2

‘Subharmonic and plurisubharmonic
functions

In this chapter we begin our study of plurisubharmonic functions; they will
play the central part throughout the remaining chapters. First, however,
we present a comprehensive account of some fundamental properties of
harmonic, pluriharmonic, and subharmonic functions. We also give some
examples of applications of these functions in complex analysis. This is
followed by a short exposition of some fundamental properties of plurisub-
harmonic functions. The analogies between plurisubharmonicity, pseudo-
convexity, and convexity {(of functions and sets, respectively) are explored
in the exercises closing the chapter. For further study of subharmonic func-
tions the reader can consult Helms (1969), Landkof (1972), Wermer (1974),
Hayman and Kennedy (1976), Doob (1984}, and Hayman (1989). As far
as general properties of plurisubharmonic functions are concerned, Lelong’s
monograph (1969) can be regarded as the main reference. Substantial parts
of various books on complex analysis in several variables (Vladimirov 19686;
Hérmander 1973; Krantz 1982; Lelong and Gruman 1986) are devoted to
plurisubharmonic functions.
Throughout the chapter we shall be assuming that

m>2 and Q#4.

2.1 INTEGRAL AVERAGES

Integral means or averages play a prominent role in the theory of subhar-
monic functions. It should not come as a surprise that they are useful
in investigation of differential properties of functions; after all, the usual
derivatives result from evaluating limits of averages. However, being re-
lated to various differential operators, the integral averages can offer a way
of studying some differential-like properties of functions which are not dif-
ferentiable. And it is this feature that makes integral means so important.
In this section we define two basic integral averages and explain their re-
lationship. Further properties of integral averages will be shown in the
following sections.
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Let A = [ai;] be an m x n rectangular matrix, where m 2 7. We define
the modulus of A by the following formula

41 - ( 2 (det[am])z)%-

1<i; i <. CinEMm

If m = n, then |A| = |det A|. (Algebraically, the modulus of 4 is the
Fuclidean norm of the standard exterior product of the columns of A.) If
L: R® — R™ is a linear mapping, |L| will denote the modulus of the
matrix representing L (with respect to the canonical bases}..

Let M C R™ be a k-dimensional submanifold. A mapp}cng W: D-—
M is a local parametrization of M if D is an open s1‘1bset of R*, rank, ¥ = k
at each point @ € D, ¥ is injective, and its range is an open subset of M.
Let A denote the set of all local parametrizations of M. Let & be the
o-algebra of all sets § C M such that 1~1(8) is Lebesgue measurable for
all ¢ € A. Clearly, £ contains the Borel subsets of M. The' surface area
measure o for M is the unique measure on ¥ with the following property:
ifyped SeX,and §is contained in the range of ¢, then

o(8) = / ldsldAM)
¥ (S)

where ) denotes the Lebesgue measure in RE. Clearly, o(S) is independent

of the choice of the local parametrization. ‘
Integrals, with respect to o, of T-measurable functions on M are called

surface integrals. Let ¥ : D — M bea memberof A. ff: M — R is
a T-measurable function and

o{z € M\¢(D): f(z)#0}=0,

then the surface integral of f over M is given by the formula

[ f(@)do(z) = f (F 0 W)(O)ldplar()
M D

The letters A and o will be used throughout the bOOl.{ to denote the
Lebesgue measure and the surface measure in any dimensm:} .and on any
surface; the context will always clarify their domains of deﬁmm.on. .

Since the surface integrals over Euclidean spheres are par:tlcularly im-
portant, we now recall the basic properties of.spherical coordinates.

For any n, we will denote by p the mapping

p: RxR* — RxR",

pla,v) = (cosa, sine - v}
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Note that if [|v|| = 1, the mapping & : [0,27] x [0, c0) — R"™*!, given by
the formula ®(o, 7} = rp(e, v), is the standard polar coordinate system for
the plane in R*+! generated by e; = (1,0,...,0) and (0, v).

Define by induction the spherical coordinate system ¢,, for the unit
sphere 8B{0,1) in R™:

‘102(011) :p(a’l’ 1) s
where o € [0,27]; and

(P-m+1(0.’1, MRS O:’m) = p(ala ‘Pm(a25 ‘. -1am)) y

where ay,...,am_1 € {0, 7] and o, € [0,27].

We shall use the following notation. If A and B are matrices with
the same number of rows, then [A|B] will denote the augmented matrix
obtained by writing A and B side by side.

Proposition 2.1.1 For any suiteble o, we have

'datpml = I[‘Pm(a)ldafpm”’ (2-1'1)

where datom is identified with its matriz representation (with respect to the
canonical bases) and pm(a) in the second matriz is regarded as o column
vector. Moreover,

ldatprmi1| = sin™ 1 |daPm| - (2.1.2)

Proof The proposition can be proved by induction. It is clear that (2.1.1)
is true for m = 2. Also, (2.1.2) for m+1 follows from (2.1.1) for m. Indeed,

—sinay 0

dipm11 =

COS (1P sin avy digyy,

and hence

2

|d@m1[* = sin®™ a|dpm|* + cos® a1 sin®™ =2 oy [ dpm]|

= 5in®™ 2 gy |dip |
by (2.1.1) for m. Moreover, (2.1.1) for m follows from (2.1.1) for m —1 and
(2.1.2) for m (for m > 3). Indeed, '
COS o] ( —sinm ‘ 0
[omldim] = ] .
Sina @m—1 COS O1¥m—1 sin oy dipg,—1
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and thus, by expanding the determinant with respect to the first row, we

obtain

H(pm|d(,0mll = cos? a1 sin™? a1|[90m—1 |dpm—1)| + sin™ a1 | [Pm—1ldem—1]|

= sin™"2 o1 |[pm—1]dpm-1]| -
Hence, by (2.1.1) for m — 1 and (2.1.2) for m, we have

|[‘Pm\d‘:9m]| = |dm]| .

The spherical coordinate system for the sphere 0B(a,R) C R™ is thus
given by a + Rgm, and for the ball B(a,R) by ®m(r,a) = a + ronla),
where 7 € [0, R].

Corollary 2.1.2 B
|d(r,oz)@m| =7 1Ida‘10m| .

Proof d®m, = [om|rdym), and so the corollary follows from (2.1.1). 1
Note that the definition of @, and the relationship between ®,, and
©m imply that, if B(0, R) C R™,
f(z)do(z) = R™ / f(Ro)do(@) (2.1.3)
8B(0,R) 8B{0,1)

if f is a measurable function on 8B(0, R), and

R
f Ha)dMz) = / ( f f(a:)da(:c))dr (2.1.4)
0 ‘aB(o,n)

B(0,R)
if f is a measurable function on B(0, R). This implies that if we set

sm = 0 (8B(0,1)),
b = A(B(0,1)) ,

then

Mbm = 8m
c(8B(a,R)) = R™ s, (2.1.5)
A(B{a,R)) = R™bm .
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The main integral averages that we are going to use are defined as follows.
Let B(a, R) be an open ball in R™. We set

1
L(’U.; a, R) = ;;"R—m u(:c)do*(:c)
8B(a,R)
and
1
AwaR) =5 [ u@d@), -

B(aﬂ

wihere % is a measurable function on 8B(a, R) and B(apﬂ\respectively. In
view of (2.1.4) and (2.1.5), we have the following identity.

Corollary 2.1.3

R
Afuja, ) = Rﬁm/rm_lL(u;a,r)dr. 1
0

We also have some useful continuity properties.

Corollary 2.1.4 Ifu: 2 — R is a function defined on an o
pen set
1 C R™, then, for a € Q, we have .

limsup L{u; a, R) < limsup u(x),

R—0 T—+ta
lim sup A(x; e, R} < limsup u(x).
R—0 r—a

If u is continuous at a, then

}ii_l% L(u;a, R) = jlzi_’m0 A(u;a, R) = ula).

Proof It is enough to note that

lirznjllp u(z) = lt111-1_1’10(sup{u(m) : lz—a|| £ R}). n
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2.2 HARMONIC FUNCTIONS

A C2-function u : £ — R defined on an open set 2 C R™ is said to be
harmonic in § if it satisfies the Laplace equation:
m o9
Au = g—g = in .
i=1 EJ‘
The family of all harmonic functions in £ will be denoted by H(Q).
Consider the following problem. Let u € C*(R™ \ {0}) be of the form
u(z) = v(|jz||) for £ € R™\ {0} and a function v € C*(R). We would like
to characterige the functions v for which u is harmonic.
Note that if r = ||z||, then

Au = v"(r) + %ﬂv’(r). (2.2.1)

Therefore u € H(R™ \ {0}) if and only if
rm=ly(p) + (m = 1™ 2/ (r) =0

or, in other words, if (r™~'v' (r)) = 0. Therefore the function u is har-
monic if and only if v is of the form

o(r) = Ag(r) + B,
where A, B € R are constants and

s ={5 3, (222)

It can be shown (see Section 4.1) that, in the sense of distributions,
Ag(|lzl]) = —8m max{1,m - 2}bo. (2.2.3)

where 6g is the Dirac 6-function, i.e. the distribution defined by the formula
8o} = (0) for any test function ¢ in R™. For this reason the function
u(z) = — (87 max{l, m—Z})_lg (l=])) (er g(liz|l)) is called the fundamental
solution for the Laplacian in R™.

The function g will be used to solve the following problem. Let £ be
a bounded open subset of R™, and let f € C(8). The classical Dirichlet
problem is that of finding a function u € H(2)NC () such that u{éQ = f.
For our purposes it will suffice to show that the classical Dirichiet problem
has a unique solution when € is an open ball. However, before proving
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this statement, we shall need a more detailed characterization of harmonic
functions.

By the classical Green function of the unit ball with pole at y € B(0,1)
we mean the function G defined for all z € B(0, 1) by the formula

Gloy) = {g(nw —ol) = s(llvlt llz — =1} w#0)
g{llzlf) — g(1) (y=0).
It is clear that
G(y) € H(B(0,1)\ {¥}) nc(BO, )\ {}).

Furthermore, :
G(z,y) =0 if |z|=1. (2.2.4)

To see that (2.2.4) is true, observe that for z € 8B(0,1) and y € B(0,1)\{0}

Iyl =z -yl - (2.25)

y
5 —= —
il

Indeed,

2 1 2

m
W ™ Tl 2%

y
x —_——
|-

1
= Wllfb‘ —y|?.

The case where y = 0 is trivial.

