7). So b+ ih is holomorphic on D(zg,7) and continuous on D(zo,). Fix,
for the moment, a point P € 9). Then

—logda(z) < h(z ), z € 8D(zp, 1),
=>|exp( z)—ik(2))| <da(z), z€8D(z0,7),

®)
exp( Z(i]:zh ) .

= z € 0D(zp,1).

But the expression in absolute value signs is holomorphic on D(zg,r) and con-
tinuous on D(zg, 7). Hence

exp (—h(z) - zﬁ(z)) <

—F <1, Yz € D(z,7).

Unwinding this inequality yields that

—log|z — P| < h(2), Yz € D(z,7).
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144 Chapter 3: Convexity

Choosing for each z € D(zy,r) a point P = P, € 9Q with |z — P| = dq(z) now
yields that

—logda(z) < h(z) Vz e D(z,r).

It follows that — log dq is subharmonic, hence the domain €2 is Hartogs pseudo-
convex. O

Exercise for the Reader
Why does the proof of Proposition 3.3.4 break down when the dimension is two
or greater?

THEOREM 3.3.5 Let @ C C" be any connected open set. The following
eleven properties are then equivalent. (Note, however, that property 9 makes
sense only when the boundary is C'2.)

1. —log ug is plurisubharmonic on 2 for any distance function u.
2. 1 is Hartogs pseudoconvex.

3. There exists a continuous plurisubharmonic (i.e., pseudoconvex) function ®
on © such that for every ¢ € R we have {z € Q: ®(z) < ¢} CC QL

4. Property 3 is true for a C™ strictly plurisubharmonic exhaustion function
.

5. 2 is convex with respect to the family P(Q) of plurisubharmonic functions
on ).

6. Let {dn}aca be a family of closed analytic discs in 2. If Uyea0dy CC Q,
then Uyecad, CC Q. (This assertion is called the Kontinuitdtssatz.)

7. If u is any distance function and if d C Q is any closed analytic disc, then
pe(0d) = pao(d).
8. Property 7 is true for just one particular distance function.
9. Q is Levi pseudoconvex.
10. © = U, where each §); is Hartogs pseudoconvex and €2; CC (2;,1.

11. Property 10 is true, except that each €); is a bounded, strongly Levi pseu-
doconvex domain with C'* boundary.

Remark: The scheme of the proof is shown in Figure 3.5. a

Some parts of the proof are rather long. However this proof contains many of
the basic techniques of the theory of several complex variables. This is material
that is worth mastering. Notice that the hypothesis of C? boundary is used only
in the proof that (1) = (9) = (3). The implication (1) = (3) is immediate for
any domain 2.
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T—>1
A

FIGURE 3.5

Proof of Theorem 3.3.5

(2) = (3) If Q is unbounded, then it is possible that —loguq(z) is not an
exhaustion function (although, by hypothesis, it is psh). Thus we set ®(z) =
—~log ua(z) + |2|%, where p is given by (2). Then ® will be a psh ezhaustion.
(9) = (8) We are assuming that Q has C? boundary. If (3) is false, then the
Euclidean distance function dqo(z) = dist(z,°Q) (which is C2on U N Q, U a
tubular neighborhood of 9Q; see Exercise 4 at the end of the chapter) has the
property that —logdq is not psh.

So plurisubharmonicity of —logdgq fails at some z € €. Since 2 has a
psh exhaustion function if and only if it has one defined near 92 (exercise), we
may as well suppose that z € U N Q. So the complex Hessian of —logdg has a
negative eigenvalue at z. Quantitatively, there is a direction w so that

2

¢o¢

logdg(z—l—Cw)‘ =A>0.
¢=0

To exploit this, we let ¢(¢) = logda(z + ¢w) and examine the Taylor
expansion about { =0:

2 2
logdn(s-+6u) = 9(0) =00 +2Re{ 3200+ 55 5
Fo o
4 2R0)- ¢ 4 oleP)
= logdq(z) + Re{A( + B(?}
+AC? + o([¢1?), (3.3.5.1)

where A, B are defined by the last equality.
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z+a

FIGURE 3.6

Now choose a € C™ such that z + a € 9Q and |a| = dq(z). Define the
function

Y(¢) =z + (w+aexp(AC + B¢?), (¢ € C small,

and notice that ¥(0) = z + a € 9Q. Also, by (3.3.5.1),

do(¥({)) > da(z+¢w) —la| - lexp(A¢ + B(?)|
> do(2) - lexp(A¢ + BC?) exp (MC)* + o([¢1%))
o] - |exp(AC + BC?)
> |a| - |exp(AC + BC?)| {exp(A[¢[?/2) — 1}
> 0 (3.3.5.2)

if ¢ is small. These estimates also show that, up to reparametrization, 1 describes
an analytic disc which is contained in Q and which is internally tangent to 0.
The disc intersects O at the single point z + a (see Figure 3.6).

On geometrical grounds, then, (8/8¢)(dq o ¥)(0) = 0. For (3.3.5.2) to
hold, it must then be that (82/8¢d()(dq o ¥)(0) > 0, since the term
2 Re [(87%/8¢?)(dg o ¥)(0)¢?] in the Taylor expansion of dg o ¢ is not of con-
stant sign.

We have proved that the defining function

[ —da(2) if zeQNU,
plz) = { dea(2) if 2e°QNU

does not satisfy the Levi pseudoconvexity condition at z+a = ¥(0) € 9 in the
tangent direction ¢'(0). That is a contradiction. (See the important remark at
the end of the proof of the theorem.)

(3) = (4) Let @ be the psh function whose existence is hypothesized in (3).
Let Q. = {z € Q : ®(2) + |2|> < ¢},c € R. Then each Q. CC 2, by the
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definition of exhaustion function, and ¢’ > ¢ implies that Q, CC Q.. Let 0 <
¢ € C(C™), [¢ = 1,4 polyradial (i.e., ¢(z1,...,2n) = ¢(Jz1],...,|2n|)—see
Proposition 2.2.8). We may assume that ¢ is supported in B(0,1). Pick ¢; > 0
such that €; < dist(Q;41,09Q). For z € Q;4,, set

9;(z) = /Q[Q(C) HICPe o (2 = O)/es) AV (Q) + 2 + 1.

Then ®; is C* and strictly psh on ©;4: (use Corollary 2.1.12). By the proof
of Proposition 2.2.8, we know that ®,(¢) > ®(¢) + |¢|? on Q;. Let x € C*(R)
be a convex function with x(t) = 0 when ¢t < 0 and x/(¢), x”(t) > 0 when ¢t > 0.
Observe that ¥, (z) = x(®,(z)—(j—1)) is positive and psh on 2;\Q;_; and is, of
course, . Now we inductively construct the desired function ®’. First, &5 > P
on Q. If g, is large and positive, then &} = $g+a;¥; > ¢ on ;. Inductively, if
a3, ...,0s—1 have been chosen, select ag > 0 such that &, = @0+Z§=1 a;¥; > &
on 1y. Since Uypp = 0 on Qp, k > 0, we see that <I>2+k = @24—1« on £y for any
k,k' > 0. So the sequence ®’, stabilizes on compacta and @' = limy_, o, @ is a
C° strictly psh function that majorizes ®. Hence @ is the smooth, strictly psh
exhaustion function that we seek.

(4) = (5) This is immediate from the definition of convexity with respect to a
family of functions.

(5) = (6) Let d C © be a closed analytic disc and let u € P(Q). Let ¢ : D —d
be a parametrization of d. Then u o ¢ is subharmonic, so for any z € D,

uo ¢(z) £ sup u(().
¢€bD

It follows that, for any p € d,

u(p) < sup u(€).
gead

Therefore, d C 8d/p\(9). Thus if {ds}aca is a family of closed analytic discs in
Q, then Ud, C (Uadd,) p(q)- Hence (6) holds.
(6) = (7) If not, there is a closed analytic disc ¢ : D — d C Q and a distance

o)

function u such that pa(d) < pa(dd). Note that because the continuous image
of a compact set is compact, d is both closed and bounded.

Let po Ga be the p-nearest point to 0f2. We may assume that ¢(0) = po.
Choose zg € 9 so that u(pp — 20) = pa(poe). It follows that the discs d; =
d+ (1= (1/5)){z0 — po) satisfy Udd; CC Q whereas Ud; D {(1 — (1/4))z0 +
(1/9)po} — 2o € OX). This contradicts (6).

(7) = (1) (This ingenious proof is due to Hartogs.) It is enough to check
plurisubharmonicity at a fixed point zp € € and for any distance function .
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Fix a vector ¢ € C" : We must check the subharmonicity of ¥ : ( —
—logua(zo + al),¢ € C small. If |a| is small enough, we may take |{| < 1
We then show that

2w
YO < 5 [ W)
T Jo

Now |4, is continuous. Let ¢ > 0. By the Stone-Weierstrass theorem, there is
a holomorphic polynomial p on C such that if A = Rep, then

sup |(¢) — h(Q)] <e.

{eaD

We may assume that h > 1 on 9D. Let b € C™ satisfy p(b) < 1. Define a closed
analytic disc

¢:§|—>z0+Ca+be'p(<), |< < 1.

Identifying ¢ with its image d as usual, our aim is to see that d C Q. If we
can prove this claim, then the proof of (1) is completed as follows: Since b was
arbitrary, we conclude by setting ¢ = 0 that zg + be P9 & Q for every choice
of b a vector of u length not exceeding 1. It follows that the ball with p-radius
le=P(9)| and center zy is contained in Q. Thus

palzg) > le*p(0)| — MO

Equivalently,

2r 27
9(0) = —log pa(z) < h(0) = i/ ey dd < — [ w(e®)do+e.
2n Jo 21 Jo
Letting € — 07 then yields the result.

It remains to check that d C €. The proof we present will seem unneces-
sarily messy. For it is fairly easy to see that 0d lies in £2. The trouble is that,
while the spirit of (7) suggests that we may then conclude that d itself lies in
2, this is not so. There are no complex analytic obstructions to this conclusion;
but there can be topological obstructions. To show that d in its entirety lies in
2, we must demonstrate that it is a continuous deformation of another disc that
we know a priori lies in 2. Thus there are some unpleasant details.

We define the family of discs

dAZC'—’Zo-FCa—!-)\be*p(O, 0< AL
Let S = {A:0< X <1anddy, C 0N} We claim that S = [0,1]. Of course

d = d, so that will complete the proof. We use a continuity method.
First notice that, by the choice of a, 0 € S. Hence S is not empty.
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Next, if P € dj, choose (o € D so that d\(¢o) = P. If A; — A, then
dy; () = P; — P. So the disc d, is the limit of the discs dy; in a natural way.
Moreover Up<a<18dy CC 2 because

L <(z0 +¢a) — (20 +Ca+ /\be“p(O)) = u(MbeP©)
¢ h(0)
(0

pa(zo + Ca).

ASTAN

We may not now conclude from (7) that Up<r<10dx CC Q , because the Konti-
nuitdtssatz applies only to discs that are known a priori to lie in 2. But we may
conclude from the Kontinuitatssatz and the remarks in the present paragraph
that S is closed.

Since 2 is an open domain, it is also clear that S is open.

We conclude that S = [0, 1] and our proof is complete.
(1) = (2) This is trivial.
{4) = (11) Let ® be as in (4). The level sets {z € Q : ®(z) < ¢} may not all
have smooth boundary; at a boundary point where V& vanishes, there could
be a singularity. However Sard’s theorem (J. Munkres [1]) guarantees that the
set. of ¢’s for which this problem arises has measure zero in R. Thus we let
Q; ={z € Q:®(z) < A\;}, where \; — +00 are such that each 0Q; is smooth.
Since @ is strictly psh, each (; is strongly pseudoconvex.
(11) = (10) It is enough to prove that a strongly pseudoconvex domain D with
smooth boundary is Hartogs pseudoconvex. But this follows from (9) = (3) =
(4) = (5) = (6) = (7) = (1) = (2) above (see Figure 3.5 to verify that we have
avoided circular reasoning).
(10) = (2) Let 6 be the Euclidean distance. By (2) = (3) = (4) = (5) =
(6) = (7) = (1) above, —logdg, is psh for each j. Hence —logdq is psh and
is Hartogs pseudoconvex.
(7) = (8) This is trivial.
(8) = (6) Let u be the distance function provided by (8). If (6) fails, then there
is a sequence {d,} of closed analytic discs lying in Q with po(dd;) > & > 0,
whereas ug(éj) — 0. That is a contradiction.

(1) = (9) Let 6§ be Euclidean distance. If Q is C 2, then dq(-) is C? at points
P that are sufficiently near to 02 (see Exercise 4 at the end of the chapter and
Krantz and Parks [1]). Consider such a P € Q and w € C™. By (1), —logdy, is
psh on 2. Hence

(-5 P gy + ) (520 ) (G2 ) wy > 0

n
J k=1
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Multiply through by do(P), and restrict attention to w that satisfy

Letting P — 012, the inequality becomes

- anQ
- Dy, > 3.5.
Z Es 8zk P)wjwy, > 0, (3.3.5.3)

for all P € 09, all w € C" satisfying
od,
> 580, -0
8z]
But the function

( ) _ —dQ(Z) if z € Q,
PEIZN denlz)  ifzgQ
is a C? defining function for z near 9§ (which may easily be extended to all of
C™). Thus (3.3.5.3) simply says that € is Levi pseudoconvex. |

Remark: The last half of the proof of (9) = (3) explains what is geometrically
significant about Levi pseudoconvexity. For it is nothing other than a classical
convexity condition along complex tangential directions. This convexity condi-
tion may be computed along analytic discs that are tangent to the boundary.
With this in mind, we see that Figure 3.6 already suggests that Levi pseudocon-
vexity does not hold—think of an appropriate submanifold of the boundary as
locally the graph of a function over the analytic disc. ]

Exercise for the Reader

Modify (3) = (4) in the proof of the theorem to see that if K CC Q,W is a
relatively compact neighborhood of K p() in €2, then the function ® in part (4)
may be constructed to have the additional property that ® < 0 on K and & > 0
on O\ W.

We now formulate some useful consequences of the theorem, some of which
are restatements of the theorem and some of which go beyond the theorem. Note
that we may now use the word pseudoconvex to mean either Hartogs’s notion or
Levi’s notion (at least for domains with C? boundary).

PROPOSITION 3.3.6 Let 2; C C™ be pseudoconvex domains. If 2 = N2,
is open and connected, then ) is pseudoconvex.

Proof  Use part 1 of the theorem together with the Euclidean distance func-
tion. |
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PROPOSITION 3.3.7 If Q; C s C .- are pseudoconvex domains, then U ,;Q;
is pseudoconvex.

Proof  The proof is left as an exercise. O

PROPOSITION 8.3.8 Let Q C C™. Let ¥ C C™ be pseudoconvex, and assume
that ¢ : Q — Q' is a surjective (but not necessarily injective) proper holomorphic
mapping. Then {2 is pseudoconvex.

Proof Let @ : Q' — R be a pseudoconvex (continuous, plurisubharmonic)
exhaustion function for (. Let & = &' o ¢. Then ® is pseudoconvex. Let 27 =
(®)71((—00,¢)). Then £, is relatively compact in Q, since & is an exhaustion
function. But Q¢ = & ((—00,c)) = ¢~ (2.). Thus €U, is relatively compact in
Q by the properness of ¢. We conclude that §2 is pseudoconvex. ]

PROPOSITION 3.3.9 Hartogs pseudoconvexity is a local property. More pre-
cisely, if Q C C" is a domain and each P € 992 has a neighborhood Up such that
Up N Q is Hartogs pseudoconvex, then € is Hartogs pseudoconvex.

Proof Since Up N is pseudoconvex, —logdy,.na is psh on Up N §2 (here §
is Euclidean distance). But, for z sufficiently near P, —logdy,.nq = —logdn. It
follows that — log dq is psh near 0%, say on Q\ F, where F is a closed subset of Q.
Let ¢ : C® — R be a convex increasing function of |2|? that satisfies ¢(z) — oo
when |z| — oo and ¢(z) > —logdqa(z) for all z € F. Then the function

B(z) = max{@(z), — log da(2)}

is continuous and plurisubharmonic on 2 and is also an exhaustion function for
Q. Thus Q is a pseudoconvex domain. O

Remark: If 9Q is C?, then there is an alternative (but essentially equivalent)
proof of the last proposition as follows: Fix P € 92. Since Up N is pseudo-
convex, the part of its boundary that it shares with 9 is Levi pseudoconvex.
Hence the Levi form at P is positive semidefinite. But P was arbitrary; hence
each boundary point of €2 is Levi pseudoconvex. The result follows.

It is essentially tautologous that Levi pseudoconvexity is a local
property. ]

Exercise for the Reader
Check that Proposition 3.3.8 fails if the hypothesis of properness of ¢ is omitted.

3.4 Domains of Holomorphy

We now direct the machinery that has been developed to derive several charac-
terizations of domains of holomorphy. These are presented in Theorem 3.4.5. As

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



152 Chapter 3: Convexity

an immediate consequence, we shall see that every domain of holomorphy is pseu-
doconvex. Chapter 4 is devoted to a presentation of Hérmander’s construction
of solutions to the d equation on pseudoconvex domains. This leads in Chapter
5 to a solution of the Levi problem—that is, to see that every pseudoconvex do-
main is a domain of holomorphy. Thus Theorems 3.3.5 and 3.4.5, together with
the solution of the Levi problem, give a total of 23 equivalent characterizations
of the principal domains that are studied in the theory of several complex vari-
ables. Chapters 6 and 7 develop further cohomological and function-theoretic
properties of these domains.

The reader is encouraged at this point to reread the definition of domain
of holomorphy in Chapter 0. It raises many questions, because other reasonable
definitions of “domain of holomorphy” are not manifestly equivalent to it. For
instance, suppose that @ C C™ has the property that 9Q may be covered by
finitely many open sets {U; }]A/il so that @& N U; is a domain of holomorphy,
j=1,...,M. Is © then a domain of holomorphy? Suppose instead that to
each P € 902 we may associate a neighborhood Up and a holomorphic function
fp:UpN&Q — C so that fp cannot be continued analytically past P. Is Q then
a domain of holomorphy?

Fortunately, all these definitions are equivalent to the original definition of
domain of holomorphy, as we shall soon see. We will ultimately learn that the
property of being a domain of holomorphy is purely a local one.

In what follows, it will occasionally prove useful to allow our domains of
holomorphy to be disconnected (contrary to our customary use of the word
domain). We leave it to the reader to sort out this detail when appropriate.
Throughout this section, the family of functions F = F() will denote the
holomorphic functions on 2 unless explicitly mentioned otherwise.

By way of warming up to our task, let us prove a few simple assertions
about K when K CC (note that we are assuming, in particular, that K is
bounded).

LEMMA 3.4.1 The set Ky is bounded (even if Q is not).

Proof  Theset K is bounded if and only if the holomorphic functions fi(z) =
21, .-+ fn(2) = 2, are bounded on K. This, in turn, is true if and only if f1,..., fn
are bounded on K r; and this last is true if and only if K is bounded. 0O

LEMMA 3.4.2 The set K7 is contained in the closed convex hull of K.

Proof  Apply the definition of K7 to the real parts of all complex linear
functionals on C™ (which, of course, are elements of F). Then use the fact that

lexp(f)| = exp(Ref). 0
LEMMA 3.4.8 Let d C Q be a closed analytic disc. Then d C 6d/\f

Proof let fe F. Let¢:D —d be a parametrization of d. Then f o ¢
is holomorphic on d and continuous on D. Therefore, it assumes its maximum
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modulus on 0D. It follows that

sup | f(z)| = sup |f(z)]. o
zed z€8d

Exercise for the Reader -
Consider the Hartogs domain = D?(0,1) \ D?(0,1/2).
0 <0 < 2r} CC Q. Verify that K = {(0,7¢*%) : 0 <

Let K = {(0,3¢%/4) :
<O<2m: g
which is not relatively compact in 2.

<r <3}

Now we turn attention to the main results of this section. First, a definition
is needed. This is a localized version of the definition of domain of holomorphy.

DEFINITION 3.4.4 Let U C C™ be an open set. We say that P € 08U is
essential if there is a holomorphic function i on U such that for no connected
neighborhood Us of P and nonempty Uy C Uy NU is there an hy holomorphic
on Uy with h = hy on Uj.

THEOREM 3.4.5 Let 2 C C™ be an open set (no smoothness of 9 nor
boundedness of Q need be assumed). Let F = F(Q) be the family of holomorphic
functions on 2. Then the following are equivalent. (Items appearing with a (x)
are cohomological assertions that will be proved in Chapters 5 and 6. We record
them here for convenience.)

1. © is convex with respect to F.

2. There is an h € F that cannot be holomorphically continued past any P €
0% (i.e., in the definition of essential point the same function A can be used
for every boundary point P).

3. BEach P € 99 is essential ({2 is a domain of holomorphy).

4. Each P € 09 has a neighborhood Up such that Up N is a domain of
holomorphy. (*)

5. Each P € 99 has a neighborhood Up so that Up N1 is convex with respect
to Fp = {holomorphic functions on Up N Q}.(*)

6. For any f € F, any K CC €, and any distance function p, the inequality

[f(2)] < palz), Vze K

implies that
1£(2)] < palz), Vze Kr.

7. For any f € F, any K CC €, and any distance function p, we have

s { )= o {0 )
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3 - 2= |
A

Y

6 > 9 > 10 > |1
A

\

7 —> 8

FIGURE 3.7

8. If K cC Q then, for any distance function p,
po(K) = po (K}') .

9. (6) is true for just one distance function p.
10. (

11. (8) is true for just one distance function u.

7) is true for just one distance function p.

Remark: The scheme of the proof is shown in Figure 3.7. Observe that
(4) and (5) are omitted. They follow easily once the Levi problem has been
solved. O

Proof of Theorem 3.4.5

(2) = (8) This is trivial.

(11) = (1) This is trivial. Use Lemma 3.4.1.

(1) = (2) Choose a dense sequence {w;}?2; C (2} that repeats every point

infinitely often. For each j, let D; be the largest polydisc D™(w;,r) contained
in Q. Choose a sequence Ky CC Ky CC K3 CC .-+ with U;-”;lKj = . For each

7 (I/(\])}- CC Q by hypothesis. Thus there is a point z; € D;\ (f{:)f This means
that we may choose an h; € F such that h;(z;) =1, ]hlej| < 1. By replacing

h; by h;.wj,Mj large, we may assume that .hlejI < 277, Write

(1 - hy)’.

—

h(z) =

1

M

Then the product converges uniformly on each K, and hence normally on €,
and the limit function h is not identically zero (this is just standard one variable
theory—see, for instance, L. Ahlfors [1]). By the choice of the points w ;, every D;
contains infinitely many of the z;, and hence contains points at which h vanishes
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to arbitrarily high order. Any analytic continuation of & to a neighborhood of a
point P € 9§ is a continuation to a neighborhood of some D; and hence would
necessitate that h vanish to infinite order at some point. This would imply that
h = 0, which is a clear contradiction.

(3) = (6) Fix 7 = (r1,...,7n) > 0. Define a distance function u"(z} =
maxi<j<n{|z;|/r;}. We first prove (6) for this distance function. Let f €
F,K CcC Q satisfy |f(2)] < ph(z),z € K. We claim that for all g € F, all
p € K7, it holds that ¢ has a normally convergent power series expansion on

{zeC":p"(z = p) <|f@I} = D (o1, |f )] - 1) x -+ X D (pn, | (D)] - 7)-

This implies (6) for this particular distance function. For if |f(p)| > uh(p) for
some p € K, then D' (py,|f(p)| - 1) X --- X DX(pn,|f(p)| - ) has points in
it that lie outside Q (to which every g € F extends analytically!). That would
contradict (3). To prove the claim, let 0 < ¢t < 1, let g € F, and let

So=JzeCm:w(z—k) <tf R}

keK

Since S; CC by the hypothesis on f, there is an M > 0 such that |g| < M on
S;. By Cauchy’s inequalities,

a\“ alM s
K&) g(k)’ < W, Yk € K, all multi-indices a.

But then the same estimate holds on K. So the power series of g about p € Kr
converges on D(p1,t|f(p)|-71) X - -+ X DY(pp, t|f(p)] - 7). Since 0 < t < 1 was
arbitrary, the claim is proved. So, in the special case of distance function p”,
the implication (3) = (6) is proved.

Now fix any distance function pu. Define, for any w € C”,

SG(z)=sup{reR:z+T1weQ, V|r| <r,7€C}

Then, trivially,

pa(z) = inf S§(z). (3.4.5.1)
wlw)=1

If we prove (6) for S¥ instead of pq,w fixed, then the full result follows from
(3.4.5.1).

After a rotation and dilation, we may suppose that w = (1,0,...,0). If
k € N, we apply the special case of (6) to the n-tuple r* = (1,1/k,...,1/k).
Notice that ,ugk /8¢ as k — +o0. Let K CC Q. Assume that |f(2)| < S§(2)
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for z ¢ K. Let € > 0. Define
k
Ap={z:[f(z)| < 1+ g (2)}-

Then {Ax} is an increasing sequence of open sets whose union contains K. Thus
one of the sets Ay, covers K. In other words,

F@I< (0 +oud’(2), z€ K.
By what we have already proved for the p”,
F@ < U+ up" (2) < (1 + 8B (=), Vz € Kr.

Letting ¢ — 07 yields |f(2)| < S¥(z),z € K, as desired.

{(6) = (9) This is trivial.

(9) = (10) This is trivial.

(10) = (11) Apply (10) with f = 1.

(7) = (8) Apply (7) with f = 1.

(8) = (11) This is trivial.

(6) = (7) This is trivial. a

3.4.1 Consequences of Theorems 3.3.5 and 3.4.5

COROLLARY 8.4.6 If Q C C" is a domain of holomorphy, then Q is pseudo-

convex.

Proof By part 1 of Theorem 3.4.5, Q2 is holomorphically convex. It follows a
fortiori that 2 is convex with respect to the family P(£2) of all psh functions on
Q, since |f| is psh whenever f is holomorphic on Q. Thus, by part 5 of Theorem
3.3.5,  is pseudoconvex. O

COROLLARY 3.4.7 Let {Q4}aca be domains of holomorphy in C*. If Q =
Nacafly is open, then Q is a domain of holomorphy.

Proof  Use part 8 of the theorem. 0

COROLLARY 3.4.8 1If § is geometrically convex, then € is a domain of holo-
morphy.
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Proof Let P c 9Q. Let (a1,-..,a,) € C™ be any unit outward normal to 92
at P. Then the real tangent hyperplane to 90 at P is {z : Re [Z?Zl(zj — Pj)dj]

= O}. But then the function

1
(Z5i(z - Pojay)

fe(z) =

is holomorphic on §2 and shows that P is essential. By part 3 of the theorem,
that is by definition, ) is a domain of holomorphy. O

Exercise for the Reader
Construct another proof of Corollary 3.4.8 using part 1 of the Theorem.

Remark: Corollary 3.4.8 is a special case of the Levi problem. The reader
should consider why this proof fails on, say, strongly pseudoconvex domains:
Let Q C C™ be strongly pseudoconvex, p the defining function for Q given by
Proposition 3.2.1. For P € 09,

Py 0z;0%;
+ i Pp P)(z; — P;)(Zx — P) + o(|]z — P|?)
Py 6zj62k J JINk k )
Define
_ " 9p 1 < 0%
Lp(t) = ; 5z D) =P+ 5 ];1 50,02 (D) = B = o).

The function Lp(z) is called the Levi polynomial at P. For |z — P| sufficiently
small, z € Q, we have that Lp(2) = 0 if and only if z = P. For Lp(z) = 0 means
that p(z) > C|z — P|> + o]z — P|?). Hence Lp is an ersatz for fp in the proof
of Corollary 3.4.8 near P. In short, P is “locally essential.” 1t requires powerful
additional machinery to conclude from this that P is (globally) essential. O
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158 Chapter 3: Convexity

3.4.2 Consequences of the Levi Problem

Assume for the moment that we have proved that pseudoconvex domains are
domains of holomorphy (we did prove the converse of this statement in Corollary
3.4.6). Then we may quickly dispatch several interesting questions:

((8) of (3.4.5)) & ((4) of (3.4.5)) It is enough to show that (4) = (3).
By Corollary 3.4.6, each Up N Q2 is pseudoconvex. By Proposition 3.3.9, it
follows that  is pseudoconvex. By the Levi problem, 2 is a domain of
holomorphy. O

((4) of (3.4.5)) < ((5) of (3.4.5)) This is obvious. ]

THEOREM 3.4.9 (Behnke-Stein)  Let ; C Q3 C -- - be domains of holo-
morphy. Then Q = U;(; is a domain of holomorphy.

Proof  Each ; is pseudoconvex (by 3.4.6); hence, by Proposition 3.3.7, 2 is
pseudoconvex. By the Levi problem, Q is a domain of holomorphy. O

Remark: It is possible, but rather difficult, to prove the Behnke-Stein theorem
directly, without any reference to the Levi problem. Classically, the Levi problem
was solved for strongly pseudoconvex domains and then the fact that any weakly
pseudoconvex domain is the increasing union of strongly pseudoconvex domains,
together with Behnke-Stein, was used to complete the argument. See L. Bers [1]
for a treatment of this approach. ]

3.4.3 The Levi Problem for Complete Circular Domains

We have just seen what a useful tool the solution of the Levi problem can be.
Our full solution of the Levi problem comes in Chapter 5. We conclude the
present section by solving the Levi problem for complete circular domains.

PROPOSITION 3.4.10 TfQ C C™ is a logarithmically convex complete circular
domain, then € is a domain of holomorphy.

Proof Let K CC . For each P € K, there is a neighborhood Up of P and a
¢¥ € Q such that |z;| < [¢]'| for all z € Up, all j = 1,...,n. By the compactness
of K, we may choose ¢1,...,¢* € Q such that

k
K|z 151 <Igli=1...,n}
£=1

We may assume that Cf # 0 for all j,£. Let F be the family of holomorphic

functions on . Now let z € K be arbitrary. Assume without loss of generality
(since the domain is circular) that there is an integer m,1 < m < n, such that
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21y...,2m # 0 while 2,41, ..,2, = 0. Then, by definition of Kr,

a1, LQm| & a1, gom| & far (¢t yam 4.10.
o5 2 < sup JE &5l < o (G () | (34100)

for any multi-index . Define p; = o;/||. Then (3.4.10.1) says that

, )< og |¢4 .4.10.
> mloglzl < lrgggk;m log |¢;] (3.4.10.2)

i=1

for any rationals 0 < p; <1 with " | u; = 1. It follows that (3.4.10.2) holds for
any real numbers 0 < p; < 1 with Y, u; = 1. Therefore, (log|zi,...,log|zm|)
is in the convex hull of

{(t1,. .., tm) € R™ : for some £,0 < t; <log|¢f|,i=1,...,m}.
Therefore,

(log|z1],...,log|zm|) €  convex hull {(t1,...,tn) : t; < log ¢,
i=1,...,m,some ¢}
= L
cc logllQ N (the #,...,t, plane},
because log [|Q2|| is convex. Hence z lies in a complete circular, relatively compact

subset L of 2 (the “circularization” of L). But z was an arbitrary element of
Kx, so we conclude that Kr CC €. ]

Remark: Proposition 3.4.10 completes the discussion, begun in Section 2.3,
of complete circular domains. The logarithmically convex ones are, on the one
hand, the smallest domains on which power series converge. On the other hand,
by Proposition 3.4.10, they are also the largest. |

3.5 Examples of Domains of Holomorphy and
the Edge-of-the-Wedge Theorem
3.5.1 Analytic Polyhedra

Variants of this notion are also called Weil domains. Let W C C™ be an open
set that is homeomorphic to the ball. Let fi,..., fi be holomorphic functions
on W. We define

Q=Q(f1,-. ., fu)y={zeW:|f(z))<1,j=1,...,k}.
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If @ cC W, then we call Q an analytic polyhedron. Of course, we require that
Q cC W so that the boundary of € is given just by the analytic functions
{f;} and not by the boundary of W; the requirement that W be homeomorphic
to a ball is imposed for similar reasons. An analytic polyhedron is a domain
of holomorphy because if P € 91, then, for some 1 < j < k, the function
(f;(P) — f;(2))~* is holomorphic on § and singular at P. In the early days
of the function theory of several complex variables, analytic polyhedra received
considerable attention. The classical proof of the Behnke-Stein theorem provides
a method for exhausting any domain of holomorphy by analytic polyhedra. See
L. Bers [1].

3.5.2 Tube Domains

Tube domains are the simplest cases of Siegel domains, which we shall encounter
later in this book. Let w C R™ be an open set. The tube domain associated to
w is the set

T, ={z € C" : Rez € w}.

THEOREM 3.5.1  Let T,, C C" be a tube domain. The following are equiv-
alent:

1. T, is pseudoconvex;
2. T, is geometrically convex;

3. T, is a domain of holomorphy.

Proof  First notice that T, is convex if and only if w is convex.

Observe that (2) = (3) is Corollary 3.4.8 and that (3) = (1) is Corollary
3.4.6. To prove (1) = (2) it is enough, by the “affine sphere” characterization
convexity in Section 3.1, to prove that if I is a closed segment in w and J the
Euclidean distance function, then d,(I) = d,,(8I). Let z!,z? be the endpoints
of I, and consider the analytic disc d given by

¢o:D — T,
¢ o~ ((1=0)/2)z" + (1 +¢)/2)=>

Since T, is a tube domain, this disc lies in 7,,. Let p = —logdy,; since T, is
pseudoconvex, then p is a psh exhaustion function for T,,. If for some ¢ € (—1,1)
it held that {[(1 —#)/2]z! + [(1 + ¢)/2]x? were nearer to Jw than are the points
z', 22, it would follow that the subharmonic function u(¢) = p o ¢({) took an
interior maximum. Thus u would be constant and the elements of I would all

be at the same distance from 87T,,. This contradiction establishes the result. O

Remark: Theorem 3.5.1 solves the Levi problem for tube domains and gives
a simplified version of the sort of characterization that we seek for arbitrary
domains of holomorphy. O
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FIGURE 3.8

The simple proof of the characterization of tube domains that are domains of
holomorphy is facilitated by the free mobility in §2 in the imaginary directions.
Philosophically related to this result is the edge-of-the-wedge theorem, which
also deals with domains that are less restrictive in the imaginary variables. The
result was originally discovered in the context of verification of the dispersion
relations in quantum field theory (N. N. Bogoliubov and D. V. Shirkov [1], and N.
N. Bogoliubov and V. Vladimirov [1]}. In more recent times it has been studied
for its intrinsic merit and for applications to partial differential equations (E.
Bedford [3], W. Rudin (2], and V. Guilleman, M. Kashiwara, and T. Kawai
[1]) and to other areas of mathematical physics (see V. Vladimirov [1]). For the
introductory purposes here, we present only a very simple version of the theorem.

DEFINITION 3.5.2  An open cone in RY is an open set V C R¥ such that
y € V implies ty € V for all £ > 0.

EXAMPLE  Let © C RY be any open set. Define Vo = {tz: z € O,¢ > 0}.
Then Vi C RY is an open cone. ]

In harmonic analysis, convex open cones that are closed under addition play
an important role because they are, for many purposes, the right generalization
of the upper half-space. For instance, harmonic analysis on the forward light
cone (from relativity theory) is a matter of considerable interest (see E. M. Stein
and G. Weiss [1] and references therein).

If V C RY is an open cone, R > 0, let U = VN B(0,R). Let E C RY be
any nonempty open set. Define W+ C C", W~ C C™ by

Wt = E +il, W™ =E—-U

(see Figure 3.8). We shall call WH U W~ UE a truncated wedge domain. In
a certain sense, which can only be approximately indicated in the figure, £ is
the “edge” of the wedges W1, W ™. It is convenient in what follows to identify
{z+i0:z € E} with E, and we do so without further comment.

EXAMPLE Let E C R? be open and bounded. Define V = {(y1,12) € R? :
y1 > 0,90 > 0}. Let U = VN B(0,1). Then W UW ™~ U E is a truncated wedge
domain. Further note that WHrNnW - =@, W+rNnW- =E, and WHUW - UE
is not open. O
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THEOREM 3.5.3 Let n > 2. With the notation just given, there exists an
open set 2 C C™ such that Q O (W* U W~ U E) and such that the following
property holds: If f: WTUW~UE — C is continuous and f is holomorphic on
W+ UW ™, then there is a holomorphic F on Q such that F|, yw-op = [

The theorem is a remarkable analytic continuation statement. It says, in
effect, that there is an open “halo” about the set E to which all analytic functions
on WH UW™ U E extend.

Proof of the Theorem (W. Rudin [2]) Let z € E. We may assume that
z = 0. After composition with a real linear transformation with real coefficients,
we may assume that V O {(y1,...,yn) € R" : y; > 0,5 = 1,...,n}. After a
translation and change of scale, we may also suppose that R > 64/n and that
EC{zeR":|z;|<6,j=1,...,n}. So it is enough to prove the following.

CLAIM: Let
E={zeR":|z;|<6,j=1,...,n},
U={yeR":0<y;<6,j=1,...,n},
Wt=E+iU ,W~ =E—il.

Let @ = D*(0,1). If f : WY UW~ UFE — C is continuous and if f is
holomorphic on W1 U W™, then there is a holomorphic F on Q with
Flysow-ue = T-
The idea in the proof of the claim is to map D™(0,1) into W+ U W~ and
then to compose f with this map. Since there are obvious topological obstruc-
tions to carrying out this program, we instead construct approximate maps; then

the average of these approximate mappings gives the result that we desire.
Let ¢ = /2 — 1 and define

¢:D*0,1) — C

w+ Ac
WA= e
Then
w + Me+ MPa + cAlw]?
A) = .
o 1+ chw|? ;
hence
Img(w, \) = (1 — A Im(cw) + (1 — ’Cwiz)lm)\'

¢l + chwl?
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Notice that
1. sgn(Img¢) = sgn(ImA) if |A| = 1;
2. sgn(Img) = sgn(Im)\) if w e R;
3. ¢(w,0) = w;
4.

|p(w, M) < (1+1/c)(1 =) <6.
(Here the sign of a nonzero complex number z is given by sgn z = z/|z|.) It
follows that the function

®:D"0,1)xD — C”
(Z7)‘) = (¢(217)‘)77¢(Zna)‘))

satisfies
5 ®(z,e%) e Wt if0< 0 <
6. d(z,e¥) e W~ if m <6< 2.
7. ®(z,eYc E if0=00r 0 =n.

In short, ®(z,e*%) € Dom f for all 0 < 6 < 27, all z € D™(0,1). So we may define

1 27

F(z) = o /. f(®(z,e?))do, ze D™(0,1).

We claim that this is the F' we seek (clearly F' is unique if it exists).

First, F° is holomorphic by an application of Morera’s theorem. Next,
we note that for (z1,...,z,) = z € E N D™0,1), the function f(®(z,-)) is
continuous on D and holomorphic on {A € D : ImA > 0} and on {A € D : Im\ <
0}. Again, by Morera, f(®(z,-)) is holomorphic on all of D. It follows that

F@)= = [ f(®(x,¢)d6 = f(8(z,0)) = f(x);

T or 0
hence F = f on EN D"(0,1).
Now we are done because £ N D™(0,1) is a totally real submanifold of

D™(0,1) (see Exercise 1 at the end of Chapter 8). In the present context we can
be more explicit: If z +iy € C" is fixed, |z +1iy| < 1/2,y > 0, then the functions

£ flz+&y)

£ Pz +&y)
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are holomorphic for £ € C small and agree when £ is real. It follows that these two
functions are identical. Since this argument applies to all z + iy € B(0,1/2),y >
0, it follows that F'= f on WT U W~ U E. a

Remark: Given U and F as in the edge-of-the-wedge theorem, the preceding
proof gives little information about the optimal size of 2. Indeed, little is know
about this matter. a

There are many different proofs of the edge-of-the-wedge theorem. The
most clagsical ones use Fourier analysis and are closely related to the Paley-
Wiener theory (see . M. Stein and G. Weiss [1]). A new proof due to J. Korevaar
and J. Wiegerinck [1] provides potential techniques for estimating the size of €.

The continuity of the function f at E is much stronger than is necessary.
Only a mild growth condition is required. The theory of hyperfunctions was
inspired in part by the edge-of-the-wedge theorem.

Exercise for the Reader

In the proof of Theorem 3.5.3, give an alternate argument that F' is holomorphic
by passing the 0 operator under the integral sign. You will need a subtle limiting
argument.

EXERCISES

1. Let  C C™ be a domain of holomorphy and let Q9 C C* be another domain
of holomorphy. Assume that f : Q — C¥ is a holomorphic mapping. Prove
that f~1(2) N is a domain of holomorphy.

2. Let @ C R® be a domain. Prove that 2 is convex if and only if for every
hyperplane h C R? it holds that either 2 Nh = 0 or 92 Nh is a Jordan
curve.

3. Let ¢ > 0 and consider the curve v = 7, : t > (¢, [t|>¢) C R2 Then v is
not C?, but it is C! and ' satisfies a classical Lipschitz condition of order
1—e. If A=(0,a),a > 0, is a point on the y-axis, then prove that A has two
nearest points on . Conclude that the function d,(z) = dist(z,~y) cannot be
differentiable in any open neighborhood of the image of .

4. Let Q cc RV*! have C* boundary M,k > 2. Let

« —dqa(x) ifze
‘5M(””):{ bo(e)  ifag

Complete the following outline to prove that there is a neighborhood U of

M on which &3, is C*.

a. It suffices to prove the result in a neighborhood of a fixed point of M and
we may take that point to be the origin. Near 0, we take M to have the
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form
M:{(tl,...,tN,f(tl,...,tN)) : (tl,...,tN) EW},

some W C RY open. We assume that f is C* and that 8f/8¢;(0) = 0,
j=1,...,N. Assume that ty 11 > f(¢1,...,tn) corresponds to t € Q.
b. If (z,y) = ((z1,...,2n),y) € § is near 0, we know by the implicit func-

tion theorem that (z, y) has a unique nearest point (¢1,...,tn, f(t1,-.-,tn))
in M,t; = t;(z,y),j = 1,...,N. By calculus, it holds for j = 1,..., N
that
of
0=2(t; — 2,) + 20/ - V) (1)

Therefore, we may write

N raf\?
Siute) = 0 - {1+ 3 (5 )
g=1 7
c. Differentiate (1) to obtain
0 - Z 01 01 Oty | S~y ) 0 O )
B dt; Ot 8931 po Ot 0t ; 8331
B t Of of 8ty an ot, of
0 = Z@t o, ay+§f< Vowor oy o, Y
d. Compute from (3) and (2) that
N 5\ 2
o . _ of of
Bz, oM HZ(@) o,
Jj=1
so that g 5M is Ck—1.
e. Compute from (4) and (2) that
~1/2

8 Y rof\?
s (£
oy M ; ot;

so that 3%5}‘\4 is Ck—1,
Where was the hypothesis that & > 2 used? Where was the restriction to a
small neighborhood of M used? See Krantz and Parks [1] for more on this
matter.
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5. Let © C CV be a pseudoconvex domain. Let u : Q — R be a pseudoconvex
(i.e., continuous psh) function on Q. Let ' CC Q. Prove that there is a
sequence u; of C* psh functions on Q such that u; “\, v uniformly on Q".

6. Strengthen the conclusion of Exercise 5 by showing that the u; may be taken
to be strictly psh.

7. Strengthen the conclusion of Exercise 6 by showing that if € is pseudoconvex
and if ' CC 2y CC Ny CC ---Q and if M; are positive numbers, then the
u; may be taken to satisfy u; > M; on 0\ ;.

8. Strengthen the conclusion of Exercise 7 by showing that the if M} are positive
numbers and K € N is fixed, then the u; may be taken to satisfy

a. (a—az)a (%)ﬁuj(z)‘ > M; for all z € 2\ ; and all multi-indices a, 3
with Ja| + 18] < K;
b. g m 2 7oty (2) Wiy > Mjlw|?, all z € 2\ Qy, all w € C™.

9. Let 0 C C" be a domain of holomorphy. Let K CC . Show that there is an
analytic polyhedron A such that K CC A CC Q. Conclude that any domain
of holomorphy can be written as the increasing union of analytic polyhedra.
Show that the hypothesis that 2 be a domain of holomorphy is necessary.

10. Let ¢ : R™ — R be any continuous function. Prove that there is a C™
convex function f that satisfies f > ¢. If ¢ is increasing, show that f may
be taken to be increasing. Indeed, if 11,42 : RT — R are continuous, it may
be arranged that 7 > 4y, f' > 19 and f > ¢.

11. Let ¢ : RT — R be a positive continuous function. Prove that there is a
positive convex function f on R that satisfies 0 < f < ¢.

12. Complete the following outline to obtain an elementary proof of a special
case of the edge-of-the-wedge theorem (see E. Bedford [2]). Let

Ut ={(y1,92) €R?: 5y > 0,5 > 0}

U~ = {(ylny) € R2 < 073/2 < 0}
and

Wt={zeC?:TmzecUt,|z| <3}

W ={zeC?:Imze U ,|z| < 3}.

Let f : C2 — C be C? with support in B(0,3), and suppose that
is holomorphic. Then f ‘ has a holomorphic ex-
(W+UW—)NB(0,2) W+UW -
tension to all of B(0,1).

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



Exercises 167

a. Solve the O problems

5, 0 f if Imz; > 0,
Ohy = { 0 otherwise,

Bh, :{ gf if Tmz; < 0,

otherwise.

b. Let X = {(21,22) : Imz; > 0,Imzy < 0}, X~ = {(21,22) : Imz; < 0,
Imzy > 0}. By Theorem 3.5.1, Ay 'x+ and hz' extend holomorphically

to all of B(0,1). Call the extensions H; and Hs, respectively.
c. The desired extension of f is f + (Hy — hy) + (Hz — ha).
d. Extend the theorem to C", n > 2, by considering two-dimensional slices.

13. Let
2 2 8 19 on 6
Q={(z,w) € C°: p(z,w) = Rew + |zw|* + |2|° + 7|z| Rez® < 0}.

Then the domain 2 is pseudoconvex. Indeed, it is strongly pseudoconvex

except at (0,0). Suppose that f € C8(Q) is holomorphic on  and satisfies

f(0)y =1 and |f(z,w)| < 1 when (z,w) # (0,0). Derive a contradiction, & la

Hakim and Sibony [1], by completing the following outline.

a. Let f denote a C*® extension of f to a neighborhood of Q. Write f = f; +
if2,w = u + . By Hopf’s lemma, (0f/0u)(0) > 0. So (8f/0w)(0} # 0.

b.

~ 2
of Of1/0u  Ofz/0u
07155 8t 00 Bfy/d

=det‘

c. There is a small neighborhood U of 0 such that £ = {(z,w) € U :
f(z,w) = 1} is a two-dimensional real manifold and there is a C® function
h(z) such that f(z,h(z)) = 1.

d. The equation
o\ [0\’
(52) (3) mo=0

holds for all multi-indices a, 8 with 8 # 0, |a| + |8] < 8. (Hint: Begin by

computing (8/0%z) f(z, h(z))(0). Now use induction.)
e. Conclude that the k™ order Taylor expansion of h for all k < 8 is

h(z) = p(2) + o(|]"),

where p is a pure holomorphic polynomial of degree not exceeding k.
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f. Tt follows that
p(z,p(2)) = qs(2) + o(]z]*),
where ¢, is the homogeneous polynomial of least degree s in the Taylor

expansion of p(z,p(z)) about 0 and s < k.
g. It holds that

p(z,p(2)) = p(z, h(2)) + of|2|*).

h. Finally,
- p(Az, h(Az))  qs(Az) _
0< ?g{}) T = = gs(2).

i. Show that (h) cannot hold by writing p(z) = ¢z" +0(|z|") and considering
separately the cases (i) r < 8, (ii) r = 8, and (iii) » > 8. (Hint: In case i,
gs(z) = Recz"; in case ii, g,(2) = Recz® + |z|® + (15/7)|2|?Rez®; in case
iii, gs(2) = |2]® + (15/7)|2|*Rez").

Remark: The domain (2 is the one constructed by Kohn and Nirenberg [1].

They used quite a different argument to show the weaker result that there

is no peak function at 0 that is holomorphic in a neighborhood of 0.

14. The tomato can principle. Let Q C C™ have C? boundary, P € 99, and
suppose that the Levi form at P has a negative eigenvalue. Prove that every
holomorphic f on 2 extends analytically to a neighborhood of P. (Hint: Use
analytic discs.)

15. Complete the following argument to produce the construction (R. M. Range
[4]) of a bounded psh exhaustion function on any weakly pseudoconvex do-
main with C° boundary. (This was originally done by Diederich and Fornzess
[1] for domains with C? boundary. With the extra smoothness hypothesis,
Range’s argument is simpler. By an extremely ingenious argument, N. Kerz-
man and J. P. Rosay [1] have produced bounded psh exhaustion functions
on domains with C! boundary.)

a. Let W be a tubular neighborhood of 00 and let 7 : W — 9Q be Euclidean
orthogonal projection. Let L,(p;€) denote the Levi form defined with
respect to a defining function p at a point p in the direction £. Now let
peWnNQ If a € C*, then we may decompose a into complex tangential
and complex normal components, a = al, = a; + ay, with regard to the
associated boundary point 7(p). Fix a C? defining function p for €.

b. The function £,(p;a}) is of class C' in p. Thus

Lo(p305) — Lo(m(p); az(yy) = O(lp(p)])lal.
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¢c. We conclude that
L,(p,a") > clo(p)llal®

forpe QNW and a € C™.
d. We may calculate that

L,(p;a) > —Alp(p)llal* — Alalpl(9pp, o) (1)

forpe WNQ,a € C? and some A > 0.

e. Set 7(2) = —(—pe KIZ*)n where K and n will be selected momentarily.
For convenience, set ¥(z) = |z|2.

f. One may calculate that

L) = (=) e M KoLy (mia) = K (00,0
+(=p) [Lo(p; @) — 2nKRe(p, a) (09, a)]
+1L=lp.0) . 2
g. Let the expression in braces in part { be denoted by D(a). We want to
select 7, K so that D(a) > 0 for @ # 0. To this end, note that there is

an A; > 0 such that £y(p;a) > Ailal®. By (1) and (2), we may choose
0 < 1 < no(K) such that

D(a) > K¢ [A ~ Ar/2)laf? + (- o) [oAlal” ~ 4o1(Op, ) el] + 51(0p, )

h. Since
1 2 2) 12
ol A21(0p, a)llal < 7 1(0p, a) " + Asp”|al”,
we may conclude that
D(a) > p? [KA1/2 - A4] lal?.

In this estimate, all the A’s are positive and independent of K, 7, a. Clearly
if K is chosen large enough then we are done.

16. Define the Hartogs triangle
Q={(z,w) €C?: |z < |w| < 1}.
Suppose that ¢ is a bounded psh exhaustion function on Q (refer to the

preceding exercise for terminology). Show that ¢(0,w) must be constant,
thus obtaining a contradiction.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



170 Chapter 3: Convexity

17. Let Q = {(z,w) € C? : |z| < |w| < 1}. Then Q is a domain of holomorphy.
But if U is a sufficiently small neighborhood of {2, then U is not a domain
of holomorphy (for any function holomorphic on U extends analytically to
D?(0,1)). Thus © does not have a neighborhood basis consisting of domains
of holomorphy. Prove these statements.

There also exists a smoothly bounded domain of holomorphy without a
pseudoconvex neighborhood basis. The construction of this “worm domain”
is due to K. Diederich and J. E. Fornaess [2]. Although the idea behind their
construction is similar in spirit to the Hartogs triangle above, it is much
more complicated.

18. Fatou and Bieberbach, in the early part of this century, constructed examples
of entire mappings f : C?> — C? that are one-to-one, have constant nonzero
Jacobian determinant, and yet are not onto (see S. Bochner and W. Martin
[1] for details). Indeed, the range of the Fatou-Bieberbach mapping omits
a nontrivial open set. Notice that, by the Riemann mapping theorem and
Picard’s theorem, such a result is impossible in one complex dimension.

More recently J. P. Rosay and W. Rudin [1] and also Dixon and Esterle
[1] have constructed remarkably pathological holomorphic mappings of C2
into C? whose images omit large sets. The method in these papers is to
iterate a given holomorphic mapping whose Jacobian at the origin has been
normalized so that the iterates converge. See Section 11.6 for more on this
approach.

A Fatou-Bieberbach mapping f : C? — C? exhibits C? as a proper sub-
manifold of itself. Put another way, it provides an extension of the complex
manifold C2. By iterating the map, we may obtain countably many exten-
sions of the complex manifolds C2. The extended manifold is called “long
C2.” Tt is not known whether long C? is biholomorphic to C? itself. Is there
a “long C'”? Why or why not?

19. Let  CC C™ be strongly pseudoconvex with C* boundary, & > 2. Prove
that there is a C* defining function p : C* — R for €2 so that p is strictly psh
on a neighborhood of Q. (Hint: First examine the analogue of this question
for convex domains in R! and R?.)

20. This problem is based on a construction in Basener [1].

a. Let Q CC C™ be a domain with C? boundary. Suppose that Q2 C B(0,r),
some r > 0, and that P € 9Q N dB(0,r). Then P is a point of strong
convexity for €.

b. The strongly pseudoconvex analogue for (a) is as follows. Let @ CcC C?
have C? boundary. Let P € 99 and U C C™ be a neighborhood of P. Let
v € C%(U) be a real-valued strictly psh function. Suppose that v(P) =0

and that v < 0. Then P is a point of strict pseudoconvexity for Q.

QnuU
c. Let @ CC C™ be a C? domain. Let P € Q. Let U CcC U; be open
neighborhoods of P in C™. Suppose that « is a psh function on U; such
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that

sup u < sup u.
UI\U U

Then U N O contains a strictly pseudoconvex point of ). To see this,
we may assume that u is strictly psh. Choose a constant ¢ with

sup u < ¢ < sup u.
UI\U U

Shrinking U, Uy if necessary, we may suppose that

_f —balz) i zeUiN®,
p(z)“{ sa(z) i zeUpNn°Q

is a C? defining function for  on U;. Choose ¢y > 0 as large as possible
so that there is a z5 € {p(z) = —eo} with u(zy) = c. Let wg € 0N U
be the unique nearest point to z; in 9. (Why may we assume that
wg € U?) Let v = vy, be the unit outward normal to 09 at wy. Define
u(z) = u(z — €ov) — ¢. Then @(wp) = 0 and & < 0 on 2 near wy. Now
apply (b).

d. Use (c) to show that the set of peak points for A(R2), @ cC C™ with C?
boundary, is contained in the closure of the strongly pseudoconvex points.

e. The Silov boundary for A(R) is the closure of the peak points (see T.
W. Gamelin [1]). Therefore, you can now explicitly identify the Silov
boundary of any Q2 CC C™ with C? boundary as the closure of the strongly
pseudoconvex boundary points.

21. Let f : R¥ — R be convex. Assume that f has a minimum at 0. Let
r € RY, z # 0. Prove that the normal to the level curve of f at z cannot

have negative inner product with Oz .

22. Refine Narashimhan’s lemma in the following manner. Let @ CC C" be a
domain with C? boundary. Let P € 9Q be a point of strict pseudoconvexity.
There is a neighborhood U of P and a biholomorphic change of coordinates
z «» w so that, in the new coordinates,

QNU ={weU:2Rew, < —|w|2 + 0(|w[2)}-

This says, in effect, that a strongly pseudoconvex point agrees with the
ball (in suitable local coordinates) to second order. Fefferman’s lemma (C.
Fefferman [1}) shows, in fact, that it can be arranged for the agreement to be
to fourth order. Powerful use of this fact can be made in geometric/analytic
arguments.
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23.

24.

25.

26.

27.

28.

29.

Chapter 3: Convexity

FIGURE 3.9

Let © cc RY be a domain with C? boundary. If Q is strongly convex,

prove that whenever I is a closed segment in €2, then JC ). Prove that the
converse is false. What is the complex-analytic analogue of this assertion?

Let 1,0 CC C” be domains with C? boundary. Let f : ©; — 3 be
biholomorphic. Assume that f, f~! extend C! to the boundary. Prove that
ldet Jaccf(2)] > ¢ >0, all z € ). Now let f: 2 — Qs be proper holomor-
phic (not biholomorphic) and assume that {11, Qy are strongly pseudoconvex
and that f extends C? to Q. Let p be a C? strictly plurisubharmonic defin-
ing function for 2y (we take p to be defined and psh on a neighborhood of
Q). Prove that, for A > 0 sufficiently large, p = exp(A-po f)— 1 is a similar
such function for ; (you will need to use Hopf’s lemma to see that Vp # 0
near ;). However, the complex Hessian of p is divisible by |V f|%. Thus
[Vfl > c>0on €. J. E. Fornzss [3] has proved a similar result under the
hypothesis that 21, Qs are weakly pseudoconvex.

Let © CcC R? have C* boundary. Then the convex hull of { need not have
C*™ boundary. (Hint: Look at a disc in R? with a smooth dent as shown in
Figure 3.9.)

Let @ cC C™ be a domain with C? boundary, n > 3. Show that Q is
pseudoconvex if and only if its intersection with every complex hyperplane
is either empty or pseudoconvex. Why is the case n = 2 different?

Let  C C” be a domain. Let P € 0Q2. We say that P is locally essential if
there is a neighborhood 2 p of P and a holomorphic function v on 2N such
that for no connected neighborhood Q2 of P and nonempty 7 C Qp N2y
is there a uo holomorphic on 9 with u = uy on Q. If @ in addition has
C? boundary and every P € 9Q is locally essential, prove that Q is Levi
pseudoconvex. What if Q does not have C? boundary?

Give a proof that the ball B = {z € C? : |z| < 1} is not biholomorphic
to the half-space H = {z € C? : Rez; > 0} via a biholomorphism that is
C? to the boundary. Can you prove the result without assuming that the
biholomorphism is C?2?

Which tube domains are strongly pseudoconvex?
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Prove that the unit ball in C? is biholomorphic to a tube domain over the
paraboloid

{z = (z1,22) : z1 — 23 > O}.

See P. Yang [1] for more on this matter. However the ball is not biholo-
morphic to a tube domain over a cone. (This last assertion follows from the
classification theory of Siegel domains—see Kaneyuki [1}—but can also be
seen by more elementary means.)

True or false: The complement of a pseudoconvex domain is pseudoconvex.
Is this ever true? Under what conditions on the boundary?

Counsider the domain
MW={ze C?:Rez + |le4 + 2)Re 2223 < 0}.

Here X is a real parameter. Prove that if A is small, then {2, is strongly
pseudoconvex. For larger A the domain is not pseudoconvex; in particular,
the hull of holomorphy of the domain is strictly larger than Q. If A is large
enough, then the hull of holomorphy is all of space.

Prove that a domain 2 is convex if and only if the function —logdg is a
convex function on € (here ¢ is Euclidean distance to the boundary).

Compute the Levi form for the surfaces defined by

a. p(z) = 2Rez, + Z;‘;ll |zj|?P1, p; €N

b. p(z) = 2Rez, + Zjvzl |£;(2)]?, f; holomorphic;

c. p(z) = 2Rezs + |211® + k|21 |Re(z12).

In part ¢, what range of k will make the surface pseudoconvex near the
origin? In part b, if N =n — 1 and the f; are independent of z,, then find
a simple formula for the determinant of the Levi form.

Let M be a real hypersurface in C™ and assume that the Levi form has rank
at least q at each point of M. Prove that M contains no (n — ¢)-dimensional
complex analytic manifold. Prove by example that if the rank of the Levi
form is ¢ — 1, then the conclusion is false.

Give a suitable definition for the “polynomial hull” of a set. If K is a compact
subset of the unit disc in C, then what is its polynomial hull?
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4 Hormander’s Solution of the

0 Equation

4.1 Generalities about the 9 Problem

Let Q@ C C” be a domain, f = Z;L:l f3dzZ; a (0,1) form on . The equation
Ou = f, that is, Ou/8z; = f;,7 = 1,...,n, is over determined (i.e., there are
more equations than unknowns) as soon as n > 1. This motivates, at least
intuitively, the compatibility condition 0f = 0. It also suggests why it may
be difficult to prove existence and regularity theorems (the rigorous treatment
of what constitutes an over-determined system is rather elaborate and is best
formulated in terms of sheaf cohomology—see D. C. Spencer [1]).

D. C. Spencer introduced the formalism of the -Neumann problem that
demonstrates why the geometry of 9 plays an essential role in solving the 0
problem. C. B. Morrey [1] further developed this theory but did not find the
right condition on the boundary to solve the problem. J. J. Kohn discovered
how to exploit strong pseudoconvexity to solve the equation and prove regular-
ity (J. J. Kohn [1], G. B. Folland and J. J. Kohn [1], and S. G. Krantz [19]).
Lars Hormander [1] (and Andreotti and Vesentini [1]) discovered how to sup-
press the boundary phenomena by working with weighted Sobolev spaces. The
initial choice of weights takes into account the shape of 9—but once they are
introduced, the result is that one is doing analysis on a Riemannian manifold in
which the boundary is at infinite distance from any interior point (i.e., the man-
ifold is complete). As a result, the boundary no longer plays a role. Therefore,
the method of weights applies directly to all weakly pseudoconvex domains.

The techniques due to Kohn are more natural from the point of view of
partial differential equations—especially in view of the well-known elliptic theory
of the Laplacian. Also Kohn’s methods are more difficult and technical than are
those of Héormander. But they yield much more information.

A leisurely treatment of Kohn’s approach is given in S. G. Krantz [19],
together with detailed background material. Although Hormander’s techniques
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appear at first to be rather ad hoc, they yield the information we desire rather
quickly. Also they are rather flexible: In the hands of Skoda (H. Skoda {1, 2])
and others they have led to a body of powerful tools. In order to get to the
solution of the Levi problem most directly, we shall use Hormander’s methods.
(It should be mentioned that, for sheer brevity, the method of R. M. Range [3]
for solving the Levi problem is the best. But it is also an unusual combination
of classical and modern methods that, for our purposes, is less instructive.)

In Section 4.2 we review some basic notions connected with the theory
of unbounded operators on a Hilbert space. We will then be able to fit the
generalities of this section into a theoretical framework and to reduce solving
the O problem to the problem of proving an estimate.

4.2 Unbounded Operators on a Hilbert Space

Let H',H? be complex Hilbert spaces, £ C H! a subspace, and T : £ — H?
a bounded linear operator. Then T extends naturally to £, and £ is a Hilbert
space. In practice, then, it is most convenient to study 7' as an operator on
&. This simple idea makes the basic theory of bounded Hilbert space operators
rather easy. The theory of bounded operators is suitable for the study of integral
operators such as those given by convolution with an L' function.

Most integral operators are distributions and so are automatically contin-
uous in a suitable sense on the topological vector space C2°. Many are bounded
on some Hilbert space (usually a Sobolev space), although this always requires
some work to see.

The typical unbounded Hilbert space operator is a differential operator.
Take H' = H?2 = L?(R). Consider T = d/dz on H'. Unfortunately, T is not
defined on all of H!. Also, there exist f € L? such that Tf is defined (in a
suitable sense) but T'f ¢ L?. However, on the dense subset C° C L2, T is well
defined and if f € C°, then Tf € C® C L?. Everywhere-defined, unbounded
Hilbert space operators do not occur in nature. More precisely, a theorem due to
J. D. M. Wright [1] says in effect that an everywhere-defined unbounded Hilbert
space operator cannot be constructed without making use of the axiom of choice.
On the other hand, we may usually take our T to be at least densely defined
by merely shrinking H'. Since all of our operators T in this chapter will be
differential operators and all our Hilbert spaces Sobolev spaces (to be defined
later), then T will be defined on the dense subspace C°.

Analysis of unbounded, densely defined operators is subtle, although not
always hard. Assertions that would be obvious for bounded operators sometimes
require tedious checking in the unbounded operator setting. An operator that is
unbounded may still be closed or may still have a bounded inverse. The adjoint
of an unbounded operator is defined only on a subspace of the full Hilbert space
H?. All these phenomena will be encountered below in a rather explicit setting.
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4.2. Unbounded Operators in a Hilbert Space 177

In what follows, let H’ be complex Hilbert spaces with inner products (, ) ;
and norms || ||;,j = 1,2. Let D C H' be a dense subspace and T : D — H? a
linear operator that we do not assume to be bounded. It is sometimes convenient,
for emphasis, to write Dy for the domain of T instead of D.

DEFINITION 4.2.1  We say that T is closed if its graph
Gr ={(z,Tz):z € D} CH' x H?
is a closed set.

DEFINITION 4.2.2 Let ¢ € H?. We say that ¢y € Dp- (3 is in the domain of
the adjoint T of T) if there is a constant C' = C(z) > 0 such that

(T, )2 < Cllglli, all § € Dr. (4.2.2.1)

Remark: Notice that if T is a bounded operator, then the adjoint of T always
exists and is defined on all of H?. Thus an inequality of the form (4.2.2.1) holds
trivially for all elements of H2. O

The last definition makes sense because of the next proposition.

PROPOSITION 4.2.83 I 1 € Dr-, then there exists a unique element T*y €
H! such that

<¢7 T*’l/)>1 = <T¢7¢>27 all ¢ € DT-
Proof  The linear functional ¢ — (T¢, )2 is densely defined and bounded
(by (4.2.2.1)), so it extends uniquely to a bounded linear functional on all of H .

By the Riesz representation theorem, there is a unique element o € H?! such that
the functional is given by pairing with o. Set T*¢ = o. O

Thus we have a new linear operator T* : Dp- — H1.

LEMMA 4.2.4 The space H! x H? is a Hilbert space when equipped with the
inner product

(((hy, ha), (B}, hy))) = (h1, hy)r + (ha, Ba)a.

Proof  The proof is left as an exercise. O

PROPOSITION 4.2.5 1f H is any Hilbert space and € C H any subset, then
Et={heH:(he)=0VecE}is closed.

Proof  The proof is left as an exercise. O

DEFINITION 4.2.6  Let J : H2 x H' — H! x H? be given by J(ha, hy) =
("_h/l)h’Q)'
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178 Chapter 4: Hérmander’s Solution of the & Equation

Remark: J and J! take closed spaces to closed spaces. O

PROPOSITION 4.2.7 I T:H! — H? is a linear operator, then
(Gr)*t = J(Gr-).
Proof Let (-T*y,y) € J(Gz+),(z, Tz} € Gpr. Then
((=T"y,9), (2, Tz))) = (-T"y,z)1 + (y, Tx)2.
But y € Dy« of course, so this last line is
—(y,Tz)s + (y, Tz =0,

whence J(Gr-) C (Gr)t.
For the converse inclusion, let (a,b) € (Gr)t. So for any z € Dy, we have

0= {{(a,b),(z,Tx))) = {a,x)1 + (b, Tx)o. (4.2.7.1)

Therefore,

(6, Tz)2| = (e, 2)1] < llafl1ll=]lx
so that b € Dp». Thus (4.2.7.1} may be rewritten as
O=<G+T*b,x>1, all z € Dr.

Since Dr is dense in H!, we have that a +7*b =0 or T*b = —a. Hence (a,b) €
J(QT*)- O

COROLLARY 4.2.8 The operator T™ is closed.
Proof  Apply 4.2.5 and 4.2.7. ]

Exercises for the Reader
1. Let T : H* — H? be any linear operator. Then T* exists and is well defined
if Dp is dense in H'. Moreover, 7 admits a closed linear extension if and
only if T** = (T*)* exists. This, in turn, is true if and only if Dr- is dense
in H?. Under these circumstances, T** is a closed extension of T. If T is
closed, then T** =T.

2. fy L (RangeT), then y € Dy« and T*y = 0. If T is closed, if Dy« is
dense, and if z 1 (KernelT') then z € (RangeT*). If y L (Kernel T*) then
y € RangeT.
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4.3. The Formalism of the d Problem 179

Let 5p,q denote the d operator on (p,q) forms. For smooth forms, we know
that Range (0p4) C Kernel(9, 44+1). Our principal goal is to see that, when Q is
pseudoconvex, this inclusion is really an equality—that is, we want to see that
every O-closed form is O-exact. We shall formulate our problem in the context
of suitable Hilbert spaces so that we may utilize the following lemma.

LEMMA 4.2.9 Assume that T : H' — H? is closed and densely defined. Let
F C H? be a closed subspace, and suppose that F O Range T. Suppose also that
Dp+ is dense. Then F' = RangeT if and only if there is a constant C > 0 such
that

Iyll+z < CIT Yo, ally € F N Dy (4.2.9.1)

Proof  Assume that (4.2.9.1) holds. Let z € F. We construct a bounded
linear functional ¢ on H' whose representative z satisfies Tx = z. If w €
T*(F N Dr+), w = T*y, define p(w) = (y,z)2. Note that the choice of y is
unique by (4.2.9.1). Thus ¢ is bounded in norm, on the domain T*(F N Dy~ ),
by C|lz||2 by (4.2.9.1). Apply the Hahn-Banach theorem to extend ¢ to all of
‘H2. Then  has a unique representative . So

{y,2)2 = p(w) = (w,z)1 = (T"y,z)

for all y € Dy N F and hence for all y € Dp««. It follows that © € Dy. = Dp
whence (y,z)s = (y,Tz)s for all y € Dy« N F, hence (z — Tz) L (D~ N f), so
(z = Tz) L F (remember that Dy is dense), so z = T'z.

Conversely, if F = Range T, then we assign to each z € F an z, € H* with
Tz, = z. Then, for any f € F NDp«, we have

[(f2)e| = {fs Tz2)o| = T frzann| S IT" flh -

The inequality holds trivially for z € F'* since the left side is then 0. Thinking
of the set F N Dy« N{f € H2: |[T*f|l1 < 1} as linear functionals on H?, we
conclude by the uniform boundedness principle that (4.2.9.1) holds. O

4.3 The Formalism of the § Problem

FixQCC" Let 0 < p,qg <nandlet L%p q)(Q) denote the (p, ¢) forms on £ with

L2(Q) coefficients. If f is such a form, we write

F= 3" fapde®ndP

la|=p,|8]=¢
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180 Chapter 4: Hérmander’s Solution of the & Equation

here for specificity the sum > " is taken only over increasing multi-indices «, 8
(here a multi-index « is said to be increasing if a3 < a3 < -+ < ). Let

IfI2 = Z,lal:p,lﬁl:q |fapl?. If g = leal:p»lﬁlzq gopdz® A dzP is another such
form, we let

(o) = 3 [ fsanav.
a.p
1712 (£, 5).

2
(p,a

Although we use 3 /a 5 as much as possible, we also have occasion to use

The inner product turns L ) into a Hilbert space.

the full sum 1/p!1/q! Za’ﬁ fapdz®dzP. In this case the consistent policy is to

require that if &, 3 are permutations of «, 3, then fog = ege@ 55> Where eg,eg

are, respectively, the signs of the permutations in S,, that take « to & and ( to ,é .
Since we must do some rather precise calculating and counting, these notations
will prove essential.

We use the notation D and C° interchangeably. The former is most
amenable to additional subscripts and superscripts. Since forms with C2° coeffi-
cients are dense in L%ﬂ @ (equivalently, D, 4y is dense in L%p, q)), we may think of

0 as a densely defined operator on L%p )" However, we also want it to be closed,

so we extend the definition of the operator 8 by means of the concept of weak
derivative.

DEFINITION 4.3.1  Fix a domain @ C C™. Let D = (9/02)%(8/0z)° be a
differential monomial. Let f,g € L'(Q). We say that Df = g in the weak
sense (or weakly or in the sense of distributions) if for all ¢ € C® we have

[ fD¢av = (1)l [ gpav.

Remark: The definition is motivated by integration by parts (which is valid
in the special case that f is smooth). This explains the signature.

Note that there is an f € L*(Q) such that for no g € L'(§2) does it hold
that 0f/0z = g in the weak sense. a

Now the weak form of exterior differentiation when applied to functions is
easy: Let f be an L' function on ) and let g = >-;9;4%; be a (0,1) form on 2
with L' coefficients. We say that Of = g in the weak sense if 8f/0z; = g; in the
weak sense for each j. Of course, f in the weak sense is defined similarly.

For exterior differentiation of forms of degree at least one, matters are a
bit more tedious. If f =" ,a’ g fapdz® N dz? is a form with smooth coefficients,

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



4.3. The Formalism of the § Problem 181
then recall that

of = Z afo‘ﬁd A dz? A dz?

! 6foc,3

0z,

(—1)leldz®> A dz; A dZP
o

P z'agj T (~1)leldze A dz7.

Here e}ﬁ is the sign of the permutation taking j3 to v—in other words, we have
grouped together all terms that have the same set of differentials. The point of
this calculation is that when we are defining the concept of the weak exterior
(9) derivative of a form, we must treat (for v fixed)

’ afaﬁ &7

52 G~ Dleldz A dz”
Z

7.8

as a unit. Qur definition of weak @ derivative is then as follows.
Let f = > a,p fap dz% A dz® be a form with L' coefficients on Q. Let

g=>, Ium Gun dz* A dZ" be another such form. We say that Of = g in the weak
sense on €} if for each fixed o, v and ¢ € C(§2) we have

/ )IQIZ fa,@ ],3~/an7¢-

Of course the weak operator 0 on forms is defined similarly. It is a formal exercise
to check that the weakly defined operator 0 is a closed operator from forms with
LP coeflicients to forms with L? coefficients, 1 < p < oco.

We may now think of the operator

5 .72 2
Opa* Lipg) = Liparn)
as a closed, densely defined, unbounded linear operator. Notice that

* 2
8 (p q+1) 7 L('p,q)'

It is natural (see J. J. Kohn [1], G. B. Folland and J. J. Kohn [1], and S. G.
Krantz [19]) to consider the associated operator

_a oy oy o .72 2
b= ap,qap,q + ap,q+16p,q+1 : L(p,q+1) - L(p,q+1)’
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182 Chapter 4: Hérmander’s Solution of the § Equation

which is defined on a subspace of L?p,q ) that contains the space of forms with
C° coeflicients.

The operator O has the virtue of being second order, self-adjoint, and
elliptic. The disadvantage is that the operators 5;7(] and gg,q 41 are not known
explicitly. If one restricts attention to forms with C2° coefficients, then it is a
simple matter to compute the formal adjoints of 5p,q and 5p,q+1 by integration
by parts (we compute some formal adjoints later). What is subtle is to see
how these formal adjoints are related to the Hilbert space adjoints ég,q and
[_9;7(1 +1- This is again reckoned by integration by parts on noncompactly supported
forms, and the process gives rise to the 6-Neumann boundary conditions. It is
these nonelliptic boundary conditions that account for all the subtlety of the J
problem. In particular, one needs to determine explicitly when a form is in the
domain of the adjoint operator. When it is in the domain, then the adjoint is
computed according to the formula for the formal adjoint. All of these matters
are considered in detail in the books by G. B. Folland and J. J. Kohn [1] and S.
G. Krantz {19].

However we wish to avoid the subtleties associated to adjoints that were
discussed in the last paragraph. To do so, we work in the L?(Q), #) spaces of
Hormander, where ¢ : £ — R is an appropriate smooth function. Here f €
L?(Q, ¢) if and only if

112 = / fPe? v < oo

The inner product on L%(Q, ¢) is of course

(fr9bo = / fgetav.

As usual, the inner product and norm are extended by linearity to forms. In
practice, ¢ will be positive and blow up near 9{2—indeed, ¢ will be manufactured
from the psh exhaustion functions that we studied in Chapter 3.

4.4 Some Computations

To enable us to focus in the next section on the simplicity and elegance of
Hormander’s ideas, we isolate in the present section the routine computations.
Here is the setup: 2 C C™ is a domain. Consider the complex

7

a 5.
L%p,Q)(Q’ ¢1) L?P:Q-H)(Q’ ¢2) il L?p,q+2)(Qy #3).
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4.4. Some Computations 183

The weights ¢1, 2, @3 are to be chosen at the propitious moment. To simplify
notation, we set T' = 8y 4, S = Op g1, H = L? (2, ¢1), H® = L?p’qH)(Q,@),

(r.9)
HE = L%p g12)(,¢3), F =Ker S C H2. We let

be the inner product on H7 and

Il =1 Mo, =1 lloe

the corresponding norm. Notice that the statement f € Dy means, of course,

that f € L?p q)(Q,ngl) but also that Of exists (in the weak sense) and that

of € L?p,qﬂ)(Q, ¢2). A similar statement holds for the meaning of g € Dgs.

The reader should verify the following simple facts:

1. If ¢ € C(Q), then L*(Q,¢) C L (). (Here, for 1 < p < 00, L (Q) consists

loc
of those measurable functions that are p*® power integrable on compact sets.)

2. If f € L2 _(Q), then there exists a continuous ¢ :  — R such that f €

loc

17(9,6).
3. The analogue of (2), with ¢ € C*(Q2), holds.
4. If ¢ € C(Q), then C>°(Q) is dense in L?(§, ¢).
5. If ¢ € C.(), then L3(Q, ¢) = L*(Q) with comparable norms.

Now, for © pseudoconvex and an appropriate choice of ¢;,7 = 1,2,3, we
will prove the following:

MAIN GOAL
IF13 < ¢ {IT*£IIF + ISFII5},  all f € Dy NDs. (4.4.1)

Notice that when f € Ker S, then equation (4.4.1) reduces to (4.2.9.1). Thus

we can obtain the desired result that Range T = F; that is, all O-closed forms
are O-exact. The inequality displayed in (4.4.1) is a chain homotopy type of
condition—it is frequently advantageous to prove a symmetric statement like
this one rather than an asymmetric one. The main purpose of this section is to
reduce the MAIN GOAL to a simpler assertion involving only forms with C2°
coefficients. That will be the MODIFIED MAIN GOAL.

LEMMA 4.4.2 Let ne C®(R), f € Ds. Then nf € Ds.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



184 Chapter 4: Hérmander’s Solution of the § Equation

Proof Thatnf € H?if f € H? is clear. Assume first that 8f,5/07; exists in
the weak sense. If ¢ € C2°(Q) is arbitrary, then

06 oy
Jotrgrav = [ fus (nge ) av
o an )
= af o= dv — « - dv
[ tost0av = [ s (837

afaﬁ 87]
Seimoav / fus g0V

_ [ [0fap on
= [{ %0t fuagl poav

or (0/0z;)(nfap) = (Ofap/0z;)n + fap(0n/0Z;) in the weak sense. For the
general case, group terms as in Section 4.3. 0

LEMMA 4.4.3 Letne C®(Q), f € Dg. Then S(nf) —n-Sf=0nAf.

Proof By the proof of the last lemma, S(nf) = oA f+nAOf. AlsonSf =
7n0f. So the result follows. ]

LEMMA 4.4.4 ¥ f € Dr« and n € CX(), then nf € Dr-.

Proof  For simplicity assume that p = ¢ = 0. If u € Dp, then

(nf,Tuy = (f,nTu)s = (f,T(Mu))2 + (f,nTu — T(7u))2
= <T*f7 ﬁU’)l -+ <f7 ﬁTU - T(ﬁu)>2
= (UT*f>U>1+ <fa —577/\U>2.

Thus
[(nf, Tu)al < C {InT* Flly + 1 121107] oo } lull1,

so n1f € Dp-. (Here we have used property 5 from the beginning of the section
to estimate the second term—notice that n has compact support.) D

The only way that we can achieve our goals is to pass from abstractions
about unbounded operators to specific facts about 0 acting on the spaces H7.

LEMMA 4.4.5 Let Ko CC K; CC --- CC { satisfy U;K; = Q. Let 5; €
C(Q2) satisfy 9, = 1 on K; 1, suppn; € K;,0 <n; < 1,57 =1,2,.... Then
there exists a function ¢ € C'°°(2) such that

n

2.

k=1

2
<e¥, all{=1,2,....

9%,
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Proof  The assertion is equivalent with
= 12
|Ome|” < ¥

For each j € N, the left-hand side is nonzero on K; only for £ = 1,2,..., j. Hence
one can build ¥ inductively on j to satisfy the conditions

v > Hm“cl on Kji,
e = Y fmller  on Kj\Kjo1.
(=1

In this fashion we clearly obtain a function ¥ € C(Q2) with the desired properties.
By the techniques of Exercises 5 through 8 at the end of Chapter 3, we obtain a
function ¢ € C°°(£2) that satisfies the desired conclusions. O

Now we specialize further and declare the form of the weight functions

@1, b2, b3

DEFINITION 4.4.6 ~ With 7; fixed as in Lemma 4.4.5, let 9 satisfy the con-
clusions of that lemma. Let ¢ € C°(Q) (We will choose a particular ¢ later in
our applications.) Define

bp1=90-2%, G2=¢—-%,  P3=29.

It is immediate that

e 93|0m,|? < e %2 (4.4.6.1)

and

e 2|0 < e (4.4.6.2)

forall£=1,2,....

In what follows, properties (4.4.6.1) and (4.4.6.2) are crucial. They will be
used frequently without comment.

LEMMA 4.4.7 If f € Dg, then as £ — oo,

S(nef) —meSf—0 in H>.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



186 Chapter 4: Hérmander’s Solution of the  Equation

Proof Now

1S(mef) — ne(SHI2 / \Bre A fl2e~% dv

C- |1?10ne|* e AV
K \K¢ 1

< C- |f)e= %2 dV — 0. ]
K\Kg-1

IN

LEMMA 4.4.8 1f f € Dr«, then
T*nf —nT*f — 0 in H.
Proof  Use the definition of T'* to write out and simplify the left-hand side.

Then imitate the proof of the preceding lemma. ]

COROLLARY 4.4.9 I f &€ Dp« NDg, then n,f — f in the graph norm
IAIE = 105 + 1T FIIF + 1S £15-
Proof Use Lemmas 4.4.7 and 4.4.8 and the Lebesgue dominated convergence

theorem (this last for the || ||, term). O

LEMMA 4}.4.10 1If f € Dg satisfies supp f CC (Q, then there exist forms fs5 €
D(p,q+1y,0 < & < 1, such that f5 — f in H* and Sfs — Sf in H3 as & — 0T,
Proof Let ® € C(C"),supp® C B(0,1), and [@®dV = 1. Let ®5(z) =
§7®(2/8). I f = Y fapdz® A dZP, let f5 = 3 (fap * ®s)dz* A dZ° for
§ << dist (supp f, Q). Then supp f5s CC Q and f5; — f in L? by Lemma 2.1.16.
Hence fs — f in H2. Notice also that

15} / _ o _

Sfs :Z 522 fap | ¥ ®s dz; Adz® AdZP — Sf
J o,B

in H3 as desired. 0

We would like to prove a result analogous to Lemma 4.4.10 for T*. If
f € D+, it will still be the case that fs — f in H2. What needs some work is
seeing that T*fs — T* f since T'* is not a constant-coefficient operator.

LEMMA 4.4.11 Let

f= Z/ faﬁdza/\diﬁeDT*.

la|=p
18l=q+1
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Then
T f = Z {—;‘”—}dza/\dz”.

lal=p j=1

Ivl=q
Here

Jagr= 32" Jashy

|Bl=g+1

where 6?7 is the sign of the permutation taking 3 to jv (if there is one) and is 0
otherwise.

Proof  We must compute. Let

U= Uaydz® NdZ" € Dy ().

la|=p
I7l=q
Then
/ > T ayiaye™* dV
ol
= <T*f7 u>1
(f,Tu)2 (since u € D gy € Dr)
- /Z ZfaﬁEJ’Y( ;v) ~62 g/
a8y j=1 J
! - 8ua —
= (1Y Z/fam< 5 ”) ¢ qv
a,y j=1 &
= /Z' ( 1)p~1ze¢1 — (e~¢ faﬂl) Ugye b1 gy
Q @,y j=1 7
Since Dy, 4)(£2) is dense in L?p,q) (€2), the result follows. O

COROLLARY 4.4.12 We may write e®?>~®T* as a constant-coefficient first-
order partial differential operator 7* plus a zero-order operator A (where by
a “zero-order” operator we mean one that is given by multiplication by a C'*°
function).
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188 Chapter 4: Hérmander’s Solution of the § Equation

Proof  We write

_ _ ' o Ofa
b2 —d1rpx _ 1 § : } : o,3Y a _

lal=p j=1
a '~ (092 i
—{(—1)P 1 Opo . X .
= %pjgl(alj)f’”dz Ndz
jvi=qa
= T'f+Af ]

COROLLARY 4.4.13 With notation as in Lemma 4.4.10, if f € Dp. and
supp f CC Q, then T* fs — T*f in H'.

Proof  Using some algebra, we see that
(T + A)fs = (T" + A)f) * @5 + A(f + B5) — (ASf) * @5,

which tends to (7* + A)f in the L?pﬂ)(ﬂ) topology. Thus e =%2(T* + A) fs —

e®17%2(T* + A)f in H' or T*fs — T*f in H!, as desired. 0
The next corollary summarizes the point of our calculations.

COROLLARY 4.4.14 The space D, 441y is dense in Dy« N Dg in the graph
norm || flig = T fils + IS flls + Il fll2-

Proof Let f € Dp« NDg. Let € > 0. By Corollary 4.4.9, there is an £ > 0
such that ||nef — fllg < ¢/2. Now by Lemma 4.4.10, Corollary 4.4.13, and Lemma,
2.1.16, there is a § > 0 such that ||(n:f)s —neflle < €/2. Then |[{nef)s — fllg < e,
as desired. O

Now the reward for our work is that in order for us to prove that RangeT =
F', we no longer have to prove the MAIN GOAL. Indeed, the following (sim-
pler) modified main goal implies the MAIN GOAL.

MODIFIED MAIN GOAL

1715 < C*ATFIF +1SFIEY all f € Dipgany ().

This is the same estimate as in the MAIN GOAL, but because of our approx-
imation lemmas we now need only check it for forms with coefficients in C'>.
This reduction will yield tremendous simplifications for us.

Let us conclude this section by isolating a few more easy, but tedious,
calculations.
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LEMMA 4.4.15 Tet f € Dipgs1),

> fapdz® A dZP.
le|=p
1Bl=q+1

Then
afocﬁ

XS (M) (B,

o,y k=1

ofI* =

Proof  This is nearly obvious, so the following collection of calculations should
be considered pro forma.
First,

af=>">" Zaf‘md A dz* A dzP

lal=p |Bl=q+1 7=1

so that

"\ 0fus Ofa
2 B bﬁ
041 Z Z 9z, 0Zy, -

o,B,u  bm=1

Here we recall that ebﬂﬂ is the sign of the permutation taking b8 to my, if one

exists, and is zero otherwise. The last line is

T34 Y =448

a,Bu b=m  a,f,p b#Em

Now b = m implies that 8 = p (otherwise the term is zero), so

4 afa 2
A=y |

a,B bgs

(4.4.15.1)

For the case b # m, the nonzero terms must have m € § and b € p.
Moreover, deletion of m from 8 or of b from p must leave the same ¢'" order
multi-index . If we remember that f, j, is defined to be 657 - fo,3, where 8 is
the index equivalent to 7+ but with increasingly ordered entries, then

7 afaﬁ afa ﬂ bf
B = Z Z 92 3Zum£6u

a,B,u b#m
_ _Z Z afa Ofabe 8}2; mg (4.4.15.2)
@€ bEm “
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190 Chapter 4: Hérmander’s Solution of the § Equation

Note that we sum over £ because it depends on 8 and p and these no longer ap-

pear in the sum. Combining (4.4.15.1) and (4.4.15.2) yields the desired

result. O

DEFINITION 4.4.16  For any g € C'(Q), let

o .. dg 06
et 9 ety 99 0P

Exercises for the Reader
1. The operator §; is the formal adjoint of the operator —8/0%; on the space
L2(9, ).

2. If f € D g41), then

AT = (=17 6 gy d2® A dZ

o,y =1
_ = A
AEDPIY TN fagy o dz® A d2T
oy =1 3zj
3.
2
500, 09

10z 0z’ 07,07,

It is Exercise 3 that brings the Levi form into play.

4.5 An Existence Theorem for the 0 Operator

It is important for us not to get lost in the details. So far we have done the
following:

1. We have reformulated the problem of solving Ou = f, f a 9-closed (p,q + 1)
form, as a statement about unbounded Hilbert space operators; specifically,
we wish to show (in our notation) that RangeT = F.

2. We have seen that showing RangeT = F' is equivalent to proving the esti-
mate

I£I3 < C*ATfIF + ISFI),  all f € Ds N Dy
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4.5. An Existence Theorem for the § Operator 191

3. We have seen that the inequality in (2) is equivalent to

IF1I3 < C2ATFIT +ISAIE),  all £ € Dy gy

provided that the weights that define our Hilbert spaces satisfy the following:
¢1 = ¢ — 29,090 = ¢ — Y, 3 = ¢, ¢ is any C*™ function, and v is chosen
according to Lemma 4.4.5.

There is a subtle point here that is not generally noted explicitly in the
literature—namely, given a (p,q + 1) form f that has L% _ coefficients, we need
to see that ¢, can be chosen so that both f € L%p,qﬂ)(ﬂ, ¢2) and property 3
holds. This is realized, finally, in Corollary 4.5.3. Meanwhile, what remains to
be seen is that on any pseudoconvex domain we can choose ¢ such that estimate
3 holds (we worry about the integrability of f later). Notice that, up until now,
we have not used the pseudoconvexity of the domain. The required property of

¢ is contained in the next lemma.

LEMMA 4.5.1 Let  C C" be pseudoconvex (2 need not have smooth bound-
ary nor be bounded). Then there exists a C*° exhaustion function ¢ :  — R
such that

n 82¢ n
g, > 2 (|0Y]? + e¥ 12, all weC".

S it ) St v

k=1 j=1

Remark: Lemma 4.5.1 says that ¢ is a strictly psh exhaustion function on
such that the eigenvalues of its complex Hessian are bounded below in a specified
manner (note that the properties of v specified in Lemma, 4.4.5 imply that these
eigenvalues will in fact blow up at the boundary of the domain). The reader who
has done the exercises in Chapter 3 will not be surprised that such a ¢ may be
constructed. 0O

We leave it as an easy exercise, after you have read the proof of the lemma,
to verify the following slight strengthening of the lemma. Let x be a given
continuous function on §2. There is a function ¢ satisfying the conclusions of the
lemma and the additional conclusion that ¢ > « on 2.

Proof of the Lemma: Use part 4 of Theorem 3.3.5 to select a positive, C'*°
exhaustion function p : @ — R for Q that satisfies (for a positive continuous
function m(z))

TL 82])

(2)wjwg > m(2)|w|?, all z € Q, all we C™.

Let
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192 Chapter 4: Hérmander’s Solution of the 8 Equation

Then Q; CC Q, all t. Choose ¥ : Rt — R a C* increasing convex function
satisfying

X (t) = sup,cq, {2 (10¥(2)]? + %) /m(2)}, allt € R
(see Exercise 11 at the end of Chapter 3). Then ¢ = x o p does the job. O
THEOREM 4.5.2  Let 2 C C™ be pseudoconvex (neither boundedness nor

boundary smoothness is assumed). If ¢ € C*°() is chosen as in Lemma 4.5.1
and % as in Lemma 4.4.5 and if we let ¢ = ¢ — 29, oo = ¢ — Y, ¢35 = ¢, then

1713 < C (1T FIT + 1S FUE) . all f € Dggrn)-

The constant C' may be taken to be 1. As a consequence, for every f €

L%p,qtl)(ﬂ,qbz) with 8f = 0 (in the weak sense), there is a u € L%pm(ﬂ,aﬁl)
with du = f.

Proof Let f € D, 411)- Then, by Exercise 2 at the end of Section 4.4, we
obtain

T*f = (_1)p416—¢ Z’ Zéjfa7j7 dza A dz'\{

ayy j=1
p—1_—% R 62/) a Y —
+(=1)P ey Zfa,m% dz® AdZ' = A+ B.
a,y j=1 7

Using the trivial algebraic fact that
z=x+y implies 2|z|? > |z? — 2Jy|?,

we have
21T £13 > 1 Al3 - 2B

or

AT FIZ > /Q S S 5 fasBnSarme AV

oy j,k=1

~2 [ 1fP1ovPe av
Q

. 0 S
- /QZ > (a—zlﬁfam) Faine ™ dV

o,y j,k=1

i

—2/ |£12100|%e=? dV (4.5.2.1)
Q
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by Exercise 1 at the end of Section 4.4. Lemma 4.4.15 now gives

2
e ?dv

ISFI2 = /Q 'Y

a,B j=1
VRN T s

5 5 ) (o)

afoz,ﬂ
0z

oy k=1
n 2
[T S
Q op i1 8Zj

. ) _
+/Q Z Z <6J'8_2kfa,j7> Jokye ?dV (4.5.2.2)
ay jk=1

by Exercise 1 at the end of Section 4.4.
Now (4.5.2.1) and (4.5.2.2) together give

20T fIT + IS5

7 " 6 a L
§ , e — —0; B —
- /ﬂ Z {(5’82k azkéﬂ) fad’)’}fa,kye av

a,y j,k=1
Nfasl®
szazﬂ 0%;
—2/ |fI?|8¢|*e~?aV. (4.5.2.3)
Q

By Exercise 3 at the end of Section 4.4, this is equal

/Z' > {—(% }f o Taiye ® AV
Q i azjaik &7 a,k’y

/ - 6fa,ﬂ

+/QZ 2 9z;

a,f j=1

2
e ¢ dv

~2 [ |fP1oue ¢ av
Q
> [ 3 S 2O + )y av
v a,y j=1

—2/ |f)20)%e=® dV. (4.5.2.4)
Q2

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



194 Chapter 4: Hérmander’s Solution of the § Equation

Here we have used the estimate from below on the eigenvalues of the complex
Hessian of ¢ given by Lemma 4.5.1 and we have simply discarded the second
term on the right. Now we combine the first and last terms to obtain

AT R ISAE 2 2 [ Y lasnPe® av
o,y g=1

201113 O

COROLLARY 4.5.8 let f be a (p,q + 1) form on Q with L2 . coefficients
satisfying 0f = 0 in the weak sense. Then there is a (p, ¢) form u on Q with LE.
coeflicients satisfying du = f in the weak sense.

Proof  There is a ¢ : @ — R such that the coefficients of f are in L2(Q, 43)
Choose ¢ : @ — R such that ¢ satisfies the conclusion of Lemma 4.5.1 and
o—Y > q~5 (note that this is just a matter of making ¢ large enough). Then the
coefficients of f are also in L?((2, ¢2), where ¢o = ¢ —1). Therefore Theorem 4.5.2
applies and there is a (p,q) form u with coefficients in L?(Q, ¢1),d1 = ¢ — 21,
satisfying Ou = f. But then the coefficients of u are also in L2 _. That is the
desired conclusion. m|

Remark: Hormander [3] has refined the corollary to show that if {2 is bounded
and pseudoconvex and f has L? coefficients, then there is a solution u with L?
coefficients. Moreover, he has shown that the solution u may be chosen to satisfy
an estimate of the form

lulle < Clifllz2,

where the constant C depends only on the diameter of €2 and the dimension n.
The analogue of this statement with L? replaced by L° is known to be false
(see N. Sibony [2]). In fact Sibony produces domains in which there are no L™
estimates whatever. In N. Sibony [6], he produces counterexamples for every C*
norm. The domains in these examples are smoothly bounded and are strongly
pseudoconvex except at one point. m]

4.6 A Regularity Theorem for the 0 Operator

The first point to understand about regularity for the @ operator is that d has
a large kernel. Therefore, for a given f, the equation du = f has an entire coset
of this kernel as its solution space. Not all these solutions will be smooth when
fis.

EXAMPLE Let Q = {z € C?: |2| < 1}. Define f = (221 + 222) dz; A dzs.
Then f is a O-closed (0,2) form on Q with C* coefficients. We now construct a
nonsmooth solution to du = f :
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4.6. A Regularity Theorem for the § Operator 195

Let
i (2) = 0 if Rezq <0,
RO SZE B | if Rezo > 0,
in(2) = 0 if Rez; <0,
22} =1 if Rez; > 0,
Define

_ 0t . 0
U(Z) = (‘Zg + Uy - —6%12) dz; + <Z% + U2 - 8—2) dzs.

We calculate that Ou = £, but u does not even have continuous coefficients.
On the other hand,

v(2) = —Z2 dz, + 73 dZy

and

w(z) = —27z1Z2d71 + 22122 d2zo

satisfy Ov = 0w = f and both v and w have smooth coefficients.

Thus both v and w lie in the same coset of Ker & as does u. In some sense,
v and w are “good” solutions of the J equation, whereas u is a “bad” solution.
We must develop a method for choosing a good solution. O

EXAMPLE  Let f be a O-closed (0,1) form on a domain Q C C". Let u,v
be functions that satisfy du = f,0v = f. Then u — v is holomorphic, hence
smooth. This shows that if one solution of a 8 problem, with data a (0, 1) form,
is smooth, then all solutions are. This assertion holds even when the derivatives
are interpreted in the weak sense, as we shall see below.

This is a special case of standard interior regularity theory for elliptic par-
tial differential operators. The O operator is elliptic on functions but not on
forms. O

The idea for choosing the right solution to the 0 equation is due to J. J.
Kohn, although it has old roots in Hodge theory. Let K C H! be the kernel of
T. Then K is closed in H! (exercise-—remember to use weak derivatives!). Let
P : 'H' — K be the Hilbert space projection. If f € H 2 satisfies Sf = 0, then let
u be some solution to Tu = f. Then @& = u— Pu is also a solution, and & 1 K. If
4* is another solution that is orthogonal to X, then ¢ —4* € K and & —a* 1 K.
It follows that & = @*. The unique solution in K to the equation du = f is often
called the canonical solution or the Kohn solution (especially when the Hilbert
space in question is classical L%(£2)). The condition % | K provides an additional -
differential equation that will enable us to prove regularity theorems.
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196 Chapter 4: Hormander’s Solution of the 9 Equation

We will need a device for mediating between functions with L ? derivatives
(which, as we have seen, are convenient) and classical C * functions (which are
more useful in applications because they are more meaningful). The standard
tool for this purpose is the Sobolev theory.

LEMMA 4.6.1 Let g€ C®(RY). Then, for any = € RV,

< [ |

8N

&?T&;“ﬂ““”

Proof We write

T1 T2 TN aN
—o0 J—oo —o0
aN

Jo

LEMMA 4.6.2 Let g: RY — C have compact support and satisfy (8/0z)%g €
L?, all |a| < N + 1. Here derivatives are interpreted in the weak sense. Then,
after correction on a set of measure zero, g is continuous.

lg ()]

IA

_— . O
anamn-&Ng@ﬁdV@)

Proof Let ® ¢ C(RY),® >0,[® = 1. Let ®(z) = e V®(z/¢) and g, =
g* ®.. For each o with |a| < N + 1, it follows that

il <. | = <C.lIf ==
Ge) s, <o) o< Gs) s

But then, by the previous lemma,

. alle>o0.

L2

<O, all j=1,...,N, alle¢>0.

Ioc

0
arj ge

So the functions {g. }o<e<1 form an equicontinuous family on some large compact
set that contains the support of all the functions g.,0 < ¢ < 1. Therefore, there
is a subsequence g, that converges uniformly to a continuous function g. On the
other hand, g. — ¢ in L2. It follows that § = g almost everywhere. ]

THEOREM 4.6.3 (Sobolev)  Fix a nonnegative integer k. Let g : RY - C
have compact support and satisfy (§/0x)%g € L?, all |a] < N + k + 1. Then,
after correction on a set of measure zero, g € CF(RY).

Proof  Apply induction to the preceding lemma. ]
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4.6. A Regularity Theorem for the 8 Operator 197

Remark: The spaces of functions used in Theorem 4.6.3, called Sobolev spaces,
have been the subject of intense study (see R. Adams [1] and, E. M. Stein [1]).
There is a theory not only for L? derivatives but for LP derivatives, 1 < p < oo.
There are variants of Theorem 4.6.3 for fractional derivatives (which yield sharper
results) and results up to the boundary of a domain. When the boundary of the
domain is rough, then the geometry of the boundary plays a crucial role in the
conclusions of the Sobolev theorem; see the optimal results of P. W. Jones [1]
and Exercises 7 and 8 at the end of the chapter. 0O

COROLLARY 4.6.4 Let @ C RY be any open set. Let g : Q@ C C satisfy
(0/0x)*g € LE,, for all multi-indices a. Then g € C°°(Q) after correction on a

loc
set of measure zero.

Proof letn € C°(Q) be fixed. Apply Theorem 4.6.3 to ng with & = 0.
Then, after correction on a set of measure zero, ng is continuous. Inductively
apply the theorem to 7g for each k. (No corrections on sets of measure zero are
necessary after the first one; why?) Thus ng € C* for all k, so ng € C=(9).
Since 1 was arbitrary, g € C°°(Q)) after correction on a set of measure zero. O

What we do now is a prototype for a great deal of the regularity theory of
partial differential equations; namely, we find a device for passing from informa-
tion about the L? norms of T* f and Sf to information about the L? norm of any
term (0/0z;) fap or (0/0Z;) fap (in effect, we have to untangle the differential
forms). Then the Sobolev theorem will give us the desired regularity results.

DEFINITION 4.6.5 Let  C RY be any open set. For 0 < s € 7, let W*(Q)
(the Sobolev space of order s) be those functions f with (8/9z)*f € L*(Q2) for
all multi-indices « with |a| < s. As usual, all derivatives are in the weak sense.
Define W)} _ likewise.

Let W(s (), W(Spy q)(Q,loc) be the corresponding spaces of forms. If f =

P,9)
a Y
(32) 4

Yo fapdz® NdZP € WE (), let

We leave it to the reader to formulate the analogue of the definition of Sobolev
space in complex notation. One simply requires that all derivatives, in both
9/0z; and 8/0z, of order not exceeding s lie in L?.

LEMMA 4.6.6 For f € C(C™),5=1,...,n, we have

l of of

sz 82]-
Proof Infegrate by parts. O

2

ey =20 D

a,B |y|<s

L2() '

LQ l L2
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198 Chapter 4: Hérmander’s Solution of the 8 Equation

COROLLARY 4.6.7 1f f € L? has compact support and if 8f/0z; € L?,
j=1,...,n, then f € W' and

of
8zj

of ,
a—zj y all 7

L2

L2 ‘

Proof Apply the preceding lemma and the usual approximation argu-
ments. O

LEMMA 4.6.8 Let f € L%pyqﬂ)(ﬂ). Define

T f )P 12 Zaf“”d Adz"

o,y j=1

(as in Corollary 4.4.12). Suppose that f has compact support in Q. If 8f €
L?p 7 +2) and 7*f € L?p‘q) (derivatives are computed in the weak sense), then

fe qu+1 (c™).
Proof By the proof of Lemma 4.6.2, it suffices to prove an a priori estimate

for elements of Dy, 41). But lines (4.5.2.3) and (4.5.2.4) are formal calculations
that apply for any choice of ¢ and 1. They say for the case ¢ = 1 = 0 that

. Ofa
1+ 207 FIZ +10£1 > 113+ 30 8f
a,B j=1 J L2
Now Corollary 4.6.7 says that the right-hand side is equal
1y~ || 9fe 8fa 1
nf||%z+§ZZ{H Soa ' | e }z Ml o
a8 j=1 J

THEOREM 4.6.9 Let 2 C C™ be a pseudoconvex open set (no bounded-
ness or smoothness of 9 is assumed). Let 0 < s € Z, andlet f € W, (€, loc)
satlsfy Of = 0 weakly. Then the canonical solution u to Ju = f satisfies
W&'%(Q loc).
Proof  Choose ¢, according to the proof of 4.5.3. Define ¢1, ¢z, ps—and
the corresponding Hilbert spaces—as usual. Let u be the canonical solution (in
the Hilbert space H') to u = f; this solution is guaranteed to exist by Theorem
4.5.2. Assume for the moment that ¢ > 1. Then v L KerT, so that u lies in
the closure of RangeT*. But RangeT™ is closed by equation (4.2.9.1) and by
Theorem 4.5.2. Thus there is a v € L%p’q_H)(Q, loc) with T*v = u. Now if we let

A 8
U=0pg-1: L%p,q—l)(97¢0) - L%p,q)(ﬂyébl)
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4.6. A Regularity Theorem for the § Operator 199

for some weight function ¢g, then U*u = U*T*v = 0. Writing e?1~%U* =
U* + B* just as in Corollary 4.4.12, where U* has constant coefficients and B *
is given by multiplication by smooth functions, we find that

U'u = —Bu. (4.6.9.1)

As in Corollary 4.4.12, we obtain

RN (T
*o = {—1 p—1 7 dz® N dz7.
U'u = (1) E E _—6zj z z
la]l=p j=1
lvl=q—1
Let 0 < 6 < s and suppose that we have proved that u € W (gp,q)(ﬂ, loc) (we have

already done the step § = 0 in 4.5.2, 4.2.9). Let n € C2°(Q2) be fixed. Then
Onu) =0nAu+nAdu€ W&HU(Q) and

U(nu) = nlU u+ (terms involving differentiation of n only)
—nB*u + (terms involving differentiation of 7 only)
W, 11y (9).

p,g—1)

m

If p,v are multi-indices with || + |v] < 0, then it follows inductively that

o{(32) (35) 0} € owent®
e {(2)(5) o} e oo

(Here a differential operator applied to a form is just applied to the coefficients.)
By Lemma 4.6.8 with 7* replaced by U*, we conclude that

(2Y(2) Wi

Hence u € Wg) +q1>(§2, loc). By induction on 6, we conclude that

and

u € Wé:ql) (Q,1oc).
For the case g = 0, the operator U makes no sense. But it is not needed.
We still have d(nu) € W(ep)qﬂ), whence (8/0%z;)(nu) € W% 43 = 1,...,n. By
Lemma 4.6.6, (8/9z;)(nu) € W% j =1,...,n, so nu € W9l The argument is
then completed as before. O
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200 Chapter 4: Hérmander’s Solution of the § Equation

COROLLARY 4.6.10 1If  C C" is pseudoconvex and f is a (p,¢ + 1) form on
Q2 with C*° coefficients and satisfying 9f = 0, then there is a (p,g) form u on
with C* coeflicients satisfying ou = f.

Proof  Apply the Sobolev theorem. 0

Remark: Notice that there would be a problem with attempting to derive
Corollary 4.6.10 from Theorem 4.6.9 if we had to choose a different solution «
for every s. But the canonical solution works for every s. (Note: Even if there
were a different solution for every s, Hormander has developed a technique for
manufacturing a C'* solution. We do not discuss this method now, but refer the
reader to Exercise 13 at the end of Chapter 10; see also J. J. Kohn [4].) a

An immediate consequence of the proof of Corollary 4.6.10 is the following.

THEOREM 4.6.11 TIf Q C C" is any pseudoconvex domain (no boundary
smoothness or boundedness is required), if 0 < s € Z, and if f € W(sp 1)(Q,loc)

satisfies O f = 0 weakly, then every solution u of du = f satisfies u € Wfp“% (9, 1oc).

Remark: Notice that the theorem asserts that for f a (0,1) form there is no
need to choose a “good” solution to obtain a smooth one. Let us understand
why this is so. Suppose that v € L (1) and that du = 0 in the weak sense.
Then 0u/dz; = 0,5 = 1,...,n, in the weak sense. Let n € C*(£2) be fixed.
Then

a Ou on _ 0On
gz, M) =gz tugs =g

in the weak sense. Moreover, the function on the right-hand side of the equation
is in L?(C"). By Corollary 4.6.7, it follows that (8/9z;)(nu) € L*(C") as well.

Inductively, we may prove that

(2)"(2) e e

for all multi-indices o, 8. So nu € C* (after correction on a set of measure zero)
by Sobolev’s theorem. Since 1 was arbitrary, we conclude that u € C'*°. So u
is a holomorphic function in the sense of Chapter 1—that is, it satisfies Ou = 0
in the strong sense. In short, there are no “fake“ holomorphic functions. (An
alternate way to see this is to note that a weakly holomorphic function is also
weakly harmonic and then to invoke Weyl’s lemma; see M. Tsuji [1]).

The preceding paragraph fleshes out our remarks in the second example of
this section: Two (weak) solutions of the same equation du = f, for f a d-closed
(0,1) form, must differ by a weakly holomorphic function. But we now know
that a weakly holomorphic function is perforce holomorphic in the classical sense,
hence smooth. Thus all solutions to the 8 equation are smooth if one is. ]
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Let
M = Mg,q) : L?p,qH)(Q, ¢2) NF — K+ N L7 1 (Q, 1)

(p.a

be the operator assigning to each f € F' = Ker 5(p,q+1) the canonical solution to
Ou = f that we have just constructed.

COROLLARY 4.6.12 The operator M is continuous.

Proof  Since the domain D and range R of M are Banach spaces, we may
apply the closed graph theorem. For simplicity, let us prove the result when

p=g=0. Let ff €D, fk= Py fdz;. Suppose that f* — f =37, f;dz
and M f¥ — g. Let ¢ € C°(€). Then

O v — AP VY k __/ .
/anzjqbdv_klgr;o/QMf azjgde— ler&ij¢dv_ Qf]gde.

Hence dg = f in the weak sense. Also, the fact that Mf ke Kt for all k implies
that g € K*. So g is the canonical solution to 8¢ = f. By uniqueness, g = M f.
We conclude that M is continuous. O

Exercises for the Reader

1. Fix n € C°(2) and s € {0,1,...}. Let W*(Q, ¢2) be the weighted Sobolev
space of functions with weak derivatives up to order s in L?((Q, ¢2). With
the natural inner product, W*(§2, ¢2) is a Hilbert space. Define W (Q, ¢2)

analogously. Let

M] W, 0y (Qg2) NF — KN WL (Q, ¢1) (4.6.13)

be the operator assigning to each f in the domain the form nu, where u is
the unique canonical solution to du = f. Prove that M7 is continuous.

2. Examine the proofs in this section to see that Corollary 4.6.12 and Exercise
1 can be obtained directly from the estimates, without recourse to the closed
graph theorem.

EXERCISES

1. Prove that the operators M7 in line (4.6.13) are compact in the W* topology.
2. If f € L, (R™) and the weak derivatives 8f/9z; = 0 almost everywhere,

loc
j = 1,..., N, then prove that f is constant after correction on a set of

measure zero.
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202 Chapter 4: Hérmander’s Solution of the 3 Equation

3. Distributions. Let D = C=®(RY). If K CC RY and « is a multi-index, then
we let px o on D be the seminorm
6 [s4
(5:) 1

A sequence {¢; }J°°:1 C D is said to converge to a limit function ¢ € D if all
¢, are supported in a common compact set and lim ;o pr,a(¢; — @) =0
for every K, a.

Prove each of the following statements:

pK.o(f) = sup
K

a. With the topology described above, the space D becomes a topological
vector space.

b. The dual D’ is called the space of distributions. Write down the definition
of continuity of a distribution.

c. If § is a multi-index, then the differential operator f — (8/0x)?f(0) is a
distribution.

d. If g € L] (RY), then the operator f — [ fgdV is a distribution.

loc
e. If 1 is a finite Borel measure on RY, then f — [ fdp is a distribution.
f. If T € D' and K is a fixed compact set, then the restriction of T to those
f that are supported in K depends on only finitely many seminorms; that

is, there is a number M > 0 such that

ITASC D Mlloxa, all feCX(K).

lal<M

g. In general, T € D’ will not depend only on seminorms on a fixed compact
set.

4. The Sobolev spaces by way of the Fourier transform. For f € L'Y(RY), let
f(&) = [ f(t)e*tdt. Verify each of the following assertions.

a. If f,g € L'(RY), then f* g(&) = [ a(¢).

b. If f € L'(RM), let f(z) = f(~=). Then f(£) = f(§) and f = f(¢).

c. If f € D(RY), then |f(€)] < C-(1+|€])” V1. (Hint: Integrate by parts.)
Therefore, f € L'(RVY).

d. If f € D(RY), then f(0) = cn [ f(£)dE.

e. Apply (d) to f(z) =gxg, any g € D. Then

/ l9(6) 2dt = e / 19(6)de.

f. Extend (e) to all of g € L2(R").
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g. If f € D,o is a multi-index, then

((g;)“f)zg):<_4oaf@y

h. If » > 0, then we define the Sobolev space
W (RY) = {f e L*(RY): /lf(§)|2(1 +IEP)avE) = I fli- < 00}-

Let r € {0,1,...,}. Then f € W7 if and only if for all multi-indices «
with |a| < 7, we have that (8/0z)*f exists weakly and is in L.

5. This problem is needed in order to make the next one rigorous. Let S(R™),
the Schwartz space, consist of those f € C™(R") satisfying

af 0
(7)1
for all multi-indices «, 3. Prove each of the following statements.

a. The seminorms p, 3 make S into a Frechet space. Its dual S’ is called
the space of Schwartz distributions. Write the condition describing the
continuity of a Schwartz distribution. i

b1 f €S, then ((iz)*/) = (8/0¢)f(€) and ((9/0z)°f) = (=€) for
any multi-index «a. Use this fact, together with Exercise 4(d}, to conclude
that = maps S to S both injectively and surjectively.

c. If p € 8’ then define i by ia(f) = u(f) for all f € S. What property of
the Fourier transform can you derive from Exercise 4 that justifies this
definition?

d. If g € & and f € S, then define u * f to be the function given by
(* f)(z) = p(rof), where (7,(g))(t) = g(t — x) and ~ is as in Exercise
4. What property of convolution of functions motivates this definition?

e. If p € 8 and f € 8, then what can you say about ,u/*\f?

< X0

Pa,p(f) = sup

6. Discover the fundamental solution for the Laplacian using the Fourier trans-
form.
a. If6>0,fe€ S(RY), then let as f(z) = f(6z).
casf(x) = 6N f(x/6) Ea‘sf(x)/.\ A
If p is a rotation of RY, then fo p(¢) = fop(£),all f€S.
_If f € D, then Af = —|¢]2f.
Assuming that f = Af # T for some function I' to be determined, then
L) = —1/|¢]>.

The function I' is rotationally invariant and asI'(z) = 6 N +2T(z).
g. [(z) = eylz|VF2.

o o0 o

=
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204 Chapter 4: Hérmander’s Solution of the § Equation

7. The Sobolev imbedding theorem on domains. Let £ C RY. Let

Wo(Q) = {f € L2(Q) : (—8%)& feLXQ), all |o] < s}

Here, as usual, the derivatives are interpreted in the weak sense. We wish to
consider a Sobolev imbedding theorem for these Sobolev spaces. However,
geometric conditions must be imposed on 92 (see Exercise 8).

Optimal conditions on 92 are rather complicated. But suppose that Q
is bounded and that 0Q is C*, k > s. Prove that the imbedding theorem
as stated in Section 4.6 then prevails for our new Sobolev spaces. (Hint:
After a partition of unity, the problem is a local one. But then a coordinate
change maps 9 locally to {(z1,...,2n) : zy = 0}. So it is enough to do
the problem on the Euclidean upper half-space in a neighborhood of 0, say
on Q= Bn{zeRY :zy >0}. Show that the functions that extend to be
C'* on B are dense in W*(2)—use convolution and dilation. Then compute
an a priori estimate for C* functions.) See R. Adams [1] for more on this
matter.

8. Here is a version of the classical Sobolev imbedding theorem on domains.
Let 2 cC RN have C' boundary. Let LY () = {f € LP(Q) : (8/8z)*f €
LP all jo| < k}. Here, as usual, derivatives are all in the weak sense. If
1/¢g=1/p—k/N and 1 < p < N/k, then LY () C L) with continuous
inclusion. If p > N/k, then LY(Q2) C Alo°(Q), where o = k — N/p. See R.
Adams [1] for a detailed treatment of these assertions. Parts a—d show that
these hypotheses are necessary.

a. Let @ = {|z| < 1} C RV. Let f(z) = |z|N/?+1/ (log(1/)z| )V 1.
Assume that N > p. Then f € L7(Q), but f ¢ LYQ) if ¢ > Np/(N —
p),1 < p < oo.

b. Generalize (a) to the case k > 1. What about p = 007

c. Some form of boundary regularity is necessary. Let Q = {(z1,z2) € R? :
lz1] < |zl < 1,25 > 0}, and let f(z) = |z|~%/%. Then f € L?+E/4(Q),
but f & L*(Q).

d. Generalize (c) to RY.

9. Verify that the Laplacian, acting on C°(RY), is self-adjoint. Verify that
—A is a positive operator in the sense that (—Ad¢,¢) > 0 for all ¢ € C°.
Use integration by parts on this inner product to prove the a priori estimate

IVellZ < C-llglizs + C - 1Ag]IZ-.

Conclude that

171l < CUFIT- + CUAFIZ:,  all fe W
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10. Use the Fourier transform definition of the Sobolev spaces W*(R") (see
Exercise 4) to prove that if 57 > so, then W1 is compact in W*2 in the sense
that the natural inclusion operator ¢ : W — W92 is a compact operator.
Equivalently, if {f;} € W*? is bounded in the W** topology, then it has a
convergent subsequence in W 2. The analogous result for Lipschitz spaces
is that if o > 3, then Lip,(T) is compact in Lipg(T). Here T = R/{27Z}.
For more on this, see Chapter 8.

11. On elements of the Schwartz space, the Laplacian A is equivalent to the
Fourier multiplier —|¢|2. More generally, if L(D) = Y~ _ aq - (8/8x)* is a lin-
ear, constant coefficient, partial differential operator, then L(D) corresponds
to the Fourier multiplier )  ao(—%£)*. It is a powerful idea of Mikhlin,
Calderén, Zygmund, Kohn, Nirenberg, Hérmander, and others to reverse
this process and concentrate on the Fourier multiplier as the principal tool.
We allow the multiplier to depend both on z (the space variable} and on £
(the Fourier transform or frequency variable).

Define a smooth function p(z, &) on RY x (RY \ {0}) to be a symbol of
class m € Z (denoted p € S™) if p is compactly supported in z and

(0/02)° (8/9€)" p(#,€)| < Carg - (11 €)™Y

for any multi-indices «, 8. To such a symbol p is associated a pseudodiffer-
ential operator

Tyb(o) = [ vl €)™ dc) de.

The principal results of an elementary calculus of pseudodifferential opera-
tors amount to proving that calculus on the operator level (with the oper-
ators T',) is equivalent (up to acceptable error terms) with calculus on the
symbol level (with the symbols p). More precisely, we have

(i) (T,)* = Tp + (negligible error),

(ii) Tp 0 Ty = Tpq + (negligible error).

By the phrase negligible error we mean here an operator with symbol that
lies in S” with r < m (case i) or r < m +n (case ii). This calculus enables
one to construct, in a natural fashion, parametrices (approximate inverses)
for a large collection of partial differential operators (including elliptic ones).
It is hard work to make all this precise, and we do not attempt to do so (good
references are M. E. Taylor [1], F. Treves [1], and S. Krantz [19]). Instead,
we include a few simple properties of the symbolic calculus, which the reader
may verify, and give an application to the regularity theory of the Laplacian.
1t is of historical interest to note that Kohn and Nirenberg [2] introduced the
first modern calculus of pseudodifferential operators; they were motivated
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in their work by considerations connected with the & problem. See G. B.
Folland and J. J. Kohn [1} and S. G. Krantz [19] for more on these matters.

a.

b.

Let p € S™, some m € Z. Then, for z fixed, the operator ¢ — Tp¢(x) is
a distribution.

If L =5, aa(x) (0/0x)® is a linear partial differential operator of degree
m with coefficients a, € C°(R™), then L is a pseudodifferential operator.
What is its symbol? In what symbol class §™ does it lie?

Let p(z,£) € C*(RY x RY). Then p e N___S™.

. If Ly and L, are partial differential operators of degrees my and mo

respectively (as in (b)), then [L1, La] is of degree not exceeding mi +
my — 1. A similar result holds for T,,, 7T}, in §™1,5™2. but this is more
difficult to prove. It also holds that T, o T),, € S™11™m2,

Prove that if p € §™, then T}, : W° — W?®™ ™, every s € Z.

. Fixa ¢ € C®. Define L = ¢(x)-A. The symbol of L is p(x, &) = —¢(z)|€|%.

Assume that ¢(z) = 1 when |z| < 1, ¢(z) = 0 when |z} > 2. Now write

pl(xvg) +p2($,§)

Then p, € S™, every m, while py € S2. Define

q(z,8) = ¢(2z)(1 - ¢(£/2)) /p(x, £).

Then the operator T, is a parametrix for L in the following sense. First
write

LTy = Tpyipa) T = T, To + T, Ty = E+ I

Now E € S™ for every m. Also, by (ii),

T, Ty = Tpog+ & =Tynya-ge/2) + €
= Tpz) + (~Toenpe) +€
= ¢(2x)-I1+&

Here £ is a “negligible error” whose meaning changes from line to line and
is, we shall assume without proof, in $~!. Therefore, we have determined
that

LT, =T,T, = ¢(2z) - I +&,

where £ € S~1. Use a similar argument to show that T,L = ¢(2z)- T+ &',
some £ € S~!. Note that ¢ € S~2.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



Exercises 207

g. We apply the results of (f} as follows. Let n € C2° with
suppn C {z : ¢(2z) = 1}. Assume that Ln = . We wish to estimate
the Sobolev norms of 1 in terms of the Sobolev norms of ¥. So we write

nllwe = ll¢2z)nw=

l¢(22) Il w=

1Ty Ly — Enllwe

1Tl + € nllwe

Cldlwo + Cllnllws

Clibllwo + Clinliwe + (1/2)nllw=-

VANVARNVAN

Thus
linllw= < Clléllwo + Cllnllwo.

Iterate this device to prove

[nllws+e < C{lPllws + lInllwo}, any s € Z.

Use this result to say something about regularity for A.

h. Give two reasons why the naive theory of pseudodifferential operators
presented above is useless for solving the 0 problem on a pseudoconvex
domain.

12. J. J. Kohn [3] used the method of weight functions to prove the following
result: Let  CC C™ be a pseudoconvex domain with C' *° boundary. Let f
be a d-closed (0,1) form on 2 with coefficients that extend to be C'* on ().
Then there is a u € C () such that du = f. Kohn’s theorem is difficult
and we shall not prove it. Let us take Kohn’s result for granted.

Suppose that P € 92 and U is a neighborhood of P. Let g : UNQ — C
be holomorphic and satisfy (a) g extends to be C*° on U N Q, (b) g{P) =0,
(c) (Image g) omits a sector in C. Use Kohn's result to construct a (global)
peaking function for A(Q) at P. Will your peaking function be C* on Q7
Will it satisfy a Lipschitz condition?

13. Let f be a nonnegative singular measure supported on the unit circle in
C. Suppose that f has total mass 1 and that f is rotationally invariant.
Compute explicitly a solution to Ou = fdz. Is u in any Sobolev class near
the unit circle? How does u behave away from the circle?

14. The Lewy-Pincuk reflection principle (H. Lewy [1] and S. Pincuk [1]). The
proof of Schwarz’s reflection principle is so simple that it obscures the es-
sential geometry of the reflection. The following generalization is harder to
prove but is, in the end, more enlightening.
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Theorem: Let 21,y CC C™ be strongly pseudoconvex domains with
real analytic boundaries. Let P € 99Q,. Let U C C™ be a neighborhood
of P. Suppose that f : UNQ; — C" is C* and univalent and that
flyng, is holomorphic. Finally, suppose that f(UNd8:) C 9. Then
f extends holomorphically to a neighborhood of U N 9£2;.
Complete the following outline to obtain a proof of this theorem.
a. We may as well suppose from the outset that 9, NU is strongly convex.
b. If w,{ € C™, then define the complex line

(¢) = {C+wr: AeCh

Let

Q) = £7(¢) N oM.

For € > 0, p; a defining function for ;, define

Q_(E?waC) = {Z € Ew(C) 1—e<L /71(2) < 0}>
Qt(e,w,¢) = {2€£%(¢):0<pi(z) <¢},
Qe,w, () = {ze€%):—e<pi(z) <€}

The idea is to choose w, (¥ so that v¥(¢) is a closed real analytic curve in
08 for all ¢ sufficiently close to ¢°. Suppose hereafter that (o = P and
w 18 chosen in this way. Then we extend f in the classical fashion, across
each v*((), from Q™ (e, w, () to Q7 (e, w, ().

c. There is a neighborhood V C C™ of ¢° such that the following holds: If
€ > 0, then there is a § > 0 such that for all { € V and ¢ holomorphic
on 27 (e,w, ) and continuous up to ¥y¥((), there is a function G conju-
gate holomorphic on Q% (e, w,{) and continuous up to v*(¢) such that
Glywie) = glywe) -

d. Let ¢ be real analytic on 9;. There is an € > 0 and a neighborhood
W C C™ of ¢° such that, for any ¢ € W, it holds that ¢|7”(C) extends
holomorphically to Q{e, w, ¢).

e. If z € UNoQ, then pyo f(z) = 0. Assume that 8p;/0z, # 0 on UNo8;.
Define T; = (0p1/02,)0/0z; — (0p1/02;)0/0zp on 01,5 =1,...,n— 1.
Then Tj{pz o f) =0 on UNI.

f. The result of (e) may be rewritten as

)

Q

32 ()T =0, j=tem- 1, 2o
k=1
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g. Let w be the complex coordinate on 2,. Writing wy = wug + vy,
k = 1,...,n, and assuming as we may that P = f(P) = 0, we may
expand

po(u+iv) = pa(w Zaagu P

in a neighborhood of f(P).
h. Write uy, = (wr+wx) /2, ve = (wr—wg )/ (2i) and note that this transforms
the expansion in (g) to one of the form

D) = Z a,;ﬂwau_)ﬁ
a,f
Now formally define

Plw,p) = _ahswpy’, weC", peC

i. Rewrite the n equations in (e) as

ia—P( ())Tfk(z) j=1,...,n—1.

j- Consider the matrix C = (c;;)7';—; given by the condition

Zawka (0,007 fx(0), i=1,...,n—1,

oP
Cnj o (0,0).
Refer to Exercise 37 at the end of Chapter 11 to notice that if f is noncon-
stant (which we may as well assume), then det Jc f(0) # 0. As a result,
the vectors T;f(0),7 = 1,...,n — 1 span the complex tangent space to
099 at 0. Since the Levi form is positive definite, the first (n — 1) rows of
C are linearly independent at 0. Since the last row is a normal vector, C
has rank n.
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k. Partsiand j imply that we may use the implicit function theorem to solve
for f1(2),..., fa(z) as holomorphic functions of the n? variables f,(z),...,
falz) and T fr, 5 =1,...,n— 1,k = 1,...n. More precisely, write

Tf(Z) = (Tlfl(z), N ,Tlfﬂ(z), [N ,Tn,lfl(z), SN ,Tn_lfn(z)) .

Then we can find holomorphic function h; of n? complex variables such
that

fi(z) = b1 (f(2), Tf(2)

whenever (f(z),Tf(z)) lies in a neighborhood N of (0,7 f(0)).

1. If w is fixed appropriately and ( is sufficiently near P, then we may apply
(d) to find € > 0 and a neighborhood W of 0 in C™ such that for { € W,
the T; fxl 50, €xtend holomorphically to 2~ (e,w,¢). We may also assume
that hg(f, Tf) extends holomorphically to Q~ (e, w, ().

m. By (c), the hi(f, Tf) extend conjugate holomorphically to Q1 (e, w,(),
some ¢ > (.

n. Shrinking W if necessary, relation (k) is satisfied on 095 N U so that
f’“’vw(c) can be holomorphically continued to (8, w,(),k = 1,...,n,
some 6 > 0.

o. Now conclude that f holomorphically continues to some small neighbor-
hood of P. Complete the proof in an obvious way. (See also Exercise 20
at the end of Chapter 5.)

p. Notice that the injectivity of f was needed only to see that J¢f(0) has
rank n. This turns out to be true even if f is not univalent. Try to prove
this. Use the technique of Exercise 37 at the end of Chapter 11.

15. Apply the result of the preceding exercise to prove the following.
Theorem: If 1, Qs are strongly pseudoconvex domains with real an-
alytic boundaries and f : {3 — € is biholomorphic, then f extends
holomorphically to a neighborhood of ;.

(Hint: Assume Fefferman’s theorem (11.4.3), which states that f and f~1!
extend smoothly to 1, ), respectively.)

16. Let Q cC C™ have C* boundary. Let f € C*t1(Q). If (8/8z)* f is bounded
for every |a| < k + 1, then f has a C* extension to Q2. Can you obtain the
same result with a weaker hypothesis than the existence and boundedness
of the (k + 1)5* derivatives?

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



Exercises 211

17. The tangential Cauchy-Riemann equations and the Bochner extension phe-
nomenon. Let £ CC C™ be a domain, n > 1, with C* boundary and defining
function p. Let f be a C! function on 0§). We say that f satisfies the tan-
gential Cauchy-Riemann equations if there is a C' extension F of f to a
neighborhood of 9§ such that OF A 8p = 0 on 9. (Note: This ad hoc def-
Inition is equivalent to several other more intrinsic ones—see G. B. Folland
and J. J. Kohn [1] and A. Boggess [1].)

a.

b.

Show that the preceding definition is unambiguous (i.e., is independent
of the choice of F).

Show that f satisfies the tangential Cauchy-Riemann equations if and
only if, on 99,

oF ap
;aj(—%—j =0 whenever Z]:aja—zj =0.

Here F is any C! extension of f.

. Let Q now have C* boundary, and suppose that f € C*(95) satisfies the

tangential Cauchy-Riemann equations. Let F' be a g’4 extension of f to
S}. Then there exist a € C3(Q),8 € 0(20’1)(9) with OF = alp+ 3 p on
Q. (Why is 3 only C??)

. Notice that (F — ap) = - p, some y € 0(2071)(52).

e. Compute that 0 = d(py) = Op A~y + pdy. Therefore, dp Ay = 0 on 9.

So v = pdp + pn, some p € C*(),n € Cj 1,(Q).

Define ® = f — ap — pp?/2. Then ® agrees with f on 8Q, & € C?*(€2) and

0% = O(p?).
Theorem: Let @ CC C” have C? boundary. Assume that °Q is
connected. Let f € C*(9N) satisfy the tangential Cauchy-Riemann
equations. Then there is a function f € C*(Q) that is holomorphic

Q and lmhtw =
on  and suc at f 50 f

. To prove the theorem, choose ® as in (f). Let

0®(2) if z € Q,
“”:{0 if 2 ¢ Q.

Then w € C}(C") and dw = 0. So there is a function u € C}{C™) with
Ou = w,u = 0 off Q. (Careful—what hypothesis do we need to use here?)
Now set f =& — u.

. The hypotheses of this theorem may be considerably weakened (see A.

Boggess [1]). Even in the proof just outlined (due to Hérmander {3]), the
hypothesis may be weakened from C* to C2. There are local versions of
the extension theorem, but they require extra hypotheses and are harder
to prove. Many problems remain open.
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FIGURE 4.1

18. Let 2 C C2? be given by Q = B((0,0),6) \ {B((0,0),5) \ B((5,0),1), as
indicated by Figure 4.1. Show that, on ©,0 on functions does not have
closed range. (Hint: Construct a peaking function at P = (3,0).) Details of
this construction may be found in S. G. Krantz [15].

19. Let Q© C C™ be any domain. Let f be a d-closed (0,1) form on 2 with
C* coefficients. Assume that u € L (£2) is a function on 2 that satisfies
Ou = f in the weak sense. Prove that u is C* on Q. (Hint: Exploit the
trivial solution to the @ equation for compactly supported forms that was
developed in Chapter 1 together with the fact proved in Section 4.6 that
there are no “fake” holomorphic functions.)
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95 Solution of the Levi Problem
and Other Applications of
0 Techniques

5.1 An Extension Problem

Let 2 C C" be a domain. Let w = {z € Q: z, = 0}. Then w can be identified
in a natural way with a subset of C*~!. With this in mind, let [ : w — C be
holomorphic (notice that w may be disconnected). Does thereexistan F : Q@ — C
such that F' is holomorphic and F| = f? In case the setup is that shown
in Figure 5.1, then the solution is trivially F(z1,...,2,) = f(z1,...,2,-1,0).
However, if the setup is that shown in Figure 5.2, then the problem is nontrivial.
It turns out that if Q is pseudoconvex, then we can always solve the problem.
First, let us look at a critical example to see that for general domains we may
not be able to solve the problem.

EXAMPLE  Let Q = B(0,1)\ B(0,1/2) C C? Then w = QN {(z1,22) : 23 =
0} = {(21,0) : 1/2 < |z1] < 1}. Let f : w — Cbegiven by f(z1,0) =1/(z1—1/2).
Then f is holomorphic on w. Suppose that F' is a holomorphic extension of f
to all of Q. By Hartogs’s phenomenon, F' has a holomorphic continuation to
B(0,1). In particular, this F' will be bounded in every neighborhood of the point

{(1/2,0). Therefore F' cannot agree with f on w. O
Q Q
o 2,=0
w
\_/ z"=0
FIGURE 5.1 FIGURE 5.2
213
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Now we can appreciate the next theorem.

THEOREM 5.1.1  Let  C C™ be pseudoconvex {no assumptions about
boundary smoothness, or even boundedness, need be made). Let w = QN
{(z1,---+2n) : 2o, = 0}. Let f :w — C satisfy the property that the map

(21, y2n-1) — f(21,. .., 20-1,0)
is holomorphic on @ = {(21,...,2,-1) € C" : (21,...,2n-1,0) € w}. Then
there is a holomorphic F : Q — C such that F|, = f. Indeed there is a linear

operator

€. .q : {holomorphic functions on w} — {holomorphic functions on Q}

such that (£,.af)|, = f. The operator is continuous in the topology of normal
convergence.

Proof Let n: C® — C" be the Euclidean projection (z1,...,2,) — (z1,...,
2n-1,0). Let B={z € Q: 7z € w}. Then B and w are relatively closed disjoint
subsets of . Hence there is a function ¥ : Q — [0,1], ¥ € C>°(Q), such that
¥ =1 on a relative neighborhood of w and ¥ = 0 on B. (This last assertion is
intuitively nonobvious. It is a version of the C'*° Urysohn lemma, for which see
M. Hirsch [1]. It is also a good exercise for the reader to construct ¥ by hand.)
Set

F(z) = ¥(2) - f(7(2)) + 20 v(2),

where v is an unknown function to be determined.

Notice that f(r(z)) is well defined on supp ¥. We wish to select v € C *°(£2)
so that OF = 0. Then the function F defined by the displayed equation will be
the function that we seek.

Thus we require that

(z) = : . (5.1.1.1)

Now the right side of this equation is C'*, since 0¥ = 0 on a neighborhood of
w. Also, by inspection, the right side is annihilated by the O operator (remember
that 8> = 0). By Corollary 4.6.12, there exists a v € C°(Q) that satisfies
(5.1.1.1). Therefore, the extension F exists and is holomorphic.

" Note, finally, that since the 0 solution operator that we constructed in
Chapter 4 is linear, it follows that F' depends linearly on f.
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Because the solution operator for the d equation that we constructed in
Chapter 4 is bounded in a weighted L? space, it is straightforward to check
that the operator £, o is bounded in L? of any compact set. But then the
Cauchy estimates show that the operator is bounded in the topology of normal
convergence. 0

THEOREM 5.1.2 (Solution of the Levi Problem) Let @ C C™ be
pseudoconvex (no assumptions about boundary smoothness or boundedness are
necessary). Then (2 is a domain of holomorphy.

Proof  The proof is by induction on dimension. For the case n = 1, the result
was proved in Chapter 0. Assume the result to be proved in dimension n—1, and
let Q@ C C™. Then for a dense open set of P € 012, the following construction is
valid: There is a vector w € C” such that h={z ¢ C": Z;.l:l(zj — Pj)w; = 0}
satisfies h N Q # @ and P € 8(hNQ) (here we are thinking of hN{ as an (n—1)-
dimensional complex manifold. In fact, if ¢ € £ is near the boundary, then let
B, be the largest open ball centered at q and lying in Q. Choose P € B, N L.
Then taking w to be any vector that is Hermitian orthogonal to the vector
determined by the points g and P will do. If z € 89 and B{z,r) is a small ball,
then choosing g € B(z,r) N results in P € B(z,r) N Q. So the set of P’s for
which this geometric construction works is dense in J2.

After a change of coordinates, we-may assume that P = 0 and h = {z €
C" : z, = 0}. Then let w = QN h. Clearly w is pseudoconvex (exercise). There-
fore, by the inductive hypothesis, there is a holomorphic function f on w that
is singular at P. Apply Theorem 5.1.1 to obtain a holomorphic function F on 2
such that F| = f. A fortiori, F' is singular at P. Thus P is an essential point
of 9. Since these P are dense in 01}, it follows by definition that every point of
O is essential.

We conclude from part 3 of Theorem 3.4.5 that Q2 is a domain of holomor-
phy. 0

We conclude the section with a theorem that summarizes many of the key
ideas that have been considered so far in this text. It is an important exercise
for the reader to verify that all these statements have been proved.

THEOREM 5.1.3 Let 2 C C™ be a domain. The following are equivalent:

(1) Q is pseudoconvex.
(2) The equation Ju = f always has a solution u € C<‘;‘jq)(Q) for any form

feC(‘;’qH)(Q) with 0f =0,¢ =0,1,...,n — 1.

(3) € is a domain of holomorphy.

All the parts of the theorem have been stated explicitly in the text except
for (2) = (3). The proof of that assertion is a variant of the proof of 5.1.2.
Details may also be found in Hérmander [3, p. 88].
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5.2 Singular Functions on Strongly

Pseudoconvex Domains

In 1970, independently and nearly simultaneously, G. M. Henkin and E. Ramirez
discovered how to construct a smoothly varying holomorphic separating function
on a strongly pseudoconvex domain. They were able to exploit this construction
along with the Cauchy-Fantappié formalism to obtain integral representation for-
mulas with holomorphic kernels on such domains. These formulas have a wealth
of function-theoretic consequences including (nearly explicit) integral solution
formulas for the 0 equation. (It should be mentioned that Kerzman, @vrelid,
and Grauert-Lieb also obtained such formulas.) In a long series of papers by
many authors, the latter formulas have been studied and estimates in many
classical function spaces—L P, Lipschitz, and C¥, for instance—have been ob-
tained for solutions to the 9 problem. These estimates, in turn, can be applied
to the study of problems such as the extension problem of Section 5.1 and to
problems of function theory.

In the present section we shall present the construction, essentially in
the style of Henkin, of smoothly varying holomorphic separating functions on
a strongly pseudoconvex domain. We apply them first to construct smoothly
varying peaking functions for the algebra A(Q). In the next section we derive
integral reproducing formulas for holomorphic functions.

Fix a nonnegative integer k and a strongly pseudoconvex domain 2 CC C™
with C*+3 boundary. Let p : C* — R be a C**3 defining function for Q with
the property that (by Proposition 3.2.1) it is strictly psh in a neighborhood of
00. According to the remark following Corollary 3.4.8, the function

L:C"xC*"->C

given by
Lp(z) = L(zP)=p(P)+ Za—p )
i=1
1 ¢ P
+ 2 Z zjazk = Pz = P)

7.k=1

satisfies the following properties:
(5.2.1) For each P € C", the function z — L(z, P) is holomorphic

(indeed, it is a polynomial).
(5.2.2) For each z € C", the function P L(z, P) is C**!.
(5.2.3) For each P € 02, there is a neighborhood Up such that if

2€QnN{we Up: Lp(w) =0}, then z = P.

Our goal is to remove the need to restrict in (5.2.3) to a small neighborhood

of P € 99 while preserving properties (5.2.1) and (5.2.2). We proceed through
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a sequence of lemmas. Following Henkin, we use the notation

Qs = {z2€C":p(z) <d};
Uy = {ceC ()] <3}, 6>0.

Further, let us fix the following constants:
(5.2.4) Choose 6 > 0 and y > 0 such that

> o

7,k=1

Plwjwy, > ylwl?, all PeUs, allwe C™.

823 azk

(5.2.5) Shrinking ¢ if necessary, we may select £ > 0 so that
lgrad p(z)| > & for all z € Us.

(5.2.6) With & as above, let

() (&) o

>

lal+]81<3

Leo(Us)

217

LEMMA 5.2.7 There is a A > 0 such that if P € 9Q and |z — P| < A, then

2ReLp(2) < p(z) — 7|z — P|*/2.
Proof Let A= 3v/(K +1).If |2 = P| < A, then

p(2) = p(P) + 2ReLyp(z 8Z] (P
]k 1

where Rp is the remainder term for Taylor’s formula. Therefore,

2ReLp(z) < Z 6zja% — P;)(z; — Pu) + |Rp(2)]
< plz) - vlz ~ P+ K|z — P’
< p(z) =iz - P2

— Pj)(z; — Px) + Rp(2),

a

LEMMA 5.2.8 Let e =y\2/20.If P € 9,z € Q, \/3 < |z — P| < 2)\/3, then

ReLp(z) < 0.
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Proof  With z as in the hypotheses, we have by Lemma 5.2.7 that

/32 A a2
=42 — 42 <. o
5 =73 g <V

2ReLp(z) <e—7

We may assume that € < A < § < 1 (where § is as in (5.2.4) and (5.2.5)). Let
n:R — [0,1] be a C function that satisfies n(z) = 0 for z > 2A/3 and n(z) = 1
for z < A/3.

LEMMA 5.2.9 Fix P € 8. The (0,1) form

folz) = -8, {n(lz — P|)} - log Lp(2) if |z— Pl <A ze
PP if [z — P| > X,z € Q.
is well defined (if we take the principal branch for logarithm) and has C* coeffi-
cients for z € Q.. If z is fixed, then fp(z) depends C* on P. Finally, 8, fp(z) =0
on .. (One may note that this construction is valid even for P sufficiently near

a0.)

Proof  On supp {09(]z — P|)} we have A\/3 < |z — P| < 2)/3, so if z is also
in £, then Lemma 5.2.8 applies and ReLp(z) < 0. Therefore, log Lp(z) makes
sense. It follows that the form has C'*° coefficients for |z — P| < A. When
lz — P| > 2)\/3, we have 8,{n(|z — P|)} = 0, so that fp(z) is smooth. Since
log Lp(z) is holomorphic on supp 8,7(|z — P|), it follows that dfp(z) = 0 on all
of Q.. The fact that fp(z) depends C* on P is clear, since Lp(z) does. O

LEMMA 5.2.10 There is a C* function up on . such that dup = fp.

Proof  Since € < §, we know that p.(z) = p(z) — € is a defining function for
Q; hence Q. is strongly pseudoconvex. By Corollary 4.6.12 and Lemma 5.2.9,
such a function up must exist. ]

We now define

fexpup(2)] - Lp(2) if |2 — P| < A/3,
®(z, P) = explup(z) +n(|z — P|)log Lp(z)] it A/3<|z— P <A,
exp(up(z)) if A< |z—P|.

Notice that ® is unambiguously defined. To study the properties of ®, we require
two technical lemmas.

LEMMA 5.2.11 If U C C™ is any open set and K CC U, then any u € C*(U)
satisfies

sup lul < C (ullLz@y + 10ull Loy -

Here the constant C depends on U and K but not on wu.
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Proof Let V CC U be a C! domain such that K CC V. Choose n € C°(V)
such that n = 1 on K. Apply the full Bochner-Martinelli formula to the function
nu on V. Then the boundary term (the first term of the Bochner-Martinelli
formula) vanishes, and the desired estimate follows directly from the integrability
of the kernel in the remaining term.

The reader who knows something about partial differential equations will
note that this result also follows from the uniform ellipticity of the 0 operator
on compact subsets of U. O

Exercise for the Reader
Construct an elementary proof, from first principles, of Lemma 5.2.11.

COROLLARY 5.2.12 Let 2 CC C" be pseudoconvex and K CC . Let f be
a O-closed (0,1) form on Q with C" coefficients. If u = Mf is the Hérmander
solution to Ju = f, then we have

lull Loy < C (I fllLeoce)) »

where C' depends only on K and  (and not on f or u).

Proof Let K CcC ¥ ccC . Recall Hormander’s formalism:
T = 800) L0y (2 d1) = Lig 1) (2, 2)-

Note that we had some flexibility in choosing the weights. In particular, we may
assume that ¢s blows up at every boundary point. Then

(0,1)

suplul - < c(||u|1L2<Q,)+||5u||Loo (Q,)) (by 5.2.11)

IN

¢ (Nullzan + 11z )
" (112, @00 + I lezs i)

(0,1) 0.1

< ¢ (Ifleg, )

0.1

IN

since e~ %2 is bounded. (]

PROPOSITION 5.2.18 Assume once more that @ CC C™ has C**2 boundary.
Then @(-, P) is holomorphic on . Also there is a C' > 0, independent of P,
such that for all z € £}/, we have

if |z—P|< )3, then|®(z, P)|> C|Lp(z)l; (5.2.13.1)
if |z—P|>A/3, then |®(z, P)|>C. (5.2.13.2)
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Proof If [z — P| > 2A/3, then ®(z,P) = expup(z) and 0,®(z,P) =
(expup(z))-Oup(z) = (expup(z))- fp(z) = 0 by construction. If A\/3 < [z—P| <

2A/3, then
0,8(z,P) = eXIi[’U/p(Z) +n(lz — Pl)log Lp(2)]
{0up(z) +u(lz — P|)log Lp(2)]}
~ explup(2) + (12 - P])log Le(:)]
{fe(2) +0n(]z ~ P|) - log Lp(2) }

since log Lp(z) is holomorphic when A/3 < |z — P| < 2X/3. The last line is 0 by
definition of fp. The calculation for |z — P| < A/3 is trivial. Hence we find that
®p is holomorphic in the z variable, z € Q..

For the estimate, notice that fp is bounded on €., uniformly in P, so that
up is bounded on ./, uniformly in P (by Corollary 5.2.12). So thereisa C" > 0
such that |expup(z)| > C’. Thus

|®(z, P)| = |expup(z)| > C' if |z —P|>2)/3
and
(2, P)| = lexpup(2)] - |Le(2)] = ClLp(2)] i |2 = P| < A3,

For A/3 < |z — P| < 2\/3, we have by Lemmas 5.2.7 and 5.2.8 that

€ A/3)2
ReLp(z) < 5—7(/4)
A2 (A/3)?
w0 T4
_
360
Thus
11yA?
L > .
|Lp(z)] > 2360

We conclude that, for A/3 < |z — P] < 2)/3,

9, P)| > lexpup(a)] - ()] = O"x o

60
Now we would like to consider the smooth dependence of ® on P. The
subtlety is that our construction of ®p involved solving dup = fp, s0, in prin-
ciple, it appears that we must check the smooth dependence of Hérmander’s
solution operator on parameters. In fact this type of smooth dependence has
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been checked for various solutions of the @ problem (see R. E. Greene and S.
G. Krantz [2]). But, by using a little functional analysis, we may avoid such
difficult calculations.

Now fix z € Q. Let 6 € C(£,) satisfy 6(z) = 1. Let s > 2n. Let M? be
the right inverse to Jp o (the Hérmander solution operator) for the pseudoconvex
domain €, followed by 6. Let notation be as in 5.2.7 through 5.2.13. Let ¢ be in
the dual space of W*(2, ¢1) (naturally, this dual space is just W9 (Q, ¢1) itself).
Then

{u, MY fp) = (M) s, fp),

which depends C* on P because fp does.

PROPOSITION 5.2.14 The function ®(z, P) depends in a C* fashion on P for
fixed z € Q9.

Proof Fix s > 2n and let 4 = e, be the point evaluation functional on
C(2) D W*(Q, ¢1). Then, by the preceding discussion,

(e2, M fp) = (M{fp) (2) = up(2)

depends C* on P. Therefore, ®(z, P) itself depends C* on P. a

Now we may use Henkin’s construction of the function ® to obtain the
main result of the present section.

THEOREM 5.2.15  Let Q C C™ be strongly pseudoconvex with C**3 bound-
ary. There is a function

P:Oxo0—C

such that
1. P(-, P) is holomorphic on €, /, for each fixed P € 912,
2. P(z,) is C¥ for each z € Qe/2,

3. For each P € 09, the function z — P(z, P) peaks at P in the sense that
P(P,P)=1and |P(z, P)| <1 for all z€ Q\ {P}.
One may note that, in fact, P is defined on 2 /5 X Us.

Proof Examine Lemmas 5.2.9 and 5.2.10. Now up and n(]z — P|)log Lp(z)
both have bounded imaginary parts on €2 /2. Therefore, there is a small constant
m such that m{Imup + Im [5(|z — P|)log Lp(z)]} > 0 and

™

m{[Imup| + [Im[n(|z — P)log Lp(2)]l} < 5
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Let

U(z, P) = exp {mup(z) + mn(|z = P log Lp(2)}, = € Qpo.

Then ¥(P, P) = 0. Moreover ¥(-, P) is holomorphic on (2. /,. Finally, ¥(z,-) is
C* just as in Proposition 5.2.14. Therefore

P(z,P) =exp{-¥(z, P)}

has all the desired properties. O

Exercises for the Reader

1. Here is an important alternate approach to the Henkin function ®(z, P) that
was developed by John Fornass (see J. E. Fornass [1]). Let @ CC C” be
a strongly convez domain with C? boundary and p : C* — R a C? defining
function. Then

S(z,P) =) %(P)(Zj - Fj)
j=1 "7

has all the properties of the Levi polynomial and of the Henkin function
®. Moreover, the function P(z, P) = exp{—S5(z, P)} gives the continuously
varying peaking functions of Theorem 5.2.15.

2. Now apply the Fornzess imbedding theorem (Theorem 3.2.3) to see that ®
may be obtained for any strongly pseudoconvex domain from the S in the
preceding paragraph.

We went to considerable extra trouble in the preceding paragraphs to ensure
that peaking functions not only exist on strongly pseudoconvex domains, but
they vary with the boundary point in a regular fashion. In light of this, the
following result is of some interest. Let X be a compact metric space, and let
A be a closed subalgebra of C(X). Call P € X a peak point for A if there is an
f € A such that f(P) =1 while |f(z)] < 1 for all z € X \ {P}. Let P be the set
of all peak points for A. Then we have the following.

THEOREM 5.2.16 (Fornzess/Krantz [1])  With notation as above, there
is a continuous function ® : P — A such that ®(P) peaks at P for every P € P.

So the fact that peak functions vary continuously comes “for free.” Under

what circumstances the smooth varying of the peak functions comes for free is
not well understood at this writing.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



5.3. Hefer’s Lemma and Henkin’s Integral Representation 223

5.3 Hefer’s Lemma and Henkin’s
Integral Representation

Let 2 C C and 2° € Q. We know that when f : © — C is holomorphic, f(2°) =0,
and f is not identically zero, then the zero of f can be factored out:

f2) = (2= 2" f(2)

for some k € {0,1,...}. It is clear that no such simple factorization can be per-
formed in C"; the simple example consisting of the family of functions F'*(z) =
Z;;l z;w;,w € C", shows that there is no single polynomial factor that will
contain the zeros of all holomorphic functions that vanish at z2° = 0. (After all,
the zero set of a holomorphic polynomial is, generically, an (n — 1)-dimensional
complex variety; we shall prove this assertion in detail in Chapter 7.) The cor-
rect alternative has been suggested in the material on factoring holomorphic
functions in Section 0.3. We now prove the result stated there without the sup
norm estimates. The sup norm estimates are derived in Chapter 10 when we
have some additional machinery available.

PROPOSITION 5.8.1 Let  C C™ be pseudoconvex. Let 1, = QN{z e C":
2,2z, = 0}k = 1,...,n. Let Ax(Q) = {f holomorphicon 2 : fl, = 0}.
Then there are linear operators

QF : 4,(Q) — {f holomorphic on Q}, i=1,...,k,
such that

k
f(2) =Yz (QF)(2)
=1

for all f € Ar(§2).

Remark: We are primarily interested in the proposition when k = n. However,
the proof is by induction on k. We shall give a classical proof using Theorem
5.1.1. In Chapter 6 we shall give another proof using sheaf cohomology. a

Proof of the Proposition If £ = 1 and n is arbitrary, then the result follows
by setting Q1 f(z) = f(z)/z. Now suppose that the result has been proved for
k=K —1 and for any n.

Let 0 = {z € Q: 25 = 0}. Let f € Ag(Q). Then f = flg € Ax—1(Q).
Therefore, by the inductive hypothesis,

=3 (057) (), ze,

=1

where Q¥ ! are the operators assumed to exist on ) for K — 1,n — 1.
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Now we apply Theorem 5.1.1. Indeed, we let

1(2) = 255" 2 (£0.0QF 7 f(2)

2K

Qx(N(z) =

This is well defined and holomorphic on {2, since the expression in the numerator
vanishes on 2. Also, let

fo(z):tf@,g@f{_lf(z), i=1,...,K—1.

By algebra, f(z) = Zfil z - QK f(2), all z € Q. The induction is now
complete. O

COROLLARY 5.3.2 Let Q C C™ be pseudoconvex. Then there are continuous
linear operators

T; : {holomorphic functions on 2} — {holomorphic functions on 2 x Q}

such that for any holomorphic f: Q@ — C we have

n

fz)— flw) = Z(zz —w) i f(z,w), all z,well

i=1

Proof  Apply Proposition 5.3.1 to the function F(z,w) = f(z) — f(w) on the
domain 2 x ) with coordinates

Zi = ZzZ1—w
/
Zn Zn — Wn
ZTIL 41 = 2
Zhy = Zne
The continuity will follow from the closed graph theorem. 0

PROPOSITION 5.3.3 (Hefer’s Lemma)  Let Q C C™ be strongly pseudocon-
vex with C* boundary. Let & : Qej2 X 0 — C be the C! singular function
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constructed in Section 5.2. Then we may write

n

@(Z,C):Z(CI—ZI)PI(Z,C), Zeﬂe/?aceaﬂa

=1

where each P; is holomorphic in z € {15 and C Yin ¢ € 09

Proof Fix ¢ € 990 Apply Corollary 5.3.2 to the function ®.(:) = ®(-,{) on
96/2' So

k3

®(z,¢) - B(w,() = Y_(z — w)[(Ti®c) (2, w)].

=1
Since this is true for all w € €2, /3, we may set w = ¢ € 9Q to obtain

n n

8(z,) = Y (2 — (T2 0l =) (G — z)Pi(%0).

i=1 i=1
It remains to check that P; is C! in . For this, it is enough to verify that

(T;®@.)(z,w) is C' in (. But, just as in the proof of Proposition 5.2.14, we let
€(z,w) be the point evaluation functional on €2 x {2 and observe that

(Tiq)C)(sz) = <€(z,w)7Ti(I)C> = <Ti*e(2,w):q><:>~
The last expression is C! in ¢ by Proposition 5.2.14. O

THEOREM 5.3.4 (Henkin [2]) Let £ C C" be a strongly pseudoconvex
domain with C* boundary. Let ® : §, 72 X 080 — C be the Henkin singular
function. Define

Pi(z’C) i=1
@(z, ), yon

wi(z7 C) =

, T

Here P;(z,({) are as in Proposition 5.3.3. Just as in Section 1.1, let
n(w) = Z(—l)i“widwl A~ ANdwi_y ANdwgg A+ Adwy,

=1

and

w(C) =d¢ A=+ A dn.
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Then for any f € C'(Q) N {holomorphic functions on 2}, we have the integral
representation

f2) = | f(On(w) Aw(().

o0

Proof  The functions w; satisfy

i=1

Now apply the Cauchy-Fantappi¢ formula (Exercise 37 at the end of
Chapter 1). o

COROLLARY 5.3.5 With notation as in the Theorem, we have

K(z,¢)
2) = 55 45 (0), 5.3.5.1
16)= [ 1Oz 5ol (535.1)
where K : ), /5x0Q is holomorphic in z and continuous in ¢. In fact, K (z,()do(¢)
= n(z) Aw(()-
Proof  Apply Exercise 36 at the end of Chapter 1. O

Remark: A thorough treatment of the Cauchy-Fantappi¢ formalism and of
integral formulas appears in R. M. Range [3]. a

It is straightforward but tedious to see, by a limiting argument, that both
the theorem and the corollary may be extended to functions f that are only
continuous on {2 and holomorphic on .

What is crucial about formula (5.3.5.1) in the corollary is that the right-
hand side is holomorphic no matter what f is put into it. Indeed,

K(z,
B )

is holomorphic in z for any finite Borel measure p. In this respect the Henkin
kernel is very much like the classical Cauchy kernel of one variable (except
that the kernel depends on the domain). The property of creating, as well as
reproducing, holomorphic functions distinguishes Henkin’s kernel from that of
Bochner-Martinelli. We exploit this distinction decisively in Chapter 10 when
we construct Henkin’s solution to the d-problem.
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The problem of constructing integral formulas for domains of various kinds
has become a small industry. For domains of general type, techniques are as yet
unavailable for producing integral formulas of the type described above (how-
ever, work of Gleason [2] and Bungart [1] guarantees abstractly that such integral
formulas exist). Since the existence of separating functions is closely related to
the existence of the Henkin ® function, we realize that a function ® as con-
structed above cannot exist on the Kohn-Nirenberg domain. In spite of this, J.
E. Fornaess [4] has produced (with an ingenious argument) an alternate type of
integral formula on a collection of domains that includes the Kohn-Nirenberg
domain.

In an arbitrary function algebra, any multiplicative homomorphism (such
as point evaluation at an interior point) can be represented by integration agains
a complex measure supported on the Silov boundary (see T. W. Gamelin [1, 2]).
In the case of a smoothly bounded domain €, the Silov boundary for A(Q) is
contained in the closure of the strongly pseudoconvex points in 9 (see H. Rossi
[1]). In general, this could be a proper subset of the boundary. (However for
a bounded pseudoconvex domain with real analytic boundary or a domain of
finite type—see Section 11.5—the closure of the strongly pseudoconvex points
is indeed the entire boundary.) Tt would require new ideas to generate a useful
integral integral kernel supported on only a part of the boundary (although for
heartening progress see Hatziafratis [1] and Bonneau [1]).

On the other hand, for domains with sufficient symmetry, there is a rich
theory. For a domain with a transitive group of biholomorphic mappings, one
has an integral formula (at least in principle) as soon as one has written down a
single representing measure for a single point (why?). However (see Section 11.3),
the only strongly pseudoconvex domain with transitive automorphism group is
the ball. So there is no simple way to generate integral formulas on all strongly
pseudoconvex domains.

Some complete circular domains have nice integral formulas (B. A. Fuks
[1]). Furthermore, a Weil domain (a sort of analytic polyhedron) will have inte-
gral formulas (see G. M. Henkin [1]). Integral formulas for certain domains with
only piecewise smooth boundaries have been obtained (see, for example, R. M.
Range and Y. T. Siu [1]).

We conclude this section with a simple, though technical, application of
Corollary 5.3.5.

THEOREM 5.3.6 (Localization of Singularities) Let O CC C™ be a
strongly pseudoconvex domain with C* boundary. Let {U; };’;1 be open sets in
C" that cover 9. Let f be holomorphic on £2 and and continuous on 2. Then
the function f may be written f = fi 4+ --- + fi, where each f; is holomorphic
on a neighborhood of 1\ U;.
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Proof  Fix {¢;}52,, a partition of unity on 02 subordinate to {U;}. By the
corollary and the remark following it, we may write

_ K(z¢) .

1@ = | Qg%
_ | K(z¢) .
= g 9O Gy 90 (©)

k
= Y [i(2).
j=1

Since K(-,¢), ®(-,¢) are holomorphic on a neighborhood of {2 and ®(-, ¢) vanishes
only at (, the result follows. |

5.4 Approximation Problems

The basic approximation theorems of one complex variable are striking in their
elegance and universality. Runge’s theorem allows one to approximate a function
holomorphic in a neighborhood of a compact set by a rational function with poles
in the complement. Mergelyan’s theorem allows approximation of a function
continuous on a compact set and holomorphic on its interior by polynomials
provided only that the complement of the compact set has just one connected
component. In both cases the hypotheses are purely topological. Such simplicity
does not obtain in several complex variables, as the following example shows.

EXAMPLE ILet @ = B C C" Let U = {(21,22) : i < |Zl| < %,IZQI <
%} Notice that  is a domain of holomorphy and that U is also a domain
of holomorphy, since it is a product domain. Let f(z1,22) = 1/2z. Then f is
holomorphic on a neighborhood of U. However, it is not possible to approximate
f uniformly on U by F holomorphic on 2.

For suppose that F : 2 — C with supy |F ~ f] < 5. Then

1 1
/ f(21,0) = F(2,0)dz | < 5
|z1]=3/8 2

1=
211

which is a contradiction. It is worth noting that if we adjoin to U a single
disc—say we replace U by U’ = U U {(21,22) : |21] < %,]22| = 0}—then the ex-
ample fails by Hartogs’s phenomenon. In fact, it will be the case that functions
holomorphic on a neighborhood of U’ can be approximated on U’ by functions
holomorphic on Q. This will also be the case for the set U” = B(0, 1)\ B(0, 1).
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Finally, notice that, since U is pseudoconvex, we can (by part 11 of 3.3.5) write
U as an increasing union of strongly pseudoconvex domains U;. For j sufficiently
large, U; will be homeomorphic to U, and the approximation property will not
hold for U;. Thus we have obtained a smooth, strongly pseudoconvex counterex-

ample.
So something other than topology alone or pseudoconvexity alone is con-
trolling this problem. O

In fact the “Runge approximation property” in several complex variables
is not completely understood. However, the machinery of Hérmander, which we
used to solve the O problem, gives a nice method for deriving an approximation
theorem. To begin, we need an easy Hilbert space lemma.

LEMMA 5.4.1 Let H',H? be Hilbert spaces and T : H! — H? a linear opera-
tor that is closed and densely defined. Suppose that F' C H 2 is a closed subspace
such that F' O RangeT. If

e < CollT* flinr, all f€DpnNEF, (5.4.1.1)

then for every v € (KerT)t C H! there is an f € Dr- that satisfies T*f = v
and

1flle2 < Collvlizer-

It should be noted that the constant Cy in the conclusion is the same as the
constant Cp in the hypothesis.

Proof  We know that v is in the closure of Range 7. Likewise, F'- = Ker T*.
Hence

T : FNDys — RangeT™

has the same range as T* : Dy« — RangeT™. Since equation (5.4.1.1)
says that this operator has closed range, we find that there must be an
element f € F N Dy- such that T* f = v. The desired estimate follows now from
(5.4.1.1). O

THEOREM 5.4.2 Let Q@ C C™ be pseudoconvex. Let p be a strictly psh
exhaustion function for Q. For ¢ € R we set K. = {z € 2 : p(z) < ¢} CC
If f is holomorphic on a neighborhood of K. and if € > 0, then there is an F
holomorphic on 2 such that || f — F|l;2(x,) < e

Proof By the Hahn-Banach theorem, it is necessary and sufficient to show
that if u is a linear functional on L?(K.) that annihilates the restrictions to
K., of all holomorphic functions on €2, then it annihilates all functions that are
holomorphic only in a neighborhood of K.

All such functionals are given by integration against some v dV,v € L?(K.).
Fix one such. We may assume that ¢ = 0 and we drop the subscript. Define

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



230 Chapter 5: Solution of the Levi Problem

v to be equal to 0 on 2\ K. Using the language of Chapter 4, we let F =
Ker S = Range T, so that inequality (5.4.1.1) is satisfied. Assume without loss
of generality that ||v| = 1.

Our hypothesis says that e®1v € (KerT)t C L%(Q, ¢1). By Lemma 5.4.1,
there is an f € Dy« with T*f = e®1v and || fll¢, < Colle® v|p,. Write f =
Zj f;dz;. Then Lemma 4.4.11 yields that

—
ePlty = et : ’ J
3
or

v=25(e ?2f)

where § is the formal adjoint of the operator 8 : L2(£2) — L?OJ)(Q) (exercise).
Denote e %2 f by g.

The construction we have just performed is valid for any ¢ 1 = 29— ¢, 2 =
1 — ¢. Here 1 is as in Lemma 4.4.5 and ¢ is a strictly psh exhaustion function,
¢ = x op as in Lemma 4.5.1. Examine the proof of Lemma 4.5.1. We may
suppose that x strictly increases to co and that x(0) = 0. Let  : R - R
be C®, identically 1 for x < 0 and strictly convex and strictly increasing to
oo for z > 0. Let xn(z) = n™(x) - x(x). Then x.{z) = xm(z), all z < 0, all
n,m > 1. Also xn41(2) > xn(2), all z > 0, all n > 1. Finally, for any = > 0, we
have xn(z) /" 00, as n — co. We may repeat the construction of the preceding
paragraph for ¢7, ¢% manufactured from each of these x,. Thus we obtain for
each n a (0,1) form g, with v = 6(g,,) and

¢3 R

1t is important to note that the right-hand side of this inequality does not depend
on n. For v is supported on the set where all the ¢7 agree (remember that
K = {z : p(z) < 0}). Also, the constant C; comes from Lemma 5.4.1, which
is the same constant as the one in Lemma 4.2.9. In our application of Lemma
4.2.9 (namely, Theorem 4.5.2) we showed that this constant can be taken to be
1 provided only that x is large enough. So we have

0gn = v, llgne¢3||¢; <1, n=12,....
Since L*(Q, ¢%) C L*(Q, ¢3), all n > 1, we have that {g,} C L}, ,(2, ¢3) is a

bounded subset, Let gg be a weak accumulation point. So some subsequence
gn; — go weakly. It follows that

n=1,2,.... (5.4.2.1)

“goed’;

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



Exercises 231

But ¢ /" oo off K; hence go = 0 a.e. off K (otherwise (5.4.2.1) could not hold).
Let p € C°(£2). The assertion that g,, — go weakly implies that dg,, — dgo in
the weak sense; that is,

/ o dV = / 116G, AV — / (1390 dV = / ( 6—“— (%)k) dv.  (5.4.2.2)

Since gg,v are supported on K, this identity persists for any p that is C'*
on a neighborhood of K. In particular, it holds for any g holomorphic on a
neighborhood of K. For such a pu, the right-hand side of (5.4.2.2) is 0, as we set
out to prove. O

COROLLARY 5.4.8 Let Q C C™ be pseudoconvex, and suppose that K is a
compact subset of Q. Assume that K pi) = K (here P(£2) is the space of psh
functions on §2). Then any function holomorphic on a neighborhood of K can
be approximated uniformly on K by functions holomorphic on 2.

Proof let K CC w CC 2 with w open. By the exercises at the end of
Chapter 3, there is a strictly psh exhaustion function p on {2 such that p < 0 on
K and p > 0 off w. If f is holomorphic on w, then f can be approximated in L?
norm on Ky = {z: p(z) < 0} and K CC Ky. By Lemma 1.4.1, f can therefore
be approximated uniformly on K. 0

Remark: Notice that the last result does not contradict the example at the
beginning of the section. For the set K in the example does not equal its hull
with respect to P(Q).

When K CC  satisfies the conclusions of Corollary 5.4.3, then we say that
K satisfies the Runge property with respect to 2 (more concisely, K is Runge in
Q). O

EXERCISES

1. Prove that the following four assertions are equivalent for pseudoconvex
domains ; CC 3 C C" (here F(£2) denotes the space of holomorphic
functions on ).

a. If K cC Qy and f € F(Qy), then f can be approximated, uniformly on
K, by elements of F({23).

b. If K CC £, we have K]:(Ql) = K_‘F(Qz

c. If K CC 4, we have K}T(QQ) Ny = K].- ()

d. If K CC £, we have K}-<92 Ny CC 4.
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(Hint: The difficult step is (d)=(a). Use the Runge approximation property
on the function
f(z) = { [l z€ Kr@y) Ny,
1 if ze€ K]:(QQ) \Ql)

2. Let P(f2) be the psh functions on £ and F(2) be the holomorphic functions
on 2. Assume that Q C C" is pseudoconvex. If K CC (2, then prove that

kP(Q) = f{f(Q)'
3. A Hartogs domain in C” is a domain of the form

{(z1,.. - 2n) t |zn] < |f(z1,- -, 20—l }s

where f is holomorphic. Prove that a Hartogs domain is a domain of holo-
morphy.

4. When doing function theory on manifolds, it is useful to have a coordinate-
free definition of the Levi form. Let Q@ C C™ be a domain with C? boundary
and p a C* defining function. Let P € 0Q. We say that L = . a;(0/0%;)
is in Tfo(aﬂ) if (Lp)(P) =0.1f L, M € T{,(8Q), define the Levi form £ by

L(L, 1), = (00p, LA DY,

where { , ) represents the pairing between vectors and covectors (see Ap-
pendix IV). Show that this definition is consistent with the definition in the
text. Show that the rank of £ at a point and the dimensions of the sub-
spaces of Tf 0(09) on which £ is positive definite or negative definite are
independent of the choice of p.

5. Let notation be as in Exercise 4. Let L,M € T{,(9Q). Extend L,M to
smooth vector fields in a neigborhood of P; denote these vector fields by
L, M, respectively. Then verify that the formula

['(LaM) = <[i,]\;[],ap> (*)

where [L, ﬁ] = LM — ML and (, ) represents the pairing between vectors
and covectors. (Hint: First verify Cartan’s formula

(AAB,df) = A(B,0) — B(A,8) — (|A, Bl, 8), (k)

where A, B are 1-vectors and 8 is a 1-covector: do so by introducing local
coordinates. Formula (#x) is often used to give a coordinate-free definition
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of the exterior differential d.) Verify that this formula is independent of the
choice of L, M.

Suppose that 99 is strongly pseudoconvex at P € 9. What does () say
about the normal component of [, M]?

6. Let Q@ CC C™ be strongly pseudoconvex with C* boundary. For the sake of
this problem, it is useful to define (as we did in Section 1.5) H2(df2) to be
the L? closure of the restriction to 9Q of all elements of A(Q2). (For smooth
pseudoconvex domains this is equivalent to the definition in Chapter 8—see
F. Beatrous [1].) Let ¢ € L>=(92). Let S be the Szegd projection for 2. The
Toeplitz operator with symbol ¢ is the operator

Ty : H2(0Q) > f — S(of) € H*(0Q).
Since S is a projection on L? T, is well defined. Many function-theoretic
problems may be studied by way of Toeplitz operators (see, e.g., A. M. Davie

and N. Jewell [1], N. Jewell and S. G. Krantz [1], and R. Douglas [1]). Fill
in the following outline to prove that ||Tsl[(z2,12) = [[#llco-
a. Trivially, “T¢”(L2,L2) S ”gb”oo

(Steps b through e prove that T, invertible implies ¢ is invertible in L°°.)
b. If Ty is invertible, then for some ¢ > 0,

l¢fllz > ellflle, all fe H?(80).

c. Let P(z, P) be the continuously varying peaking function of Theorem
5.2.15. Apply (b) to the function

f(z)=[P(z,P)F, keN,Pco fixed.

Obtain
/ [Pz P)PH6(2) do(z) > & / 1Pz, P)** do(2).
oQ o0

d. If g € C(0Y),g > 0, is arbitrary, then integrate both sides of (c¢) against
g and apply Fubini to obtain

fo0 |P(z, P)|**g(P) do(P)|$(2)|? do(z)
Jo0, 1P (2, P)|?* do(P)

S 2 Joq [P(z, P)|**¢(P) do(P) do(z)
- Joo |P(z, P)1?* do(P)
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e. Let k — oo and obtain

/ 16(2) 2g(2) dor(z) > €2 / 9(2) do(2),
N o0

whence |¢| > € a.e.; therefore, ¢ is invertible in L*°.

f. Conclude that || Tgll(r2,22) = ||#llco- (Hint: Look at M — Ty and X — ¢,
reC)

g. Conclude that the spectral radius of Ty is ||¢{|co {use the spectral radius
theorem—W. Rudin [9]). More precisely, the spectrum of T4 equals the
essential range of ¢.

h. Where was the continuity of P(z, P) used?