Before stating the next result, we recall some basic facts about inte-
gration of differential forms on (m — 1)-dimensional submanifolds in R™.
Suppose that H is a hypersurface in R™, ie. an (m — 1)-dimensional
submanifold of R™ of the form H = f71(0), where /' C R™ is open,
f € C®(U), and df # 0 for each z € H. Observe that N: H — R™
given by the formula
=S
|dz f|

is a unit normal field on H. That is, N{z) is orthogonal to the tangent
space to H at # € H and ||N(z)| = 1 for each z € H. If H is connected
and N' is a continuous unit normal field on H, then either N = N' in
H or N = —~N' in H. Therefore a connected hypersurface can be given
a sense of orientation in only two ways. Note that N can be expressed
locally in terms of local parametrizations of H. To be more precise, if D is

T —
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a domain in R™~* and ¢ : D -— H is a local parametrization, then —
after permuting the coordinates in R™1, if necessary —

. (_1)j+1de"-(dt(wl:---,71[’j—1;1!)j+11--v:wm))]
N('llb(t)) - |: [dtwl i=1m
for t € D.
Define

g5 = (—1)j+1d$1 A Adzjai AdEja A A detm

forj=1,....,m HF=(F,....Fn) € CY(H,R™}, then
m
[(F,N)da=/Zchrj.
H H =t

(See also Section 2.1.) Indeed, if * denotes the pull-back operation for
differential forms, then :

(o) = (1Y det(de(Wrs - ¥i-1 st - S Pm))

which implies the previous formula.
Let D be a domain in R™ such that 8D is a connected hypersurface.

We shall say that the boundary of D has the natural orientation induced
from D if 8D is equipped with a smooth unit normal field N such that

N{(z) is pointing outwards at each = € 8D.

Lemma 2.2.1 Ifu is a harmonic function in a neighbourhood of B(0,1) C
R™, then

uly) = : / ZH%G(uy)aj (v € B(0,1)),

max{l,m —2 ¢
sm max{L, }83(0,1) i=1
where .
g5 = (—1)J+1d1‘1 A A d.’,l?j-l Adzjal A A dzm

and 8B(0,1) has the natural orientation induced from B(0,1}.

Proof Fixy € B(0,1), and let G(a:) = G(z,y)/(max{1,m—2}). Consider
the differential form

=/ 0@ ou
-2 (v~ )

=1
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Take € > 0.such that B(y,e) C B(0,1) and D, = B(0,1)\ B(y,¢). Suppose
that the orientation of 8D, is induced from D.. Note that w is closed in a
neighbourhood of D.. Indeed,

dw = (uAG -~ GAuldz A ... Adxy =0
because v and & are harmonic. By Stokes’ theorem,
/ w=40. (2.2.6)
8D,

Let H(z) = G(z)—(g(||z—yl|)/ max{l,m—2}) forz € D.. As G|0B(0,1) =
0, (2.2.8} can be rewritten as

m

Z oG
Ha—z‘jO’J = W, (227)

8B{0,1) I=1 8Bly.e)

To finish the proof, it is enough to show that the right-hand side of (2.2.7)
converges 10 spmu(y) as £ — 0. We have ‘

W=
3B{y.c)

—~( 6H du "

= g ZT . 1-m Ty — Yy
2(“6@ " axj)"” v [ w3 Tt
8B(y.e) 7~ 8Bly.e) 971
__ 9le) o~ Gu
max{1l,m — 2} f Za_a:jajﬁAE-FBs—i_Cs’
8B(y,e) 1=}

Clearly, lim;_,g Ae = lim.o Cc = 0. Since N(x) = “=¥ is a unit normal
vector field on dB(y, €},

Bo=e [ u@)do(@) = smLiuivse).
8B(y,e)

In view of Corollary 2.1.4, lim,_,o B: = smu(y). |

Define
2lI1% — Ilyli2
oy < I = ol
liz — ll
for z,y € R™ such that = # y. The function (z,¥) — P(z, )/ (sm =)

is called the Poisson kernel in R™. The function P is closely tied to the
classical Green function of the unit ball.
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Proposition 2.2.2 Ifz € 8B(0,1) CR™ andy € B(0,1) C R™, then

(d=G(-,9))(z} = max{L,m - 2}P(z,y}. (2.2.8)
In porticular, P(z,) € H(B(0,1)).

Proof Let ¢ = 1/max{l,m —2}. We have
r—y

edefr — gl = 9] = =

Therefore, if ¥ # 0, we have

oy T peem 2= @/
In view of (2.2.5),
oy z—y _lulPe—y _ 20— [l
G S e e PR

Obviously, the same holds if ¥y = 0. Now — on eyaluating the scalar
product of the right-hand side of (2.2.9) and z € 8B(0,1) — we obtain
(2.2.8). The second conclusion of the proposition follows from the fact that

Aa—?:,'- = %A, and that z — g(||z — 2|} is harmonic in R™ \ {z} for any
fixed z € R™. |

Now we have the necessary ingredients to derive the following result.

Theorem 2.2.3 Ifu is a harmonic function in & neighbourhood of the
closed ball B(a,r) C R™, then, for each y € B(a,7),

u(y) = = f P(z - a,y — a)u(z)do(z)
i dB(a,r)

=2 L{P(z — a,y — aJu(z); o, )

(2.2.10)

where the integral average is evaluated with respect to z. In particular, i
follows thet harmonic functions are of class ce=.

Proof If o = 0 and r = 1, the above formula is a direct consequence of
Lemmma 2.2.1 and Proposition 2.2.2, (Note that the outward normal to
8B(0,1) at z € 8B(0,1) is z itself.) The general case follows from (2.1.3).1

The formula (2.2.10) is called the Poisson integral formula. The Pois-
son formula allows us to prove a number of interesting properties of har-
monic functions. First, we show several equivalent characterizations of
harmonicity.
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Theorem 2.2.4 Let u be a real-valued continuous function on an open set
Q Cc R™., The following conditions are equivalent:

(7} v € H(Q);

(1) if Bla,r) C Q, then, for each y € Bla,r),

u(y) =™ ?L(P(z — a,y — a)u(z); a,7);

(¢i1) if B(a,7) C Q, then
u(a) = L(u;a, 1)

(iv) if Bla,r) C Q, then
u(e) = A(u;a,r).

Proof The implication (i)==(ii) coincides with Theorem 2.2.3; (ii)==(iii)
follows upon substituting ¥ = @ in the Poisson integral formula. Corollary
2.1.3 implies that (iii)==(iv).

It is convenient to interrupt the proof and analyse some importang
consequences of the part of Theorem 2.2.4 we have already proved. The
next result is called the mazimum principle for harmonic functions.

Theorem 2.2.5 Suppose that u € H(Q)NC(Q), where ) is a bounded
domain tn R™. Then either u is constant or it satisfies the inequality

u(z) < sup uly) (z € Q). (2.2.11)
yEean )

Proof Let a denote the supremum in (2.2.11). Set A = QN u ().
Of course, A is closed in Q. We shall prove that if A # @, then A =
§2. To achieve this, it is enough to show that A is open and to use the
connectedness of 2. Suppose that a € A, 7 > 0, and B(a,r) C Q. If there
were a point b € B(a,r) \ A, the function » would be strictly less than
u(a) = « in a neighbourhood of b; by condition (iv) in Theorem 2.2.4, this
would imply that

ula) = Af{u;a,7) < Alosa,r) = a,

which is impossible. Hence B{a,r) C A. Therefore we can conclude that
A is open, and so A = €. |

Note that we have actually proved that condition (iv) of Theorem 2.2.4
implies the maximum principle.
Now we can solve the classical Dirichlet problem for open balls in R™,

Theorem 2.2.6 Let f € C(8B(a,r)), where a € R™ and r > 0. Define

[ f@) (y € 8B(a,r))
v(y) = { rm"zL(P(SC —a,y —a)f(z); a,'r) ('y € B(a,'r)) .
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Then v is the unique function in H(B(a,r)) NC(B(a,r)) whose restriction
to 8B(a,r) is f.

Proof The uniqueness part follows from the maximum principle. Further-
more, ¥ € ’H(B(a,r)) by Proposition 2.2.2. Therefore it suffices to show
that for any yo € B(a,r)

lim  o(y) = f(yo)-

Vo

yEB(a,r)

Take ¢ > 0 and yp € 8B(a,r). Choose § > 0 such that if € 8B(a,r) and
llz — voll < 8, then || f(z) — f{yo)|l < e. Define

h(z,y) = P(z — a,y — a)[f (=) — f(yo)]-

If y € B(a,r), then, by Theorem 2.2.3 applied to the constant function
v(yo), we have

v(y) — v(ye) = ;1—7_ / k{z,y)do(z)
™ 8B(a,r)

= S—T-ln}-(/h(m,y)da(m) +!h(z,y)dd($)) )
A

where A = 8B(a,} N B(yo,§) and B = 8B(a,r) \ A. Then, by Theorem
2.2.3,

SmT

5—-—5 f P(z —a,y —a)do(z) =¢.
8mT
8B(a,r)

[ Wz, y)do(z)

A

Moreover, if z € B and ||y — yol| < 6/2, then

r? — |l —of®
P(w—a,y—a)ﬁW

Since ||y — afl — 7 as ¥ — yo, we conclude that

fP(a: —a,y—a)do(z) — 0
B

as y — yo. Consequently,

j Moo@)| <2 s 1) [ P(s - a,y — a)do(z) < &,
B B

z€8B(a,r)
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provided that ||y — yol| is sufficiently small. Therefore v(y) converges to
v(yo) as y approaches yg. ]

Now we can finish the proof of Theorem 2.2.4.
Proof (Implication (iv)==-(i)) Suppose that v € C(f2), and that (iv) is
satisfied. Let @ € Q and r > 0 be such that B(a,r) C 2, and let v be the
solution to the Dirichlet problem

v € H(B(a,r)}NC(B(a,r)),

v=u on &B(a,r}.
Since (i)#:.-(iv), the functions +(u—v) satisfy (iv) in B(a, ) and hence they
satisfy the maximum principle there. (See the remark following Theorem
2.2.5.) As £(u —v) = 0 on 8B(a,r), it follows that « = v in B{a,r) and

hence u € #(B(a,)). Since @ was chosen arbitrarily, this means that u is
harmonic. ]

Corollary 2.2.7 Ifu € H(R™) and u i3 bounded from above (or below),
then u i3 constent.

Proof Without loss of generality we may suppose that u is negative. Take
z € R™. By Theorem 2.2.4 (iv}), for any n € N,

b (1 + [l ™ u(z) = / u(y)dA(y)

Blz,n+l=)
< [ wB@) = bunmu0).