Not a great deal is known about Toeplitz operators of several complex vari-

ables. Perhaps two of the deepest pieces of work are U. Venugopalkrishna

[1] and L. Boutet de Monvel [1]. Many basic questions remain open.

7. Peak sets and peak interpolation sets. The results of this problem are true
on strictly pseudoconvex domains (some of them are true in still greater
generality). We give some hints for the proof on the ball in C2, some further
hints for the proof on a strongly conver domain, and invite the reader to fill
in as many details as desired and to apply the Forneass imbedding theorem
to extend the result to the strictly pseudoconvex case (see W. Rudin [5] for
further details).

If P e 0B C C?,P = (21,20) ~ (x1,y1,T2,y2), let vp be the vector
(z1,91,T2,
y2) =~ (z1 + Y1, 22 + ty2) and np the vector {(—y1, 21, —y2,%2) = (—y1 +
i%1, —y2 + 1%2). Throughout this problem, (z, w) denotes the inner product
of complex vectors that is given by > z;w,.

Let v : [0,1] — 8B be a C' curve. We assume that v is complex
tangential, that is,

(7(8), my(2)) Z Y () ()

for all ¢ € [0, 1]. Abusing notation, we also let the symbol ¥ denote {y(¢) : 0 <
t <1}. Let f: v — C be continuous. We may assume, after reparametriza-
tion, that |¥(¢)| = 1, all ¢. Define

/_Oo <1 + %H(t)s|2> ds
/2

[510]]

™2, 0<t<1.

I

g(t)

I
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Let 6 > 0 and, noting that Re(y(t) — z,7,()) > 0, let

1 ! Sf(t)dt
)= 7T\/2_/0 82 + {(y(t) - z,ny(t)>.

hs(z

. Prove that |hs(2)| < C,all 0 < § < 1, all z € B, and hs € A(B).
. Prove that limgs_g+ hs(2) = 0,2 € D\ v.
Prove that lims o+ hs(v(s)) = f(v(s)),all 0 <s < 1.
. If i is a Borel measure on 9B, u L A(B), conclude from (a}, (b), and (c)
that pl, =0.
e. Apply E. Bishop’s peak interpolation theorem (T. W. Gamelin [1]) to
conclude that there is an F' € A(B) such that F|, = f and [F(z)| <

sup, |f|, all z € B\ 7.

PO Tw

Assume now that B is replaced by Q@ CC C? strongly convex with
C? boundary. Let p be a C? defining function for 2. Replace vp by

((0p/621)(P), R (8:0/8271,)(P))7 np by wp.
f. Verify that
2Re(w — z,vy,) > Clw — z|?,

all w € 99, all z € Q.
g. Let ¥(t) = vy),0 <t < 1. Then

F(®),0(1) = Qe (§()), 05t <1,

where

Qrw) =3 L2 (Prujun+ 3 2P (Pyuyw
PR = " 020z Witk T 0z;0Z 7k

all P e o, all we C™.
h. We have

lim
§—0+

<7(t + da) — y(t + 6b)
52

71/7(t+6a)> = ‘;’Q'y(t) ((b—a)¥(t))

where 0 < a,b € R.
i. Let

g(t) = /°° (1 + %Qv(t) (’7(t)s)>_1 ds.

— o

Then g(t) #0, all 0 <t < 1.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



236 Chapter 5: Solution of the Levi Problem

j. Define, for f € C(v),z € Q,

. Yo (f(e)/g(t) dt
hs( )~/0 52+<7(t)—Z,Vry(t)>'

Then hs € A(Q).

k. Apply the change of variable ¢t — y + 6t in (j), where the integrand is
defined to be 0 off [0, 1]. {Use (h) to verify (a), (b), and (c) in the present
context.]

1. Notice that (d) and (e) follow from (j) in the present setting.

m. Apply the Fornaess imbedding theorem to derive the general case.

n. For the case 1 C C™,n > 2, the curve v may be replaced by more general
manifolds and the proof becomes slightly more difficult (see W. Rudin
5).

o. For the case f = 1, part e [resp. (k), (1)] yields a function in A(£)) that is
= 1 on v and has modulus < 1 elsewhere, thus proving that v is a peak
set.

8. The purpose of this exercise is to acquaint the reader with some of the
subtleties of approximation theory. For further details, see L. Hérmander
and J. Wermer [1], L. Nirenberg and R. O. Wells 1], Wells [1], E. Bedford
and J. E. Fornass [3], and references cited therein.

Throughout this exercise, if M is a complex manifold and U C M is
relatively open, then O(U) is the algebra of holomorphic functions on U
equipped with the compact-open topology. If K C U is closed, let O(K) be
those functions holomorphic on some neighborhood (in U) of K. Topologize
O(K) by the compact-open topology. Let C(K) be the bounded, continuous
functions on K. We consider the restriction mappings

oMYy 5 0U) > O(K) - C(K),

where 7,5 are restriction and t is injection. In this subject we determine

whether 7, 5,1 are surjective or have dense image.

a. First consider the case M = C!. Prove that U is simply connected if and
only if r has dense range. Let U =C\ {0}, K = {2 € C: |z| = 1}. Then
s has dense range, and t is surjective. If K C C is any compact subset
without interior such that C\ K has finitely many components, then O(K)
is dense in C(K). Finally, if CD M 2 U, then r is not surjective.

b. Let M = C?,U = {(21,22) : |z21> + |22|* < 1}, K = {(21,0) € U : |z] <
1}. Then K has no interior in M, °K is connected, but ¢ does not have

dense range. However, r and s have dense range.
c. If K = 9B C C2, then the restriction O(B) — O(K) has dense range.
However, ¢t : O(K) — C(K) does not.
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d. If K = {(z; + 10,22 +i0) : || < 1,|z9] < 1}, then the restriction
O(D?(0,1)) — O(K) has dense range.
e. Let
S= {(331 + iy, To + Y2, T3 + dys) € C3 -
o3 +yf + s =1,y =33 =y3 =0},
5 = {(561 +iy1, T2 + Yo, 3 +1y3) € C3:

o5+ =1y =y =ys=0}.

Then S,S’ are both 2-spheres, but O(S’) 4 C(S’) has dense range,
whereas O(S) 5 C(S) does not.

f. Let
T = {2€C%:|z| =zl =1}
T = {(:rl +dy1, o +dyg) € C -
%+x?+yf+x§=\/y%+»"6§,y2=0};
T = {(zl + iy, 2o +iyp) € C*:

3
§+x?+y%+x§=\/x%+y%,y2:0}.

Then T,T',T" are toruses (T'' and T are isometric). The torus T’ lies
in C x R, has 0 as center of symmetry, the z;-axis as axis of symmetry,
major radius 1, and minor radius % The torus T" is the same, except

that the z,-axis is the axis of symmetry. Prove that the restriction map

O ((C\{0}) x (C\{0})) — C(T)

has dense range. This is false if T is replaced by T" or T".
g Let © = {(2z1,22) € C? : |z| < |z1] < 1} be the Hartogs triangle. Let
f(z1,22) = 25/z1. Then f € A(Q) = C(Q)N{holomorphic functions on Q2}.

However, the restriction map O(£2) — A(£2) does not have f in the closure
of its image.

Most of the preceding examples come from Wells [1].

9. The Oka map. Let K C C™ be compact. Suppose that K x D has a
neighborhood basis of domains of holomorphy. Let ¢ be holomorphic on a
neighborhood w of K. Define

Ky={z € K:|o(z)| < 1}.
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Let f be a d-closed (p, ¢) form with C* coefficients on a neighborhood U of
K. Define the Oka map

O:w — Cntt

z = (2,¢(2)).

Our goal is to write f = ©*F for some smooth J-closed (p,q) form F on a

neighborhood of K x D.

a. Let # : C*t' — C™ be projection on the first n coordinates. Then
7t f e C’E’;q)(w_lU) and O7* f =0 on 71 (U) D O(Ky).

b. Let 1 € C®(n~!U),% = 1 on a neighborhood of K x D(0,1), and let

Q(Zl,...,zn+1) = Zn+]_ —¢(zl,...,zn).

Then there is a smooth (p,q) form G on a neighborhood of K x D such
that

F=yr*f-QG

is O-closed. This F' does the job. )
c. Let ¢1,..., ¢ be holomorphic on a neighborhood w of D™(0,r). Let

O:w —

2z = (z’¢1(z)7"'7¢m(z))
be the Oka map. Define
K={2eD™0,r):|¢;(2)] <1, j=1,...,m}.

If f is a O-closed (p,q) form with C* coefficients on a neighborhood U
of K, then there is a smooth J-closed (p, q) form F on a neighborhood of
D™(0,7) x D™(0,1) such that f = ®*F on a neighborhood of K. (Hint:
Use induction on the first part of the problem.)

10. Polynomial convezity. Let P denote the space of holomorphic polynomials
on C™. If § C C™, then Sp = S is defined in the usual way (see Section 3.1).
The set S is said to be polynomially convez if S = S. Let Py,..., Py € P,
and define

F'={zecC":|P(»)|<1,5=1,...,m}.

Following the language of Section 3.5, we call T" a polynomial polyhedron.

a. The set I is polynomially convex and holomorphically convex.
b. If K C C™ is compact and polynomially convex and if w is a neighborhood
of K, then there is a polynomial polyhedron I' with K CCT' CC w.
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c. Let K,w,T be as in (b). Let f be holomorphic on w. Apply the the-
ory of the Oka map developed in Exercise 9 to find an F with f =
F(z,P(z),...,Pn(z)) on aneighborhood of I'. Show that F' may be taken
to be defined on a polydisc containing I'.

d. Expand F in a power series, and conclude that f may be uniformly ap-
proximated on K by polynomials.

11. Let @ C C™ be a domain of holomorphy. We say that 2 is Runge if each
holomorphic function on §) can be approximated by polynomials, uniformly
on compact subsets of Q. Let F = F(£2) denote the holomorphic functions
on {1, p the polynomials. Prove that the following are equivalent:

a.  is Runge;

b. VK cC Q,Kp = Kr;

c. VK cC Q,KpnNQ=Kr;

d. VK cCc Q,KpNQcc Q.

(Hint: Refer to Exercise 1. Use the results of Exercise 10 as well.)

12. Which open sets in C! are Runge? (See Exercise 11.)
13. Let © CcC C™ be a complete circular domain. Prove that 2 is Runge.

14. An application of the Koszul complezx. Let & CC C™ be a domain of holo-
morphy. Let 6 > 0, and let fi,..., fi be holomorphic functions on 2 such
that Z?:l |fi(2)| = 6 for all z € Q. Then there are holomorphic functions
g; on € such that > f;g; =1 on .

To prove this, let U; = {z € Q : |f;(2)| > §/(2k)}. Then the sets U;
cover §). Let {¢;} be a partition of unity subordinate to the cover {U;}. We
assume that the problem has a solution of the form

gi = % + Z'Ujifi
g

i

where the v;; are unknown functions that satisfy v;; = —v;; and v;; = 0
for all 4,5 = 1,...,k. (This form of the g; is motivated by a device of
homological algebra known as the Koszul complex.) Functions g; of this
form automatically satisfy > s fi9; =1 Solve a O problem to produce the
vji~

15. The following is essentially the simplest known proof that B, is not biholo-
morphic to the polydisc D™ when n > 2.
a. If there is a biholomorphic F' : B, — D", then we may assume that

F{0)y=0.

b. If @ CC C™ is a domain and 0 € 2, then we define

U(Q) = {¢ € C" : there is a holomorphic ¢ : D — €

with ¢(0) =0 and ¢'(0) =¢}.
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c. Thesets U(B,,) and U(D™) can be determined explicitly using the Schwarz
lemma.

d. Tt must be that JoF : U(B,) — U{(D") is injective, surjective, and linear.
This is impossible. See Krantz [20] for details of this proof.

16. Let Q CC C™ be a domain. Let P € 9Q and U C C™ a neighborhood of P
such that U NN is strongly pseudoconvex. Let f: U — C be holomorphic,
and suppose that F(P) = 0. Prove that it cannot be the case that {z € U :
f(z) =0} € QNU. (Hint: Apply the tomato can principle to 1/f on U\ {2.)

17. Let 2 CC C™ be open. Let O(Q) be the space of holomorphic functions
on §2. Equip O with the topology of uniform convergence on compact sets.
Let Hom (O(Q2),C) be the continuous, nonzero, multiplicative functionals
on O(f2). Topologize Hom (O(f2), C) with the weak-* topology—that is, a
subbasis for the topology on Hom (O(Q2), C) is given by the sets

Sa,t,e = {8 € Hom (0(Q),C) : |(r = B) f| < e},
any a € Hom (O(f2),C), f € O(£2),¢ > 0. Notice that if z € Q, then
E 0 s f f2)

is an element of Hom (O(Q)). Let the envelope of holomorphy E(2) of Q

be the connected component of H{O(2),C) that contains {&;},cn. We say

that §2 is holomorphically convez if E(§)) = {€,}zeq- This exercise considers
envelopes of holomorphy and holomorphic convexity.

a. I € Hom (O(Q), C), then there is a compact K CC 2 such that |a(f)| <
C|fllk for all f € O(€). Here ||fllx = sup,ef |f(2)]-

b. If © is not pseudoconvex, then €2 is not holomorphically convex. More
precisely, there is an = & §2 such that &£, € E(Q).

c. If Q is pseudoconvex, let o € E(Q). The coordinate functions z; : € —
C are in O(R). Let a; = o(z;). If the functions 2, — aq,...,2, — an
have no common zero on {), then there exist g¢1,...,9, € O(Q) with
>2;9i(2) - (25 —a;) =1 on € (here we are using Exercise 14). It follows
that {f € O(Q) : a(f) = 0} = O(Q), which is impossible. Thus ¢ =
(a1,...,a,) € Q. If there is an f € O(Q) such that a(f) # &,(f), then
the functions f(z) — a(f),zy — ay,..., zn — @, have no common zero on
Q. Again, it follows that «(1) = 0, so Kera = O(f1), which is impossible.

d. Parts b and ¢ show that €2 is holomorphically convex if and only if 2 is
pseudoconvex. The novelty is that the approach is function-algebraic.

e. Let K C C" be compact. Define O(K) as in Exercise 8 (i.e., O(K)
is the direct limit of O(Q2) for Q@ DO K). Show that every multiplicative
homomorphism on O(K) is continuous. (Hint: If not, then there is an
f € O(K) with ||fl| < 1but a(f) =1. Then 1 — f is invertible in O(K),
whereas a1 — f) is not invertible in C.)
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f. Does e still hold if K is replaced by  open and O(2) is topologized as
in the beginning of this exercise?

g. Show that if K C C” is compact, K = N§};, and each 2, is pseudoconvex,
then K is holomorphically convex.

h. Show that

K={2¢€C?:|z1]? +|21]7? + |Rez2|* = 4,Imz, = 0}

is not holomorphically convex. Indeed, any function holomorphic in a
neighborhood of K extends to

K= {z € Cc?. iZ1|2 + |Z2|'2 + |Rezzl2 < 4,Tmz, = 0}.

i. It is known (M. Freeman and R. Harvey [1]) that the set K in (h) is
locally holomorphically convex in the sense that for each P € K there is
an 7 > 0 such that {z € K : |z — P| < r} is holomorphically convex.

j- Let Q CC C™* be open. Let {z;} CQ,2; - P € 0Q. Let 7 = {f € O(Q) :
f vanishes eventually on {z;}}. Then J is an ideal in the algebra O, but
J is not finitely generated. (Part of this problem is to figure out what
“eventually” must mean.)

18. Let 2 CC C™ be smoothly bounded. Show that there exists at least one
peak function in A(f2). (Hint: Choose P € 2 that is furthest from 0. This is
a very special case of a theorem due to H. G. Dales [1].)

19. Two classical definitions of analytic converxity. Let Q@ C C™ be a connected
open set. Let a € 9. We say that Q is analytically convez in the sense of
Hartogs at the point a if the following two conditions are satisfied:

a. Whenever ¢ > 0 and {z € C" : |z —a1] = ¢,20 = an,...,2, = Gn} IS
contained in 2, then there is a § > 0 such that whenever |by — a2| <
8,...,|bn — an| < &, then the closed analytic disc {z € C™ : |z; —a1] <
€,29 =ba, ..., z, = by} will contain points not belonging to the region .

b. Property (a) is preserved under biholomorphic coordinate changes near

(a).

Figure out an invariant formulation of this definition that avoids the
need for (b). We call  analytically convex in the sense of Hartogs if each
boundary point is. Show that an open set is analytically convex in the
sense of Hartogs if and only if it is a domain of holomorphy.

Now let  CcC C” be a domain with C? boundary. We say that € is
analytically conver in the sense of Levi at a point P € 0§ if whenever U
is a neighborhood of P and M is an (n — 1)-dimensional complex manifold
passing through P, then M N (U \ (QU {P})) # 0. Prove that P € 0% is
analytically convex in the sense of Levi if and ounly if P is a point of Levi
pseudoconvexity as defined in Chapter 3. With the Levi problem solved, we
now know that a C? bounded domain € is analytically convex in the sense
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of Hartogs if and only if it is analytically convex in the sense of Levi. This,
in turn, is true if and only if the domain is pseudoconvex in one of the two
senses defined in this book.

20. Let €2 CC C™ be a domain. For each ¢’ = (¢z,...,¢(,) € CV L let £y = {z €
C":i20=1C(o,...,2n = (n}, and let Q¢ = £ N Q. For r > 0 let % ={z¢
Lo dist (2,9) < r}. Let f: Q — C be holomorphic. Suppose that for each
¢" with Q¢ # 0 it holds that f IQC’ analytically continues to £7,. Prove that
[ analytically continues (in the n-variable sense) to U{/%, : £ N # B} See
Figure 5.3.

21. The barbell domain. Let D C C? be given by
D=B(2,1)UB(-2,1)U{(x; +i0,0): —2< 29 < 2}.

Show that for every e > 0, there is a C? bounded domain € D D such that
dist (D, °Q2) < € and € is strongly pseudoconvex (see Figure 5.4).
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6 Cousin Problems, Cohomology,

and Sheaves

6.1 Cousin Problems

We shall motivate the form of the Cousin problems by first looking at a little
combinatorial topology.

EXAMPLE  Let

Q = {zeC:1<]z <2}
0! {ze C:|z] <2}

Il

Consider the open coverings of 2° and of Q! illustrated in Figure 6.1.
We shall play the following game with these coverings: To each nonempty
intersection U; N U; we assign an integer g;;, subject to the rules

6 = —g51 (6.1.1)
Gij + 9k + 9 =0 whenever U,nU;NU, #0 (6.1.2)

(We similarly assign integers h;; to each nonempty intersection V; NV;.)

The question that we wish to consider is this: Will it always be possible
to choose integers ¢;,i = 1,2,3,..., such that g;; = g; — g; for all 4,5 [resp.
will it always be possible to choose integers h;,i = 1,2,3,... such that h;; =
h; —h;]? As motivation for this question, the reader should consider the problem
of choosing a branch for log z, z in the complex plane.

On the annulus, with cover {U;}, the answer to our question is decidedly
no. For a counterexample, let g 12 = 1, g23 = 10, and g31 = 100. Define the other
9:; according to (6.1.1). Observe that (6.1.2) is vacuous. If g1, g2, g3 are chosen
so that go — g1 = 1 and g3 — g2 = 10, then it must be that g3 — g1 = 11, and
that is inconsistent with g;3 = —100.

243
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FIGURE 6.1

By contrast, our problem can always be solved on the disc 2! with cover
{V;} because the (now nonvacuous) condition (6.1.2) guarantees that the number
g13 will be compatible with the conditions forced by g12 = g2 — g1 and g23 =
g3 — go. The contradiction that occurred on the annulus cannot arise. o

The game we have been describing is an algebraic/combinatorial device
for detecting the fact that the annulus has a hole and the disc does not. The
subject of algebraic topology (especially cohomology theory) has its roots in
considerations such as these (see Lefschetz [3]). The next example is, from our
perspective, a more natural and interesting one containing the same thread of
ideas.

EXAMPLE (Another proof of Hefer’s lemma 5.3.8 in C2) Let Q C C? be
pseudoconvex. Assume that 0 € Q. If f : Q — C is a holomorphic function that
satisfies f(0) = 0, then there are holomorphic functions fi, fo on  such that

f(z) = 21 f1(2) + z2f2(2) on Q.
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Proof  We first solve the problem in the “real variable” category using a par-
tition of unity. Then we pass back to holomorphic function theory by correcting
with the § operator.

By hypothesis, the local power series expansion of f about 0 has no constant

term. Thus there are holomorphic functions fl(o) and fZ(O) on a neighborhood Uj
of 0 such that f(z) = zlfl(o) + zzfQ(O) on Ug.

If P # 0, then either P; # 0 or P # 0; hence either f(z) = 21 f\7) + 25 -0
or f(z)=21-0+ 2 fép) on a neighborhood Up of P, with f](P) holomorphic on
Up.

We pass to a locally finite refinement {U;} of the covering {Up} of Q

with a corresponding pair fl(j ) , 2(]‘ Jof holomorphic functions on U; such that f =
zlfl(J) +zzf2(3). For every pair j, k such that U; NUy # 0, we define gjl-k = ff— flj
Observe that

g;k = —glij

and
g+ kol =0  onU;NUNUp

Now let {¢;} be a C'™ partitition of unity on € that is subordinate to the
covering {U;}. For z € U;, define ht = Y, ¢xg;,. Notice that, on U; N U;, we
have

W =R =" ok (gh; — gk) = Y belaly) = 95 = f1 — f1; (6.1.3)
%

hence
Onl —Bhi =0  onU;NU,. (6.1.4)

Thus it is consistent to define a (0,1) form
a1(z) =0hi(z)  when z € U,.

By inspection, a; is a 0-closed (0,1) on Q with smooth coefficients. Because
is pseudoconvex, we may apply Corollary 4.6.12 to conclude that there is a C*°
function h; on Q satisfying 0h; = a; on €.

We will exploit the simplicity of two-dimensional complex space in order
to construct a companion function hs. Set kb = Y, ¢rgs;, where, of course,
gk = f5 — f5. Then

0 = z R} + 20h% on Uj; (6.1.5)

by construction. Hence
21 hi

%

2:

Z2
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is a well-defined C °° function on U; (the right side is C*° since the left is). Using
(6.1.3) again we see that

—zlghﬁ(z)

zZ2

az(z) , z€U,

is a well-defined, O-closed (0,1) form with smooth coefficients. Moreover, the
function

—2ZzZ1 h1 (Z)
22

ha(z) = (6.1.6)

satisfies Ohy = ap on Q. By Corollary 4.6.12 we know that hy is smooth.

We are almost ready to define f; and fo. First, set g¢ = h{ — hy and
g5 = hy — he on U;. Then each g} is holomorphic on U;, [ = 1,2. Formula (6.1.3)
tells us that, on U; N U;, we have

fi-gi=fi-i—m)=f - -h)=f-g.
Thus
fi(2) = fi(2) - 91(2), 2€ Ui,
gives a well-defined holomorphic function on 2. Similarly,
f5—gb=f3— (hs— ha) = f3 ~ (h} ~ h2) = f3 — g}
on U; NUj; hence
f2(2) = f3(2) = 93(2), 2 € Ui

is a well-defined holomorphic function on Q.
Finally, for z € U; we use (6.1.5) and (6.1.6) to see that

2fi(2) +22fa(z) = 2(fi(z) - 6i(2) + 2(f3(2) — 65(2))
=z {m(2) + fi(z) - hi(2)}
+ 2z {hg )+ fa(z) — b (z)}
= ( zlh (z) —zzhé(z))
(Zlf1 )+ 22 Z(Z))
+ (z1ha (2 )+Z2h2(z))
= 0+ f(2)+

as desired. 0
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Inspired by this example, we now set up a conceptual framework that will
make an argument like this one rather natural. Our first step in this program is
to consider the Cousin problems. We enunciate them as follows:

FIRST COUSIN PROBLEM Let  C C" be a domain. Let {U;} be an
open covering of {1. Suppose that for each Uj;, Uy with nonempty intersection
there is a holomorphic g : U; N U, — C satisfying

& Gjk = ~Gkjs

b. gjx +gre + 95 =00on U; NUL N U,
Problem: Find holomorphic functions g; on U; such that g;z = g — g; on
U; N Uy whenever this intersection is nonempty.

We also shall consider a multiplicative version of this problem.

SECOND COUSIN PROBLEM Let @ C C™ be a domain. Let {U;} be
an open covering of €. Suppose that for each U;, Uy with nonempty intersection
there is a nonvanishing holomorphic g ;x on U; N U such that

a. gk gkj = 1;
b. gk gre-ge; =1on U; NULNU,.

Problem: Find nonvanishing holomorphic functions g; on U; such that g;;, =
gr/g; on U; N Uy whenever U; N Uy # 0.

PROPOSITION 6.1.7 The analogue of the first Cousin problem for C *° (rather
than holomorphic) functions always has a solution.

Proof  Let {¢;} be a C* partition of unity on £ subordinate to the covering
{U;}. For each i, define

9:i(2) =Y du(2gri(2),  z€Us
k

Then on U; NU; we have

9i(z) — 9:(2) > b2 {grs(2) — gri(2)}
k

D or(2)955(2)
k

= 9i(2). O

PROPOSITION 6.1.8 1t 2 C C™ is a domain of holomorphy (equivalently,  is
pseudoconvex), then the first Cousin problem can always be solved on .

Proof Let {¢;} be a partition of unity subordinate to {U;}. Define

hi = ZQSkaZ on Ui.
k
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Of course, h; may not be holomorphic. However, on U; N U; we have

d(h; — hy) 8> dilgr; — gi)

k
= 9 éilow)
k

= 591’3’
0.

Therefore, the form

f= 5h]~ on U;

is well defined, 5-c_losed, and C on Q. By Corollary 4.6.12, there is a u €
C *(Q) such that du = f. Set

Then on U; NU; we have
9; — i :hj_hi:gij-

Also, for each i, Og; = Oh; — Ou = 0 on U;. Hence each g; is holomorphic and we
are done. O

LEMMA 6.1.9 Let Q C RY be simply connected. Let f :  — C be continuous
and nonvanishing. Then there is a continuous g on Q) such that expg = f. If f
is C*, any k > 0, then g is C*.

Proof By continuity, each P €  has a neighborhood Up on which f has
a continuous logarithm. Fix Py € Q and let v : [0,1] — Q be a continuous
Jordan curve with v(0) = Py,v(1) = Fp. By a continuity argument, f o v(¢)
has a continuous logarithm for 0 < ¢t < 1 (that is, the set S = {s € [0,1) :
log(f o y(t)) is well defined and continuous for 0 < ¢ < s} is open, closed, and
nonempty). Seeking a contradiction, we suppose that lim , ;- log f o ~(t) #
log fov(0). Let u(s, t) be a fixed-point homotopy of the curve v with the constant
curve at Py. Thus

 u is continuous on [0, 1] x [0, 1];

o u{0,t) =~(¢), all t € [0,1];

o u(s,0) =u(s,1) = Py, all s € [0,1];
o u(l,t) = Py, all t € [0,1].
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The function

p(6) = 31 { tim. o s, ) 1o £(u(s,0)

- 2me

is then a continuous, integer-valued function of s that satisfies p(0) = 0 and
p(1) £ 0. This is a contradiction. Thus, in fact, lim ; ;- log foy(t) = log foy(0).
Now a standard argument shows that the set of all P € Q2 to which log f
can be unambiguously propagated from the initial point P, is both open and
closed. That completes the proof in the continuous, or C?, case.
The C* result follows by applying implicit differentiation to the equation

expg = f. a

LEMMA 6.1.10 Let Q C C™ be simply connected and let f : Q@ — C be a
holomorphic and nonvanishing function. Then there is a holomorpic function g
on 2 such that expg = f.

Proof By the preceding lemma, there is a C' ! function g that satisfies expg =
f. But then g satisfies the Cauchy-Riemann equations, as we see by implicit
differentiation. a

PROPOSITION 6.1.11 Let Q C C™ be a domain of holomorphy (equivalently,
1 is pseudoconvex). Let {g;;} be a set of holomorphic Cousin II data for the
covering {U;}. If there exist nonvanishing, continuous functions ¢% : U; — C
such that g;; = g; gg_l on U; NUj;, then there exist nonvanishing, holomorphic
g; such that g;; = g,9, ! That is, the second Cousin problem can be solved on
Q if and only if it can be solved just continuously.

Remark: The hypothesis that the second Cousin problem can be solved just
continuously is, in fact, a specific topological assumption. We shall say more
about this hypothesis later.

The “Oka Principle” is the assertion that, on a domain of holomorphy,
what can be done continuously can also be done holomorphically. o

Proof of the Proposition We first consider a special case.

Part I: Assume that each U, is a polydisc. Let g, be as in the hypotheses. By
Lemma 6.1.9, we may write g, = exp b} on U;, with A} continuous (this is where
we use the hypothesis that each U; is a polydisc, hence topologically trivial). Let
hi; = h;- — hj}. Then g;; = exp h,;, and since h;; is a continuous logarithm for g;;
on U; NUj, then it is also a holomorphic logarithm.

Then {h;;} is a set of holomorphic Cousin I data for the cover U;. So there
exist holomorphic h; : U; — C such that h;; = h; — h; on U; NUj. But then the
functions g; = exp h; are obviously holomorphic and nonvanishing and solve the
Cousin II problem for the data {g;;} : to wit,

=1

g;97 " = exp(h; — h;) = exphy; = exp(h; — h;) = gi9; = gi5-
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Part II: In case the U, are not all polydiscs (hence not necessarily all topolog-
ically trivial), we let {U;} be a refinement of the covering {U;} such that each U,
is a polydisc. Let p: N — N satisfy U; C U, for each i (p is called an affinity
function). Define

gijiﬁiﬂﬁj—)(c

by 3ij(2) = 9p()p(;)(#) (this function is understood to be 0 if U,nU; =0).
Then {g;;} is a set of holomorphic Cousin IT data for the covering {U;}. Let
{§:} be nonvanishing holomorphic functions that solve this Cousin II problem
(as provided by part I of the proof).

Now for any 4, j,%k and z € U; N U; N Uy, we have

k35 ' Gp(k)i910) (2) = GkG;  Gok)p()(2)
= Gkd; 'Grs(2)
= 1.
Therefore,

Gr9o(k),i = 93900),:(2) on U; N Uj N U,.

As a result,

9:(2) = Gr9p),i(2) on U; N U,

gives a well-defined nonvanishing holomorphic function on U;.
Finally, for any 4,7,k and z € Uy, NU; NU;, we have

9195 1(2) = Gk9k).5 ()Tk 9y 1 (2) = 955 (2).
This is the desired result. ]

EXAMPLE (Oka)  There exists a domain of holomorphy on which Cousin II
cannot always be solved (either continuously or holomorphically). In particular,
it is not the case that Cousin I = Cousin II.

Proof Let Q = {(21,20) € C*: 2 < |z;| < §,7 = 1,2}. This is a domain of
holomorphy, since it is a product domain. Let P = {(z1,22) : 21 — 23 — 1 = 0}
and w =P N Q. Notice that w is relatively closed in Q. Writing z; = z; + ty;,
7 =1,2, we have the following simple facts:

yo and if both of

1. wnN{(z1,29) : y» = 0} = 0. This is so because y; =
= 1,2; this contradicts

these numbers are zero then 3/4 < |z;| < 5/4, j
Ty — T — 1=0.
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2. Tt follows from (1) that

w = (wnN{zeQ: iy, >0HU(wn{zeQ:y,y, <0})

w1 Uws.

Let
Uy={z€Q:y1,y2 >0}

and

ngﬂ\wl.

Then {U;};=1,2 is an open covering of {). Notice that on U; N U we have that
g21(z) = 21 — zo — 1 is never zero. All the Cousin IT compatibility conditions are
vacuously satisfied for g12 = 1/g21.

Assume, seeking a contradiction, that Cousin I can be solved on Q. Let
9; : U; — C,j = 1,2, be nonvanishing holomorphic functions satisfying g2 =
92/g91 on Uy NUs. Thus

1
g _ - on Uy NUs.
g z1—z—1

Hence the function

_ (2’1—22—1)/91 ifzelh
F(Z) _{ 1/92 ifze U

is a well-defined holomorphic function on €.
Now consider

gla,f) = F(e*,e¥),  0<a,f<2m

Then g can vanish only for (', ") € Uy, and then only at the point (e™*/3, ¢7/3),

We wish to obtain now a contradiction from consideration of winding num-
bers. The argument is homological in nature. The idea is to show that one of
the two functions, ¢ or g2, must share the zeros of the function z; — 25 — 1. The
argument will take place on the unit torus in C? and thus is purely real variable
m nature.

In the o8 plane, consider the curve I'; shown in Figure 6.2. We claim that
arg g is well defined and smooth on T'y, since g is periodic in each variable. More
precisely, any 27k increment in the argument that is introduced in the lower part
of T'; (resp. the right part of I'y) is canceled by a corresponding increment on

the upper part of Ty (resp. the left part of I'y).

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



252 Chapter 6: Cousin Problems, Cohomology, and Sheaves
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FIGURE 6.2

With I'; as in Figure 6.2, no matter how small T's, we thus have (with the
cycles indicated by the dotted lines and the orientations as given):

O:/ dlogg = dlogg.
r Ty
On the other hand,

F(z1,22) = h{z1,29) - (21 — 220 — 1) near I'y

for some invertible holomorphic h, by its very definition. Hence

Oz/ dloggz/ dlog(e’® — e —1). (6.1.12)
r, rs

(Note: Tt does not matter in this step that & is holomorphic—just that it is
smooth and nonvanishing.)

By a trivial change of variable, this last line says that

0= / dlog (e’ +m/3 — e +2mi/3 _ 1) = dlog(g'(c', 8)).
r

1 ’
2 TZ

Here o’ = a—7/3,8 = B —27n/3, and T} is the corresponding translated cycle.
Observe that the function g'(a’,3') = '@ +7i/3 _ ¢if'+27i/3 _ 1 hag a zero at
the point (0,0).

Set u +iv = ¢'(a’, 8'). The Jacobian determinant of this change of coordi-
nates is
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If 'y is sufficiently small, then this Jacobian determinant is as near to the con-
stant sin(—7/3) = —v/3/2 as we please. Since

/ dlog(u +iv) # 0,
r

1
2

then we may conclude that

/F dlog(g' (o, B)) # 0.

2
This inequality contradicts (6.1.12). O

Corollary to the Example The Cousin II problem in the Oka example can-
not even be solved continuously (this is implicit in the proof but also follows
from Proposition 6.1.11).

Cousin II can be solved continuously on any domain of holomorphy €2 that
is homeomorphic to the ball. This assertion may be verified by inspection of the
discussion in this section. A more precise criterion for continuous solvability will
be derived in ensuing sections.

The next result is a typical application of Cousin II.

THEOREM 6.1.13 Let Q C C™ be a domain on which Cousin II is always
solvable. Let M C  be a properly imbedded submanifold with the property
that, for each m € M, there is a neighborhood U, of m in € and a holomorphic
function f,, : Uy — C such that {z € Up, @ fr(2) =0} = M NU,, and 8f,, # 0
on U,,. Then there is a holomorphic f on all of Q such that M = {z € Q: f(z) =
0}.

Proof  Let {U;} be a locally finite subcover of M subordinate to {Up }mem.
Let Uy = Q\ M. Then Uy is open in Q. Let f; be the given holomorphic function
on U; and let fy on Uy be identically equal to 1.

Define Cousin 11 data

/i

9iq =% om U;nUj. (6.1.13.1)
Since Cousin II is solvable on £, there exist nonvanishing holomorphic g, on U;
such that
g5 =2 onU.NU; (6.1.13.2)
gi
Define
fi(z)
f Z) = on Uv,
(2) 9i(2)
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Then (6.1.13.1) and (6.1.13.2) imply that f is well defined and holomorphic on
Q. Also, M ={2€Q: f(z) =0}. O

Exercises for the Reader
1. What do the first and second Cousin problems have to do with the theo-
rems of Weierstrass and Mittag-Leffler in the function theory of one complex
variable?

2. Review the second example and find the Cousin 1 problem lurking in the
background. The method of that example used the proof of Cousin I rather
than Cousin I itself. Indeed, it is a bit tricky to derive the result of the second
example directly from Proposition 6.1.8. In the next section we will derive a
more flexible tool—sheaf cohomology—that effectively subsumes the Cousin
problems and makes such results easy.

6.2 Sheaves

Let F be a topological space, X be a Hausdorff space, and 7 : F — X be a
continuous mapping satisfying

(6.2.1) = is surjective;

(6.2.2) If f € F, then there is a neighborhood W C F of f such that 7y, is a
homeomorphism.

Then the triple (F, X, n) is called a sheaf The letter F alludes to the French
fasceau (sheaf), honoring the French mathematicians Leray and Serre, who de-
veloped the idea. K. Oka and H. Cartan first used sheaves in the theory of
several complex variables. The map 7 is called the sheaf projection. If x € X,
then the inverse image F, = n~!({x}) is called the stalk over z. If U C X and
i U — F is a continuous map that satisfies 7 o u(z) = = for all z € U, then
u is called a section of F over U. The set of all sections of F over U is denoted
by ['(U, F). Frequently the stalks are each equipped with an algebraic structure
such as group, ring, or module. In such a case we speak of a sheaf of groups,
rings, or modules.

We shall see that sheaves are a natural vehicle for passing from local infor-
mation to global information. Local statements are usually formulated in terms
of elements of T(U, F),U a small open set in X. Global statements are generally
seen to be assertions about ['(X, F). There are several important elementary
examples that should be kept in mind for the rest of the chapter.

EXAMPLE Let X = M be a manifold. Define F = Z x M with the obvious
topology. Let m : F — M be given by 7(z,m) = m. This is a trivial, or product,
sheaf. ¥ U C M, then p: U — F given by u(m) = (0,m) is a section of F over
U. Of course, F is a sheaf of rings. a
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EXAMPLE  Let X = M be a paracompact manifold and mg € M. Define

F =(Z x {mp}) U ({0} x (M \ {me})).

Topologize F as follows:

(i) For (0,m) € F,m # myp, we let U be a neighborhoof of m in M that is
disjoint from mg. Then {0} x U is a neighborhood of {0, m) in M.

(ii) The only neighborhood of (k,mg) € F is the singleton {(k,mq)} itself.

Using the sets described in (i) and (ii) as a subbase, we may generate a
topology for F. Of course the projection is given by n(k,m) = m. Then = is
surjective and is a local homeomorphism. This sheaf is known as the skyscraper
sheaf. O

EXAMPLE  Let M be a paracompact C ® manifold. f m € M and U C M
is a neighborhood of m, then we define C*°(m,U) to be the collection of all
scalar-valued C *° functions defined on U. Let

c=(m) = J ¢=(m,U).

Usm

If f,g € C*®(m), then we define the relation f ~ g if f = g on some small
neighborhood of m. This is clearly an equivalence relation. The set C° =
C>®(m)/ ~ is called the ring of germs of C * functions at m.

If f € C°°{m) then we denote the residue class of f in C' 2 by either v, f

or [f]m, depending on the context. Our sheaf F will be
F= cx.
meM

This is the sheaf of germs of C™ functions on M.
Topologize F as follows: If F' € F, let f be a representative of F. Thus f
is defined on an open W C M. Let an open neighborhood of F in F be given by

{fWy={ywf:zeW}

The set of all such {f, W} generates the coarsest topology under which the
projection 7 : [f], — z is a local homeomorphism.
If a C* function g on an open set U C M is fixed, then the map

Usz—vygeF
is a section of F over U. (Note, in particular, that a globally defined C *° function

on M is just an element of T'(X, F).) Conversely, any section of F over an open
set U C M is induced by a C ™ function on U.
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FIGURE 6.3

The given topology on F is not Hausdorff. To see this, take A/ = R and
m = 0 and consider the two sheaf elements induced by the identically 0 function
and by the function

0 ifx <0
= -7 O
(=) { e"1/7" if x> 0.

Remark: Naively, a sheaf looks like Figure 6.3. In the last example, each C'*
function on an open set U C M corresponds to a “layer” in F. For each x € M,
the stalk over x corresponds to the germs of all C'* functions at x. O

Exercise for the Reader

Describe C° in terms of formal power series. As you do this, keep in mind the
theorem of E. Borel: that any formal power series about x is the Taylor series of
some genuine C > function defined in a neighborhood of z. Of course, the series
will not, in general, converge to that C *° function.

The last example goes through in just the same way if we replace the C' ™
functions by either the C* functions or the differential forms of degree m (or
bidegree (p,q) on a complex manifold) or the real analytic functions (when M
is a real analytic manifold) or the holomorphic functions (when M is a complex
analytic manifold). The sheaf of germs of holomorphic functions is Hausdorff

(exercise).
EXAMPLE  The constant sheaf C x X is a sheaf over X if and ounly if C is
equipped with the discrete topology (exercise). 0

Given a sheaf (F, X, ) of abelian groups (with group operations written
additively) and a countable open covering U = {U;}5°, of X, we construct co-
homology groups as follows. First, if r € {0,1,2,...}, then an r-cochain with
respect to U is a function f that assigns to each (ig,...,i,) € N'*! an element
floy- - ir) € (U - N U, F), subject to the condition that f is an alter-
nating function of its indices. Let C"(U,F) denote the set of all r-cochains of
F with respect to the cover U. Notice that C" is an abelian group in a natural
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way. (Although we use the notation C'™ in other contexts to denote spaces of
smooth functions, there is little danger of confusion.)
Define the coboundary operator

§:C" -t
by
r+1
(6f)(207 ce 7i7‘+1) = Z(—l)]f <i07 s aijv s 7iT+1) .
=0
Here ~ denotes omission.
LEMMA 6.2.3 We have
52 =0.

Proof  Observe that §2f is a sum of terms

f(i()v'"7%j7"')%k)"'7ir+2)

with j < k. When 4; is removed first, the signature is (—1)7**=1D_Tf i, is
removed first then the signature is (—1)*%7. By cancellation, the sum is zero. O

Define Z" = Z" (U, F) to be those f € C" such that §f = 0. Define B” =
BT (U, F) to be those g € C" such that g = §f for some f € C" !, r > 1. Then
Z" and B" are subgroups of C'". We call B the group of coboundaries and Z"
the group of cocycles.

Notice that B" is a subgroup of Z7. Thus the quotient

HU,F)=H" =2"/B", r>1,

is well defined and is called the rth cohomology group of X (with respect to
the covering U) with coefficients in the sheaf F. By convention, since B % must
clearly be @, we set H? = Z°.

In more sophisticated language, the lemma tells us that we have the semi-
exact sequence

St bors
where, at each C", B” = Im (6]5.-1) € Ker (8|-) = Z". We measure the extent

to which this sequence fails to be exact at C" by way of the cohomology group
H™.

EXAMPLE  Let  be the annulus in C with & = {U;,Us, Us} the covering

indicated in the first example of Section 6.1. Let F = ZxQ. Then HO(U, F) = Z°
consists of those f on I = {1,2,3} such that f(ip) — f(¢1) =0 on Uy, NU,, for
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all ig,i,. That is, f assigns to each U; the same integer. In brief, H? = 70 =
Q,F) 2 Z.

Now Z?! consists of those f on I x I such that f(iy,42)— f(io,%2)+ f(io, 1) =
0 on Uy, NU;, NU;,. (Note: This is vacuously satisfied since Uy NUz; NTU3 = §.)
Thus Z' = CL.

On the other hand, Z' > f = dg for some g € C? if and only if f(ip,i1) =
g(i1) — g(%0). (This simply says that the analogue of Cousin I can be solved
for the sheaf F.) In summary, H' = Z!/B! = C'/B' counts the number of
unsolvable Cousin I problems with data in the group Z.

The 1-cocycle

71,2y =1, f(1,3) =0,f(2,3)=0
is clearly not a coboundary. Also the 1-cocycle

9(1,2) =0,9(1,3) =1,9(2,3) =0
is not a coboundary. Finally, the 1-cocycle

h(1,2) =0,h(1,3) =0,h(2,3) =1

is not a coboundary. However, notice that both g+ f and A+ f are coboundaries.
Since f, g, h clearly generate all of Z ! as a group, it follows that the residue of
f alone in H' generates H'. Thus H' is cyclic. Indeed, H! = Z.

Finally, Z" = B" = C" for r > 2 for vacuous reasons, hence H" = 0 for
r>2.

Thus we see that the annulus Q has a “one-dimensional” hole, and it is
detected by H'(U,F). The annulus has no holes of dimension two or higher. O

EXAMPLE  Let Q,{U;} be as in the last example. However, let F be the sheaf
of germs of C* functions. Then Z ¥ consists of those f(i) such that f(ig) = f(i1)
on U, N U;,. We therefore see that Z° = C*(€2). Just as in Section 6.1, we
may always use partitions of unity to solve Cousin I for C* functions. Thus
HY(Q,F) = 0. This is a manifestation of the fact that the sheaf of germs of
C* functions (or C* functions) is fine (see E. Spanier [1]).= For trivial reasons,
H" =0 when r > 2. ]

EXAMPLE  Let Q,U be as above. Let F be the sheaf of germs of holomorphic
functions on €. As in the preceding example, H %(), F) is isomorphic to the
group of holomorphic functions on . By Proposition 6.1.8, Cousin I can always
be solved on Q, so H' = 0. Finally, H” = 0,7 > 2, for trivial reasons. O
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EXAMPLE Let Q = {z € C: |z| <2} and let V be the covering (of Q') as
in the first example of Section 6.1. Let F = Z x 2 as in the example following
6.2.3. Then H® = Z® = Z, as in the example above for the annulus.

Now f € C! satisfies 6f = 0 precisely when f(2,3) — f(1,3) + f(1,2) =0
on Vi NVa N Vs (this condition is no longer vacuous). Also, f = dg precisely
when f(ig,71) = g(i1) — g{io). As discussed in Section 6.1, it follows that 0 f =0
implies that f = dg for some g € C°. Hence H! = A!'/B! = 0. For trivial
reasons, H” = 0 when r > 2. O

Exercise for the Reader

Let @ C C™ be an open set and U = {U;} an open covering of ). Let
(F, €, 7) be the sheaf of germs of holomorphic functions. Then H*(U, F) = 0 if
and only if every Cousin I problem for the covering U can be solved.

Return now to the general setting of arbitrary Hausdorfl X, sheaf of abelian
groups F, and covering Y. We need to see to what extent the cohomoloy groups
depend on the covering /. The hope is that, if the covering becomes sufficiently
fine, then the cohomology groups are independent of the choice of covering.
When formulated suitably carefully, this hope is fulfilled.

If V¥ = {V;} is a refinement of the covering I/, then we need to relate the
cohomology computed with respect to V to that computed with respect to U.
In the end we hope to see that the cohomology stabilizes under the direct limit
process for coverings.

To make the preceding paragraphs precise, we let 4 = {U;};cs be an
open covering for X and ¥V = {V;};c; be an open covering that refines . Let
o: 1 — J satisfy V; C U, for all i € I. We call o an affinity function. Then
o induces a map o* of C"(U,F) to C"(V,F) as follows: Let f € C"(U,F). Let
(ig,...,i,) € N'T1. Define o* f € C"(V, F) by

(o f)lia, - -1r) = f(oia),. .. ’U(ir))l\éoﬂ-ﬂwr .
Exercise for the Reader
Verify the following simple facts about ¢* :
1. ¢* is a homomorphism;
2. §o* = o*4;
3. 0"(Z")C Z" and ¢*(B") C B";
4. By (b), the induced map o* : H"(U,F) — H"(V,F) is well defined.

We call two r-cocycles with respect to a fixed covering cohomologous if they
differ by a coboundary (i.e., if they are representatives of the same cohomology
class in H"). The next lemma is technical but essential.
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LEMMA 6.2.4 Let U be a covering of X and V be a refinement of U. Let o
and ¢’ be two affinity functions for i and V. Then ¢* = ¢'* on H".

Proof  We proceed by means of a standard device of homological algebra
known as a chain homotopy. Since the assertion is obvious for r = 0, we may
assume that 7 > 1. Let © : C"(U, F) — C"~1(V, F) be given by

I T

r—1

= Y (=D f(olio), ..., 0(ie-1),0lie), o' (ie), 0 (ie41), - . ., 0" (ir1)).

£=0
(Notice that © is a sort of adjoint for 4.) We claim that
(o) f—o"f=05f +60f. (6.2.4.1)

This is the chain homotopy condition. Assuming that we have proved (6.2.4.1),
notice that if f € C"(U,F),5f =0, then (¢/)*f —o*f = 6O f. Thus (¢')*f and
o* f are cohomologous. The result follows.

It remains to prove (6.2.4.1). We compute that

T

5(0f)(io,- . ,ir) = Y _(~1)¥(OFf)(ia, - . ik, ir)

k=0
T k—1
= Z(_:l)k{ (_1)gf (U(i0)7 "7U(if)’al(i£)7 o' (i), 70'/(17“))
k=0 =0
+ >0 (o) o), ..,a<m1>,a'<um,...,o(u))}
=k
r k-1
- (—1)F+ef ((7(2’0), ey 0(i0), 0" (i), (i), - ,a'(z;))
k=0 £=0
- (=17 f (a(io), 0k 0 (i), 0" (), ')
k=0p=Fk+1

On the other hand,

O(6f) o, .-+, i)

= > (=Df3f(olio), .-, 0(ir), 0 (is), ..., 0" (ir))

=0
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T 4
- (_1)5{2(—1)%(0(@'0),...,g(ik),...,

£= k=0
U(ig), O'/(ig), ceay O'I(iT))
r+1
+ 37 (=DFf(olio), - 0(ie), 0 (in), ...,
k=0+1

o’(i/;;l),...,o'(ir))}

<

4
= S (-1)tHEy (a(io), e 0 iR), -y olie), 0 (Ge)s - a’(z;))

=0 k=0

- (—1)Prey (a(io), oy 0olie), 0 (i), o 0 (i), . - ,a’(ir))
£=0 p=¢

_ E(A)ka (a(z‘o), o 0(R), - 0lie), o (i), - .,a'(@;))

£=0 k=0

-3 (—optty (a(io),...,o(u),a'(u),...,a@),...,a'(ir))
=0 p={+1

+{ f(U(’io),...,O'(ig_l),Ul(ig),...,O'/(’I:T))

=0

<

- f(o‘(io),...,O'(ig),ol(ig+1),...,0'/(?:,«))}

£=0

= —8(0f)(ig,.-.,ir) + {f(0'(i0),.-.,0'(ir)) — fla(i0),..., 00 )}
Here the first part of the last equality comes from renaming indices. Moreover,

the equality of the expressions in braces holds because the series cancel. Now
the last line is

= —8(0f)(ig, .., ir) +{(&"Y flio,- -, ir) — 0" f(i0, - 0r)}
It follows that
(06) f(ig, ... ir) + (6©) f(ioy-- -, ir) = (') flioy ... 3r) — 0" f(i0,. -, ir)

as desired. O

If f e Z™(U,F), then it is convenient to adopt the standard notation [f]
to denote the equivalence class of f in H™ = Z"/B". The lemma says that
a*([f]) = o™ ([f]) for all [f] € H"(U,F) and any two affinity functions o,0’. If V
is a refinement of U, then f induces a well-defined cohomology class with respect
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to V (namely, o* f for any affinity function o). Let

ZN(X,F) = U Z" (U, F).

coverings U of X

Let f,g € Z"—say that f € Z7(U,F),g € Z"(V,F). We write f ~ g provided
that there is a common refinement ¥ such that the induced cohomology classes
of f and g with respect to W are equal. Then ~ is an equivalence relation
(exercise). The collection of equivalence classes is denoted H "(X, F), the rth co-
homology of X with coefficients in the sheaf F. In an obvious fashion, H " (X, F)
is an abelian group. If [f] € H"(U,F), let [[f]] denote the residue class of [f]
in H"(X,F). Thus [f] — [[f]] is a homomorphism of H"(U,F) into H"(X,F)
for each r and each covering U. The group H "(X,F) is the direct limit of the
groups H™ (U, F).

Each element of H" (X, F) comes from some covering Y. Thus the elements
of H%(X,F) are in one-to-one correspondence with the global sections of . To
understand H'(X, F), we need the next lemma.

LEMMA 6.2.5 Let U be an open covering of X and V a covering that is a
refinement of . Let o be an affinity function for i/ and V. Then o * : H'(U, F) —
H(V,F) is injective.

COROLLARY 6.2.6 For any covering U of X it holds that the map H'(U, F) —
H (X, F) is injective.

Proof of Lemma 6.2.5 1t suffices to show that Kerc* = [0]. For this, we
must prove that if c € Z1(U, F) satisfies 0*c € B'(V, F), then ¢ € BY U, F). To
see this, notice that the hypothesis o *c € B!(V, F) implies that o*c = &v for
some v € C°(V, F). With the notation V = {V;};e1,U = {U;};cJ, we have for
all m,n € I that

Vo = VYm = Co(mya(n) = Co(m)j ~ Co(m); O UiNVmNVy
(here we have used the condition that dc = 0). In other words,
Yn + Co(n); = Ym + Co(m)j on U;NV,NnV,.
Hence the section e; € I'(U;, F) given by
€5 = Yn + Co(n)j on U;nNV,
is well defined. We now compute, on Uy NUg NV,
er — ek = (Yn + Co(n)e) — (I + Co(n)k) = Cko(n) T Co(n)e = Cke-

Hence ¢ = de or ¢ € BY(U, F). o
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It follows from Corollary 6.2.6 that H'(X,F) = 0 if and only if H' (U, F) =
0 for some covering /. Therefore Cousin I for the sheaf F is always solvable if
and only if H(X,F) = 0.

Unfortunately, there are no such simple descriptions of H (X, F) in terms
of HP(U,F) for p > 2. On the other hand, the following important result of J.
Leray often makes it unnecessary to pass to the direct limit in order to calculate
with cohomology.

THEOREM 6.2.7 Let X be a paracompact manifold, F a sheaf over X,
and U = {U;},cs an open covering on X such that H?(U;, N---NU;, F) =0
for every p > 1 and every choice of ig,...,%. Then HP(U,F) = HP(X,F) for
all p > 0.

We do not supply a proof of this theorem but instead refer the reader to Gun-
ning [1, p. 44]. It should be noted that, in many applications with X an open
domain in Euclidean space, a covering by balls or polydiscs will plainly satisfy
the hypotheses of Leray’s theorem. So the theorem is not difficult to use.

Our goal now is to develop a little homological algebraic machinery so
that we can prove the Dolbeault theorem to the effect that cohomology with
coefficients in the sheaf of germs of holomorphic functions is equivalent to the
cohomology arising from the 8 complex. We begin with the following exercise.

Exercise for the Reader

Let X be a O paracompact manifold. Let £ be the sheaf of germs of C*
functions on . Let F be a sheaf of £-modules (i.e., each F, is an £-module).
Then HP(U,F) = 0 for every open covering U = {U, };c1 and every p > 0. (Hint:
This will be similar to the solution of Cousin I for C* functions. Let {¢};c; be a
partition of unity subordinate to U. If c € ZP(U, F) and s = (s¢,51,...,8p—1) €
I?, then set e(i) = Y, dicr,i- Then de =c.)

The métier of homological algebra is exact sequences. If A, B, C are abelian
groups and

ALBY%C
are homomorphisms, then we say that this sequence is exact at B if Image ¢ =
Ker. If C' = {0} then “exactness” at B means that ¢ is surjective. If A = {0},

then exactness at B means that v is injective.
If F,G,H are sheaves (of abelian groups) over X and

0-F2¢5H—0

are homomorphisms {on each stalk), then “exactness” is defined in an obvious
manner. These homomorphisms trivially induce homomorphisms

0 cru,F) S oru,6) S cru, ),
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264 Chapter 6: Cousin Problems, Cohomology, and Sheaves

any p > 0, any open covering U = {U, };cr. The induced sequence is also exact
(exercise), except that the final map may not be surjective (which is why we
have omitted the final 0).

EXAMPLE  Let F be the constant sheaf 2miZ x X, where X = {ze€ C:1 <
|z| < 2}. Let G be the sheaf of germs of C* functions over X. Let H be the sheaf
of germs of nonvanishing C* functions (under multiplication). In the diagram

0-FLg5H-0 (6.2.8)

we take ¢ to be the trivial injection and ¢ the exponential map. Then the
sequence is exact (because we check the assertion on the stalk level). But the
induced exact sequence

0— o, F) L o, ) L O, H) (6.2.9)
is not surjective at the final stage for the covering U = {X} (or for any
covering) because not every C* function on the space X has a well-defined C*°
logarithm. O

This failure of exactness is a source of both difficulty and rich theory.
Indeed, the failure of an algebraic property of groups (in this case the property
of exactness) can often be measured by a resolution of groups for which the
property holds. In the present case, the resolution is given by an exact sequence
of cohomology groups. We construct the resolution as follows.

Instead of (6.2.9) we write

0 — CPU,F) % P, 6) L CP U, H) — o, (6.2.10)

where C'] is precisely the subgroup of C'? that is the image of the map *
induced by ¥. We have the commutative diagram given in Figure 6.4. The phrase
commutative diagram means, for instance, that ¢* o & (where § : CP~Y (U, F) —
CP(U,F) and ¢* : CP(U,F) — CP(U,G)) equals § 0 ¢* (where § : CP U, G) —
CP(U,G) and ¢* : CP~Y U, F) — CP~L1(U,G)) and likewise for all the other
“boxes” in Figure 6.4. (The only possible way that one can write about this
subject is to force the reader to verify the details.)
It follows that there are induced maps

0— Z°PU,F)— ZPU,G) — Z5U,H) — 0

and
0— B*(U,F)— BPU,G) — BEU,H) — 0.
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e O

Y s Y S
PN U, F)——— CP (U F)—> P (U, F)

(P* (P* l‘P*
 J S Y S
P U Q) CP(U,8)—> PP UU,9)
llj* \b* l\b*
Y \ 4

o 3
Cp' ! (?1,7{)—) Cp(ﬂ’ﬂ)—_> Cp+ ! ((L(,ﬂ)

Y Y
0 0

O

FIGURE 6.4

Hence the maps

0— H'U,F) — H°U,G)— HY(U,H)
HYU,F) — H'U,G) — Hy(U,H)

(6.2.11)

are well defined. We wish to construct homomorphisms that connect up the
TOWS.

PROPOSITION 6.2.12 The commutative diagram (Figure 6.4) induces a nat-
ural homomorphism

& HY (U, H) — HPY U, F)

for every p > 0.

Proof  Let [h] € HE(U,H), and let h be a representative. Since ¥* is surjec-
tive, there is a g € ZP(U,G) such that 1/*g = h. We claim that [(¢*)~16g] makes
sense and is uniquely determined as an element of H P (U, F) by [h].

Now 9*8g = 61*g = 6h = 0, whence, by exactness, g € ¢*(CPTH U, F)).
So our expression [(¢*)"16g] makes sense but may not be uniquely determined.
If 6g = ¢* f, then ¢*6f = 6¢*f = dég = 0. Thus the injectivity of ¢* implies
that 8f = 0. So dg € ¢*(ZP+L (U, F)).
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266 Chapter 6: Cousin Problems, Cohomology, and Sheaves

It remains to check that when [h] = 0, that is, h € BE(U,H), then
(¢*)"16g € BPYY(U,F). Now h € BE(U,H) implies that h = bk, some k €
05—1(1/{’7_[)- The surjectivity of ¥* yields an m € Cg*l(u,g) with ¥*m = k.
But then dm — g (with g as in the first paragraph) satisfies

Y om—g)=¢ém—yYg='m—-h=38k—-h=0.

By exactness, we have dm — g € ¢*(CP(U,F)); say that dm — g = ¢*p, some
p € CP(U,F). Then

—6g = 6(6m — g) = 6¢*pu = ¢* 0 € ¢*(BPYHU, F)). 0

THEOREM 6.2.13 (The Snake Lemma)  The sequence

0 — HWU,F) S 5w, ¢) L HYU,H) S HY(U, F)
S HWU,G) B HYUH) S HAU,F) — -

is exact.

Proof

Exactness at HP(U,F): Reviewing the proof of Proposition 6.2.12, we note
that the image of &* in HP(U,F) is precisely the set of cohomology classes
determined by ZP(U, F) N (¢*) {BF(U,G)}. On the other hand, the kernel of
¢* in HP(U, F) must be the subgroup of (¢*) " 1{BP(U,G)} that lies in ZP(U, F).
(Note that exactness at the stage H(U, F) is trivial.)

Exactness at HP(U{,G): That Image ¢* C Ker " is immediate. Conversely, if
lg] € Kerv*, then let g € ZP be a representative for [g]. Then ¢*g € BY (U, H),
so Y*g = 8f for some f € CP™' (U, H). Referring again to Figure 6.4, we see that
since v is surjective, there is an e € CP~1(U,G) with ¢*e = f. But then

P9 —de) =Yg -y 0e =0f —dye=46f —46f =0.

Therefore, g — de € Ker9* on the cochain level. Thus there is an h € CP(U, F)
with ¢*h = g—~de. Also, ¢*6h = d¢*h = 6(g—Je) = 0—0 = 0. Since ¢* is injective,
we conclude that 6k = 0, hence h € ZP. Finally, ¢*[h] = [¢*h] = [g — de] = [g],
as desired.

Exactness at HP(U,H): If [g] € HP(U,G), then 6*¢*[g] = (¢*)"*8[g] by
definition of §*. But dlg] = 0 and ¢* is univalent. Hence §*¢*[g] = 0.

Now suppose that [h] € HP (U, H) satisfies 6*[h] = 0. This means, according
to the definition of §*, that there is a ¢ € CP(U,G) with ¢*g = h and 6*[h] =
(¢*)~16[g] = 0. Set =z = (¢*)"18g. Then z is a coboundary, so z = dz; for some
z1 € CP(U,F). Let f =g— ¢*x1. Then §f = dg — ¢ 6x1 = 69 — ¢*x = 0. Hence
f € ZP(U,G). Finally, ¥*{f] = [¢¥*g — ¥*¢*z1] = [¢¥*g] = [h], as desired. O
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In the ensuing sections we apply the long exact cohomology sequence of
Theorem 6.2.13. However, we first wish to eliminate the need for the special
groups HJ. If Ul = {U;} e is an open covering of X and V = {V;};cs is another
open covering that refines U, let ¢ : I — J be an affinity function for these
coverings. Then, as above, ¢ induces a homomorphism

o*: HS(U, H) — H{(V, H)

(where we continue to use the notation of the Snake Lemma).

LEMMA 6.2.14 Assume that X is a paracompact manifold. Let & = {U;};es
be an open covering of X and g € CP(U,H). Then there is a refinement ¥V =
{Vi}ier of U and an affinity function o : I — J such that o*g € C§(V, H).

Proof By passing to a refinement, we may suppose that U is locally finite.
Also we may choose open sets {W; } ;e such that U;W; = X and W; C U}, each
j. Now we claim that each z € X has an open neighborhood V, satisfying the
following conditions:

(6.2.14.1) If se JP L and x € Usy, N--- N Us, = Us, then V; C U, and there is
a pu € '(Vy,G) such that Popu=g.

(6.2.14.2) If z € W;, then V, C W;.
(6.2.14.3) If V, N W; # 0, then V, C U;.

To see that such V, exist, note that the fact that the manifold is normal and
that U is locally finite makes all the assertions but the second part of (6.2.14.1)
trivial. But the latter follows from part (6.2.2) of the definition of sheaf. For
each z € X, let p(x) € J be such that x € W,(,. By (6.2.14.2), we know that
Ve €Wy lfzg,...,2p € X and Voo NNV, # f, then V, N Wiz # 0
for all k = 0,...,p. Hence, by (6.2.14.3), Voy C Upze) N+ NUp(z,)- It follows
from (6.2.14.1) that 9p(z0)plap) € T(Ug,N---N UZP,H) CT (Vg n---N pr,'}‘()
satisfies g,(z0)---p(a,) = % © p for some p € T(Vy, N -V, ,G). Now let V = {V;}
be a locally finite refinement of the covering {V,}zex of X. If 0 : I — J is
an affinity function such that z € V; implies p(z) = o(4), then, by definition,
o*g € CY(V, H). O

COROLLARY 6.2.15 If X is a paracompact manifold, then the canonical map
X of the direct limit of HE (U, H) into HP(X,H) is a surjective isomorphism.

Proof  Denote the direct limit of Hj (U, H) by HE(X,H). The surjectivity is

immediate from Lemma 6.2.14. For the injectivity, it suffices to observe that if
U is an open covering of X ,then

CP(U,H) N BP(U, H) = BE(U,H). o

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



268 Chapter 6: Cousin Problems, Cohomology, and Sheaves

THEOREM 6.2.16 If X is a paracompact manifold and 0 - F — G —
‘H — 0 is an exact sequence of sheaves of abelian groups over X, then there is a
long exact cohomology sequence:

0 — HYX,F)—- H%X,G) - H*X,H) - H(X,F)
— HYX,G) - HYX,H)— ---
Proof  Combine Theorem 6.2.13 and Corollary 6.2.15. a

Remark: Notice that in Theorem 6.2.16 we did not specify what the maps
are in the exact sequence. In applications of exact sequences, it does not matter
what the specific maps are. What is important is the relationship specified by
the exactness of the sequence. 0

6.3 Dolbeault Isomorphism

Let Q C C™ be a domain. Let AP4(€)) denote the module of (p,¢) forms on Q
with C coefficients. Consider the long semiexact sequence

0,0 oo A 0.1 8y,
AN A

This is the Dolbeault complex. The associated cohomology classes are

0,2 5y 5

HE(Q) = Kerdy,/Imagedop—1, p>0;
H%(Q) = Kel‘goyo, p:0.

Now let O be the sheaf of germs of holomorphic functions on 2. We wish to
relate H9(Q2, O) and H}(Q).

THEOREM 6.3.1 (Dolbeault) Let QO C C" be an open set and U/ an open
covering of £ by domains of holomorphy. Then HP(Q,0) = HP(U,O) = HR(Q),
every p > 0.

Remark: This theorem says two things: (1) that two different cohomology
theories are the same and (2) that a covering consisting of cohomologically trivial
open sets (whose intersections are also cohomologically trivial—recall Corollary
3.4.7) already contains all the cohomological information about £2. Notice that
when p = 0 then the theorem trivially holds because, by fiat, all three cohomology
groups equal T'(2, O). O
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6.3. Dolbeault Isomorphismm 269

Proof of Theorem 6.3.1 Let £9 be the sheaf of germs of (0,q) forms with
Ccoefficients and Z9 the subsheaf consisting of germs of 9-closed forms. Now
the sequence

0—>Zq$gq32q+lao
is exact. This assertion is trivial at Z9. At £9 and Z9"' the exactness follows
because for each x € § and neighborhood w of z, there is a polydisc D™ such
that z € D™ C w. And the 9 problem is solvable on polydiscs subject to the

usual compatibility conditions (this is just the Poincaré lemma). Now, as usual,
we have the exact sequence

0— CP(U,2%) — CPU,EY) — CEU, 27y — 0.
However, because each U; is a domain of holomorphy, because intersections of
domains of holomorphy are domains of holomorphy, and because the 9 prob-
lem can always be solved on domains of holomorphy, we may conclude that
C8(U, 29"y = CP(U, Z7F1). Hence

0— CP(U,Z7) — CP(U,E9) — CP(U, Z29T1) — 0.

is exact. There follows the long exact cohomology sequence

0 =D 29) -T(Q,E8) —T(Q,27)
— H'U, 29 — H' U, — H' (U, Z7H)
— H?*(U, 29 — H*(U,ET) — ---. (6.3.1.1)

To exploit (6.3.1.1), we notice that H?(U,E9) = 0, every p > 0, by the
exercise for the reader following 6.2.7. (Note here that £ is a sheal of C*
modules, whereas Z7 is definitely not; this observation arises repeatedly in the
subject and causes a great deal of trouble.) We conclude that

0— HP(U, 27 — HPY N U, 29 — 0
is exact, all p > 0. In other words,

HPU, 29" = gPH U, 29),  allp > 0. (6.3.1.2)

Likewise,

1, & r@, 27 & U, 29 — 0
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270 Chapter 6: Cousin Problems, Cohomology, and Sheaves

is exact. By elementary algebra,
HY (U, Z29) = T(Q, 2771 /8" (Q,£9) = HLT (). (6.3.1.3)
Thus we obtain

HP(U,O) HP(U, 2% = HP~ YU, 2" ) = ...

Il

1

where we have used (6.3.1.2) iteratively. Now by (6.3.1.3), the last line is iso-
morphic to H}(£2). It remains to notice that every open covering of {2 has a re-
finerment by domains of holomorphy (for example, polydiscs) so that H?(Q,0) =
HY(Q), as desired. O

COROLLARY 6.3.2 1f € is a domain of holomorphy, then H?(Q,O) = 0 for
all p > 0. Indeed, HP (U4, Q) = 0 for any p > 0 and any covering U consisting of
domains of holomorphy.

Proof  Apply 4.6.12 to the theorem. O

Remark: Recall that H°(Q, O) is canonically isomorphic to the space of all
holomorphic functions on 2. So of course it will not be 0. O

The argument that we have used to prove Dolbeault’s theorem was devised
by A. Weil to give a proof of de Rham’s theorem. We now formulate and prove
both the real and complex versions of that theorem. Just as with the theorem
of Dolbeault, any cohomology isomorphism of this sort must begin with a local
triviality statement.

LEMMA 6.3.3 (Poincaré Lemma)  Let U C RY be a rectangular open N-cell:
U={zecRY:q;<z;<b:i=1,...,N}L (6.3.3.1)

Let v be a d-closed (k+ 1)-form on U, k > 0. Then there exists a k-form v on U
such that du = .

Proof  The argument is elementary and well known. But it is a classic, so we
include it for completeness.

The proof is by induction on m, where the form 7 is hypothesized to include
only the differentials dx1,. .., dz,,. For the case m = 1, we have v(x) = g(z) dz;
for some smooth function g; the condition dy = 0 means that d¢/0z; = 0,j =
2,...,N. We apply the fundamental theorem of calculus to the function g in the
z1 variable to obtain a function u on U with du/8z1 = g and Ou/dz; = 0,5 =
2,...,N. Then du = = as desired.

Now assume the result for m — 1. There is no loss of generality in assuming
that we are dealing with a form of pure degree k+1. If -y is a (k+1)-form involving
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only the differentials dzx1, ..., dz,, then we may write v = a Adz,, + 3, where o
is a form of degree k, 3 is a form of degree (k + 1), and neither « nor 3 involves
the differentials dz,,, ..., dzy. By hypothesis,

0=dy=daANdx,+ds.

Notice that dF is a sum of terms, each of which involves either a subset of
{dz1,...,dzy} or a subset of {dz1,...,dTm_1,dTmy1,--.,dzx}. In particular,
no term of df involves both dx,, and dx; for some j > m. It follows that da A dz,
has the same property so that da has no terms involving dz;,j > m. Since a
itself has no such term, we conclude that the coeflicients of o do not depend on
Tm41y---3 TN

Write o = ) o, da?*. For each p, let aj, be an antiderivative of o, in the
variable z,,. Set a* = ., @, dz#. Notice that we may assume that o, does not

depend on 11, . .., 2T, for every p. In conclusion,
. ja oas,
da™ = dx; Adz" + dep, A a
— 6xj
j=1
N 3(1; .
j=m+1l p
= I+II+1III

Observe that I1] = 0. Hence
do* = dx,, A o+ (terms involving only dzy,...,dTm_1).

Thus v+ (—1)*+1da* involves only dz1, ..., dz, 1. And d(y+(=1)**1da*) = 0.
Finally, v+ (=1)*¥*1da* is a form of pure degree k+ 1. So the inductive hypoth-
esis applies and there is a k-form u* such that du* = v+ (—1)**'da*. But
then u = u* — (—1)**'a* satisfies du = v as desired. This completes the
induction. (]

Let v be a (p,0) form on U C C™. Call v a holomorphic p-form if its
coefficients are all holomorphic functions.

LEMMA 6.3.4  Let U C C” be a polydisc. Let vy be a 0-closed holomorphic
p-form on U,0 < p < n. Then there is a holomorphic (p — 1)-form u on U such
that Ou = .

Proof  The proof is left as an exercise. Mimic the proof of Lemma 6.3.3.
Replace the fundamental theorem of calculus with the standard construction of
primitives using line integrals (see Lemma 2.2.2). o
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Let us call a covering = {U,} of @ C RY d-simpleif for cach U;,,...,U;, €
U and each d-closed k-form v on U;, N---NU;, with k > 1 thereis a (k — 1)-form
uon Uy, N---NU;, such that du = v on §2. (Similarly, we call a coveringtf = {U;}
of Q C C" 9-simple if for each U;,,...,U;, € U and each d-closed holomorphic
p-form v on U;; N ---NU;, with p > 1 there is a holomorphic (p — 1)-form u on
U;, N---N U, such that du = on 2.)

Now if @ C RY is a domain, we let D* be the sheaf of germs of k-forms
over ) and V* the subsheaf of d-closed forms. (Notice that V0 is the constant
sheaf C x §2.) We have the short exact sequence

0— Y& LDk yktl g

where exactness at D*, Y*t1 follow by Lemma 6.3.3. We also have the de Rham
complex

A BAYO) B AZQ) - -

where AF(€2) denotes the space of k-forms on § with C™ coefficients. We may
thereby define the de Rham cohomology groups

HY .(§)) = Kerd,/Imaged,_1, p>0,
HY%5(Q) = Kerdy=C.

Now the de Rham theorem relates the de Rham cohomology to HP{, V%) =
HP(Q,C).

THEOREM 6.3.5 (Real de Rham Theorem) If O C R¥ is an open set
and if U = {U,},cs is a d-simple covering of 2 (e.g., if the U; are rectangular
cells as in (6.3.3.1)), then for p > 0 we have

HE () = HP(Q,C) = HP(U, C).

Proof The proof is left as an exercise. Imitate the proof of Theorem
6.3.1. O

Notice that Theorem 6.3.5 imposes no special hypotheses on the domains
being studied. This theorem is a theorem of real analysis/topology; therefore
domains are (locally) indistinguishable.

Finally, we formulate the complex de Rham theorem. Denote the holo-
morphic p-forms on 2 C C™ by A},(Q). Note that A}, () is simply the set of
all holomorphic functions on Q. Let D%, be the sheaf of germs of holomorphic
p-forms on Q. Let Y7 C D%, be the subsheaf of germs of J-closed holomorphic
p-forms on 2. Then the sequence

00—y, Spr Loyett Lo

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



6.3. Dolbeault Isomorphism 273

is exact by Lemma 6.3.4. We also have the holomorphic de Rham complex

0 8o 1 81 2
/\HH/\H_)/\H_}”.
and may define thereby the holomorphic de Rham cohomology groups

HY prt(Q) = Kerd,/Imaged,—1 p >0,

Now a line-by-line repetition of the proofs of the preceding two theorems yields
the holomorphic de Rham theorem.

THEOREM 6.3.6 Let Q C C™ be an open set such that for every p > 0 and
every k > 0 we have H*(Q,D}) = 0. Let U = {U;};e; be a d-simple open
covering of . Then, for k > 0, we have

HE () 2 HH(Q,C) 2 HF(U,C).

COROLLARY 6.3.7 1If Q satisfies the hypotheses of Theorem 6.3.6, then
H*(Q,C) =0,k > n.

Proof  Trivially, HY ., (Q) = 0. O

COROLLARY 6.3.8 If Q C C™ is a domain of holomorphy and I/ is a d-simple
open covering of §2, then

HE 10,(Q) = H¥(Q,C) = H*U, C).

Proof By Theorem 6.3.6, we need prove only that Hk(Q,D%) = 0, for all
k > 0,p > 0. But this is equivalent to the assertion that H*(Q,0") = 0, all
k > 0,7 > 0. And the latter assertion follows just as in the proof of the Dolbeault
theorem. O

Here is an alternative approach to the de Rham theory that is of indepen-
dent interest.

LEMMA 6.3.9 Let Q € C™ be a domain of holomorphy. Let f be a differential
form on Q with df € A®Pt19) Then f is cohomologous to a form f* of type (p, 0);
that is, f — f* = dg for some differential form ¢ of degree p — 1. In particular,
df = df* € APHLO) 50 that 9f* = df = 0.

Proof  Write f = Y_F_, fp—j;, each f,_;; a C* form of type (p — j,j). We
prove the result by induction on the complexity of f. First, if f = f,0, then
we are done trivially. Now su%pose that £ < p and that we have proved the
result for f of the form f =3 J;S fp—j.; (in what follows we shall refer to such
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expressions as having “order of complexity” (k — 1)). We then prove the result
k .
for forms 3 5 fp—j,;- By hypothesis,

k—1

(p+1,0) _ _ _
N sdp=0f+0f=0f +0 foss | +0foin.

7=0

The last term here is the only one of type (p — &, &k + 1), so it must be 0. Since
Q is a domain of holomorphy, it follows that there is a u € AP~%*~1 such that
Ou = fp_ k. Hence

k k—1
f —du = Z fp—j,j — Ou — 5’& = pr—j,j — Ou.
7=0

7=0

We may apply the inductive hypothesis to f —du, since d(f —du) = df € A(P+1.0)
and f — du is of order of complexity & — 1. Thus f — du is cohomologous to
some f* € A®O, That is, (f — du) — f* = dv, for some v. In conclusion,
f = f* =d(u+v), as desired. O

It follows from the lemma that when €2 is a domain of holomorphy, then
each cohomology class in HY, ,(2), p > 0, has a representative of the form
f € APO(Q). (Results of this nature are fundamental to the cohomology in-
duced by differential forms. The celebrated Hodge conjecture concerns harmonic
representatives for cohomology in the middle dimension.) Moreover, if p > 1 and
f is cohomologous to 0—that is, f = dg—then g may be chosen to be in AP~1.0),
Since d = 8 + 0, we may suppose that dg = 0, that is, that g has holomorphic
coeflicients.

Likewise, since df = 0, we have 0f = 0; hence f has holomorphic coeffi-
cients. In conclusion,

HY 5 (Q) = HY (), all p>0.
Therefore, using 6.3.6, we have

THEOREM 6.3.10 If Q C C" is a domain of holomorphy and if U = {U,} is
a O-simple open covering of €} (e.g., by polydiscs), then for k£ > 0 we have

HP py () 2 HE p(Q) = HY(Q,C) = H*(U, C).
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6.4 Algebraic Properties of the Ring of Germs
of Holomorphic Functions

Let 0 € €™ and let Oy be the ring of germs of holomorphic functions at 0. We
wish to explore the structure of this ring. We assume familiarity with the follow-
ing standard ring-theoretic terminology: ideal, mazximal ideal, integral domain,
unit, prime (irreducible) element of a ring, reducible element of a ring, princi-
pal ideal domain (PID), Noetherian ring, Artinian ring, valuation, and unigue
factorization domain (UFD).

A ring is called local if it has a unique maximal ideal. Two elements «,
of a ring R are called equivalent if there is a unit v € R such that a = uf.
All of this terminology is discussed in detail in Herstein [1], M. Atiyah and L.
MacDonald [1], S. Lang [1], and B. L. van der Waerden [1].

The following lemmas may be considered exercises or may be found in the
aforementioned references. Let R be a ring.

LEMMA 6.4.1 (Gauss’s Lemma}  Let R be an integral domain and let k£ be
its quotient field. If p € R|[z] is irreducible over R[z], then p is irreducible over

Proof  See Lang [1, p. 127]. O
LEMMA 6.4.2 I Ris a UFD, then R|[7] is also a UFD.

Notice that if 0 € C", then Op is an integral domain. A germ v € Op is a
unit if and only if some representative g for v satisfies g(0) # 0; an equivalent
condition is that the constant term in the power series expansion for g about 0
not be 0. The condition holds for one representative if and only if it holds for all.

In particular, any proper ideal V C Oy consists only of elements that vanish
at 0. So the unique maximal ideal in Oy is {|g] € Op : g(0) = 0}. We thus see that
Oy is a local ring. Although Oy is not a PID (consider the ideal generated by
[21], [22]), it does turn out to be Noetherian. It is not Artinian (the descending
chain consisting of the principal ideals ([z1]), {[2%]), {[2}]), - . . does not stabilize).
The ring Oq does turn out to be a UFD, as we shall see later.

The Weierstrass preparation theorem and the Weierstrass division theorem
are the starting point for any study of the algebraic properties of the ring of
germs of holomorphic functions. The preparation theorem says that each germ
of a holomorphic function is in fact a monic polynomial of one variable (with
coefficients in the other variables) times a unit. The division theorem says that,
subject to appropriate normalizations, Oy is a division ring.

DEFINITION 6.4.3 Let f =) a.z® be holomorphic in a neighborhood of
0 in C™. Define ord f, the order of f, to be the least |c| for which a, # 0.

Exercise for the Reader
The function ord is a valuation on the ring Oy.
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If ord f = k, then there is a nonsingular linear change of coordinates so
that, in the new coordinates, the coefficient of 2% is 1 (exercise). When f is of
this form, it is said to be normalized (with respect to the variable z,) of order

k.

DEFINITION 6.4.4 A function f, holomorphic in a neighborhood of 0 &
C™, is called a Weierstrass polynomial of degree k if, using the notation z’ =
(21, -, 2n—1), we have

Fz,zn) = (2 20) = 28+ ap—1(2)2E 7+ - + a1 (2)2n + ao(),

where the a; are holomorphic functions (not necessarily polynomials) in a neigh-
borhood of 0 € C"~? and a;(0) =0for j =0,...,k— 1.

Tt will be useful to let Of denote the ring of germs of holomorphic functions
in the variables 21, . . . , 2, 1. So Weierstrass polynomial P is an element of Op[z,).

THEOREM 6.4.5 (The Weierstrass Preparation Theorem)  Let f be
holomorphic in a neighborhood of 0 € C™. Assume that f is normalized of order
m. Then in a small neighborhood of 0, the function f may be written in a unique
way as

where u is a unit in Oy and
W(z) =274 an_1(2)2™ 1+ + ap(2)

is a Weierstrass polynomial.

Proof (Siegel) We may assume that m > 1. Notice then that f(0,0) = 0.
Choose 7 > 0 such that f(0,re?) # 0 for 0 < @ < 27. By continuity we may
choose a number h > 0 such that f(2/,2,) # 0 for |2’| < h,|2,| = 7. The function

N(Z) = 1 Of(,2n)/ 02y

= dzp,
2mi |zn|=7 f(zl7zn)

counts the number of zeros {counting multiplicity) of f(z’,-). Since N is a con-
tinuous, integer-valued function for |2'| < h, it is constant. Say that N(z') = ¢
when |2/| < h. For each such 2z, let 1 (2), - - -, (2') denote the zeros of f(z7, ),
counting multiplicities. Shrinking r if necessary, we may assume that a;(0) =0,
all 7, and that £ = m.
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~ If ¢ is a holomorphic function of a single complex variable in a neighborhood
of D(0,7), then it holds that

To(2) =Y la;(2)) = %Z{ _ ¢(zn)~%d%. (6.4.5.1)

J=1

For the functions ¢(w) = wF,k = 1,...,m, we obtain the following symmetric
functions of the roots o; :

whose roots are a1 (2'), - -, @, ('), are polynomial combinations of the functions
J1(2'), ..., Jm(2). Notice that, by (6.4.5.1), these are holomorphic functions of
z! for |2'| < m. Also, when z’ = 0, then oy = -+ = ay, = 0. Hence J;{0) =
oo = Jnp{0) = 0. Thus W is a Weierstrass polynomial.

Define u(z’,zn) = f(#', zn)/W(2', z,). For each fixed z’, this is a holomor-
phic function in z, except possibly at a;(2'),. .., amn(2'). But these singularities
are removable by construction. So u(z’,) is holomorphic, each z’. Thus, for any

lzn] < 1,
/ 1 w7, ¢)
) Zn dg.

B 2me ¢|=r C — Zn
This formula makes it clear that w is holomorphic in |2'| < h (for f and W are
nonvanishing when |z,| = r, |2'| < h.) It follows from Hartogs’s theorem that u
is holomorphic. It is a unit by construction. So we have the decomposition
f=u-W
For uniqueness, suppose that
’Z,L1W1 = UQWQ. (6452)

Then, setting 2’ = 0, we obtain

w1 (0, zn ) 2" = u2(0, 2n) 2"
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or

u1(0, zp) = ua(0, 2,).

Differentiating both sides of (6.4.5.2) with respect to z;,7 = 1,...,n — 1, and
setting z/ = 0, yields

6u1 m 6W1 . BUQ m aWQ
BE;(O’ZTL)Z” +u9(0, z,) o7, (0,2,) = 52, (0, z) 27" + u2(0, z) o, (0, z,).

For z, small, counting degrees in z,, we see that

Juq _ Oug

- (0,2,) = oz,

0, 2,), j=1,...,n— 1.

Continuing, we conclude that u; (-, z,) and us(-, z,,) have the same power series
expansion about 0, so that u, = uz. We conclude that Wy = Wa. O

THEOREM 6.4.6 (The Weierstrass Division Theorem) Let W be a
Weierstrass polynomial of degree k. Let f be holomorphic in a neighborhood of
0 € C™. Then, in a small neighborhood of 0, the function f may be written in a
unique fashion as

f=W-q+r

where 7 is a polynomial in z, of degree less than k with coefficients that are
functions of 2’ = (21,...,2,-1) and ¢ is holomorphic. (Note that, in general, v
will not be a Weierstrass polynomial.)

Proof  First we consider uniqueness: If
g -WHri=qg -W+ry=f

then

7‘1*7“2:((]2—‘11)'W~

1t follows that r; — 79 is a polynomial of degree not exceeding k — 1 in z,, with
k zeros (counting multiplicity) in z,. Thus r; — 72 = 0. Therefore, ¢1 = ¢o.
For existence, we note that there is a change of coordinates such that both
W and f are normalized at 0 and W is monic (exercise). Say that f has degree
m as a polynomial in z,.
If m < k, then we may write

F=W-0+f
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and we are done. If m > k, then we may apply the Euclidean algorithm for
polynomials of one variable to write f = W - ¢ + r, with the degree of r (as a
polynomial in r,) not exceeding £ — 1. O

Remark: It is also possible to construct ¢ and r using Cauchy integrals, much
as in the proof of the preparation theorem. We leave details to the reader, or
see L. Bers [1]. A unified treatment of these two theorems is in S. Lojaciewicz
[2]. 0

LEMMA 6.4.7 Let f,g,W be holomorphic near 0 € C". Assume that f is a
polynomial in z, with coefficients that are holomorphic functions of 2’ and that
W is a Weierstrass polynomial. If

f=g9-W,

then ¢ is also a polynomial in z, with coeflicients that are polynomials in z’.

Proof This is a special case of the uniqueness portion of the division
theorem. O

Exercise for the Reader
The lemma is false in general if W is not a Weierstrass polynomial.

LEMMA 6.4.8 Let f,g,W be holomorphic near 0 € C" and suppose that W
is a Weierstrass polynomial and that f, g are polynomials in z, with coefficients
that are holomorphic functions of z/. f W = f . g, then {up to an invertible
factor that is a holomorphic function of z’ only and independent of z,) both f
and g are Weierstrass polynomials.

Proof  Let the degrees of W, f, g (in the z,, variable) be «, 3, , respectively.
Write 28 = 2817 = W(0, z,) = £(0, 2,) - 9(0, ), whence

L (£02) (900,20)
z 2 )
It follows that f, g have leading coefficients that are units and that depend only

on z'; also the lower order coefficients vanish when z’ = 0. Therefore, f,g are
Weierstrass polynomials, up to the aforementioned units. O

PROPOSITION 6.4.9 The ring Oy is a UFD.

Proof  We proceed by induction on dimension. For n = 1, the theorem is
trivial: If [f] € Og has order k, we write f(z) = 2 - g, where g(0) # 0, so that g
1s invertible.

Now assume the result to be proved in 03*1, the ring of germs of holomor-
phic functions at 0 € C*!. Then it also follows (see Lang [1]) that OF ™ '[z,] is
a UFD. We work, without further comment, with representatives of germs. Let
f € Of. We may assume that f is normalized of order k. Then f = u-W by the
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Weierstrass preparation theorem. Note that W € OJ ![z,]. We claim that f is
irreducible in OF if and only if W is irreducible in O '[z,,].

Assuming the claim, we use the inductive hypothesis and Lemma 6.4.2 to
write W = W; --- W,, where the W; are irreducible elements of (95"”71[,2”]. By
Lemma 6.4.8, the W, are Weierstrass. Therefore, f = u- Wy ---W,.. If f could
also be written as f = Vi - - - Vj, then we apply Theorem 6.4.5 to each V; to obtain
f=u W] ---W,, where v is a unit and each W/ is a Weierstrass polynomial.
Since there is only one way to write f as a unit times a Weierstrass polynomial,
we conclude that

Wi W, =W,|.-.-W,.
By the inductive hypothesis,
{Wi,..., W} ={W{,...,W;}.

Hence we are finished modulo the claim.
The claim follows, by taking contrapositives, from the Weierstrass prepa-
ration theorem (exercise). O

PROPOSITION 6.4.10 The ring Oy is Noetherian.

Proof  We proceed by induction on dimension. When n = 1, then all ideals
are principal so the result is trivial.

Assume that the result has been proved for OF ~1 If 7 is a nonzero ideal
in OF, then, after a change of coordinates, we may suppose that I contains an
element o that is normalized of order k with respect to z,. (Now we use the
letter o to also denote a representative for & and do likewise with other ring
elements below without comment.) Dividing out by a unit, we may suppose that
« is a Weierstrass polynomial.

If B € T is arbitrary, then we apply the Weierstrass division theorem to
obtain

B=q a+r
Here the degree of r as a polynomial in z, is less than k. Let
M = {h € T : the degree of h in z, < k}.
Then M is a module over O ~1. Therefore, M is finitely generated (an immediate
application of the Hilbert basis theorem). Let 7v1,...,7, be generators for M.
Then v, ...,7, « generate Z. O
Let f, g be holomorphic on an open set U C C”. If z € U, then 7, f,v.9

are their respective germs at z. We say that v.f,v.9 are relotively prime if
they are relatively prime as elements of the ring O, (equivalently, if their power
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series expansions about the point z have no common factor that is given by a
convergent power series about the point z).

PROPOSITION 6.4.11 Suppose that 0 € U C C”, that f and g are holomorphic
on U, and that v f, 709 are relatively prime in Oy. Then vy, f and v, g are relatively
prime in O, for all z sufficiently close to 0.

Proof We may assume that f and g are Weierstrass polynomials. Letting
QO be the ring of germs in z1,...,2z,_1, we have by Lemma 6.4.8 that vof
and ~ypg are relatively prime in O {[z,] (note that this observation is not trivial:
The ring Of|z,| is smaller than Op, but it also has fewer units). If Mj is the
quotient field of Of, then Gauss's lemma (Lemma 6.4.1) implies that vof and
~Yog are relatively prime in M{[z,]. But this means, by definition, that the ideal
generated by vof and g in Mjlz,] is all of M{[z,] (note that Mj(z,] is a
PID, so that if (vof,Y0g) were not the entire ring, then its generator would be a
common factor). Thus there are f),§s € Mj|z,] with

I=fi-f+q-9g
near 0. Clearing denominators yields
MZ')=fi-f+ag -9,

where h is the least common denominator. But any common factor p of v, f, 7.9
would necessarily be normalized with respect to z, (since f and g are) and so
p may be taken to be a Weierstrass polynomial. Since it follows that p divides
h(z") at z, it must therefore be a unit. We conclude that v.f and v.g are
relatively prime. O

6.5 Sheaf of Divisors, Chern Classes, and the
Obstruction to Solving Cousin II

Let @ C C™ be a domain. For each z € , let O, be the ring of germs of
holomorphic functions at z. Then O, is a commutative integral domain, so we
may consider the quotient field M,. We let M = U,cq M, and define 7 : M — )
by 7([a/B]) = z for [a/8] € M,. To make this a sheaf under addition and
multiplication, we need to topologize M. If ¢ € M,,, then by the fact that O
is a UFD we may choose f and g holomorphic near zy that are coprime at zg
with g = [f]/[g]- Then, by Proposition 6.4.11, there is a neighborhood U of z
on which f and g are still coprime. Define a neighborhood of ¢ in M by

{wf/vwg yelU}
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where, as usual, v, f, v,g represent the equivalence classes in O, of f, g respec-
tively.

We call M, the ring of germs of meromorphic functions at z and (M, Q, )
the sheaf of germs of meromorphic functions on ). A meromorphic function on
an open set U C ) is an element of T'(U, M). We now list a number of properties
of meromorphic functions that the reader is invited to verify (assume that U is
connected):

(6.5.1) The meromorphic functions form a field.

(6.5.2) Near a point, a meromorphic function is given by the quotient of two
holomorphic functions.

(6.5.3) If f is meromorphic, f = fi/fs near zy, and fo(zg) # 0, then f is
holomorphic near zj.

With notation as in (6.5.3), and f1, f2 coprime at zy (and hence near zg), we
call zy regularif fo(zg) # 0, a poleif f2(z) = 0 and f1(20) # 0, and indeterminate
if fa(z0) = fi(zo) = 0. The following properties are easy exercises (here the
dimension 7 is at least 2):

(6.5.4) The set R of regular points is open. Also, f| r is holomorphic.

(6.5.5) Poles of f are never isolated (because the zeros of a holomorphic function
are never isolated). If P denotes the set of poles of f, then P is never open,
but P UR is open.

(6.5.6) If p € P and M > 0, then there is a neighborhood U of p such that
|f] > M at points of U \ {p} on which f is defined.

(6.5.7) An indeterminate point may or may not be the limit of other indeter-
minate points. However, if p is indeterminate, then either there are p; € P
with p; — p or there are r; € R with r; — p. If fi, fo are coprime, then
both eventualities occur.

(6.5.8) If p is an indeterminate point and U is any neighborhood of p, then
f (U\ {p} assumes all complex values {assuming that the dimension is at least
two).

We let O C M denote the subsheaf of germs of holomorphic functions.

Exercise for the Reader
Let 2 C C™ be a domain. Then Cousin 1 is always solvable on 2 if and only if
every section of M/O = U, M, /O, is the image under the quotient map of a
section of M (see Figure 6.5).

Let M* C M be the sheaf obtained by removing the zero section. Let
O* C M* be the invertible holomorphic elements. Then we may define the
sheaf M*/O* = U, M%/O. Here the quotient is taken in the multiplicative
group M*. The sheaf M*/O* is called the sheaf of germs of divisors on Q. A
section of M*/O* is called a divisor. A divisor is called integral if the germ
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at each point is the germ of a holomorphic function. If U C X is open and
o € T(U, M*/O*) is a divisor, then we call a principal if it can be pulled back
to M*. That is, « is principal if there is a section o/ € I'(U, M*) such that
go &' = « (see Figure 6.6).

The following is a form of Cousin II that is pertinent to the study of mero-
morphic functions.

COUSIN II FOR MEROMORPHIC FUNCTIONS Let 2 C C™ be a
domain. Let U = {U,},c; be an open covering, and let F; be meromorphic
functions on U, each ¢, such that F;/F; is holomorphic on U;/U;. Does there
exist a meromorphic F on  such that F'/F; is holomorphic on U; for each i?
(Denote this problem by the name “meromorphic Cousin I1.”)

Exercises for the Reader
1. Cousin II implies meromorphic Cousin II. The converse is also true but is
rather more difficult to see (cf. Hérmander (3, p. 138]).

2. Meromorphic Cousin II is always solvable on €2 if and only if every divi-
sor is principal. (Hint: Call two sets of Cousin data {(F;,U;)}ier and
{(G;,U;)}jes equivalent if {(F;,U;),(G;,V;) : i € I,j € J} is a set of
Cousin data. The equivalence classes are sections of M*/O*.)

We now can prove a necessary and sufficient condition for solving mero-
morphic Cousin II, says that not all divisors need be checked.

PROPOSITION 6.5.9 Every integral divisor on € is principal if and only if
meromorphic Cousin II is always solvable on .

Proof  If meromorphic Cousin I is always solvable, then we have already
observed that every divisor is principal.

Conversely, suppose that every integral divisor on 2 is principal. We will
show that every divisor is a quotient of integral divisors, which is an even stronger
assertion than what is required (and has important consequences, such as The-
orem 6.5.11). Thus let o be a divisor. Let p € © and let F, be a meromorphic
function on a neighborhood N, of p that represents the germ ~y,a. Shrinking IV,
if necessary, we write F,, = A,/B, on N,, where A, B, are holomorphic and
coprime. Let ¢ € N, and, similarly, decompose a representative F, for v,a as
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F, = A,/B,. We claim that A,/A, € O on the intersection of their domains of
definition and likewise for B, /B, (abbreviate these assertions with the notation
Ay ~ A, and B, ~ Bp). This will prove the result, for then p — [A,] and
p — [Bp] are the integral divisors that we seek.

To prove the claim, we note that

A A

EZ ~ B—Z in a neighborhood of ¢;
hence

ApBy ~ AgBp in a neighborhood of g¢.
So
AplAq , AglA, , BplBy, BglB, in a neighborhood of g¢.

Hence A, ~ Ay, By ~ By, as desired. ]
COROLLARY 6.5.10 On any Q C C", every divisor is a quotient of integral
divisors.
Proof  This follows from inspection of the proof of Proposition 6.5.9. 0

THEOREM 6.5.11 (The Strong Poincaré Problem) Let Q@ CC” be a
domain in which meromorphic Cousin Il is always solvable. Let o be a mero-
morphic function on £2. Then there are holomorphic functions A and B on 2
such that A and B are coprime at every point of Q and o = A/B.

Proof By Corollary 6.5.10, we may write [a] = a/b, where a and b are in-
tegral divisors (careful—an integral divisor is not a holomorphic function). By
Proposition 6.5.9, a and b are, in fact, principal. Hence there are elements A and
B of T(Q), M*) that induce a and b, respectively. Then «//(A/B) is locally a unit.
So it defines on all of Q a nonvanishing holomorphic function 8. Thus o = AB/B
is the decomposition we seek, for A and B are holomorphic. (Exercise: AJ and
B are also coprime at each point.) O

Given the material in Section 6.1 and in the present section, we now have
more than sufficient reason to compute the obstruction to solving meromorphic
Cousin II. The long exact cohomology sequence renders the computation easy.

Let 2 C C™ be a domain, and consider the exact sequence

0 O 5 M* 5 M*/O* -0,
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where 4 is inclusion and ¢ is the canonical quotient map. The long exact coho-
mology sequence gives

-k

0 - HQ,09 5 HOG, M) D HOQ, MO
g Q00 S HY QM) S HY(Q, M OY)
% H2Q,07) - - (6.5.12)

Notice that, by the exercises for the reader preceding Proposition 6.5.9, the first
map ¢* takes each element of

H%(Q, M*) =T(92, M*) = {meromorphic functions}

into the equivalence class of meromorphic Cousin II problems that it solves. By
exactness, if # € HO(Q, M*/O*) = I'(Q, M*/O*) satisfies §*3 = 0, then it is
the image of a u € T'(Q, M™*). The converse holds as well. So the set of solvable
meromorphic Cousin II problems is precisely the kernel of § * on H%(Q2, M*/0*).
Therefore, it behooves us to study the image group H'(£2, 0*). We need another
exact sequence.

Consider

072500 -0,

where 7Z is thought of as the subsheaf of germs of constant integer-valued holo-
morphic functions on . Here exp is the map z r— €2™%%. Exactness at O* holds
because nonvanishing holomorphic functions always have local logarithms. By
the long exact cohomology sequence, we have

5

0 — H°(OZ)S HY(Q,0)8 HY(Q,0%)
E g,z S HY(Q,0)7S HY(Q,0)

2 opron S .

*

where we use the notation '6* to distinguish this map from §* of (6.5.12). Now
the composite map C = '6* o §*,

HO(Q, M*/0%) & HY(Q,07) 5 H2(9,Z)

is called the Chern map. It assigns to each set of meromorphic Cousin II data
B € HO(Q, M*/O") its Chern class C(B) in H*(,7Z).

THEOREM 6.5.13 (Oka/Serre) Let 2 C C® be a domain. Let 3 be a
divisor on 2. Then the following properties hold:

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



286 Chapter 6: Cousin Problems, Cohomology, and Sheaves

(6.5.13.1) If § is a principal divisor on €, then C(8) = 0.

(6.5.13.2) If H*(9,0) = 0 (in particular, if Q is a domain of holomorphy) and
if C(8) = 0, then § is principal.

Proof If 8 is principal, then §*3 = 0, hence C(8) = 0.
If HY(Q,0) =0, then
HY(Q,0%) % HY(Q,2)
is injective. Therefore, C' = '6* o0 §*F = 0 implies that §*F = 0. In conclusion, g
is principal. 0

COROLLARY 6.5.14 Let  C C" be a domain. If H1(Q,0) = H?(Q,Z) =0,
then meromorphic Cousin II is always solvable on .

EXERCISES

1. Complete the following outline to relate the cohomology of slices of a domain
to the cohomology of the domain. (Although we shall not develop these
ideas here, it is worth noting that this provides yet another of the classical
approaches to the Levi problem (see L. Bers [1] for details). It also explains,
by way of the Dolbeault isomorphisms, why the property of being a domain
of holomorphy is equivalent to solvability of the problem du = « for a a
O-closed (p, q) form, any g, not just for ¢ = 1.)

Throughout, 2 C C™ is an open set and w = {2z, = 0} N Q # B. Let
U = {U;} be a covering of by polydiscs, and assume that

H™(Q,0) = H(Q,0) =0.

a. Let f € Z"(wNU,O) on w. Then f extends to an element f of C"(U, O)
on .

. Tt holds that 6f = z,§, some § € C"t'(U,O) on Q.

It follows that § € Z"*1(U,0) on Q. )

. There is an h € C"(U, O) on € such that 6k = g.

The cochain f - z,h is an r-cocycle. L ~

There is an F' € C"~Y({U,0) on Q with §F = f — z,h.

= IE‘} satisfies 0F = f.

h. H"(w,0) =0,

2. Complete the following outline to prove Oka’s extension theorem: Let 2 C
C™ be an open set with H'(Q,0) =0. Letw =QN{z:2, =0} f:w —>C

®™ me a0 o
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is holomorphic, then there is an F' : 2 — C holomorphic such that F| = f.

(This is a refinement of Theorem 5.1.1; the proof of that theorem can be

related to the proof that we now present by using Dolbeault’s isomorphisms.)

a. Let U = {U;}2, be an open covering of w by polydiscs, and let Uy = Q\w.
On each U;,7 > 1, there is a holomorphic F; with FilUmw =fLet Fp =1
on Up.

b. Define functions g;; on U; N U; by

Fi(2)—Fi(z} ifi,j £0
9i(2) = Fy— 2 fi20,5=0

Then the g;; are a set of holomorphic Cousin I data for the covering

{Ui}2,.
c. Let {g;} be a holomorphic solution to this Cousin I problem, and define

zn - (1= go) if ze U

Then F is holomorphic on £ and F|,, = f.

3. Use Exercises 1 and 2 to show that if 2 C C" is open and H'(,0) =--- =
H™(Q,0) =0, then Q is a domain of holomorphy. (Hint: Imitate the proof
of Theorem 5.1.2).

4. Verify that the following statements about an open set @ C C” are equiva-
lent:

. £ is a domain of holomorphy.

b. Q is pseudoconvex.

c. H'(Q,0)=0,r=1,...,n.

d. For all f € CF 1(),1 < g <n, with Of =0, thereis a u € Copa—1)(82)
such that Ju = f.

e. For every complex affine subspace p in C", if f : pNQ — C is holomorphic,
then there is a holomorphic F on Q with F| png = f.

o

5. Cohomology of complex projective space
a. Define CP™, complex projective space, to be the set of all complex lines
through 0 in C"*!. Give CP" the structure of a complex manifold by
introducing homogeneous coordinates as follows:

CP" = (C*1\ {0}) / ~,

where z ~ w if z = Aw, some XA € C. Let the notation [z1,...,2,11] be
used to denote the equivalence classes. Let

Ui={lz1,...,zn41] 1 2; #0}, j=1,...,n+ 1L
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Define ¢; : U; — C* by
¢j([21,.. .,Zn+1]) = (Zl/Zj,. . .,Zj/Zj,. -~7Zn+1/zj) .

Then ¢; is a homeomorphism of topological spaces, and each ¢; o ¢ lis
a biholomorphic map on subsets of C™. If U C CP” is open, f: U — C,
then we say that f is holomorphic if f ogf);l is holomorphic in the classical
sense, j=1,...,n+ 1.

b. The manifold CP" is compact. If f: CP™ — C is holomorphic, then f is
constant (use the maximum principle). Therefore, H*(CP", O) 2 C.

c. Trivially, HP(CP",O) = 0 if p > n (use Dolbeault’s theorem). Restrict
attention to CP'. We now compute cohomology using the covering U =
{U1,Us}. Notice that Uy NUsz = {[z1, 23] : 21 # 0,22 # 0} = C\ {0}. Then
HP(U1 NUs, O) =0, all p > 0 (use the Dolbeault theorem). So Leray’s
theorem applies and H?(CP!,0) &~ HP (U, O).

Compute H?(U, O) as follows: Suppose that f is a 1-cochain for the cover
U. Then

o0 o>
_ o L,
f= g a;2] = E a;zy”.

j=—o00 j=—00

Write f explicitly as fi — f2, where {f;} is a 0-cochain on {U; }. Therefore,
HYU,0) =0.
d. Now compute that H°(CP!,DY,) = C, H(CP!,Dj,) = C.

6. Let Q = C?\ {0}. Prove that O(2) = O(C?). Let Uy = {z; # 0}, Uz = {22 #
0},U = {U1,Us}. Then the cover U is acyclic for O (that is, the cohomology,
for p > 1, of U; NU; is trivial). Calculate that dim H'(C?\ {0},0) = oo by
noticing that §C°(U, O) contains no Laurent series with terms 2]* - 27 and
either m or n negative. Of course, HP(C?\ {0},0) = 0 if p > 2. What can
you say about H?(C?\ {0},0)?

7. Let C* denote C\ {0}. Let k,£ € N. Prove that HP(CF x (C*)¥,0) = 0 for
all p > 0.

8. Simplicial cohomology We now discuss a number of assertions about the
cohomology theory generated by simplices in space (this theory is closely
related to, but not the same as, singular cohomology). The interested reader
should verify all assertions.

Let

Ak:{mERkH::I:iZO,i:l,...,k—}—l,Zgji:l}_

See Figure 6.7 for the case & = 2.
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FIGURE 6.7
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FIGURE 6.8

A set S C RY is a k-simplex if there is a surjective affine imbedding
dsgr D —= S IES, T C RY are simplices of dimensions k < £, then S is
said to be a subsimplex of T if ¢g 1, ¢1¢ can be chosen so that the diagram
in Figure 6.8 commutes. Here 1 is injection and vy ¢ is given by

,l/jk,é . Rk+l _ RZ+1

(:L‘l,...,fL‘k+1) — (xl,...,$k+1,0,...,0).

A simplicial complex K C RY is a finite union U;?:lSj of simplices of various
dimensions subject to the condition that if j # £, then either S; NS, # 0 or
S; NS, is a subsimplex of both S; and Se (see Figure 6.9).

If S C RY is a simplex, then its O-subsimplices are called wvertices and
its 1-subsimplices are called edges. A p-simplex is completely determined
by its (p + 1) vertices. Therefore, if S is a simplex and vy, - - -, Va, are its
vertices, we may denote S by (Vag, -+, Va,)-

A p-simplical complex is one for which each S; is a p-simplex. If K
is a p-simplicial complex, then a p-simplicial cochain on K is a function
that assigns to each p-subsimplex of K an integer. The function should be
alternating in the vertices. Denote the collection of p-simplicial cochains by
CP(K,Z). The coboundary operator § : CP(K,Z) — CPT1(K,Z) is defined
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Simplicial
complex

Not a simplicial
complex

FIGURE 6.9

(677> ((Vaoa s 7Vap+1>) = Z(—l)j+177 ((Va07 ) ﬁaj, BN Vozp+1>)

J
for n € CP(K,Z). Then 62 = 0, so
s CPYK,S) S oP(K,Z) S CPY (K, Z) — -

is a complex, and we may form the associated cohomology groups HE(K, Z).
If v, is a vertex of K, then we define St(v,), the “star of v,,” to be the
union of all the simplices in K that have v, as a vertex. The collection
U = {St(v,) : vy € K} is a finite covering of K such that the intersection of
any (p + 1) elements of U is either a p-simplex or is empty. If we ignore the
fact that the elements of I are not open (which fact causes no difficulties),
then we may consider CP(U,Z). If n € CP(U,Z), and if § = (Vay, ..., Va,) IS
a p-simplex in K, then we may define (¢n)(S) = n(ao, ..., ap). Then

¢:C?U,Z) — CP(K,Z).
Moreover, ¢§ = d¢. This equality leads to an isomorphism ¢* : HP (U, Z) —
HE(K,Z). Since K can be subdivided into finer and finer subsimplices with-
out altering H?(K,Z), it follows that

HP(K,Z) = HY(K, 7).
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FIGURE 6.10

If K, K’ are p-simplicial complexes and ¢ : K — K" is a univalent, surjective
simplicial mapping (how should this last concept be defined?), then ¢* (resp.
(¢~ 1)* = (¢*)71) is a group isomorphism (see P. Griffiths and J. Harris [1]
and Lefschetz [2] for further details).

The reader should check that there is no loss of generality to compute
p-cohomology of p-simplicial complexes only.

9. Let [f],[g] be relatively prime germs of holomorphic functions at 0 € C2. If
[h] is another germ, then let mys([h]) = [f][h] = [fh] and likewise for m,.
Then the sequence

00T o2 050,

where p([h], [k]) = [gh] — [fk], is exact. If f, g represent [f],[g] on a small
neighborhood U of 0 and it V = {z € U : f(z) = g(z) = 0}, then we have
the exact cohomology sequence

P\ V,0) 25 HYW A\ V,0) TVERET g v, o).

Prove that the image of the cohomology class represented by 1 in T(U\V, O)
is the cohomology class represented by the Bochner-Martinelli form
(fdg — gdf)/(ff + gg)% in H*(U \ V,O) under the Dolbeault isomorphism.
(Hint: Show that dim(T(U\V, O)/Ker §*) = 1. So the kernel of (my) xmg)”*
is one dimensional. The problem may also be done by direct computation.)

10. Let @ = {a1,...,6,),0 < a; < 1,j =1,...,n Let 2 < k < n, and define
Dy ={z€ D™(0,1): |z1]| € a1,ax < |zx] < 1}. Let @ = D™(0,1) \ UZ_oDx.
Then (D™,Q) is called a simple Euclidean Hartogs figure {see Figure 6.10).
Prove that €) is Reinhardt. Prove also that the logarithmically convex hull
of Qis D™. If F: D" — D C C™ is biholomorphic, then let Q = F(Q). Then
(D,Q) is called a simple Hartogs figure. Give a proof of the tomato can
principle (Exercise 14 at the end of Chapter 3), also called the Kugelsatz,
using simple Hartogs figures.

Let 2 CC C™ be pseudoconvex; prove that if (D, Q) is a simple Hartogs
figure and Q@ C Q, then D C Q. Prove that this property characterizes
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292 Chapter 6: Cousin Problems, Cohomology, and Sheaves

pseudoconvex domains (see H. Grauert and K. Fritzsche [1] for details on
these matters). A generalized Euclidean Hartogs figure is defined as follows:
Fix a = (a1, ...,a,) as before. Choose 1 <k <n — 1. Let

Q = {zeD"0,1):|z] <a;,k<j<n}
k
Ul UJ{ze D™0,1):a; < |z| <1}

=1

Then (D™, Q) is a generalized Euclidean Hartogs figure (of type k). Of course,

a generalized Hartogs figure is the biholomorphic image of a generalized Eu-

clidean Hartogs figure. Show that every simple Hartogs figure is a generalized

Hartogs figure.

For some purposes, generalized Hartogs figures play the same role vis-a-vis

the geometry of several complex variables as do the Eilenberg-Maclane spaces

vis-&-vis algebraic topology. That is, for each 1 < g < n — 1, the generalized

Euclidean Hartogs figure (D™, Q) of type k = g has HP(Q2,0) # 0 ounly for

p =0 or p=gq. It is rather tricky to prove this in general (see A. Andreotti

and H. Grauert [1]). However the following special cases are accessible:

a. The cohomology of a Hartogs figure is independent of the choice of a. So
we take a1 = ay = --- = a,, for the remainder of the problem.

b. Let C™ be fixed, 1 < k < n — 1. Then the generalized Fuclidean Hartogs
figure §2 of type k can be written as the union of £ + 1 product domains.
This will be a Leray cover. Therefore, HP(Q,0) = 0 when p > k.

c. With notation as in (b), show H(Q,0) # 0 when n = 3,k = 1.

11. Let 2 = {z € C" : 1 < 2| < 2}. Calculate H?(Q2, O).

12. Let © € RY be a domain. Formulate a Cousin I problem for continuous
integer-valued functions (use the first example in Section 6.1 as a guide).
Prove that if Cousin 1 is always solvable, then every curl-free vector field is
a gradient.

13. Use what you learned in the preceding problem to prove that if Q@ C C” is
a domain on which the first Cousin problem is always solvable (the usual
one for holomorphic functions), then the equation du = f, f a 0-closed (0, 1)
form, is always solvable. Do this from first principles, using a Poincaré lemma
for the local result. Do not quote one of our cohomology isomorphisms.

14. Let Q C C™ be a domain for which HP(Q2,Z) = 0, some p > 0. Prove that,
as a consequence, HP(£2,C) = 0. (Hint: The right proof is just one line.)
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7 The Zero Set of a Holomorphic

Function

7.1 Coherent Analytic Sheaves

Although Theorems A and B of Cartan are absolutely essential to the modern
theory of several complex variables, they are not germane to the principal theme
of this book. Therefore, we present these two results, together with the Oka
coherence theorem, but we do not prove them. (Comprehensive treatments may
be found in L. Hérmander [3] and in R. C. Gunning [3].) Section 7.2 contains a
number of applications of these results. Our intent with this superficial introduc-
tion to coherent analytic sheaves is to acquaint the reader with the significance
of this language and methodology without burdening him or her with the details
of the (rather difficult) proofs.

Loosely speaking, the theorems of Cartan are vector-valued versions of
the results of Chapter 6. So the proofs consist largely of elaborate inductive
arguments. They contains no fundamentally new ideas: indeed, the concept
of a sheaf, together with Cartan’s theorems, constitutes an effective language.
Without the language, the theorems cannot be formulated; with the language,
new insights are obtained.

The central notion in Sections 7.1 and 7.2 is the concept of coherence. We
proceed now with the necessary definitions.

DEFINITION 7.1.1 Let & C C™ be an open set. A sheaf of O-modules
(F, 8, ) is called an analytic sheaf.

DEFINITION 7.1.2  An analytic sheaf (F,Q,7) is said to be locally finitely
generated if for each z € Q there is a neighborhood U of z in 2 and finitely many
f1,---, fx € T(U, F) such that {[fj]g}le generates F; as an O;-module for each
¢el.

293
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294 Chapter 7: Zero Set of a Holomorphic Function

EXAMPLE Let & C C? be open. Let F C O be the sheaf of germs that
vanish on w = QN {z € C? : 2z = 0}. (Note: If 2 € w, then F, = O.) Then
(exercise) F is a locally finitely generated analytic sheaf. O

EXAMPLE Let U cc Q@ cc C™ Let F C O be the subsheaf of germs
vanishing on 2\ U. Then F is not locally finitely generated at any point of d(U).

O
EXAMPLE  The sheaf of germs of C*° functions over (2, considered as an
O-module, is not locally finitely generated. O

The next lemma makes locally finitely generated sheaves easier to handle in
practice.

LEMMA 7.1.3 Suppose that (F,Q,7) is a locally finitely generated analytic
sheaf, that z € Q, that U is a neighborhood of z in 2, and that fi,..., fx €
(U, F) have the property that [f1].,..., [fx]. generate F,. Then there is a (pos-
sibly smaller) neighborhood U’ of z such that [fi]¢,. .., [fx]c generate F, for all
el

Proof By the definition of “locally finitely generated,” there exist g1,..., 9, €
(U, F), some neighborhood U of z, such that [g1]¢, . . ., [g-]¢ generate F. for each
¢ € U. By hypothesis, there exist a,;(-) holomorphic in a neighborhood of z such
that

k
[gi]z:Z[aij]z[fj]z, t=1,...,7.

By the definition of germ, this identity persists for g;, fi,a;; in a neighborhood
U’ of z. The conclusion follows. a

DEFINITION 7.1.4  If (F,Q, ) is an analytic sheaf, U C () is an open set,
and fi,..., fr € T(U,F), then the kernel of the homormorphism
(f)(f) : Ok — QO
(g)es- o le)s) = D [figsl,

J
is called the (sub) sheaf R(f1,..., fx) C OF of relations among fi1,..., fx-

DEFINITION 7.1.5  Let (F,Q,7) be an analytic sheaf. We say that F is
coherent if

(7.1.5.1) F is locally finitely generated;

(7.1.5.2) For each open U C Q and each fy,..., fi € T(U,F), the subsheaf
R(f1,..., fr) is locally finitely generated.
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7.2. Applications of the Cartan and Oka Theorems 295

THEOREM 7.1.6 (Theorem A of Cartan) Let Q2 C C” be pseudocon-
vex and let (F,Q, ) be a coherent analytic sheaf over Q2. Then for each z € §2, the
O,-module F, is generated by finitely many germs at z of elements of I'(Q2, F).

THEOREM 7.1.7 (Theorem B of Cartan) Let & C C" be pseudo-
convex and let (F,Q,7) be a coherent analytic sheaf over Q. Then, for r > 0,
H(Q,F)=0.

THEOREM 7.1.8 (Oka Coherence Theorem)  Every locally finitely gen-
erated subsheaf of OF is coherent.

Theorem A says that a coherent analytic sheaf has plenty of global sections
(so H°(, F) is large). Theorem B says, among other things, that first Cousin
problems with values in F can always be solved. Oka's theorem provides the
most important examples of coherent analytic sheaves. Notice that the definition
of coherence is local; thus it is not surprising that Oka’s theorem has nothing to
do with pseudoconvexity.

7.2 Applications of the Cartan and Oka
Theorems: The Structure of Ideals

Some of the applications given in this section are repetitions of results that we
have already established. Others are definitely new. The point is to see that
Cartan’s theorems gather many of the ideas in this subject under one great
umbrella.

DEFINITION 7.2.1 A paracompact Hausdorff space M is called a complex man-
ifold of dimension k if there is a covering U = {U;} of M by open sets (we call U
an atlas) and continuous maps ¢; : U; — W, C CP such that each ¢; is one-to-one
and onto and, for all i, j,

gi0¢; " ¢s(UNU;) — ¢;(Us N ;)

is holomorphic. We say that f : M — C is holomorphic if f o qﬁi'l W, - Cis
holomorphic for each i.

DEFINITION 7.2.2 Let @ C C” be an open set and M C  a k-dimensional
complex manifold. We say that M is locally regularly presented if each m € M
has a neighborhood U,, and holomorphic functions fi,..., fn—x such that (i)
the matrix (0f;/0%;) is of maximal rank on Uy, and (ii) M NUp, = {z € Uy, :
fi(z) == fa_i(z) = 0}.
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296 Chapter 7: Zero Set of a Holomorphic Function

Remark: The concept of “regularly presented” addresses the phenomenon
that an abstractly presented smooth manifold can be badly imbedded into space.
For example, the mapping ¢ — (¢, |¢]) badly imbeds the manifold C into C? so
that the image is not regularly presented.

We will also need the concept of a “proper” mapping. Amap f: X - Y
of topological spaces is called proper if f~!(K) is compact in X whenever K is
compact in Y. When X,Y are manifolds in space, then the concept of “proper”
has the following intuitively appealing interpretation: If z; € X and z; tend
to the boundary of X, then f(z;) tend to the boundary of Y. A manifold M is
properly imbedded in 0 € C™ if the inclusion mapping ¢ : M — € is a proper
map. O

DEFINITION 7.2.3  Let 2 C C" be open and M C 2 a properly imbedded,
locally regularly presented complex manifold of dimension k. The ideal sheaf
J = J(M) of M is defined as follows: If z ¢ M, then J, = O,; if z € M then
J. € O, is the submodule of all germs of functions vanishing on M.

Exercise for the Reader
The sheaf J(M) is locally finitely generated. (Hint: After a change of coordi-
nates, the functions f1,..., f,—x may be taken to be the coordinate functions

Z+1y- - - ,Zn.)

THEOREM 7.2.4 Let  C C™ be pseudoconvex and M C 2 a locally reg-
ularly imbedded k-dimensional complex manifold. Then there exist holomorphic
functions {f;}5°, on 2 such that M = {z € Q: f;(z) = 0,Vi}.

Proof  The sheaf J(M) is a locally finitely generated subsheaf of O. By Oka’s
theorem, it is coherent. If p € M, then O, contains the germ [1], and Theorem
A now guarantees that there is an element f, € I'(Q,J) such that [f,], # 0.
This inequality persists in a neighborhood U, of p. Now countably many of the
U, cover 2\ M. The corresponding f,, do the job. a

THEOREM 7.2.5  Let (F,Q,n) be a coherent analytic sheaf, and let {2 be
pseudoconvex. Suppose that there exist finitely many fi,..., fi € T(Q, F) such
that [f1]., ..., [fe]. generate F,, each z € Q. Then for each g € T'(Q2, F), there
exist gi,...,9x € T{Q,0) with ¢ = fig1 + -+ + frgs.

Proof  Consider the exact sheaf sequence
0-R50F 5 F 0,

where [¥([(g1,--.,91)])]. = 2;1fi9;]z, R is the sheaf of relations, and ¢ is the
inclusion mapping. The sheaf R is coherent so, by Theorem B, H!(Q,R) = 0.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



7.2. Applications of the Cartan and Oka Theorems 297

Now the long exact cohomology sequence gives
HO(Q, 0% & 1o, ) S HY(Q,R) = 0.

Therefore, 1¥* is surjective as desired. O

COROLLARY 7.2.6 1If fi,..., fr are holomorphic functions on a pseudoconvex
2 C C™ such that {f;} have no common zeros, then there exist holomorphic
functions gi, ..., gr on £ satisfying Z]. fi9; = 1.

Proof  The functions fi, ..., fi satisfy the hypotheses of the theorem and the
function g =1 € T'(2, 0). So the theorem applies. ]

Remark: The corona problem consists in proving the corollary with the ad-
ditional hypothesis that the f; each be bounded (and ) |f;| be bounded from
zero) and the additional conclusion that the g; each be bounded. This problem
is unsolved in C™,n > 1, both for the ball and the polydisc. There are some
pseudoconvex sets (not smoothly bounded) for which it is elementary to see
that the corona problem fails (see Exercise 7 at the end of Chapter 8). In fact,
by more sophisticated techniques, one may construct a smooth domain that is
strictly pseudoconvex except at one boundary point and for which the corona
problem fails (see N. Sibony [3]). See also Exercise 14 at the end of Chapter 5.

It is curious that there are no known domains in C! for which the corona
problem is known to fail (for the state of the art, see J. Garnett and Peter W.
Jones (1], P. Jones and T. Wolff [1], and L. Carleson [2]). There are also no
known domains in C",n > 1, for which the corona problem is known to have
an affirmative solution. The corona problem has a positive solution for closed
Riemann surfaces of finite genus (E. L. Stout [2]). However, there are Riemann
surfaces of infinite genus for which the corona problem fails (see T. W. Gamelin
20). 0

THEOREM 7.2.7 Let {2 be a domain of holomorphy. Then Cousin I is

always solvable on 2.

Proof  Thesheaf O is coherent by Oka’s theorem. By Theorem B, H(Q, O) =
0. Therefore, Cousin 1 is always solvable on Q. O

THEOREM 7.2.8 Let Q be a domain of holomorphy. Let M C 1 be a
properly imbedded, locally regularly presented manifold. Let f : M — C be
holomorphic. Then there is a holomorphic F' on 2 such that F|,, = f.

Proof Let J be the ideal sheaf of M. Consider the exact sequence

0T 50507 0,
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where ¢ is the quotient mapping. Observe that O/J = O(M) (exercise). The
long exact cohomology sequence yields

HY(Q,0) % HO(Q, 0M)) & HY(9Q, 7).

But H(Q, J) = 0 by Theorem B since J is coherent. Therefore, ¢* is surjective.
O

Remark: Of course, the last two theorems are not new to us. We present them
to show how some of our old ideas fit elegantly into the present new framework.
O

THEOREM 7.2.9 Let  C C™ be pseudoconvex, and assume that 0 € €.
Let f : Q2 — C be a holomorphic function such that f(0) = 0. Then there exist
f1,-.., fn holomorphic on £2 such that z1f1 + - 2z, frn = f on Q.

Proof Let Jy be the ideal sheaf of {0}. Then J is coherent. Moreover, it
is straightforward to check that the functions f;(z) = 2z;,j = 1,...,n have the
property that [fi].,...,[fr]. generate (Jp), for each z €  (for the origin, use
the local power series expansion of f). Now Theorem 7.2.5 applies to give the
desired conclusion. ) m|

The reader will want to compare the elegant proof of 7.2.9 with the long
(and by now rather clumsy) proof of the weaker result given in the second Ex-
ample of section 6.1.

7.3 Zeros of One Holomorphic Function

In Section 7.2 we considered some properties of the ideal of functions vanishing
on a given set. Conversely, it is of interest to consider the zero set of a fixed
holomorphic function. What topological restrictions are there on such sets?
What metric restrictions?

Recall that in one complex variable the zero set of a holomorphic func-
tion must be discrete; and any discrete set is the zero set of some holomorphic
function. In several complex variables, the zero set of a holomorphic function is
never discrete; indeed there can be no isolated zeros. What we shall learn in this
section is that these two apparently disparate facts can be reconciled and can
both be seen to be special cases of a single geometric/analytic fact. We begin
with a qualitative result that is a consequence of the Weierstrass preparation
theorem.

Recall the concept of the resultant (van der Waerden [1, p. 103]): If f =
agtaiz+-- ~+a]-zj and g = bg+biz+- - +b2" are polynomials of one complex
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variable with complex coefficients, then we define

[ a9 a . . . On ]
a9 aq - . - [s 2%
0
0
— ap aq s Ap .
R(f’ g) = det bo b1 - R I+ k
bO bl P bn
. 0
0
L bO bl .o bn_
j+k

Then f and g have a common root if and only if R(f,g) = 0. In particular, f
has a multiple root if and only if R(f, /') = 0.

Recall also the notion of topological dimension (W. Hurewicz and H. Wall-
man [1]):

1. The set @ has dimension —1.

2. The set § C RY has dimension less than or equal to k if each z € S has a
neighborhood basis of open sets U; such that dim ((8U;) N S) <k — 1.

3. The set S has dimension £ if k is the least nonnegative integer such that S
has dimension less than or equal to k but not less than or equal to k — 1.

Exercise for the Reader

A k cell in RY has dimension k. The Cantor set in R' has dimension 0. The
dimension of the set of irrational numbers in R! is 0. Dimension is not quite
subadditive. In fact, dim (AU B) < dim A + dim B + 1.

PROPOSITION 7.8.1 Let f be a holomorphic function that is normalized of
order k on D™(0,7). Assume that f is an irreducible element in the ring of
holomorphic functions on D™(0,7). Write z = (z1,...,2n—1,2n) = (2, 2), and
let D' denote D™~1(0,r) in the variable 2. Let N'= f~!({0}). Then, shrinking,
7 if necessary, there is a set £ C D’ such that E has topological dimension less
than or equal to 2n — 4 and the map

T N\rYE) — D\E

!
z =z

is a k-sheeted analytic covering. In particular, 7 is locally biholomorphic on
N\ 7 Y(E), and the topological dimension of N is 2n — 2.
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300 Chapter 7: Zero Set of a Holomorphic Function

Remark: This theorem is in the vein of an entire class of theorems known
as “resolution of singularities” theorems. Hironaka’s celebrated theorem (see H.
Hironaka [1]) gives a very general framework for creating theorems of this sort.
A self-contained discussion of resolution of singularities theorems can be found
in S. G. Krantz and H. R. Parks [2]. The discussion here is much more ad hoc
and elementary. O

Proof of Proposition 7.3.1 The proof is by induction on n. For the case
n = 1, the result is trivial. In this case, E is empty (since [ is irreducible), N
has topological dimension 0, and D’ is a singleton.

If the result has been proved on D" 1(0,7), let f be normalized of order k
on D™(0,7). Shrinking r if necessary, we write f = u- W with u a unit and W a
Weierstrass polynomial. Write

4 tao(2).

W (z) = 2z + ar-1(2)zy”
Let R(z") = R(W (%', zn),(0/0zn, )W (2, 2,)). Then R(Z') is a holomorphic func-
tion on D’(0,7) that is not identically zero. Let £ C D'(0,r) be the zero set of
R. Shrinking r if necessary, we have by induction that the topological dimension
of E does not exceed 2n — 4. Finally, E C D'(0,r) is closed. If 2’ € D'(0,r)\ E,
then W(2',-) has k distinct zeros. By the implicit function theorem, A"\ 7~1(E)
is a complex (n — 1)-dimensional manifold, and 7 has the desired properties. O
Thus the zero set of a holomorphic function is locally an (n—1)-dimensional
complex manifold, except on a branching set of complex dimension n — 2. It is
possible to inductively apply this analysis and obtain a stratification of the zero
set in terms of complex manifolds of dimensions (n—1),(n—2),...,0 (see R. C.
Gunning [2]). We shall not pursue this matter further.

COROLLARY 7.3.2 Let Q C C™ be open. Let f be a meromorphic function
on {2 that is regular except on a set A C Q of topological dimension less than or
equal to 2n — 3. Then f is holomorphic.

Proof Let P € A. Express f = g/h on a neighborhood U of P, where g and
h are holomorphic. Then the set {z € U : h(z) = 0} has topological dimension
less than or equal to 2n — 3, so it must be empty. ’ O

We next establish a connection between the zeros of holomorphic functions
and removable singularities through (a generalization of) the Riemann removable
singularities theorem.

THEOREM 7.3.3 Let 2 C C™ be open, with g holomorphic on £2. Assume
that ¢ is not identically zero, and let A = {z € Q : g(z) = 0}. Let f be
holomorphic on €\ A. Suppose that for each a € A there is a neighborhood
U, with f IUG\ 4 bounded. Then there is an F' holomorphic on (2 such that

FIQ\A:f-
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Proof  For the case n = 1, the result is well known and proved as follows:
The points of A are isolated in ). Let a be one such point. The Laurent series
for fatais > oo _ frz" with

1 1

B % |(—al=r (C - a’)k+1

fr g,

r small. But f bounded near a implies |fx| < M -77%. When k < 0 and r — 0,
this yields fx = 0. Therefore, F(2) = > o, fx2" is the desired extension near a.

For general n, let @ € A. Suppose without loss of generality that a = 0
and that f is normalized of order k. For each fixed 2z’ small, the case n = 1 now
applies to the function z, — f(2,z,), which is holomorphic and bounded for
small z, except on the finite set {z, : g(#, z,) = 0}. O

In the classical theory, very precise information about zero sets is obtained
when growth restrictions are imposed on the holomorphic function in question.
Let B C €™ be the ball. For 0 < p < 00, let

HP(B) = {f holomorphic on B : sup /613 £ (rOIP do(OYP = || fllar < oo}.

O<r<1

Also set
H>(B) = {f holomorphic on B : sup |f(z)| = | flla~(B) < oo}
zEB
and define the Nevanlinna class

N(B) = {f holomorphic on B : sup /aB log® |f(r)|do(¢) < 00} )

O<r<1

where logt u = max(0,logu),u > 0. Trivially, H?(B) C N(B), all 0 < p < co.

In Section 8.1, we learn that if {2;}22, is the zero set of an f € N(D),0 <
p < 0o, then 3372 1 — || < co. Conversely, if 35, 1 — |z] < oo, then there is
an f € H* (which can be written explicitly) such that {z;} is the zero set of f.
Even more can be said: f € N(D) if and only if f = g/h where g,h € H*™ and
h is nonvanishing (see Garnett [1] for details).

It is a remarkable discovery of W. Rudin [3] that the zero sets of HP(B)
when B C C™,n > 2, are all different.

THEOREM 7.3.4 Let BC C™n > 2. Let 0 < pg < p1 < 00. There is a set
Z C B such that Z is the zero set of an f € HP(B) but not the zero set (with
the same multiplicities) of any function f € HP!(B). More precisely, there is an
f € HP? such that if h € HP! satisfies h/f is holomorphic, then h = 0.
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302 Chapter 7: Zero Set of a Holomorphic Function

At the same time, Rudin [7, Section 7.3.6] has proved that the zero sets
of H?(B) when n > 2 are not characterized by a simple “mass distribution”
condition.

THEOREM 7.3.5 Let 0 < p < co. Let d be the analytic disc in C? given
by {(z1,0) : |z1] < 1}. There is a set S, C B C C? such that S, is not the zero
set of any f € HP(B), but S, Ud is the zero set of an f € A(B).

The reader who wishes to explore this subject more thoroughly should
consult H. Skoda [4], G. M. Henkin [6], and N. Th. Varopoulos [3]. In the first two
of these, necessary and sufficient conditions are derived for a set S in a strongly
pseudoconvex domain 2 C C™ to be the zero set of an f in the Nevanlinna class.
The third paper gives sufficient (but by no means necessary) conditions on a set
S C Q to be the zero set of a function f in some HP,p > 0 (but p caunot be
identified in any simple fashion from the proof). It is an important and deep
problem to give explicit geometric characterizations of zero sets of functions in
the HP classes—even on the ball.

Even though they are formulated only on the ball, Theorems 7.3.4 and
7.3.5 are of fundamental importance in the function theory of several complex
variables. Many of the beautiful insights in the books W. Rudin {7, 10], formu-
lated and proved on the ball and/or the polydisc, have never been developed or
explored on more general domains. Several important ideas lay dormant here.

‘We prove Theorems 7.3.4 and 7.3.5 in Sections 7.4 and 7.5 respectively.

7.4 Zero Sets for Different H? Spaces Are
Different

We prove Theorem 7.3.4 by means of a long sequence of lemmas. For simplicity,
we work in C? only. The proof follows rather closely the one in W. Rudin [3].
Throughout, B C C? is the unit ball, S = 8B is the boundary of the ball, and
D C C is the unit disc. Also (z,w) = z- W = 2;W; + 22w, whenever z,w € C2.

LEMMA 7.4.1 There is a countable set £ = {e;} C dD such that no point
of E is a limit poini of F and E’ = {z € 8D : z is a limit point of E} has
the property that if p is a holomorphic polynomial of one complex variable that
vanishes on E’ then p = 0.

Proof Let £ = U, U2, {exp(i/j + 1007%i/;%)}, where ¢ = +/~1. Then
E' = {1} U {exp(i/5)}$2, and E' N E = . Since a holomorphic polynomial has
only finitely many roots, we are done. O
LEMMA 7.4.2 There is a collection {X;}2, of relatively open circled subsets
of S such that if Q(z1, 22) is a homogeneous polynomial (not identically 0}, then

there exists an infinite set J C N and an n > 0 such that |Q(z)] > n for all
z€ X, and j€J
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Proof Let E = {e;}52, be as in Lemma 7.4.1. For each j € N, define
Fj = {(21,22) €8s 21/22 = 6j}.

Then each I'; is a circled set and
rn(Jri=0 jeN
i#]

Let
G={(z1,22) €S:2z1/z0 € E'}.

Of course G is also circled. Now there exist relatively open circled sets X; C 5
such that I'; € X; and every relatively open circled U C S with GNU # 0
satisfies X; C U for all j in some infinite J C N.

Now if @ is as in the statement of the lemma, then Q(z) # 0 for some z € G
{by Lemma 7.4.1), whence |Q(w)| > n > 0 for all w in some circled neighborhood
U of zin S (this is where the homogeneity of Q is used). Thus |@Q] > n on X;
for all j in the infinite set J provided at the end of the last paragraph. 0

Fix 0 < pg < p1 < o0, and define

(A1 >0,
‘I’J(t)‘{ 0 ift <0,

j = 0,1. Notice that a holomorphic f on B is in H?7 if and only if

sup /8 8, (O de(0) < .

0<r<l

LEMMA 7.4.3 Let 0 < pg < p1 < oo. There exist {; € X;,k; € N t; > 7+ 4,
and a; > 0 such that the functions

Fy(2) = a;(z, )™
and the sets
Sj = {Z €S |FJ(Z)| > tj}

satisfy, for all j € N,

(7.4.3.1) [, Oo(|F;(2)|)do(z) = 2/52.

(7.4.3.2) [s ®o(|F;(2)])do(z) > 1/5°.

(7.4.3.3) |Fi(2)] <277 if z€ (S\ X;)U{]z| <1-1/4}.
(7.4.3.4) fs,- D (|F;(2)]) do(z) > j.
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Proof  Choose (; € X; at random. Choose t; > j + 4 such that
1 (t) > 3D(t),  all t >t (7.4.3.5)

Now fix j. For k = 1,2, ..., choose ¢; > 0 such that
/S% (cellz &)IF) do(z) = 2/2.
If0 < 3 <1, then

Do(cr*) - o {|(z, )| > B} < /{I< o D (cel(2,¢5)1F) do < 2/5%

Therefore, {cx3%}5° , is bounded. Let a; = max{[(z,{;)| : z € S\ X;} < L.Ifjis

fixed and 1 > 8 > max(1 —1/j, «;), then we have ckaf — 0 and cx(1-1/5)%F —

0. Hence (7.4.3.3) holds when k; = k(j) is large enough and a; = c(;). The
Lebesgue dominated convergence theorem may then be applied to yield

[ 30 ez Q) - xsns, (21 do =0

as k — oo. It follows that (7.4.3.2) is true if k = k(j) is large enough. Finally,
(7.4.3.2) and (7.4.3.5) imply (7.4.3.4).

We have guaranteed the choice of k; = k(j) and a; = ¢, thus finishing
the proof. 0

LEMMA 7.4.4 The series f(z) = 3 7 Fj(2) defines an element of /7°(B).

Proof  The estimate (7.4.3.3) guarantees that the series converges normally.
So f is a well-defined holomorphic function. If N € N, let fn = Z?{:Q F;(z).
Then, for 0 < r < 1,we have that ®g(]fn({)] — 1) is subharmonic. Hence

/ Bo(1fx(rC)] — 1) dor(C) < / Bo(|fn(¢)] — 1) do(©).
S S

But @p(|fn(¢)] — 1) =0if ( € S\ UX; by (7.4.3.3) and the definition of @q.
Hence

/5 Bo(|fn(r¢)] - 1) do(C) < Z /X (w6 - 1) do C)

This last is

S IRICIGIEE

3
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by (7.4.3.3) and the disjointedness of the X;’s. Now (7.4.3.1) gives

/S Bo(|fn (rO)| — 1)dor(C) < 4,

and Fatou’s lemma, yields

/S Bo(|f(r0)] — do(C) < 4.

It follows that f € HP(B). O

LEMMA 7.4.5 Let h € HP'(B) satisfy h/f = g is holomorphic on B. Assume
that h is not identically 0. Write

g= Z Gj(z)a

where each G, is a holomorphic homogeneous polynomial of degree j and G,
(for some m) is not the zero function. Choose, according to Lemma 7.4.2, an
infinite J C N and a number n such that 1 > n > 0 and the homogeneous
polynomial G, satisfies |G| > 1 on UjesX;.

Now fix j € J. Choose 0 < r < 1 such that 7™ > 1/2 and (1 —7%)||Fj|lo <
279, Let A€ C,|\| =7, and w € S;. Then the following hold:

(7.4.5.1) |f(Qw)| > (1 + |F;{w)|)/2.
(7.4.5.2) £ [7 log|2n 'g(re®w)|df > 0.
Proof  Note that F; is a homogeneous polynomial of degree k;. Now

(o]

> Fi(w)Aks

=1

|fOw)| = > |Fy(w)|r® - (1-277)

by (7.4.3.3), the disjointness of the X;, and the choice of A. Now this is greater
than or equals

IFj(w)l =1+ [277 — A =) F(w)l] > |F(w)| -1

> S+ W)

by the choice of w and the fact that ¢; > 4. This establishes (7.4.5.1).
For (7.4.5.2), we use the plurisubharmonicity of log|g| to notice that the
function ¢ : X+ log |20~ A~™g(\w)| is subharmonic. Notice that, by (7.4.3.3),
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Sj Q X]‘. So

p0)< = [ g do

log?2 < log |2n‘1Gm(w)| <3
Tr _T

™

1 .
log(r=™) + 2—/ log |2n‘1g(r629)] do
T

—T

1 T .
log 2 + o log |2 L g(re'®)| db
T

-7

AN

as desired. O

LEMMA 7.4.6 With notation as in Lemma 7.4.5, it holds that

517; _7; dB/Sj @, (|h(rew)|) do(w) > (Z)”‘ v (7.46.1)

Proof By Jensen’s inequality,

= [ e @it @z 60 (o [ tosla/miiretuian)

27 J .

where ¢;(s) = exp(p18) — 1. Now by the relation A = fg and (7.4.5.1), the last
line exceeds

o1 (2 [ oxle/matre®u)a + D1 as).

-7

But (7.4.5.2) yields that this is greater than or equal

27

é1 (i /7; log(1 + |Fj(w)|)d9> = ¢1(log(1 + [F3(w)]))-

The inequality we have obtained holds for each w € ;. Integrating out over this
set yields

e [, s (@mintreul) drtw)an = [ 61(log01 + 15wl dofw),
which by (7.4.3.4) exceeds j. 0

Conclusion of the Proof of the Theorem Since the set S; is circular, the
inner integral in (7.4.6.1) does not depend on #. So we have

/¢1(lh(rw)l)d0(w)2/ & (|h(rw)|) do(w) > (n/4)P* - j.
S S;

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.
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Since, by Lemma 7.4.5, j may be made as large as we please by letting r — 17,
we obtain

sup /SCIZ'l(Ih(rw)D do(w) = co.

0<r<l
So ||hjlges = oo. This, together with the choice of h in Lemma 7.4.5, is the
contrapositive statement of our theorem. O

Exercise for the Reader

What modifications need to be made in the proof of the theorem to construct an
f € HPo(B) whose zero set is not the zero set of any h € HP(B) for any p > po?
(suggested by R. Diaz)

7.5 Zero Sets of H? Functions Do Not Have a
Simple Mass Distribution Characterization

We prove Theorem 7.3.5 by way of a sequence of lemmas. We work on the unit
ball B C C?. General notation is the same as in Section 7.4. Let 0 < p < oo and
let d be fixed as in the statement of the theorem.

LEMMA 7.5.1 Let f € H?(B). Then

/d [f(z1 + iy1, 0)|P dzy dy; < 0.

Proof Let % < r < 1. By hypothesis,

o > C
> [ e
Kl=r
2T ) 4
> C// / f(:c1+iy1,\/r2—m%—yf~ew> do dx, diy
lz1]2+ |y ]2<r2 JO
> C”/ |f (21 + 11, 0)” dzy dyy
|z1|2 |y |2 <r?
by plurisubharmonicity. Now let r — 17. O

Remark: This observation, that the restriction of an H? function on B to d
is in the corresponding “Bergman space” on d, is due to Rudin. It has proved
to be of great utility in function theory (see, e.g., J. Cima and S. G. Krantz [1]).

O

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



308 Chapter 7: Zero Set of a Holomorphic Function

LEMMA 7.5.2 Let h : D — C be holomorphic. Assume that h(0) = 1. If

0 < t < 1, then define

n(t) = the number of zeros of h in D(0,1).

Then
T 1 mw .
/o n(t)dt < %/-wlogm(rem)]d@.

(7.5.2.1)

Proof Let z;,...,2; be the zeros of h in D(0,r). Assume that there are no
zeros of h on AD(0,7). Let ¢x(2) = (2/r — 2z /7) /(1 — zpz/r?). Then |¢p(2)| =
1& |zl =7, ¢r : D(0,7) — D(0,1) biholomorphically, and ¢x(2) = 0. Let

"D = 5 e

Then £ is holomorphic and zero-free on D(0,7). So log || is harmonic there. Tt

follows, for 0 < r < 1, that

1 T 0 7 :
3 | eelhtenian - g A(O) = = Y ogl

/OT@dtzjorn(t)dt.

I

DEFINITION 7.5.3  Let 4/p < m € N. Define

Te = {(1—27%)e?:0=2m5/(m2%),1<j<m2"};

Z, = {(21,22) eB:z € Tk}.

Then Zj is a union of m2* (vertical) analytic discs. Let Z = U° | Z;.

LEMMA 7.5.4 Suppose that g : B — C is holomorphic, g vanishes on Z, and

g(0) # 0. Then g ¢ HP(B).

Proof Define h: D — C by h(z) = g(2,0). It is enough to show, by Lemma

7.5.1, that

/ |h(z + iy)|P dz dy = oo.
D

Let n{t) be as in Lemma 7.5.2. We may assume that h(0) = g(0)

(7.5.2.1) and Jensen’s inequality, we have

exp/ pn(t) dt < L/ |h(re®®)|P db.
0 2

—7
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7.5. Zero Sets Do Not Have a Simple Mass Distribution 309

So

IA

1 ™ 1 .
%/—w/o |h(re®)|Pr dr dO

/ |h(z + iy)|P dx dy. (7.5.4.1)
D

/01 {exp /Orpn(t) dt} rdr

If 1/2 < t < 1, then there is a k such that 1 —27% < ¢ <1 —27%~1. But then

4 .
1—(1-2%)~1-¢

pn(t) > pm2F >

So the left side of (7.5.4.1) exceeds

1 T 1
2 T
exp/ —dt rdrz/ ———— dr = o0. ]
/1/2{ 12 l—t } 12 (2(1—1))?

Then the infinite product converges normally on B so that f is holomorphic on
B. Also,

K
EFEa

17 (2)l <

Proof  Notice that (1 —27%)2" > 1. Therefore,

1 < T {1+ ami).
k=1

Gathering the right side in powers of |z1]| yields

IF() <14 am<Ozp

j=1

where €(j) is the number of terms in the binary expansion of j as 2% + 2k2 4
-+« 4 2k¢_In particular, €(5) < log, j. Therefore, 4™¢() < j2™ Thus

K
P

(o ¢]
@I <14+) 7™ a) <

=1
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310 Chapter 7: Zero Set of a Holomorphic Function
where K = K(m). (Ezercise: First do the case m = 0, and then take derivatives.)
O

LEMMA 7.5.6 With notation as in Lemma 7.5.5, the function
F(z1,29) = 2P f(2)

satisfies F' € A(B) and F~'(0)=d U Z.

Proof  Since |z3] € 24/1 — |21| on B, the first assertion follows from Lemma
7.5.5. The second assertion is obvious. a

The theorem follows from Lemmas 7.5.4 and 7.5.6.

EXERCISES

1. In Section 8.1 we shall prove the classical result that if f € HP(D), then
we may write f = B - F, where B € H*(D) and F € HP(D), F is nonva-
nishing, and ||F||ge(py = ||f||ur(p)- Use Theorem 7.3.4 to prove that such
a decomposition is impossible for functions in H?(B), B the ball in C2. The
impossibility of such a decomposition is also explored in L. A. Rubel and A.
Shields [1], and an alternative decomposition is proposed there.

2. Let B C C™ be the ball. Let fi, fa, ... be holomorphic functions with f;(0) =
0, all 7. Suppose that for no neighborhood U of 0 and for no j, & is it the
case that f; = h - fi for some holomorphic h on U. Prove that there does
not exist a neighborhood V of 0 and finitely many nonconstant g1, ..., gm
holomorphic on V such that szlgfl(O) 2 U;-";lfj_l(O).

3. Prove the following generalization to domains in C™ of Hurwitz’s classical
theorem: Let 2 C C™ be open. Let f; be holomorphic functions on {2 for
j=1,2,.... Suppose that f is holomorphic on {2 and that f; — f normally.
If each f; is zero-free, then prove that either f is zero-free or f =0 on (2.

4. Let U C RY be open. Let v : U — RY be a smooth vector field. That is,
v assigns to each point z of U a vector v(z). Let P € U. Prove that there
are €g,e; > 0 and a unique curve vy : (—e€g,e1) — U such that v(0) = P
and v'(t) = v(v(t)), all t € (—ep,€1). (Hini: Use Picard’s existence and
uniqueness theorem for first-order ODE’s.) We call v an integral curve for
the vector field v. Prove that there are well-defined maximal €g, €; such that
v exists on (—€g,€1) (€g,€1 could be 00). Prove that if |[v(z}]| > A > 0 and
€1 < 00, then it cannot be that v(e;) € U; that is, v cannot terminate in U.
Show by an example, however, that -y can intersect itself. Prove that the set
of all maximal v in U provides a local foliation of U in a neighborhood of
any P where v(P) # 0 (the term foliation is defined in Section 1.1.1).
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5. Let B C C% =~ R* be the ball. Define two smooth vector fields on 9B as

follows:
Ul(x17y17x27y2) = (3/27I27—y17—1’1)
va(Z1, Y1, %2, Y2) = (—l’z’ymxl,—yl)

Prove that there exists no 2-manifold M C 0B, even locally, such that
Tp(M) is spanned by v1(P), v2(P) at each point of M. (Hint: If there were
such a manifold, then the integral curves of vy, v would have to lie in M).

6. Prove the following version of the Campbell-Baker-Hausdorff formula for
two vector fields X,Y on an open set U C RY. Let PexpsX exptY denote
the point obtained by beginning at P, traveling s units along the unique
integral curve of X, and then traveling ¢ units along the unique integral
curve of Y. The purpose of the theorem is to compare PexpsX exptY and
PexptY expsX.

Theorem We have, for |s| and |¢| small,
PexpsXexptY = PexptY expsX expst[X,Y]exp (O(s® +%)).

(Hint: Recall that [X,Y] = XY — Y X. Use Taylor series to prove the theo-
rem.) Can you compute the third-order term exactly?

7. Let us recall Frobenius’s integrability theorem.

Theorem Let U € RY be an open set. Let Vi,...,V;,1 < k < N, be

smooth vector fields on U. The following two conditions are equivalent:

a. For each P € U, there is a smooth k-manifold M(P) such that P ¢
M(P) C U and Tp(M(P)) is spanned by Vi(P), ..., V;(P). The manifolds
M(P) foliate U (see Section 11.1 for definitions).

b. If £ is the module over C*°(U) of vector fields spanned by all

[Vivij [Vu [Vjvvk]]7' s

then £ is spanned at each point P € U by Vi(P),..., Vi (P).

The manifold M{P) is called an integral manifold of Vi,...,V,. The proof
of (b) = (a) in Frobenius’s theorem is rather involved. However, (a) = (b)
is straightforward. We refer the reader to Chevalley [1, p. 94] for details.
As an exercise, the reader may do the following: Let P € U. Assume (b).

Define
M(P) = {all those points in U that can be connected to P
by a sequence of finitely many integral curves
of Vl,. . .,V/C}.
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312 Chapter 7: Zero Set of a Holomorphic Function

Assuming that M (P) is indeed a smooth k-dimensional manifold, prove that
To(M(P)) is spanned by Vi(Q), ... Vi(Q), each Q € M(P).

8. Let Q C C™ be a domain with C? boundary. Let P € 99. Let p be a defining
function for 2, and let T/(89) = {w € C™ : 2;;1(5;;/62]-)(13)% = 0}.
This is just the space on which the Levi form is defined. Show that Tf? o 18
well defined independent of the choice of p. We say that the Levi form has
rank k,0 <k <n-—1,at Pif

Np(L)

= {qec TH(09) : Z 5, a- P)gywp =0 forall w e T (09)
Gh=1"%7

has complex dimension n — 1 — k. Prove that if the Levi form has rank k at
P, then the Levi form has rank at least k for all z € 0€) that are sufficiently
near P.

9. Foliations by complex analytic varieties. (Refer for background to Exercises
7 and 8.)

Theorem Let 0 C C™ be a domain with C* boundary. Let U C 992 be a
relatively open subset. Suppose that the Levi form has constant rank & on
U,0 < k < n— 1. Then there is a foliation of U by (n — k — 1)-dimensional
complex analytic varieties (see Section 11.1 for the definition).

Prove this result by completing the following outline to verify the hypotheses

of the Frobenius integrability theorem (Exercise 7 above):

a. If S,T € T o(U) are smooth vector fields, then [S,T] € Ti o(U). (Hint:
Apply [S,T] to p, where p is a smooth defining function.)

b. If §,T € Tio(U), write § = ), §7(8/0z;),T = > t7(0/9z;). Suppose
that S(P) € Np(L), all P € U, and that N = 3>, n/(0/0z;) € T1o(U) is
arbitrary. Then

szjgksjﬁk =0 onl.
5.k

¢. Apply T to the last identity to obtain

i gk i i ke i ok
g {pzjgkzitlsjn + pzzt'sln +pzj5kt’s]nZi=0}
3,7,k

on U.
d. Apply T to the identity
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to obtain
S {pzatin® + s tinE =0 onU.
ik

e. If T e Np(L), all P € U, it follows that

szktiﬁ’ji =0 onU.
ik
Apply S to this equality to obtain

Z {pgkzjsjtiﬁl; + Pz ST Y + s, sjtiﬁ];izj} =0 onU.
Jike

f. From (c) and (e) we infer that

i ik ij ok i =k ik
E {pzjghzit ST+ pyz tisl N — pzks]tzjnzz, — pz, 8t nzizj} =0
1,5,k

on U.
g. Reversing the roles of S and T gives

ik i =k i i =k ik
E {pzjgkzis RS+ gz, 8L N — pp VS, AT — pzs tjnzizj} =0
i,k

on U.
h. Subtract (f) from (g) to get

szjgk (sitii - tisii) Ak + Z (sjtij - tjsij) pgkﬁ’; =0 on U
3.k J.k
or

> poyz (st — L) A5+ (9, — 09 ) =0 on U,
J.k J.k

This last follows by applying ST — T'S to (x).
i. Write [S,T] = }_, u;(8/02;). Conclude from (h) that

QZijikujﬁk = O;
k

hence, [S,T] € NL(U) € Np(U) ® Ni(U). Likewise, [S,T] € N.(U) ®
NL(U).
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Chapter 7: Zero Set of a Holomorphic Function

j. Perform a similar calculation to see that
[S,T] € NL(U) ®@ N1.(U).

k. Apply the Frobenius theorem to conclude the proof of the foliation theo-
rem.
(I learned these calculations from J. J. Kohn.)

Use Cartan’s formula (Exercise 5 at the end of Chapter 5) to give a second
proof of the foliation theorem presented in Exercise 9. See M. Freeman [1]
for details.

Prove that Theorem 7.2.4 is false if € is not pseudoconvex.
Prove that Theorem 7.2.8 is false if €2 is not pseudoconvex.

Let P be an entire function on C". Then the components of the interior of
{z: f(z +iy) # 0 for all y € R"} are all convex. (Hint: There is a tube
domain lurking around.)

Stein manifolds. For many purposes, the most natural arena for complex

function theory of several variables is something more general than domains

in C". Let M be a complex manifold of dimension n and F = F(M) the

family of holomorphic functions on M. We say that M is a Stein manifold

if:

i Kf CC M whenever K CC M.

ii. For any z,w € M,z # w, there is an f € F such that f(z) # f(w).

iii. For each z € M, there exist fi,..., f, € F that form a holomorphic
coordinate system at z.

Prove the following facts about Stein manifolds:

a. If @ ¢ C" is a domain of holomorphy, then 2 is a Stein manifold.

b. If M is a Stein manifold and M’ C M is a properly regularly imbedded

complex analytic submanifold, then M’ is Stein.

c. If M is Stein, then M has a strictly plurisubharmonic exhaustion function.

(Hint: You will have to think carefully about Sections 3.2 and 3.3. You

will have to define plurisubharmonic. Notice that if fi,..., fr € F, then

|f11* + -+ + | fx|?* is plurisubharmonic.)

d. It is a deep theorem due to Grauert [2] that if M is a complex manifold

that possesses a strictly plurisubharmonic exhaustion function, then M is

Stein. Notice that only conditions (i) and (iii) are used to prove (c). There-

fore it follows from Grauert’s theorem that condition (ii) is superfluous in

the definition of Stein manifold.

Imbedding of Stein manifolds. One of the reasons that Stein manifolds are
so natural is that they support plenty of nonconstant holomorphic functions.
This point is driven home by the following remarkable result due to E. Bishop
[2] and R. Narasimhan [2].
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Theorem A complex analytic manifold M of dimension n is Stein if and

only if there is an (injective) holomorphic imbedding f : M — C?"*! that

is both proper and regular (i.e., the rank of f is maximal at each point of

The “proper” part of this theorem is very difficult, and we shall not discuss

it. However the reader may complete the following outline to prove the other

parts. We use the notation of the preceding exercise. Notice that the “if”

part is easy. Now consider the converse.

a. Let K be a compact subset of M. Choose fi,..., fr € F such that for
each z € K there are f;,,..., f;, that form a coordinate system near z.

b. Let A = {(z,2) € K x K} be the diagonal. There is a neighborhood
U of A such that if (z,w) € U and f;(2) = f;{(w),j = 1,...,k, then
z = w. Now choose fryi1,--.,fn € F such that if (z,w) € K x K\ U
and f;(z) = f;(w) for k4+1 < j < N, then 2z = w. Then the map
f="{(f1,..., fn) gives a regular (injective) imbedding of M into CV. The
remainder of the argument consists of reducing N to 2n + 1.

c. If K is a compact subset of M and if N > n, then f(K) has Lebesgue
£2N measure 0 in CV.

d. If N > 2n,K is compact in M, and (f1,..., fx+1) is a regular map on
K, then for £2V almost every a € C, it holds that the map

(i —arfnsr, o Iv —anfni1)
is regular on K. To see this, assume that K is contained in a coordinate

chart with coordinates zy, ..., z,. The problem is equivalent to showing
that for almost every a the matrix

of; _, O
8Zk 7 8Zk Jk 11,..,,1\!

has rank n at each point of K. By setting any =1, u=3_1; A\eOf v /02,
we may rewrite this condition as

<%) A=pa implies A =0.
821C

To prove this, it suffices to choose a that is not in the range of the map

Cx K5 () z2) — (g_i) (2)(\) € C™H.

Use (c) to see that this obtains for £2V almost every a.
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e. If (f1,...,fny1) is a regular, injective map on a compact K C M,
N > 2n + 1, then for £2V almost every a € CV, it holds that

(fi—a1fns1,-- - v —anfnyt)

is regular injective on K. To see this, note that (d) already provides the
regularity for almost every a. It is sufficient now to show that we can
choose a with a1 = 1 and so that

fle) = fw)=0-a
and
a= fyyi(z) — fner{w)

implies that oo = 0.
But the range of the map

Cx K xK>(uzw) — i (f(z)— flw) e CVH?

is a set of zero measure since N +1 > 2n + 1.

f. To prove the theorem, let K CC M. Let N > 2n + 1. We show that S =
{f € FN : f is not regular on K} is of the first category in FV. Clearly,
S is closed (in the topology of normal convergence on F Y. Now, to see
that S has no interior, let f € S. Let g = (g1, ..., 9¢g) be a regular map on
K. Apply (e) repeatedly to the map (f,g) : M — CV*? to see that there

are arbitrarily small complex numbers {a;x},j =1,..., N,k =1,...,Q,
such that f' = f + (a;)g is regular on K. Hence f is not in the interior
of S.

16. If & ccC C™ is a domain, then one would like to speak of the “largest”
O* D Q to which all f holomorphic on {2 can be analytically continued. One
would like Q* to be unique and to be a domain of holomorphy. For the case
Q= B(0,2)\ B(0,1), then Q* = B(0,2) easily. But for the theory to work
for any , we must allow ) to be a manifold.

a. Consider the subdomain of C indicated in Figure 7.1.
Consider the functional element given by the principal branch of v/z on
the shaded portion of the domain. It extends analytically to all of (2.
Now the resulting functional element on the dotted region continues to
all of the first quadrant. Also the functional element on the shaded region
continues to the first quadrant. But the two continuations are different.
This ambiguity is resolved by passing to the Riemann surface for /z.

A theory of Riemann spread domains over C™, analogous to the one-
variable theory, is developed in the remainder of this exercise. Through-
out, 2 and Q* are connected complex manifolds. Also, F(2), F(1*) are
the families of holomorphic functions on these manifolds, equipped with
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o

FIGURE 7.1

the topology of normal convergence. Call Q* a holomorphic extension of
Qif (i) Q is an open subset of ¥, (ii) each holomorphic coordinate chart
on {1 is a fortiori a coordinate chart on Q* (i.e., the complex structures
are consistent), and (iii) for each f € Fg, there is a (unique) f* € Fo-
with f*|, = f.

b. If O* is a holomorphic extension of §2, then for every K* CC Q*, there is
a K CC Q such that K* C Kf(g*). To see this, apply the open mapping
theorem to the restriction mapping F(2*) — F(Q). Given K*, conclude
that there is a K CC 1 such that

1 k- <CUfF e, all f7 e F(Q).

By taking powers of f*, conclude that C' may be taken to be 1.

c. If Q is Stein and Q* is a holomorphic extension of €2, then Q* = 2.

d. If O* extends  and Q* is Stein, then 2* is maximal. More precisely,
suppose that Q* and Q** extend . If Q* is Stein and Q** satisfies axioms
(ii) and (iii) (in Exercise 14) for a Stein manifold, then there is a holo-
morphic imbedding of Q** into 2* that restricts to the identity on 2. To
see this, let F* : F(Q1) — F(Q*), B** : F(Q) — F(2**) be given by ana-
lytic continuation. If z** € Q**, 2* € Q*, and (E** f)(2**) = (E*f)(z*)
for every f € F(Q), then define ¢(z**) = z*. It follows that ¢ is de-
fined, continuous, and injective on a closed subset of 2** (you will need
to use (b)). If 2** € Q**,2z* € Q*, choose f!,..., f* € F(£) such that
E*f'. ..., E*f™ give local coordinates at z* and choose g*,...,g" € F()
such that E**gl,..., E**g" give local coordinates at z**. There are con-
stants a,b such that {h? = af’ + bg’ 7—1 give local coordinates at both
z* and z**. Now let

S = {zedomain¢: for all feF(Q), E™ f and E* f have the same

formal power series in {h’ 7—1 at z and ¢(2), respectively } .

Then S is open and closed as a subst of **. So § = Q**.
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e. Let hypotheses be as in {d). If Q** is Stein, then ¢ is surjective. (Hint:
Q* extends ¢(Q**).)

f. We now know that {2 has at most one holomorphic extension that is Stein.
It is maximal. When such an extension exists, it is called an envelope of
holomorphy. What does this definition have to do with Exercise 11 at the
end of Chapter 57

g. If Q is a complex manifold of dimension n, if F({}) separates points on
Q, and if there is a holomorphic imbedding ¢ : 2 — C™ that has maximal
rank at every point, then Q is called a Riemann domain spread over C”.
For instance, the Riemann surface for /7 is a Riemann domain. It is a
difficult theorem (whose proof we omit) that every Riemann domain has
an envelope of holomorphy that is a Riemann spread domain. Compute
the envelope of holomorphy of the domain C? given by

B(0,1)\ {(z1, 22) : Rez; > 0,Imz; = 0,23 = 0}.
Compute the envelope of holomorphy of the domain
{(21,22) 1< IZQI < 2, l21| < 2} U {(21722) : lle < ].,]ZQI < 2}

Let [f], [g] be nonunits in Og in C™. Then |f] and [g] are relatively prime if
and only if the topological dimension of the intersection of the zero sets of
f and g is less than or equal to 2n — 4.

Let f be a nonconstant holomorphic function on a domain 2. Let 2 = {z €
Q: f(z) = 0}. Prove that 2\ Z is connected.

Let f be holomorphic in a neighborhood of (9D x8D)U(D x {1}) C C2. Does
f continue analytically to a neighborhood of D? Does your answer change
if instead we hypothesize that f is holomorphic in a neighborhood of
(0D x dDYU (D x {1} u ({1} x D)?

Let € be the Hartogs triangle {(z1, 22) : |z1] < |22] < 1}. Prove that for each
j =1,2,... there is a function f € C7(Q), holomorphic on 2, such that f
cannot be analytically continued to any larger domain. Prove that if C7 is
replaced by C*°, then f continues analytically to the bidisc.

A set § C C" is called a set of uniqueness if any holomorphic function on
C™ that vanishes on S must be identically zero. Which of the following are
sets of uniqueness in C2?

a. S=ZxZCCxC

b. §=C x {0}

. S={(1/n,1/m):n e N,m e N}

d. S={{1/n,e ™) :n=1,2,3,...}

e. §={(z1+10,z5 +10)}

]
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f. Call a manifold W C C™ totally real if the tangent space at each point
of W contains no complex line. If S is a totally real, real analytic, n-
dimensional manifold, then prove that S is a set of uniqueness.

g. Let My, My, ... be disjoint, connected, closed complex manifolds in C2.
Show that UM; is a set of uniqueness if and only if there is a bounded
sequence {z;} with z; € M;.
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8 Some Harmonic Analysis

8.1 Review of the Classical Theory of H?

Spaces on the Disc

Throughout this section we let D C C denote the unit disc. Let 0 < p < co. We
define

27 i/p
H?(D) = {f holomorphic on D : sup [i/ |f(re®)P d()]
0

0<r<l [ &T

= fllas < 0.
Also define
H>(D) = {f holomorphic on D :sup |f| = || fllae < oo}
D

The fundamental result in the subject of HP, or Hardy, spaces (and also the
fundamental result of this section) is that if f € HP(D) then the limit

lim f(re¥) = f(e¥)

r—1-
exists for almost every 6 € [0,27). For 1 < p < oo, the function f can be
recovered from f by way of the Cauchy or Poisson integral formulas; for p < 1
this “recovery” process is more subtle and must proceed by way of distributions.
Once this pointwise boundary limit result is established, then an enormous and
rich mathematical structure unfolds (see Y. Katznelson [1], K. Hoffman [1], and
J. Garnett [1]).

321
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Recall from Chapter 1 that the Poisson kernel for the disc is

. 1 1—r?
) A () (e e R —
(™) 2711 —2rcosf + r?

Let

1/p

= [ fllpe < 00}

o<r<1 [ 27

1 2r )
h?(D) = {f harmonic on D : sup [—/ | f(ret) [P d(‘)}
0

and

h>(D) = {f harmonic on D :sup |f| = ||fllzr < oo}.
D

Throughout this section, arithmetic and measure theory on [0, 27) (equivalently
on D) is done by identifying [0, 27) with R/27Z. See Y. Katznelson [1] for more
on this identification procedure.

PROPOSITION 8.1.1 TLet 1 < p < oo and f € hP(D). Then there is an fe
LP(8D) such that

f(re’®) = 0% F(e?)P(e 7)) dyp.

Proof Define f.(e??) = f(re?),0 < r < 1. Then {f,}o<r<i is a bounded
subset of (L¥ (8D))*,p’ = p/(p — 1). By the Banach-Alaoglu theorem (see W.
Rudin [11]), there is a subsequence f., that converges weak-x to some f in
LP(OD). For any 0 <r < 1,let r <r; < 1. Then

069 = oy (e = [ @B, (409)

because f,, € C(D). Now P, ., € C(dD) C LP'(3D). Thus the right-hand side
of the last equation is

27 27
I @) PASC N+ [ iy (@) [Pry, (07 = (079 dp.
0 0

As j — oo, the second integral vanishes (because the expression in brackets
converges uniformly to 0) and the first integral tends to
27 . )
Fe™)P(erO=9)) dy.
0

This is the desired result. O
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Remark: It is easy to see that the proof breaks down for p = 1 since L! is not
the dual of any Banach space. This breakdown is not merely ostensible: The
harmonic function

fre®) = P(e?)

satisfies
1 27 )
sup — |f(re?)| df < oo,
0

0<r<1 27

but the Dirac 6 mass is the only measure of which f is the Poisson integral. O

Exercise for the Reader
If f € h', then there is a Borel measure uf on 8D such that f(re®?) = P.(uf)(e?).

PROPOSITION 8.1.2 Let f € LP(0D),1 <p < 0. Then lim,_,;- P.f = f in
the LP norm.

Remark: The result is false for p = oo if f is discontinuous. The correct
analogue in the uniform case is that if f € C(9D) then P, f — f uniformly.

As an exercise, consider a Borel measure y on 8D. Show that its Poisson
integral converges in the weak-x topology to u. a

Proof of Proposition 8.1.2 If f € C(0D), then the result is clear by the
solution of the Dirichlet problem. If f € LP(dD) is arbitrary, let ¢ > 0 and
choose g € C(8D) such that || f — g)l» < €. Then

|P-f = fllze < NPA(f —lle +1Prg — gllze +1lg — fllze
< P lf = glis + 1Prg = gllr + €
< e+o(l)+e
asr — 1. ]

PROPOSITION 8.1.8 Let K C 8D be compact, and let {I,},c 4 be a covering
of K by open intervals. Then there is a subcovering {/,, }]Nil such that every
point of K is contained in at least one but not more than two of the I,,’s. (We
call such a subcover a cover of valence two.)

Proof  Since K is compact, {Io}aca has a finite subcollection {/,, }]le that
still covers K. Now, in sequence, discard any /,; that is contained in the union
of the other intervals. O

DEFINITION 8.14  If f € L'(8D), let

M f(8) = sup QR/ €O~V dap.

R>0
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The function M f is called the Hardy-Littlewood mazimal function of f.

DEFINITION 8.1.5  Let (X, u) be a measure space and let f : X — C be
measurable. We say that f is of weak type p,0 < p < oo, if p{z : |f(z)] > A} <
C/AP, all 0 < X\ < co. The space weak type oo is defined to be L.

LEMMA 8.1.6 (Chebycheff’s Inequality) If f € LP(X,dp), then f is weak
type p, 1 < p < oo.

Proof Let A > 0. Then

pe @I NS [ PN ) SO O

Exercise for the Reader
There exist functions that are of weak type p but not in LP,1 < p < 0.

DEFINITION 8.1.7  An operator T : LP(X,du) — {measurable functions} is
said to be of weak type (p,p),0 < p < o0, if

w{z | Tf(z)] > A} < CISIE. /A7, allfelP, A>0.
PROPOSITION 8.1.8 The operator M is of weak type (1,1).

Proof Let A > 0. Set S\ = {6 : [Mf(e)] > A\}. Let K C S be a compact
subset with 2m(K) > m(S)). For each k € K, there is an interval I > k with
|| ™" [, |F(e")]dip > M. Then {I)}xex is an open cover of K. By Proposition
8.1.3, there is a subcover {/y;, }]Ail of K of valence not exceeding 2. Then

M M
m(Sy) <2m(K) < 2m U I, | < 2Zm(lkj)
j=1 j=1
M
2 )
< T e dy
; A /ij
< Sl o

DEFINITION 8.1.9 If ¢ € 8D,1 < a < oo, then define the Stolz region (or
nontangential approach region or cone) with vertex ¢’ and aperture « to be

Ta(e®)={zeD:|z—-e¥ <a(l-|z)}
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Exercise for the Reader
Draw a careful sketch of T, (e%?). Save it for reference as you read the rest of the
chapter.