B{0,n)

Thus m
n
u(z) < (——) (0} for n=12,....
nrfar) 40

Hence u{z) < »(0). Similarly, u(z) > u(0). |

Let u be a complex function on a set S. In what follows, [lu||s will
denote the supremum of ju| on 9, i.e.

Jels = sup{Ju(z)|: = € S}.

‘We need the following auxiliary result.

Lemma 2.2.8 Let Q be a neighbourhood of a ball B(a,r} C R™. There
exists a constant M such that, for each u € H(S1),

lu(y) — u(2)] £ Milullglly — 2|l
and
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3u Bu

fory,z € Ba,7) and j=1,...,m

Proof Without loss of generality we may suppose that @ = 0. Choose
R > 7 such that B{0, R) C ©, and define

K = 8B(0,R) x B(0,r) c R™,

opP
p(waysz)_m<3<2m{|Pw y P(w 2)| ‘ y)_'&c_j(waz) }1

where (w,y), (w,2) € K, and

- wp o))

= mpezem || 975 ||| || 92507k (S

By the Poisson integral formula (2.2.10),

Ou 1 P

d 2.2.12
=g | gty (2212)
8B(0,R)

for y € B(0, R) and § = 1,...,m. By the mean value theorem applied to
P(w,-) and £E (w, -}, we have

plw,y,2) < vmLily — 2| (2.2.13)

for (w,y),(w,z) € K. By the Poisson formula (2.2.10), and the formulae
(2.2.12) and (2.2.13), we have, for all y,z € B(0,7),

g {1uw) - uta)l, | gt - geta)|}
< R™2/mLly — z|| - |[ulloso,r) -
As {lullap(0,r) < |||y, the result follows. N

The following estimates are known as Harnack’s inequalities.

Lemma 2.2.9 Let u be a positive harmonic function in a neighbourhood
of B(a,R) in R™, and let r € (0, R). Ify € B(a,7), then

R™2(R? — |ly — al|?)

R™2(B2 - |ly — ol?) u(a) < u(y) < DT w(a).

(R+r)m

Proof Obviously, if z € 8B(a, R), then
R-—r<|z—y|<R+r.
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Therefore, for all z € 8B(a, R},

B2 (R? — |ly — all®)

Ry ule) S B P(a—a,y — ajulz)

Rm—2 R2 _ _ 2
= ((R—- rlg?” D,

Upor_l evaluating the spherical averages L of the above expressions, we
obtain the required estimates by Theorem 2.2.4. N ]

NOV‘V we are in a position to prove Harnack’s theorem.

Theorem 2.2.10 Let §) be an open connecied subset of R™, and let
{us}sen C H(Q).
(i) If the sequence {u;} is locally uniformly convergent to e function

u: £ — R, then u € H(). Furthermore, the sequence {%‘if}
t)ieNn

- is locally uniformly convergent to g—; fori=1,...,m.
(it) Ifuy <up Suz £... and u = limj_, uj, then either v € H(Y) or

% = 00,

ProofmThe first conclusion in (i) is an immediate consequence of Theorem

2.2.4 (iii). To prove the second part of (i} we can use Lemma 2.2.8. Take

a € Q and choose r > 0 so that B(a,r) C Q. As the space C(B(a,r)) with

the supremum norm is complete, Lemma 2.2.8 implies that {%1} is
] _ tJjeEN

a Cauchy sequence in C (B(a,r)) and hence it is convergent uniformly on

B{a,r). Since a was chosen arbitrarily, it means that {%J-} N is locally

uniformly convergent to a continuous function on {2, and that function
must be —3;“_-.

Suppose that the sequence {u;};jen is increasing. Define A = {x € Q:
u(z) < oo} and B = O\ A. By Harnack’s inequalities (Lemma 2.2.9), both
A and B are open. As ) is connected, either A = or B = {). Suppose
that A=Q. Ifa € Q, 0 <r <R, and B(a,R} C @, then for § > & and
y € B(a,r),

R™2(R? — |ly — a||?)
(R—r)™

0 < uj(y) —ue(y) <

(u5(a) — ux(a))

< (R—f%(uj(a) — u(a)).

Thus {u;} converges to u uniformly on B(a,r). Consequently, we can
deduce that u is continuous and {u;} converges to u locally uniformly.
Therefore, by the first part of the theorem, u € H(Q2). ]

¥
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Recall that a family F of complex functions on £ C R™ is said to be
locally uniformly bounded if for each a € Q there is a neighbourhood V of a
and M > 0, such that for each u € F, |lufl, < M. It is said to be normal
if each sequence in F has a subsequence that converges locally uniformly

to a function in £
The next result is known as the compactness principle.

Theorem 2.2.11 Let € be an open subset of R™, and let F be e locally
uniformly bounded family in H(Q). Then F is normal.

Proof Lemma 2.2.8 implies that the family F is equicontinuous, and so
the result follows from the classical Ascoli theorem (e.g. Royden 1963). 1

To finish this section we shall conduct a brief analysis of the relation-
ship between harmonic and holomorphic functions.

If © C C" is open and u € C?(£2) is real valued, then u is said to be
pluriharmonic in Q if

8%
6zj82k

where j,k = 1,...,n. We shall denote by PH(Q) the family of all such
functions. Formula (1.4.5) implies that v € C?(£2) is pluriharmonic if and
only if the restriction of u to the intersection of £ and any complex line that
meets Q is harmonic as a function of one complex variable. That is, ifae
and b € C®\ {0}, then the one complex variable function A — ula + Ab),
regarded as a function of two real variables, is harmonic in its domain of
definition. Equivalently, u € PH(Q) if and only if ueT € H(T~HQ)) for
any affine C-isomorphism T': C* — Ccn.

Clearly, for n = 1, pluriharmonic means the same as harmonic in R2.
When n > 1 and & € C™ & R?®, then PH() C H(Q) and the inclusion

is proper.

=0 in 9,

Example 2.2.12 Suppose that n > 1. Define u(z) = |2]|>~% for z €
c»\ {0}. By (2.2.2), u € H(C"\ {0}). In view of the considerations
preceding (2.2.2}, the function z; +— u(z1,0,...,0) is not harmonic; thus
1 is not pluriharmonic. 1

In view of the Cauchy-Riemann equations, if f € O(Q), where 2 C
C", then Re f,Im f € PH(§2). The converse is only partially true; before
stating it, let us recall that Q is star-shaped with respect to a €  if, for
any bEQ, wehavea +(b—a)t € forallic [0,1].

Proposition 2.2.13 Suppose that {2 C C™ is open and star shaped with
respect to one of its own points. Ifu € PH(RQ), then there exists a function
v € PH() such that v+ iv € O(R).
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Proof Consider the differential form w = —du. By (1.5.2), dw = 0 and
s0, in view of the Poincaré lemma, there is a C(®-functionv: & — R
such that dv = w = —d“u; therefore u + iv satisfies the Cauchy-Riemann
equations. |

Consequently, every pluriharmonic function is locally the real part of
a holomorphic function.

Note also that if 2 C C" is open and f is a holomorphic function in £,
then log [f[ € PH {22\ f~*(0)). This can be checked by a direct calculation.

2.3 SEMICONTINUITY

Before progressing to a study of subharmonic functions, we have to take
a ‘topological interlude’ and describe some basic properties of upper semi-
continuous functions. Let X be a metric space. A function v : X —
[~o0,00) is said to be upper semicontinuous if for each ¢ € R the set
{z € X: u(z) <c} is open. A function v is said to be lower semicontinu-
ous if —u is upper semicontinuous. Note that u is upper semicontinuous if
and only if at each point a € X we have limsup,_,, u(z) = u(a), where

limsupu{z) = égi{‘] (sup{u(y) :y € B(a,£)}).

r—a

Proposition 2.3.1 If K is a compact melric space and u s an upper

semicontinuous function on K, then u aflains its mazimum at a point in
K.

Proof Since K = [J3Z, Uy, where U; = {z € K : u(z) < j} and K is
compact, there exists a natural number j; such that » < jp on K; thus
s < oo, where s = sup{u(z) : z € K}. Let {z;};51 be a sequence
in K such that u(z;) converges to s as j — oco. Since K is compact,
there is a subsequence {:L‘jk }kzl convergent to a point zg € K. Therefore
§ = lmp_.e u(z;, ) < u(xo) < s and hence u{zp) = s. |

Lemma 2.3.2 Let X be a separable metric space, and let {ta}aca be a
family of upper semicontinuous functions. Set u = infycq tg. Then the
function u is upper semicontinuous and there is a countable subset A" of A
such that v = infue 40 Ug -

Proof The first statement follows directly from the definition. In order
to prove the second one, note that the sets

Us={(z,t) e X xR: uy(z) <t}
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are open and constitute an open cover of the set
V={(z,t) € X xR: u{x) <t}

By the Lindelof property, there is a countable subcover, say {Ug}acar, of
{Ua}aea, and then obviously u = infocar ta- ]

Proposition 2.3.3 Let K be a compact metric space, and let u : K —
[—oo,00) be an upper semicontinuous function. Then there exists a
sequence u; > Uz = Uz = ... of continuous functions such that

limj oo uj(2) = u(z) at cach z € X.

Proof We claim that it is sufficient to show the existence of a family U C
C(K) such that u = infi/. Indeed, in view of the above lemma, .if U is such
a family, then there is a sequence {v;};>1 C U such that u = inf; V5 and
hence the sequence u; = min{vy, vz, .., v;} has the required properties.

Let M € R be such that u < M — 1. For each z € K and € € (0,1},
choose ez > 0 such that u < u(z) + £ on B(z,7¢ ), and define

M (y e K \ B(371 Te,m))

Us,m(y) = {dist (y,:c) (M - u(g;) - g)/rs,x + u(.’r} +e (y S B’(m,re,z)).

Now define U = {e s }zek c€(0,1)- |

Let X be a metric space, and let Y be a non-empty subset of X. Let
uw: Y — [~00,00) be a function which is locally bounded from above
near each point of ¥. That is, for each a € Y there exists a neighbourhood
U/ of a in X, such that sup{u(y): y € UNY} < co. We define the upper
semicontinuous regulorization u* of u by the formula

u*(z) = limsupu(y) = ilg%(sup{u(y) . y € B(z,e)NY}) (zeY).
y—z €
yeY

Then u* : ¥ — [—00,00) is upper semicontinuous and ut > ou i.n Y.
Moreover, if v : ¥ — [—00,00) is upper semicontinuous and ¥ L vin Y,
thenu* <vinY. '
In particular, a function u: X — [—o0, 00) is upper semis:ont_muous
if and only if it coincides with its upper semicontinuous regularization.
Let X be a metric space, and let u be a real valued function on X.