PROPOSITION 8.1.10 If e € 9D, 1 < a < oo, then there is a constant
C, > 0 such that if f € L'(dD), then

sup  |Prf(e'?)] < CaM f(e”).
rei?el, (e?)
Proof  For re'® € T, (e%), we have

10— ¢| < 2a(1 7).

Therefore, for 1/a <r < 1, we obtain

' 1 27 . 1-— 7”2
Pt = |- o)y~ —
\Prf(e"?)] 27 Jo fle )1—2rcos¢+7’2d¢
1 27 . 1— 7'2
_ B i(p—1p) d
o J, fle )(1 —7)2 4+ 2r(1 — cos®)) ¢|

logy(m/a(1-r))

giz

2w
7=0
2
x / (@) LT dyy
s, (
1

1—7)242r(2 1ol —7))?

1—72

(1—-7)?

|f (e dip,

27 Jip|<a(i—r)

where S; = {¢: 27a(1 — 1) < |[¢| < 22" a(1 —r)}. Now this is less than or equal
to

da & 1 /
ma? £ 29721 = 1) Jiyi< @42 )a(-n)

2 1 / o
+— £ (€9 |dy
2m L =7 Jip|<za(i-r)

3255 5 ! / () dy
T 2a(2 + 2701 (1 = 1) Jiyi<(@t2it1)a(i=r)

6o 1 / (60—
TR S 1£(£09)] dy
m 2-3a(l —r) | <3a(l—r) ( )

(O~ dy

IA
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< 2o ompe) + 2ms)
7=0

< sy + 2 ms).
v vis

H0<r<1i/a, then

2
PA@) < 5 [ 1) Ra/ e 1) dy
2c
< ﬁMf(G) O

THEOREM 8.1.11 Let f € h?{D)and 1 < p < 0o. Let f be as in Proposition
8.1.1 and 1 < & < 0o. Then

lim f(2) = f(e?), ae. e’ € dD.

Ta(e®)32—e?

Proof It suffices to handle the case p < 0o and f real-valued. If € > 0 then
choose g € C(OD) real-valued so that || f —gll Le(sp) < €2. We know by the theory
of the Dirichlet problem that

lim  g(z) =g(e?), all €% ecoD, (8.1.11.1)

o (et®)3z—et?
where g(re®®) = P.g(e*?). Therefore,

e limsup |f(z) — f(e?)| > €}

To(eif)dz—et?
< m{c?: lmewp |f(2) - g(2)] > ¢/3)

Iy (e?)dz—elf

+m{e’® . limsup |g(z) — g(e®)| > ¢/3}

Io(e?)sz—et?

m{

+m{e? : Ig(ef") — f(e")] > ¢/3} i
< {e9:C.M(f—g)>¢/3} +0+3llg— flloe/c)P.

In the last estimate we used Lemma 8.1.6 and (8.1.11.1). Now the last line is
majorized by

CLIf =gl /(e/3) + 37" < CUllf —gllie/(e/3) + 3P€?
< Cle.
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It follows that

lim fz)= f(ew), ae. €9 ¢eaD. ]

Fa(e®)3z—e

The informal statement of Theorem 8.1.11 is that f has nontangential boundary
limits almost everywhere.

Theorem 8.1.11 contains essentially all that can be said about the boundary
behavior of harmonic functions. Why are holomorphic functions better? The
classical way of answering this question (which will, in the long run, be seen to
be misleading) is to use Blaschke factorization.

DEFINITION 8.1.12 Ifa € C,|a|] < 1, then the Blaschke factor at a is

zZ—aQ

B,(z) =

C1-az

It is elementary to verify that B, is holomorphic on a neighborhood of D and
that |B,(e*)| = 1 for all 6.

LEMMA 8.1.18 If 0 < r < 1 and f is holomorphic on a neighborhood of

D(0,7), let p1,...,pr be the zeroes of f (listed with multiplicity) in D(0,r).
Assume that f(0) # 0 and that f(re*) # 0, all ¢. Then

k 2w
_ 1 i
tog |/(0)] +1og [ ] rin,i " = 5 [ togiftre)an

7j=1

Proof  The function

f(z)
Fz) = ——————
=08,

is holomorphic on a neighborhood of D(0,r); hence log|F| is harmonic on a
neighborhood of D(0, 7). Thus

1 271' .

log |F(0)] = 5;/0 10g|F(re”)|dt
1 27 ]

= %A log | f(re®)| dt

or

k 2m
1 .
log | £(0)] + log H - / log | f(re™)| dt. a
j=1 0

ol 2
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Notice that, by the continuity of the integral, Lemma. 8.1.13 holds even if f has
zeros on {re'}. The reader should also notice that the proof of the lemma is
essentially the same as the proof of Lemma 7.5.2.

COROLLARY 8.1.14 If f is holomorphic in a neighborhood of D(0,7), then

2
g |0 < 5- [ loglfre") .

Proof  The term log Hle |r/p;| in Lemma 8.1.13 is positive. O

COROLLARY 8.1.15 Tf f is holomorphic on D, f(0) # 0 and {p1,ps,...} are
the zeros of f counting multiplicities, then

27

S| 1 .
lo 0) + 1o — < sup — log™ | f(re®t)| dt.
g|£(0)] ng:Illij S on | log |f(re™)|

Proof  Apply Lemma 8.1.13, letting r — 17. D

COROLLARY 8.1.16 1f f € HP(D),0 < p < o0, and {p1,ps, ...} are the zeros
of f counting multiplicities, then Y377, (1 — |p;|) < o0

Proof  Since f vanishes to finite order k at 0, we may replace f by f(z)/z*
and assume that f(0) # 0. It follows from Corollary 8.1.15 that

= (1
logn{m} < 0
j=1 J

or TT(1/Ip;]) converges; hence [] |p;| converges. So 3 (1 — |p;|) < oco. O

PROPOSITION 8.1.17 If {p1,ps,...} C D satisfy 3 (1 — |p;]) < o0,p; # 0
for all j, then

converges normally on D.

Proof  Restrict attention to |z] < r < 1. Then the assertion that the infinite
product converges uniformly on this disc is equivalent to the assertion that

2.

7

Pj
1+ =28y (2)
lpjl P
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converges uniformly. But

P; p;| — Ip;1Bjz + Bz — Ips?
1 B Pl
_ y([pj|+ij)(1_ [Z’jl)\
pi|(1 — 2p;)
L+ - Ips])
- 1—r !
so the convergence is uniform. O

DEFINITION 8.1.18  Let 0 < p < oo and f € HP(D). Let {p1,ps,...} be the
zeros of f counted according to multiplicities. Let

T —7
B(z) :HT pJ

{where each p; = 0 is understood to give rise to a factor of z). Then B is
a well-defined holomorphic function on D by Proposition 8.1.17. Let F(z) =
f(z)/B(z). By the Riemann removable singularities theorem, F' is a well-defined,
nonvanishing holomorphic function on D. The representation f = F'- B is called
the canonical factorization of f.

Exercise for the Reader
All the assertions of Definition 8.1.18 hold for f € N(D), the Nevanlinna class.

PROPOSITION 8.1.19 Let f € HP(D),0 < p < o0, and let f = F - B be its
canonical factorization. Then F' € HP(D) and |[F||ge(py = | fllz»(D)

Proof  Trivially, |F| = |f/B| > |f|, so |Fllage > ||fllae- TN =1,2,..., let
N 5.
11 2iB,
jljl ,pjl Pg(z)

(where the factors corresponding to p; = 0 are just z).

Let Fy = f/By. Since |By(e*)| = 1, all ¢, it holds that |En|/ge = || f]ar
(use Lemma 2.1.17 and the fact that By(re') — By(e') uniformly in ¢ as
r—17)If0 <r <1, then

{% /0 QWlF(re“)lpdtr/p - lim B; /O g ]FN(re“)lpdt]
Jim [Pl = /]

1/p

IA
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Therefore, ||[Fllar < || fllae- -

COROLLARY 8.1.20 1 {p1,p2,...} is a sequence of points in D satisfying
>-;(1 = p;l) < oo and if B(2) = [1;(~p;/Ip;l)Bp,(2) is the corresponding
Blaschke product, then

lim B(re®)

r—1-

exists and has modulus 1 almost everywhere.

Proof  The conclusion that the limit exists follows from Theorem 8.1.11 and
the fact that B € H®. For the other assertion, note that the canonical factor-
ization for B is B = 1 - B. Therefore, by Proposition 8.1.19,

1 o 1/2
|5 18R] = 1Bl = e =1

hence |B(e)] = 1 almost everywhere. ]
THEOREM 8.1.21 If f € HP(D),0 <p < 00, and 1 < a < oo, then

I
T (D)gg—)ew f(Z)

exists for almost every e € &D and equals f (e%?). Also, f € L?(8D) and

- 1 2m ) 1/p
e = Wflior = s o [ Iseras)
0<r<1 [ 4T Jo
Proof By Definition 8.1.18, write f = B - F, where F has no zeros and B is
a Blaschke product. Then FP/? is a well-defined H? function and thus has the
appropriate boundary values almost everywhere. A fortiori, F' has nontangential
boundary limits almost everywhere. Since B € H>, B has nontangential bound-
ary limits almost everywhere. 1t follows that f does as well. The final assertion
follows from the corresponding fact for H? functions (exercise). O

8.2 Three Propositions about the Poisson

Kernel
The crux of our arguments in Section 8.1 was Proposition 8.1.10, in which the
Poisson integral was majorized by the Hardy-Littlewood maximal function. In
this estimation, the explicit form of the Poisson kernel for the disc was exploited.
If we wish to use a similar program to study the boundary behavior of harmonic
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and holomorphic functions on general domains in RY and C”, then we must
again estimate the Poisson integral by a maximal function.

However there is no hope of obtaining an explicit formula for the Poisson
kernel of an arbitrary smoothly bounded domain. In this section we shall instead
obtain some rather sharp estimates that will suffice for our purposes. Although
estimates of this nature have been part of the folklore of partial differential
equations for some time, there is no treatment in print.

We shall present here a classical treatment that was developed by N. Kerz-
man [4]. Kerzman’s methods have the virtue of being self-contained (in the sense
that they use only facts that we developed in Chapter 1) and giving precisely the
estimates that we need. We present the proofs of Propositions 8.2.2 and 8.2.6
with the generous permission of Norberto Kerzman.

Recall from Section 1.3 that the Poisson kernel for a C? domain Q@ C RN
is given by P(z,y) = —1,G(z,y),x € Q,y € 00. Here v, is the unit outward
normal vector field to 9Q at y, and G(z,y) is the Green’s function for . Recall
that, for N > 2, we have G(z,y) = eyl — y| V1?2 — F,(y), where F depends
in a C?~¢ fashion on x and y jointly and F is harmonic in y. By Exercise 20 at
the end of Chapter 1, G is C27¢ on 2 x Q\ {diagonal} and G(z,y) = G(y,z). It
follows that P(z,y) behaves qualitatively like |z — y| V1. (These observations
persist in R? by a slightly different argument.) In this section we use the method
of comparison domains to refine this qualitative estimate on the Poisson kernel.

We begin with a geometric fact.

GEOMETRIC FACT Let Q cC R" have C? boundary. There are numbers
r, ¥ > 0 such that for each y € 9 there are balls B(c,,7) = B, C Q and
B(&,,7) = B, C “Q that satisfy

i. B(e,, 7 )nQ={y}
ii. B(c,,m)N<Q = {y}.

Let us indicate why these balls exist. Fix P € 0. Applying the implicit function
theorem to the mapping

N x(-1,1) — RY,
(C7t) = C_*_tVC»

at the point (P,0), we find a neighborhood Up of the point (P,0) on which the
mapping is one-to-one. By the compactness of the boundary, there is thus a
neighborhood U of 8Q such that each x € U has a unique nearest point in 2.
It further follows that there is an ¢ > 0 such that if {1, {s are distinct points of
OQ then It = {1 +tue, @ [t| < 2¢} and Iy = {{2 + tug, @ || < 2¢} are disjoint
sets (that is, the normal bundle is locally trivial in a natural way). From this
it follows that if y € 0, then we may take ¢, = y — vy, &y = y + €y, and
r = 7 = €. Refer to Figure 8.1.
We may assume in what follows that r = 7 < diam /2.
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FIGURE 8.1

We now consider estimates for Po(z,y). Results are stated for all dimen-
sions N > 2 but, for convenience, are proved only for N > 3. The basic technique
is to compare the Green’s function and Poisson kernel for the given domain 2
with the corresponding functions for the internally and externally tangent balls
B(cy,r) and B(é,,7) (and also for their complements).

PROPOSITION 8.2.1 Let Q@ C RN be a domain with C? boundary. Let P =
Pg : Q0 x 9Q — R be its Poisson kernel. Then for each z € Q, there is a positive
constant C, such that

C
< :
|z —ylV-1 7 S(x)N

0<Cy, < Px,y) <

Here §(z) = dist (z, 99).

Proof  Recall that G(z,y) = 0 for z € Q,y € Q. By the maximum principle
applied to —G(z, -) on \ B(z, €), we have that G > 0 on 2. By the Hopf lemma,
—v,G(x,y) > 0 when y € 9Q. Since 9Q is compact, the bound from below on
P(z,y) is established.

Now for fixed z € Q,y € 99, we know that G(z, ) equals 0 on 9, whereas
Gcéy(x, -} > 0 on 992. Since G.g, (z,-) — Go(z,) is harmonic on (, it follows
that

Gcéy(iﬁ',t) Z Gﬂ(xyt)7 te Qa

Gz, (0,y) = Galz,y)=0.
Therefore,
chy(m) y) = —l/chBy(fE,’y) = —VQGQ(I,Z/) = PQ(.’E,y) (8211)
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The Poisson kernel for B, is

1 =2 _ =2
Py (5t = —— 125

WN_1T |z — |V

By Kelvin reflection, the Poisson kernel for CBy is

1 |z — &,|% — 72
P.s (z,t) = : Y
By(m ) wN_ﬂ: |x—t|N
Thus (8.2.1.1) gives
1 |z -2 -7
P, < : Y
Q(xvy) = WN—IF ]-T_yiN
1 (el -z - &+ 7)
WN-1T lz — y|¥
< 2 |z —y|(diam§ +7)
T wNaaT |z —y|¥
= Cle—y| Mt <Co(z) N+ O

Exercise for the Reader
Use the explicit formula for the Poisson kernel of B(0, R) C R" to prove that if
u is a nonnegative harmonic function on B(0, R) and £ € B(0, R), then:

(i) u(€) < 2(R/d(€))N - u(0);
(if) u(8) > [d(§)/(2" R)] - u(0), where d(¢) = dist (¢, °B(0, R))

These first two inequalities are essentially the Harnack inequalities of Chapter 1.
Apply inequality ii to Ga(z,-) on a ball B} internally tangent to 0Q at y € 952
with z € B, to obtain

(iii) Ga(z,t) > Cld(t)]Galz,cy), t€ B, ze
Conclude that

(iv) ~5%GQ(I,y) > CGalz,cy) >0,

so we have found a second proof that

(v) Po(z,y) > CL>0.

Parts i~iv also have independent interest, as we shall see.
Ifx € Q,8(z) <7 let mz € 3 be the nearest point to z. Apply (i) to
Pa(-,y) on By, to obtain

(vi) Pa(z,y) > Cd(z) - Pa(crs,y) provided 6(x) < r;
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FIGURE 8.2

Conclude from (vi) and the fact that {c.;} CC Q that
(vii) Po(z,y) = C'8(z) for all z € 2.
For the case 6(z) < r and y = mz, we may apply the argument in the proof of
Proposition 8.2.1 to compare Po(z,y) with Pg, (z,y) to obtain
(viii) Pq(x,y) > clz —y| ™ V*! when y = nz.

With the results of the exercises in hand, it is now easy to prove the next
proposition:

PROPOSITION 8.2.2 1f Q CC R" is a domain with C? boundary, then

&(z)

I >C —.
Q(I;y)— lx—le

Proof  Choose 0 < 7 < r/2 so small that the following is true: Let z € Q,y €
|z —y| < n, and let § = O(x,y) = mx — 2|z — y| - Vry. Then there is an
Z € B(0, 3|z — y|/2) such that |T — y| = §(Z) (see Figure 8.2).

Consider y € 02 to be fixed. To prove the result, we need only consider z
such that |z — y| < 7 (otherwise (vii) above applies). Notice that

IN

1z~ 0| +10 — | + |z — 9]

z—
3|_2_y] + 2|z —y| + |z — y| < 5|z —yl. (8.2.2.1)

1z — vy

IN

Applying (i) to Pa(-,y) on B(6,2|z — y|) and then (¢) to Pu(-,y) on
B(8,2|x — y|) gives

Pae) 2 Oy Palbiy)
) @) (=gl o s Pal@y)
> opty (5R07) men =Rl
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FIGURE 8.3

But (viii), together with (8.2.2.1), shows that this majorizes C""6(z)/|z — y|"~.
O

The next estimate for Py (Proposition 8.2.6) is the most useful and the
deepest. In order to prove it we must first consider an auxiliary function to
which we will compare it.

LEMMA 8.2.3 Let B C RY be the unit ball. Let B = B((0,...,0,1),1) and

T = BN°B. Let T=0B\ B. There is a nonnegative harmonic function H on a
neighborhood of T" and a ¢ > 0 such that

(8.2.3.1) H(0) =0;

(8.2.3.2) H(z)>0ifz €T\ {0};
(8.2.3.3) H>1lonr;

(8.2.3.4) H(0,...,0,-t) <ct,all0<t<1.

Proof Let H be a large positive multiple of the Kelvin transform in B of
the function z +— zx (see Figure 8.3). A moment’s reflection shows that this I
works (do not calculate—think geometrically). O

Remark: If 0 < o, let T, be the region obtained from 7" by dilation of order
a (i.e., T, is obtained from balls of radius ). Then H,(z) = H(x/a) has the
same properties relative to T, as H does relative to T. 0

LEMMA 8.2.4 There is a constant C = C(Q,N) such that Gq(z,y) <
Cla —y|=N*2.

Proof Let ¢ > 0. Both Gq(z,y) = -—cnl|z — y|™V*? — F,(y) and
—2cy|z — y|~V*? are harmonic on Q \ B(z,¢), and the latter majorizes the
former on 3(Q\ B(z,¢)) if € is small. (Remember how F, was constructed!) By
the maximum principle, the majorization persists on 2\ B(z, ¢), hence on €. O
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T(x
FIGURE 8.4
LEMMA 8.2.5 We have
Gale,y) < OO 2, (325.)
5
Galz,y) < C(Q,N) - F%xlzﬁ (8.2.5.2)

Proof We first prove (8.2.5.1). Recall that 7 < diamQ/2. If §(y) >
7l — y|/(8 diam £2), then there is nothing to prove by Lemma 8.2.4.

If 6(y) < 7z — y|/(8diam Q), let a = 7|z — y|/(4diam Q) > 26(y). Rotate
and translate T, so that 0 is sent to my (the projection of y to Q) and the
resulting region T7* is tangent to 00 at 7y (see Figure 8.4). Observe in the figure
that Q and T have the same inward normal at my.

Let t € 0T NQ. Then jx —t| >z —y|—jy~t| > |t —y| - 2a > lz;yl.
Therefore,

Galz,t) < Clz —t| M2 < Clz — y|7V 2. (8.2.5.3)

Let H} be the harmonic function on T} whose existence is guaranteed by Lemma
8.2.3. By (8.2.3.3) and (8.2.5.3),

H:t)Clr —y| Nt > Ga(z,t), tedT:nq. (8.2.5.4)
But, trivially,

H:t)Clz —y| N2 > 0= Gqlz,t), tcT:nom. (8.2.5.5)
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By the maximum principle,
H:(6)Clz —y|™V 2 > Ga(z,t), allteT:nN. (8.2.5.6)
Therefore,
Hi(y)Clz =y "*? > Ga(z,y).
Now (8.2.3.4) yields that
C” (6(y)/a) |z —y|~N? > Galz,y); (8.2.5.7)
hence the choice of « implies
C"8(y)le -yl "*! > Galz,y).

Now (8.2.5.2) follows from (8.2.5.1) by symmetry. a
The final estimate on Po(x,y) is the following.
PROPOSITION 8.2.6 1f Q cC R” is a domain with C? boundary, then

&(x)

P, <C——r.
Q(-’L',y) = C‘-T_le

Proof  We exploit Lemma 8.2.5. We prove that

Golz,y) < Cf—x(%(—lyﬁ). (8.2.6.1)

For the case §(z) > 7|z — y|/(8 diam §2), there is nothing to prove. So we may
assume that §(z) < 7|z — y|/(8 diam ).
Use the notation of the proof of Lemma 8.2.5. We do a comparison on 7.

The argument used to prove (8.2.5.7) now shows that (8.2.6.1) holds because,
with (8.2.5.2) replacing (8.2.5.3), we obtain

S(z)Hg (1)

EET LR

Galz,t) < C- ted(IrNa)

instead of (8.2.5.6).
By the maximum principle, (8.2.6.1) follows. Using the fact that

Galz, ')laQ =0

and differentiating, the proposition follows. 0

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



338 Chapter 8: A Little Harmonic Analysis

8.3 Subharmonicity, Harmonic Majorants, and
Boundary Values

Let @ C C¥ be a domain and f : © — R a function. The function f is said
to have a harmonic majorant if there is a (necessarily) nonnegative harmonic u
on 2 with |f] < u. We are interested in harmonic majorants for subharmonic
functions.

PROPOSITION 8.5.1 If f: B — R" is subharmonic, then f has a harmonic
majorant if and only if

sup f(r$) do(¢) < .
0<r<1 JOB

Proof  Let u be a harmonic majorant for f. Then

frg)do(¢) < / u(r{) do(¢) = wn—_1-u(0) = C < o0,

oB 8B

as claimed.
Conversely, if f satisfies

T

sup [ f(r¢)da(¢) < ox,
oB

then the functions f, : 3B — C given by f,.(¢) = f(r({) form a bounded subset
of L(0B) C M(dB). Let f € M(OB) be a weak-+ accumulation point of the
functions f,. Then F(r¢) = Pf(r¢) is harmonic on B, and for any z € B and
1> 7> |z| we have

0< 1@ < [ Pa/nOf O
— /P(z,()df(() = F(x) asr — 17, O

A consequence of Proposition 8.3.1 is that not all subharmonic functions
have harmonic majorants. Harmonic majorants play a significant role in the the-
ory of boundary behavior of harmonic and holomorphic functions. Proposition
8.3.1 suggests why growth conditions may, therefore, play a role. The fact that
f harmonic implies |f|? subharmonic only for p > 1, whereas f holomorphic im-
plies | f|? subharmonic for p > 0 suggests that we may expect different behavior
for harmonic and for holomorphic functions.

By way of putting these remarks in perspective and generalizing Propo-
sition 8.3.1, we consider h?(Q2) (resp. HP(Q))), with Q any smoothly bounded
domain in RY (resp. C"). First we require some preliminary groundwork.
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Let © cC RY be a domain with C? boundary. Let ¢ : R — [0,1] be a
C™ function supported in [—2,2] with ¢ =1 on [-1,1]. Then Exercise 4 at the
end of Chapter 3 implies, with éo(x) = dist (z, Q) and €y > 0 sufficiently small,
that

p(z) = { —¢(lzl/c0)da(lz]) - (1 - ¢(jzl/e0)) ifz €,
¢(lzl/e0)da(lz]) + (1 — ¢(lzl/e0))  ifz ¢

is a C? defining function for ). The implicit function theorem implies that if
0 < € < €, then Q. = {x € Q : p(x) = —¢} is a C? manifold that bounds

Q. ={z€Q:pfx) = p(x)+e < 0}. Now let do. denote area measure on 92..
Then it is natural to let

h?(Q)) = {f harmonicon Q: sup /aﬂ IF(OIPdoe($)H?

O0<e<eg
”f“hp(g) < oo}, 0<p<oo,
h*(©2) = {f harmonic on € :sup|f(z)| = ||fll= < oo}
zcQ
In case Q is a subdomain of complez space, we define

H?(Q)) = b?(Q2) N {holomorphic functions}, 0 <p < oo.

The next lemma serves to free the definitions from their somewhat artificial
dependence on dq and p.

LEMMA 8.3.2 (Stein)  Let py1, p2 be two C? defining functions for a domain
QCRY. Fore>0smalland i = 1,2, let

O ={z e Q:pi(z) < —¢},
00 = {z € Q: pi(x) = —€}.

Let 0! be area measure on 9. Then for f harmonic on © we have

>0

sup [ 17(QPdat(0) < o0

if and only if
sup [ 17(OPdo?(¢) < .
a0z

e>0

(Note: Since f is bounded on compact sets—equivalently, the supremum is only
of interest as € — 0—there is no ambiguity in this assertion.)
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Proof By definition of defining function, gradp; # 0 on 9f). Since 091 is
compact, we may choose ey > 0 so small that there is a constant A\,0 < A < 1,
with 0 < A < |grad p;(z)}] < 1/\ whenever x € ,da(x) < €. If 0 < € < ¢, then
notice that for z € 90?2 we have

Bz, Ae/2) CQ
and, what is stronger,
B(z, Ae/2) C {t: =3¢e/A% < pi(t) < —A* - ¢/3} = S(e). (8.3.2.1)

Therefore,

P 1 ¥y
F@OF < S5 /;; IO

As a result,
[ if@pae < oo [ [ P avind)
802 892 J B(z,7¢/2)
= oM [ s @UOF do@) v
S(e) J 802
< o [ yorf do? (@) dV ()
S(e) OQ2ZNB(t,Ae/2)
< C"E_NGN*I/ Lf()IPdV (L)
S(e)
< s [ \f@P sl
€ (51953
Of course, the reverse inequality follows by symmetry. ]

One technical difficulty that we face on an arbitrary 2 is that the device
of considering the dilated functions f,(¢) = f(r¢) as harmonic functions on  is
no longer available. However this notion is an unnecessary crutch, and it is well
to be rid of it. As a substitute, we cover 2 by finitely many domains 21, ...,
with the following properties:

(8.3.3) Q0 =U;0;.

(8.3.4) For each j, the set 00 N 08 is an (N — 1)-dimensjonal manifold with
boundary.

(8.3.5) Thereis an ¢y > 0 and a vector v; transversal to 92N 0S; and pointing
out of Q such that ; —ev; = {z— evj 1z € Qj} ccQ,all 0<e<ep.
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FIGURE 8.5

We leave the detailed verification of the existence of the sets Q; satisfying (8.3.3)—
(8.3.5) as an exercise. See Figure 8.5 for an illustration of these ideas.

For a general C? bounded domain, the substitute for dilation will be to
fix 5 € {1,...,k} and consider the translated functions fe(z) = f(z — evy),
fe:Q; > C,ase— 0.

THEOREM 8.3.6 Let © € RY be a domain and f harmonic on . Let
1 < p < oo. The following are equivalent:

(8.3.6.1) f € hr(Q).
(8.3.6.2) If p > 1, then there is an fe LP{0Q) such that

@)= [ Plz,y)fy)do(y)

o

(resp. if p=1, then there is a u€ M(0) such that f(z) :faQP(x, y)du(y)).
Moreover, || flle = | fllze-

(8.8.6.3) |f|? has a harmonic majorant on €.
Proof (2)= (3)Ifp>1,let
h(z) = [ Pl@,y)lf @) do(y).
o0
Then, treating P(z,-) do as a positive measure of total mass 1, we have

P

@) ‘ /6 Py det)

G [\ Pa,g) doty) = @)

The proof for p = 1 is similar.
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(3) = (1) f € > 0 is small, zp € Q is fixed, and Gg is the Green’s function
for Q, then Gq(zg,-) has nonvanishing gradient near 9 (use Hopf’s lemma).
Therefore,

Q.={zeQ: -Golz,) < —€}

are well-defined domains for € small. Moreover (check the proof), the Poisson
kernel for 2 is P.(z,y) = -v;Gaq (z,y). Here v, is the normal to 9} at y € O€2..

Assume that € > 0 is so small that =y € Q.. So if & is the harmonic majorant for
[f]P, then

h(zo) = /@ v Galeo, h(y) do(y). (8.3.6.4)

Let 7. : 3Q. — 8Q be normal projection for e small. Then
~vyGa(zo, () — —»Galzo, +)

uniformly on 8Q as e — 0F. By 8.2.1, —v,,Ga(zo, - ) > ¢z, > 0 for some constant
Cay- Thus —vEGa(wo, 771 (+)) are all bounded below by ¢y, /2 if ¢ is small enough.
As a result, (8.3.6.4) vields

/ ' h(y) do(y) < 2h(xo)/es,
21978

for € > 0 small. In conclusion,

[ 150 do(6) < 2han) v,

€

(1) = (2) Let ©; be as in (8.3.3) through (8.3.5). Fix j. Define on §; the
functions f.(z) = f(r — ev;),0 < € < €. Then the hypothesis and (a small
modification of) Lemma 8.3.2 show that { f. } forms a bounded subset of L?(9%2;).
Ifp>1,let f] € LP(882;) be a weak-* accumulation point (for the case p = 1,
replace f; by a Borel measure fi;). The crucial observation at this point is that f
is the Poisson integral of f] on §2;. Therefore, f on (); is completely determined
by fj and conversely (see also the exercises at the end of the section). A moment’s
reflection now shows that fj = f, almost everywhere [do] in 98 N oL, N O so
that f = f] on 0€; N OSY is well defined. By appealing to a partition of unity on
0Q that is subordinate to the open cover induced by the (relative) interiors of
the sets 9Q; N N, we see that f. = f o7 ! converges weak-* to f on O when
p > 1 (resp. f. — [ weak-+ when p = 1).
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Referring to the proof of (3) = (1) we write, for zo € Q fixed,

flzo) = /m VG, ) f(y) do(y)

/m —vyCa (0,7 (0)) £ (n ' () T°(y) do(y),

where J¢ is the Jacobian of the mapping 7. ! : 8Q — Q.. The fact that 8 is
C? combined with previous observations implies that the last line tends to

/ 1, Calz0,y) f(y) do(y) = / Pa(z0,4)f(y) do(y)
a0 o0

(resp. [ ~wGatan ) dit) = [ Patoon) dﬁ(y)>

1219/

as e — 01, |

Exercises for the Reader
1. Prove the last statement in Theorem 8.3.6.

2. Imitate the proof of Theorem 8.3.6 to show that if u is continuous and
subharmonic on £} and if

swp [ Ju(OF do(c) <00, p2 1,
e Joq,
then u has a harmonic majorant h. If p > 1, then h is the Poisson integral
of an L? function h on 8. If p = 1, then h is the Poisson integral of a Borel
measure ji on 9.

3. Let 2 C RY be a domain with C? boundary and let p be a C? defining
function for Q. Define O = {z € Q : p(x) < —€},0 < € < €. Let 9,
and do. be as usual. Let w. : Q. — 99 be orthogonal projection. Let
fe LP(09),1 < p < co. Define

F(z) = - Pa(z,y) f(y) do(y).

a. Prove that [, Po(z,y)do(y) =1, any z € Q.
b. There is a C > 0 such that, for any y € 09,

Po(z,y)do(z) < C, any 0 < e <ep.
a0,
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c. There is a C’' > 0 such that

/ |F(z)|P doe < C', any 0 <e< e.
89,
d. If § € C() satisfies ||¢ — fllz»(a0) < 1 and

G(x)= | Palz,y) (6(y) — f(y) do(y),

(219

then

/ |G(z)|P do.(z) < C'nP, any 0<e<ep.
Q.

e. With ¢ as in part d and ®(z) = [,(, Pa(z,y)¢(y) do(y), then (®[5q ) o
w1 — ¢ uniformly on 99.

f. Imitate the proof of Proposition 8.1.2 to see that F o n.* — f in the
LP(0%) norm.

8.4 Pointwise Convergence for Harmonic

Functions on Domains in RY
Let Q C RY be a domain. For P € 9Q,a > 1, we define

Io(P)={r€Q:|z— P| < adalz)}.

This is the N-dimensional analogue of the Stolz region considered in Section 8.1.
Draw a sketch of ', (P). Now our theorem is as follows:

THEOREM 8.4.1 Let Q cC R" be a domain with C? boundary. Let o > 1.
If 1 <p<ooand f€hP then

lim  f(z)= f(P) exists for almost every P € 6%0.

['o(P)3z—P

Moreover,
”fHLP(GQ) = ”f”hp(g)-

Proof = We may as well assume that p < co. We already know from (8.3.6.2)
that there exists an f € LP(0Q), | fllzr = || fllpe, such that f = Pf. It remains
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to show that f satisfies the conclusions of the present theorem. This will follow
just as in the proof of Theorem 8.1.11 as soon as we prove two things: First,

sup |Pf(z)| < CaMif(P), (8.4.1.1)
2l (P)
where
5 1
M f(P) =su / ft)lda(t).
P)= S0 B B o) S mon 4
Second,

ofy € 00 : Mif(y) > A} < CM’

all A >0. (8.4.1.2)
Now (8.4.1.1) is proved just as in Proposition 8.1.10. It is necessary to use the
estimate given in Proposition 8.2.6. On the other hand, (8.4.1.2) is not obvious;
we supply a proof in the paragraphs that follow. O

LEMMA 8.4.2 (Wiener)  Let K C RY be a compact set that is covered by the
open balls {B,}aca, Ba = Blca, o). There is a subcover B, Ba,, ..., Ba,,
consisting of pairwise disjoint balls, such that

m

(ca:,3rs,) 2 K.
U 7 ]

Proof  Since K is compact, we may immediately assume that there are only
finitely many B,. Let B,, be the ball in this collection that has the greatest
radius (this ball may not be unique). Let B,, be the ball that has greatest
radius and is also disjoint from B,,. At the jth step choose the (not necessarily
unique) ball of greatest radius that is disjoint from B,,, ..., Ba,_,. Continue.
The process ends in finitely many steps. We claim that the B,, chosen in this
fashion do the job.

It is enough to show that B, C U;B(cq,,37,;) for every a. Fix an a. If
o = o for some j then we are done. If o & {;}, then let jg be the first index
with By, N B, # ( (there must be one, otherwise the process would not have
stopped) Then Tasy = Taj otherwise we selected B, incorrectly. But then
clearly B(coéj0 , 37“%,0) D B(cy,Tw), as desired. O

COROLLARY 8.4.8 Let K C 09 be compact, and let {B, N9dN}aca, B
B(ca,Ta), be an open covering of K by balls with centers in 9€2. Then there is a
pairwise disjoint subcover B, Ba,, ..., Ba,, such that U; {B(ca,3r.) N0} D
K.

Proof  The set K is a compact subset of R" that is covered by {Ba}. Apply
the preceding Lemma 8.4.2 and restrict to 9.
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LEMMA 8.4.4 If f € LY(39), then

O'{SU € 0N : le( ) > /\} < C“f”Ll

all x> 0.

Proof Let Sy = {zx € 8Q: M1 f(z) > A}. Let K be a compact subset of S.
It suffices to estimate o(K'). Now for each x € K, there is a ball B, centered at
x such that

1

RS /B IRUCIEZORRY (8.4.4.1)

The balls {02 N B, }zcx cover K. Choose, by Corollary 8.4.3, disjoint balls
B:,,Bg,,..., Bg,, such that {0QN 3By, } cover K, where 3B, represents the
threefold dilate of B, (with the same center). Then

o(K) < iU(Z%szﬂBQ)

INA

ia (B, N09Y),
j=1

where the constant C will depend on the curvature of 9. But (8.4.4.1) implies
that the last line is majorized by

fB nan |f(t)) da(t) ”f”
>3 < L
C(N, 090) z]: X < C(N,09)"
This completes the proof of the theorem. O

8.5 Boundary Values of Holomorphic

Functions in C"

Everything in Section 8.4 applies a fortiori to domains @ C C™. However, on the
basis of our experience in the classical case, we expect HP({2) functions to also
have pointwise boundary values for 0 < p < 1. That this is indeed the case is
established in this section by two different arguments.

First, if @ CC C" is a C? domain and f € HP(Q), we shall prove through
an application of Fubini’s theorem (adapted from a paper of Lempert [1]) that f
has pointwise boundary limits in a rather special sense at o-almost every ¢ € 9.
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This argument is self-contained. After that, we derive some more powerful results
using a much broader perspective. We shall not further develop this second
methodology here, but we present an introduction to it for background purposes.
Further details may be found in E. M. Stein [2] and C. Feflerman and E. M.
Stein [1]. The logical progession of ideas in this chapter will proceed from the
first approach based on Lempert [1].

PROPOSITION 8.5.1 Let  cC C™ have C? boundary. Let 0 < p < oo and

f € HP(Q2). Write Q = U;?:IQ]» as in (8.3.3) through (8.3.5), and let v1,..., 0%
be the associated normal vectors. Then, for each j € {1,...,k}, it holds that

lim f(¢ - ev;) = f(Q)

e—0t

exists for o-almost every ¢ € 0€2; N OS2

Proof  We may suppose that p < co. Fix 1 < j < k. Assume for convenience
that v; = vp = (1+410,0,...,0),P € 99;, and that P = 0. If z € C”, write
z=(21,..., %) = (21,7'). We may assume that ; = U,/ <1{(21,2") : 21 € D},
where D, C C is a diffeomorph of D C C with C? boundary. For each |2/| <
1,k € N0 < 1/k < €g, let %, = (D, x {Z}) n{z € Q; : dist (z,00;) = 1/k}.
Define B* = Ulz/]<1b’§,. Now a simple variant of Lemma 8.3.2 implies that

sup / 1F(O)Pdoy < Co < oo, (8.5.1.1)
k Bk

where o, is surface measure on B*. Formula (8.5.1.1) may be rewritten as

Sup/g |<1/b P doi($r) dVan—2(C') < Co, (8.5.1.2)

where 6, is surface (= linear) measure on b’g,. IfM>0,k> ko> 1/e, we define

s,i”={<':|<’|<1,/

Then (8.5.1.2), (8.5.1.3), and Chebycheff’s inequality together yield

FA(STS )lpdak(<1)>M} (8.5.1.3)

¢’

‘/277.—2(3](; ) < all k.

S
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Now let
SM = {C’ ¢ < 1,/ [f(¢1,¢)Pdo1(¢1) < M for only finitely many k}
bk
C/
= Uns'
b=ko k=t

Then Vo, 2(SM) < Cy/M. Since M may be made arbitrarily large, we conclude
that for Va,_s-almost every ¢’ € D"~1(0, 1), there exist k; < ko < --- such that

[ 6P a6 =00) s m—se.

¢!

It follows from Lemma 2.1.17 that the functions f(:,¢') € HP(D, ) for Vo,
almost every ¢’ € D®71(0,1). Now Theorem 8.1.21 yields the desired result. O

At this point we could prove that f tends nontangentially to the function
f constructed in Proposition 8.5.1. However, we do not do so because a much
stronger result is proved in the next section. The remainder of the present
section consists of a digression to introduce the reader to the second point of
view mentioned in the introduction. This second point of view involves far-
reaching ideas arising from the “real-variable” school of complex analysis. This
methodology provides a more natural—and much more profound—approach to
the study of boundary behavior.

The results that we present are due primarily to E. M. Stein [2]. To present
Stein’s ideas, we first need an auxiliary result of A. P. Calderén (see Stein [2]) and
K. O. Widman [1]. Although it is well within the scope of this book to prove this
auxiliary result on a half-space, a complete proof on smoothly bounded domains
would entail a number of tedious ancillary ideas (such as the maximum principle
for second-order elliptic operators). Hence we only state the needed result and
refer the reader to the literature for details.

Let © cC RY be a domain with C? boundary and let u : © — C be
harmonic. If P € 9Q, then we say that [ is nontangentially bounded at P if
there is an o > 1 and a C, < 0o such that

sup |f(z)| < Ca.
€l (P)

Now the result is as follows:

THEOREM 8.5.2 Let Q cc RY have C? boundary. Let u : @ — C be
harmonic. Let £ C 9 be a set of positive o-measure. Suppose that u is

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



8.5. Boundary Values of Holomorphic Functions in C* 349

nontangentially bounded at o-almost every P € E. Then u has nontangential
limits at o-almost every P € E.

Remarks:

1. Obviously if u has a nontangential limit at P € 9}, then u is nontangentially
bounded at P.

2. Theorem 8.5.2 has no analogue for radial boundedness and radial limits,
even on the disc. For let £ C 0D be a F, set of first category and measure
27. Let f: D — C be given by f(z) =sin[1/(1 — |2|)]. Then f is continuous,
bounded by 1 on D, and does not possess a radial limit at any point of D.
Of course f is not holomorphic. But by a theorem of Bagemihl and Seidel
[1] (see also Exercise 8 at the end of this chapter), there is a holomorphic (!)
function u on D with

lim |u(re) - f(re®®)| =0

r—1-
for every ¢ ¢ E. O

THEOREM 8.5.3 Let  CC C” have C? boundary. Let f € HP(f2),0 <
p < 00. Then f has nontangential boundary limit at almost every P € 99.

Proof  We may assume that p < co. The function |f[P/? is subharmonic and
uniformly square integrable over 92,0 < ¢ < €. So |f|P/? has a harmonic
majorant h € h%(Q). Since h € h?, it follows that h has almost everywhere non-
tangential boundary limits. Therefore, A is nontangentially bounded at almost
every point of Q. As a result, |f|/2, and therefore |f| itself, is nontangen-
tially bounded at almost every point of 2. So, by 8.5.2, f has a nontangential
boundary limit f defined at almost every point of . O

We conclude this section with a recasting of the ideas in the proof of 8.5.3 to
make more explicit the role of the maximal function. We first need two lemmas.

LEMMA 8.5.4 Let {X,} be a measure space with u > 0. Let f > 0 on X be
measurable and 0 < p < co. Then

[ terdute) = [ psetusts)ds = - [ gt

where ps(s) = pf{z: f(z) > s},0 < s < o0.
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Proof  We have

[ tarae = [ [ "t due)

(Fubini) / / du(z) dt
0 J{z:f(z)r>t}

(t=s") / psP e : flz) > s} ds
0

(pazrts) —/ sPdus(z). O
0

LEMMA 8.5.5 The maximal operator M, is bounded from L?(92) to L?(89).

Proof  We know that M maps L to L™ (trivially) and is weakly bounded
on L'. After normalizing by a constant, we may suppose that

| Myfllre < %llfllm, all f € L>®(09). (8.5.5.1)

Also we may assume that

o{C €00 : M f(C)] > A} < % all A>0, felL'(80). (8552

If fe L2(09),]|fll1= = 1,0 < t < 0o, we write
F(O) = £ xqcurn<ty + FO) - Xqerrze = 1 + £3(0)

Then

IMufIE = 2 / oa 7 (M)A dA

0 4]
= JT+1I1.
Now
1oz afteai=2 [ [ o aean
0 0 A

e <] t [e']
_ 2/ Uf(t)/ d/\dt:2/ o r(t) - tdt = | f]2.
0 0 0

Furthermore, notice that since |f}(¢)] < A for all ¢, it follows that |My f*(¢)|
< A/3. Hence oy, 42 (A/2) = 0. Therefore, 11 = 0. That finishes the proof. O
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Let us now examine more closely the interplay between harmonic majo-
rants and maximal functions to obtain a quantitative version of the nontangential
boundedness. Let notation be as in Theorem 8.5.3. Let A be the least harmonic
majorant for |f|P/? (assuming that p < co). Notice that the dominated conver-
gence theorem (or Fatou’s lemma) implies that f € LP(89). (Ezercise: For a
rigorous proof, you must either consider the Jacobian of 7. or restrict attention
to the §;’s). Now, for a > 1 fixed and P € 0f2, we have

PP = sup (f@)P? < sup |h(z)] < CaMih(P).

z€Tlo (P) 2zl (P)

Therefore,

W ooy < CallMihllZaaq)
< C'Ca||ﬁ||%2(am
< Cpsw [ 1SOPdo0)
<

cr /8 GG

= CalfliTs o0 (8.5.6)

Inequality (8.5.6) is valid for 0 < p < oo. It is central to the so-called real
variable theory of HP spaces. For instance, one has:

THEOREM 8.5.7 Let u be a real harmonic function on D C C. Let 0 <
p < 0o. Then u is the real part of an f € H?(D) if and only if, for some o > 1,

w1l e oy < 00

Under these circumstances, [[uy®|[Lra0) = | fl| #7(D)-

Theorem 8.5.7 was originally proved by methods of Brownian motion (D.
Burkholder, R. Gundy, and M. Silverstein [1]). C. Fefferman and E. M. Stein
[1] gave a real-variable proof and extended the result in an appropriate sense to
RYN. The situation in several complex variables is rather more complicated (see
J. Garnett and R. Latter [1] and S. G. Krantz and D. Ma [1]).

This ends our digression about the real-variable aspects of boundary be-
havior of harmonic and holomorphic functions. In the next section, we pick up
the thread of Proposition 8.5.1 and prove a theorem that is strictly stronger.
This requires a new notion of convergence.
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8.6 Admissible Convergence
Let B C C" be the unit ball. The Poisson kernel for the ball has the form

1|z

P(z,¢) = Cnmy

whereas the Poisson-Szegd kernel has the form

(1 — 122"

P(Z,C) = Cnm.

As we know, an analysis of the convergence properties of these kernels entails
dominating them by appropriate maximal functions. The maximal function in-
volves the use of certain balls, and the shape of the ball should be compatible
with the singularity of the kernel. That is why, when we study the real analysis
of the Poisson kernel, we consider balls of the form

Bi(¢,ry={{€dB: (- <r}, (€IB,r>0.

In studying the complez analysis of the Poisson-Szegd kernel (equivalently,
the Szegt kernel}, it is appropriate to use the balls

Ba¢,r)={€€dB:|1~¢-(|<r}, (€dB, r>0.
These new nonisotropic balls are fundamentally different from the classical (or
1sotropic) balls (51, as we shall now see. Assume without loss of generality that
¢= 1=(1,0,...,0). Write 2/ = (22,...,%,). Then
Ba(l,r)={£€dB:1-&]|<r}.

Notice that, for £ € 0B,

&' = 1-1al?
(L~ &N+ 1&l
< 21 =&}
hence

Bo(L,r) C{E€dB: 1 —&| < ¢ <V2r}.
A similar computation shows that

{¢€aB: 1 -&|<n ¢l =v1-1&al?}
OB N{€: [Im& | < r/2,1—1/2 < Rety < 1,|¢| < V/r}.

ﬁg( [l,T)

1V

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



8.6. Admissible Convergence 353

<2
FIGURE 8.6

In short, the balls we are considering have dimension ~ r in the complex space
containing v; and dimension ~ +/7 in the orthogonal complement (see Figure
8.6). The word nonisotropic means that we have different geometric behavior in
different directions.

In the classical setup, we considered cones modeled on the balls §;:

Fo(P)={zeB:|z—P]<a(l—|z])}, Pe€dB,a>1
In the new situation we consider admissible regions modeled on the balls G5 :
A (P)={z€B: |1~z -P|<a(l—|2)}
The reader should calculate that A, (P) provides nontangential approach to P
in complex normal directions but parabolic approach in complex tangential di-

rections.
Our new theorem about boundary limits of H? functions is as follows:

THEOREM 8.6.1 lLet f € H?(B),0 < p < 00. Let o > 1. Then the limit

i f(P) = f(P)

exists for g-almost every P € 0B.

Since the Poisson-Szegd kernel is known explicitly on the ball, then for
p > 1 the proof is deceptively straightforward: One defines, for P € 0B and
g € LY(0B),

Mzg(P) = sup

1
wp s /ﬁ 601 )
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Also set g(z) = [55 P(2,{)g(¢) do({) for z € B. Then, by explicit computation
similar to the proof of Proposition 8.1.10,

95 %(P)= sup |g(2)] < CouMa2g(P), all g € L'(OB).
ZEAL(P)

This crucial fact, together with appropriate estimates on the operator M, en-
ables one to complete the proof along classical lines for p > 1. For p < 1, matters
are more subtle.

We forgo the details of the preceding argument on B and instead develop
the machinery for proving an analogue of Theorem 8.6.1 on an arbitrary C?
bounded domain in C”. In this generality, there is no hope of obtaining an explicit
formula for the Poisson-Szegé kernel; indeed, there are no known techniques
for obtaining estimates for this kernel on arbitrary domains (however, see C.
Fefferman [1] and A. Nagel, J. P. Rosay, E. M. Stein, and S. Wainger [1] for
estimates on strongly pseudoconvex domains and on domains of finite type in
C?). Therefore, we must develop more geometric methods that do not rely on
information about kernels. The results that we present were proved on the ball
and on bounded symmetric domains by A. Koranyi [1,2]. Many of these ideas
were also developed independently in Gong Sheng [1, 2]. All the principal ideas
for arbitrary Q are due to E. M. Stein [2].

Our tasks, then, are as follows: (1) to define the balls 3 on the bound-
ary of an arbitrary 2; (2) to define admissible convergence regions A,; (3) to
obtain appropriate estimates for the corresponding maximal function; and (4)
to couple the maximal estimates, together with the fact that “radial” boundary
values are already known to exist (see Proposition 8.5.1) to obtain the admissible
convergence result.

If z,w are vectors in C™, we continue to write z - w to denote Zj 2Wj.
{(Warning: Tt is also common in the literature to use the notation z - w =
Z]. z;w;.) Also, for @ C C™ a domain with C? boundary, P € 98, we let vp be
the unit outward normal at P. Let Cvp denote the complex line generated by
vp:Cuvp = {{vp:( €C}

By dimension considerations, if Tp(0%2) is the (2n — 1)-dimensional real
tangent space to 92 at P, then £ = Cvp N Tp(dS}) is a (one-dimensional) real
line. Let

Tp(092) = {zeC":z-vp=0}
= {zeC":z-w=0VweCrp}.

A fortiori, Tp(0Q) C Tp(9Q). If z € Tp(9Q), then iz € Tp(0N). Therefore,
Tp () may be thought of as an (n—1)-dimensional complex subspace of Tp(052).
Clearly, Tp(99) is the complex subspace of Tp(dQ) of maximal dimension. It
contains all complex subspaces of T{0%2). (The reader should check that 7p(0€2)
is the same complex tangent space that was introduced when we first studied
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the Levi form.) We may think of 7p(0f2) as the real orthogonal complement in
Tp(002) of £.

Now let us examine the matter from another point of view. The com-
plex structure is nothing other than a linear operator J on R?" that assigns to
(Z1,Z2,. -, Ton_1,T2n) the vecior (—za,Z1, ~Z4, 3, ..., —Tan, Ton—1) (think of
multiplication by 7). With this in mind, we have that J : 7p(0Q) — Tp(0N)
both injectively and surjectively. Notice that Jvp € Tp(0), where J(Jvp) =
—vp & Tp(09Q). We call Cvp the complex normal space to 02 at P and 7p(092)
the complex tangent space to O at P. Let Np = Cvp. Then we have Np L Tp

and

C" = Np®cTp

TP = RJI/P @RTP-
EXAMPLE Let = B C C" be the unit ball and P = 1 € 9f). Then
Cvp = {(21,0,...,0) : 2, € C} and 7Tp = {(0,2) : 2’ € C"'}. O

Exercises for the Reader

1. Let  C C™ be a domain. Let J be the real linear operator on
R2™ that gives the complex structure. Let P € 0. Let z = (z1,...,2,) =
(1 4 Y1, ., Tn +iyn) = (Z1,Y1,--->%n,Yn) be an element of C* = R,
The following are equivalent:

(i) we Tp(Q).
(if) Jw € Tp(0).
(iii) Jw L vp and w L vp.

2. With notation as in the previous exercise, let A = } . a;(2)0/0z,
B =}.bi(2)0/0z; satisfy Ap|gg = 0, Bplsg = 0, where p is any defining
function for Q2. Then the vector field [A, B] has the same property. (However,
note that [A, B] does not annihilate p on 9 if © is the ball, for instance.)
Therefore, the holomorphic part of 7p is integrable (see G. B. Folland and
J. J. Kohn [1]).

3. Q =B C C%P = (z1 + iy, 22 + iy2) = (x1,%1,%2,y2) € OB, then
vp = (Z1,91,%2,y2) and Jvp = (—y1,Z1, —Y2, Z2). Also Tp is spanned over

R by (y2, 22, —y1, —21) and (—x2, ¥, T1, ~y1)-
The next definition is best understood in light of the foregoing discussion
and the definition of B2(P,r) in the boundary of the unit ball B. Let  CcC C”

have C? boundary. For P € 89, let mp : C® — Np be (real or complex)
orthogonal projection.

DEFINITION 86.2 If P € 0%, let

Bi(Pyr) = {C€d:|(-P|l<r)
{¢€dQ:|np(¢ - P)| <mn|¢-P|<r/?).

®
=
]
|
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This... not this

FIGURE 8.7

Exercise for the Reader
The ball 82(P,r) has diameter ~ /7 in the (2n — 2) complex tangential direc-
tions and diameter ~ r in the one (normal) direction. Therefore, o(02(P, 1)) =~
(Vr)?=2.r = Crm.
If z€ Q, P € 00, we let
8p(z) = min{dist (z,9Q), dist (2, Tp(2)) }.
Notice that if © is convex, then ép(z) = da(z).
DEFINITION 8.6.3 K PcoQ,a>1, let
Ao ={2€Q:|(z~ P) - vp| < adp(2),]z — P> < adp(2)}.
Notice that ép is used because near nonconvex boundary points we still want
A, to have the fundamental geometric shape of (paraboloid x cone}, as shown

in Figure 8.7.

DEFINITION 8.6.4  If f € L}(69) and P € 95, then we define

M (P) = supo(8,(P,r)) ] FOW),  j=1,2

ﬁj (P,’l")
DEFINITION 8.6.5 If f € C(2), P € 99, then we define

f2%(P)y= sup [f(2)].

2E€EAL(P)
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The first step of our program is to prove an estimate for Ms. This will
require a covering lemma (indeed, it is known that weak type estimates for
operators like M; are logically equivalent to covering lemmas—see A. Cordoba
and R. Fefferman [1]). We exploit a rather general paradigm due to K. T. Smith

).

DEFINITION 8.6.6 Let X be a topological space equipped with a positive
Borel measure m, and suppose that for each z € X, each r > 0, there is a “ball”
B(z,r). The “K. T. Smith axioms” for this setting are as follows.

(8.6.6.1) Each B(z,r) is an open set of finite measure that contains «.

(8.6.6.2) If ry < ry, then B(z,r1) C B(z,72).

(8.6.6.3) There is a constant ¢y > 0 such that if B(z,r)NB(y,s) #Bandr > s,
then B(z,cor) 2 By, s).

(8.6.6.4) There is a constant K such that m(B{(zg,cor)) < Km(B(zg,r)) for

all r.

Now we have the following.

THEOREM 8.6.7  Let the topological space X, measure m, and balls B(x, r)
be as in the definition. Let K be a compact subset of X and {B(z4,7a)}aca
a covering of K by balls. Then there is a finite pairwise disjoint subcollection
B(zay,Tay),- -, B(za,,,Ta,,) such that K C U?ZlB(waj, CoTa,)-

It follows that if we define

M = sup (B(z, 7)) /B o IF@ldm(), S € 11X, dm),

>0
then
mi{z: Mf(z) > A} < Cw.
Proof The proof is left as an exercise for the reader. Imitate the proofs of
Lemmas 8.4.2 and 8.4.4. a

Thus we need to see that the G2(P,r) on X = I with m = o satisfy
(8.6.6.1)--(8.6.6.4). Now (8.6.6.1) and (8.6.6.2) are trivial. Also, (8.6.6.4) is
easy if one uses the fact that 95 is C? and compact (use the exercise for the
reader following Definition 8.6.2). Thus it remains to check (8.6.6.3) (in many
applications, this is the most difficult property to check).

Suppose that Ga(z,7) N B2(y,s) # 0. Thus there is a point a € Ba(z,7) N
Ba2(y,s). We may assume that r = s by (8.6.6.2). We thus have |z — a| <
/2 |y — a| < r'/2; hence |z — y| < 2r'/2. Let the constant M > 2 be chosen
so that |lm, — || < M|z — y|. (We must use here the fact that the boundary is
C?.) We claim that Sa(z, (3 + 4M)r) 2 B2(y,7). To see this, let v € Ba(y, 7).
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358 Chapter 8: A Little Harmonic Analysis

The easy half of the estimate is
z—v|<|lzr—yl+ly—v <2r/'°+r = 3r/-.
2 —v| < |z —y|+ |y — o] <212 42 =32

Also,

mz{x —v) = mp(z — a) + my(a — v) + {7y — my}a —v).
Therefore,

r 20+ fim — myllla — o
3r+ Mz —y|-|a~v|

3r+ M2r'2(la — y| + |y — v])
3+ 4M)r.

|72 (2 — v)]

IAIA N A

This proves (8.6.6.3). Thus we have the following.
COROLLARY 8.6.8 If f € L'(8Q), then

ofCew: Maf(¢) >N} <C

——”f”L;(a“), all A > 0.

Proof  Apply the theorem. ]
COROLLARY 8.6.9 The operator My maps L%(8Q) to L*(89) boundedly.
Proof The proof is left as an exercise. Use the technique of Lemma 8.5.5. O

Remark: In fact, there is a general principal at work here. If a linear operator
T is bounded from L to L* and is also weak type (1, 1), then it is bounded on
LP 1 < p < 00. Of course M> is not linear. Instead it is sublinear: Ma(f+g)(z) <
Ms f(z) + Mag(z). This is sufficient for the result stated.

The results mentioned in the last paragraph are instances of “interpolation”
theorems for operators. For a more thorough discussion of this topic, see E. M.
Stein and G. Weiss {1] or J. Bergh and J. Lofstrom [1]. O

The next lemma, is the heart of the matter: It is the technical device that
allows us to estimate the behavior of a holomorphic function in the interior (in
particular, on an admissible approach region) in terms of a maximal function on
the boundary. The argument comes from Stein (2] and Barker [1].

LEMMA 8.6.10 Let u € C(Q) be nonnegative and plurisubharmonic on .
Define f = ufy, . Then

uy *(P) < CoMa(M: f)(P)

for all P € 002 and any a > 1.
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FIGURE 8.8

Proof  After rotating and translating coordinates, we may suppose that P = 0
and vp = (1 +140,0,...,0). Let @’ > a. Then there is a small positive constant
k such that if z = (z1 + i1, 22, .. ., 2n) € Aa(P), then D(z) = D(z;,—kx1) X
D" Y(z9,...,2n), V—kx1) C Ay (P) (see Figure 8.8).

We restrict attention to z € §2 so close to P = 0 that the projection along
vp given by

z=(z1+ 1, , Tn +1Yn) = (T) +iy1, T2 + Y2, .., Tpn + 1yn) = 2 € O

makes sense. (Observe that points z that are far from P = 0 are trivial to control
using our estimates on the Poisson kernel.) The projection of D(z) along vp into
the boundary lies in a ball of the form (2, Kx1)—this observation is crucial.

Notice that the subharmonicity of u implies that u(z) < Pf(z). Also, there
isa > 1 such that z € A,/ (0) = z € I'3(Z). Therefore, the standard argument
leading up to (8.4.1.1) yields that

lu(2)| < [Pf(2)] < CaMif(2). (8.6.10.1)

Now we bring the complex analysis into play. For we may exploit the
plurisubharmonicity of |u| on D(z) by invoking the subaveraging Property 8 of
Theorem 2.1.4 in each dimension in succession. Thus

lu(2)

IN

(rlkr )™ - (v TRa0?) " [ qutolaveo)
D(z)

= 1 U .
= s /D REGIELE
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360 Chapter 8: A Little Harmonic Analysis

Notice that if z € A, (P), then each ¢ in the last integrand is in A,/ (P). Thus
the last line is less than or equal to

A

Gzt Mif(Q)dvV(¢) < C'a™'em / M f(t) do(t)
D(z) B2(2,Kz1)

IA

C”’x;"/ M, f(t) do(t)
,B2(0,K’$1)

< C" (0 (B2(0,K'z1)))
M do
X/,GQ(O,K’M) 1f(t)do(t)
< C"'My(Mi f)(0). =

Now we can prove our main result:

THEOREM 8.6.11 Let 0 < p < o0o. Let @ > 1. If @ cC C™ has C?
boundary and f € HP(§}}, then, for o-almost every P € 0Q,

/(z)

lim
Ao (P)3z—P

exists.

Proof  We already know that the limit exists almost everywhere in the special
sense of Proposition 8.5.1. Call the limit function f . We need consider only the
case p < oo. Let Q) = U?Zle as usual. It suffices to concentrate on £2;. Let
v = 1 be the outward normal given by (8.3.5). Then, by (8.5.1), the Lebesgue
dominated convergence theorem implies that, for 8Q; = QN 9,

tiy ) = flopas() =0 (8.6.11.1)

For each j,k € N, consider the function f; : £2; — C given by

fir(@) =1f(z = v/§) = [z = v/R)P%.
Then f;x € C (€21) and is plurisubharmonic on (2;. Therefore, a trivial variant

of Lemma 8.6.10 yields

f_ [(f50)3 % (QOPdo(Q) < Co [ [Ma(Mifr(O))*dor(C)

Y 0y

< / M (OPdo(©)
51921

IA

1" ) 2 o
o /8 QP do(0),

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



8.6. Admissible Convergence 361

where we have used Corollary 8.6.9, Lemma 8.5.5, and the proof of Lemma 8.5.5.
Now let j — oo and apply (8.6.11.1) to obtain

/(9 sup |f(z) = f(z —v/k)|Pdo(() < CZ{/_ 17(Q) = (¢ = v/R)Pda(C).

Qy 2€A4(C) 8
(8.6.11.2)
Let € > 0. Then
o{¢€dQy: limsup |f(z)— F(C)] > €}
Aa(()22—¢
< o{¢e€dQ: limsup |f(2) — f(z—v/k)|>¢/3}
Aa()22—¢

+0{C € 80y : limsup |f(z—v/k) — f(C—v/k)| > €/3}
Aa()z2—¢

+o{¢ € 0+ limsup |f(¢—v/k) = F(O] > ¢/3}
Aa(€)32—¢

< ¢ sup |f(2) - f(z—v/k)Pdo(()/e
0y z€AL(C)
+0
+C [ |F(Q) = f(C~ v/R)Pdo(C) /P

a0

where we have used (the proof of) Chebycheff’s inequality. By 8.6.11.2, the last
line does not exceed

¢ [ 17O - 1= vipP o)/
(21921

Now (8.6.11.1) implies that, as k — oo, this last quantity tends to 0. Since € > 0
was arbitrary, we conclude that

limsup |f(z) = f(Q)] =0

Aa({)32¢

almost everywhere. ]

The theorem says that f has “admissible limits” at almost every boundary
point of Q. The considerations in the next section (indeed, an inspection of the
arguments in the present section) suggest that Theorem 8.6.11 is best possible
only for strongly pseudoconvex domains. At the boundary point (1,0) of the
domain {(z1,22) : |21|? + |22|*™ < 1}, the natural interior polydiscs to study are
of the form

{1 =6+£61,8) &) <c-6, ) <c- 812,
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This observation, together with an examination of the proof of 8.6.10, suggests
that the aperture in complex tangential directions of the approach regions should
vary from boundary point to boundary point—and this aperture should depend
on the Levi geometry of the point. A theory of boundary behavior for HP
functions taking these observations into account, for a special class of domains
in C2, is enunciated in A. Nagel, E. M. Stein, and S. Wainger [1]. A more
general paradigm for theories of boundary behavior of holomorphic functions is
developed in S. G. Krantz [17]. Related ideas also appear in S. G. Krantz [16].
The key tool in the last two references is the Kobayashi metric, a geometric
device that we study in Chapter 11.

8.7 The Lindelof Principle

In this section we formulate a version of the Lindel6f principle for domains in
C! and C™. It is not optimal but serves to illustrate the main ideas. For further
details, see E. Hille [1], J. Cima and S. G. Krantz [1], E. Chirka [1], and O. Lehto
and K. 1. Virtanen [1].

The classical Lindelf principle is as follows.

THEOREM 8.7.1 Let D C C be the unit disc. Let f € H*(D). Suppose
that lim,_,;- f(re??) = £ € C exists. Then f has nontangential limit £ at .

Proof TFix a > 1. We may assume that £ = 0 and 6 = 0. Define, for j € N,
Q;={z€C:1-27"/(2a) <Rez <1-277"1/(2a), |Imz| < 277F1}.
For jo(a) sufficiently large,
D2 | 2Ta(1)N{zC D:Rez > 1-27%/(2a)},
J=Jjo

Also, the map ¢; : Q; — Q;, given by ¢;(z) = 27779(z — 1) 4+ 1 is biholomorphic.
There is a K compact in £2;, such that
U ¢, (K) 2Ta(1)N{z € D:Rez > 1 - 2771 /(2a)}.

Jj=jo

Now the functions {f o (15;1} form a normal family on ,,. Choose a sub-
sequence f o ¢>j7kl that converges uniformly on K. Call the limit function fy. By
hypothesis, fo(x +40) =0, all  + 40 € K. Thus fo = 0. Therefore, fo ¢j_1 -0
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8.7. The Lindel6f Principle 363

uniformly on K. Hence
li =0. O
Fa(ll)ranz—tl f(Z)

It is natural to conjecture that, on the ball in C”, there is an analogous
theorem with nontangential convergence replaced by admissible convergence.
This is, unfortunately, false.

EXAMPLE  Let B C C? be the ball. Let f(z1,22) = 23/(1 — z1) for (21, 22) €

B. Then
P a) < 22
ll — le
1=z
- 1-— |le
1+ |z

IAIA

2.

Hence f € H*(B). Also lim, - f(r 1) = 0, where as usual 1 = (1,0) € 8B.
But the sequence

_ ( 1 1 1 )
zZ={1l-=, —=
! 3 V2]
approaches 1 admissibly (that is, through an admissible approach region) and

, @) 1
Jim f(z) = lim =57~ =5 70

Thus f has no admissible limit at 1.
We conclude that there is no Lindeldf principle for admissible convergence.
O

The correct substitute for admissible convergence is hypoadmissible conver-
gence.

DEFINITION 8.7.2  Let B C C" be the unit ball and P € 9B. Assume that
{27} C B satisfies lim;_,oc 27 = P. We say that {27} converges hypoadmissibly
to P if there is an « > 1 such that

[1-27.P| )

]_——]Zjl— <« for all 7
and

: |2 — (/- P)P|?

1 —_—— =0.

P TR ]
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364 Chapter 8: A Little Harmonic Analysis

In other words, 2/ — P hypoadmissibly means that the smallest approach
region containing {2’} is nontangential in the complex normal direction and
is asymptotically smaller than any admissible approach region in the complex
tangential directions. Now we have the following.

THEOREM 8.7.3 Let B C C" be the unit ball. Let f € H*(B) and fix
P € 0B. If lim,_,,- f(rP) = { € C exists, then, for any sequence {z7}32, C B
that approaches P hypoadmissibly, we have

lim f(27) = ¢
j—oo
Proof  Assume without loss of generality that P = 1. For each j, write
Z7 = (2],77), where 79 = (23,...,2]). Let n? = (21,0,...,0). Fix a > 1 as in
Definition 8.7.2. A R
Picke > 0. Let w =BnN{z =--- =2, =0}and f = f| . Then f is

a bounded holomorphic function on the disc w. Also, the points w > n/ — 1
nontangentially. Since f has radial limit £ at 1, Theorem 8.7.1 implies that there
is a J so large that j > J implies that | f(n’) — £] < €/2.

Let 7 = 1 — |n/|. Then the (n — 1)-dimensional polydisc

d’ = {(z{,zQ,...,zn):Izil < W,izl...,n}

lies in B. Let M = supg |f|. Then, applying the Cauchy estimates to f on d’,
we have (since |27 — n?| < y/adi/(8n) for j sufficiently large) that

P&~ f0)] < 17—l sup |27 (1= 1)e? + i)

0<t<1
< Izj_njl.—M_

aé]/( n)
L o=@ PP

VIl —29- P
as j — oo. Therefore, there is a K so large that j > K implies
J j €
F(=) ~ ) < 5.
Thus for j > max(J, K) we have

J@D+1f(n7) - 4|

= €. 0

[f(z7) - 4] (2

1£(27) -
€ €
273

<
<
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Exercise for the Reader

Let Q; C C?be given by Q;, = {2 € C? : |12 +|22)?* < 1} If P = (e%,0) € 08,
then show that there is a Lindelof principle for P in which the approach region
can be taken to be (asymptotically smaller than) size |1 — z - P|'/(2%) in the
complex tangential directions.

Results of the type in Theorem 8.7.3 were first considered by E. Chirka [1].
Generalizations to arbitrary domains are treated in J. Cima and S. G. Krantz
[1]. In the latter work, as with the work described in S. G. Krantz [16, 17], the
key is to use the language of the Kobayashi metric.

8.8 Additional Tangential Phenomena:
Lipschitz Spaces

In this section we prove a special case of a remarkable result due to E. M. Stein
[3] (see also Greiner and Stein [1]) that reflects the same aspects of the complex
structure as does the existence of admissible limits. Explicit connections between
the results of this section and those in Sections 8.6 and 8.7 are explored in S. G.
Krantz [16, 17] using the language of the Kobayashi metric.

Recall that if U C R¥ is any open set, 0 < a < 1, then

Ao (U) {f €CU): sup |f(z+h) = @RI+ [ fllzew)

z,z+helU

1 lana) < oo}.

IfkeN0O<a<]l, then

Il

Anrk(U) + 1oy

Aotr-1(U)

{feC’“(U):fj

7=1

of
a.’Ej

Nl A,y < 00}-

The definition of A, when « € N is more technical:

Il

A(U) {fec(U): wp U@t i@ —h) - 2f(z)]

z,z+h,z—helU Ihl
H Loy

1 llaw) < oo}.
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This definition is ostensibly different from the more classical

Lipi () = {feO(U): sup HEEL IO gy

z,z+hel

I llLip, 0y < 00}'

In fact Lip, (U) g A1 (U). Although the space Lip, is rather natural in geometric

applications (see H. Federer [1]), it is the space A; that is the right space for
harmonic analysis and operator theory. A detailed study of Lipschitz spaces
appears in S. G. Krantz [10].

We conclude this introductory material by recording the definition of A,
keN:

of
oz ;

J

+ [ flzeoy = [flla, <00
Aea (D)

N
Ap=SfeCU): )
j=1
Now we turn to the principal topic of this section: nonisotropic Lipschitz
spaces on domains in C™. The spirit of the theorem, due to E. M. Stein [3], is
that a holomorphic A, function on a C? bounded domain in C” is, in fact, twice
as smooth in complex tangential directions near the boundary. In order to give
this result a precise formulation, we need some notation and terminology.
Let Q CcC C" be a domain with C? boundary. Define

C*(2) = {v:]0,1] — Q such that v € C*¥ and |y'(t)] < 1,...,Y*(#)] < 1}.

Let U D 0% be a tubular neighborhood of 852 : Each z € U has a unique nearest
point in 9Q (see J. Munkres [1], M. Hirsch [1], or Section 8.2 for a consideration
of these matters). Let w : U N — 9Q be normal projection. As in Section 8.6,
write C* = Np ® 7p at each P € 9. Extend this decomposition to P € U N
using 7 : Np = Ny (py, Tp = T (p). Now define

CFUNQ) ={yeCF:v(t)e T,p,0<t <1},
The elements of C¥ are called normalized complex tangential curves.
DEFINITION 8.8.1  Let Q cC C™ have C? boundary. Fix a neighborhood

U D 0% as above. Let 0 < @ < 8 < co. We say that f € I', g(Q2) if f € A,(Q)
and

“fHAa(Q) -+ Sup [ fo '7”/\;3([0,1]) = “f”l“aﬁ(&'z) < 0.
yecEI+i(Ung)
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8.8. Lipschitz Spaces 367

FIGURE 8.9

Remark: Roughly speaking, f € Iy g(£2) means that f € A, in every direc-
tion and f is Ag in complex tangential directions. Although the definition of
T, s depends on U and on the use of the Euclidean projection (as a method of
retraction to the boundary), the choice of a different U or a different method of
retraction results in the same space (exercise). O

The theorem of Stein is as follows.

THEOREM 8.8.2 Let 2 CC C™ have C? boundary. Let f be holomorphic
on §2. Then

fe€A(Q) & feT,2.(0).

Proof  We treat the case 0 < o < —;— Details for larger o may be found in
Greiner and Stein [1] and S. G. Krantz [16]. Only the direction = is nontrivial.

Let U be fixed as in the definition of 'y 2,. Let dg > 0 be so small that
{2 € Q:3q(2) <53} CU. Let z € QNU, and let v € C} (QNU) satisfy v(0) = z.
It suffices to estimate

[f(v(h)) = F(x(0))] (8.8.2.1)

when 0 < h < &g. If 6a(2) > 35 and

M= sup |Vf(z)] < o0, (8.8.2.2)
da(2)260

then (8.8.2.1) does not exceed Mh. Therefore, we may restrict attention to the
case 6q(z) < 3dp. Let 7 : U — 0Q be normal projection. Define

7 = 7(0)—h21/7r(z)
2" = y(h) = WP vr(yn)

See Figure 8.9.
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368 Chapter 8: A Little Harmonic Analysis

Ced

FIGURE 8.10

Then (8.8.2.1) is majorized by
[f(v(R)) = FED + 1) = FED+ () = F((0)]

=I+11+111

In order to analyze I, we let P € Q,0 = dq(P) < 380 Let v = v (p)y and let
7 be a unit element of 7, p. Elementary geometry shows that there is a Cp > 0,
independent of P and 7, such that the bidisc

{P A+ Aot M| < Cod, el < /G 5} cc Q.

See Figure 8.10.
Define

g()‘la)\2) = f(P - All/ + )\2’7’).

Then g is holomorphic and we may use the Cauchy integral formula to write

1 ,A
g0ud) = 5- 4 962) e
21 Japi(0,co5) C— M

Then

l—‘g )\17)\2

1 g(C} /\2)
=22 A .
omi }{901(0,005) (€= )2 ¢
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But the integrand 1/(¢ — A;)? integrates to zero. So we may subtract a constant
inside the integrand and write

1 g(C>)‘2) _g()‘1a>‘2)
— dcl.
2mi fiapl(o,coa) (C—M)? ¢

0
’8—/\19()\17)\2) =

Now the Lipschitz hypothesis on f and elementary estimates show that

<C&, (8.8.2.3)

Is}
‘a—)\lg()\la /\2)

We apply this derivative estimate as follows:

h2
d
1| = / %f(ﬁ’(h)—tl/w(y(h))) dt

0
h2

< C -t ldt
0

< C-h*

Thus I and, by symmetry, 111 are estimated.
We turn our attention to I1. First,

1= f(3(R)) — f(7(0))I;

where 4(t) = ¥(t) — h®vy(y())- This last does not exceed

dt

d
h- sup |—fo 'S/(t)l . (8.8.2.4)
o<t<n | dt
We claim that
d
f ou(t)‘ <Cel?2 <<, (8.8.2.5)

where p is any element of C{ and § < 38 is its distance from 0. This will
complete the proof, for then (8.8.2.4) is majorized by hC(h?)*~/2 = Ch?*. So
it suffices to prove the claim.

To do so, we apply the Cauchy estimates to the estimate (8.8.2.3) on the
disc D(0,1/Cpd/2) in the Ay variable to obtain

0 0

N < a—1 -1
g a9 de)| < CF°TN(VE)
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or

0 0
. . < 01—3/2
'551 (5/\290\1’/\2)>] =0 ’

all I/\1| S 005/8, I)\QI _<_ \/005/8,51 = Re)q.
In particular, setting A = 0 yields

0 0
a ((a:)1)
Now if Q € 2 satisfies 5o (Q) < 369, we write

K%) f(Q)’ B ]/_25 d% {(%) HQ+ 5”)} ds + (59;) F(Q — 260v)

Estimate the first term with (8.8.2.6), letting P = @ + sv, and estimate the
second term with (8.8.2.2). The result is

< 0§82, (8.8.2.6)

P

i( ; ) f(Q)} = C/O (0a(Q) + 5)* % 2ds + M < Céa(@Q)*'/?. (8.8.2.7)

87' —28

This proves our claim. D

The following result was proved by W. Rudin [4] on the ball and generalized
to arbitrary domains in S. G. Krantz [9]:

THEOREM 8.8.3 Let Q CC C” be a domain with C? boundary. Suppose
that 0 < a < oo. Let f : € — C be holomorphic and suppose that for each
P € 99, the function

t— f(P—tvp)

is in A, (0, &) with uniform Lipschitz bound C. Then f € T'y 2,(€2).

So, it suffices to check smoothness of f along real normals. In S. G. Krantz
[3] these ideas were refined even further:

THEOREM 8.8.4 Let Q cC C” have C* boundary, &£ > 2. Let 0 < a < k.
Let 7 : [0,1] — Q be called special complex normal if v : [0,1] — O satisfies
v(t) € Ny, all t. Let f € C(£2) be holomorphic on Q. Suppose that for each
special complex normal curve v : [0,1] — 99 with |v]lcr(o,1) < 1 we have
I flag © Yllanqo,1) < C. Then f € Ty 24(S2).

Remark: The complex normal curves locally foliate the boundary in a nice
way (see Chapter 11, especially the exercises at the end). So the theorem says
that it is enough to check f|;, in just one set of directions. Using Exercise 6
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at the end of this chapter, the hypothesis that f be continuous on € may be
weakened. m|

Theorem 8.8.2 is optimal only on strongly pseudoconvex domains. For
instance, near a strongly pseudoconcave point, all holomorphic functions extend
C*> (indeed holomorphically) past the boundary. And at weakly pseudoconvex
points, the degree of increased smoothing in the tangential direction will always
be greater than 2. The paper S. G. Krantz [16] presents a natural way to study
theorems like 8.8.2 and to derive the optimal estimates. The key to this work is
the Kobayashi metric.

EXERCISES

1. A k-dimensional real manifold M C C" is called totally real if whenever
Pe M and we Tp(M), then Jw &€ TpM (here J is the complex structure
tensor). In other words, M is totally real if no tangent space Tp(M) has a
nontrivial complex subspace. Prove that if U C C” is an open set, M C U
is a totally real submanifold of real dimension n, f : U — C is holomorphic,
and f|,;, = 0, then f = 0 on U. (Hint: First consider the special case
M = {{(z, +10,...,2, +i0)} C B(0,1) = U. Treat the general case by
considering the power series expansion of f.)

2. Refer to Exercise 1 for terminology. Prove that there are no totally real
manifolds in C" of real dimension k > n.

3. Let U C C™ be open. Let K; : U xU — C,j = 1,2, satisfy K;(-,() is
holomorphic for each ¢ and K;(z,-) is conjugate holomorphic for each z. If
Ki(z,2) = Ka(z,2), all z € U, then prove that K; = Kj.

4. Prove the following result of Carathéodory: If f is holomorphic on the disc
D C C and f has nontangential limit 0 on a set £ C 9D of positive one-
dimensional measure, then f = 0. (Hint: Let Ey C E be closed and have
positive measure. Let Q = Uccpg,I'i(¢). Map  conformally to D. This
mapping extends to the boundary in such a way that sets of zero measure
are mapped to sets of zero measure. Now invoke the standard boundary
uniqueness theorem for functions continuous on D and holomorphic in D.)
See Koosis [1] for details.

5. Extend the method of Lemma 8.5.5 to prove the Marcinkiewicz interpolation
theorem:
a. If (X, u), (Y, v) are measure spaces and T maps

LP(X, u) — {measurable functions on Y},

we say that T is sublinear if |T(f + g)(z)| < |Tf(x)| +|Tg(x)| for all f,g.
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twi

izl

FIGURE 8.11

b. Let T be a sublinear operator as in (a). If 1 < pg < p; < co and T is
of weak types (po, po) and (p1,p1), then prove that 7" maps LP to L?, all

Po <p<pi.

6. Let B C C? be the unit ball and f : B — C a bounded holomorphic function.
Let v : [0,1] — 8B be a C? complez normal curve, that is, v'(t) € T
for all ¢ € [0,1]. The f has radial limits almost everywhere (with respect to
one-dimensional measure) along . Complete the following outline to prove
this result of A. Nagel and W. Rudin [1]:

a. Restrict v to a subarc if necessary and reparametrize so that v : [0,1] —
OB and 6y (1) +y(t) € B,all 0 < ¢t < 1,0 < § small.

b. Define ¢(z + iy) = f(v(z) +iyy'(2)),0 < 2 < 1,0 < y < 4. Then
o = 0¢/0z is bounded.

c. ThereisauonU = {z+iy:0 <z < 1,0 <y < &} such that du = a,u €
A., some € > 0.

d. The function ¢ — u is in H*(U). Therefore, ¢ — u has boundary values
almost everywhere on 80U N {y = 0}. Thus ¢ has the same property.

7. Complete the following outline to construct an example (N. Sibony [1]) of
a pseudoconvex domain {2 ; D?(0,1) with the property that (i) £ equals

the interior of 2, (ii) Q # D?(0,1), and (iii) every bounded holomorphic
function on Q analytically continues to D?(0,1) (see Figure 8.11).
Outline of construction

a. Let {a;} C D have no accumulation points in D but have every point of
OD as an accumulation point. Define u(z) =3, ]iz log [(z — a;)/2|.

b. Let v(z) = expu(z). Then v is continuous and subharmonic on D and
0<v<lonD.

c. Let Q = {{(z,w) € C? : |z| < 1,|w| < exp(—v(z))}. Then Q satisfies
properties (i) and (ii) above and ) is pseudoconvex. (Note: The function
(z,w) — |w]expv(z) is plurisubharmonic.)
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d. Let f be bounded and holomorphic on ; say that ||f||ze < 1. Then f
has a power series expansion

w) =Y fi(2)w’,

720
where

fi(2) = (1) 5-5(2,0).

Each f; is holomorphic on D.
e. Write, for 0 < r < 1,

f (z,re’? exp(—v(2)))
27r2 77 et exp(—jv(z))

filz ido.

Conclude that |f;(2)| < |expjuv(2)|, in particular, |f;(ae)] < 1, all j and
L.

{. Bach f; € H®(D). If f] is the boundary limit function of f;, then
|f;(€?)| < 1 almost everywhere, hence |f;| < 1.

g. The series representation in (d) converges normally for points (z,w) €
D?(0,1).

8. Let E C 0D be an F, of first category and ¢ a continuous function on D. F.
Bagemihl and W. Seidel [1] proved that there exists a holomorphic function
f on D such that lim,_,;- |¢(r¢) — f(r{)| = 0 for all { € E. We omit the
rather technical proof.

Give an example to show that the Bagemihl-Seidel theorem cannot hold
if “radial convergence” is replaced by nontangential convergence. Conversely,
give an example to show that the result of Exercise 4 cannot hold if non-
tangential convergence is replaced by radial convergence (feel free to use
Bagemihl-Seidel here).

9. Prove the following classical result of Hardy and Littlewood (see Goluzin [1,
p. 411}}.

Theorem Let f : D — C be holomorphic and bounded. Let 0 < a < oo.
Then f € Ay(D) if and only if there are an N 5 k > o and a C; > 0 such
that

1/ (2)] < Cx(1 — 2>, all zeD. ()

Prove that (x) holds for one k£ > « if and only if it holds for all k£ > a.

The following result is due to W. Rudin [4] and E. M. Stein [3] and can be
proved by methods of Section 8.8 (although Rudin takes advantage of the
special nature of the ball to obtain a more elegant proof).
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Theorem Let B C C™ be the unit ball. Define Rf(z) = Z?zl 2;(0/0%;) f(2),
any f € CYB). Let f : B — C be holomorphic and bounded. Then
f € Au(B) (hence in I'y 2,(B) by Theorem 8.8.4) if and only if there is
an N> k > o and a C, > 0 such that

|REf(2)] < C(1 | . (xx)

Inequality (xx) holds for some k > « if and only if it holds for all & > a.

10. This problem is philosophically related to the preceding one. The classical
result, once again, is due to G. H. Hardy and J. E. Littlewood [1, 2].

Theorem Let f: D — C be holomorphic. Let 0 < p < 1. If f' € H?(D),
then f € H1(D) where ¢ = p/(1 —p). If f' € H!, then f € A(D); indeed,
flsp is absolutely continuous. (Here f’ is the derivative of f.)
It is even possible to prove results for p > 1 : If f/ € HP,1 < p < oo,
then f € A,(D), where @ = 1 — 1/p. Although the reader should have no
difficulty verifying the assertion for p = 0o, he or she may encounter trouble
with 0 < p < co. Nevertheless, for 1 < p < oo, the problem is accessible if
we use some Sobolev space ideas: ~

Identify f with its boundary function f. Prove that the hypotheses
imply that (d/df)f(e*?) € LP([0,27]) in the sense of distributions. Prove
that, for p > 1, this implies that f € Ay_1/,(0D). Hence f € Al,l/p(D),
When p = 1, matters are even simpler.

The analogous result on the ball in C™ has a similar flavor but is much
more difficult to prove:

Theorem let f: B — C be holomorphic, B C C™. Assume that Rf(z) €
HP(B),0 < p < oo (see Exercise 9 for notation). Then f € HY(B), where
g=np/(n—p),l <p<n Forn<p<oo,feA(B)witha=1-n/p
Hence f € T'a 24. If p = n, then f is not necessarily in H* but is a function
in BMOA (see the next two exercises).

The result for 0 < p < n was proved by I. Graham [2] and S. G. Krantz [6].
That for p > n was proved by Krantz. The fact that f need not be in H*
when Rf € H™ is due to Graham.

11. Let U € RY be open. A function f € L{ (U) is said to be of bounded mean

loc

oscillation on U (denoted f € BMO(U)) if

1 —
sup < /Q (@) — falds = | f]l, < .

QCU

Here the supremum is taken over cubes @ in U with sides parallel to the
axes (although this last restriction is superfluous). The notation fg denotes
the average (1/Ql) [, f(t)dt.

a. The function || |« is only a seminorm on BMO(U). It is a norm on

BMO(U)/C, where C is identified with the constant functions.
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b. Let f € L} _(U). Suppose there is a C' > 0 such that for each cube @ C U,

loc
there is a constant cg with

1
— —coldz < C.
a1 L 15 —ealda <
Then f € BMO(U). Indeed, it follows that
1
01 /. V) ~ falds <20

c. We have L°°(U) C BMO(U). However the spaces are not equal. Indeed,
if 0 € U, then

log x| € BMON\ L.

d. The space BMO(RY)/C is complete. Identifying 8D with [0, 27]/(0 ~
27), we have that BMO(9D)/C is complete.

e. The space BMO(R) is not an algebra.

f. Call an interval I C R dyadic if I = [j/2%,(j + 1)/2¥] for some k € Z™,
j € Z. Define f € Li . to be in dyadic BMO (written BMOg(R)) if

1
sup m/I]f(x)*f1]d$<oo.

I dyadic

Then BMO4(R) 2 BMO(R) but the spaces are unequal.

g. Suppose that f € BMO,(R). Suppose further that if I; and Iy are ad-
jacent dyadic intervals of the same lengths, then |f;, — fr,| < C, with C
being independent of Iy, Ir. Then f € BMO(R).

h. It is a deep theorem of F. John and L. Nirenberg [1] that if @ € RY
is fixed, f € BMO{Q), then there are C;,Cs > 0 such that m{z €
Q : 1f(z) - fol > A} < Cre=@=MIfll- L |Q). Prove that this implies that
feLP(Q)forall<p<oo.

i. The space BM O is a limiting case of the Lipschitz spaces. More precisely,
define for @ > 0 the Campanato-Morrey space

« _ i . 1
LRy = {fELl(RN)‘ sup 1n£W/Q|f(x)—c}dx

QERN ce

||f“,cl+a(RN) < 00}-

il

It can be proved that f € LLF*(RY) if and only if f € A%, 0 < o < 1/N.
There are analogues for large «: The constant ¢ must in that case be
replaced by a polynomial of sufficiently high order. The reader should be
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able to prove the “if” part for any a ¢ Z. See S. G. Krantz [5], [10] for
details on these matters.

j- The John-Nirenberg theorem mentioned in (h) implies that, for 1 < p <
oo, those f satisfying

1 P o
wmaévm—mhi«w

QCR

comprise precisely BMO(RY). (Hint: Use Lemma 8.5.4.)

12. (Refer to the remarks at the end of Section 8.7, as well as the preceding exer-
cise.) If f € LY(0D), then Pf(re?) is a harmonic function on D with almost
everywhere radial limit f on 8D. Let Q f(re'?) be the unique harmonic conju-
gate to Pf on D that vanishes at 0. Let F'(re*?) = P f(re’?)+iQ f(re*®). Then
F is holomorphic on D. If f is real, f > 0, then G(z) = e F(*) ¢ H®(D).
Therefore, G has almost everywhere radial boundary limits on 0D. Hence
Qf(re?) has almost everywhere radial boundary limits on dD. Call this
boundary function H f(e*) (the Hilbert transform of f). Extend H to all
L' by linearity. If f € L'(8D), then Hf need not be in L! (consider
fi € LY8D),|fillzr = 1,f; tending weak-+ to the Dirac § mass at 1).
Define

H (8D) = {f € L}(8D) : Hf € L*(8D)}.
Norm the space by
Il = 1flleiooy + 1H fllzr o).

Then the map
®: HL (D) — HY(D)/iR

given by
fro Pfre?) +iQf(re’)

is a surjective Banach space isomorphism. It is a deep theorem (see C.
Fefferman and E. M. Stein [1]) that (H},)* = BMO.

13. Prove that the Lindel6f principle fails for functions in H?,p < oco. Call a
holomorphic function f on the disc normal if whenever {¢;} are conformal
self-maps of the disc, then {f o ¢;} is a normal family. Give an example of
a normal function that is not bounded. Prove that the Lindeldf principle is
valid for normal functions.

The correct generalization of this concept to several variables appears
in J. Cima and S. G. Krantz [1].
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14. 1f f € HP(D),0 < p < o0, let f denote the boundary function. Define
BMOA(D) = {f € H¥(D) : f € BMO(OD)}.

Prove that this space is unchanged if we replace the exponent 2 by any p > 1.
Use Fefferman’s theorem (see Exercise 12) to show that

(HY(D))" = BMOA(D).

On the ball in C*, n > 1, matters are more complicated because there are
two types of balls in the boundary. Let

BMO;(0B) = ( fe€L'Y(0B): sup ﬁ
rcob O\ , T

>0

X / |£(C) = f3,(p,m)|de(C) = I fllBaro, 0By < 00}
Bi{(Pr)

J

for 57 = 1,2. In view of the results in Lipschitz spaces, and because BMO
is a limiting case of the Lipschitz condition (see Exercise 11), one might
conjecture that BMOA; = BMOAs. In fact it turns out that BMOA, C
BMOA,, but the spaces are unequal (see S. G. Krantz [8]). It is the space
BMOA, that is the dual of H'(B). See Krantz and Ma [1] for details.

15. Construct an example of a bounded analytic function f on the disc, f not
identically zero, such that for almost every P in the boundary of the disc,
there is a tangential sequence {z;} in D approaching P along which f tends
to 0. Here a sequence in D is “tangential” if it escapes every nontangential
approach region. Consider variants of this result: Can you replace the se-
quence {z;} by a curve at each point? If you replace “bounded” by H?, then
can you strengthen the example? A good reference for this sort of result is
1. Priwalow [1].

16. Let & CC C" be a domain with C' boundary. Let p be a C! defining
function for Q and set w = i0p. Show that wl,, is real in the following
sense: If o is a vector field defined on a relatively open set U C 952, then we
have (wl;; ,a) = (@], , ).

17. Show that the standard rigid imbedding of the 2-torus into C? renders (the
imbedded) T? as a totally real submanifold. That is, the tangent space at
any P in the boundary of the imbedded torus never contains a complex line
in C2.

18. Let 2 be a bounded domain in C™ that has C? boundary and P ¢ 8. For-
mulate a notion of hypoadmissible curve at P. Now let f € H*(Q). Suppose
that v is a hypoadmissible curve at P € 92 such that lim; ;- f(y(t))=£€C.
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Then prove that for any hypoadmissible sequence {w’} at P it holds that
lim; o f(w?) = £. Part of this problem is to define “hypoadmissible” on an
arbitrary 2. The second part is to prove the theorem.

19. Let M C C? be a smooth, real, k-dimensional regularly imbedded submani-
fold, 1 < k < 4. If k > 3, then M cannot be totally real. If k¥ = 2 then, near
a point P € M, we may choose coordinates such that M is locally given by
{(z,7(2)) : z € U}, some open U C C. Show then that M is totally real at
(z,7(2)} if and only if (8r/0z)(z) # 0.

An abstract version of these ideas is as follows. Let M C C? be a
smooth real hypersurface. Let Py be the projective space of one-dimensional
complex lines in C2. Let 9 : M — C? x Py be given by ¢(z) = (z, T,(M)).
Prove that 1(M) is totally real in C? x Py at the point 9(z) if and only if 2
is a point of strong Levi pseudoconvexity in M. The same result is true in
C” but is a little more difficult to prove (see S. Webster [1]).

20. This problem provides a glimpse of some of the ideas of Lelong.
a. Examine the proof of the Poisson integral formula (Theorem 1.3.12) to
see that it also yields the Riesz decomposition for a subharmonic function:
If @ cc RY has C? boundary, u € C?(), and u is subharmonic on £,
then

u(z) = /a  Paa,g)u(y) do(y) - /Q (Au(y))Galz, y) dV(y).

Use a limiting argument to extend this formula to all subharmonic func-

tions in C(1Q).

b. Let f € C%(D), D the disc in C. Let f|,, be holomorphic. Assume that
the zeros of f are {a1,...,a,} C D. Let 0 be the unit Dirac mass at ay.
Then Alog|f| = C -3, 6 in the sense that

/D H)Alog|f()dV(z) =C- S glax),  all ¢eC=(D).

Use Green’s formula to prove this result.
¢. Use a limiting argument to extend (b) to elements of the Nevanlinna class.
d. Lelong has proved that if f is holomorphic on £ CC C", then wy =
Alog|f] is a nonnegative measure supported on N = {z € Q : f(z) = 0}.
If £ C Q) is Borel, then

HHENN)=C - / E duwy.
Q

Taking (a) through (d) for granted, we now prove that if & CC C™ has
C? boundary and f is in the Nevanlinna class on 2, then the zero set of
f satisfies an analogue of the Blaschke condition (Lemma 8.1.16) on €.
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e. Let p be a defining function for Q and, for 0 < € < ¢g, let Q, p., do, be
as in Section 8.3. Let P, be the Poisson kernel for ). and G, the Green’s
function for §2. Fix an f in the Nevanlinna class on Q. Let Alog|f| = wp.
Let T’ be the fundamental solution for the Laplacian and define

Volz) = /F(a: — y)dwo(y).

Then V4 is subharmonic.
f. Let H(z) =log|f(2)| — Vo(z). Then H is harmonic on . It follows that,
for 0 < e < €p,2z9 € 2\ {f(2) =0}, we have

H(z0) P.(29,C)H(C) doe(¢),

a5,

G20, ¢) dwn() + Vo(Q) = /6 POV do(0)

Qe

g. Conclude from (f) that

/Q Ge(20,¢) duwn(C) + log |f(20)] = / B (20, ¢) log | £(O)] do (€).

3

h. Let € — 0 to obtain
/Q G(z0,¢) dun(€) + log £ (20)] < Canllf I

i. Conclude from (h) that

/ (SQ(C) d(U()(C) < 0.
Q

This is the Blaschke condition.

j. G. M. Henkin [6] and H. Skoda [4] have proved that if  is strongly
pseudoconvex with smooth boundary (and satisfies a mild topological
condition), if A/ C Q is the zero set of some holomorphic function, and
if AV satisfies the Blaschke condition in (i), then A is the zero set of a
function in the Nevanlinna class.

k. Notice that some sort of topological condition on N is necessary. For any
compact set in §) satisfies the Blaschke condition trivially, but it could
never be the zero set of a holomorphic function.

21. Let 2 CC C™ be a domain with C? boundary. Let f € HP(2),0 < p < oo.
Suppose that f has radial boundary limit 0 on a set E C 9% of positive
o measure. Then f = 0. (Hint: Apply the Riesz decomposition to the
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380 Chapter 8: A Little Harmonic Analysis

subharmonic function log? |f|.) Does the result prevail if we merely assume
that f € h?? (See S. G. Krantz [8] for more on this matter.)

22. Let £, be bounded domains in C* with C? boundary. Let ¢ : ; —
be a biholomorphic map which extends C? to Q; and such that ¢! extends
C? to Q. Prove that there is a C > 0 such that if P; € 9Q; and A,(Py) is
an admissible region in 2y, then

Assc(9(Pr)) C ¢ (Aal(Pr)) € Acalo(P1))-

Which of the hypotheses on ¢ are really needed here?

23. Consider the mapping ¢ : S® — C3 given by (z,w) — (z,w, ¢(z, w)). Prove
that the image of this mapping is a totally real manifold if and only if

0¢ 0¢

Yoz " Fow

£0

for all (z,w) € S°.
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9 Constructive Methods

9.1 Story of the Inner Functions Problem

Recall from Section 8.1 that Blaschke products played a central role in the clas-
sical theory of the boundary behavior of holomorphic functions on the disc. By
the use of this device, the question of boundary limits for HP functions, p < 1,
was reduced to the easier case p = 2. In later sections we realized that the de-
vice of Blaschke products was unavailable in higher dimensions, and we learned
instead to exploit subharmonicity.

Blaschke products are a special instance of inner functions. An inner func-
tion on a domain in C” (in particular on the disc) is a bounded analytic function
with radial boundary limits having modulus 1 almost everywhere. Of course
any bounded analytic function has almost everywhere radial boundary limits,
so the inner functions form a subclass of the H*> functions. Besides finite and
infinite Blaschke products, another interesting class of inner functions on the
disc consists of the singular inner functions. These are functions of the form

o0 =ow (- [ G}, (010

where p is a positive Borel measure that is singular with respect to Lebesgue
measure. We claim that ¢ is an inner function.

It is not difficult to see, using the techniques of Section 8.1, that the Poisson
integral of a finite Borel measure has radial boundary limits agreeing with the
absolutely continuous part of the measure almost everywhere (see [K. Hoffman
[1] and J. Garnett [1]). It follows that the Cauchy integral of a singular measure
has radial limit 0 almost everywhere. Moreover, the real part of the Poisson
integral of a positive measure will be positive (since it is the integral of the
measure against the Poisson kernel). Thus the expression in braces in equation
(9.1.1) has negative real part. We conclude that the function ¢, as defined

381
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382 Chapter 9: Constructive Methods

above, is bounded in absolute value (by 1) and has radial boundary limits of
unit modulus almost everywhere. Thus ¢ is inner, justifying the name “singular
inner function.”
Now the pretty fact, which we shall not prove, is that every inner function
factors as a singular inner function and a Blaschke product. But there is more.
Define an outer function on the disc to be a holomorphic function of the

form
2n 10
F(2) :c~exp{v1—/(; waglogwe)de},

2m

where ¢ is a unimodular constant and v is a positive measurable function whose
logarithm is integrable. The fundamental factorization theorem for H? functions
is that any f € HP(D) can be written in the form

J(2)=0-B-S,

where O is an outer function, B is a Blaschke product, and & is a singular
inner function. This circle of ideas is treated beautifuily in J. Garnett [1] and
K. Hoffman [1]. It has no analogue in higher dimensions. This factorization
theorem has played a central role in shaping the types of questions that can be
asked, and answered, in the function theory of the disc.

In the mid-1960s, Walter Rudin and Anatoli Vitushkin independently raised
the question as to whether there are any nonconstant inner functions—that
is, bounded analytic functions with unimodular boundary values almost every-
where—on the unit ball in C™. There quickly amassed considerable evidence that
such functions would be so pathological that they could not exist. Here is simple
argument to support this contention.

First observe that if f is a nonconstant inner function on the unit disc,
then the image of f is dense in the unit disc. To see this, suppose not. Then
the image of f omits a small disc D(a,€). After postcomposing f with a Moébius
transformation, we may suppose that a = 0. But then 1/f is a bounded holo-
morphic function with unimodular boundary values. Therefore, by our theory
in Section 8.1, |1/f| is bounded above by 1. By the maximum principle, it is
strictly smaller than 1 inside the disc. But then |f] exceeds 1 in the disc, and
that is absurd.

We exploit the observation in the last paragraph as follows: Let ¢ be a
nonconstant inner function on the ball in C2. Let P € 8B be any point. After
a rotation we may as well suppose that P = (1,0) = 1. Then, by elementary
measure theory, the restriction of ¢ to almost every analytic disc

ds = {(1-8,0, K < V1=,

0 < § < 1, will be an inner function of one complex variable. Let ¢s denote the
restriction of ¢ to ds. Then, by the result of the last paragraph, almost every
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9.1. Story of the Inner Functions Problem 383

¢s will have range that is dense in the unit disc. Thus the cluster set of ¢ at
P € 9B—that is, the set of all possible limits of sequence ¢(z;) where z; — P—is
the closed unit disc.

We see that an inner function ¢ on the ball in dimension two is highly
discontinuous at every boundary point. We know from Chapter 0 that every
level set of ¢ must escape to the boundary, but for an inner function matters are
vastly more complicated.

In W. Rudin [7], besides a wealth of other material, Rudin formulates a
number of interesting problems whose resolution would have resolved the inner
functions problem in several complex variables in the negative. It is safe to say
that when that book appeared everyone believed that there were certainly no
nonconstant inner functions above dimension one, but the problem appeared to
be intractable.

The construction of inner functions is the product of work of A. B. Alek-
sandrov [1], M. Hakim and N. Sibony [2], and Erik Lgw [1] in the fall of 1981.
There are delicate priority matters involved that we shall not touch upon (but
that are discussed somewhat more discursively in W. Rudin [6]). Suffice it to say
that all four authors contributed decisively to the final solution of the problem.

What Hakim and Sibony did was to construct a bounded holomorphic
function on the unit ball with (almost everywhere) boundary values of modulus
between 1/2 and 1. This provided powerful encouragement that inner functions
existed and also created the principal technical tool that Lgw used in his con-
struction.

Aleksandrov’s construction is interesting in that it is ingenious but com-
pletely elementary. In fact, he constructs (by hand) a nonnegative singular mea-
sure on @B that has Poisson integral which is pluriharmonic (recall the definition
of singular inner function on the disc for motivation of what now follows). Call
that Poisson integral u. By Proposition 2.2.3, there is a pluriharmonic function
v such that u + v is holomorphic on the ball. Define

#(z) = exp {—u —iv}.
Then clearly u is holomorphic and bounded by 1. Moreover, the function ¢ =e™
will have unimodular boundary limits almost everywhere. Thus ¢ is inner.

We should also mention that a third approach to the inner functions prob-
lem was developed by A. B. Aleksandrov [2]. This construction uses Ryll-
Wojtaszczyk polynomials. These homogeneous, holomorphic polynomials pro-
vide building blocks (similar in spirit to spherical harmonics, for which see E.
M. Stein and G. Weiss [1]) that may be summed to produce inner functions. It
would be interesting to know the analogue of Ryll-Wojtaszczyk polynomials on
more general domains.

Of the three methodologies, those of Hakim/Lgw /Sibony and the second
method of Aleksandrov have proved to be most flexible and to have utility in
other contexts. In Section 9.2 we shall present the Hakim/Lgw/Sibony approach
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384 Chapter 9: Constructive Methods

to the subject. We have made this choice for two reasons. First, the Ryll-
Wojtaszczyk approach has been covered both thoroughly and elegantly in W.
Rudin [6]. Secondly, Lgw [2] has carried the program further than other authors
by constructing inner functions on an arbitrary strongly pseudoconvex domain.
We shall reproduce that result in the next section.

Some experience with function algebras leads one to suspect, in view of
the Hakim/Sibony result, that there are nonconstant inner functions. By the
same token, one would suspect that the construction would allow one to create
holomorphic functions ¢ on the ball and on strongly pseudoconvex domains with
virtually arbitrary prescribed radial boundary behavior for |¢| (after all, what
can be special about 17). This, in fact, turns out to be the case. We shall
consider questions of this type in Section 9.3.

It is apparent from examining the proof that the crucial ingredient in the
construction of inner functions on a domain 2 is the existence at each boundary
point of a peak function that approaches the value 1 at a certain rate. That
strongly pseudoconvex domains possess such functions will follow easily from
our work in Section 5.2. However there are more general classes of domains
(such as the finite-type domains treated in Section 11.5) for which these tools
are available. In fact, it follows from deep work of D. Catlin [3] that, on a
pseudoconvex domain of finite type in any dimension, the weakly pseudoconvex
points form a set of measure zero. As a result, the methods of Section 9.2 can be
modified to produce inner functions on any finite type domain in any dimension.
Unfortunately, the details of the proof of this last assertion must be considered
part of the folklore. The ambitious reader may try it as an exercise.

Finally, we should mention that a number of interesting function-algebraic
results are a consequence of the inner functions construction. We shall say
nothing about them here but instead refer the reader to W. Rudin [6].

W. Rudin [6] notes that there are not as many inner functions in higher
dimensions as there are on the disc. On the disc, the closed linear span of the
inner functions (in the L (D) topology) is all of H*> (see D. E. Marshall [1]).
Nothing of the sort is true in dimension two or greater. And the inner functions
will, therefore, probably not prove to be as useful in this new context. Never-
theless, the methods for constructing inner functions comprise one of the most
significant new devices for constructing holomorphic functions of several vari-
ables that has been produced in the last 20 years. In several complex variables
we do not have Blaschke factors and Weierstrass polynomials to use as building
blocks. One might hope that, along with Ryll-Wojtaszczyk polynomials, the in-
ner functions construction will develop into a useful analytic tool. These types
of constructions are currently being used to construct pathological proper holo-
morphic maps (see A. Noell and B. Stensgnes [1], for instance). But the full
significance of the constructive methods that we discuss in this chapter has yet
to be realized.
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9.2 The Hakim/Low/Sibony Construction of

Inner Functions
For the sake of simplicity, we shall give up some generality and concentrate
just on constructing inner functions. The same construction gives more general
results, but those are treated in the next section. The presentation here is taken
from E. Low [2].

The idea of the construction we present is to begin with a small function,
of modulus bounded above by %, and to add peak functions in a fashion that
pushes the image out toward the boundary of the unit disc. Of course, this has
to be done systematically, and in such a fashion that the (n+ 1) push does not
destroy what was achieved by the n'® push. Thus a great deal of care must be
exercised in the preliminary lemmas. Throughout this section, {2 will be a fixed
strongly pseudoconvex domain with C? boundary.

PROPOSITION 9.2.1 _There exist positive constants C3,Cy,Cs and rg and a
function ®(z,w) in CY(Q x 9Q) such that the following properties hold. For
every w € 0F2, the function ®(-,w) is a holomorphic function in © and we also
have

@ (w,w) = 0 for every w € .
Re®(z,w) < C4lz — w|? for all z € N, w € IN.
Re®(z,w) > Cslz — w|? for all z € Q,w € Q.

Foreachm € {1,2,...},0 <a < 1,w € 9Q, and 0 < r < 1y, there is a closed
subset V C 1 (w,r) such that cos(mIm®(z,w)) > a for z € V and

Bhow b=

H?" Y (V) > Ca(cos La)r®™ .

Here 31 (w, ) denotes the usual Euclidean ball in the boundary (see Section 8.6)
and H?"~!is (2n —1)- dimensional Hausdor{l measure. The estimate from below
on H?**~1(V) is uniform in m.

Proof  Of course the function ® is nothing other than the Henkin separating
function that we constructed in Section 5.2. Thus properties 1—3 are known to
us from that section.

It remains to treat property 4. This is merely a calculus exercise—it has
nothing to do with complex analysis. We may introduce local coordinates cen-
tered about the point w such that (9/9z1)®(z,w) # 0 in the ball £;(w,r) for
small r. Thus we may, by the Implicit Function Theorem, think of Im®(-, w) as
the function icz; plus a small error.

But the set of points in 8 (w,r) in which cosmz; > a is clearly a set of
bands in the ball 5;; now it is a simple calculation to see that the required
estimate from below on the size of V is true. We leave the details as an
exercise. O
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Remark: If Q is strictly convex with defining function p, then the function

®(z,w) = Z 0

o (w)(zj — wy)

(o5
ke

is easily seen to satisfy the conclusions of the proposition. The case for general
strictly pseudoconvex domains is then immediate from the Fornaess imbedding
theorem. O

In the remainder of the construction we shall use only the proposition
and the fact (discussed in Section 8.6) that isotropic balls 3 (w,r) have H?" !
measure comparable to 72?1 : We have C;r2" ! < H2" (B (w,r)) < Cor?n~h.

Next we present the Hakim-Sibony approximation scheme. Our function
® will be used to prove this scheme; after that, we use only the approximation
scheme itself. Let u denote the Hausdorff measure H2"~! on 9 normalized to
have total mass 1. We continue to use constants Cy, (5 as above.

LEMMA 9.2.2 There exist positive numbers ¢y, C, and A such that the follow-
ing properties hold: Let % <a<l,0<e<L e < % Fix a compact subset E
of Q. Let f be a continuous, complex-valued function on 9 such that |f| < 1.
Assume that V' C 09 is a closed, proper subset with |f| > a on V. Then there is
a function g € A(2) and a closed set W C 052 such that

a. |f(z) + g(z)] <1+ 2¢ for all z € 0%
b. maxg |g| < ¢
c. |[f(zY+g(z)>a—-3eon VUW,;

—1 logl/a (2n—1)/2
d. VAW =0 and u(W) > C(cos' a) (,OgA/E) (1— p(V)).
Remark: We see that this lemma is our device for pushing the image of a
function outward. At the nth stage of our construction, we will have a function
doing approximately what we want on a set V. We will then do some modifications
on a new set W. The aim is enlarge the set on which our function is under control
from V to W, while not destroying what we have already achieved on V. Part ¢
says, in a quantitative fashion, that f + g is large on V U W. Part a says that,
globally, the function that we are building is still under control. O

Proof of the Lerama If v > 0, then let
WY ={z€ 90 :dist (2, V) >~}
Then

lim (W) 7 w02\ V) =1 - (V).

y—0*t
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Thus there exists a number v; > 0 such that if 0 < v < ~;, then p(W7) >
%(1 — p(V)). By the uniform continuity of f, there is a number v, > 0 such that
when |z — 2| < 72, then |f(z) — f(2)] < e Let 0 < r < min(vy,7v2,70) (the
number 7o comes from the preceding proposition).

We choose a maximal pairwise disjoint collection {81 (w;,r)} of closed balls
withw; € W7, j =1,..., N,. By design, these balls are all contained in 92\ V;
therefore,

Ny
1= u(V) > p(Bi(w;,r)) > NCir® (9.2.2.1)

j=1
The balls £1(w,, 3r) must cover W" (remember the covering lemma from Section

8.4). Therefore,

N,
N,Co3? 12t > Z/Jﬂl (wy,3r) > p(W") >

j=1

1—pu(V).  (9.222)

N

Combining (9.2.2.1) and (9.2.2.2) gives

%(1 — (V) SNy < o5 (1 - p(V))

for suitable constants Cg, Cy.

Now we will estimate the number of points w; that lie at a given distance
from a point z € 9Q. Let M, = [(diam$Y)/r], where [ ] denotes the greatest
integer function. For z fixed and k € {0,1,..., M}, let

Vi(2) = {w; : kr < d(z,w;) < (k+ 1)r}.

Set N*®(z) = cardVi(z). Then N°(z) < 1. If w; € Vi(2), then Bi(w;,7) C
Bi(z, (k + 2)r); hence

NE@)C T < ST plBi(wy, )] < plBa (2, (k+2)r)] < Calk+2)7 0
w; EVi(z)

which implies that

N*(z) < Cgk®»='  for k> 1. (9.2.2.3)
Now set
Nr
g(z) = Z T]-e_mq)(szj)
Jj=1
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where 7; is a complex number selected so that
[f(wy) + 751 = |f(w)| + |75 =1

and m > 0 will be specified momentarily.

Then g € A(f) and each |r;] < 1. We now show that m and r can be
selected so that g has the desired properties.

By part 3 of Proposition 9.2.1 and by (9.2.2.3), we know for z € 99 that

N
lg(z)] < D ImlemReE)
7=1
N 2
< 6—C5m|zij
M,
_ Z e—C’5m|z—w_7» 2
k=0 w;€eVy(z)
M,
< 14+ Z Nk(;:)6705”““%2
k=1
M,
< 140y Z k2n416—(c’5m7"2)k2.

e
I

1

If we select m and r so that mr? is very large, then we see that

o0
14 Cs Z e~ (Csmr™)k
k=1

< 1+ QCgeﬁcsmrz
1+ A e~ Csmr®

lg(2)|

IA

Thus, if € has been chosen and if we select m and r to satisfy

mr? = Ci5 log é, (9.2.2.4)
then we have the estimate
lg(z)| <14e€ (9.2.2.5)
and
l9(2)] < e ifz €8Q\ (Um (wj,T)> =F (9.2.2.6)

M
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(For (9.2.2.6) notice that if z & U;01(w;,7), then V) = 0 so that the estimate
(9.2.2.5) for g has no 1 on the right side.) Observe that there is a number ¢y > 0
such that if € < €, then (9.2.2.4) implies that mr? is large and (9.2.2.5), (9.2.2.6)
hold. Condition (9.2.2.4) is satisfied by arbitrarily small » and arbitrarily large
m.

Now lines (9.2.2.5) and (9.2.2.6) yield conclusion (a) rather quickly. For V'
is disjoint from all the balls, so |f(z) + g(z)] > a — ¢ in V. Also, if z € F, then
1f(2) + 9(2)] <|f(z)] + e If z € B1(wj,r) for some j, then

F+ g < 1F(2) = Flwp)l + | flawy) + e
+ Z Tkefrmb(z,wk)
ki
< e+14¢€
= 142

Thus we have established (a).

Set W’ = U;.Vzrlﬂl (w4, 7). Then W' lies in 0Q\V. We now find a distinguished
subset W of W' such that |f(z) + ¢g(z)| > a — 3¢ in W and we give an estimate
on its area. We introduce the notation

a = |f(w)]
s = |€-md>(z,w]) — e—mRe@(z,wj)
6 = arg {e_mq’(z’“’j)} = —mIm®(z, w,).

Let z € Bi(w;,r). Then

@ +g@ 2 [fwy)+me 0|~ 1£(2) - fwy)]
— I3 e )
k#j
= lf(wj)JrTje‘mq)(z’w” — 2

= lf(wj)sgn Flw;) + mysgn fw;)e ™EEw) ) — 26

— 2¢

[F(wy)] + [ e o)

oo+ (1 — a)sei9| — 2e.

I
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It follows that |f(2) + g(z)] > a — 3¢ if |a + (1 — a)se’®| > a. This last condition
is equivalent to

a? +2a(l —a)scosf + (1 — a)?s? > a®. (9.2.2.7)

This new condition is easily seen to hold if
1. s> a;and
2. cosf > a.

Indeed, if these two conditions hold, then the left side of (9.2.2.7) is greater than

or equal to
o?+2a(1—a)a?+(1-a)?e® = a?(1-a?) +a?
= a®*+a*(1—-d?)
> a’.

Now, by part 2 of Proposition 9.2.1, we know that

2
s> e—mC’4|szj|

and therefore condition 1 holds in a ball 8;(w;, p) with

1 1
2
= 1 —_.
mp z og "

This all makes sense provided that p < r, and can be verified using (9.2.2.4).

Condition 2 says that cos(mlm ®(z,w;)) > a. By part 4 of Proposition
9.2.1, there is a a closed subset W; of 8:(w;, p) such that this inequality holds
and such that

p(W;) > Ca(cos™ ! a)p® .

Letting

w=Jw;,

J

we see that VN W = (. We now get a lower bound on p(W) by using the
estimates on the measures of the individual W;’s, the estimates on N,, (9.2.2.4),
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and the equation defining p. We have

u(W) > Cs (cosf1 a) PP LN,
Gy Culeos™ a) (2) " (1 u(v))

C log 1 (2n—-1)/2
Cy - Cq <6z>(2n—1)/2_ (COS_l a) <1;)§A//a€> (1 _ ,U,(V))

\

I

This proves parts ¢ and d.
Finally, the set E is at a positive distance from U = U; 81 (w;, r) (remember
that E is a compact subset of the interior of ), so part 3 of Proposition 9.2.1
tells us that for z € E we have
Re®(z,w;) > Cs|z — w;|* > Cs[dist (E,U)]* = B > 0.

Since we may assume that mr? > 1, we see from the estimate on N, that

e—mB < C7m(2n—1)/26—mB.

9(2)] < Nee ™8 < Oy s

Choosing m large enough, we may verify part b.
The proof is now complete. 0O

Remark: The lemma comprises the technical part of the construction of inner
functions. The reader should understand that we added together peaking func-
tions in a very organized fashion in order to bump out the range of the function
f- The next parts of the proof use the statement of the lemma, but not the
ingredients that went into it. (W

LEMMA 9.2.3 Let Q,u, and E be as in Lemma 9.2.2. Let f be a continuous,
complex-valued function on 9 such that |f| < 1. Then for each € > 0 there is a
function h € A(2) and a closed set V' C 92 such that

Nf(Z) +h(2)| < 1+ ¢ for all z € 84
b. maxg || < ¢
NfZ)+h(z)| 21 —€forall zeV;
d. p(Vi>1-—e

o

[¢]

Proof  Before we begin, we observe that the Lemma 9.2.2 is still true if the
special number 1 is replaced by any other constant ¢. We will apply the preceding
lemma iteratively, with new e, f,c,V at each iteration. We shall refer to these
items as “data” for the lemma. Fix € > 0.

Set a = 1 — ¢/2 and choose numbers ¢; > 0 such that 63 0, ¢; < e. We
begin our process by applying Lemma 9.2.2 to the data €1, f, 1, 0. This produces
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392 Chapter 9: Constructive Methods

a function hy € A(Q2) and a closed set V; C U (here Vi = VUW in the language
of Lemma 9.2.2) such that

a. |f(z) + hi(z)] <1+ 3¢ for all z € O
bi. maxg |h| < €1

c1. |f(2) +hi(2)] 2 a— 31 = a(l — 2¢;) for all z € V;

o 1/ \ (20 1)/2
di. oy = p(Vy) > C(cos La)- (ligg;;q) .
We then proceed inductively as follows: Suppose that functions hq,...,hr €

A(£2) have been found and also pairwise disjoint closed sets Vi, ...,V in U. Let
Wi = U%_,V; and suppose that we have the following:

ap. |[f(2)+ S5 h(2)| <1+ 3226:1 e; for all z € OQ;
by. maxg | Zle hi| < Zle € < €
ck. |f(z)+ Zle hi(z)] > a— 325:1 g=a(l—32 Zle €) for all z € Wy;

o (2n—1)/2 -~
di. o = p(Vi) > Clcos™ a) - (13;;‘2;//%) . <1 iy Oi) .

By ¢, we may (for our inductive step) apply Lemma 9.2.2 to the data eg.1,
f+ Zle hiy 1 — %Zle €, Wy to produce a new function hgy1 € A(Q) and
a closed set Vi1 C U. Defining Wy 1 = U;C;LllVi, it is straightforward to verify
statements ag1—dgy1.

The induction is now complete. If we choose a small number 7 > 0 and
select

p2/(2n—1)
k= AT( ),

then

= . (9.2.3.1)

o<
k; [log A/E 21’L71)/2
If it were the case that Z —, 0; < 1, then statements d; would show that there
is a constant Cy such that

> () 1
T -~ >
* 7 7 log(Afer)) PO

and that would contradict (9.2.3.1) (the o must sum to a finite number be-
cause they are measures of pairwise disjoint subsets of 9Q2). We conclude that
Zzozl ok > 1; hence it must, in fact, equal 1.
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It follows that, for k sufficiently large and V' = Wy, we have
k 1

That proves (d). If we set h = >, h;, then conclusions a and b of our lemma,
follow immediately from statements a; and by. By statements cg,

k
|f(z)—i—h(z)|Za—3Zei>af%:175 forall zeV.

i=1
That establishes conclusion ¢. The proof of the lemma is now complete. O

As in Chapter 8, if f is a bounded holomorphic function on a bounded
domain € with C? boundary, then we let f denote its boundary limit function.
We observe that the last lemma remains true with the constant 1 replaced by
any other constant c¢. Now we have the following.

THEOREM 9.2.4  Let Q be a C? strongly pseudoconvex domain and let f
be a continuous complex-valued function on 9 such that |f(z)| < 1 for all 2.
Let F C Q be a compact set. Fix € > 0. Then there is a function g € H>*(Q)
such that |f + g| = 1 almost everywhere on 90 and max,cr |g(z)| < e.

Proof  We will apply the last lemma iteratively with variable data f,c, E, €.
Here, as in the proof of the lemma, ¢ is a constant that will change at each step.
Since |f| must be bounded away from 1 on 0€, we may choose numbers {b;}
such that

!f|<b1<b2<--~/‘1.
Also select numbers ¢ such that by + ex < bxy1 for every k and 220:1 € < €.
As usual, let u be area on 9€) normalized to have total mass 1.

We begin by applying Lemma 9.2.3 to the data f,b1,F,e; to obtain a
function g; € A(Q) such that

ar. |f(2) +g1(2)] < by + €1 < by for all z € O
bi. max.er |91(2)| < €;

ci- [f(2) +g1(2)] > by — e for all z € V5

di. p(Vh) >1—e;.

By a1, ¢1, and uniform continuity of g, there must exist a §; > 0 such that

e1. by — 26 <|f(2) + g1(z — 61v,)| < by +2¢; for all z € V5.
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Here, as in Chapter 8, v, denotes the unit outward normal to the boundary of
Q at z € 90. Let us denote the set F' by E; and choose F5 C ) a compact set
such that

f,. £y CEyand z— d1v, € E, for all z € 90

Proceeding inductively, let us assume that functions g,...,gx € A(f2),
closed sets Vi,..., Vi C 99, positive numbers 41, ..., 8, and closed sets Ey, ...,
Er11 C Q have been found such that, setting by = Zle g;, we have

ap. [f(2) + hp(2)] < b + e < bgyq for all z € 99

br. max.ep, |gx(2)] < €x;

cx- |f(2) + hg(2)| = by — € for all z € Vi;

dg. /J,(Vk) > 1 — eg;

ep. by — 2¢x < |f(2) + hi(z — Sgv,)| < by + 26 for all z € Vi,
fi,. Ex CEp, Epn CC Q, and z — 61, € Epyq for all z € 042

By ax and f, we may apply Lemma 9.2.3 to the data f + hk, bxy1, Erqa,
€x+1 and obtain a new function gg11 € A()) and a closed set Vi1 C 002 It is
then trivial to verify ax41, bryy, ckr1, and desq for gryr and Viyy. By ag4,
Cg+1, and the uniform continuity of hyy;, there is some dx+1 > 0 such that ex
holds. We then choose Ej o such that fx 1 holds.

That completes the induction. There is no loss of generality to assume at
this point that d; N\, 0 and that Q = U2, Ey. By statements by, the function
g =limg oo hy = Zzl g; is well defined and holomorphic on 2, since the series
converges uniformly on compact subsets. It is also immediate that maxg |g] <

S maxp gl < > e < e. By statements ag, g € H*(Q).
Now let

Wj = ﬂkzij.
Then W; C W4, each j. The statements dj then imply that p(W;) > 1 —
> k>; €x; therefore, lim; oo p(W;) =1 and W = U52, W; contains almost all of

O0. If z € W, then there is some j such that z € V}, for all £ > j. For such a &,
the statements by, ex, and f; imply that

ox — 1 (2) + 9(z — 82| < 26 + ZQ;

i>k

hence
Jim |£(2) + g(z — ) = 1

Thus, in the full measure subset of W where §(z) exists, we may conclude that

1f(2) +3(2)] = 1.
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The theorem is proved. O

COROLLARY 9.2.5 There exist nonconstant inner functions on any strongly
pseudoconvex domain.

Proof In the theorem take f = 0, F' any nonempty compact set, and € = é
We find that there exists a bounded holomorphic g with unimodular boundary
values that is smaller than % on F. Thus ¢ is a nonconstant inner function. O

Remark: Observe that once a domain has one nonconstant inner function,
then it has many. For one may take powers of the inner function, postcompose
it with Mobius transformations, and perform other function-algebraic tricks to
generate more inner functions. It turns out that the inner functions are dense
in H* n the topology of uniform convergence on compact sets. This is a much
weaker statement than Marshall’s theorem in the disc that the closed linear
span is dense in the L topology on the boundary. The analogue of Marshall’s
theorem in higher dimensions is known to fail. a

9.3 Further Results Obtained with
Constructive Methods

It was Erik Lgw who first realized the flexibility inherent in the inner functions
construction. In fact, one can use it to specify the boundary behavior of holomor-
phic functions in a variety of interesting ways. We shall indicate some of these
in the present section. As in Section 9.2, our domain €} is strongly pseudoconvex
with C? boundary.

We begin by stating Lew’s version of Lemma 9.2.2.

LEMMA 9.3.1 There exist positive numbers €3, C, and A such that the follow-
ing properties hold: Let % <a<1, 0<e<¢. Fix a compact subset E of Q. Let
f be a continuous, complex-valued function on 952 and ¢ a continuous function
on 08 such that ¢ < 1. Assume that V C 90 is a closed set with |f| > a¢ on V.
Then there is a function g € A(Q2) and a closed set W C 00 such that

a. |f(z) + g(2)| < max{|f(2)|,(z)} + 3¢ for all z € IY;
b. maxglg| < ¢
c. |f(2)+g(2)| =2 ap(z) —3con VUW;

) (2n—1)/2

d. VOW =0 and w(W) > C(cos™" a) (11352//1 1 - u(V).

In fact the proof of this version of the lemma requires only formal changes applied
to the one that we presented in Section 9.2. We leave it as an exercise for the
reader to provide the details, or the reader may consult Low [3].
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396 Chapter 9: Constructive Methods

This more general version of Lemma 9.2.2 leads directly to the following
more general version of 9.2.3.

LEMMA 9.8.2 Let Q,u, and E be as in Lemma 9.3.1. Let f be a continuous,
complex-valued function on 9§ and let ¢ be a continuous function on 92 such
that |f] < ¢. Then for each € > 0, there is a function h € A(Q) and a closed set
V C 99 such that

f(Z) + R(z)] < ¢(z) + e for all z € I

b. maxg |h| < €

N+ R(2)| > ¢(z) —eforall z € V;

d. p(V)>1-—e

o

O

Again, we shall not provide details of the proof (which are just like the details of
the proof of 9.2.3), but leave them to the interested reader. The payoff for the
new generality we have is the following powerful version of Theorem 9.2.4.

THEOREM 9.3.3  Let Q be strongly pseudoconvex with C? boundary and
let ¢ be a positive, continuous function on JQ. Assume that f is a continuous,
complex-valued function on ) such that |f(z)| < ¢(z) for all z. Let F C Q
be a compact set. Fix € > 0. Then there is a function g € H*°(2) such that
|f + gl = ¢ almost everywhere on 90 and max,cr [g(2)] < e.

Details of the proof of this theorem are left for the reader. Let us derive some
consequences. We provide full details for the proofs that follow.

THEOREM 9.3.4 Let ¢ > 0 be any continuous function on 9€2. There exists
a function g € H>™(2) such that |§| = ¢ almost everywhere on 82.

Proof Take f =0 in the preceding theorem. O

These theorems represent a striking generalization of the existence of in-
ner functions. The methods of sheaf theory, partial differential equations, and
integral representations do not even hint that a result such as this is possible.

Notice that in one complex variable the result of Theorem 9.3.4 is straight-
forward. Let u be the solution of the Dirichlet problem with boundary data
log ¢. If v is a harmonic conjugate to u, then h(¢) = e“(O+@() does the job.
And, in fact, |h| extends continuously to the entire closure of the domain; it
agrees with ¢ at every boundary point.

Now we derive a statement about the closure of the inner functions in the
topology of normal convergence. In the proof we deviate from strict rules of logic
and use a result that is proved in the next chapter by independent reasoning.

PROPOSITION 9.8.5 Let © CC C™ be strongly pseudoconvex with C* bound-
ary. Then the inner functions are dense in the unit ball of the space H™({2) in
the topology of uniform convergence on compact sets.
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9.3. Further Results Obtained with Constructive Methods 397

Proof Fix a function h € H*(Q) with ||h]] < 1. By the proof of Theorem
10.4.2 and by diagonalization there is a sequence h; € A(2) such that ||| <1
and h; — h normally on Q (it is to apply Theorem 10.4.2 that we need c
boundary).

Let E1 C Ey C -+ C Q be a sequence of compact sets tha}t exhaust .
Now by Theorem 9.3.3 we may find f; € H*°(S2) such that |h; + f;| = 1 almost
everywhere on 9 and such that maxg, |f;| < 1/j. Therefore, {h; + f;} is a
sequence of inner functions converging uniformly on compacta to h. O

Lgw was the first to consider the application of constructive methods to the
study of the boundary values of functions in A({2}. We begin our presentation
of some of these results with a fundamental lemma of Aleksandrov. This lemma
is the core of his construction of inner functions.

LEMMA 9.3.6 Let Q be a strongly pseudoconvex domain with C? boundary.
Fix z € ©? and m € N. Then the following hold:

1. There is a constant «v < 1 such that for any positive function ¢ € C(92),
there is a function f € A(Q) such that |f] < ¢ on O and

1/2 1/2
llo — Ref||L/1/2(39) = 7“¢HL/”2(BW

2. For each k € N there is an hy, € A(Q2) such that

a. Rehy, < ¢ on 00 and ||¢ — hillsup < 2%][@]|sup;

b. |Ihkllsup < 25| Gllsupi

c. llé = Rehi a0y < VEISI}2 00

d. fe>0and E = {z € 9Q : ¢(z) — Rehy(z) > €}, then

WE) < |1llaipn /e,

Proof  We shall see that v = 127/128 will do the job. Fix a positive ¢ €
C(89). First, there is an ¢ > 0 such that

1
/U¢1/2dﬂ <15 /69 ¢Y%dp whenever u(U) < e.

According to Lemma 9.3.2, we can find a function F' € A(2) and a closed set
V C 09 such that |F| < ¢ on 99, |F| > 1¢ on V, and p(V) > 1 — e. We claim
that one of F, —F,iF, or —iF is the function that we seek.

To prove this assertion, we will exploit the elementary inequality

1 1 1
S+ )2 4 ;- )2 <1 - gxz for all |z] < 1.
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We have

/ (¢ — ReF)2 4 (¢ + ReF)/% 4 (¢ — ImF)'/2 & (¢ + ImF) /2 dp
[2/9]

Y2
_ 1/2 —R—)
/asz¢ [(1 °9
1/2
1/2 i/2
+<1—Img> +<1+Im%) ]du
2|y L E>2_1< 5)2
/(mqﬁ Ii4 (Re¢ 1 Im(z5
:/ ¢1/2[
BNV
(4L / 1 /
<1 (4 16>/m¢12du+4 (28 / &% dy

127 12
_ 2l d
32 /39 o du

It follows that one of the four integrals

du

/ (6~ ReF)2dy, / (6 +ReF) 2 du |
o0 o0

[ @-tmp)2an [ (64 mmp)
a0 aql

must be smaller than

127 12 127 a1y
= du /
3 6 du = e o

This verifies conclusion 1 of the lemma.

Now we turn to conclusion 2. For k& = 1, conclusions a, b, and ¢ reduce to
conclusion 1. Then we inductively apply (1) to ¢ —Rehy, to produce fr11 and set
hka1 = hg + friy1. Conclusions a, b, and ¢ for k£ + 1 then follow. The induction
is complete and we have proved a, b, and c.
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To prove (d), we use (c¢) and Chebychefl’s inequality to write

e'?u(E) < /6 (@ = Rehi)!/?dp < VDN a0y < VF ISl

That completes the proof of the lemma. O

COROLLARY 9.8.7 Let¢€ > 0. Then there are constants 0 <y < land K > 0
such that for any positive ¢ € C(99) and j € N, there is an h; € A(Q) such that

a. Reh; < ¢ on 94;
b. th”sup < 2jK”¢”sup;

1/2, 35
c. Ife; >0and F = {z € 00 : ¢(2) — Reh;(z) > €;}, then u(E) < e’”—(ple'%?;i—i.

i
Proof  This is little more than a restatement of Aleksandrov’s lemma. For let
~ be as in the lemma and choose a positive integer N such that vV < ¢/. We let
K =2V and apply part 2 of the lemma, with £ = N + 5. The corollary follows.
O

Now we have reached the main goal of this section. For emphasis and
clarity, we state it in two separate parts.

THEOREM 9.3.8 Let Q be a strongly pseudoconvex domain with C?
boundary. Let ¢ be any continuous, real-valued function on 9. Then there
is a nonconstant function f € A(€2) such that Ref < ¢ on 02 and

u{z € 9Q : Ref(z) # ¢(2)} < e.

COROLLARY 9.8.9 With Q0 as in the theorem, ¢ > 0, and ¢ a positive, con-
tinuous function on 9%, there exists a nonconstant g € A(Q) such that |g| < ¢
on 9Q and p{z € 0 : |g{2)| # #(2)} < e.

The corollary follows from the theorem because we may apply the theorem
to the function ¥ = log ¢. Thus we obtain a function f € A(£2) whose real part
agrees with 1 on the boundary except on a set of measure less than e. But then
the function g = exp f satisfies the conclusion of the corollary.

Proof of the Theorem By adding a large constant to ¢ and then multiplying
by a small one, we may assume that 0 < ¢ < 1. We shall iteratively apply
Corollary 9.3.7, using ¢; = 477 and discarding bad points in the boundary at
each step.

For j = 1 the corollary gives us a function hy such that Reh; < ¢ on
0, ||hllsup < 2K, and p{z € 02 : ¢ — Rehy > 1/4} < 2€'v. Let ¢ =

min{¢ — Rehy, %} Then ¢; > 0 and we set g; = ¢ — Rehy — ¢1. It follows
that g1 > 0 and we see that

a;. Rehi + g1 < ¢ on 89 and ||¢ — Rehy — g1||sup < 1/4;
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bl- ”hlnsup S 2K7
ci. p{z € 00 : gi(z) > 0O < 2¢'y.

Inductively, suppose that we have found hy,...,h; € A(Q) and positive,

continuous functions g1,...,gr on 052 such that
ag. Re(Z?Zlhg) + Zlg:lgz < ¢ on I and ”QS—Re(Z?Zlhg) —Zlgzlgk”su <
P
47k,

bk. ”hk”sup < 4K2_k;
cr. p{z € O : gi(2) > 0} < 2€'~*.

Then, using (ax), we may apply the corollary of Aleksandrov’s lemma to the
function ¢, = ¢ — Re (Zlgzl h[) — 25:1 ge to obtain the function hzy1. By by

we have
kst llsup < 25F K g llsup < 261 KATF < 42~ (D,

Therefore, (bgy1) holds.
Now by (ax) we have

k+1 k
Re (Zhg) + de < @ on ON.
=1 =1

We define ¢y 1 by

k1 k
$r41 = min {¢ ~Re (Z hé) =2 o 4*0”1)}
£=1

=1

and then we define g1 by the identity

k1 kt1
bry1=¢ —Re <Z hz) - g
e=1 =1

It is immediate from these definitions that

¢k+1 > 07
lpsillonp < 4~+D
gk+1 = 0.
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Therefore, (ag41) holds. Also, gg+1 > 0 if and only if

k+1 k
é — Re (Z hg> =) ge>4 Y,
=1

£=1

Therefore, by (ci),

2
i llsw
ulz € 00 : gri1(z) >0} <€ - % AR < 9l yR L

€t

Thus (cg+1) holds. The induction process is complete.

Now the statements (by) tells us that the function A = Y 7, hy is in
A(Q). By the statements (ay), we see that g =377 | gr is in C(982), g > 0, and
(Reh) + g =¢. Also

(o0}

{z € Q0 : Reh(z) # ¢(2)} C U{z €00 :g,(z) > 0}.

=1

By the statements ¢, the measure of this last set is less than

26/2’}/] = 0
=1 1=7

Now selecting ¢’ small enough proves the theorem. O

The corollary says that we may prescribe the absolute value of an A(Q)
function on the boundary except on a set of measure €. 1t is in the nature of
things that this is essentially the best we can do. Exercise 5 at the end of the
chapter asks you to provide an example to confirm this assertion.

EXERCISES

1. Give details of the proof of Lemma 9.3.2.
Give details of the proof of Lemma 9.3.3.

Give details of the proof of Theorem 9.3.4.

- W

Provide an example to demonstrate that the function g in the conclusion of
Theorem 9.3.4 could not be taken to be continuous on €.

5. Provide an example to demonstrate that we could not hope to prescribe the
boundary values of the modulus of an A({2) function on the entire boundary.
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6. Provide an example to demonstrate that Marshall’s theorem fails in dimen-
sions exceeding one.

7. Modify the inner functions construction to show that if Q is a weakly pseu-
doconvex domain and S C 012 is the set of strongly pseudoconvex boundary
points, then there exists a bounded analytic function on Q with unimodular
boundary values almost everywhere on the set S.

8. Fix a positive integer m. Prove that if  is strongly pseudoconvex and zg €
is a fixed point, then there exists an inner function on 2 that vanishes at
zg to order m. (Hint: In the construction of the inner function, arrange to
subtract off the right Taylor polynomial.)

9. How can we be sure that the functions constructed in Theorem 9.3.8 and
Corollary 9.3.9 are nonconstant?

10. Apply Corollary 9.3.9 to the function ¢ = 1. Why does the resulting func-
tion g € A(Q2) not contradict our argument in Section 9.1 that functions of
several variables having unimodular boundary values must have cluster sets
of maximal size?
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10 Integral Formulas for
Solutions to the 0 Problem

and Norm Estimates

10.1 The Henkin Integral Formula

Throughout this chapter @ CC C™ will be strongly pseudoconvex with C* bound-
ary. We shall do the following five things:

1. Obtain an integral formula for a solution Hq f = u to the equation Ou= fon
Q, when f is the restriction to §2 of a d-closed (0, 1) form with C ! coefficients
on a neighborhood of €2.

2. Obtain estimates of the form

IHafllzoo@) < CllfllLee (-

3. Extend the results of (1) and (2) to O-closed forms on Q C C? with coef-
ficients in C1(Q) (that is, we remove the hypothesis that f is defined on a
neighborhood of the closure).

4. Obtain, for £ C C2, estimates of the form

I Haflla, o) < Cliflre@)-

5. Find applications for some of the preceding estimates.

This section is devoted to item 1. Of course, we shall exploit the Henkin
integral formula from Chapter 5 and the Bochner-Martinelli formula. Watch
how the fact that the Henkin kernel is holomorphic plays a crucial role.

Now let f beasin (1). Let {1 be a strongly pseudoconvex domain containing
Q such that f € C(lo,l)(fl), Of =0 on Q. Then, by Corollary 4.6.12 and Exercise

19 at the end of Chapter 4, we know that thereisau € C'! (Q) satisfying Ou = f.

403
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404 Chapter 10: Integral Formulas for the 5-Problem

By the Bochner-Martinelli formula (Theorem 1.1.4) we know that if z € {2, then

u(z) = e, { / WO Aw() [ f“(ﬂlnn@ _9A w<<>}

o 1€ —z|?"

where ¢, = 1/(nW(n)) = (~1)("2‘">/2n!/(27r2')". But this is equal

LC) (—Z)Aw - _ﬂi F— DN Aw
cn{/m ‘C_Zl%,??(c ) Aw(C) /QK%[%/\H(C YA (C)}

Consider the function

i) =0 [ o () rulo),

where P, ® are as in Sections 5.2 and 5.3. By the discussion following Corollary
5.3.5, @ is holomorphic on 2. So the function v = u — % satisfies dv = Ju = f.
Now

=
- o529 o)

[ s
o | T A= 2) nw(o). (10.1.1)

We wish to rewrite the expression in { 1. By invoking a little of the theory
of differential forms, we can avoid some very messy computations. Following
Henkin, with z fixed, we let

= {(Ch"wé’nv“h'"aun) ECZHZ”](CJ—'Z]): 1} .

=1

Then, for 0 < A <1, the points

G = {<C1,~--,Cn, Cl ‘2+<1_ )PI(Z,C),

= (50
EE T - NFE ) :

¢ € 09, Og/\gl},
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o

FIGURE 10.1

lie in M. Notice that, for fixed z, G is of real dimension 2n, whereas M is of real
dimension 4n— 2. The surface G is a sort of cylinder (since 9 has no boundary).
The topological boundary of GG is given by the two cycles

Fl = {(ClaaC’n,)Pl(ZaC)’7PTL(23C))C63Q}
F2 {(Clv“')Cn’(gl -21)/l4_z|2a"'7(€n—in)/lc~z|2) CE@Q}

I

See Figure 10.1.
Thus, in this new notation, the expression in { } in (10.1.1) may be
rewritten as

[ w0t nw(o - [ ut€)ntm net)
HET S per;

- / w(€) - () Aw(Q)
[ele
(Stekes) / d[u(C) A () Aw(Q)].

Now M can support only 2n — 1 holomorphic differentials. So a fortiori G can
support only 2n — 1 holomorphic differentials. Since n{u) Aw(() already consists
of 2n — 1 holomorphic differentials, it follows that on G we have

dlu(Q) An(p) Aw()] = du() An(u) Aw(()
u(¢) An(p) Aw(C)
FQ) An(p) Aw(C)-

Il

Therefore

=c W —c ___f(() (—Z)ANw
v = [ KON GO e [ BT AnE =2 (0
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406 Chapter 10: Integral Formulas for the d-Problem

We have proved the following theorem.
THEOREM 10.1.1 (Henkin [5]) IfQ C C”isstrongly pseudoconvex with

C* boundary and f is a O-closed (0,1) form on a neighborhood of Q with C*
coeflicients, then the function

Hof(z) =v(z) = Cﬁém@uf“’A“”A““)
) fQ e
o || 2 AC = D) Al)

satisfies 0Hq f(z) = f(z). Here

w(@) = dG A AdCy.
nlw) = Z(—l)j“wjdwl A Adwjmg ANdwjpn A Adwy,
j=1
for any (wy,...,w,) € C*, and
51 -2 P1(27<) En_zn Pn(Z7C)>
=1{A 1-X oA 1-A
pe (T VGG NS NG

Exercise for the Reader
For the case n = 2, do the calculations for the rewriting of { } in (10.1.1)
explicitly.

It is important to understand the genesis of Henkin’s integral formula in
light of what has gone before. We know from Chapter 4 that a “good” or canon-
ical solution to du = f is the one that is orthogonal to holomorphic functions
(in an appropriate metric). However, the good solution that we chose in that
chapter is of no use to us now because it was selected in a metric that annihilates
information at the boundary. What is more appropriate in the present context
is to study the solution orthogonal to holomorphic functions in the standard L?
metric (this method was used by Kohn—see G. B. Folland and J. J. Kohn [1]
or Krantz [19]). This solution can be manufactured by beginning with any solu-
tion u and subtracting from it the projection Pu onto L? holomorphic functions.
However we have no accessible formula for Pu. An alternate approach would be
to subtract from u its Szegd projection Su (this method was successfully used by
D. H. Phong [1]). Again, we have no accessible formula for Su. What we do have
under control is the Henkin integral of «, which is the function that we called .
It is plausible that the Henkin integral of a function on 2 should be very close
to the Szegd integral. (As evidence, compare the two on the ball.) Therefore,
u — 4 ought to give a good solution, and that motivates our construction.
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10.2. Estimates for the Henkin Solution on Domains in C2 407

It should be noted that the preceding heuristics were made substantive by
N. Kerzman and E. M. Stein [2], who showed that on a strongly pseudoconvex
domain, the function Su has an asymptotic expansion in which the principal
term is the Henkin integral.

Exercise for the Reader

Use the method of constructing a homotopy between the Bochner-Martinelli ker-
nel and the Henkin kernel to give a new proof of the Cauchy-Fantappie formula
{(Exercise 36 at the end of Chapter 1).

We conclude this section by noting that, independently and simultaneously
with Henkin's work, a number of other constructions of integral solutions to the
0 problem were discovered. H. Grauert and 1. Lieb [1], N. Kerzman [2], and N.
(@vrelid [1] should particularly be mentioned. E. Ramirez [1] developed integral
reproducing formulas, but did not study the & problem.

10.2 Estimates for the Henkin Solution on
Domains in C?

To avoid being distracted by numerous technical details, we write out the Henkin
solution to du = f explicitly on strongly pseudoconvex domains €2 in C? only.
Then we shall calculate uniform estimates on Hgq f. The result in higher dimen-
sions is analogous but much more tedious. We continue to use the notation of
Section 10.1.

To begin, notice that for Q C C?, 9Q is three-dimensional. Writing

f = fdl+ f2ds,
the first integrand of the Henkin formula becomes
(f1dC1 + F2dCo) A n(p) A dGr A da. (10.2.1)

By consideration of dimension, the only differentials in n{u) that will not force
this form to vanish on 09 x [0, 1] are those involving dX alone. So (10.2.1) on
08 x [0, 1] equals

- - 15} 15)
(fid¢y + fodG) A /Jl_Mzd)\ - Mz%

o\ dA| Adl A dEs. (10.2.2)
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408 Chapter 10: Integral Formulas for the 8-Problem

But the expression in [ | equals

(Beg M aee } > (lccz )@

- (1;25:5)) 2 { |§2—_z7_1 - ?é:ci) }) (|C< = z;((;g)) “

_ Pi(2,0)(C2 — 22) — Pa(2,$) (1 — 71) d\

(I)(Z7C) . IC - Zl2

Substituting this back into (10.2.2), we see that X integrates out and Henkin’s
formula becomes

¢ — 2|4
X dCy A dCa AdCy A dCy
_/ Pi(2,0)(C — %) — Pa(2,Q)(¢ — 21)
o9 (2, Q)¢ — 2

< (F1(O)dEr + fo(C)dCo) A dCy A d@}

Ho(z) = 4_712{/0 FE) - (G —2) + f200) - (& — 22)

(M

/ FUOKL(2,0) V() + / (O Kz, ) AV(Q)

Q 0

[ AOLEOd O+ [ RO 0) do(Q) (10.2.3)
an o0

where the identity defines the kernels. We will prove that

/Q Ky (5 OV <Gy, G=1,2 (102.4)

/BQ ILi(z,O)ldo(C) < Dy, j=1,2 (10.2.5)
where the bounds are independent of z € 2. This will immediately imply that

lHafllLe ) < (Ci1+ C2 + Dy + Do)l fllneo (s (10.2.6)

which is the principal result of this section. By symmetry, we need to prove
(10.2.4) and (10.2.5) only when j = 1.
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10.2. Estimates for the Henkin Solution on Domains in C2 409
LEMMA 10.2.7 We have

AJ&@&NM“OSC,

where C' does not depend on z.

Proof Let R be so large that 2 C B(z, R), any z € Q. Then

R
/ |K1(z,Q)ldV(¢) < / |z —¢|72dV(¢) = c/ r33dr =C'. 0
Q B(z,R) 0

LEMMA 10.2.8 1f 6o > 0 and |z — ¢| > & for all ¢ € 9%, then

/Im@@desczm%)
5194

Proof By Lemma 5.2.7 and Proposition 5.2.13, |®(z, ()| > Ca(dp), uniformly
over such z. Also the functions P;(z,() and |{; — z;| are bounded over Q x 99.
Finally, [¢ — z|? > 2 for such z. Therefore,

o C
Li(z,¢)|do(() < = d = ————0(00). O
a0l < [ ot do(0) = grso(on
LEMMA 10.2.9 There is a dg > 0 such that for all z €  satisfying 5o (z) < &

we have

/ [L4(= 0l do () < C.

8ONB(z,50)

Here C is independent of z.

Proof By Proposition 5.2.13, we may choose a g > 0 such that the estimate
[®(2,C)| = C1|Le(2)] (10.2.9.1)

holds for { € 90,z € N B((,d0). We may also assume that B((,dp) lies in a
tubular neighborhood of 9€2. Notice that, by Lemma 5.2.7,

2ReLe(2)] > p(2)] + 1z — C[2/2. (10.2.9.2)
Thinking of z as fixed, we introduce local coordinates for { € 9 as follows.

Call the coordinates t1,%2,t3. Let Z be the normal projection of z to 9.
We specify t;(2) = 0,4 = 1,2,3. Also, set t; = ImL¢(z). Since

Le(z) = i g—g(()(z] — ¢;) + {second-order terms),
j=1
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410 Chapter 10: Integral Formulas for the J-Problem

it follows that t; is, up to second order, nothing other than the complex normal

component of (z - () at . Notice that w € C” is complex tangential at ¢ if and

only if 3 ; 5—5(( Jw; = 0. It is tangential in the classical sense precisely when the
J

real part of this expression is zero.

So we may choose two other coordinates £1,12 to complete the coordinate
system. (We are intentionally omitting the details to force the reader to think
geometrically. However, details may be found in G. M. Henkin [2].)

Tt follows from (10.2.9.1) and (10.2.9.2) that

1B > C (|t1] + |p(z)| + 5 + t3) (10.2.9.3)
in the new coordinates. Of course,
IC — 2% 2|3 + 3 + 3] + p(2)°. (10.2.9.4)

Finally, introduction of these coordinates in the integral will involve a bounded
Jacobian factor. Therefore,

/ L (2, O)ldo (€)
H5QNB(2,80)

- Cyti+t5+43

/(t§+t§+t§)<R2 (8 + 65+ 83) [t ] + |p(2)| + 13 -+ t3]

dty dty dts.

Here R = R(dp, ) is a constant. Now the last line does not exceed

C (2 + 12+ £2) V2t 13+ 12) N dty dep dts
(13413 +22) < R?
= C/ + C/ =7411.
JtI<R 6| <R
Ity l<e2 42 lea |22 +:2

We then have

r<cof (82 +2)" Y242 1 12y~ Y dty dig dis
|t11<tg+z§
< C (t2 +42)"Y2 dty dts < C.
12+t <R?
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10.3. Smoothness of the Henkin Solution 411

Also,
I < en (t2 + £2)712)ty |7  dty di, dis
11> £3 4¢3
< C (3 + 372 (|log B| + | log(t3 + £3)|) dt2 dts
t2+i2<R
< C. 0

Lemmas 10.2.8 and 10.2.9, together with symmetry, yield (10.2.5). Lemma
10.2.7 implies (10.2.4). As a result, we have the next theorem.

THEOREM 10.2.10 (Henkin [3]) Let 2 CcC C? be strongly pseudocon-
vex with C* boundary. Let f be a d-closed (0,1) form with C? coefficients on
a neighborhood of . Then the Henkin solution Hgq f to the d equation satisfies
éHQf:fOI’lQ and

I Haflley < Call fll e (0y-

We again point out that the result is true in any dimension; we have proved
it only in dimension two for the sake of simplicity. Similar results are also due
to Grauert and Lieb [1], N. Kerzman [2], and N. Qvrelid [1].

10.3 Smoothness of the Henkin Solution and
the Case of Arbitrary J-Closed Forms

We now face the following technical problem: We have proved sup norm estimates
for the O problem for a rather restrictive class of forms f. We made this restriction
because we needed to guarantee that u is defined and continuous on 01 so that
the integral of u (and of f) over 092 make sense. A standard technique for
passing from these a priori estimates to estimates for arbitrary f is to prove that
Hq f enjoys some smoothness property and then to invoke certain compactness
theorems (such as the Ascoli-Arzela theorem). That is the approach that we
shall take here.
Let the Lipschitz spaces A, be as in Section 8.8. We have the following.

LEMMA 10.8.1 Let  CC RY have C' boundary and g € L= (Q)NC*(Q). Let
O<a<l If

IVg(z)| < C (0a(z)*"", alzeQ,

then g € A, (D).

Proof  The proof is left as an exercise for the reader. Use the techniques from
the proof of Theorem 8.8.2 or see S. G. Krantz [1, 10]. O
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412 Chapter 10: Integral Formulas for the 5-Problem

Remark: The lemma is true when o = 1, but then the hypothesis is too
strong. In that case the more natural hypothesis is

V29(2)] < O (dal(=) " O

If Q cc C2,001is C°, and f is a O-closed (0,1) form on a neighborhood of
Q with C* coefficients, then Hq, f is well defined on  and is C* (just differentiate
the formula in Theorem 10.1.2 under the integral sign). We know from Section
10.2 that Hqf is bounded. Refer to (10.2.3). We now prove that

Lu&u+mo—Kﬂaomwo < G
j=1,2, zz+heQ (1032)
| 195 0lde(O) < Dydale) 1, (10.3.3)
a0

where C}, D; are constants independent of z. Now (10.3.2) trivially implies that
the terms

&@EL&@&@OW@

in (10.2.3) are in Ay /5(f2). Likewise, with Lemma 10.3.1, estimate (10.3.3) implies
that the terms

l%k)flgﬁ@ﬂg&ide

in (10.2.3) are in A, /(£2). By symmetry, we consider only j = 1.
LEMMA 10.8.4 For z,z + h € ! we have

Luau+mo—KuaowwosomW%

Proof  Choose R > 0 such that © C B(z, R) for all z € 2. Let 0 < |h| < R.
Then

LélKﬂz+MC%<Kda<HdV@)

IA

c/‘ llz4-h—¢l~2 [z ¢ ?| dV (Q)
B(z,R)

_ -~ -3 _11-3
'Cﬂmﬂ Bt — i3 avio)

C’/ +/ =7+1I.
1<i<2|h] e

{€B(0,R) ¢€B(0,R)
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10.3. Smoothness of the Henkin Solution 413

Now
3/
|| _<_C'/ r 313 dr = C|h|.
0
Also
1 < c/ _RE ey
- R>(c1>21p) 1€ = APBICP
|A|
< C’/ ——dV (¢
2R>¢>)n) 1C]* ©)
R
< Cih| 43 dr,
thi

where R = diam €. But this last line is less than or equal to

C|h|log |hl| < ClR|M2. o

Now as a preparation for the proof of (10.3.3) in the case j = 1, we observe
that

Pi(z,0)(6 — 22) — Pa(2,Q) (&1 — 21) }

Li(z,¢) = Oz(Z,C) { ®(z,O)¢ - 2[2

where « is a bounded C' factor with bounded derivatives. Thus V,L; consists
of terms of the form

0 G
a(er0) - g

0 g
0 3G

Each of these expressions is majorized in absolute value by one of

1 1 1
Cc ——m C——7—r, C .
18z, OIIC = 2| |2(z, OIC — 22 12z, OPIC — 2|

Now the second of these clearly majorizes the first (up to a constant factor).
Also, the third majorizes the second (since |®(z, ()| < Clz — ¢|) when ( is near
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414 Chapter 10: Integral Formulas for the -Problem

z and is of no interest otherwise. So to prove (10.3.4) it suffices to prove the
following.

LEMMA 10.3.5 We have

; —~1/2

where C' does not depend on z.

Proof  We use the notation of the proof of Lemma 10.2.9. We can restrict at-
tention to 8q(z) < 80/2, |z — | < o (otherwise the result is trivial). Introducing
the local coordinates from the proof of Lemma 10.2.9 and using the estimations

12(2,0)] = C(lp(2)] + |tx] + 5 +13)
IC—2> > C(E+85+15),
we have
/ v (Q)
90N B(2,00) 12(2, Q)12 — (]
dtldtgdtg
< 2 1/2
@+ <k (|p(2)] + [ta] + 15 +63)" (6§ + 43 + £3)
ARy SY
Ji1|<tZ+2 12422<|t1 | </ t5 4+t [t1]>+/t3+t2
=T+ II+1II
Now
;< dt; dts dts
- t 2 1/2
Wl Ua(2) + B+ 8 G+ )Y
< ¢ dts dts -
3+)<r> (|p(2)| + t3 + 13)
R
< C/ rdr =
o (lp(2)] +72)
< Clp(2)|M? < C (8al2)) V2.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



10.3. Smoothness of the Henkin Solution 415

Also
dtl dtQ dt3
I < cC
< <R 2 1))
%HSS”“SW (lp(2)] + 1t1]) (t2 + ts)
tll dtl
cof Ml
i<k (p(2)] + [ta])%/2
< Clp(=)| M2 < Cea(=) ™2
Finally,
d dt
OI = Cf e (z§|1-[ii—t|2t I)let |
211> /25+:2 g o
< c / __dh
i<r (G + )
< Clloglp(2)]]
< Clp(z)| 7% < Clbal2) 2. )

Lemma 10.3.5 proves that |VB;(z)| < C(6q(2)) /2. Likewise, |V Ba(z)] <
C(8a(z)) /2. 1t follows that By, By € A/2(Q) by Lemma 10.3.1. Lemma 10.3.4
proves that A; € A;/3(f2). Likewise, Ay € A;/5(f2). Note that our estimates
depend on the L! norms of certain kernels and on the L>° norm of f. Thus we
have proved:

THEOREM 10.3.6 LetQ CC C? be strongly pseudoconvex with C® bound-
ary. Let f be a O-closed (0, 1) form, with C" coefficients, on a neighborhood of
Q. Then Hq f is well defined and

1Haflla, ) < Call fllLe(y-

Now we remove the restrictions on f. This procedure uses an important
stability feature of analysis on strongly pseudoconvex domains. We shall not
explicitly prove the stability result but instead invite the reader to review the
relevant proofs and verify them (see also S. G. Krantz [1] and R. E. Greene and
S. G. Krantz [2]):

STABILITY RESULT Let  CcC C? be strongly pseudoconvex with
C% boundary. Let € have defining function p defined on a bounded
neighborhood U of €. Then there is a § > 0 such that if 5: C2 — R is
a C® function with ||p — pllcs(y < & and Q={zeC?: j(z) <0}, then
Theorem 10.3.6 holds on Q with Cq < 2Cq.
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416 Chapter 10: Integral Formulas for the §-Problem

Now proceed as follows. Let 2 C C? be a fized strongly pseudoconvex
domain with C® boundary. Let p: C?> — R be a C® defining function for 2. For
€ > 0 small, let Q. = {z € C?: p(z) < —¢}. If € is sufficiently small, then £, is
still strongly pseudoconvex; because p.(z) = p(z)+¢ is a defining function for €.,
the stability result will apply. Now let f be a O-closed (0, 1)-form defined on
(not necessarily on a neighborhood of the closure) with bounded, C'! coefficients.
For each sufficiently small € > 0, the form f satisfies the hypotheses of Theorem
10.3.6 on Q.. Therefore, Hq_f is well defined and satisfies 5Hgsf = f on £);

moreover,

1 He, f fllpe < 2Ca|l fllzee-

(A, 200 < Ca,

If K is any compact subset of 2, then we see that the functions {H q_f} form
an equicontinuous family on K when e < dist (K, °2). Of course, it is also an
equi-bounded family. By the Ascoli-Arzela theorem and diagonalization, there is
a subsequence €;,j = 1,2,..., such that Hg, f converges uniformly on compacta
to some u € Ay/2(Q) with Ou = f on Q (in the weak sense). Thus we have
proved the following.

THEOREM 10.3.7 Let 2 C C? be strongly pseudoconvex with C® boundary.
Let f be a 0-closed (0,1)-form on € with bounded, C* coefficients. Then there
exists a function » on  with ou = f, u bounded, and

lulla, o) < 2Callfllzeo()-

In case f on Qis a (0,1) form with only L™ coefficients satisfying 9f = 0
in the weak sense, then an approximation argument involving convolution of the
coefficients of f with Friedrichs mollifiers shows that there is a u € A;/2(£2) such
that Ou = f in the weak sense and

”““Al/z(ﬂ) < C“f”Leo(Q)-

Details are left to the reader (or see S. G. Krantz [1]).

Remark: The result of Theorem 10.3.7 is stated for O construed in the weak
sense. But 0 is elliptic in the interior. So if f has even A . coefficients, then u
will be C! on  (but not up to the boundary). See Kerzman [2], Krantz [19], or
Folland and Kohn [1] for details. ]

PROPOSITION 10.3.8 (Kerzman [2])  Let B C C? be the unit ball. There is
a O-closed (0,1)-form f on B with C'*°, bounded coefficients such that if ¢ > 0
and Ou = f then u & A1 /94(Q).

Remark: This proposition shows that the estimate in Theorem 10.3.7 is sharp.
O
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10.3. Smoothness of the Henkin Solution 417

Proof of the Proposition: Let v(z) = Z3/log(z;—1). Notice that Re(z;—1) <
0 on B, so that the principal value of log{z; — 1) is well defined and holomorphic
on B. Let

= 1

f=ov= log(z; — 1) dzs.

Notice that f has bounded coefficients on B. Suppose that there exists a function

u € Ay /o4(B) with Ou = f. Then u —v = h is holomorphic. Let § > 0 be small,
and consider

F(4) E/ u(l — 28, z9) — u(l — 4, z2) dzs.
|z2|=Vv/8

Notice that, for § < 1,|z| = v/3, it holds that (1 — 26, 22), (1 — 8, 23) lie in B. On
the one hand,

|F(9)]

IA

/| s |u(l — 26, 22) — u(1l — 6§, z2)| d| 22

IA

/ SH/2He d)| 2| < 81T (10.3.8.1)
|z2|=V/8
On the other hand,

1F(0) =

/ (v+h)(1—28,29) — (v+ h)(1 — 8, 29) dzs
Jz2|=V3

/ v(l — 28, 20) — v(1 — §, z3) dzo
|22|=V3

by Cauchy’s theorem. But this is

/le|~¢S <log(ziz<5) - 10;2_ 5)> dzy

4

1 1

= 270 — = . 10.3.8.2
i~ ) "y (10382

Putting (10.3.8.1) and (10.3.8.2) together yields

cs
< 51+e.
e o7 | <

Letting 6 — 0 yields a conradiction. O
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418 Chapter 10: Integral Formulas for the -Problem

10.3.1 Further Results

The following are optimal estimates for the & equation on a strongly pseudocon-
vex domain with C* boundary. Proofs may be found in S. G. Krantz [1, 2, 7]
and Greiner and Stein [1].

THEOREM 10.3.9  Let Q CC C" be strongly pseudoconvex with C* bound-
ary. Let f be a 0-closed (0, 1)-form on 2 with LP coefficients, 1 < p < co. Then
the Henkin solution Hqnf = u of the equation Ju = f satisfies the following

estimates:

1l < Collflir, any g < (204 2)/(@n+ 1),

2. flullpe < Collfllre, 1<p<2n42, % = % — s

3. [y exp [(clul/|| f]] panse) @2/ D] gV < C, for ¢ > 0 small.

-

Nllrase S Cpllfllze, a=3-"H, 2n+2<p<oo.

o, 2 — p ?

Notice that the estimates on u form a smooth continuum: through increasingly
better LP spaces (higher L? is “better” by Sobolev’s theorem) to exponential
integrability to Lipschitz spaces. All of these estimates may, by methods similar
to those in Proposition 10.3.8, be shown to be sharp.

The 0-Neumann on a strongly pseudoconvex domain is the first example of
a subelliptic system for which a complete theory of estimates has been computed.
For more on this matter see Greiner and Stein [1].

10.4 First Cousin Problem with Bounds and
Uniform Approximation on Strongly
Pseudoconvex Domains in C?

Let Q C C? be strongly pseudoconvex with C° boundary. Let f € A(Q). Our
goal in this section is to use the results of Section 10.3 to construct a domain
{1 O O and a sequence f; € H® (Q) such that f; — f uniformly on ). The reader
should compare this result with Corollary 5.4.3 and be convinced that the present
result is essentially stronger. The proof proceeds by way of an auxiliary result
that is of independent interest.

THEOREM 10.4.1 (First Cousin Problem with Bounds) Let & CC
C? be strongly pseudoconvex with C® boundary. Let V = {V;}M, be a finite
open covering of Q. Set U; = V;NQ,i = 1,..., M. Writeid = {U;}M . Then there
is a constant C = C(),U) such that if {gj,k}%czl is a family of holomorphic first
Cousin data for U/ and if

lgiulre@w,nmg <K, Gk=1,...,M,
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10.4. The First Cousin Problem with Bounds 419

M

then there is a holomorphic solution {g;};7; of the first Cousin problem satisfying

lgillze@w,) <C - K, j=1,..., M.
Proof Let {¢,;} be a partition of unity on 2 subordinate to {U;}. Define

h]' = Z¢Zgl’3 on Uj.

On U; N Uy, we have

Ohx — hy)

5] Z ¢i(gix — Gi,5)
= 52 D95,k
= (Z 3¢z‘) 9ik + (Z ¢i) 0g; ke

= 5_(]]'716 = 0

Therefore, the form
f = 8h] on U 7

is well defined, O-closed, and has coefficients that are C* and bounded by KT,

where L = 3. [[45llcr ()

By Theorem 10.3.7, there is a u € C*°()),u bounded by 2CqK L, such
that Gu = f. Then the functions g; = h; — u will solve the Cousin I problem
with bounds. O

Now we have our main result.

THEOREM 10.4.2 (Henkin [3], Kerzman [2], Grauert/Lieb [1]) Let
Q cC C? be strongly pseudoconvex with C® boundary. There is a strongly pseu-
doconvex domain 2 D ) such that if f € A(Q), then there is a sequence {f;} of

functions holomorphic on € such that f; — f uniformly on Q.

Proof Let @ = {p(z) < 0}. As in (8.3.3)—(8.3.5), cover Q with subdomains
{Q4}M , that have associated vectors v. For 0 < § < &g, dp small, we let Q2 =
Qr+dévy, k=1,..., M. We may assume that Ukﬂ,‘i D 0,al0 < § < &. Shrinking
8o if necessary, we may find for each 0 < § < §¢ a strongly pseudoconvex Q°
with C* boundary such that

M
pcoac’ casc ol
k=1
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420 Chapter 10: Integral Formulas for the 5-Problem

Note that each Q9 may be chosen so that Q° = {ps(z) < 0} and p; is C° close
to p.
Of course No<s<s, (UM 22) = (2. Let U =N, k=1,...,M. Define

o) = flz—6w), zeUlk=1,... M.

Let
Gh2)=f2) - fl(z), =zeUlNULGk=1,.. M

Then

1. { g?k} is a set of holomorphic Cousin I data for the covering {U{} of 02°.

2. Since f is uniformly continuous on 2, it is possible to make
Hg?kHLoo(Ugan;s) < ¢, for € > 0 any prechosen number, provided that § > 0
J

is sufficiently small.

By Theorem 10.4.1, there is a solution {g?} to the above-posed Cousin 1
problem with

Hg?“LOO(Uf) <9, {Uf}) - €.

By the stability of the Henkin estimates discussed in Section 10.3, the constant
C may be taken to be independent of 4. Define

fs(2) = RR(z) = gi(z),  z€D}.

Then f; is a well-defined holomorphic function on Q¢ and
- ] 5 ]
1 fs = fllpeo(ay < X If& = Flloewsna +C - €

Again, the uniform continuity of f may be invoked to make the last expression
less than 2Ce simply by making § small enough.

We have succeeded in approximating f, uniformly on €, by a function
holomorphic on . However, § will tend to 0 as ¢ tends to 0. The final step is
for each 6 > 0 to apply Corollary 5.4.3 to select a holomorphic f5 on o =Q
such that || fs — fs|l Lo () < €. The point here is that each fs is defined on a fixed

1 2 O, Q1 is strongly pseudoconvex, and || f — fsllLoo(y < (2C + D). O

Exercise for the Reader
Show that Theorem 10.4.2 cannot be proved with the additional conclusion that

IlfallLoo@) < C||f”L°°(Q)-
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EXERCISES

1. Let m = (mq,...,myn) € N, and define
Q= {2€C™ |z ]*™ 4 4 |2, 7™ < 1}

Prove that 2, is pseudoconvex. It is strongly pseudoconvex at boundary
points for which all coordinates are nonzero. Find all other strongly pseudo-
convex points. Imitate the construction in Proposition 10.3.8 to prove that
any estimate of the form

lellaaimy < ClfllL=

for solutions of the equation Ou = f, f a O-closed (0,1) form on (1, must
satisfy a(m) < min{1/(2m;),j = 1,...,n}. The fact that such estimates
actually hold was proved by R. M. Range [2] in dimension two and in full
generality by K. Diederich, J. E. Fornass, and J. Wiegerinck [1]. Related
estimates appear in A. Cumenge and S. G. Krantz [1]. Refer also to Exercise
8.

2. Let

Q= {(21,22) sa|® + 2e~ /Il < 1}.
Show that for no a > 0 can it always hold that

lullan < Clifllax

for solutions to du = £, f a O-closed (0, 1) form (see R. M. Range [2]).

3. Fuailure of local hypoellipticity for the O problem Let Q C C? be a smoothly
bounded domain. Let P = 0 € 0%). Suppose that for some r > 0 we
have B(P,r) N 0Q = {z € B(P,7) : Rezy = 0}. So the analytic disc
{P + (0,22) : |22] < r} is contained in 0Q. Let ¢ € C®(B(P,r)) satisfy
¢ =1on B(P,r/2). Let f = 0¢/2,. Then f is a d-closed (0,1) form on {2
and f € Cé"a’l)(B(P,r/S) N Q). Prove that it is impossible to find a u on
Q such that Ou = f and u € C®(B(P,r/4) N Q). This example illustrates
the phenomenon of “propagation of singularities” along analytic discs in 9.
That is, the function u can have singularities on the disc even at point where
f does not. See J. J. Kohn [5] for more on these matters.

4. Use the techniques of Section 10.3 to prove that formula (5.3.5.1) is valid for
functions continuous on 2 and holomorphic on .

5. Modify the proof of Theorem 7.2.9 to prove that if  C C? is strongly
pseudoconvex with C* boundary, 0 € €, and f € A({)) vanishes at 0, then it
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422 Chapter 10: Integral Formulas for the 5-Problem

is possible to write f(z) = 21 f1(2) + 22 f2(2) with fi1, fo € A(Q). (Hint: You
will need to consider the sheaf over ) whose stalk at z € Q is just O, but
whose stalk over w € 02 is the ring of germs of functions continuous up to
99 and holomorphic on 2. See N. Kerzman and A. Nagel [1] for help. As
an alternate approach, use Exercise 14 at the end of Chapter 5.)

6. Consider the operator on R? given by

This is perhaps the simplest example of a partial differential operator with
the property that there is an f € C*°(R?) such that Pu = f is not locally
solvable. More precisely, let D; = D(j71,477),5 € N. Let f € C>(R)
satisfy (i) f(-,y) is even for each y, (ii) supp f N {z > 0} = U, D;, and (iii)
/, D, fdzdy > 0 for all j. Complete the following outline to show that there
is no u € C1(R?) such that Pu = f.

a. Suppose that u is a C' solution; write u = u, + u,, where u, is even in z
and u, is odd in z. The even part of the equation Pu = f is

Ju, . Ou,

P + i 3y = f. (%)

It follows that u(0,y) is constant; hence we may suppose that u,(0,y) = 0.
b. Restrict attention to {z > 0}. Let s = 22/2,0/8s = (1/x)(8/0z). Then
(*) becomes

Ou, | Ou, 1
P +zay = 28f<\/2_s,y>, s> 0,

U =

™3

s=0.

c¢. The transformed function u,(s, y) = u,(x, y) satisfies the Cauchy-Riemann
equations in the complex variable s + iy off of U;D;.

d. It follows that u = 0 on R? \ U; D;.

e. Apply Stokes’s theorem to u.dy —izu.dzr on D; to obtain a contradiction.

f. The same proof shows that Pu = f has no C! solution in any neighbor-
hood of 0.