Define S(w) = {(z,t) € X xR: u(z) >1t},

T(u) = {(z,t) € X xR: u(z) = t}.
Suppose that u is locally bounded from above. It is clear that T(u”) is

closed. Furthermore,
T(uw*) = S(u). (2.3.1)
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Indeed, if U x V € X x R is a neighbourhood of (z,t) € T{u*), then
(U xViNnS(u) # 0. Thus S{u) C T(u*) C §(u), and since T{u*) is closed,
we have (2.3.1).

The first part of the following result is known as Choguet’s lemma.

Lemma 2.3.4 Let X be a separable metric space, and let {ug}aca be a
family of real valued functions on X. Suppose that this family is locally
bounded from above. Then there exists o countable subset B of A such that

(i]éﬂ uu) = (ggg ug)* . (2.3.2)

Moreover, if the functions u, are lower semicontinuous, then B can be
chosen so that

SUD U = SUP Ug . (2.3.3)
acA feB

Proof For any B C A, set up =sup{ug : 8 € B}. Observe that for each
B C A,

S(up) = |} S(ug).
BeB
Moreover, uj = uyp if and only if T(u}) = T(u}). Therefore (2.3.2) will
follow if we prove that there is a countable subset B of A such that

| Sua) = | S(ug).

a€A BeRB

Let {b;}jen be a countable dense subset of | J e 9{Ua). For each natural
number j there is & = a(j) € A such that b; € S(ug). It is.enough to take

B = {a(f)}jen.

If {ta}aca is & family of lower semicontinuous functions, the sets
{S(uq)} constitute an open cover of S(ug). By the Lindeléf property,
there is a countable subcover of {S(uq)}aca, say {S(us)}ses. Then

S(ua) = | S(ua) = |J S(up) = Sus),

aEA BenB

which means that ug = up. |

2.4 SUBHARMONIC FUNCTIONS

Let (2 be an open subset of R™, and let v : @ — [—o0,0) be an upper
semicontinuous function which is not identically —oo on any connected
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component of 2. Such a function u is said to be subhermonic in £ if
for every relatively compact open subset G of {1 and every function h €
H(G) NC(G), the following implication is true:

2<h on 8G=u<h on G.

In this case we write u € SH(Q).

Tt follows directly from the maximum principle for harmonic functions
that every harmonic function is subharmonic.

The following theorem gives us a convenient characterization of sub-
harmonicity in terms of integral means.

Theorem 2.4.1 Let v : £ — [~00,00) be upper semicontinuous and
not identically —co on any connected component of Q. Then the following
conditions are equivalent:

(3) ue SH(Q);

(i) if Bla,r) C Q, then u(z) < r™2L(P(y — a,z — a)u(y);a,r) for all

x € B(a,T);

(i3} if Bla,r) C Q, then u(a) < L(u;a,r);
{(iw) if Bla,r) C Q, then u(a) < A{u;a,7).

Furthermore, subharmonicity is a locel property, i.e. u € SH(Q) if and
only if it is subharmonic in o neighbourhood of each point of §2.

Proof Inorder to show the implication (i)==(ii), suppose that v € SH(Q)
and B(a,r) C Q. By Proposition 2.3.3, there exists a decreasing sequence
{u;} of continuous functions on 8B{a,r) convergent to u|0B(a,r). In view
of Theorem 2.2.6, there exists a sequence of functions M} € H(B(a,7))N
€(B{a,r)) such that U;|#B(a,r) = u;. Hence u < Uj in B(a,r) for all
j € N. Clearly, the sequence {U;} is decreasing. Let z € B(a,r). Upon
applying the Lebesgue monotone convergence theorem, we have
u(z) < Jlirgo Uj(z) = lim 7™ 2L(P(y — a,2 — a)u;(y); a,7)

j—eo
= rm‘2L(P(y —a,z —a) lim u;(y);a, 'r) .
j—oo
Suppose that (ii) is satisfied. By taking « = a we obtain (iii). The impli-
cation (iii)==(iv) follows directly from Corollary 2.1.3.

Before finishing the proof of the theorem, we need the following result,
known as the mazimum principle for subharmonic funciions.

Theorem 2.4.2 If Q is ¢ bounded connected open subset of R™, and if
u € SH(Q), then either u is constant or, for each x € {1,

u{z) < sup {limsup u(y)}. {2.4.1)
zeon L vz
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Proof As above, we can show that u satisfies condition (iv) in Theorem
2.4.1. Without loss of generality we may suppose that the right-hand side
of (2.4.1) is less than co. Define

u(x) (xe)
vi{z) = { limsup w{y) (z€89Q).
Yo
Then » is upper semicontinuous, and hence it attains its maximum, say
M, in . Define A = {z € Q: u(z) = M}. We shall prove that if 4 # 0,
then A = Q. Clearly, A is closed in £ since u is upper semicontinuous.
If a € A and B{a,r) C §, then B(a,r) C A. Indeed, if this were not the
case, a point b € B(a,r) would exist such that u(b) < M. Due to the upper
semicontinuity of u, the latter would imply that v < M in a neighbourhood
of b. As a result, we would have

u(a) < Au;a,r) < A(M;a,7) = u(a),

which is impossible. Consequently, B(a,r) C A. Therefore A is also open.
As Q0 is connected, A = Q. |

Note that if Q is unbounded, the maximum principle is not true for

some functions in SH(S) (e.g. consider u(z) = |z|> in R™ \ B(0,1)).
Nevertheless, it should be mentioned that the boundedness requirement for
2 can sometimes be relaxed (see Armitage and Gardiner 1984; Gardiner
1985; Gauthier et al. 1988).
Proof (Implication (iv)=>(i)) Suppose that (iv) is satisfied, that G is a
relatively compact’ open subset of @, and that A € H(G) N C(G) is such
that © < k on 8G. By Theorem 2.2.4, the function u — h satisfies (iv) in
G. Tt follows from the proof of the maximum principle for subharmonic
functions that u — A £ 0in G, i.e. u < h in G. Hence u € SH({2).

The last conclusion of Theorem 2.4.1 follows from the proof of Theorem
2.4.2 and that of the implication (iv)==(i) above. n

It is &n immediate consequence of the proof of Theorem 2.4.1 that in
the definition of subharmonic functions it suffices to consider Euclidean
balls as the ‘test’ sets G. Furthermore, instead of the functions that are
harmonic in @ and continous on G, one can consider the functions that
are harmonic in a neighbourhood of G.

In view of Theorems 2.2.4 and 2.4.1, we have the following character-
ization of harmonic functions.

Corollary 2.4.3 u € H(Q) if and only if u € SH(Y) and —u € SH(Q).1

Theorem 2.4.1 implies also that subharmonic functions can sometimes
be ‘glued’ together to give a new subharmonic function.
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Corollary 2.4.4 Let ) be an open set in R™, and let w be a non-emply
proper open subset of . Ifu € SH(N), v € SH(w), and limsup,_,, v(z) <
u(y) for each y € dwNQ, then the formula

_ [ max{u,v} inw
w= {u in Q\w. (2.4.2)
defines a subharmonic function in 3. |

The following criterion of subharmonicity is sometimes useful.

Proposition 2.4.5 Let Q be an open subset of R™, and let u:  —
[—o0, 0] be upper semicontinuous. Then u € SH(Q) if and only if, for each
e €0, r>0, and s > 0 such thet Bla,r + 23) C 0, we have

T.'m

ulz) < A(yja,r) (2.4.3)

T {rt+a)m
Jor all z such that |z —a| < s.

Proof The condition is sufficient, as it reduces to condition (iv) in The-
orem 2.4.1 upon substituting s = 0. Suppose now that » € SH{{Y) and
a, r, 5 are as above. Notice that B{a,r) C B(z,7+3) C B(a,7+2s) C Q.
Therefore, if ||z — a|| < s, we have

mn

Tror

as required. ‘ |

u(z) < Ay;z,7+58) < A(ya,r),

Corollary 2.4.6 If u € SH(), then the Lebesgue measure of the sef
E={re: ulz)=—o0} is zero.

Proof Suppose that A(E) > 0. Then there exist ¢ € §2 and 7 > 0 such
that A(E N B(a,r)) > 0 and B(a,r) C Q. Take a small s > 0 so that
B(a,r + 2s) C Q. By Proposition 2.4.5, B(a,s) C E, which is impossible
because u € SH(B(a, s)). [

A subset E of R™ is said to be poler if for each point a € E there is
a neighbourhood V of a and a function v € SH(V') such that u(z) = —co
for z € ENV. The last corollary could be restated as follows: polar sets
have Lebesque measure zero.

We shall be using the standard notation for L? spaces. If S is a Borel
set in R™ and 1 < p < oo, then LP(S) is the class of all measurable
functions f on S such that

1/p
“f”};ﬁ(g) = (/lflpd)\) < 00.

k)
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By Lf .(S) we denote the family of all measurable functions f on § such

that for each ¢ € § there is a neighbourhood U of e such that (f]UNS) €
Lr(UnS).

Corollary 2.4.7 Ifu € SH(Q), then u € L, (Q).

Proof It is enough to prove that for any compact set K C {2, ( f ud.’)\) €
K
R. Clearly, fudh < oc as u is bounded above on K. To show that
K

fi udA > —oo, it is enough to consider the case where K = B{a,r) (be-
cause an arbitrary K can be covered by a finite number of closed balls
contained in ). In this case, the estimate follows from Corollary 2.4.6
combined with Proposition 2.4.5. |

2.5 SUBHARMOMICITY AND SMOOTHING

/
In this section we shall characterize smooth subbarmonic functions, and
prove that any subharmonic function can be approximated by smooth sub-
harmonic functions. We shall also look at some useful consequences of this
approximation property.

Theorem 2.5.1 Let Q be an open set in R™, and let u € C*(). Then
u € SH(Q) if and only if Au >0 in Q.

Proof Let u € C*() satisfy Au > 0 in ©, and let G be a relatively
compact open subset of 2. Let A € H(G)NC(G) be such that u < h on
8G. Consider the function

v(z) = u(z) — ¢ + 8|z,

where £ > 0 and & € (0,¢/R) with R = sup{||z||* : = € G}. Thenv <A
on 8G. In order to show that « < h in G, it is enough to prove that v < h
in G because ¢ can be chosen arbitrarily small. Suppose that w = v — A,
and that, for some a € G, w(a) > 0. Then, as G is compact, there exists a
point b € G at which w attains its maximum. In particular, the functions
(of one real variable)

t— w(b+ te;)

)]
attain a Jocal maximum at 0 € R, where e; = (0,...,0,1,0,...,0) and
i=1,...,m. Thus
d? Pw
— (w(b + te; =-—(b)<0 j=1,...,m).
dtZ( J)) e 6.’17?( ) ( )

S
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Therefore Aw(h) < 0, contradicting the fact that Aw = Av—Ah > 0in G.
Accordingly, u < h in G as G was arbitrary, this shows that u € SH().
Suppose now that u is subharmonic. If there were a point & € §2
such that Au(a) < 0, then we would have A(—u) > 0 in a neighbourhood
of a; thus, by the first part of the proof, —u would be subharmonic in a
neighbourhood of a. In view of Corollary 2.4.3, u would be harmonic in a
neighbourhood of a, in contradiction to our assumption that Au{a) < 0.8

Tn most applications of subharmonic functions it is crucial to be able
to use subharmonic functions which are not smooth. To make a good use
of the criterion contained in the above theorem, we have to show that
there are methods of smoothing subharmonic functions. This goal can be
achieved via convolutions. (Another method, using integral averages, is
described in the exercises at the end of the chapter.)

Recall that if u,v € L1(R™), then the convolution u#* v of u and v is
defined by the formula

(w)(z) = j u(e — yo(r)dAy).

R™

Clearly, u * v = v * u. Moreover, the convolution u * v is also well-defined
ifue L (R™) and v € L'(R™) has a compact support.
Now we shall show that convolutions are particularly useful in smooth-

ing of functions.
Define & : R — R by the formula

xp(—1/t} (>0
h(t):{ga( o &Zog.

Using the fact that for ¢ > 0, R (£) = h(t)P,(1/t) for n=1,2,..., where
P, is a polynomial, it is easy to check that h € C*(R). Set

x(z)=Ch(1-|z|*) (z€R™),

where

C= ( f h(1— ||m||2)d)\(9:)) .
B(0,1)

Obviously, x € C®*(R™), suppx = B(0,1), and [ x(z)dA(z) = 1. Fur-
Rm

thermore, as x{(z) depends on = = ||z| rather than z, we shall sometimes
write x(r) instead of x(z).
For ¢ > 0 we define

xe(@) = =x(Z). (2.5.1)
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The functions x. are referred to as standard smeothing kernels for reasons
to be explained in the next proposition. Note that

f Xe(z)dA(z) =1 and suppy.(z) = B(0,¢).
R

I U is an open set in R™, let C§°(U) denote the family of all C*°-
functions on U/ whose support is a compact subset of U.

If ¢ € C°(R™), then — using continuity of ¢ at the origin — it is
easy to check that

lim f xe(@)o(z)dA(z) = 9(0).
J ,

In particular, this means that {x.} converges to the Dirac delta function
&y in the sense of the weak convergence of distributions.
Let © C R™ be open. If 2 # R™, we set

Qc={ze: dist(z,09) > e}
fore>0. If Q2 =R™, weset 3, = R™ fore > 0.

Proposition 2.5.2 Suppose that u € LY (), where Q@ C R™ is open and
1< p<co. Then
(1) u*xe € CP(Q) (provided Q. # 0);
(#1) for any compact set K C §, if u € C(QY), then u* x, — u uniformly
on K ase ™\, 0;
(#4) for any compact set K C Q, u*x, — u in LP{K} ase \, 0.

Proof (i) follows from the fact that

u* Xe(x) = xe *ulz) = f xXe(z — y)ul{y)dA(y) .
nm

To prove (ii), take a compact set K C 2 and fix gy > 0 such that K., € £,
where
K.={zeR™: dist(z,K)<e} (¢>0)}. (2.5.2)

Let 0 < £ < g9. We have
(15 xe = 0)(@) = (xe ¥ u = w)(e) = [ xele - 1)(u) - u(@)dN).

Therefore

flusxe —ull, < sup sup |u(y) — u(z)|.
T€K ye B(x,e)

e T gy et e ke s e &
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The right-hand side tends to zero as € ™\, 0, because u is uniformly contin-

uous on K.

If U is an open set in R™, let Co{(U) denote the family of all continuous
functions on IJ whose support is a compact subset of U.

Suppose now that K., is as above, and that u € Lf (). Take 7 > 0.
Since Co(int K, ) is dense in LP(int K., ) (see, e.g. Rudin 1974), there exists
a function ¢ € Cp(f2) such that

[l — ‘PHLP(K'EO) <n/3. (2.5.3)
Moreover, by (ii), we may choose &1 € (0, o) such that for ¢ € {0,¢1),
llo * xe — ‘P“LP(K) <n/3. (2.5.4)
Note that if v € LT (£2), then
[|w XEHLP(K) < ”"U”L?(KE)- (2.5.5)
Indeed, by Hélder’s inequality and Fubini’s theorem,
[ x@Paxe) = [ e vie)Pare)
kK K
P
</ ( [ xete- y)w(yndA(y)) dX(z)
K \mm

p—1
< / [( [ xe(w—y>|v(y)|1°d)~(y))( f (xe(m—y)am(y)) ]
K RM Rm

= f (Iv(y)lp / xs(ﬂ:—y)d)\(m)) dA(y)
K

Rm

< ] [o(y) PaA(y) -
K.~

Consequently,

||z * xe — u“LP(K) Slu*xe —p* Xs“LP(K) + [l * xe — (p“LP(K)
+lle - 'U'”LP(K) < lu- 9"”[,:’(1{5) +2f3<n

by (2.5.4), (2.5.5), and (2.5.3). |

Before proving the main approximation theorem for subharmonic func-
tions, we need two auxiliary results. The first describes a connection be-
tween convolutions and integral averages; the second shows monotonicity
of averages of subharmonic functions.
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Lemma 2.5.3 Letu € LL (), Q CR™. Then
(Lu; - ,7) % xe) (@) = L{u * Xei 7,7) (2.5.6)
and
1 .
u* xe(z) = fx(r)smrm‘lL(u; z,er)dr, (2.5.7)
0

where € > 0 is sufficiently small and B(x,7) C Q..

Proof We have
(Lfw; -, 7) * xe ) () = f {;% f u(z — €y+'w}dcr(w)]x(y)d)\(y)
B(0,1) " aB(0,r)

1
l:s— u(z —ey + rw)da(w)] x(y)dA(y}
B(0,1) méB(O.l)

1

Sm

l ulz —ey + Tw)x(y)d)\(y)] do(w)
8B(0,1) -B(0,1)
= L{u*xe;2Z,7).

Moreover,

ww xe(@) = f u(z — ey)x@)dAw)
B(0,1)

x(?‘)( j w(e —ey)do(y))dr
8B(0,r)

OQ"“-,H OL"“"sr—-

X(T)8mr™ 'L(u; z, er)dr . o n

Lemma 2.5.4 Ifu € SH(B(a,R)) (where o € R™ and R > 0), then the
function r — L{u; a,7) is increasing in the intervel (0, R).

Proof Let 0 < 71 < rp < R, and let {u;};en C C(8B(a,r2)) be a de-
creasing sequence that converges to u|0B(a,r2); (see Proposition 2.3.3).
By Theorem 2.2.6, there exists a sequence of functions

{hj}jEN - H(B(a,?"g)) n C(B(G,Tg))
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such that h;|8B(a,rz) = u; for all j € N. We have

L(u;a,r1) < L(hj;a,m1) = hy(a) = L(hj;a,72)
= L(uj;a,72) — L(u;a,72) as j—oo. 1

Now we can prove the main approzimation theorem for subharmonic
functions. '

Theorem 2.5.5 Let Q be an open set in R™, and let u € SH(Q). If
e > 0 is such that Q. # 0, then u* x. € C° NSH(Q). Moreover, v * X,
monotonically decreases with decreasing € and lim._o u * x.{z) = u(z) for
each x € {1.

Proof Suppose that €5 > 0 is chosen so that 2., # . By Proposition
2.5.2 (i), u*xe € C®(f2,) if £ € (0,£0). In view of (2.5.6) and Theorem 2.4.1
(iif), ux xe € SH(). Lemma 2.5.4 and (2.5.7) imply that u* x. decreases
as € N\, 0. From (2.5.7) and Theorem 2.4.1 it follows that v * . > u. Now
take z € © and n > 0. Since u is upper semicontinuous, u < u(z) + 7 in
B(z,£;) for some e; > 0 such that z € Q. Thus, if € < €1, then

wk xe(z) = / u(z—g)xe(w)dy < (u(@)+7) f xe(w)dy = u(z)+n. W
B{0,¢e) B(0,£)

Corollary 2.5.6 Ifu,v € SH(Q) and v = v almost everywhere in 2, then
uw=uv in §.

Proof It is enough to note that w#* x. = v * x.. |

Corollary 2.5.7 Letu ¢ S’H(ﬂ), where Q C C, and let f: & — Q be
a holomorphic mapping, where ' C C i5 connected. Then either uo f €
SH(QYY oruo f = —co.

Proof If u € C3(9), then
Aluo f) = (Auyo f)IF'?,

and hence u ¢ f is subharmonic. The general case follows from Theorem
2.5.5. |

Since subharmonic functions are locally integrable, their Laplacians
can be evaluated in the sense of distributions. The next theorem shows
that the criterion of subharmonicity described in Theorem 2.5.1 can be
applied in a much wider context.
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Theorem 2.5.8 IfQ C R™ is open and u € SH(Y), then Au > 0 in the
sense of distributions, i.e.

/ ) Aty >0 (2.5.8)
Q

for any non-negative test function ¢ € C§°(2). Conversely, if v € Ll ()
is such that Av > 0 in Q in the sense of distributions, then the function
u = lime_o(v*xe) is well-defined, subharmonic in Q, and equal to v almost
everywhere in .

Proof Let u € SH(f), and let u. = u = x. for ¢ > 0. Take a non-
negative function ¢ € C§°(£2). Lebesgue’s dominated convergence theorem,
combined with integration by parts and the main approximation theorem,

shows that
qu(p: limfueAgaz lim/goAuE >0,
e—0 e—0
Q Q Q

which proves the first conclusion of the theorem.