The references Nirenberg [1] and Krantz [19] contain more extensive discus-

sions of local solvability.

The fact that f is not real analytic is crucial here. Indeed, the Cauchy-
Kowalewski theory guarantees local real analytic solutions (infinitely many
of them) in case f is real analytic. Conversely, for some operators of this
type, P. Greiner, J. J. Kohn, and E. M. Stein [1] have shown that real
analyticity of f is necessary.

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



Exercises 423

The first example of an operator that is not locally solvable is due
to H. Lewy [1]. It was discovered in the context of extension phenomena
for holomorphic functions on B C C?. Indeed, the operator is obtained by
restricting the 8 operator to 8B (see G. B. Folland and E. M. Stein [1], J.
J. Kohn [4]). Exercise 14 has more on this point of view.

More recently, H. Jacobowitz and F. Treves [1] have shown that partial
differential operators that are not locally solvable are, in a precise sense,
generic.

7. Let Q@ = {z € C3 : p(2) = Rezz + |2} — 2322)% + |22]? < 0}. Verify that if
¢ : D — C? is univalent, ¢(0) = 0, and ¢'(¢) # 0 for all ¢ € D (so that ¢
is an immersed, nonsingular, analytic disc), then |p(¢(¢))] > C|¢|* for all
¢ € D. On the other hand, for ¢ small and real, let v,(¢) = (¢, ¢?/(it), it)
for all ¢ € D. Then p(v:(¢)) = O(|¢|B/t*). So the order of tangency of discs
near ( is different from the order of tangency of discs at 0. This example,
due to D’Angelo, is important in the study of subelliptic estimates for the 8
problem.

8. Let ©,, C C? be given by
Qn = {(21,22) : | [* + [22*™ < 1}

Define ®(2,¢) = 3_7_1(8p()/0¢;)(2j ~ &) for z € Q, ( € Oy Use the
Cauchy-Fantappi¢ formula to define a Cauchy integral formula for holomor-
phic functions that extend to be, say, C! on §,,,. Imitate the arguments in
Section 10.1 to construct a solution formula for the equation Ou = f when
f is a O-closed (0,1) form. It is possible to compute uniform, and even
Lipschitz, estimates for this solution. See R. M. Range [2] and Exercise 1.

9. Let Q cC C" and A(Q) as usual. Call P € 9Q a local peak point if there is
a neighborhood U of P and a function f € A(Q2NU) such that f(P) =1
and |f(z)] < 1 for z € QN U \ {P}. Suppose that the equation du = f
has a bounded solution on  whenever f is a bounded, C*, d-closed (0,1)
form on 2. Prove that then every local peak point in 92 is a (global) peak
point for A(Q2). N. Sibony [2] (see also the newer reference, Sibony [6], which
has even more refined counterexamples) has used this idea to construct a
smooth pseudoconvex  CC C® for which the equation du = f does not
have any bounded solution for some smooth O-closed (0,1) form f with

bounded coeflicients.

10. It is well known and easy to compute that the operator J is elliptic on
relatively compact subsets of any domain @ C C™ (see Folland and Kohn
[1, pp. 10-11] or S. G. Krantz [19] for details). Let us use an idea of N.
Kerzman [2] that exploits the interior ellipticity in an elementary manner to
give very good estimates for 0 in the interior.
Let 2 CC Oy CC  cC C* = R?", Let I'(x) be the fundamental solution
to the Laplacian on R?™ that was constructed in Proposition 1.3.2.
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424 Chapter 10: Integral Formulas for the §-Problem

a. Let u € C1(Q). Let ¢ € C°(Q) be identically equal to 1 on Q. Then, for
z € g, we have

u(z) = /QF(Z — w)A(d(w)u{w)) dV (w).

b. Write A =43 (9%/0w;0w;). Integrate by parts to obtain

- 42 [ sz - ) g (o) v

¢. Obtain the estimate
|<C’/ |u(w)| dV (w +C/ = |2n 1|8'LL(w)|dV(w)

for z € Qp. You must use the fact that V¢ =0 on .
d. Notice that if K CC C”, then

1
/K de(o < C(K).

e. Use Exercise 10 at the end of Chapter 1 to conclude that, for 1 < p < oo,
el o o) < C(Q0, ) {llull L) + 18ull Loy } -

f. The fact that we are estimating only in the interior was used decisively
in two places. What are they?
g. When p = oo, refine the estimate to

”uHLoo(QO < QO,Ql, {Hu”L1 + ”5U||L2n+e(ﬂ)} , any € > 0.

11. Modify the argument in the last exercise to show that for any 0 < k € Z, it
holds that

lullgriae < CQ0, ) {llullLiy + 10ullor@y ) -

12. Use the outline that follows to prove this proposition about almost analytic
extensions:
PROPOSITION Let &k € N. Let M C C" be a totally real submanifold,
that is, Tp M has no nontrivial complex subspace for any P € M (see also
Exercise 1 at the end of Chapter 8). Let K C M be a compact set. Let
u € C*(M). Then there is a function U € C'(C") such that U|, = u and
U (z) = O(dist (z, K)*71).
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In a sense, U is an “almost analytic” extension of U. For the proof, we

proceed by induction on k. The case k = 1 is trivial. Now let £ = 2.

a. Ifeach z € K has a neighborhood W, such that ul ., has the indicated
extension, then passing to a finite subcover and using a partition of unity
gives the full result. So it suffices to treat the problem locally.

b. Choose z € K. Choose a neighborhood W, of z and real functions
P1,---,Pm such that

MNU={zeU;p(z) ="+ = pn(z) =0}

Notice that, since M is totally real, m > n.
¢. Shrinking W, if necessary, there is a sequence 1 < j1,...,75, < m such

that
ps, s A\
{( 95 (2),... 93, (2) _

is a basis for C™ over the field C at each point z € W,.

d. Shrinking W, if necessary, we see that u| w_nm has a C* extension to
C™ (with only bounded increase in norm). Denote this extension also by
u.

e. Denote the functions p;, chosen in (c) by p1, ..., pn. Define functions h;(z)
on W, by

(%() o ) Zh (ZZ >g_ﬂ())

Then h; € C¥~Y(W,),i = 1,...,n. In the standard several complex vari-
ables shorthand,

i=1

f. Define uy =u— Y., hyp;. Then uy = w on M NW, and

g

Ouy = — Y _(0hs)p: = O(dist (-, M)).

=1

This completes the proof when k& = 2. B B
g. For k = 3, notice that (in the notation of part e) {0p; A Op;}ic; are
linearly independent. Define h;;(z) by the equations

dh; = Z hij(2)0p;(2)
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Then
0= 52’U, = Z[h” - hji]épj A 5Pi-

<]

h. Conclude that h;; = hy; for i < j. Define
1
UQ(Z) = ul(z) -+ E Z hijpipj~
0]

Then ugs = v on M and

Bus(z) = 57 3 Bhiy (2)pu()s (=) = O ((dist (2, M)

1,3
1. Iterate this procedure to construct u;_1, each k.

13. Let @ CcC C™ be a smoothly bounded pseudoconvex domain. J. J. Kohn
[3] has proved that for each k € N there is an m(k) € Nym(k) > k, and
a constant C(k) such that the following property holds: For each d-closed
(0,1) form f with C™*) coefficients on Q there is a ux € C*() such that
Our = f. Also

lurllcr @y < CENflleme )

It should be understood that m(k),C'(k) depend on the geometry on 9
but not on f. It is not well understood how m(k) depends on k. In general,
m(k) >> k. The proof of Kohn’s theorem is too difficult to consider here so
we take it for granted.

Use Kohn’s theorem and the technique of Exercise 23 at the end of
Chapter 1 to prove that, with Q@ CC C" as above and f a O-closed (0,1)
form with C* coefficients on ), there is a u € C°°(Q) such that du = f.
Details of this last assertion appear in J. J. Kohn [4]; see also Exercise 12 at
the end of Chapter 4. Here are some hints:

a. It is enough to construct v; € C7,j = 1,2,..., such that dv; = f and
lv; —vitalles <277
b. Assume inductively that v;,...,v; have been constructed. Let ;41 be a

solution in C7*! to Qu = f. Imitate the proof of Theorem 10.4.2 to find
a holomorphic V on § such that ||(v; — 9j41) — V]os < 277
c. Define vy =941 +V.
14. Provide the details for the following argument which provides an elegant way
to think about the local solvability question. Let (z,y,t) be coordinates in
R3. Identify (z,y) with z = x + iy. Define

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



Exercises 427

Refer to Exercise 10 at the end of Chapter 2. Let &/ C C? be given by
U={z€C?:TImz; > |2|%}. Map R® to 6l by

(z,t) = (t+il2]?, 2).
Then L on R3 is transformed to

0 0
/I _ .
L = -822 + 2222 ;aZl .

Notice that L’ is the formal adjoint to

0 0
= — — 28z —.
A 029 122 0z

If f € L2(0U), let Sf be its Szegd integral on U. We have the following.
Theorem The equation L'y, = f has a solution near P € ol if and only if
S f is real analytic near P.

The “if” part of this theorem exceeds the scope of this exercise. For the
“only if” part, proceed as follows. Let ¢ € C°(0U) satisfy ¢ = 1 near P.
Prove that

S(f — A*(¢u)) = Sf.

But f — A*(¢u) equals 0 near P; hence, S(f — A*(¢u)) extends holomorphi-
cally past P.

This argument, together with a beautiful exposition of related matters,
comes from J. J. Kohn [4]. Compare this exercise with Exercise 6.
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11 Holomorphic Mappings and

Invariant Metrics

11.1 Classical Theory of Holomorphic
Mappings

In this section we prove a collection of resuits (mainly due to H. Cartan) that
include a characterization of those biholomorphic maps of a circular domain that
fix 0. There follows a proof of Poincaré’s theorem that the ball and the polydisc
are not biholomorphic. Note that, throughout this chapter, the word “map”
(or “mapping”) usually means holomorphic or biholomorphic mapping unless
explicitly noted otherwise.

Recall that a map f : 03 — s of domains in C™ is said to be biholomorphic
if f =(f1,...,fn) is one-to-one, onto, and has a holomorphic inverse. If ; =
Qy = Q, then we say that f is an automorphism of Q and we write f € Aut(Q).

A mapping f : X — Y of topological spaces is called properif f 1(K) C X
is compact whenever K C Y is compact. Trivially, a biholomorphic mapping
f is proper since f~' is continuous. For bounded domains 21, C C”, notice
that g : Q1 — s is proper if and only if the following condition is satisfied:
Whenever {27} C Q; has the property that 27 — 8y, then g(27) — 9.

We begin our study by considering a seli-mapping of a bounded domain 2
that possesses a fixed point.

PROPOSITION 11.1.1 Let  C C" be a bounded domain. Let P € £ and
suppose that ¢ : Q — §) satisfies ¢(P) = P. If Jacco(P) = id, then ¢ is the
identity.

Proof  We may assume that P = 0. Expanding ¢ in a power series about P =
0 (and remembering that ¢ is vector-valued hence so is the expansion), we have

$(2) = 2+ Po(2) + O(J21*11),

where Pjis the first homogeneous polynomial of order exceeding 1 in the Taylor
expansion. Defining ¢7(2) = ¢o---0¢ (j times), we have
429
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430 Chapter 11: Holomorphic Mappings and Invariant Metrics

$*(z) = z+2P(2)+O(lzfF1)
¢*(2) = z+3Ps(2)+O(|z[F)
¢ (z) = z+jPu(z) +O(z|F).

Choose polydises D™(0,a) C @ C D™(0,b). Then for 0 < j € Z we know
that D™(0,a) C dom ¢7 C D™(0,b). Therefore, the Cauchy estimates imply that
for any multi-index « with |a| = k, we have

| ha o et
ilD%¢(0)] = |D%¢ (O)| < n*a;'-
Letting 7 — oo yields that D*¢(0) = 0.
We conclude that P, = 0; this contradicts the choice of Py unless ¢(z) = z.
O

Remark: Notice that this proposition is a generalization of the uniqueness part
of the classical Schwarz lemma on the disc. In fact a great deal of work has been
devoted to generalizations of the Schwarz lemma to more general settings. We
refer the reader to H. H. Wu [1], S. T. Yau [1], S. G. Krantz [20, 21], and Burns
and Krantz {1] for more on this matter. O

PROPQOSITION 11.1.2 Let © C C™ be a bounded circular domain. Assume
that 0 € Q. Let ¢ € Aut Q satisfy ¢(0) = 0. Then ¢ is linear.

Remark: This is a special case of a recent and much more powerful result:
If Q, Q9 are bounded, circular domains that are biholomorphically equivalent,
then there is a linear biholomorphism between them (see R. Braun, W. Karp,
and H. Upmeier [1]). ‘ o

Proof of the Proposition Let ¢’ = Jacc@(0). Let py be the map z —
e2,0 < 0 < 27. Define

Y=p.pod lopyog.
Then
W =plgo(¢ ) olps) og.

Now (p-p) and (pg)’ are diagonal matrices, hence they are in the center of

GL(n,C). Therefore, the last line is just
P = () -4 =id. (11.1.2.1)

Therefore, 1 satisfies the hypotheses of Proposition 11.1.1. Tt follows that ¥(z) =
z. Therefore,

popy=pood
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for all 8. Since the only monomials that commute with the py are the linear
polynomials, we conclude that ¢ is linear. O

PROPOSITION 11.1.3 (Computation of Aut(D™))  Let ¢ € AutD". Then
there exist aj,...,a, € D, numbers 6,...,0,,0 < 0; < 27, and a permuta-
tion ¢ on n letters such that

B(2) = (6 Zo) T i, Zolr) ~ On ) .
1- (’112,,(1) ’ ’ 1- anzv(n)
Proof Let ¢(0) = a = (ay,...,q,) and write

1/)(z):<zl_a1 Z"“"”).

1 —@121’ 1—-a,z,

Then f = ¢ o ¢ € Aut(D"), f(0) = 0, and it suffices to show that f(z) =
(ewlzg(l), .. .,ew"za(n)). By Proposition 11.1.2, f is linear. Thus f(z) = (b;;) -
(2),1 <i,j <n. Let

) 1y — 1y ——
2k = <<1 — E) sgnbiy,. .., (1 - E) Sgnbm> .

[Here sgn z, the sign of the nonzero complex number z, is given by sgn z = z/|z|.]
Then the i*® component of f(2%) is

i (1 - %) |31

Jj=1

Since this number must be less than 1, letting k — oo yields 3, [b;;| < 1. Let
wj:k =(0,...,0,(1 — 1/k),0,...,0), where only the ' entry is nonzero. Then
w?* — D™ as k — oco. Since f is proper, the points f(w’*) accumulate at 9D ™.

That is,
1 1
(- Do (1 2))

accumulates at 8D™. Therefore, maxi<;<n |b;;| = 1. So (|b;;|) is a matrix in
which each row sums to at most 1 and each column has at least one element of
modulus 1. Tt follows that each column has precisely one element of modulus 1;
otherwise some row would have two such elements, contradicting »; |b;;| < 1.
For each j, say that |b,;) ;| = 1. If n(j1) = n(j2) for some ji # j2, then again
>, 1bij| < 1 is contradicted when i = n(j1) = n(j2). So 1 is a permutation of
{1,...,n} and b;; = 0 if ¢ # n(j).
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Let ¢ = n~'. Then we may change notation and say that ooy = 1,4 =
L...,n. Also, by =0 if j # o(f). Write by ) = €. Then (b;) - (2) =
(€ 251y - - - ,et0n Zo(n)) @s desired. a

DEFINITION 11.1.4  Let 2 C C"*be adomain and P € Q. Then Ip C Aut (€2)
is the subgroup of elements that fix P. We call Ip the isotropy subgroup of P.

Exercises for the Reader
L If f:Q — Qo is biholomorphic, then the map wy : 6 = fooo flis
a group isomorphism of Aut (1) to Aut (Qs). If the automorphism groups
are equipped with the compact-open topology, then w 5 is bicontinuous. If
f(P) = @ then wy maps [p isomorphically onto Ip. Also, w; maps the
connected component of the identity in Ip isomorphically onto the connected
component of the identity in Iq.

2. The group Iy C Aut (D™) has n! connected components. (Hint: What clas-
sical group has n! elements?) Let B C C" be the unit ball. It is possible to
show (see W. Rudin [7]) that Iy C Aut B, B C C", is connected. Conclude
that the ball and the polydisc are not biholomorpically equivalent.

3. The connected component of the identity in I o C Aut (D"™) is the group of
maps z + (€% 21,...,¢%72,),0 < 6; < 2. In particular, it is abelian.

4. The connected component of the identity in Iy C Aut B, B C C" the unit
ball, contains all unitary automorphisms. So it is not abelian. Conclude
again that the ball and the polydisc are biholomorphically inequivalent.

Let Q C C™. We say that ¢ : @ — C” is an imbedding if it is one-to-one and
proper onto its image. H. Alexander [3] and L. Lempert [4] have proved that the
imbedding of the ball into the polydisc that contains the largest D™(0,7),r < 1is
the identity. Likewise, the imbedding of the polydisc into the ball that contains
the largest B(0,7) is the map z — z/4/n. Both maps are unique extremals (up
to composition with unitary mappings). Once again, we may conclude that the
ball and the polydisc are not biholomorphic.

It was mentioned earlier that two circular domains that are biholomorphi-
cally equivalent are in fact linearly equivalent. Again, it follows that the ball
and polydisc cannot be biholomorphically equivalent.

It is known that there is no proper holomorphic mapping of the ball to
the polydisc or of the polydisc to the ball. The latter assertion is a special case
of Theorem 11.1.6. This result will give us a completely self-contained, and
geometrically appealing, way to see that the ball and the polydisc cannot be
biholomorphically equivalent. The principal ideas in the proof are due to R.
Remmert and K. Stein [1]. We also incorporate some ideas of G. M. Henkin
[5]. More recently, A. Huckleberry [1] has used similar techniques to prove non-
existence of proper maps in rather general circumstances.
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DEFINITION 11.1.5 Let M C C™ be a real C* manifold of real codimension
r. A smooth foliation of M by complexr manifolds of real codimension ¢ in M
(g < 2n —r,q+ 1 even) is a set F of complex submanifolds of M and a C*
mapping u : M — R? with the following properties:

(11.1.5.1) The Frechet derivative p’ of u has rank ¢ at each point of M.
(11.1.5.2) We have N € F if and only if N = 1 1(c), some c in the image of p.

{11.1.5.3) Each N € F is a regularly imbedded complex submanifold of M of
complex dimension n — (g +7)/2.

EXAMPLE  Let C?> D M = {x; = 0}. Then p(z1, z2) = y1 provides a foliation
of M by (complex one-dimensional) manifolds of real codimension 1in M. O

Exercises for the Reader
1. Let M C C™ be a real analytic manifold of real dimension three. Is it neces-
sarily true that M is locally foliated by one-dimensional complex manifolds?
(Hint: Think of the concept of totally real manifold.)

2. Let
Q={{z1,20,23) € Cc3 . (z1 — x2)2 — (- y2)2 < z3}.

Then there is a relatively open set U C 99 that is foliated by two-dimensional
complex manifolds. What is the largest such U7

THEOREM 11.1.6 TLet 2 C C™ be an open set. Suppose that there is
an analytic disc d C 90. Let P € 09 be the center of d. Let Tp(d) be the
tangent space to d at P and Ng be its real orthogonal complement in Tp(0€).
Suppose there is a small neighborhood U of 0 in N4 such that d + U C 99Q.
Let Q' cC C™ be strongly pseudoconvex with C* boundary. Then there is no
proper holomorphic mapping f: Q2 — €.

COROLLARY 11.1.7 There is no proper holomorphic mapping of D™ C C" to
BCC™ any m,n € Nwithn > 1.

Remark: The boundary of a strongly pseudoconvex domain contains no ana-
lytic discs {exercise). Some weakly pseudoconvex boundaries contain discs; most
do not. In a sense, the more analytic structure 0f) has the further it is from
being strongly pseudoconvex.

By techniques that are beyond the scope of this book, S. Bell [2] has shown
that a C™ strongly pseudoconvex domain cannot be biholomorphically equiva-
lent to a C'™ weakly pseudoconvex domain. Indeed, he shows that if there were
such a biholomorphism then the map and its inverse must extend smoothly to
the boundaries. The Levi form (a differential invariant) then provides a contra-
diction. See Section 11.4 for more on this matter. |

Proof of Theorem 11.1.6 There is no loss of generality to suppose that
P =0 € 90 and that Tp(d) is spanned by the z2,yo directions. Further assume
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that the unit outward normal vp is given by (1,0,...,0). Let » > 0 be so small
that B(P,7) N3 C d + U. Consider the analytic disc

do = {(¢,0,...,0) € Q: [¢] < r}.

This is a half-disc that is transversal to Q. We intend to show that if f : & — Q'
is proper, then (8/0z3)f is zero on dy. This will lead to a contradiction.

Let z € ddp N O,z near P. Then z = P + u, some u € U. Let ¢; — 0
be any sequence of small positive numbers. Since f is proper, the sequence
z{f(z — €;vp)} has a boundary accumulation point Q, € 9€'; say that
f(z — €, vp) — Q.. Let ¥, € A(Q') be a peaking function for the point Q,
(see Section 5.2). Thus 9.(Q,) =1 and [¢,(w)| < 1 for all w € '\ {Q.}. Let
¢ : D — d be a holomorphic parametrization of d. Consider the holomorphic
functions

ap,:D — C
§ = .o f(#() —e5vp).

The functions ay; form a normal family on D. So there is a convergent sub-
sequence @y, — «,, with normal convergence on D. But |o,(£)] < 1 and
a,(0) = 1. The maximum modulus theorem then implies that o, = 1. Therefore,
F(6(&) —ex,vp) — Q, normally on D. It follows from the Cauchy estimates that
(8/022) f(z — €x,vp) — 0 normally on D.

This shows that if we take any z € ddg N 9, z near P, and any sequence
27 = z — ¢jup approaching z radially, then there is a subsequence 7t = Zrefor
which (8/8z2) f(2*) — 0. So (8/0z2) f tends to 0 radially at each point z € ddyN
09, z near P. Thus the holomorphic function (8/0z2) f on dg has radial boundary
limit 0 on a set of one-dimensional positive measure. Thus (8/022) flg, = 0.

The same argument works not just at P but at points in 02 sufficiently
near to P. Therefore, (0/022)f = 0 on a small open set WN§, W a neighborhood
of P in C™. Therefore , (3/0z2)f = 0. Thus f cannot be proper. a

Exercise for the Reader
Give a proof using ideas from Chapter 1 that there is no proper holomorphic
mapping from any domain ' C C",n > 2, to any domain )’ C C.

11.2 Invariant Metrics

The Bergman metric is not the only biholomorphically invariant metric on a
domain in C™. The Carathéodory and Kobayashi/Royden metrics, for instance,
have invariance properties that are of interest. For many purposes, these last
two metrics interact more naturally with function theory than does the Bergman
metric. On the other hand, the Bergman metric is a Kahler metric, whereas
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these last two are only Finsler metrics. In this section, we shall learn about the
Carathéodory and Kobayashi/Royden metrics.

Because this is not a differential geometry text, we shall treat these metrics
in an ad hoc fashion. For motivation, we first recall the classical setup for metric
geometry. Let M be a smooth manifold. A Riemannian metric on M is a
smoothly varying, positive definite, inner product on T,(M),x € M. In other
words, we may think of a Riemannian metric as a positive definite matrix (g;;)(z)
with entries that are continuous functions of z. If £ € T,,(M), then the length of
¢ is given by [€llmz = (32, 9i;(2)&:€;)V/2. 1f v : [0,1] — M is a C'curve, then
the length of - is

1
Il = / I (e

If z,y € M, we define the distance of x to y to be
d(z,y) = inf ,
(@.9) = inf Ih

where

I(z,y) = {v:[0,1] » M|y is a piecewise C' curve

with 7(0) = z,7(1) = y}.

For more on the fundamentals of Riemannian geometry, see S. Kobayashi
and K. Nomizu [1] and S. Helgason [1]. Our purpose here has been only to set
the stage for the Carathéodory and Kobayashi/Royden metrics; these metrics
share much, but not all, of the structure just adumbrated.

Now let U C C™,V C C" be open sets. We let U(V) denote the set of all
holomorphic mappings from V to U. As usual, B C C" is the unit ball.

DEFINITION 11.2.1 If Q C C™ is open, then the infinitesimal Carathéodory
metric is given by Fr : 2 x C* — R, where

n
f
Fo(z,6) = su « |= su —_—
o(z€) = sup |f.(2)¢l = sup Za
Flz)=0 F(2)=0 j=1

Remark: In this definition, the C™ in & x C" should be thought of as the
tangent space to € at z—in other words, {2 x C" should be canonically identified
with the tangent bundle of Q at z. We think of F(2,€) as the length of the
tangent vector £ at the point z € . In general, Fz(z,£) is not given by a
quadratic form (g;;(2)), hence F¢ is not a Riemannian metric. |

It is known (D. Burns, S. Shnider, and R. Wells [1], R. E. Greene and S.
G. Krantz [2]) that a generic open set in C™ that is diffeomorphic to B is not
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biholomorphic to B. If we recall the proof of the Riemann mapping theorem, we
see that the definition of the Carathéodory metric (and of the Kobayashi/Royden
metric, to be discussed below) takes the extremal problem from that proof (L.
Ahlfors [1], Greene/Krantz [12]) and uses it to measure to what extent the proof
fails in general.

Exercise for the Reader

If f e B(Q),z€Q, and ¢ is an automorphism of the ball taking f(z) to 0, then
[(# o (2)¢] > |fe(2)€] (use Exercise 5 at the end of Chapter 1 or Schwarz’s
lemma). Thus the condition f(z) = 0 in Definition 11.2.1 is superfluous.

DEFINITION 11.2.2  Let © C C" be open and v : [0,1] — £ be a C* curve.
The Carathéodory length of ~ is defined to be

Lo(y) = /O Fo(y(t),7 (1)) dt.

This definition parallels the definition of the length of a curve in a Riemannian
metric. It would be natural at this point to define the (integrated) Carathéodory
distance between two points to be the infimum of lengths of all curves connect-
ing them. One advantage of defining distance in this fashion is that it is then
straightforward to verify the triangle inequality.

However, we shall not take this approach. One of the most important
features of the Carathéodory metric is that it is, in a precise sense, the smallest
metric under which holomorphic mappings are distance decreasing. The notion of
distance suggested in the last paragraph is not the smallest. It is fortuitous that
the following definition does result in the smallest distance-decreasing metric—in
particular, it does satisfy the triangle inequality.

DEFINITION 11.2.3 Let © C C™ be an open set and z,w € Q. The Carathé-
odory distance between z and w is defined to be

C(Z’w): sup p(f(z),f(w)),

feB(Q)

where p is the Poincaré-Bergman distance on B.

Notice that, depending on the domain 2, the Carathéodory distance be-
tween two distinct points may be 0.

Exercise for the Reader

Use this outline to calculate the Bergman distance on the ball explicitly: Using
our formula for the Poincaré distance in the disc and the fact that the discs
¢ +— (€ through the origin are totally geodesic in the Bergman metric, one
calculates that the Bergman distance of 0 to 7 L is (v/n + 1/2) log[(1+7)/(1—7)].
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Next notice that the map

(n 2) <zl—r V1—-12z \/1—T22n>
yt ? (1

l—rzy 1—rzy 77777 1—rzy

is an automorphism of B that takes (r,0,...,0) to 0. In particular, one can now
construct automorphisms that map any point 7 1 to any other point s 1. Together
with the unitary rotations, we now have enough automorphisms to map any point
of the ball to any other.

Use the automorphisms described in the preceding paragraph, together
with the formula for the Bergman distance from 0 to r 1, to determine that the
integrated Bergman distance on the unit ball in C™ is

B(z,w) =

Vit 1 (u—woz|+¢|w—z|2+|z-w|2—|z|2|w|2)
0og 3

2 11— w2z —|w—2]2+ |z w]? — |z[2|w]?
where z - w =} z;wj.

DEFINITION 11.2.4  Let 2 C C™ be open. Let e; = (1,0,...,0) € C™. The
infinitesimal form of the Kobayashi/Royden metricis given by Fi : @ xC* — R,
where

FK(z’g)
= inf{a:a>0and 3f€Q(B) with f(0) = 2z, (f(0)) (e1) = &/a}

= K—I ! e1) is a constant multiple
- f{|<f'<0>><el>1'f €UB), (f(O))(er) tant multipl off}
€l

sup{|(f"(0))(e1)]: F€Q(B),(f'(0))(e1) is a constant multiple of £}

We now wish to define an integrated distance based on elements of {2(B).
The natural analogue for our definition of integrated Carathéodory distance in
Definition 11.2.3 does not satisfy a triangle inequality (see Exercise 32 at the
end of the chapter). Moreover, we want the Kobayashi/Royden distance to be
the greatest metric under which holomorphic mappings are distance decreasing.
Therefore, we proceed as follows.

DEFINITION 11.2.5 Let @ C C" be open and v : [0,1] — Q a piecewise C*
curve. The Kobayashi/Royden length of 7 is defined to be

Lk(y) = /0 Fre(y(t),'(t)) dt.
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DEFINITION 11.2.6  Let 2 C C™ be an open set and z,w € 2. The Kobaya-
shi/Royden distance between z and w is defined to be

K(z,w) = inf{Lg(v): v is a piecewise C! curve connecting z and w}.

Recall that we did not implement a definition like this one for the (inte-
grated) Carathéodory distance because we were able to find a smaller distance
that satisfied the triangle inequality. Now we are at the other end of the spec-
trum: We want the Kobayashi metric to be as large as possible and to satisfy a
triangle inequality as well. Definition 11.2.6 serves that dual purpose.

Exercise for the Reader -
Examine the domain Q = D?(0,5/4) \ D?(0,3/4) and the points z = (1,0),w =
(—1,0) to see that, in general,

Cleyw) # inf / Fo(y(),7/ (1)) dt.

Here the infimum is taken over all (piecewise) C'' curves connecting z to w. The
analogous identity does hold for K(z,w) by fiat.

We remark in passing that the use of the ball as a model domain when
defining the Carathéodory and Kobayashi/Royden metrics is important, but it
is not the unique choice. The theory is equally successful if either the disc or
the polydisc is used. However, in the current state of the theory, it is essential
that the model domain have a transitive group of automorphisms. Further ideas
concerning the use of “model domains” appear, for instance, in R. E. Greene
and S. G. Krantz [7] and in D. Ma [1].

PROPOSITION 11.2.7 (Distance-Decreasing Properties) If Q1,8 are do-
mains in C", z,w € ;,& € C*, and if f: Q; — Oy is holomorphic, then

F&'(2,8) > For(f(2),L.(206)  Fg'(z,6) 2 F(f(2), f(2)€)
Co,(z,w) 2 Ca,(f(2), f(w)) Ko, (z,w) = Kq,(f(2), f(w)).
Proof  This follows by inspection from the definitions. O

COROLLARY 11.2.8 If f: £y — € is biholomorphic, then f is an isometry
in both the Carathéodory and the Kobayashi/Royden metrics.

Proof  Apply the proposition to both f and f~1. O
COROLLARY 11.2.9 If Qq €y C C™ then for any z,w € §21, any £ € C™*, we
have

F§'(2,€) 2 F&*(2,€) Fi(2,6) > Fi*(2,6)

Cq,(z,w) > Cq,(z,w) Ko, (z,w) > Kq,(z,w).
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Exercise for the Reader
Prove that, up to a constant multiple, the Bergman, Carathéodory, and Koba-
yashi/Royden metrics are equal on the ball B.

LEMMA 11.2.10 Let B C C™ be the unit ball and D; C B be the disc
{(¢,0,...,0) € B}. Fix £ = (¢,0,...,0) € C*,z € D;. Then

F5(2,6) = FF'(z0),
F(z,6) = Fg'(28)
Proof  Since Dy C B, Corollary 11.2.9 implies the inequality < in both cases.

For >, apply the distance-decreasing property to the mapping m : B — D)
given by (z1,...,2n) — (21,0,...,0). o

DEFINITION 11.2.11 Let 3 C C™, Q3 C C" be open sets. A family of
maps F C Q2(£2) is said to be normal if every sequence in F contains either a
subsequence that converges uniformly on compact sets to an element of 25(€2)
(i.e., a normally convergent subsequence) or a subsequence {f;} such that for
every K1 CC Qp, Ko CC s, there is a J > 0 that satisfies f;(K1) N Ky = 0
when j > J (i.e., a compactly divergent subsequence).

PROPOSITION 11.2.12 Let Q C C™ be open, z € Q,£ € C". Then there is an
f € B() such that Fo(z,€) = | f«(2)¢].

Proof Choose f/ € B(Q) with |(f7).(2)¢] — Fc(z,§). We may assume,
after composing with suitable unitary rotations, that fi(z)¢é = (X;£1,0...,0),
some \; € Rt  each j = 1,2,.... If 7y : B — D is projection on the first
coordinate, then (m, o f7) is a normal family. Since m; o f/(2) = 0, there is a
normally convergent subsequence. Let fe D(2) be the limit function. Then
(w10 f7) — f normally. Finally, let f(z) = (f(2),0,...,0). By Lemma 11.2.10,
this f does the job. 0

Exercise for the Reader

One must be cautious about normal families in complex analysis of several vari-
ables (the problem is with holomorphic mappings that are not scalar-valued).
Show that if ) C C™ is a bounded open set that is not a domain of holomorphy,
then the family (D) is not normal (use (3.3.5.6)). On the other hand, D(Q)
will be a normal family regardless of what € is. N. Kerzman [1] has shown that a
C' domain of holomorphy 2 has the property that (D) is normal (see Exercise
10 at the end of the chapter). The proof is similar in spirit to arguments that
we saw in Chapter 3. This result was refined in N. Kerzman and J. P. Rosay [1].

It is a beautiful result of H. Alexander [1] that a family of holomorphic
functions {fa}aca on B C C™ is normal if and only if its restriction to each
complex line through 0 is normal. There does not seem to be any elementary
way to prove this.
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FIGURE 11.1

The foundations for the study of normal families of holomorphic mappings
in several variables were laid in the important paper H. H. Wu [1]. This paper
has inspired much work in the intervening years. One can even see the germ of
the idea for the Kobayashi/Royden metric in it.

Exercise for the Reader

Show that if Q@ C C™ is open, z € ,£ € C™, then it is not necessarily the case
that there is an f € Q(B) with |£/f(0)| = Fk(z,€). (Hint: Use Figure 11.1. By
Lemma 11.2.10, it suffices to consider maps in 2(D).)

Here is an alternative definition for the integrated Kobayashi/Royden met-
ric that is particularly useful on complex manifolds. For domains in C™ it is
not difficult to see that this new definition is equivalent to the one given above
(exercise). The definitions are also equivalent on manifolds (see H. Royden [1]),
but this is rather tricky to prove.

DEFINITION 11.2.13 Let Q2 C C" and fix z,w € . Call a set {pg,...,pr}
admissible for {z,w} if pg = z,px = w, and there exist f; € Q(B) and points
u;,ujz S B,] = 1, .- .,k, with f](u]l) :pj_l,f]—(u?) =Dj-

Set

k
K(z,w) = {poinfpk} ZB(u},uj?),

—————

admissible =1

where B is the Bergman distance on the ball B.

PROPOSITION 11.2.14 Let Q C C™ be an open set. Let d be a metric on {2
that satisfies d(f(z2), f(w)) < B(z,w) for all f € Q(B),z,w € B (here B(z,w) is
the Bergman distance on the ball). Then d(z,w) < K(z,w).

Proof Let z,w € Q, fi,---, fiyD0s- - - Pks U, - - -, Up, U3, ..., us be as in the
second definition of the integrated Kobayashi/Royden metric (using admissible
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sequences). Then

k
d(Z,’U)) S Zd(pjfl,p])
j=1

k

= > d(fi(u)), f;ud)
=1
k

Z B(ujl-, u?).
i=1

IA

Passing to the infimum on the right-hand side gives
d(z,w) < K(z,w),

as desired. O

PROPOSITION 11.2.15 Let 2 C C™ be an open set. Let d be any metric on
Q that satisfies d(z,w) > B(f(z), f(w)) for all f € B(?) and z,w € Q. Then
d{z,w) > Colz,w).

Proof  This is a formality. a
PROPOSITION 11.2.16 Let 2 C C™ be open. Then Kq(z,w) > Cq(z,w) for
all z,w € Q.

Proof  Use one of the preceding two propositions. O

In the function theory of one complex variable, the Poincaré metric can be
transplanted from the disc to any planar domain by way of the uniformization
theorem (see S. Fisher [1] or H. Farkas and I. Kra [1]). Thus one does not
generally see the Carathéodory or Kobayashi metrics in one variable treatments
(however, see S. G. Krantz [20]).

Precious little is known about calculating the Bergman, Carathéodory, or
Kobayashi/Royden metrics. For special domains such as the ball, or bounded
symmetric domains, the automorphism group is a powerful tool for obtaining
explicit formulas. Fefferman obtained information about the asymptotic bound-
ary behavior of the Bergman metric on a strongly pseudoconvex domain in C.
Fefferman [1]. No theorem of this sort has ever been proved on a more general
class of domains. However, see Blank et al. [1] {or some interesting calculations.
For the Carathéodory and Kobayashi metrics, one of the most striking results is
due to I. Graham [1]. We now describe it.

THEOREM 11.2.17 (I. Graham)  Let Q CC C” be a strongly pseudocon-
vex domain with C? boundary. Fix P € 9Q. Let £ € C", and write £ = &7 + &y,
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the decomposition of £ into complex tangential and normal components relative
to the geometry at the point P.

Let p be a defining function for 2 normalized so that [Vp(P)| = 1. Let
To(P) be a nontangential approach region at P. If F represents either the
Carathéodory or Kobayashi/Royden metric on £, then

i, do(2) - F(2,€) = Slén!.

Here | | denotes Euclidean length and dq(z) is the distance of « to the boundary
of Q.
If £ = &r is complex tangential, then we have

Im VAl F(z,8) = L(E,6).

Co(P)22—P

Here £ is the Levi form calculated with respect to the defining function p.

This result is striking for several reasons. First, it gives a direct con-
nection between the interior geometry of Q (vis-a-vis the Carathéodory and
Kobayashi/Royden metrics) and the boundary geometry (vis-a-vis the Levi form).
Second, it provides enough information to see that both of these metrics are
complete (exercise). Some generalizations and refinements of Graham’s theorem
appear in G. Aladro [1].

The method of proof of Graham’s theorem is an important one: he exploits,
in a precise way, the fact that a strongly pseudoconvex point is “very nearly”
like a boundary point of the unit ball. We shall not present the details of this
argument. However, our proof of Theorem 11.3.4 is very much in the same spirit.

We close this section with a glimpse at one of the most surprising and
deepest pieces of work on invariant metrics to appear in the last decade. It is
both profound and puzzling, for it uses the classical notion of convexity in a
fashion not customary in this subject.

Call a domain Q cC C™ with C? boundary strongly convez if all its bound-
ary curvatures are positive (i.e., the real Hessian of some defining function is
strictly positive definite). It is convenient, in the statement of this theorem, to
assume {as we may) that the Kobayashi metric is defined using maps f € Q(D)
rather than in Q(B).

THEOREM 11.2.18 (Lempert [2])  Let Q CC C” be strongly convex with
C® boundary. Fix P € . For each £ € C", |¢] = 1, there is a uniquely determined
function ¢¢ : D — € such that

1. ¢¢(0) is a scalar multiple of &;
2. ¢(0) = P;
5. Fi(P,€) = 1/1¢,(0).
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If ¢ € B,({ # 0, then we may write { uniquely in the form { = £, where 0 < r < 1
and £ € 9B. Define a mapping F': B — 2 by

ro-{ 59 1§28

Then F extends to be a C? diffeomorphism of B to (2.

This is the only known result, for a general class of domains, about the
global behavior of extremal discs for the Kobayashi metric. Lempert has used
it, together with related ideas, to do the following

e On a convex domain, he proved that the Carathéodory and Kobayashi met-
rics coincide.

¢ He has shown that, in a strongly convex domain, there is a holomorphic
retraction of the domain onto any Kobayashi extremal disc.

¢ He has given a new proof of Fefferman’s theorem about boundary regularity
of biholomorphic mappings (see Section 11.4).

« He has obtained sharp regularity results for the boundary behavior of bi-
holomorphic mappings of strongly pseudoconvex domains.

Sibony [5] has shown that Lempert’s results fail categorically on general strongly
pseudoconvex domains. (Another approach to some of Lempert’s ideas, using a
dual extremal problem, appears in H. Royden and P. Wong [1].) Tt remains a
mystery to see what Lempert’s results might mean (or even suggest) for a class
of domains that is indigenous to the main stream of several complex variables.
To this end, see the promising results in M. Y. Pang [1].

For domains that are not strongly pseudoconvex, the most important result
about invariant metrics is that of Catlin [4]. He proved that on a domain of
finite type in C? (see Section 11.5), the Bergman, Carathéodory, and Kobayashi
metrics are all comparable. For strongly pseudoconvex domains in any dimension,
such comparability follows from the results of I. Graham [1] and C. Fefferman

[1]-

11.3 The Theorem of Bun Wong and Rosay

The section presents a remarkable characterization of the unit ball in terms of its
automorphism group. We begin by considering a rather sharp Schwarz lemma
that generalizes Proposition 11.1.1. The exercise preceding it records a technical
fact that will be needed in the proof.
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Exercise for the Reader

Let Uy CC™, U, € C™ be open and connected. Let dy,dy be metrics on Uy, Us,
respectively, both of which induce the Euclidean topology. Let F be the family
of functions f : U; — Us such that

do(f(2), f(w)) < du(z,w)

forall zyweU. fpeU;, K CC Uy, let F(p,K)={f € F: f(p)e K} Then
F(p, K) is compact in the compact-open topology. (Hint: Imitate the proof of
the Ascoli/Arzela theorem. Use the fact that a metric ball of radius r is mapped
into a metric ball of radius r. Do not fall into the trap of thinking that Us must
be complete!) See Wu [1] for more on these matters.

THEOREM 11.3.1 (Carathéodory-Cartan-Kaup-Wu)  Let Q@ C C™ be
open, bounded, and connected. Let f € Q(Q) and P € Q. Assume that f(P) =
P. Let f' = Jo f(P) be the differential of f at P. Then:

(11.3.1.1)  The eigenvalues of f' all have modulus not exceeding 1;

(11.3.1.2)  |det f'| < 1;

(11.3.1.3) If |det f/| = 1, then f € Aut (Q);

(11.3.1.4) If f/ =id,then f =1id.

Remark: This is a sort of Schwarz lemma for holomorphic mappings. For
even more general results, see S. T. Yau [1]. Notice that (11.3.1.4) is just Propo-
sition 11.1.1. Alternatively, it follows from (11.3.1.3), since f’ = id implies,
by (11.3.1.3), that f is biholomorphic. Thus f is an isometry in the Bergman
metric. But an isometry is completely determined by its first-order behavior (its
value and differential at a point). O

Proof of Theorem 11.3.1 We use the Carathéodory metric on . All dis-
tances and balls are determined in that metric. Choose r > 0 small such that the
metric ball B(P,r) is relatively compact in 2. Let F, be the family of distance
nonincreasing maps from B(P,r) to B(P,r) that fix P (for small r, such balls are
connected). By the exercise, F, is compact. If f is as in the hypotheses of the
theorem, A is an eigenvalue of f/, and |A| > 1, then we obtain a contradiction as
follows. The sequence fx = (f)* = fo---o f € F, (composition of f with itself
k times) satisfies (fz)’ = (f/)*. This mapping has A\* as an eigenvalue. Since F,
is compact, the fact that A* — oo is a contradiction. That proves (11.3.1.1). Of
course, (11.3.1.2) follows immediately.

For (11.3.1.4), let D be some fixed differential monomial at P. Assume that
Df # 0 and that D is of order at least 2. Then D ((f)k) = k- Df (the expression
simplifies because f’ =1id). This is a contradiction to the compactness of F, as
k — oo. {(Compare this argument to the proof of Theorem 11.1.1)

Finally, we address (11.3.1.3). This involves more work. We assume that
|det f'] = 1. Then the eigenvalues of f’, by (11.3.1.1), each have modulus equal
to 1. Put f/ in Jordan canonical form. Then we claim that the resulting matrix
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is diagonal. If it is not, then there is a block of the form

where ) is one of the eigenvalues. Then ((f )"“’)I has a corresponding block of the

form
)\k k‘)\k* 1
0
)\k
k)\k_ 1
0 b

As k — o0, the compactness of F, is contradicted.

So f’, in Jordan canonical form, is diagonal. By the compactness of F,,
there is a sequence f* such that (f k])/ — id (treat each coordinate in succes-
sion) and f* — f, some f € F,. Since the convergence is normal, f is holomor-
phic on B(P,r), and f' = id. Hence (11.3.1.4) implies that f I id.

We somehow need to spread the last line out to all Q. Let W be the largest
open subset of 2 on which { fk'},fc";l has a normally convergent subsequence.
Changing notation, we may suppose that the f* found in the preceding para-
graph converge normally to the identity on W. Now let z € W. We claim that
z € W, so that W is closed. Since W is also open, it follows then that W = (.
Assuming the claim for the moment, and making the temporary additional as-
sumption that 2 is complete in the Carathéodory metric, let us complete the
proof.

We have {f*} converging normally to id on Q. Let G be the family of all
distance nonincreasing maps of  into ) that fix P. Then G is compact. Thus
there is a subsequence of {f % "1} that converges normally to some g on 2. Call
this subsequence f%~1. Of course, g is then holomorphic. Finally,

fog=1fo (ilirgo(fki‘l)) = lim f* =id

1—00

and
gof= ('lim (f’“‘l)) of = lim f¥ =id.
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It follows that f is invertible and that f~! = g.

To prove the claim, notice that, by continuity, f must fix z. Since f is
distance nonincreasing, there are connected neighborhoods U,V of z such that
fE(U) CV cc Q for all sufficiently large j. Let Fy ¢y be the set of all distance
nonincreasing maps from U into V that fix z. Then Fyy is compact. Once
again, extract a normally convergent subsequence. Since this subsequence must
converge to the identity on U N W, it, in fact, converges to the identity on all
of U. Thus z € W as claimed. We are finished in case ) is complete in the
Carathéodory metric.

In case (2 is not complete, we choose r > 0 so small that the metric ball
B(z,r) is relatively compact in €. Then the family of holomorphic mappings
that send B(z,r) to B(z,r) and that fix z is compact. As before, we may argue
that a subsequence {f %} of the maps converges to the identity on B(z,r), and
therefore on W U B(z,r). This device, of not simply extending the set W, but
of extending instead the functional element (f, W), enables us to show that
W = Q. As an exercise, the reader should now complete the proof in case € is
not complete. Complete details may be found in Kobayashi [1, pp. 75-77]. O

We now introduce two new notions that are related to the Carathéodory
and Kobayashi metrics. These are holomorphic invariants that correspond,
loosely, to volume forms. The exact nature of this correspondence is explored in
D. Eisenman [1].

DEFINITION 11.3.2  Let Q C C™ be open. Define the Carathéodory volume
form on Q by

Mg (2) = sup{| det f'(2)| : f € B(Q), f(z) = 0}
Define the Kobayashi-Fisenman volume form on £ by

M (2) = inf{1/|det f'(0)| : f € UB), £(0) = 2}.

Remark: The quantities MC and M¥ transform in a natural manner under
automorphisms of Q. If ® is such an automorphism, then

MS (B(z)) = M (2)|detJo®(2)| "

and

ME (8(2)) = M& (2)|detJc®(2)] .

Thus M& /M§ is a biholomorphic invariant. This fact has been exploited in
Greene and Krantz [7,9,10,11]. ]
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PROPOSITION 11.3.8 (Bun Wong) Let ¢ € C" be a bounded, connected
open set. Suppose that there is a point P € €2 for which

MG (P) = Mg (P).

Then 2 is biholomorphic to the ball in C™.

Proof  There is a holomorphic map g € B(2) with M§(P) = |det ¢'(P)|.
We may not, in general, choose a corresponding map h for ME(P) (see the
discussion in Section 11.2), but we may instead choose a sequence h; € Q(B)
with |det b} (P)|™" — M (P). Consider the sequence G; = go h; € B(B).
By a previously noted argument, there is a normally convergent subsequence
G;. — G € B(B). By hypothesis, it must be that |det G’(0)] = 1. Hence, by
(11.3.1.3), G € Aut(B). In particular, we may conclude that G is surjective.
Therefore g is surjective.

Now consider H; = hj o g € £2(£2). We would like, once again, to extract
a normally convergent subsequence. However, we cannot immediately do this.
What we can do is to restrict attention to a ball B(P,r) in the Carathéodory
metric. Applying the exercise at the beginning of this section, we may extract
a subsequence H,, that converges normally to a mapping H on B(P,r). Then
HY (P) converges to the identity so that H " = id on B(P,r). Applying the
connectedness argument of the proof of (11.3.1.3), we see that a subsequence
{Hj,,} of {H;} may be extracted that converges normally to some H € Q)
with H'(P) = id. Thus H = id by (11.3.1.4). As a result, hj,, © g — id normally
on 2. It follows that g must be injective.

We have established that g € B(£2) is both surjective and injective. Thus
it is a biholomorphism of 2 to B. O

We now turn to the principal result of this section (see B. Wong [1], J. P.
Rosay [1]). It should be compared with the Riemann mapping theorem. We also
refer the reader to S. G. Krantz [11], in which the crux of the proof is boiled
down for application to one complex variable.

In what follows, when we say that P € 99 is a point of strong pseudo-
convexity, then it is understood that 8% is C? in a relative neighborhood of P
(hence that 92 is strongly pseudoconvex at points near P).

THEOREM 11.3.4  Let Q C C" be any bounded, connected open set with
a boundary point P € 2 that is strongly pseudoconvex. Suppose further that
there exist K CC 9,2 € K, and f € Aut(Q) with fx(2*) — P. Then Q is
biholomorphic to the unit ball in C”.

COROLLARY 11.3.5 If @ C C" has C? boundary and has a transitive auto-
morphism group, then € is biholomorphic to B.

Proof Let P € 90 be the point in 9 that is furthest from 0. Then P is
a point of strong convexity, hence of strong pseudoconvexity. (To see this, let
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R = dist (0, P) and consider the Euclidean ball B(0, R).) Let K = {z"}, where
2% is some fixed interior point of Q. Let Q 3 w’ — P. By hypothesis, there are
automorphisms f; such that f;(z) = w? — P. The result now follows from the
theorem. ]

COROLLARY 11.8.6 Let @ C C™ be any strongly pseudoconvex set with a
noncompact automorphism group. Then 2 is biholomorphic to B C C™.

Proof If K,L cC §, then the set F(K,L) = {f € Aut(Q) : f(K) C L} is
compact (exercise). Therefore, Aut {2 noncompact implies that there is a 2° € Q
and f; € AutQ such that f;(z°) - P € 8Q. Now apply the theorem. a

The remainder of the section is devoted to a proof of the theorem. The
proof proceeds in stages by way of a sequence of preliminary results. Some of
these have independent interest.

LEMMA 11.3.7 Let @ C C™ be open and bounded. Let P € 9S1 be a point of
strong pseudoconvexity. Fix A > 0. For each 0 < 1 < 1, there is a § > 0 such
that if z € Q, |z — P| < 6, and f € Q(B) satisfies f(0) = z, then |f(w) - P| < A
for all w such that |w| <1 —1.

Proof Let Lp be the Levi polynomial at P. Then exp(Lp) = g satisfies
g(P) =1 and |g(2)] < 1 for all [z ~ P| < ¢,z € Q\ {P}, ¢ sufficiently small.

If the conclusion of the lemma were not true, then there would be an n > 0
such that for each j > 1/e there is a z; with |z; — P| < 1/j and an f; € Q(B)
with f;(0) = z; but |f;(w;) — P| > A for some w; with |w;| < 1—. Consider the
sequence G; = go f;. Then {G,} is a normal family. Let G be the normal limit
of a subsequence {G;, }. Then G(0) = limy_,o0 g © f;,(0) = limg(z;,) = 1. But
{f;} is an equicontinuous family on {z : |z] < 2}. Thus |G,|, and hence |G|, are
bounded by 1 on some {z : |z| < p}, some g > 0. Hence G =1 on {z: |z| < pu}.
But then G = 1 on all of B. Therefore, G;, — 1 uniformly on {w : |w| <1 —n}.
We may also suppose that w;, — w, |w| < 1—17. But then |f;, (w)—P| > A/2 for
all large k by equicontinuity. We conclude that G(w) is bounded from 1. That
is a contradiction. O

LEMMA 11.3.8 Let  C C™ be open and bounded. Let P € 99 be a point of
strong pseudoconvexity. If {27} C § is any sequence such that 22 — P and if
A > 0, then

ME ()

MK

— — 1 as j — oo.
onB(e,a)(Z)

Proof Let 0 < n < 1. Choose § > 0 according to the last lemma. Thus if
|27 — P| < § and f € Q(B), f(0) = 27, then the map f, : w— f((1 ~n)w) is in
(B(P, A) N Q) (B) with f,(0) = z7. Thus

1 d-—n)"

anp(pay(?’) < [det f7(0)] — |det f/(0)]

Licensed to Harvard Univ. Prepared on Fri Jan 27 13:06:33 EST 2023for download from IP 128.103.147.149.



11.3. The Theorem of Bun Wong and Rosay 449

Taking the infimum over all such f gives
MgﬂB(P,A)(Zj) < (1—n) "M (Z).
Also
Mg){nB(P,A)(Zj) > Mglz((zj)

by Corollary 11.2.9. This proves the result. O

LEMMA 11.3.9 Let 2 C C" be open and bounded. Let P € 051 be a point of
strong pseudoconvexity. Fix 4 > 0,2" € €, and let ¢; € Aut () be such that
$;(z%) — P. Then

M§ (¢;(2%))
MgﬁB(P,A)(¢j (29))

—1 as j — oo.

Proof Let Q; CC Qo CC --- C Q satisfy UQ; = Q and 20 € Q; for all .
Choose f; € B();) such that MQCJ = |det f}(2°)]. Now there is an f € B(Q)
and a subsequence f;, such that f;, — f normally on Q. Of course, f(z) = 0.
It follows that | det f] (z0)] — |det JHED]

Let 7 > 0. By the preceding paragraph, there is a k so large that M §(2°) <
ngk (2°) < (1+n)M§ (2°). By the proof of Lemma 11.3.7, there is an £ so large

that ¢¢(€2;,) C B(P, A). Therefore,

MgnB(P,A)(¢é(ZO))
- M§ (¢e(20))
Mqi(gjk)(ﬁbe(zo))
M§ (¢e(2))
ngk (2%

= —Jk <1 .
Mgy =t

Since n > 0 was arbitrary, the result follows. O

LEMMA 11.3.10 Let @ be a positive definite quadratic form on C"* x C™. Define
Do = {w € C": 2Rewr < —Q(w, w)}. Then Dy is biholomorphic to B C C".

Proof  Write
Qw,w) = a;w;b;.
1%
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Since ( is positive definite, we can, by a linear change of coordinates, diagonalize
> g Qi Wil Therefore, D¢ is biholomorphic to a region of the form

n k23
QRG’UH < — Z lOliU}i|2 -2 Rez aﬂwiwl — a11|w1|2.
i=2 i=2
A change of variable of the form

2 = un

!
2

I

w; + Fws, t=2,...,n,

eliminates the cross terms, and we arrive at a region of the form

lowo(2 = B + D lauzi* <.
=2

Finally, translation and dilation of 2], together with dilations of 23, ..., 2}, give

n

Z |20]? < 1.

i=1
COROLLARY 11.3.11 If Dg is as in the preceding lemma and P € Dg, then
Mg, (P) = Mg, (P).
Proof 1t suffices to check the assertion at the origin in the ball. This is
trivial. |

Finally, we may give a proof of our main result.

Proof of Theorem 11.3.4 By an easy compactness argument, we may find
an a € Q and fi € AutQ such that fp(a) — P € 0. We may choose a
small neighborhood U of P in C™ such that every point ¢ € 92N U is strongly
pseudoconvex. If U is small enough, k large, and fx(a) = w* € U, then we
may select (¥ € 9O with the following property: When Narasimhan’s lemma
(Lemma 3.2.2) is applied at the point (¥, then, in the new coordinates at (¥, the
boundary has the defining function

Ar(¢) = 2Re1 + L+ () + o(¢]%)

(where L« is the Levi form at ¢*) and

w® = (ay,0,...,0) ai < 0. (11.3.4.1)
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FIGURE 11.2

For this k and ¢ > 0 we then have associated ellipsoids £ (¢*) and E (¢*) given
by

EF(¢*) = {2Rez < —Lex(z) + €|z},
E-(¢") = {2Rez < —Lr(2) — |2’}

For € > 0 fixed, there exist A > r > 0 such that if & is large enough (w* is near
enough to P), then

EZ(¢Myn B(¢k,r) C Qn B(¢k, A) C EF(CH).

Refer to Figure 11.2.
Notice that A,r depend on ¢; but by the uniform continuity on U of the
second derivatives of any defining function for 2, they do not depend on ¢ *.
We need to calculate

ME(a) _ ME (b
MG (a) ~ ME(wh)’

(11.3.4.2)

Trivially, the expression is at least 1.
For an inequality in the opposite direction, we apply Lemmas 11.3.8 and
11.3.9 {(and the proof of 11.3.8) to see that it is enough to estimate

M (w*) My (w*)
. QNB(¢k,r) . E—(¢*YNB(P,r/2) }
limsup ——>"—— < limsup
koo Mpce 4 (") koo M oy (wF)
ME. wk
= limsup — ) (11.3.4.3)

k—o0 Mg+(ck)<wk).
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Here Corollary 11.2.9 has been applied to obtain the last inequality. We have
also used repeatedly the fact that, letting # = r/2, it holds that B(¢*,7) C
B(P,27) C B(¢*,37) for k large.

Now let

@, :E ((F)— B

€

ol EX (")~ B

be the biholomorphisms constructed in Lemma 11.3.10. Then det JCQQk(wk)

and det Je®, (w¥) both depend continuously on € as e — 07. Also their quotient
may be made arbitrarily close to 1 for ¢ small, uniformly in k. Finally, notice
that since w* = (ag,0,...,0), it holds that

7, (wF) = (a(an +e) +1,0,...,0),

)

of (W) = (ar(ars —€) +1,0,...,0).
Tt follows that (11.3.4.3) equals

) ME (ar(an +¢€) +1,0,...,0) det JoB_, (w)
lim sup G 7
k—oo Mg (ax(an —€) +1,0,...,0) det Jc®, (wk)

) ME(ar, +1,0,...,0) - T+ - det Jo®_ (w)
= limsup 7 .
koo Mg (ar+1,0,...,0) - T~ - det Jo @ (w*)

Here J7 are the complex Jacobian determinants of the standard automorphism
of B taking (ax(a11+€)+1,0,...,0) to (ax+1,0,...,0) (see the exercise for the
reader preceding Definition 11.2.4). The last line is as near to 1 as we please if
€ is small enough.

In conclusion, ME (a) = M§(a). By Proposition 11.3.3, we conclude that
) is biholomorphic to B. O

Exercise for the Reader
Compute <I>2Lk and ®_, explicitly and determine their Jacobian determinants

exactly. Compute also JT and J . Use these to render precise the last part of
the proof of Theorem 11.3.4.
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11.4 Smoothness to the Boundary of
Biholomorphic Mappings

Poincaré’s theorem that the ball and polydisc are biholomorphically inequivalent
shows that there is no Riemann mapping theorem (at least in the traditional
sense) in several complex variables. More recent results of D. Burns, S. Shnider,
and R. Wells [1] and of R. E. Greene and S. G. Krantz [1, 2] confirm how truly
dismal the situation is. First, we need a definition.

DEFINITION 11.4.1  Let py be a C* defining function for a domain )y CC
RNk > 2. We define a neighborhood basis for g in the C* topology as follows:
Let € > 0 be so small that if ||p — pollcx < €, then p has nonvanishing gradient
on {z : p(x) = 0}. For any such p, let Q, = {z € RV : p(z) < 0}. Define

UE () = {2 CRY :llp— pollox < €}

Observe that U*(Qq) is a collection of domains. Then the sets U, are called
neighborhoods of Qg in the C* topology. Of course, neighborhoods in the C*°
topology are defined similarly.

THEOREM 11.4.2 (Burns/Shnider/Wells)  Let k € N. Let U*(B) be
any neighborhood of the ball B C C™ in the C* topology as defined above. If
Q1,5 are domains in C”, then we say that ©Q; ~ €9 if £y is biholomorphic to
Q. If n. > 2, then U*/ ~ is uncountable, no matter how small € > 0 is or how
large k is (even k = 0o or k = w).

Theorem 11.4.2 is in striking contrast to the situation in C*, where U*/ ~
has only one element as soon as k = 1 and ¢ is, say, % Greene and Krantz [1,
2]) have refined the theorem to show that in fact each of the equivalence classes
is closed and nowhere dense.

We now give a brief accounting of some of the differences between n =1
and n > 1. A more detailed discussion appears in R. E. Greene and S. G. Krantz
[9]. This subject begins with the following breakthrough of C. Fefferman [1].

THEOREM 11.4.3  Let £, C C” be strongly pseudoconvex domains
with C°° boundary. If ¢ : €1 — (15 is biholomorphic, then ¢ extends to a C>
diffeomorphism of 2; onto 5.

Fefferman’s theorem enables one to see that if 1 and Q5 are biholomorphic
under ¢, then there are certain differential invariants of 9€2,,0€2, that must
be preserved under ¢. More precisely, if & is large, then the k" order Taylor
expansion of the defining function p; for £ (resp. of the defining function p; for
§22) has more coefficients than the k order Taylor expansion for ¢ (the disparity
in the number grows rapidly with k). Since p; is mapped to p2 under composition
with ¢, it follows that-some of these coefficients, or combinations thereof, must
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be invariant under biholomorphic mappings. N. Tanaka [1] and S. S. Chern and
J. Moser [1] have made these remarks precise and have shown how to calculate
these invariants. A more leisurely discussion of these matters appears in R. E.
Greene and S. G. Krantz [9].

Now it is easy to see intuitively that two domains  and {3y can be close
in the C* topology, any k, and have entirely different Chern/Moser/Tanaka
invariants. This notion is made precise, for instance, in D. Burns, S. Shnider, and
R. Wells [1], by using a transversality argument. (Note that everything we are
saying is vacuous in C! because the invariants must live in the complex tangent
space to the boundary—which is empty in dimension one.) It is essentially a
foregone conclusion that things will go badly in higher dimensions.

If one seeks positive results in the spirit of the Riemann mapping theorem
in dimension n > 2, then one must find statements of a different nature. B.
Fridman [3] has constructed a “universal domain” §2* which can be used to
biomorphically exhaust any other. He has obtained a number of variants of this
idea, using elementary but clever arguments. S. Semmes [1] has yet another
approach to the Riemann mapping theorem that is more in the spirit of the
work of Lempert that was discussed in Section 11.2. We present, mainly for
background, a substitute for the Riemann mapping theorem whose statement
and proof is more in the spirit of Fefferman’s theorem.

THEOREM 11.4.4 (Greene/Krantz [2]) Let B C C” be the unit ball.
Let po(z) = |2|> — 1 be the usual defining function for B. If € > 0 is sufficiently
small, k = k(n) is sufficiently large, and 2 € U*(B) then either

(11.441) @~ Bor

(11.4.4.2) € is not biholomorphic to the ball and

1. Aut ) is compact;
2. Aut 2 has a fixed point;

3. If K CC B, e > 0 is sufficiently small (depending on K), and € U *(B) has
the property that its fixed point set lies in K, then there is a biholomorphic
mapping ® : O — &(Q) = Q' C C” such that Aut (') is the restriction to
€V of a subgroup of the group of unitary matrices.

The collection of domains to which {11.4.4.2) applies is both dense and open.

Theorem 11.4.4 shows, in a weak sense, that domains near the ball that have
any automorphisms other than the identity are (biholomorphic to) domains with
only Euclidean automorphisms. It should be noted that 11.4.4.2(1) is already
contained in the theorem of Bun Wong and Rosay and that the denseness of the
domains to which (11.4.4.2) applies is contained in the work of Burns-Shnider-
Wells. The proof of Theorem 11.4.4 involves a detailed analysis of Fefferman’s
asymptotic expansion for the Bergman kernel and of the 9-Neumann problem
and would double the length of this book if we were to treat it in any detail.
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The purpose of this lengthy introduction has been to establish the impor-
tance of Theorem 11.4.3 and to set the stage for what follows. It may be noted
that the proof of the analogous result in C!, that a biholomorphic mapping of
smooth domains extends smoothly to the boundary, was proved in P. Painlevé
[1]. The result in one complex dimension has been highly refined, beginning with
work of O. Kellogg [2] and more recently of S. Warschawski [1,2,3 ], Rodin and
Warschawski [1], and others. This classical work uses harmonic estimation and
the Jordan curve theorem, devices that have no analogue in higher dimensions. A
short, self-contained, proof of the one-variable result—using ideas closely related
to those presented here—appears in S. Bell and S. G. Krantz [1].

We conclude this section by presenting a short and elegant proof of Feffer-
man’s theorem {Theorem 11.4.3). The techniques are due to S. Bell [2] and S.
Bell and E. Ligocka [1]. The proof uses an important and nontrivial fact (known
as “Condition R” of Bell and Ligocka) about the 9-Neumann problem. We will
have to take Condition R on a strongly pseudoconvex domain for granted. (How-
ever, Condition R, and more generally the solution of the O-Neumann problem,
is considered in detail in S. G. Krantz [19].)

Let  CC C™ be a domain with C* boundary. We define Condition R as
follows.

Condition R (S. Bell [2]) Define an operator on L*(f2) by

Pf(z) = /Q K (2,0 f(Q) dV(C),

where K(z,() is the Bergman kernel for Q). Then for each j > 0, there is an
m =m(j) > 0 such that P satisfies the estimates

1P fllwicy < Cillfllwm sy

for all testing functions f.

The deep fact, which we shall use without proof (but see the aforementioned ref-
erence S. G. Krantz [19]) is that Condition R holds on any strongly pseudoconvex
domain.

We remark in passing that, in general, it does not matter whether m(j) is
much larger than j or whether m(;) depends polynomially on j or exponentially
on j. It so happens that for a strongly pseudoconvex domain we may take m = j.
This assertion is proved in S. G. Krantz [19] in detail. On the other hand,
Barrett [2] has shown that on the Diederich-Fornaess worm domain, we must
take m{j) > j.

Now we build a sequence of lemmas leading to Fefferman’s theorem. First
we record some notation.
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If 2 cC C™ is any smoothly bounded domain and if j € N, we let

WHI(Q) = WJ(22)n {holomorphic functions on Q},
WH>(Q) = ﬂ WH?(Q) = C*() N {holomorphic functions on 2}.
Jj=1

Here W7 is the standard Sobolev space on a domain—see the discussion in
Chapter 4. Let W (€2) be the W7 closure of C2°(9). (Exercise: If j is sufficiently
large, then the Sobolev imbedding theorem implies trivially that WJ(£2) is a
proper subset of W7(Q).)

Let us say that u,v € C°°(Q) agree up to order k on 952 if

aN* (9
5:) \az) =¥
LEMMA 11.4.5 Let Q CC C" be smoothly bounded and strongly pseudocon-

vex. Let w € Q be fixed. Let K denote the Bergman kernel. There is a constant
C,, > 0 such that

=0 Vea,B8with jo|+]8] <k
89

| K (w, ')”sup < Cu.

Proof  The function K(z,-) is harmonic. Let ¢ : @ — R be a radial, C®
function centered at w. Assume that ¢ > 0 and [@(¢)dV(¢) = 1. Then the
mean value property implies that

K@mzLK@mmmwo

But the last expression equals P¢(z). Therefore,

K (w, )llsup = sup |K(w,z)|
zeQ}

= sup |K(z,w)|
z€Q2

= sup |P@(2)].
1Sy

By Sobolev’s theorem (see Exercise 7 at the end of Chapter 4), this is
< C() - |Pollw mzns
By Condition R, this is

SO - lIgllwmentn = Cu. 0
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11.4. Smoothness to the Boundary of Biholomorphic Mappings 457

LEMMA 11.4.6 Letu € C>(Q) be arbitrary. Let s € {0,1,2,...}. Then there
is a v € C°°(Q) such that Pv = 0 and the functions u and v agree to order s on

o5

Proof  After a partition of unity, it suffices to prove the assertion in a small
neighborhood U of 25 € 9. After a rotation, we may suppose that Op/0z1 #0
on UNQ, where p is a defining function for §2. Define the differential operator

n 6p 85
RG{ZJ 1 3z, 8z]}
el
=1

9z

Vv =

Notice that vp = 1. Now we define v by induction on s.
For the case s =0, let
pu
Wy = —¥~-
Op/0C

Define

o)

v =
Then u and v; agree to order 0 on 9€2. Also,

Pui(z / K(z 8—Qw1<<> av(Q).

This equals, by integration by parts,

0

- | 56 K OwQavio).

Notice that the integration by parts is valid by Lemma 11.4.5 and because
w1 |50 = 0. Also, the integrand in this last line is zero because K(z, -) is conjugate
holomorphic. Thus Pv; = 0 and the case s = 0 is complete.

Suppose inductively that ws | = ws_2+0s—1p° and vs_1 = (8/0z1 ) (ws—1)
have been constructed. We show that there is a w, of the form

we = ws_1 + 05 - Ps+1

such that v, = (3/02z1)(ws) agrees to order (s—1) with v on 0S2. By the inductive

hypothesis,
0 ow —1 Io}
s = s = > 95 pth
v 821w 821 + 621 [ P ]
Op a0
= vy s 1 L8
vs_1 4+ p° (s +1)6s 9o +p 7,
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458 Chapter 11: Holomorphic Mappings and Invariant Metrics

agrees to order s — 1 with u on 0} so long as #, is smooth. So we need to
examine D(u—v;), where D is an s-order differential operator. But if D involves
a tangential derivative Dy, then write D = Dy - Dy. It follows that D(u — v,) =
Dy(a), where a vanishes on 9 so that Dga = 0 on 92. So we need only check
D =vs.

We have seen that 8, must be chosen so that

vi(u—uvs) =0 on 9.

Equivalently,
s s 0 s+1
Vi u—vs_1)— v — | (0sp° )} =0 on 0f)
821
or
vi(u—vs_1)—0 I/S‘a— ST =0 on 00
s 8 821
or
s 9p
vVi(u—vsq)—0s-(s+1)1=—=0  on .
821

It follows that we must choose

v (u— s )
=
(s+ 1)!—8‘21

7

which is indeed smooth on U. As in the case s = 0, it holds that Pv, = 0. This
completes the induction and the proof. O

Remark: A retrospection of the proof reveals that we have counstructed v by
subtracting from u a Taylor-type expansion in powers of p. O

LEMMA 11./.7 TFor each s € N, we have WH™ () C P(W(Q)).

Proof Let u € C®(Q). Choose v according to Lemma 11.4.6. Then u —v €
W5 and Pu = P{u — v). Therefore,

P(W§) 2 P(C™(Q)) 2 P(WH™(Q)) = WH>(Q). O

Henceforth, let 24,y be fixed C'*° strongly pseudoconvex domains in C™,
with K7, K5 their Bergman kernels and P;, P> the corresponding Bergman pro-
jections. Let ¢ : €27 — €23 be a biholomorphic mapping, and let u = det Jac ¢¢.
For j = 1,2, let 0,(2) = dq,(2z) = dist (z,°€2;).
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LEMMA 11.4.8 For any g € L?(£23) we have

Pi(u-(go¢)) =u-((Palg)) o @)
Proof  Notice that u- (g o ¢) € L?*(Q1) by change of variables. Therefore,

[

Ki(z,¢)u(Q)g(#(¢)) dV (<)

2

Py(u- (g0 9))(z)

- / w(2) Ka(8(2), $(0))alDu(Q)g(¢(0)) AV (Q)

by Proposition 1.4.12. Change of variable now yields

Piu-(ge¢))(z) = wulz) [ Ka2(e(2),£)g(¢) dV(§)

Q2
= u(z) - [(Pa{g)) 0 ¢ (2). 0
LEMMA 11.4.9 Let ¢ :Q; — 5 be a C7 diffeomorphism that satisfies
‘g Yo @i, (11.49.1)
z

for all multi-indices @ with |a] < j € N and
Vi (w)]| < C(82(w)) ™. (11.4.9.2)

Suppose also that

Then there is a number J = J(j) such that, whenever g € W%+J(Qg), then
go € Wi ().

Proof  The subscript 0 causes no trouble by the definition of W{). Therefore,
it suffices to prove an estimate of the form

lg o bllws < Cliglys+s,  all g € C2(Q).

By the chain rule and Leibniz’s rule, if « is a multi-index of modulus not ex-
ceeding j, then

<§;) (god)):Z[(D’@g)ow] 'Dﬂ/lw"'DW@[},

where |8] < |af, 3 |v:] < |e), and the number of terms in the sum depends only
on a (a classical formula of Faa de Bruno—see S. Roman [1]—actually gives this
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sum quite explicitly, but we do not require such detail). Note here that D iy
is used to denote a derivative of some component of 1. By hypothesis, it follows

that
l(%)a (gow)l <C S UDPg) oyl (5:(2)) 7.
Therefore,
/szl (%)a(goy;) de < CZ/QII(Dﬁg)0¢|2(51(z))‘2jdV(z)

f

B g(w 21 “w Y
C Y [ 10%tw)s: (7' )
x| det Jep ™ dV (w).

But (11.4.9.2) and (11.4.9.3) imply that the last line is majorized by
CZ/ | D g(w)| 282 (w) ™ X 5 (w) ™" dV (w). (11.4.9.4)
Q2

Now if J is large enough, depending on the Sobolev imbedding theorem (see
Exercise 7 at the end of Chapter 4), then

|Dg(w)] < Cllgllyy s - S2(w)™ .

(Remember that g is compactly supported in §25.) Hence (11.4.9.4) is majorized
by Cllglhy; -+ :

LEMMA 11.4.10 For each j € N, there is an integer J so large that if g €
W8+J(Q2), then g o ¢ € WI(£). (Here ¢ is the biholomorphic mapping in
11.4.3.)

Proof  The Cauchy estimates give (since ¢ is bounded) that

0%y

o ()| < C-(&r(z)7lel, e=1,...,n (11.4.10.1)

and
Vo™ Hw)| < C(52(w))?, (11.4.10.2)

where ¢ = (¢1,...,¢,). We will prove that
C - 61{(z) > 62(d(2)). (11.4.10.3)

Then Lemma 11.4.9 gives the result.
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To prove (11.4.10.3), let p be a smooth strictly plurisubharmonic defining
function for Q. (See FExercise 20 at the end of Chapter 3.) Then po ¢! is a
smooth plurisubharmonic function on §25. Since p vanishes on 9 and since ¢—*
is proper, we conclude that p o ¢! extends continuously to Q5. If P € 8§, and
vp is the unit outward normal to 92 at P, then Hopf{’s lemma (Exercise 22 at the
end of Chapter 1) implies that the (lower) one-sided derivative (8/0vp)(po¢~1)
satisfies

o (pa g™ (P) 2 C.

So, for w = P — evp, € small, it holds that
—pog~Hw) > C - §r(w).

These estimates are uniform in P € Q5. Using the comparability of |p] and §;
yields

a6 (w)) > B2(u).
Setting z = ¢~} (w) now gives
C'61(2) > 02(9(2)),

which is (11.4.10.3). O

Exercise for the Reader
Let 2 cC C™ be a smoothly bounded domain. Let j € N. There is an N = N(j)
so large that g € W{¥ implies that g vanishes to order j on 5.

LEMMA 11.4.11 The function u is in C*°(y).

Proof It suffices to show that u € W7 (), every j. So fix j. Let m = m(j) as
in Condition R. According to (11.4.10.1), |u(2)| < Cé1(2)~?". Then, by Lemma
11.4.10 and the exercise for the reader following it, there is a J so large that
g € W (Qy) implies u - (g o ¢) € W™(;). Choose, by Lemma 11.4.7, a
g € W57 (£23) such that Pog = 1. Then Lemma 11.4.8 yields

Pi(u-(g0¢)) =u.

By Condition R, it follows that u € W7(£2;). O
LEMMA 11.4.12 The function v is bounded from 0 on ;.

Proof By symmetry, we may apply Lemma 11.4.11 to ¢~ and det Jec(¢ 1)
= 1/u. We conclude that 1/u € C*°(€z). Thus u is nonvanishing on Q. a
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Proof of Fefferman’s Theorem (Theorem 11.4.3) Use the notation of the
proof of Lemma 11.4.11. Choose g1,...,9, € W5”+J(Qg) such that Pag;(w) =
w; (here w; is the i*" coordinate function). Then Lemma 11.4.8 yields that
w-¢; € WI(Q),i=1,...,n. By Lemma 11.4.12, ¢; € W7(;),i = 1,...,n. By
symmetry, ¢! € W7(£2s). Since j is arbitrary, the Sobolev imbedding theorem
finishes the proof. O

It is important to understand the central role of Condition R in this proof.
With some emendations, the proof we have presented shows that if Q1,0 CC
C™ are smoothly bounded, pseudoconvex, and both satisfy Condition R, then
a biholomorphic mapping from €1y to 22 extends smoothly to the boundary
(in fact S. Bell [2] has shown that it suffices for just one of the domains to
satisfy Condition R). Condition R is known to hold on domains that have
real analytic boundaries (see K. Diederich and J. E. Fornzss {4]), and more
generally on domains of finite type (see Section 11.5). There are a number of
interesting examples of nonpseudoconvex domains on which Condition R fails
(see D. Barrett [1] and C. Kiselman [1]). F. M. Christ [5] has recently shown
that Condition R fails on the Diederich-Fornsess worm domain.

L. Lempert [3] has derived a sharp boundary regularity result for biholo-
morphic mappings of strongly pseudoconvex domains with C* boundary. The
correct conclusion turns out to be that there is a loss of smoothness in some
directions. So the sharp regularity result is formulated in terms of nonisotropic
spaces. It is too technical to describe here.

11.5 Concept of Finite Type

Let us begin with the simplest domain in C*"—the ball. Let P € 0B. It is
elementary to see that no complex line (equivalently no affine analytic disc) can
have geometric order of contact with OB at P exceeding 2. That is, a complex
line may pass through P and also be tangent to B at P, but it can do no
better. The boundary of the ball has positive curvature and a complex line is flat.
The differential geometric structures disagree at the level of second derivatives.
Another way to say this is that if £ is a complex line tangent to B at P then,
for z € £,

dist (2,0B) = O(|z — P|?) (11.5.1)

and the exponent 2 cannot be improved. The number 2 is called the “order of
contact” of the complex line with 9B.

The notion of strongly pseudoconvex point can be viewed as the correct
biholomorphically invariant version of the phenomenon described in the first
paragraph: No analytic disc can osculate to better than first order tangency to
a strongly pseudoconvex boundary point. In fact the positive definiteness of the
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11.5. Concept of Finite Type 463

Levi form provides the obstruction that makes this statement true. Let us sketch
a proof.

Suppose that P € 00 is a point of strong pseudoconvexity and that we
have fixed a defining function p whose complex Hessian at P is positive definite
on all of C™. We may further suppose, by the proof of Narasimhan'’s lemma, that
the only second-order terms in the Taylor expansion of p about P are the mixed
terms occurring in the complex Hessian.

Let ¢ : D — C™ be an analytic disc that is tangent to 92 at P such that
#(0) = P, ¢'(0) # 0. The tangency means that

~ oo

R
© 82]‘

(P)¢(0) | =0.

J=1

It follows that if we expand po ¢(¢) in a Taylor expansion about ¢ = 0, then the
zero- and first-order terms vanish. As a result, for { small,

s~ 9% o ) )
ool = | 32 G (MO0 KF+ollel)
But this last is
>C- (¢

for ¢ small. This gives an explicit lower bound, in terms of the eigenvalues of
the Levi form, for the order of contact of the image of ¢ with 9Q.

It turns out that the number 2, which we see arises rather naturally from
geometric considerations of a strongly pseudoconvex point, has important ana-
lytic consequences. For instance, we learned in Chapter 10 that the optimal A ,
regularity

lulla, @y < Clfllze(a

for solutions to the 0 equation Ju = f, f a bounded, d-closed (0, 1) form, occurs
when o = % No such inequality holds for « > % We say that the d problem
exhibits “a gain of 1/2.” Thus the best index is the reciprocal of the integer
describing the optimal order of contact of varieties with the boundary of the
domain in question.

That this is no coincidence is already apparent in the example of Stein from
Section 10.3. However it was J. J. Kohn who first appreciated the logical foun-
dations of this geometric analysis. In J. J. Kohn [5], Kohn studied the regularity
of the J equation in a neighborhood of a point at which the maximal order of
contact (to be defined precisely below) of one-dimensional complex curves is at
most m (this work is in dimension two only). He proved (in the Sobolev topol-
ogy rather than the Lipschitz topology) that the & problem near such a point
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exhibits a gain of (1/m) — ¢, any € > 0. He conjectured that the correct gain
is 1/m. P. Greiner [1] gave examples that showed that Kohn’s conjecture was
sharp (see also S. G. Krantz [4] for a different approach and examples in other
topologies). Rothschild and Stein [1] proved the sharp estimate.

David Catlin [1, 2, 3] has shown that the 3-Neumann problem on a pseudo-
convex domain in C" exhibits a “gain” in regularity if and only if the boundary
admits only finite order of contact of (possibly singular) varieties. This result
was made possible by the work of D’ Angelo, who laid the algebro-geometric foun-
dations for the theory of order of contact of complex varieties with the boundary
of a domain (see J. P. D’Angelo [1-4, 6]).

The purpose of the present section is to acquaint the reader with the circle
of ideas that was described in the preceding paragraphs and to indicate the
applications of these ideas to the theory of holomorphic mappings.

EXAMPLE  Let m be a positive integer and define
Q=0 ={(z1,2) €C*: p(z1,22) = -1 + |z1]? + |22 /*™ < 0}.
Consider the boundary point P = (1,0). Let ¢ : D — C? be an analytic disc

that is tangent to 9§ at P and such that ¢(0) = P,¢'(0) # 0. We may in fact
assume, after a reparametrization, that ¢'(0) = (0,1). Then

$(¢) = (14+0¢ + O(¢), ¢ + O(¢*). (11.5.2)

What is the greatest order of contact (measured in the sense of equation (11.5.1),
with the exponent 2 replaced by some m) that such a disc ¢ can have with 9Q7
Obviously the disc ¢(¢) = (1,¢) has order of contact 2m at P = (1,0}, for

pod(¢) =P = 0(I(1,¢) - (1,0)[*™).

The question is whether we can improve upon this estimate with a different
curve ¢. Since all curves ¢ under consideration must have the form (11.5.2), we
calculate that

I

~1+ 1+ 0 + ¢+ 00O
~1+ [T+ 0] + Ik i+ 0]

pod(()

The second expression in brackets is essentially (| 2™, so if we wish to improve
on the order of contact, then the first term in brackets must cancel it. But then
the first term would have to be [1 4+ ¢¢™ + ---|?™. The resulting term of order
2m would be positive and, in fact, would not cancel the second. We conclude
that 2m is the optimal order of contact for complex curves with 92 at P. Let us
say that P is of “geometric type 2m.”
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Now we examine the domain 2, from the analytic viewpoint. Consider
the vector fields

L o 0
- 821 82:2 822 6'21
_ 9 mim O
- A Jzo 2 2 92

and

L w0 00
0z 0zy 07 0%
= i — mszlzmi
n 1852 2 2 821.

One can see from their very definition or can compute directly that both these
vector fields are tangent to dQ. That is to say, Lp = 0 and Lp = 0. It is
elementary to verify that the commutator of two tangential vector fields must
still be tangential in the sense of real geometry. That is, [L, L] must lie in the
three-dimensional real tangent space to 9 at each point of 9. However, there
is no a priori guarantee that this commutator must lie in the complex tangent
space (as discussed in Sections 3.3 and 8.6); in general, it will not. Take, for
example, the case m = 1, when our domain is the ball. A calculation reveals
that, at the point P = (1,0),

, o d
LI =LL-LL=—i—.
(L, L] i

This vector is indeed tangent to the boundary of the ball at P (it annihilates the
defining function), but it is equal to the negative of the complex structure tensor
J applied to the Euclidean normal 8/0x;; therefore, it is what we call complex
normal. (There is an excellent opportunity here for confusion. It is common in
the literature to say that “the direction 8/8y; is ¢ times the direction dz;1” when
what is meant is that when the complex structure tensor is applied to 8/0x 1,
then one obtains 8/8y;. One must distinguish between the linear operator J and
the tensoring of space with C that enables one to multiply by the scalar i. These
matters are laid out in detail in R. O. Wells [2].) Compare with the discussion
in Section 8.6.

The reason that it takes only a commutator of order one to escape the
complex tangent and have a component in the complex normal direction is that
the ball is strongly pseudoconvex—refer to the invariant definition of the Levi
form and Cartan’s formula in Exercises 4 and 5 at the end of Chapter 5. Cal-
culate for yourself that on our domain {2,,,, at the point P = (1,0), it requires a
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commutator

of length 2m — 1 (that is, a total of 2m L’s and L’s) to have a component in
the complex normal direction. We say that P is of “analytic type 2m.”