Suppose now that v € L{ (£2), and that Av > 0 in Q in the sense of
distributions. Let v, = v * x., for ¢ > 0 such that 2. # (0 (see Proposition
2.5.2). By Fubini’s theorem, Av, > 0 in Q. in the sense of distributions
and thus in the usual sense, as v. is smooth. Hence v. € SH({.) by
Theorem 2.5.1. By Theorem 2.5.5 and Fubini’s theorem, for e > &; > 0

and = € {},,, one has

Ve, (T) = ‘}I_I:%(’U * Xes ) * Xs(2) = (%I_IR)(U * X6) * Xe, (T)

e gglgl(t * X5) * Xe, (2) = ggré(v * Xey ) * X6(Z) = ve, ().

Furthermore, according to Proposition 2.5.2, v, converges to v in Li ().
Therefore v, converges to v almost everywhere in £ (e.g. Rudin 1974) and
lime o ve = u € SH(Q) as the limit of a decreasing family of subharmonic
functions. (]

The same argument can be used to obtain the following property.

Theorem 2.5.9 Let Q C R™ be open, and let v € L (). Suppose
that v(a) < L(v;a,r), provided that B(a,r) C ). Then the function u =
lim.o(v % xe) 1s well-defined, subharmonic in Q, and equal to v almost

everywhere.

Proof Let ve = v*yx,, for ¢ > 0 such that Q. # 0. By (2.5.6) and Theorem
2.4.1, v. € SH(2:). The rest of the proof is the same as in the previous
theorem. f
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2.6 FAMILIES OF SUBHARMONIC FUNCTIONS

Now we are going to investigate some important properties of families
of subharmonic functions. The following theorem is an immediate con-
sequence of the definition of subharmonic functions.

Theorem 2.6.1 Let © be an open subset of R™.
(i) The family SH(S) is a conver cone, i.e. if o, 3 are non-negative num-

bers and u,v € SH(R), then au+ fv € SH(Q).

(ii) If 2 is connected and {u;}jen C SH(QQ) is a decreasing sequence, then
o= Nty sty € SHY) 1= —vo.

(iii) Ifu: Q@ — R is a function, and if {u;}jen C SH(Y) converges to u
uniformly on compact subsets of 0, then u € SH(Q).

(iv) Let {uq}aca C SH(S2) be such that its upper envelope u = SUpPye 4 Uq
is locally bounded above. Then the upper semiconiinuous regularization

*

u* 1s subharmonic in . ]

One can use the notation from Section 2.5 to make the last conclusion
of the above theorem a little more precise.

Proposition 2.6.2 Let {ug}aca C SH(Q) be such that its upper envelope
U = SUP,¢ 4 Ua 5 locally upper bounded. Then, for each € > 0 such that
Qe #0, u*xe € SH(Q:). Moreover, u* x. monotonically decreases with
decreasing € and lim._ou * Yo = u* at each point of 2. In particular,
u = u* almost everywhere.

Proof By Theorem 2.5.9, the function w = (lime—g u* X, ) is subharmonic

and equal to u almost everywhere. As in the proof of Theorem 2.5.8, we can L
see that uxy., <u*xe, if 0 < e < e, Therefore, as uq < Ua*Xe < UkX,

we can conclude that v < w, and hence v < u* < w. Since u ="W-almost
everywhere, the result follows. 2 ]

The next result is similar to Theorem 2.6.1 (iv), but slightly less ob-
vious.

Theorem 2.6.3 Let the sequence {u;}jen C SH(Q) be locally uniformly
bounded above. Define u(z) = limsup;_. uj(z) for ¢ € Q. Then in
each component of €0, the upper semicontinuous regularization u* s either
subharmonic or identically —oo. Moreover, u = u* almost everywhere in
@

Proof Without loss of generality we may suppose that 2 is connected. For
k > 1 define vy = sup;> u;. Then, in view of Theorem 2.6.1, v € SH(Q)
and the sequence {v}}ren decreases pointwise to a function v which is
either subharmonic or identically —oc. Clearly, v > u, and thus v > u* >
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u. Also, by Proposition 2.6.2, vy = v almost everywhere, and hence
v = u* = u almost everywhere in £. Consequently, for any a € 2,

v(a) < lizllélsup A(v;a, R) = limsup A(u*;a, R) < u*(a)
-0 R0

by Corollary 2.1.4, and therefore v = u* everywhere in f). |
The next property is known as the Hartogs lemma.

Theorem 2.6.4 Let {u;}jen C SH{(Q) be locally uniformly bounded above
i < R™. Suppose that

limsupu;(z) £ M

jooo

for each x € Q and some constant M. Then, for each ¢ > 0 and each
compact set K C ), there erists e natural number jo such thet, for j > jo,

sup u;(z) < M +e.
K

Proof Without loss of generality we may suppose that u; < 0 for all j
and M < 0. Using the standard compactness argument we can reduce the
problem at hand to having to prove the following local property: for all
e> 0 and a € Q, there exist § > 0 and jo € N such that for all § > jp, we
have
sup uj(z) S M+e. (2.6.1)
z€B(a,d)

Fix ¢ > 0 and o € Q. Take r > 0 such that Bla,r) c Q. Ifé6>0is
sufficiently small, B(a,r + 26) C £ and

(ri&)m(M*‘%) <Mite. (26.2)

By Fatou’s lemma,

limsup A(uj;0,7) < A(limsup U3 @, 'r) <M.

J—oo j—o0

Therefore we can choose jy € N such that, for all j > jo, A{uya,7) <
M + £. Now (2.6.1) follows from Proposition 2.4.5 and (2.6.2). ]

Later on, the above result will constitute the vital part of the proof of
Hartogs® theorem about separately holomorphic functions.
Here we have yet another application of Fatou’s lemma.
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Theorem 2.6.5 Let (T, ) be a g-finite measure space, and let Q) be a
connected open set in R™. Suppose that u : £ % T — [—o0,00) 15 a
measurable function such that: '

(i) =+ u(z,t) is subharmonic in Q for eacht € T;

(i1} there exists g € L'(y) such that

u{z,t) < g(t) (zeq, teT).

Then the function

Uz) = / wz)dult) (2 €9)
T

is either subharmonic in Q or identically —oo.

Proof Consider the case when U/ # —co. Lef zg € §2, and let {Zn}nen C
Q} be a sequence convergent to zo. By Fatou's lemma, applied to the
sequence {t — u(Zn,t) — g(t) }nen,

limsup U(z,) < U(xo) -
=0
Consequently, U is upper semicontinuous. Subharmonicity follows directly
from Theorem 2.4.1 and Fubini’s theorem. ]

We shall close this section by proving a very useful application of
Theorem 2.6.1 (i}, (iv). The result is due to Gardiner (1985); the proof
given here can be found in Gardiner and Klimek (1986).

Theorem 2.6.6 Let §) be an open subset of R™.

(i) Let u,v be harmonic in Q and v > 0. If ¢ : R — R is convez, then
vé(u/v) is subharmonic in (2.

(ii) Let u € SH(), v € H(Q), endv > 0in Q. If¢: R — R is
convez and increasing, then vé(ufv) is subharmonic in Q. ($(—o0) s
interpreted as limg_, o0 #(x).)

(i41) Let u,—v € SH(Q), v >0 Q, andv > 0in 2. Ifo: [0,00) —
[0, 00) is convex and $(0) =0, then vd(u/v) € SH(S).

Proof Observe that, corresponding to each part of the theorem, ¢ can be
written as: '
(i) ¢(z) =sup{az +b: a,be Randat +b < 4(t) forallt € R};
(i) ¢{z) =sup{az +b: a>0,be Rand at +b < (i) for all t € R}
(iil) ¢(x) =sup{ez+b: a2 0,6<0andat+b< #(t) for all t € R},
where z > 0. o
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In each of these cases, v[a(u/v)+b] = au+bv € SH(Q) for the appropriate
values of a and b. Therefore vd(u/v) can be written as w = sup,, 14, where
each uy € SH(Q). If we can show that w is upper semicontinuous, the
theorem will follow from Theorem 2.6.1 (iv).

For (i), this is trivial, as all functions are continuous. For (ii), it follows
from the fact that the function ¢ is continuous and increasing. In the case
of (iii), we can proceed as follows. We extend the function z~'¢(z) to
a continuous function on {0, oc) by defining it at 0 by its right-hand side
limit there. This function is increasing. Since u/v is upper semicontinuous,
it now follows that so is (u/v)1¢(u/v), and therefore vp(u/v), the latter
being the product of two non-negative upper semicontinuous functions. N

Remark 2.6.7 The special cases of (i) and (ii), with ¥ = 1, have been
known for a long time and are commonly proved using Jensen’s inequality.

Corollary 2.6.8 If u € SH(Q), then also e € SH(Q). Ifu € SH(Q)
and u > 0, then u® € SH(Q) for any number o > 1.

Proof The functions ¢ = e* and f — ¢ (& > 1) are convex and increas-
ing, ]

Corollary 2.6.9 If uj,uy are non-negative functions in @ C R™ and
logu, loguz € SH(Q), then uyus € SH(Q) and log(u; + uz) € SH(N).

Proof wuju; = exp(logu; + logus), and so the first conclusion is true.
To show the second one, take an open set G such that & is a compact
subset of . Let h € H{G) N C(G) be such that log(u; + uy) < k on 8G.
Then (u; + uz)e™® < 1 on 8@ and it is subharmonic in G (because the
functions u;e™" and uge™" are subharmonic by the first part of the proof)
and semicontinuous in G. By the maximum principle, (u; +ug)e=® < 1in
G, and thus log(u; +us2)} < hin G. n

Note that, in general, the product of two subharmonic functions is
not subharmonic. (For instance, if u,v € C%(Q), then A(uv) = uAv +
vAu+ (2grad u, grad v), where {,} denotes the usual inner product in R™.)
Observe also that if > 0 is such that logu € SH(Q), then for any a > 0,
u® € SH(fY). Indeed, u* = exp{alogu), and thus this property follows
from Corollary 2.6.8.

2.7 REMOVABLE SINGULARITIES OF SUBHARMONIC FUNCTIONS

We have already seen that polar sets, being of Lebesgue measure zero, are
rather small. Here, we describe another aspect of their ‘smallness’.

it~ SRS

(il e i
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Theorem 2.7.1 Let O be an open subset of R™, and let F' be a closed
subset of Q of the form F = {z € Q: v(z) = —oo}, where v € SH(Q}. If
u € SH(Q\ F} is bounded from above, then the function @ defined by the
formula

u(x) (z e Q\F)
#(z) = {lim_ﬂlp uly) (z€F)
geF

is subharmonic in Q. If u is harmonic and bounded in Q\ F, then @ is
harmonic in Q. If Q is connected, then so is Q\ F.

Proof By restricting our consideration to a smaller set {2, we may suppose
that v < 0 in £, For & > 0, define

= JuTEY on Q\ F
" l-© onF.

Clearly, u. is subharmonic in £ and {sup..que) = » in Q\ F. Moreover,
(supesq ue)* = @ and hence i € SH(f?) in view of Theorem 2.6.1.

Suppose that u € H(\ F} is bounded. By the first part of the
proof, both i and {=u) are subbarmonic in Q. Since &%+ (—u) =0 a.lplmost
everywhere in 2, equality holds everywhere by Corollary 2.5.6. Thus #% and
—it are both subharmonic, whence & € H(£2).

If }\ F were not connected, it could be written as the union of two non-
empty open sets §}g and (1, and the function v defined by the conditions
u|Q = 0, ulfl = 1 could be extended to & harmonic function % on £2.
Then the sets F; = {x € Q: #u(z) = i}, where { = 0,1, would be closed
and their union would be Q, contradicting the connectedness of . n

It has been shown (e.g. Gardiner 1991a) that the boundedness re-
quirement for the function u in Theorem 2.7.1 can be relaxed if certain
constraints are imposed on the set F'.

Now we shall present two interesting applications of the removable
singularity theorem. .

A subset E of R™ is said to be thin at a point a € R™ if either a is
not a limit point of E or there exist a neighbourhood V of a and a function
u € SH(V) such that

lim sup u(z) < u(a). {2.7.1)
s€B\{a}

Note that in the definition of thin sets one can require that u has values
in [0,1} and w = 0 on (E\ {a}) N V. Indeed, suppose that u € SH(V)
and (2.7.1) is satisfied. By taking a smaller V' and adding a constant to «,
if necessary, one may suppose that u is negative in V. Take a constant C

such that
limsup u(z) < € < ula),

=€B\{a)
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and define u; = I—(%I' max{u, C} + 1. There is a neighbourhood V1 C V of
such that u < C in Vi N (E\ {a}). Then u; =0o0n ¥4 N (E\ {a}) and

111;1;1 sup ur{z) =0 < ui{a),
z€B\{a}

as required.
The elegant elementary proof of the following important property is
due to Ransford (1983).

Theorem 2.7.2 The intervel [0,1] C C is not thin af 0.
Proof In the light of the above comments, it is enough to prove that if
% s a subharmonic function in the unit disc D, with values in [0,1], and

u=0on (0,1), then u(0) = 0.
Suppose that u is such a function. Define

Ap={re®: 0<r <1, 0<t<2a/n}

and
_fulz®) ifzeA,
“"(z)_{o if 2€ D\ Ay,
forn=1,2,.... The function u, is clearly upper semicontinuous in D\ {0}.
Moreover,
lim sup u,(z) = limsupu(z) = u(0). (2.7.2)
0 gt '

By Corollary 2.5.7, u, € SH(A, \ {0}). Hence, by Theorem 2.4.1 (iii},
un, € SH(D \ {0}). In view of Theorem 2.7.1 (with v(z) = log|z|) and
(2.7.3), un € SH(D). Applying again Theorem 2.4.1 (iii), we obtain the
following estimate

u(0) = un(0) < L(un;o,%) <l m=12..).

Therefore u(0) = 0. |

Another interesting application of the removable singularity theorem
is the following proposition.

Proposition 2.7.3 If u € SH(R?) and u is bounded from above, then u
is constant.

Proof We can identify R? with C.
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By the maximum principle (Theorem 2.4.2), applied to u restricted to
the unit disc, there is a point @ such that |a| = 1 and u(a) > u(z) if |z| < 1.
Ou the other hand, the function v{z) = u(1/2) extends to a subharmonic
function on C by Theorem 2.7.1; thus for some & from the unit circle,
v(b) > v(z) if |2] < 1. Therefore for all z € C, u(z) < max{u{a), u(1/b)},
which means that u has a global maximum at a or at 1/b. Thus, by the
maximum prineciple, ¢ is constant. |

Remark 2.7.4 The above result is not true in R™ for m > 2. Indeed,

the function 2" (z € R\ {o})
‘ I B (1| bl =
wz) = { —00 (z=0
is subharmonic in R™ (by (2.2.2) and Theorem 2.4.1 (iii)) and negative.

2.8 APPLICATIONS TO HOLOMO.%?PHIC FUNCTIONS

It turns out that a number of fundamental theorems concerning holomor-
phic functions can be deduced from the corresponding properties of sub-
harmonic functions. However, our presentation here is limited to only a
few topics related to this book. When combined with some of the exercises
at the end of the previous chapter, it furnishes a short introduction to the
theory of holomorphic functions of several variables. Narasimhan (1971)
provides a broader though elegant and concise introduction to the theory.
For a more comprehensive treatment see, for example, Hormander (1973),
Rudin (1980), and Krantz (1982). Suppose throughout the section that
is an open subset of C®.

Theorem 2.8.1 (The identity principle) If f,g € O(Q), © is connected,
and f = g on a non-empty open subset of Q, then f =g in L.

Proof Note that if b € O(Q) and h # 0, then log|h| € PH(Q\ h71(0))
and log |h| = —cc on the set A~2(0). Consequently, log|h| € SH(Q) by
Theorem 2.4.1.
Therefore, if we had f # g, then the set
{z€Q: f(z)=g(z)} = {z€Q: log|(f — g)(z}] = —o0}
would be polar. Thus the result follows from Corollary 2.4.6. ]

Theorem 2.8.2 (Liouville) If f € O(C") and |f| is bounded, then f is a
constant function.

Proof The result is a direct consequence of Corollary 2.2.7 applied to the
pluriharmenic functions Re f, Im f. |
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Theorem 2.8.3 (The maximum principle) Let f : @ — C™ be a holo-
morphic mapping such that z — || f(z)| ottains a local mazimum at a
point a € 1. If ) is connected, then f is constant.

Proof First, observe that the function 2 — || f(2)]|? is subharmonic in
1, as

2} (z) >0.

m 7n 32 m n
AN =X ggm i =03 |5,

j=lk=1 i=1k=1

By the maximum principle for subharmonic functions we conclude that this
function is constant in a neighbourhood U of a. Thus, in view of the above
formula,

ofi| _ ~ .

5;; =0 in U,
meaning that f is constant in U/, and hence in , according to the identity
principle. |

Note that if the Euclidean norm in the maximum principle were re-
placed by the maximum norm, we would get a false statement. For instance,
if f(z,w) = (2,1}, |f| has a local maximum at (0, 0).

The next result is a direct consequence of Harnack’s theorem (Theorem
2.2.10).

Theorem 2.8.4 (Weierstrass) If the sequence {f;};en C O(S) is locally
uniformly convergent to a function f: Q — C, then f € O(Q). Further-

more, the sequence {ﬂl} 18 locally uniformly convergent o {aZk } fm"
k=1,...,n

The compactness principle (Theorem 2.2.11) implies the following
property. '

Theorem 2.8.5 (Montel) Any locally uniformly bounded family in O(Q)
s normal. n

Next, we have two interesting consequences of the removable singular-
ity theorem (Theorem 2.7.1).

Theorem 2.8.6 (Rado) If f: 2 — C is a continuous function which is
holomorphic in Q\ f~1(0), then f € O(Q).

Proof Without loss of generality we may suppose that  is connected and
f #0. Then v = log|f| € SH(Q). Moreover, f~}(0) = {v = —0}. By
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Theorem 2.7.1, continuity of f, and Corollary 2.4.6, Re f and Im f are
pluriharmonic. Since they are of class C? and satisfy the Cauchy-Riemann
equations on a dense subset of 2, they satisfy these equations at each point

of 2. 1
Similarly, we can show the following extension property.

Theorem 2.8.7 (The Riemann extension theorem} Suppose that ( is con-
nected and g € O(8) is not identically zero in Q. If f € O(2\ g71(0))
and |f| is bounded in 2\ g~(0), then f can be eztended to o holomorphic
function in ). ]

The last two theorems can be used in the proof of the next result
that provides us with another example of the significant difference between
R- and C-differentiable mappings. Before stating the theorem we prove a
useful topological lemma. We recall that a continuous mapping f: X —
Y between two topological Hausdorff spaces is said to be proper if the
inverse images of compact sets in Y are compact in X.

Lemma 2.8.8 Let f: X -— Y be a continuous mapping of a locally
compact space X into a Hausdorff space Y. If E is a subset of ¥ such
that f~Y(E) is compact, then there exists a relatively compact open neigh-
bourhood U of f~*(E) and an open set V inY such that f(U) CV and
f: U—V 1s proper.

Proof Let B be an open neighbourhood of f~1(E) such that B is compact
and the interior of B is equal to B. Define V = Y\ f{(0B)and U = f~1(V)N

B. Let K be a compact set in V. Put L = f~}(K)NU. Clearly, L C B.
It is enough to show that L C U. The set f~ 1(K } is closed; therefore
L c f7Y(K) c f~Y(V). Moreover, L N8B = @ because f(LNIB) C
FILYNfOB)c VN f(OB)=0. Thus L C B. 1

Theorem 2.8.9 (Osgood) If f: © — C" is a holomorphic injeciion,
then () is open and f: Q — f(Q) is biholomorphic.

Proof Without loss of generality we may suppose that { is connected.
Define
Afk

he(2) = det[—( )] o (ze ).
Jk=L,..y

Let 4 = h71(0). In order to prove the theorem, it suffices to show that
A =0, and then to use the inverse mapping theorem {(Theorem 1.3.1).
First, note that A # Q. Indeed, if this were not so, the (real} rank of
the differential d, f would be equal to some number & < 2n on a non-empty
open subset of Q. Therefore the rank theorem (e.g. Brocker and Jénich
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(1973), or Rudin (1976)) would imply that f is not injective.

The theorem will follow from the inverse mapping theorem if we can
show that for each @ €  there is a neighbourhcod U of e such that
UnA=0.

Take a € £). Choose U and V as in the above lemma (with E = {f(a}})
and set W = f(U \ A). By the inverse mapping theorem, f|(U \ A) :
U\ A — W is a biholomorphic mapping and W is an opefi subset of C".
Let g = (f|(U\ A))—l and hy(z) = det[Ogr(2)/02;);j k=1,..,n for z € W.
Then hg € (W) and

hi(g(z))he(z) =1 (zeW).
Note that the function

_ [ 1/hg(z) (z€W)
H(z)_{o 7 (geV\W)

is continuous in V. Indeed, let by € IW NV, and let b, € WNV be such that
b, — b as ¥ —+ o0. Sinee f|U is proper, f*({b,: »=10,1,..})NU
is a compact subset of U/ that contains {g{b,): v =1,2,...}. Hence every
accumulation point of the set {g(b,) : » = 1,2,...} belongs to ANU.
Therefore hz(g(b,)) — 0 as ¥ — c0.