Thus, in this simple example, a point of geometric type 2m is of analytic
type 2m. O

Next we shall develop in full generality both the geometric and the analytic
notions of “type” for domains in complex dimension two. In this low-dimensional
context, the whole idea of type is rather clean and simple (misleadingly so). In
retrospect we shall see that the reason for this is that the varieties of maximal
dimension that can be tangent to the boundary (that is, one-dimensional com-
plex analytic varieties) have no interesting subvarieties (the subvarieties are all
zero-dimensional). Put another way, any irreducible one-dimensional complex
analytic variety V has a holomorphic parametrization ¢ : D — V. Nothing of
the kind is true for higher-dimensional varieties.

11.5.1 Finite Type in Dimension Two

We begin with the formal definitions of geometric type and of analytic type for
a point in the boundary of a smoothly bounded domain 2 C C2. The main
result of this subsection will be that the two notions are equivalent. We will
then describe, but not prove, some sharp regularity results for the 9 problem on
a finite type domain. Good references for this material are J. J. Kohn [5], T.
Bloom and I. Graham [1], and S. G. Krantz [4].

DEFINITION 11.5.3 A first-order commutator of vector fields is an expres-
sion of the form

[L,M|=LM - ML.
Here the right-hand side is understood according to its action on C'°*° functions:
[L, M](¢) = (LM — ML)(¢) = L(M(¢)) — M(L(8))-

Inductively, an mth order commutator is the commutator of an {(m — 1)st order
commutator and a vector field N. The commutator of two vector fields is again
a vector field.

DEFINITION 11.5.4 A holomorphic vector field is any linear combination of
the expressions

7] 0

8—2’1 ’ 3z2

with coefficients in the ring of C* functions.
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A conjugate holomorphic vector field is any linear combination of the ex-
pressions

o9
0z, = 0%

with coefficients in the ring of C* functions.

DEFINITION 11.5.5 Let M be a vector field defined on the boundary of 2 =
{2 € C?: p(z) < 0}. We say that M is tangential if Mp = 0 at each point of 0.

Now we define a gradation of vector fields, which will be the basis for our
definition of analytic type. Throughout this section Q = {z € C? : p(z) < 0}
and p is C°. If P € 99, then we may make a change of coordinates so that
Op/0z2(P) # 0. Define the holomorphic vector field

9 & 9p 8

- Oz1 8z9  0z9 02
and the conjugate holomorphic vector field

L% 0o
0% 072 0707
Both L and L are tangent to the boundary because Lp = 0 and Lp = 0. They
are both nonvanishing near P by our normalization of coordinates.

The real and imaginary parts of L (equivalently of L) generate (over the
ground field R) the complex tangent space to 9€ at all points near P. The vector
field L alone generates the space of all holomorphic tangent vector fields and L
alone generates the space of all conjugate holomorphic tangent vector fields.

DEFINITION 11.5.6  Let £y denote the module, over the ring of C* func-
tions, generated by L and L. Inductively, £, denotes the module generated by
L,,—1 and all commutators of the form [F,G] where FF € £ and G € L, 5.

Clearly £1 € L5 C ---. Each £, is closed under conjugation. It is not
generally the case that U,L, is the entire three-dimensional langent space at
each point of the boundary. A counterexample is provided by

Q={zeC?: |5+ 2¢ /12l < 1}
and the point P = (1,0). We invite the reader to supply details of this assertion.
DEFINITION 11.5.7 Let © = {p < 0} be a smoothly bounded domain
in C? and let P € 0Q. We say that 99 is of finite analytic type m at P if

(Op(P), F(P)) =0 for all F € L, 1 while (0p(P),G(P)) # 0 for some G € L.
In this circumstance we call P a point of analytic type m.
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Remark: A point is of finite analytic type m if it requires the commutation of
m vector fields to obtain a component in the complex normal direction. Such a
commutator lies in £,,,. This notation is different from that in our source Bloom
and Graham [1] but is necessary for consistency with D’Angelo’s ideas, which
will be presented later.

There is an important epistemological observation that needs to be made at
this time. Complex tangential vector fields do not, after being commuted with
each other finitely many times, suddenly “pop out” into the complex normal
direction. What is really being discussed in this definition is an order of vanishing
of coefficients.

For instance, suppose that, at the point P, the complex normal direction
is the 2o direction. A vector field

7] 0
F(2) = al2) 5
such that b vanishes to some finite positive order at P and a(P) # 0, will
be tangential at P. But when we commute vector fields we differentiate their
coefficients. Thus if F' is commuted with the appropriate vector fields finitely
many times, then b will be differentiated (lowering the order of vanishing by one
each time) until the coefficient of 9/8z; vanishes to order 0. This means that,
after finitely many commutations, the coefficient of 8/8z 5 does not vanish at P.
In other words, after finitely many commutations, the resulting vector field has
a component in the normal direction at P. . O

Notice that the condition (9p(P), F(P)) # 0 is just an elegant way of
saying that the vector G(P) has nonzero component in the complex normal
direction. As we explained earlier, any point of the boundary of the unit ball
is of finite analytic type 2. Any point of the form (e*,0) in the boundary of
{(21, 29) : |21)? +|22|*™ < 1} is of finite analytic type 2m. Any point of the form
(e*,0) in the boundary of Q = {z € C? : [2(|? + 2¢=1/1221° < 1} is not of finite
analytic type. We say that such a point is of infinite analytic type.

Now we turn to a precise definition of finite geometric type. If P is a point
in the boundary of a smoothly bounded domain, then we say that an analytic
disc ¢ : D — C? is a nonsingular disc tangent to 9§ at P if ¢(0) = P, ¢'(0) # 0,
and (p o ¢)'(0) = 0.

DEFINITION 11.5.8 Let 2 = {p < 0} be a smoothly bounded domain and
P € 99. Let m be a nonnegative integer. We say that 6% is of finite geometric
type m at P if the following condition holds: There is a nonsingular disc ¢
tangent to 9 at P such that, for small ¢,

lpod(O) < CI¢I™.
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But there is no nonsingular disc i tangent to 982 at P such that, for small ¢,

lpo d(¢)] < CI¢mHY,

In this circumstance we call P a point of finite geometric type m.

We invite the reader to reformulate the definition of geometric finite type
in terms of the order of vanishing of p restricted to the image of ¢.
The principal result of this section is the following theorem.

THEOREM 11.5.9 LetQ = {p < 0} C C? be smoothly bounded and P € 9.
The point P is of finite geometric type m > 2 if and only if it is of finite analytic
type m.

Proof  We may assume that P = 0. Write p in the form
p(z) = 2Re zo + f(21) + O(|z120] + |22]?).

We do this, of course, by examining the Taylor expansion of p and using the
theorem of E. Borel to manufacture f from the terms that depend on z; only.
Notice that

———— — — + (error terms).

T 8z, 02, 0z,

Here the error terms arise from differentiating O(|z 122| + |22]?).

Now it is a simple matter to notice that the best order of contact of a
one-dimensional nonsingular complex variety with 0Q at 0 equals the order of
contact of the variety ¢ — (¢, 0) with 9Q at 0, which is just the order of vanishing
of f at 0.

On the other hand,

o]~ | ann o

L, L] = T 92,07, 073 T 07,02, 072

] + (error terms)

2f 8

A} + (error terms).

= 2ilm [821821 Ozs
Inductively, one sees that a commutator of m vector fields chosen from L, L will
consist of (real or imaginary parts of) m'f-order derivatives of f times 8/0z,
plus the usual error terms. And the pairing of such a commutator with Jp at
0 is just the pairing of that commutator with dzs; in other words it is just the
coefficient of 0/0z;. We see that this number is nonvanishing as soon as the
corresponding derivative of f is nonvanishing. Thus the analytic type of 0 is just
the order of vanishing of f at 0.

Since both notions of type correspond to the order of vanishing of f, we
are done. |
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From now on, when we say “finite type” (in dimension two), we can mean
either the geometric or the analytic definition.

We say that a domain £ C C? is of finite type if there is a number M such
that every boundary point is of finite type not exceeding M.

Analysis on finite-type domains in C? has recently become a matter of great
interest. It has been proved, in the works D. C. Chang, A. Nagel, and E. M.
Stein [1], C. Fefferman and J. J. Kohn [1, 2], F. M. Christ [1, 2, 4], that the -
Neumann problem on a domain € C C? of finite type M exhibits a gain of order
1/M in the Lipschitz space topology. In S. G. Krantz [4] it was proved that this
last result was sharp. Finally, the paper S. G. Krantz [4] also provided a way
to prove the nonexistence of certain biholomorphic equivalences by using sharp
estimates for the d problem.

11.5.2 Finite Type in Higher Dimensions

The most obvious generalization of the notion of geometric finite type from di-
mension two to dimensions three and higher is to consider orders of contact of
(n — 1)-dimensional complex manifolds with the boundary of a domain 2 at a
point P. The definition of analytic finite type generalizes to higher dimensions al-
most directly (one deals with tangent vector fields Lq,..., L, _; and Li,.... Lo
instead of just L and L). It is a theorem of T. Bloom and I. Graham [1] that,
with these definitions, geometric finite type and analytic finite type are the same
in all dimensions.

This is an elegant result and is entirely suited to questions of extension
of CR functions and reflections of holomorphic mappings. However, it is not
the correct indicator of when the 6-Neumann problem exhibits a gain. In the
late 1970s and early 1980s, John D’Angelo realized that a correct understand-
ing of finite type in all dimensions requires sophisticated ideas from algebraic
geometry—particularly the intersection theory of analytic varieties. And he saw
that nonsingular varieties cannot tell the whole story. An important sequence
of papers, beginning with D’Angelo [1], laid down the theory of domains of fi-
nite type in all dimensions. The complete story of this work, together with its
broader mathematical context, appears in J. P. D’Angelo [6]. David Catlin [3]
validated the significance of D’Angelo’s work by proving that the d-Neumann
problem has a gain in the Sobolev topology near a point P € 90 if and only if
the point P is of finite type in the sense of D’Angelo. (It is interesting to note
that there are partial differential operators that exhibit a gain in the Sobolev
topology but not in the Lipschitz topology—see Guan [1].)

The point is that analytic structure in the boundary of a domain is an
obstruction to regularity for the 0 problem. We saw in Exercise 3 at the end
of Chapter 10 that if the boundary contains an analytic disc then it is possible
for the equation Ou = f to have data f that is C° but no smooth solution u.
What we now learn is that the order of contact of analytic varieties stratifies the
insight of this Exercise 3 into degrees, so that one may make precise statements
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about the “gain” of the d problem in terms of the order of contact of varieties
at the boundary.

In higher dimensions, matters become technical rather quickly. Therefore,
we shall content ourselves with a primarily descriptive treatment of this material.
One missing piece of the picture is the following: As of this writing, there is
no “analytic” description of finite type, using commutators of vector fields, in
dimensions three and higher. We know that the notion of finite type that we
are about to describe is the right one for the study of the -Neumann problem
because (i) it enjoys certain important semicontinuity properties (to be discussed
below) that other notions of finite type do not, and (ii) Catlin’s theorem shows
that the definition meshes perfectly with the 9-Neumann operator.

Let us begin by introducing some notation. Let U C C" be an open set.
A subset V C U is called a variety if there are holomorphic functions fq,..., fx
on U such that V = {z € U : f1(2) = --- = fi(z) = 0}. A variety is called
1rreducible if it cannot be written as the union of proper nontrivial subvarieties.
One-dimensional varieties are particularly easy to work with because they can
be parametrized (see Gunning [2]).

PROPOSITION 11.5.10 Let V C C™ be an irreducible one-dimensional com-
plex analytic variety. Let P € V. There is a neighborhood W of P and a holomor-
phic mapping ¢ : D — C" such that ¢(0) = P and the image of ¢ is WNV. When
this parametrization is in place, then we refer to the variety as a holomorphic
curve.

In general, we cannot hope that the parametrization ¢ will satisfy (nor can
it be arranged that) ¢/(0) # 0. As a simple example, consider the variety

V={zeC?:2? -2 =0}.

Then the most natural parametrization for V is ¢(¢) = (¢3,¢?). Notice that
¢'(0) = 0 and there is no way to reparametrize the curve to make the derivative
nonvanishing. This is because the variety has a singularity—a cusp—at the point
P=0.

DEFINITION 11.5.11  Let f be a scalar-valued holomorphic function of a
complex variable and P a point of its domain. The multiplicity of f at P is
defined to be the least positive integer & such that the k*! derivative of f does
not vanish at P. If m is that multiplicity, then we write vp(f) = v(f) = m.

If ¢ is instead a vector-valued holomorphic function of a complex variable,
then its multiplicity at P is defined to be the minimum of the multiplicities of
its entries. If that minimum is m, then we write vp(¢) = v(¢) = m.

In this subsection we will exclusively calculate the multiplicities of holo-
morphic curves ¢(¢{) at ¢ = 0.
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For example, the function ¢ + ¢? has multiplicity 2 at 0; the function
¢ +— ¢2 has multiplicity 3 at 0. Therefore, the curve ¢ — (¢?,¢?) has multiplicity
2 at 0.

If p is the defining function for a domain €2, then of course the boundary
of Q is given by the equation p = 0. D’Angelo’s idea is to consider the pullback
of the function p under a curve ¢:

DEFINITION 11.5.12 Let ¢ : D — C™ be a holomorphic curve and p the
defining function for a hypersurface M (usually, but not necessarily, the bound-
ary of a domain). Then the pullback of p under ¢ is the function ¢*p(¢) = pod(().

DEFINITION 11.5.13  Let M be a real hypersurface and P € M. Let p be
a defining function for M in a neighborhood of P. We say that P is a point of
finite type (or finite 1-type) if there is a constant C > 0 such that

v(¢*p)
v(¢)

whenever ¢ is a nonconstant, one-dimensional holomorphic curve through P such
that ¢(0) = P.

The infimum of all such constants C is called the type {(or 1-type) of P. It
is denoted by A(M, P) = A{(M, P).

<C

This definition is algebro-geometric in nature. We now offer a more geo-
metric condition that is equivalent to it.

PROPOSITION 11.5.14 Let P be a point of the hypersurface M. Let Ep be
the collection of one-dimensional complex varieties passing through P. Then we
have

dist(z, M .
A(M,P) = sup sup {a cR*: lim dist(z, M) ex1sts} .
VeEp a>0 V3z—P IZ — Pla'

We leave the proof of the proposition to the exercises. Notice that its statement is
attractive in that it gives a characterization of finite type that makes no reference
to a defining function. The proposition, together with the material in the first
part of this section, motivates the following definition.

DEFINITION 11.5.15  Let P be a point of the hypersurface M. Let Rp be
the collection of nonsingular, one-dimensional complex varieties passing through
P (that is, we consider curves ¢ : D — C™, ¢(0) = P, ¢/(0) # 0). Then we define

ATE(M, P) = A5(M, P)

dist(z, M
= sup sup {a €Rt: lim M exists} .
VERp a>0 V=P |z — P®
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The number AJ°8(M, P) measures order of contact of nonsingular complex
curves (i.e., one-dimensional complex analytic manifolds) with M at P. By con-
trast, Ay (M, P) looks at all curves, both singular and nonsingular. Obviously
AT8(M, P) < A;(M, P). The following example of D’Angelo shows that the two
concepts are truly different.

EXAMPLE  Consider the hypersurface in C® with defining function given by
p(z) = 2Rezs + |22 — z5|%

Let the point P be the origin. Then we have the following:

o We may calculate that A*(M, P) = 6. We determine this by noticing that
the z3 direction is the normal direction to M at P; hence any tangent curve
must have the form

¢ (a(C)7 b(§>7 O(CQ))

Since we are calculating the “regular type,” one of the quantities a’'(0), ¥'(0),
must be nonzero. We see that if we let a(¢) = ( + ..., then the expression
|22 — 23|? in the definition of p provides the obstruction to the order of
contact: The curve cannot have order of contact better than 4. Similar
considerations show that if 5(¢) = { + ..., then the order of contact cannot
be better than 6. Putting these ideas together, we see that a regular curve
that exhibits maximum order of contact at P = 0 is ¢(¢) = (0,(,0). Its
order of contact with M at P is 6. Thus A]®(M, P) = 6.

+ We may see that A;(M, P) = oo by considering the (singular) curve ¢(¢) =
(¢3,¢2,0). This curve actually lies in M. O

An appealing feature of the notion of analytic finite type that we learned
about in dimension two is that it is upper semicontinuous: If, at a point P,
the expression (Jp, F') is nonvanishing for some F' € £, then it will certainly
be nonvanishing at nearby points. Therefore, if P is a point of type m it fol-
lows that sufficiently nearby points will be of type at most m. It is considered
reasonable that a viable notion of finite type should be upper semicontinuous.
Unfortunately, this is not the case, as the following example of D’Angelo shows.

EXAMPLE  Consider the hypersurface in C3 defined by the function
(21,22, 23) = Re(z3) + |25 — zo23]” + |22|*.

Take P = 0. Then we may argue as in the last example to see that A (M, P) =
A8(M, P) = 4. The curve ¢ — (¢, ¢, 0) gives best possible order of contact.

But for a point of the form P = (0,0,4a), a a positive real number, let «
be a square root of ia. Then the curve ¢ — (a(,(?,ia) shows that A;(M, P) =
AT8(M, P) is at least 8 (in fact, it equals 8 (exercise)).
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Thus we see that the number Ap is not an upper semicontinuous function
of the point P. O

D’Angelo [1] proves that the invariant A; can be compared with another
invariant that comes from intersection-theoretic considerations; that is, he com-
pares A; with the dimension of the quotient of the ring O of germs of holomorphic
functions by an ideal generated by the components of a special decomposition of
the defining function. This latter is semicontinuous. The result gives essentially
sharp bounds on how A; can change as the point P varies within M.

We give now a brief description of the algebraic invariant that is used in
D’Angelo [1]. Take P € M to be the origin. Let p be a defining function for M
near 0. The first step is to prove that one can write the defining function in the
form

p(2) = 2Reh(z) + Y15 = 2 Loy

where h, f;, g; are holomorphic functions. In case p is a polynomial, then each
sum can be taken to be finite—say j = 1,...,k. Let us restrict attention to
that case. {See D’Angelo [6] for a thorough treatment of this decomposition and
Krantz [18] for auxiliary discussion.) Write f = (f1,..., fx)and g = (g1, - ., 9x)-

Let U be a unitary matrix of dimension k. Define Z(U, P) to be the ideal
generated by h and f — Ug. We set D(Z(U, P)) equal to the dimension of
O/Z(U, P). Finally, declare B1(M, P) = 2sup D(Z(U, P)), where the supremum
is taken over all possible unitary matrices of order £. Then we have the following.

THEOREM 11.5.16  With M, p, P as usual, we have
A1(M, P) < By(M, P) < 2(A:(M, P))* "

THEOREM 11.5.17 The quantity B;(M, P) is upper semicontinuous as a
function of P.

We learn from the two theorems that A; is locally finite in the sense that
if it is finite at P, then it is finite at nearby points. We also learn by how much
it can change; namely, for points () near P we have

A (M, Q) < 2(A1 (M, P))" L.

In case the hypersurface M is pseudoconvex near P, then the estimate can be
sharpened. Assume that the Levi form is positive semidefinite near P and has
rank ¢ at P. Then we have

(A(M, P))n—t-d
S

AI(M7Q> S
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We conclude this section with an informal statement of the theorem of D.
Catlin [3].

THEOREM 11.5.18 Let 2 C C" be a bounded pseudoconvex domain with
smooth boundary. Let P € 0. Then the problem 6u = f, with f a O-closed
(0,1) form, enjoys a gain in regularity near P in the Sobolev topology if and
only if P is a point of finite type in the sense that A; (M, P) is finite.

It is not known how to determine the sharp “gain” in regularity of the
O-Neumann problem at a point of finite type in dimensions n > 3. There is
considerable evidence (see D’Angelo [6]) that our traditional notion of “gain” as
described here will have to be refined in order to formulate a precise result.

It turns out that to study finite type, and concomitantly gains in Sobolev
regularity for the problem Ou = f when f is a O-closed (0,q) form, requires
the study of order of contact of g-dimensional varieties with the boundary of
the domain. One develops an invariant A,(M, P). The details of this theory
have the same flavor as what has been presented here but are considerably more
complicated.

In the theory of the J-Neumann problem (see G. B. Folland and J. J. Kohn
[1] and S. G. Krantz [19]), one learns that the Bergman projection P satisfies

P=1-0"NJ.

Here 8* is the L? adjoint of & and N is the Neumann operator—a canonical
right inverse for the O-Laplacian. Part of proving Theorem 11.5.18 is to see
that, for each s, there is an ¢ > 0 such that N : W*(Q) — W*'<(Q). But
then it is plain (since 8,0* are first-order partial differential operators) that P :
We(Q) — W*2(€2). Thus we see that a finite-type domain satisfies Condition
R (see Section 10.4). And we learned in Section 10.4 that a biholomorphic map
of domains that satisfy Condition R extends smoothly to the boundary. We
summarize with a theorem.

THEOREM 11.5.19  Let £, be domains of finite type in C™. If @ :
1 — Q3 is a biholomorphic mapping, then ¢ extends to a C = diffeomorphism
of €11 onto .

Heartening progress has been made in studying the singularities and map-
ping properties of the Bergman and Szegd kernels on domains of finite type both
in dimension two and in higher dimensions. We mention particularly Nagel,
Rosay, Stein, and Wainger [1], Christ [1-4], and McNeal [1, 2].

There is still a great deal of work to be done before we have reached a good
working understanding of points of finite type.
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11.6 Complex Analytic Dynamics

The subject of complex analytic dynamics was pioneered by P. Fatou and G.
Julia in the early part of this century. Fatou [1] and Julia [1] studied iterations
of holomorphic functions (in one complex variable) of a domain to itself and
discovered remarkable rigidity properties of orbits and of limit functions of the
iterated maps. Nowadays, the complex analytic dynamics of one variable is
a prospering subject that is receiving great attention. However the complex
analytic dynamics of several variables is only in its infancy. As of this writing,
there are just a few papers in the subject; there is much work to be done.

In this section we provide a glimpse of the complex analytic dynamics of
two complex variables by using iterates of the Henon map to construct a Fatou-
Bieberbach domain (see Bochner and Martin [1] for a different approach to this
matter). It is a pleasure to thank J. E. Fornaess for teaching me these well-known
ideas. We begin with some elementary observations and some definitions.

It is easy to see that if U is a proper subset of the complex plane, then U
cannot be biholomorphically (conformally) equivalent to the entire plane €. For
U must be simply connected even to be a candidate; and then, by the Riemann
mapping theorem, it must be biholomorphically equivalent to the disc. Of course
the disc is not biholomorphically equivalent to the plane (by Liouville’s theorem,
for instance).

It is surprising that in dimensions two and higher matters are quite differ-
ent. In fact, Fatou and Bieberbach discovered (using techniques similar to those
presented here) proper subsets U C C? such that U and C? are biholomorphic.
Even more surprising is that C? \ U is quite large. This shows that a Picard
theorem for holomorphic mappings will have to be quite different from a Picard
theorem for complex functions of one variable (recall that an entire holomorphic
function in dimension one that omits two values must be constant). S. Lefschetz
[1] pioneered Picard theorems of several complex variables and discovered that
they should be formulated in terms of the omission of complex lines in the image.
Some of the best modern work on that subject has been done by M. Green [1].
We can say no more about the Picard theorems here.

DEFINITION 11.6.1 A Fatou-Bieberbach domain is a proper subset U C C?
such that U is biholomorphic to C2.

DEFINITION 11.6.2 A complex Henon map is a mapping of the form
F(z1,22) = Falz1,20) = (22 + azs, a21),

where a is a complex constant satisfying 0 < |a] < 1.
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Observe that F is a biholomorphic self-mapping of C? and that F(0) = 0.
Set

A = JaccF(0) = [ 5 g] .

Thus the eigenvalues of A are +a.
In the rest of this discussion we shall use the notation F7 to denote the j-
fold composition Fo.--o F.

LEMMA 11.6.3 Fix a € C such that 0 < |a| < 1 and fix 1 > b > |a|. There is
an ¢ > 0 and a C > 0 such that if [(z1,22)| < ¢, then for any integer j > 0 we
have

|FI(21,20)| < C-¥7.

Proof  This is just direct estimation. 0O
DEFINITION 11.6.4  The basin of attraction for F' is defined to be
U=1{(21,2) € C*: Fi(z,2) — 0asn— oo}

The lemma shows that the basin of attraction for the Henon map F is
nonempty. We shall show that, in fact, the basin of attraction U is the Fatou-
Bieberbach domain that we seek. Our first step is to show that U is biholomor-
phic to C2.

Fix ¢ > 0, as in the lemma, once and for all. Set B = {z € C? : |2] < €}.
We see that

Q= JF(B).
7
LEMMA 11.6.5 For z € B we have
AT F(z) - 2| < C - |2~

Proof  This is an elementary calculation that we leave to the reader. O

LEMMA 11.6.6 The limit
lim A= F7

J—0o0

exists for z € U, with the convergence being uniform on compact subsets of U.
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Proof  With a fixed as usual, we also choose b such that b* < |a| <b<1 Fix
a compact set K CC U. Let z € K and choose j so large that F7¢(z) € B =
B(0,¢). We have

|A_(j+1)FJ:+1(z) _ Aijj(z)|
= JAT(ATIF)FI(z) - ATTF(2)]
|ATI(ATLE — I)(FI 9000 (2)). (11.6.6.1)

Now since F70(z) € B, we know that
|Fj*7°(Fj°(z))| <C -y o,

But then, by Lemma 11.6.5, line (11.6.6.1) does not exceed

e = or(L) e
< C/// ﬁj
- a

By our choice of b, this last expression tends to 0 as j — oo. Noting that our
choice of j5 may be taken uniform over elements of K (by compactness), we see
that the proof is complete. |

PROPOSITION 11.6.7 Let ¥ denote the limit of the sequence of mappings
AT FJ that is provided by the last lemma. Then ¥ is a biholomorphic mapping
of U into C2.

Proof  First, Jacc(A 1F)(0) = id; hence Jacc(A™7 F7)(0) = id for every j. It
follows that Jacc¥(0) = id. By the inverse function theorem, ¥ is biholomorphic
in a neighborhood V of the origin.

If now z,w € U are any elements with the property that U(z) = ¥(w),
then choose jy so large that F70(z) € V and F7°(w) € V (remember that U is
the basin of attraction for F' so that jy certainly exists). Then we calculate that
U(z) = ¥(w) implies

lim A7 FI(z) = lim A9 FI(w);

J—oo j—o0
hence

AT \ym A~ (7o) pi—do [FJO(Z)] — A Jo Lim A—(U—d0) pi—jo [FJO(’OU)]

j—oo Jj—o0

or

ATIG(FI(2)) = A™P0U(FI(w)).
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Since A is one-to-one, we conclude that W(F%(z)) = W(F/(w)). But F(z),
Fi(w) € V, and V is the set on which we already know that ¥ is univalent. We
conclude that F0(z) = FJo(w); hence z = w. Therefore ¥ is univalent.

O

PROPOSITION 11.6.8 The mapping ¥ is onto C2.

Proof  We know that A(=7+DFi+! converges normally to ¥. Rewriting the
expression as A71[A77 FI]F and letting § — 0o, we see that the expression also
converges normally to A~1¥F. We conclude that

ATNUF = .
Remember that F is a biholomorphism of all of C2. In conclusion, we see that
A~ (range of ¥) = range of . (11.6.8.1)

But A~ is a dilation of space, and we already know that the range of ¥ contains
a ball around the origin. By iterating (11.6.8.1), we see that the range of ¥ must
be all of space. O

The map ¥ that we have constructed is a biholomorphism of the basin of
attraction U to C2. But it is possible that U is just C? itself. We shall, in fact,
show that possibility fails dramatically.

PROPOSITION 11.6.9 Let W = {(21,22) : |z1] > 100,|22| < 1}. Then U N
W =0.

Proof  We will prove something even stronger: If |z1| > 100 and |z2| < |21},
then we will show that F7(z1, z2) — oo. In fact for such a point (21, z2) we have

|12 + aza| > 2|21

and

laz| < |z12 + azs).

Thus we see that when the mapping F' is applied to such a point, it produces
a point of the same type with larger modulus and whose first entry is at least
twice as large. Tt follows then that F7(zy, z9) — co. |

The scheme of constructing biholomorphic mappings by iteration has proved
to be a powerful and versatile tool in recent years. The papers B. Wong (1], J.
P. Rosay [1], R. E. Greene and S. G. Krantz [7, 9], P. G. Dixon and J. Esterle
[1], J. P. Rosay and W. Rudin (1], S. Frankel [1], A. Kodama [1-4], K. T. Kim
[1], and Bedford and Pinchuk [1-3] illustrate some of the applications of these
ideas.
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EXERCISES

1. Compute the Carathéodory metric for C™ and for C™ less finitely many
points.

2. Compute the Carathéodory and Kobayashi metrics for the polydisc.

3. Compute the Carathéodory and Kobayashi metrics for B(0,R) \ B(0,r)
whenever r < R.

4. Prove that if @ CC C™ is any path-connected open set and if z,w € Q, then
there is a map f € Q(B) and ¢',(? € B such that f(¢') = z, f(¢?) = w.

5. The infinitesimal form of the three invariant metrics that we have studied
on B C C™ ig given by

e o |l 0. &
FO = R Y a—=me

where || || represents Euclidean length.

6. Let B C C™ be the ball. Let 0 # a € B. Let P : C* — Ca be Hermitian
orthogonal projection on the complex line generated by a. This projection
is given by

. (z,a)
7= ap

Here (z,w) = z-w =), 2;Wj. Let Qz = z — Pz. Then the mapping

a—Pz—/1—|a]?Qz
1—-{z,a)

¢a(z) =

is an automorphism of B with ¢, o ¢, = id. If £ is a complex line, then ¢,
carries £N B to £’ N B for some other complex line #'.

Using the one-dimensional Schwarz lemma, prove that if ¢ : B — B
and ¢(0) = 0, then |¢(z)] < |z|. If, in addition, |det ¢'(0)] = 1, then prove
by an elementary argument that ¢ is a unitary rotation.

Use the ideas presented in this exercise to give a complete description
of the elements of Aut (B).

7. H. Alexander’s theorem [2] Let P,Q € 8B CC", N > 1. Let U C C" be an
open neighborhood of P and V' C C™ an open neighborhood of Q. Suppose
that ¢ : UN B — V N B is biholomorphic on U N B, a homeomorphism of
UNBtoVNB,and that (U NIB) C VNAB. Then there is a ¥ € Aut B
such that W[, .5 = . In particular, ¢ is linear fractional.

Complete the following outline to obtain Rudin’s elegant proof of this result
(actually Rudin proves much more—see W. Rudin [8]).
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.Ifze€ B,let D, = {Az € B: X € C}. What is D, geometrically? Suppose

that U,V C B are connected open neighborhoods of 0 € C™ and that
F : U — V is a biholomorphism with F(0) = 0. Finally, suppose that
there is a U C U such that for all z € U we have D, C U,Dp(y C V.
Then F is the restriction to U of a unitary map. (Hint: Apply Schwarz’s
lemma on each D,, Dr(,) to conclude that [F(z)[* = |2|? on U. Conclude
that F is an automorphism on B(0,7),r small, that fixes 0.)

. Assume without loss of generality that P =Q = L. Let a; = (1-1/j) L,

b; = ¢(a;). With notation as in Exercise 6, let
F; = ¢bj 01!1045%—7

Uj = ¢q,(UN B), v, = ¢p,(V N B). For j sufficiently large, the functions
F; satisfy the hypotheses of part a. Hence Fj; is unitary.

8. Let  C C™ be strongly pseudoconvex. Let ' C C™ have C? boundary. Fix
P’ € 89 and suppose that the Levi form at P’ has a negative eigenvalue.
Then prove that 2 and ' cannot be biholomorphically equivalent (refer to
Exercise 14 at the end of Chapter 3).

9. Refer to Exercise 11 at the end of Chapter 5 for the definition of Runge
domain. Prove the following sequence of assertions:

a.

b.

The bidisc D2(0,1) C C? is Runge.
Let K = {(z,w) € C? : w = %z, |Rez] < 1,/Imz| < 1}. Then K has a
neighborhood basis {U;} of open sets such that each U; is biholomorphic
to D?(0,1).
Define a mapping ®(z, w) = (2, P(z,w)), where

P(z,w) = (1 + d)w — izw?® — 2°w?.
Then the holomorphic Jacobian determinant of ® is nonvanishing on all
Cc?.

d. The mapping ® is one-to-one on a neighborhood of K.

For j sufficiently large, ® gives a holomorphic imbedding of U; onto a
neighborhood of ®(K).

Let v be the curve {(e?,e?) € C2:0 < 8 < 27}. Then ®(y) = {(e*,0) €
C?:0 < 0 < 2r}. Hence the polynomially convex hull of ®(v) contains

{(2,0) € C%: |z| < 1}.

. Observe that

2 P(z,2) = 2| [(1 = |2|*) + (1 = [2*)]

so that P(z,z2) #0on {z € C:0< |z| < 1}U{z e C: |zl > 1}.
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h. If a € D\ {0} is fixed, then (a,0) ¢ ®(K) by (g); hence (a,0) & ®(U;)

for j sufficiently large. Therefore, ®(U;) is not polynomially convex.
Parts b through h comprise an example due to Wermer [1] of a Runge domain
whose biholomorphic image is not Runge.

10. H. H. Wu [1] introduced the concept of taut domain. If & CC C”, we say
that Q is teut provided that any family {f,} of holomorphic mappings of
the disc D into 2 is normal (this is actually a reformulation of Wu’s original
definition). Complete the following outline (from (b) on) to prove a partial
converse to {a) (see also N. Kerzman [1] and N. Kerzman and J. P. Rosay
1)).

a. Use (3.3.5.6) to prove that a taut domain must be pseudoconvex.

b. Let Q CC C™ be pseudoconvex with C* boundary. Let {f,}aca be a
family of maps from the disc into 2, and assume that it is not normal. It
will still be the case that {f,}aca is normal as a family of mappings from
D into C", so there is a subsequence { f,, } that converges to a limit disc

fo: D — C".

c. Since  is not taut, we know that fo : D — €, fo(D) ¢ Q, fo(D) ¢ 9.

d. Assume without loss of generality that fy(0) € 9. Let v be the unit
outward normal to 9 at f(0). Then —logd(fo(-) — ev) is subharmonic
when € > 0 is small. In particular,

2n
—log§(fo(0) —ev) < 51;/ —log &(fo(re??) — ev) db, 0<r <l
0

e. The last line yields a contradiction as r — 17,¢ — 0.
(A different proof appears in N. Kerzman and J. P. Rosay [1].)

11. Let @y € C™,Qy C C™ be domains. Let K,(-, ) be the (integrated) Kobayashi
distance on 2,5 = 1,2. Let K 3 be the Kobayashi distance on ; x {23. If
Dj,q; € §1;, then

Ki(p,q1) + Kao(p2,q2) > Ki2((p1,02),(q1,q2))
> max{Ki(p1,q1), K2(p2,92)}-

12. Show that the Bergman metric on D™ does not coincide (even up to a con-
stant multiple) with the Kobayashi metric unless n = 1. Do so by proving
that on D? the rightmost inequality in Exercise 11 is an equality.

13. Let @ CC C” be a domain. Let K be the Kobayashi/Royden distance
on . Then K is sequentially complete if and only if for each p € © and
each 0 < r < 00, the closed metric ball B(P,r) is compact in §. Prove an
analogous result for the Carathéodory metric. (Hint: You may find it useful
to prove the following fact: let B(p,r) be a ball of center p and radius r in
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either the Kobayashi/Royden or Carathéodory metric. Let d(z,y) be either
K(z,y) or C(z,y). Then

{q:d(z,q) <’ for some z € B(p,7)} = B(p,7 +7').)

A domain or manifold on which the Kobayashi/Royden metric is nondegen-
erate (i.e., the distance between two distinct points is always positive) is
called hyperbolic. If the metric is also complete, then it is called complete
hyperbolic.

14. Let @ = {z € €C* : 1 < |z| < 2},n > 2. Then the Kobayashi metric
on {2 is not complete. The domain is also not taut. J. P. Rosay [2] and N.
Sibony (unpublished) have constructed a nonsmoothly bounded taut domain
for which the Kobayashi metric is not complete. It is an open problem to
construct such an example that is smoothly bounded.

The Kobayashi/Royden metric on the unit ball is complete.

15. If © CcC C™ has complete Kobayashi/Royden metric, then € is a domain of
holomorphy. It is known, but not obvious, that both the Carathéodory and
Kobayashi metrics on a strongly pseudoconvex domain are complete (see 1.
Graham (1]). See subsequent exercises for more on this matter.

16. Let €3 cC C™,Qy CC C” be domains. Let C,;(-,-) be the integrated
Carathéodory distance on §2;,7 = 1,2. Let €2 be the Carathéodory dis-
tance on €y x {1y If p;, g; € £, then

01,2 ((pl,p2)7 ((h: qZ))

Ci(p1, @) + Ca(p2,g2) >

> max{Ci(p1,q1), C2(p2,g2)} -

Prove that when €21, 25 are polydiscs, then the second inequality is an equal-
ity. Conclude that the Carathéodory and Kobayashi/Royden metrics coin-
cide on the polydisc. Refer to Exercise 11.

17. Let = {z € C" : < |z| < 1}, B the unit ball, n > 1. Then the
Carathéodory metric on € is that of the ball restricted to 2. For the Kobayashi

metric, this statement is false.

18. Prove that if 7, Qs CC C™ have complete Carathéodory or Kobayashi/Roy-
den metrics, then so does 2, x €)s.

19. Assume that 4,85, ... have complete Carathéodory or Kobayashi/Royden
metric and set = M;€;. If O is an open domain, then prove that € has
complete Carathéodory or Kobayashi/Royden metric.

20. Prove that an analytic polyhedron has complete Carathéodory metric.
(Hint: Let the polyhedron be

P={zeC":|fj(z)l<1,j=1,...,k}.
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Let p € P. Given @ > 0, choose 0,0 < b < 1, such that

{ze D:p(fi{p),z)<a,j=1,...,k} C{z e D:|z| <b}.
Here p is the Poincaré metric on the disc D. Then

{geP:Clp,q)<a}C{ge P:|f()| <b, j=1,...,k}

Conclude that {g € P : C(p,q) < a} is compact in P.) Can you give an
alternate proof using Exercise 197

21. If @ cC C™ has complete Carathéodory metric, then € is a domain of
holomorphy. (Hint: The domain £ must be convex with respect to the
family of bounded holomorphic functions on £2.)

22. Use Exercise 21 to show that D\ {0} does not have complete Carathéodory
metric. If @ C C™ is a domain of holomorphy, then € x (D \ {0}) is also
a domain of holomorphy but does not have complete Carathéodory metric.
The question as to whether smoothly bounded domains of holomorphy have
complete Carathéodory metric is open.

23. The Bergman metric on a strongly pseudoconvex domain is complete.
24. If Q ¢ C™ has complete Carathéodory metric and

f:D\{0}—-Q

is holomorphic, then f extends to a holomorphic mapping of D to §. (Hini:
The function f is distance decreasing.)

25. If Q C C™ has complete Carathéodory metric, then it has complete Kobayashi/
Royden metric. What can you then conclude about the metric of Kobayashi/
Royden on an analytic polyhedron (see Exercise 20)?

26. Complete the following outline to prove that if @ CC C™ has complete
Kobayashi/Royden metric, then Q' = {z € Q : f(z) # 0} has complete
Kobayashi/Royden metric for any bounded holomorphic f on Q.

a. Without loss of generality, f : @ — D. Let D* = D\{0}. Fixpe Q,a > 0.
It is necessary to show that the closure of {¢g € Q' : Kqo/(p,q) < a} is
compact in €',

b. There is a b > 0 so small that

{peD:jul>b} 2{pe D" : Kp-(f(p),p) <a}.

c. Let
A = {geQ:Kqopq) <a}, A = {qe:Kql(p,q) <a},
B = {qe:|f(g)>0b}, B = {qe:|f(g)| >0}

Conclude that A D A’, B = B'.
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d. Prove that A’ C B’ = B.

e. Use the fact that {2 is complete to prove that AN B is compact in €.
f. It holds that AN B C O, hence AN B is compact in Q.

g. It holds that A’ N (AN B) is compact in 2.

h. We see that A’ N (AN B) = A’, thus concluding the proof.

Show that £ in the preceding exercise never has complete Carathéodory
metric unless 2 = .

Prove that if Q has complete Kobayashi metric, then ) is taut.

It is fairly obvious that if two C? domains, £;,Q5, in RV are convex and
disjoint and if U C 93 N 0€)s is a relatively open set, then U must be
fat (that is, U is the isometric image of an open subset of RY~1). This is
immediate from the differential characterization of convexity. What can you
say if R" is replaced by C™ and the term convez is replaced by pseudoconvez?

Let Q@ = {(z1,22) € C* : Rez; > 0}, f(21,22) = (21,22 + \/z1)- Then f maps
Q to Q biholomorphically. However, f does not extend C'! to the boundary
of Q. Of course, 2 is unbounded. There is no known bounded analogue for

- this example (see also Exercise 48).

Let 2 CC C? be given by

Q= {(z1,22) €C?: |z| > |2|"}.

Let ¢ be a conformal map of the disc D to {{ € C: 0 < arg( < 77r/4,% <
I¢| < 2}. For any k € N, consider

Fio = {(8(Q)%, 8(C)™)} c o9

Then each Fj is a complex submanifold of 92 and F; C F5---. Use Zorn’s
lemma, to see that there is a “largest” connected complex manifold in 92
that contains every Fj. This manifold is dense in Q. It also foliates 942.

For ¢ > 0, let

D.={z€C?:|z| <2,z <2, |2122| < €}

For z,w € D, define

5D€(z,w) = 1nf{p(§,§) : f(g) = z,f(ﬁ) =w,f € DG(B)}

This is the “one-disc” Kobayashi/Royden distance on D.. For ¢ small, show
that ép(z,w) # Kp_ (z,w). Indeed, show that for ¢ small, 6p_ does not
satisfy the triangle inequality. (Hint: Let z = (1,0),w = (0,1),0 = (0,0).
Then ép_(z,0),8p, (0, w) remain bounded as € — 0" while dp_(z,w) — 00.)
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33. Let Q = B C C? be the unit ball. Define @ = BN {25 = 0}. Prove that { is
a totally geodesic submanifold of  in both the Kobayashi/Royden and the
Carathéodory metrics. That is, if z,w € Q, then Ko(z,w) = Kg(2,w) and
Ca(z,w) = Cg(z,w). It follows that the geodesic in Kq or Cq that connects
z to w actually lies in Q.

34. It has already been noted that the Carathéodory and Kobayashi/Royden
metrics may be defined using the disc or polydisc instead of the ball as a
model. Prove that the very same metric results if the disc is used (this is
so because the map z — (2,0,...,0) maps the disc into the ball so that
its image is a totally geodesic submanifold). Does exactly the same metric
result when the polydisc is used?

35. Let Qg = {2 €C%2:1< |2| <2} For 0 <d <1,let Ps=(-1-40)¢c .
Then there exist constants C,C’ such that

C'673/% < Fio(Ps, (1,0)) < C67%/4,

See Krantz [23] for details. Conclude that if Q2 is any bounded domain with
C? boundary, z is near 99, and v, is the unit outward normal, then

Fi¥(z,v,) > C" - 8(z)~3/%,

Here the constant C'" depends on the curvatures of 82 at 7z, the projection
of z to the boundary.

36. Recall the rank theorem: Let N, M € Nand 0 < r < N. Let U C R be
an open set and F' : U — RM a C! mapping. Assume that JgF(z) has
rank r < M at each z € U. Let g € U be fixed, and let A denote the
matrix JpF(2o). Define Z = image A and K = Z". Then there exist open
sets V,U C RN with @ € U C U and C! mappings G : V — U and
¢ : A(V) — K such that G is surjective and F(G(z)) = Azx + ¢(Az), all
z € V. (See W. Rudin [1] for a proof.)

Prove that the theorem says that U is foliated, by way of F, by (N —r)-
dimensional manifolds. Prove that the manifolds may be taken to be the
level sets of F. In case F' is C™, show that G, ¢, and the foliation may be
taken to be C°. In case F' is real analytic, then so are G, ¢, and the foliation
(this is more difficult).

37. Let O cC C™ be a domain. Let f : @ — f(2) C C™ be a univalent
holomorphic mapping. Complete the following outline to prove that f has
a holomorphic inverse. (J. E. Fornasss taught me this argument; some of
the ideas in it can also be found in S. Bochner and W. Martin [1] and R.
Narasimhan [1]). This shows that the Jacobian condition in the definition
of “biholomorphic” in Section 1.4 is superfluous.
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a. Induct on dimension. The result is true for n = 1. Assume now that it is
proved on domains in C*~L.

b. Now let 2 C C". Tt is enough to prove that u(z) = det Jcf(z) # 0 for all
z € L.

c. If (b) is not true, let S = {u(z) =0} # 0. Then S is closed.

d. Let p € S be a point where Jc f has maximal rank r over C. By the rank
theorem (Exercise 36), r =n — 1.

e. There is a relatively open neighborhood U of p in S such that rank Jo f =
n—1onU.

f. Restrict f to a small neighborhood U of p in Q so that UNS = U. By (e),
we may change coordinates so that (shrinking U if necessary) UN S =
{z € U: zy = 0}. Assume that p = 0.

g. Abbreviate 2’ = (zs,...,2,). The inductive hypothesis implies that the
map 2’ — (f2(0,2'),..., f(0,2')) on § N U has nonvanishing Jacobian
determinant and hence is biholomorphic.

h. It follows from (g) that the map z — (21, fa(21,2'),..., fu(21,2')) has
nonvanishing Jacobian on U and hence is a biholomorphic mapping.

i. Part (h) implies that the map

(Zh- .. 7zn) L (Zl’fQ(zlaZ/)’ s afn(zlvzl))

is a biholomorphic change of coordinates when z; is small. It follows that
the map (z1,...,2,) — (f1(21,0,...,0),22,...,2,) is one-to-one,

j- It follows from (i) that (8f1/021)(21,0,...,0)|, _4 # 0. Otherwise, z; —
f1(z1,0,...,0) is not one-to-one. Thus the map in (i} would not be one-

to-one.
k. From (i) and (j) we see that det Jo f(0) # 0. This is a contradiction.

38. Let  CC C™ be a connected open set. Let Eq(z,&) = ,/Z |€;|% be the
Euclidean metric on Q. If K CC 2, show that there is a constant 0 < M

such that
1 EQ(Z7£)
- < < M,
M = Fg(z,6) =
1 EQ(Z7§)
— < < M,
M = Fo(z,€) ~

all z€ A, all £ #0.

39. Let Q1,Qy CC C be simply connected domains. Let ¢ : 3 — {22 be an
isometry in the Kobayashi/Royden (resp. Carathéodory or Bergman) metric.
Prove that ¢ is then either biholomorphic or conjugate biholomorphic. (Hint:
You may assume that §2;, {2 are the disc. Also assume that ¢ takes 0 to 0.
Then ¢ preserves circles centered at 0. Either ¢ preserves orientation or it
does not. Proceed from there.)
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40. Proper holomorphic maps of By, into Bpy1.

a. The case n > 3. For this case, S. Webster [2] has proved that the only
proper holomorphic maps of B,, into B, that continue to be C* to the
boundary are linear fractional. More precisely, if f is such a proper map-
ping then there is a biholomorphism ¢ : B,, — B, and a biholomorphism
¥ 1 Bpy1 — Bpyi such that f =Y oio¢. Here i : B, — Bp4 is the
inclusion mapping (21,...,2,) = (21, ..., Zn,0).

b. The case n = 2. Webster’s proof breaks down for n = 2. Amazingly, so
does the theorem. Faran [1| has shown that if F': B, — Bj is a proper
holomorphic mapping that extends C'® to the boundary, then there is a
biholomorphism ¢ : By — Bs and a biholomorphism Bz — Bj such that
f =1ojo¢. Here j is one of the following four maps:

i. (=1, 22) = (21, 22,0),

ii. j(z1,22) = (Z1a\f2122az§),

iti. j(z1, 22) = (21, 2122, 23),

iv. j(z1, 20) = (23,3212, 23).

Verify that these are proper holomorphic maps as claimed.

c. The case n = 1. Of course, By = D, the disc. Let a1 : 3D — R,as :
D — R be C* functions such that exp(2a,) + exp(2az) = 1. Then ai,ay
have harmonic extensions 4,, A to D. Verify (by integration by parts)
that A1, Ay € C3(D). Let Al,Ag be harmonic conjugates of Aq, As. It
is an old result of Privalov that Al,Ag extend C? to D. Define fi =
exp(4; +ZA 3,7 = 1,2. Then f = (f1,f2) : D — By is a C® proper
holomorphic mapping of D into By. In short, there is no classification of
proper mappings of the disc into Bs.

The work of Webster and Faran has inspired many others to look at proper

maps among domains of different dimensions. In J. Cima, S. G. Krantz,

and T. Suffridge [1], a generalization of some of these results was found for
strongly pseudoconvex domains. The proof in that paper is not complete;
however it was corrected in Forstneric [1]. The latter paper also has some
results about existence and nonexistence of proper mappings. J. Cima and

T. Suffridge [1] reduced the smoothness hypothesis from 3 to 2 and also

introduced more elementary techniques. D’Angelo [5] gives a scheme for

classifying polynomial proper mappings among balls in different dimensions.

41. Let Q cC C" be a domain. Suppose that every P € 0f2 is a peak point for
A(Q). Prove that 2 is complete in the Carathéodory metric and hence in the
Kobayashi/Royden metric. E. Bedford and J. E. Fornass [1] have proved
that this condition holds on domains in C? with real analytic boundary.
The paper K. Diederich and J. E. Forngess [5] generalizes the result, using
different techniques, to higher dimensions.

42. Fven for domains that are topologically trivial, the map that realizes the
Kobayashi metric for a given point z and direction £ may not be unique.
For instance, consider the bidisc in C?, z = 0,¢ = (1, 0). Show that there are
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(at least) two distinct maps f € D?(B) such that f/(0) = A, A > 0, and X
maximal. However, uniqueness does obtain when the domain is B C C2.

43. et Q = {z € C: |z+ 1] < 1},®(2) = z/logz, W = ®(2). Then 09 is
C',0W is C', and @ is biholomorphic from Q to W. However & does not
extend C' to 8. This example was noticed by S. Webster.

There has been considerable interest recently in boundary regularity of
conformal mappings (of one complex variable) of domains with rougher than
C! boundary. Some references are F. D. Lesley [1,2], Nakki and Palka [1],
Rodin and Warschawski [1], and Smith and Stegenga [1].

B. Fridman [2] has given a clever example of a domain in C? that is
biholomorphic to the bidisc but has a rather rough boundary such that no
biholomorphic mapping of the domain to itself extends even continuously
to the boundary. He has produced more examples, with slightly smoother
boundaries, in B. Fridman [4].

44. Prove Royden’s lemma (H. Royden [1], I. Graham [1]): Let Q@ CC C” be a
domain with C? boundary. Let P € 89, and let U and V be open neighbor-
hoods of P in C” with V' CC U. Then there is a constant C = C(U,V,Q) > 0
such that

F(2,6) > C-FEY(2,9),

all z € VN, all £ € C™. Notice that an inequality in the opposite direction
ig trivial.

45. Complete the following outline to obtain the proof due to L. Nirenberg, S.
Webster, and P. Yang [1] that a biholomorphic map F : Q; — sy of C?
strongly pseudoconvex domains extends A;,; to the closure of ;. (This
assertion, and more general statements, were first proved by G. M. Henkin
5))

a. Let p1, p2 be strictly plurisubharmonic defining functions for 1, 2 (see
Exercise 19 at the end of Chapter 3). Use them, together with the Hopf
lemma, to prove that there is a C' > 0 such that

1. )

¢~ 592 F(Z)) -
all z € Q.

b. The problem is local. If P’ € 98, then, after a suitable change of coor-
dinates, we may assume that there is an 7 > 0 such that B(P',r) N 9Q,
is strictly convex. There are positive numbers 0 < s < r < ¢ such that
for 2/ € B(P',s) and 7z’ € 80y N B(P’,r) the orthogonal projection, it
holds that B, = B(nz' — tvg,,t) 2 Qe N B(P',r).

c. There is a u > 0 such that if z € £ is sufficiently close to 9, then
z € B(mz —uvy,,u) = B, C Q.
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490 Chapter 11: Holomorphic Mappings and Invariant Metrics

d. Conclude that if z is as in (¢), F(z) = 2’ is asin (b), { € C", ¢’ = F.(2)¢,
then

FB(2,6) > C-Fo"P (o &) > C- FL* (2, €).

You will need Royden’s lemma (see Exercise 44) for the first of the in-
equalities.

e. The estimates in (d) are uniform in z near 9.

f. Use Exercise 5 to conclude that

lerl T &l e
C{ b0, (2) i 591(z)} S { 8, (2") * 8, (2") }’

where £ = & @ €n (resp. &' =& B &Yy) is the decomposition of £ (resp.
¢’) into tangential and normal components at z (resp. 2z’). Here | ||
denotes the Euclidean length.

g. Conclude that

el L el
© @~ o)

h. Conclude that
IVFE(2)| < C-8q,(z)" V2

i. Apply Lemma 10.3.1. ‘
j- Show that the hypotheses on {23 may be drastically weakened. Does F
have to be biholomorphic?

46. Complete the following outline to prove (see K. T. Hahn [1]) that the Bergman
metric always dominates the Carathéodory metric. (Related results appear
in J. Burbea [1] and Lu Qi-Keng [2].) In this problem, for convenience,
we use the Carathéodory metric modeled on elements of D({2) rather than
B().

a. Fix Q cC C™. Let A? be the unit ball in 4%(Q). For z € Q, let f, be that
element of A? that has greatest (real) value at z. Then f.(:) = K(z,-),
where K is the Bergman kernel for .

b. Let z € Q and let £ € C™ be thought of as a holomorphic tangent vector
at z. Let h, ¢ be that element of A} such that h, ¢(z) = 0 and |9¢h, ¢(2)|?
is maximal. Here O, represents directional differentiation.

c. We have

(e, = 1Oehag (AP
;jgz]( )515] lfz(z)l2 .
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Exercises 491

d. Let ¢ be holomorphic on 2, ¢(z) =0, ||¢]lsup < 1. Then ¢f, is a competi-
tor for h, ¢. Therefore,

0cha ¢ (2)|* > 10:0(2)|°1 £ (2)1%.

e. Conclude that
Zgij(z)&'gj 2 Fo(z,6).

2]

K. Diederich and J. E. Fornaess [3] have shown that, in general, the Bergman
and Kobayashi metrics are not comparable. On domains of finite type in
C? (see D. Catlin [4]), it is known that the Bergman, Carathéodory, and
Kobayashi/Royden metrics are all comparable. On convex domains, the last
two metrics are precisely equal (see Lempert [5]).

Use an invariant metric to prove the last part of Exercise 28 at the end of
Chapter 3.

Every few years the following incorrect counterexarple to the mapping con-
jecture surfaces. Find the error. Let

0= {(21,22> : Rez; > exp (—1/([22|2 + (Imz1)2))} )

Define ®(z1,22) = (21,22 + /z1). Set ' = ®(£2). Notice that 2, Q" are both
pseudoconvex. Then @ is a biholomorphic map of 2 to £’ that does not
continue smoothly to the boundary. These domains may both be truncated
to give bounded domains, thus providing a smooth counterexample to the
mapping conjecture.

Prove that the notion of finite type of a point is invariant under a biholo-
morphic change of coordinates in a neighborhood of that point.

True or false: If p is the defining function of a smoothly bounded domain Q2
and if p is a polynomial, then §2 is of finite type.

Prove that if a domain in C? has real analytic boundary, then it is of finite
type. {(Hint: You may have to use the theorem of Lojaciewicz. See S.
Lojaciewicz [1, 2|, or S. G. Krantz and H. R. Parks [2].)

Prove that if a point P in the boundary of a smoothly bounded domain in C2
is of finite Bloom/Graham/Kohn type m, then all nearby boundary points
must be of finite type not exceeding m.

Prove that P is a point of pseudoconvexity and is of finite type 2, then P is
strongly pseudoconvex.

Prove that if U is a boundary neighborhood of a smoothly bounded domain
Q) C C?, then it is impossible for every point of U to have finite type greater
than 2. (Hint: Use the result on foliations in Exercise 9 at the end of Chapter
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60.
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7.) This shows that, on a pseudoconvex domain, strongly pseudoconvex
points are generic. It follows from work of Catlin [2, 3] that, in the boundary
of a finite type domain in any dimension, the strongly pseudoconvex points
form a dense open set of full measure.

Prove that the definition of finite type given in Section 5 is independent of
the choice of defining function.

Give an example of a domain with a nonpseudoconvex point that is of type
2.

Let the dimension be at least three. Prove that if a point P in the boundary
of a domain in C™ is of finite type in the sense of Section 5, then it is of finite
analytic type in the sense that there are finitely many complex tangential
vector fields whose commutator has a complex normal component. The
converse is not, in general, true.

Is there a “real variable” analogue of the concept of finite type? What about
in the context of convex sets?

Let U be the Fatou-Bieberbach domain constructed in Section 11.6. Prove
that U N {(z1,0)} is a bounded, relatively open, set. Prove that each of its
connected components is simply connected.

Let © C C™ be a smoothly bounded domain. Assume that f: 2 — C™ and

g : 2 — C™ are mappings satisfying |f(z)] = |g(z)| for every z. How are f
and g related?
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Appendix I Manifolds

Let X be a paracompact Hausdorff space. Let 0 < N € Z. Suppose that for
each € X, there is a neighborhood U = U, of z in X, an open set W C R¥,
and a homeomorphism ¢ : U — ¢(U) = W. Then X is said to be a manifold of
dimension N. The pairs (¢, U) are called coordinate charts or coordinate pairs.
The set {(¢, U)} is called an atlas.

Let 0 < k € Z. Suppose that for any two coordinate pairs (¢, U), (¢',U’),
it holds that

ol pUNU) — HUNU)
po¢ " P UNU) — $UNT) (*)

are C*. Then X is said to be a C* manifold. If the two maps in (x) are O,
for all pairs of coordinate charts, then X is a C*° (or smooth) manifold. If the
maps are real analytic, then X is said to be real analytic. In case N = 2n, RY is
identified with C2™ in the usual way, and the maps in (*) are holomorphic, then
X is a complex analytic manifold (of complex dimension n).

Let X be a C* manifold. Then f: X — C is said to be C* if fop™!:
#(U) — C is C* for every coordinate chart (¢,U). Likewise, C, real analytic,
and holomorphic functions are defined on C*°, real analytic, and complex ana-
lytic manifolds, respectively.

Let X and Y be C* manifolds and let F : X — Y be a mapping. We
say that F' is C¥ if for every coordinate chart (¢,U) on X and every coordinate
chart (1, V) on Y, we have that ¢ o F o ¢~ is a C* mapping (whenever this
composition makes sense).

Let X, X be N-dimensional C* manifolds and F : X — X a homeomor-
phism. We call F' a C* diffeomorphism provided that F' is invertible and, for
every choice of coordinate charts (¢,U) on X and (¢, U) on X, it holds that
poFod ™' :¢p(U)— dU) and o F~1od™1: ¢(U) — ¢(U) are C* maps. Of
course C*, real analytic, and complex analytic diffeomorphisms (for manifolds
of the corresponding type) are defined similarly.
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Let © C RY have C* boundary. Then M = 91 is the zero set of a Cck
defining function p. Therefore the implicit function theorem makes it clear that
M is a C* manifold of dimension N — 1. The Cartesian product of two C* (resp.
C™, real analytic, complex analytic) manifolds is C* (resp. C', real analytic,
complex analytic). However, the union of two such manifolds need not be (in
fact it is generically not) such a manifold.

Let X be a C* manifold of dimension N and Y € X a C* manifold of
dimension M < N. We say that Y is a regularly imbedded submanifold of X
if each y € Y has a neighborhood W C X with a homeomorphism ¢ : W —
Y(W) C RY satisfying the conditions: (1) (¥, W) is a coordinate chart for X;
2) Yy(WNY)=yp(WYN{zpys1 =---=zn =0}; and (3) WNY is a coordinate
chart for Y with coordinate pair (| wny , WNY). IfY C RN, then Y is a
regularly imebedded C* submanifold of dimension N — 1 if and only if there
is an open set U C R and a CF function p : U — R such that Vp # 0
onY and Y = {z € U : p(z) = 0}. More generally, Y C R" is a regularly
imbedded C* submanifold of dimension M < N in R¥ if and only if there exist
an open set U C RN and N — M functions pi,...,pn_um : U — R such that
Y={zxeU:pi{x)=0,j=1,...,N — M} and such that

Vpy

Von_um

has rank N — M at each point of Y.

If X is a C®, real analytic, or complex analytic manifold, then a regularly
imbedded C'*°, real analytic, or complex analytic submanifold Y C X is defined
in an obvious fashion.
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Appendix II Area Measures

If @ cc RY has C' boundary, then we use the symbol do to denote (N — 1)-
dimensional area measure on J§). This concept is fundamental; we discuss, but
do not prove, the equivalence of several definitions for do. A thorough consider-
ation of geometric measures on lower-dimensional sets may be found in the two
masterpieces H. Federer [1] and H. Whitney [1].

First we consider Carathéodory’s construction. Let § C R¥ and § > 0.
Let U = {Us}uca be an open covering of S. Call I a d-admissible covering if
each U, is an open Euclidean N-ball of radius 0 < r, < 6. If 0 < k € Z, let
M, be the usual k-dimensional Lebesgue measure of the unit ball in R* (e.g.,
My =2, My = 7, M3 = 4n/3, etc.}. Define

HE(S) = inf { Z Myrk U = {U,}uea is (5—admissible} .

acA

Clearly, H¥(S) < HE(S) if 0 < &' < 8. Therefore, lims_.q HE(S) exists in the
extended real number system. The limit is called the k-dimensional Hausdorff
measure of S and is denoted by H*(S). The function H* is an outer measure.

Exercises for the Reader
1. If I C RY is a line segment, then H!(I) is the usual Euclidean length of 1.
Also, H%(I) = oo and H*(I) = 0 for all k > 1.
2. If S C RY is Borel, then HN(S) = £N(S), where LV is Lebesgue N-
dimensional measure.
3. If § C RY is a discrete set, then H °(S) is the number of elements of S.

4. Define M, =T'(1/2)*/T(1+a/2) for o > 0 (note that this is consistent with
the preceding definition of My). Then define H<® for any
« > 0 by using Carathéodory’s construction. Let S C R be the Cantor
set. Compute oy = sup{a > 0 : H*(S) = oco}. Also compute «; =
inf{a > 0 : H*(S) = 0}. Then g = ;. What is its specific value?
This number is called the Hausdorff dimension of S. What is the Hausdorff
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dimension of a regularly imbedded, k-dimensional, C' manifold in RV ? It is,
in fact, a deep theorem (see H. Federer [1]) that any rectifiable set § C RV
has the property that ag = ;.

The measure HV ! gives one reasonable definition of do on 9 when 2 C
RY has C! boundary. Now let us give another. If § C RY is closed and
z € RN, let dist (x,S) = inf{|z — s| : s € S}. Then dist (z,S) is finite, and
there is a (not necessarily unique) so € S with |sg — | = dist (z, §). (Exercise:
Prove these assertions.) Suppose that M C RY is a regularly imbedded C!
manifold of dimension £ < N. Let E C M be compact and define, for € > 0,
E. = {x ¢ RY : dist (z, E) < ¢}. Define

LY (E)

ox(E) = limsup NE

e—0+ MN—k:

where £V is Lebesgue volume measure on RY. It can, in fact, be shown that
lim sup may be replaced by lim. The resulting set function oy is an outer
measure. When E C M is compact, then it can be proved that H *(E) = o4 (E).
The measure o may be extended to more general subsets of M by the usual
exhaustion procedures.

Our third definition of area measure is as follows. Let M C RY be a
regularly imbedded C*' submanifold of dimension k& < N. Let p € M, and let
(¢,U) be a coordinate chart for M C RY, as in the definition of “regularly
imbedded submanifold.” If £ C U N M is compact, define

mi(E) = /¢(E) vol(Jro™ Hz)er,. .., Jrd H(z)er)dLF (z).

Here e; is the jth unit coordinate vector, and the integrand is simply the
k-dimensional volume of the k-parallelepiped determined by the vectors
Jro Y (z)ej,5 = 1,...,k. We know from calculus (Spivak [1]) that this gives
a definition of surface area on compact sets £ C U N M that coincides with the
preceding definitions. The new definition may be extended to all of M with a
partition of unity and to more general sets E by inner regularity.

Finally, we mention that a k-dimensional, C' submanifold M of R ¥ may be
given (locally) in parametrized form. That is, for P € M there is a neighborhood
P e Up C RY and we are given functions ¢1,...,¢n defined on an open set
Wp C R¥ such that the mapping

®=(¢1,..,¢n): Wp = Upn M
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is C', one-to-one, and onto, and the real Jacobian of this mapping has rank k
at each point of Wp. In this circumstance, we define

7(Up N M) :/ |N, | dLk(z),

z€EWp

where N, is defined to be the standard k-dimensional volume of the image of the
unit cube in R* under the linear mapping Jp¥(z). (The object N, can be defined
rather naturally using the language of differential forms—see Appendix IV. The
definition we have given has some intuitive appeal.) For imbedded manifolds the
construction of 7y is virtually the same as that of my.

On a k-dimensional reqularly imbedded submanifold of RY , we have that

szak:mk:m.
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Appendix III Exterior Algebra

Let Vi,...,V, be vector spaces over R. Let F' consist of all formal finite linear
combinations over R of elements of Vi x --- x V,. So f € F means that

f= Zaj (v{,‘..,vi)

Jj=1

for some k € N, somevf €V, 1 <j<k,1<i<p If we declare (0,...,0) to be
the additive identity and also 1- (vy,...,vp) = (v1,...,vp) and 0- (v1,...,0p) =
(0,...,0), then F is a real vector space in an obvious fashion. Let G be the
vector subspace generated by elements of the form

(vly- BRI PROPR AT PRI 7vp) + (Ulv- - Vi1, Y, Vit 1, - - - 7Up)
_('U17 o Uim L, T Y, Viga, - 7Up)
and
(V1,5 Vi1, Vi, Vig 1,y - - - ,Up) ~ (U1, Vi1, OV, Vi1, ,Up)~

Then we define
Vio---®V,=F/G.

Let us denote the residue of an element (vy,---,vp) € V4 x--- x V,, in F/G
by v; ® - - - ®v,. These elements are called simple p-tensors. Then any element of
V1®---®V, can be written as a finite sum of expressions of the form v, ®- - -Qu,.
The algebraic operationsin V=V, ®---®V, are
(V®  ®11®ZRV4+1Q QU)+ (1B BV 1 QYRV 1 Q- B )

=R QU1 R@+yY QU1 Q- Q1

499
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500 Appendix III Exterior Algebra

and

(@ Quy) = cnQun® -y
= 1R QU

= ’U1®"'®C’Up‘

Observe that these algebraic operations are nothing other than a restatement of
the meaning of the quotient space F/G.
If V is a vector space over R, 1 < p € Z, we let

®pV:V®...®V_
e ——

p times

Define @V =R. If o € ®,V,5 € ®,V, then a ® § is an element of &,,,V in
a natural way. With this notion of multiplication (extended by linearity), the
space

.V =0,20%, V

becomes a (graded) algebra.
Let J C ®,V be the two-sided ideal generated by all elements of the form
v ® v € ®;V. Then we define

/\pV = ®pV/(®pVDJ)
ANV o= @ V/T.

Clearly
p:

Now /\pV is clearly generated, under addition, by elements that are images
under the quotient of the elements v; ® - - - ® v,. We denote these generators by
[ IARERIAR TR

Since J contains elements of the form

(z+y)®(z+y) - (z0z)- (YY) =2Qy+y®uz,
it follows that vy Avy = —ve Avy in A, V. Thus, in particular, v Av =0in A, V.

More generally, if £ € N,vy,...,vx € V, and o is a permutation on k letters,
then

vi A Ao = €(0)  Ugay A A Vo (k)
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Here €{c) is the signature of the permutation o. Of course, vq A -+ v = 0 if
v; = v; for some ¢ # j. If V is finite dimensional and {e;,..., ey} is a basis for
V, then {e;, A+~ Aej, 141 <--- <ip} is a basis for AV provided that p < N.
If p> N, then AV = {0}.

Let V* be the vector space dual of V. Then we may define A_ V™. Let
E',...,EY be the canonical dual basis for V*, that is, E‘(e;) = &;;. Then
{Ef A ANE% i 4y < --- < ip} is a basis for A,V each 1 < p < N. We
may extend the pairing between V* and V to one between A, V* and A,V as
follows. Set

(Eil/\.../\Ei:D)(eil/\.../\eip):]_

and all other pairings to be zero. Extend to A, V* and A, V by multilinear-
ity,. f @ € A\, V*, 6 € AV, it is sometimes convenient, because of symmetry
considerations, to write

a(B) = (o, B).
Now we define an operation that is dual to the wedge product—namely, if

0<p<qpBeN,V,anda€ A\, V", we define 3|a to be the unique element of
/\q_p V* such that

(1.8la) = (yAB,a), all ye \V.
qa-p

Likewise, if 4 € A ,VCE€A V", then 1| ¢ is defined to be the unique element
of /\qu V such that

(BlC,€) = mCAE), all ge AV
q—p

Both Bla and p|¢ are understood to be 0 when p > ¢. It is easy to check
the following formulas: If p < gand 8 = e, A---Aey,, o = EIUA - A Bla,
J1 =11,-..,Jp = ip, then Bla = E/r+tt A .. A Eda If

{in, it € {5152 da}

then
Bla =0.

It is often convenient to denote A, V* by A"V and A, V* by A" V.
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Appendix IV Vectors, Covectors,

and Differential Forms

Let U C RY be an open set and let P € U. Denote by Cp the collection of C*
curves v : (—1,1) — U with y(0) = P. Call two elements 1,72 € Cp equivalent
if

- 10)

& fon )

t=0 =0
for every f € C1(U). The equivalence classes are called tangent vectors at P € U.
Denote the set of tangent vectors by Tp(U). Clearly the definition of Tp(U) does
not depend on U. If [y}, [n] € Tp(U) and f € C*(U), we define

+ 2 )

(B + ) () = S|+ %

t=0 t=0

Also

for any ¢ € R. With these operations, Tp(U) becomes a real vector space.
We claim that Tp(U) has dimension N. To see this, notice that if [y] €
Tp(U), f € CY(U), then

)

t=0 j=1

Hence {8/0z1,...,8/dzNn} is a basis for Tp, where we have identified §/0x;
with the curve t +— P +te; and e; is the jth coordinate vector.
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Let T5(U) denote the vector space dual of Tp(U). Let the canonical dual
basis be denoted by dzi,...,dzy. Thus dz;(8/0;) = d;;. We call T5(U) the
N-dimensional vector space of cotangent vectors {(or covectors, for short).

The elements of A, Tp(U) are called multivectors, and the elements of
A.TH(U) = N Tp(U) are called multicovectors.

A wvector field on U is the continuous assignment of an element of Tp(U) to
each P € U. Formally, each Tp(U) is disjoint from any other Tp/(U), P # P, so
the use of the word continuous here is not correct. However matters are clarified
either by topologizing the tangent bundle or, as we do here, using the fact that
the same elements {0/0x;} serve as a basis for every Tp(U), P € U. Thus a
vector field is a function of the form

ale) = Y asle) 5

where each a; € C(U). The vector field is called C* if each of the coefficient
functions a; lies in C*(U). A C* multivector field on U is a function of the form

alz) =) a (f%)z’

1

where

0 B F) 9 D |
(2) ()~ (). 1

Likewise, a, C* differential form (or multi-covector field) on U is a function

Blx) = Z aI(z)de,

I

where

dwlzdxil/\---/\dxip, I=(i1,...,%p)

Let A\, T(U) = Upcu A, Tp(U) and A" T(U) = Upey A" Tp(U), and give
these sets obvious vector bundle structures over U (for details on the basics
of vector bundles, see D. Husemoller [1], E. Spanier [1], and N. Steenrod [1]).
(These bundles are, in a natural way, graded unions of sub-bundles /\p TU)
and AP T(U).) Then a C* multivector field is a C* section of A, T(U) and
a C* differential form is a C* section of A" T(U). So multivector fields and
differential forms are intrinsically defined objects, independent of coordinates.
Let A\, (U) denote the continuous sections of A, T(U); these are called p-vector
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fields. Let AP(U) denote the continuous sections of A’ T(U); these are called
p-forms. Naturally, we may define

Ao=UA®., ANo=UNwo

We shall not explore all the natural and obvious relationships among the bundles
introduced, but instead refer the reader to the aforementioned works from the
bibliography.

The pairing between multivector fields and differential forms (multicovector
fields) on U C R¥ is not intrinsically defined. Let dV be Lebesgue measure on
U. For a € A\, (U),B8€ N (U), we set

(0, 8) = /U (a(z), B(x)) AV (x).

(Clearly a different choice of measure would result in a different inner product.)
Now we wish to consider all the preceding notions on a C'! manifold X. If (¢, U)
is a coordinate chart on X and P € U, then the objects C }(U),Cp, Tp(U), and
T35(U) are defined as in the Euclidean case. The algebraic structures A, Tp(U)
and A" Tp(U) are then immediately defined. So the bundles A, T(U) and
N\ T(U) are defined. Now a multivector field is a continuous section of A, T'(U)
and a differential form is a continuous section of A" T(U). All these ideas ex-
tend to the full manifold X through a partition of unity (or simply by the way
functions are defined on manifolds).

All our constructs transform in a natural way under smooth mappings. Let
X, X be C! manifolds and F : X — X a C! diffeomorphism. Then there is an
induced map

F.CY(X) - CYX)
f — foPF.

If P € X, then there is a map

F.:Te(X) — Trpy(X)
a — FJa),

where (F,(a))(¢) = a(F) for all ¢y € C*(X). Now there is a map

F* i Thp(RX) — TH(X)

w - FW),
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506 Appendix IV Vectors, Covectors, and Differential Forms

where (F*(w)){(a) = w(F.(a)) for all @ € Tp(X). The functions Fx, F* extend
naturally to multivectors and to forms.

The preceding paragraph suggests how we might integrate forms and vector
fields on a manifold. Let X be a C' manifold and let (¢, U) be a coordinate patch
on X. Let a € A (U) and 8 € A\*(U). Define

(@,8) = (($scx, (07 1)"B).

If q~5 is another coordinate map on U, then one easily checks that

(a, ) = ((d:)ex, (671)*B).-

So the definition is independent of the choice of coordinates. Now the pairing
may be unambiguously extended to forms defined on all of X through a partition
of unity.

As a special case of the preceding ideas, let UV CRY and F: U - V a
C' map. Fix w(t) = w(t) dty A--- Adty € AV T(V). Then

(F*w)(z) = (wo F)(z)det (g—f) dzy A+ ANdzy.

More generally, if n(t) = n(t) dt;, A--- Adt;,, then

(F*T])(I) — Z w o F(Z‘) det (H

1< <-<jp<N

)das -

Now we define integration of a differential form on a manifold. Begin with
the simple manifold U C R™ (an open set). Let w = w(z)dx; A -+ Adzy be an

N-form on U. We define
/ w = / w(x)dV (x). (%)
U U

This immediately defines fU @ for any simple N-form @. For write @ = wdx;, A
-+« Adz;, . Let o be the permutation taking (1,...,N) to (i1,...,in) and let
€(o) be its signature. Then

/U & = (o) /U G(X)dV ().

Define f, 8 = 0 for any form 3 ¢ A" (U). Extend these definitions to all elements
of A"(U) by multilinearity. Notice that line (), which completely determines
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what follows, amounts to choosing an orientation on U (for more on this, see de
Rham [1]).

Now if X is a C! manifold of dimension N,(¢$,U) is a coordinate chart,
and w is an N-form on U, then define

/U w= /{ﬁ o

One checks that this definition is independent of the choice of ¢. The definition
is extended to all of X by means of a partition of unity.

Now we define the exterior derivative. First consider U € RY open. If
w = w(z)dz! is a C! form on U, then define

N ow
dw = a—dz; A dz!.
83:]-

=1

Extend d by linearity to all forms on U. It is immediate that if w is a p-form,
then dw is a (p + 1)-form. It is also easily calculated that d(dw) = 0.

If w(z) = w(x)dz! and &(z) = w(zx)dz’ are forms on U with C° coeffi-
cients and both I and J having indices in increasing order, then we let

L _fo0 ifr#£J
(w, ) = { fU w(z)w(z)dV(z) ifI=J.

Then ¢ is defined to be the formal adjoint operator to d with respect to this
inner product in the following sense: (dw,@) = (w, @) for all w,& € A" (U), & of
degree at least 1. The reader may check that if w = w(x)dx;, A--- Adz;, then

k
dw(zx) = Z(—l)j"lawT@dmil Ao Ndxg,  ANdxi, N Adxg,.

=1 3

If X is a C! manifold, (¢,U) a coordinate patch, and w a C! compactly
supported form on U, define dw = ¢*(d((¢')*w)); if w is of degree at least 1, set
dw = ¢*(6((¢71)*w)). Extend these notions to arbitrary forms with a partition

of unity.

We say that w is d-closed if dw = 0. It is d-exact if there is a form 7 such
that dy = w.

If @ and S are 1-vector field and 8 is a 1-covector field, then one may verify
that

(o B,d9) = (B, 0) — Blar,0) — ([a, 51, 6).
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508 Appendix IV Vectors, Covectors, and Differential Forms

This formula, due to Cartan, gives a coordinate-free way to define exterior deriva-
tive. On the other hand, from our point of view the simplest way to verify the
formula is to introduce local coordinates and to verify the formula for vector and
covector fields chosen from a convenient basis.
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List of Notation

We have made every effort to use standard notation in this book, so much of
what follows should be familiar. We provide it for ease of reference. In the
last column, an “E” following a number means that the term is introduced in
the Exercise section of the chapter denoted by the number. An “A” followed
by a roman number indicates that the term is introduced in the corresponding

Appendix.

Notation

Meaning

Where Defined

R, RV
Cc,cr
b 8
8257 0%y
de, de
av
B(z°7)
D™ (2% )

Real Euclidean space
Complex Euclidean space
Complex partial derivatives

Complex differentials

Volume form

Euclidean ball

Polydisc

Unit disc

Nonnegative integers

Positive integers

Multi-index exponent

Multi-index differentiation

Multi-index factorial

Magnitude of a multi-index

Multi-index inequality

Multi-index differentials

Domain (connected open set)

Defining function

Boundary of Q2

Locally integrable functions

Zero set of f

The “Q-algebra”

C functions with
compact support
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0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
0.1
01
0.1
0.1
0.1
0.1
0.1
0.1
0.1
01
0.2
0.3
0.3

0.3
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Notation

Meaning

Where Defined

Ow

Ow

(p,9)
supp f
w(z)
7(2)
f*g

u.s.c.
Ls.c.
psh
s(z)
c

B

log [|.5]
Tp(00)
K}_7 ky KQ

d
P(A)
n

Exterior holomorphic derivative

Exterior antiholomorphic
derivative

Grading of differential forms

Support of f

Holomorphic volume form

Leray form

Convolution

Relatively compact in

Laplacian

Unit outward normal

Area measure

Area measure of unit sphere

Fundamental solution of
the Laplacian

Green's function

Poisson kernel

Poisson integral of f

Bergman space

Bergman kernel

Holomorphic Jacobian matrix

Real Jacobian matrix

(1,0,...,0)

>, %6

Hardy space

Szegd kernel

Poisson-Szegd kernel

Bergman Laplace-Beltrami
operator

Siegel upper half-space

Heisenberg group

Upper semicontinuous

Lower semicontinuous

Plurisubharmonic

Silhouette of x

Set of convergence for a
power series

Abel domain for a power series

Log modulus of a set

Tangent space to 02 at P

Hull of K with respect to
the family F on 2

Analytic disc

Peak points for A

Distance function
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11

11
11
1.1
1.1
11
1.1
11
1.3
1.3
1.3
1.3

1.3
1.3
1.3
1.3
1.4
14
1.4
1.4
14
14
1.5
1.5
1.5

1E
1E
1E
2.1
21
2.2
2.3

2.3
2.3
2.3
3.1

3.1
3.2
3.2
3.3



Notation

Meaning

List of Notation

Where Defined

S/
p(z,€)
T

gw,Q
Qs

Us
Lp(z)
®(z, P)

€z
Pi(z,()
P()
L(L,M)
G5k

(F, X, )
(U, F)
Tz

(O

Ym [, [f]m

Distance to boundary

Distance to boundary

Tube domain over w

Sign of z

Domain of T

Graph of T'

Adjoint of T

Sum over increasing
multi-indices

cee

(p,q) forms with L?
coefficients

Signature of the permutation
ae

The § Laplacian

Weighted L? space

(p,q) forms with C$° coefficients

Weighted L? norm

Weighted inner product

Formal adjoint of §/0z;

Sobolev space

Local Sobolev space

(p, q) forms with Sobolev
space coefficients

Distributions

Fourier transform

Schwartz space

Schwartz distributions

Symbol

Pseudodifferential operator

Extension operator

Neighborhood of Q

Neighborhood of 02

Levi polynomial

Henkin separating function

The point evaluation functional

Coordinate factors of ®(z,()

Plurisubharmonic functions on Q)

Levi form

Cousin data

A sheaf

Sections of a sheaf

Stalk of a sheaf

Ring of germs of C* functions

Germ
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3.3
3.3
3.5
3.5
4.2
4.2
4.2

4.3
4.3

4.3

4.3
4.3
4.3
4.3
4.3
4.4
4.4
4.6
4.6

4.6
4E
4E
4E
4B
4E
4E
5.1
5.2
5.2
5.2
5.2
5.2
5.3
5.4
S5E
6.1
6.2
6.2
6.2
6.2
6.2
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Notation Meaning Where Defined
U Open covering 6.2
CcTU,F) r-cochains 6.2
é Coboundary operator 6.2
ZTU,F) r-cocycles 6.2
B"U,F) r-coboundaries 6.2
H™(U,F) r-cohomology with respect to

the cover U with coefficients

in F 6.2
H(X,F) r-cohomology of X with

coefficients in F 6.2

CEU,F) Acyclic cochains 6.2
ZEU,F) Acyclic cocycles 6.2
BE(U,F) Acyclic coboundaries 6.2
HYU,F) Acyclic cohomology 6.2
& Induced coboundary operator 6.2
o0 Sheaf of germs of holomorphic

functions 6.3
HE(Q) Dolbeault cohomology 6.3
H? () De Rham cohomology 6.3
HY pr (S Holomorphic de Rham

cohomology 6.3
M, M* Sheaf of germs of

meromorphic functions 6.5
o Invertible elements of O 6.5
cP Complex projective space 6E
R(f1,---y fe) Sheaf of relations 7.1
(M) Ideal sheaf of M 7.2
H?(D),H*(D)  Hardy space 8.1
hP(D), h*>(D) p-class of harmonic functions 8.1
Mf Hardy-Littlewood maximal

function 8.1
I'(e*) Stolz angle 8.1
B.(z) Blaschke factor 8.1
N(D) Nevanlinna class 8.1
B(ey,r), B(¢,,7) Osculating balls 8.2
h?(Q2), h>°(2) p-class of harmonic functions 8.3
HP(Q), H*(Q) Hardy class 8.3
T'a(P) Nontangential approach region 8.4
Mif Hardy-Littlewood maximal

function 8.4, 8.6

T(P) Nontangential maximal

function 8.5
Bi(¢,7), B2(¢,7)  Balls in OB 8.6
Aa(P) Admissible approach region 8.6
M, f Nonisotropic maximal function 8.6
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Notation

List of Notation

Meaning Where Defined

f3°(P)
Tp(082)
Np(8Q)
J

Ao, Lip,
Cr

Lap
BMO

O-B-8
Ho(f)

Aut(£2)
Ip

Admissible maximal function
Holomorphic tangent space
Complex normal space
Complex structure map
Lipschitz spaces
Complex tangential curves
Nonisotropic Lipschitz space
Functions of bounded mean
oscillation
Canonical factorization
Henkin solution to the
0 problem
Biholomorphic self-maps of 2
Isotropy subgroup at P
Riemannian metric
Holomorphic maps from V to U
Infinitesimal form of the
Carathéodory metric
Carathéodory distance
Carathéodory length
Infinitesimal form of the
Kobayashi/Royden metric
Kobayashi/Royden distance
Kobayashi/Royden length
Carathéodory “volume element”
Kobayashi “volume element”
Sobolev spaces
Complex tangent vectors
Commutator of vector fields
Stratification of tangent
space
Type of a point
Regular type of a point
Algebraic type of a point
Complex Henon map
Coordinate chart
Hausdorff measure
Tensor product
Tensor product
Wedge product
Wedge product
Contraction
Dual exterior algebra
Differentials
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8.6
8.6
8.6
8.6
8.8
8.8
8.8

8E
9.1

10.1
11.1
111
11.2
11.2

11.2
11.2
112

11.2
11.2
11.2
11.3
11.3
11.4
11.5
11.5

11.5
11.5
11.5
11.5
11.6
Al
All
ATIT
Alll
AIIT
ATl
Alll
AIIT
AV
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514 List of Notation

Notation Meaning Where Defined
A, TU), N\"T(U) Multivector and multi-
covector bundles AlV
/\p(U ), N(O) Multivector fields and
multicovector fields AlvV
A O AN\ (U) Exterior algebras over U A1V
' F, Pull back, push forward AV
é,d Exterior derivatives ATV
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