By Rado’s theorem, H € O(V). Since U is bounded, we can use the
Riemann extension theorem to extend ¢ to a holomorphic mapping § on
V (with values in ). As fog = idw and W is dense in V, we have
f o g =idy. This shows that (f|U}~! € (V). Consequently, ANU = ¢.0

We close this section with the Hartogs theorem about separately holo-
morphic functions. Our presentation is a modification of that given by
Hérmander (1973). Let £ be an open set in C*, where n > 2. A function
f: §t — C is said to be separately holomorphic if it is holomorphic with
respect to each variable separately when the other variables are fixed.

Theorem 2.8.10 Let 2 be an open sef in C", wheren 2 2. If a function
[ Q@ — C is separately holomorphic, then it is holomorphic.

Clearly, separately C* functions do not-enjoy a similar property. For
instance, g : R? — R defined by the formula

(2B (@) # (0,0))
9(e ) = {0 " (@) = 0,0)

is separately C* and is not even continuous at the origin.
It can be shown that the separately harmonic functions are harmonie,
and that separately real analytic functions which satisfy some additional
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conditions are real analytic (Lelong 1961; Siciak 1969). Arsove (1966)
proved that if a separately subharmonic function has a locally integrable
majorant, it is subharmonic. Other related results were obtained by Le-
long (1945), Avanissian (1961), and Imomkulov (1990). Wiegerinck (1988)
constructed a function on C? which is subharmonic with respect to each
complex variable but not subharmonic as a function of four real variables.
He considered the sequence a; = (1/7)e*/U*1), j € N, and the sets

K;={2€D(0,j): 1/j < argz<2r}uU{0} (jeN).

In view of Runge’s theorem (in one complex variable), one can find a se-
quence of complex polynomials P; : C — C such that P;(a;} =j+1 and
1Psll g, < 1/2. Define v; = max{|P;] — 1,0} for j € N, and

v;(z, w) = Zvj(z)vj(w) ((z,w) € C?).
i=1

The function v is well-defined, because for each z € C only finitely many
of the numbers v;(z) are different from zero. It is easy to check that v is
subharmonic with respect to each (complex) variable separately when the
other variable is fixed. On the other hand, v is not upper semicontinuous
because lim;..o v{a;,a;) = oc. Consequently, v is not subharmonic.

Proof (of Theorem 2.8.10) First, note that if f is separately holomorphic
and locally bounded, then f is continuous. Indeed, suppose that P(a,2r) C
2 and |f| € M in the polydisc. Then, by Cauchy’s integral formula in one

variable, if w = (w1,...,w,), 2z = (21,..., %) € P(a,r), we have
|7 (z) — fw)]
L0
< STy Wi Bty - Z0) — f(Wh Wi, 2y 20))
=1
__l_zn: f f(wla-‘-swj—hg:zj+1=---szn)
27 £ C—'LUj
j=1 8D (aj,2r)
_f(wl’---,wj—l,c,zj.}.l,---,zn))dc
{2
M A |wy — 2 n
< — I “Vondr < —||lw—z].
< e 3 et < S

Secondly, if f is separately holomorphic and continuous, it satisfies the
Cauchy integral formula (1.1.2); consequently, it is C°® and satisfies the
Cauchy-Riemann equations.
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Therefore, in order to prove the Hartogs fundamental theorem, it
is enough to show that every separately holomorphic function is locally
bounded. We shall proceed by induction. The one-dimensional case is
trivial. Suppose that the theorem is true for functions of (n — 1) variables
(with n > 1). We shall show that then it must also be true for functions
of n variables. It is convenient to employ the following notation here: if
z2={(21,...,2,) € C", then 2’ = (z1,...,2,—1) and 50 z = (2', 2,).

The proof wiil be divided into three steps.

Step 1 If Dy,...,D, are open discs such that Dix...xD, cQ,
then there is an open disc Dy C Dy such that | f| is bounded in Dy x ... x
-Dn—l x D

To see this, define for each m € N the set

Fn={2n€Dy: V2’ €Dy x...x Dy_y, |f(',22)] £ m}.
Clearly, Fi, is closed for each m. In view of the inductive hypothesis,

Ums1 Fm = Da. By Baire’s theorem (see, e.g. Royden (1963)), for some

m, the interior of F}, is non-empty. Now it suffices to take a disc D, C Fp,.
Step 2 Let P(a,R) C , and suppose that, for somer > 0, f €
O(P(a’,R) x D{(an,r)). Then f € O(P(a,R)).
Without loss of generality we may suppose that ¢ =0 € C® and |f] is
bounded by a constant M > 1 in P(0/, R) x D{0,,r). Choose R, Ry such
that 0 < B3 < Ras < R. We know that

f2) = ic,-(z’)zg; (z € P(O,R)), (2.8.1)
j=0 '

)= (3%) f(zalo .

Moreover, ¢; € O(P(0', R)) and, by Cauchy’s estimates,

where

M
;
le; (2"} < pr

Define .
u;(z') = }log e;(2") (' € P(0',R)).

Then u; € SH(P(0',R)) and
M
Uy < log T .

Also, as the series (2.8.1} is convergent, |cj(z’)]R§ converges to zero as j
tends to oo, and so

limsupu;{z') < -logRy (2’ € P(0',R)).
jesoo :
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By the Hartogs lemma (Theorem 2.6.4), u; < —log Ry in P(0', Ry), pro-
vided that j is sufficiently large. In other words,

]cj(z')|R{ <1

for large § and 2’ € P(Y,Ry). Therefore we have shown that the series
Z el )25 converges absolutely and uniformly on compact sets in the
polydlsc P(0, R); the sum of the series is then holomorphic by the Weier-
strass theorem (Theorem 2.8.4).

Step 3 f is holomorphic in £,

Given ¢ € €, we can take B > 0 such that P((,2R) € Q. In
view of Step 1, there is an open dis¢ D(an,r) C D{(s, R) such that

§ € O(P(C'\R) x D(an,r)). By Step 2, f € O(P((C’,an),R)). As
(ePFP ((C' ,an),R), it means that f is holomorphic in a neighbourhood
of £. ' |

Finally, we shall give another useful application of the Hartogs lemma.

Let P be a compler polynomial in C®, i.e. a polynomial in n-complex
variables that has complex coefficients. We say that P is homogeneous of
degreem € Z if P((z) =(™P(z) forall ( € C and z € C".

Suppose that f is a holomorphic function defined on an open polydisc
P centered at 0. Then f can be expanded into a power series

= Z tez” (z € P)

«€ZY

which is absolutely and uniformly convergent on compact subsets of P. If

we put .

= Zaaza (€ O™, j€Zy),
le|=3

then f; is a homogeneous polynomial of degree j, for j > 0, and the series
oo

f@ =Y fi(z) (2€P) (2.8.2)
j=0

is uniformly convergent on compact subsets of P. We say that the series
in (2.8.2) is the homogeneous ezpansion of f (in P).

Recall that a set § C C™ is said to be balanced if for each z € § and
each ¢ € D(0,1), ¢z € S.

Theorem 2.8.11 Let ) be a balanced neighbourhood of the origin in C®.
If f € O(Q), then f has a locally uniformly convergent homogeneous ez-
pansion in ).
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Proof Chooser > 0so that P(0,r) C Q. According to what has been said,
the homogeneous expansion f = 3% y f; exists and is uniformly convergent
on P(0,r).

Let K C § be compact, and let ¢ > 1 be a number such that 2K C .
Consider the subharmonic functions u; = |f;|*/f for j € N. E M > 0 is
such that || f;]| Ao, S M for all j, then — due to homogeneity — we have
the following estimates

u;(2z) < Ml/jl—j—l "(1eN, zeC").

Hence the family {u;} is locally uniformly bounded from above. Further-
more, if z € C", the function A — f(Az} is holomorphic in a neighbour-
hood of the closed unit disc, and thus the series

F2) =" fi(h2) =D N £i(2)
=0 J=0

is absolutely convergent. By Cauchy’s convergence criterion (for numerical
series),

limsup u;{2) <1 (zeQ)).

j—00
By the Hartogs lemma there exists an integer jp such that for j > jo
ui(z) <t (2 €t’K).
Hence, if z € K and j > jg, then
|£i(2)] = 72| f5(t22)| < 277

Consequently, the series EJ- f; is uniformly convergent on K. |

2.9 PLURISUBHARMONIC FUNCTIONS

Let Q be an open subset of C*, and let »: @ — [—00,00) be an upper
semicontinuous function which is not identically —oc on any connected
component of . The function u is said to be plurisubharmonic if for
each a € © and b € C®, the function A — u{a + Ab) is subharmonic or
identically —oc on every component of the set {A € C: a+Abe Q}. In
this case, we write u € PSH(Q). If u € C3(Q), a € Q, and b € C™, then

4(Lufa)b,b) = Ax(ula + Ab))|,_o- (2.9.1)
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Consequently, the above definition is consistent with that given in the first

chapter.
The following characterization of plurisubharmonic functions is often

useful.

Theorem 2.9.1 Let u: £} — [—o0,00) be upper semicontinuous and
not identically —oc on any connected component of & C C*. Then u €
PSH(Q) if and only if for each a € Q and b € C™ such that

{a+X: AeC, A <1}cCQ,

we have
ula) < 1(u;a,b), (2.9.2)
where
1 27
Hwa,b) = 5 / u(a + eb)dt (2.9.3)

0
Moreover, plurisubharmonicity is a local property.

Proof The first part follows directly from the definition of plurisubhar-
monic functions and Theorem 2.4.1, since

[(u;a,b) = L(v;0,1),

where v(A) = u{a + Ab). The second part is obvious, as subharmonicity is
a local property. |

A number of important properties of plurisubharmonic functions can
be derived from the next result. Similarly as in the case of subharmonic
functions, we shall call it the main approzimation theorem for plurisub-
harmonic functions. The notation we use here is the same as in Section
2.5.

Theorem 2.9.2 Let § be an open subset of C*, and let u € PSH(Q). If
£ >0 is such that Q. £ 0, then u =y, € C*NPSH(Q.). Moreover, u* X
monotonically decreases with decreasing £, and lim._o u* x.(2} = u(z) for
each z € Q.

The proof will proceed along the same lines as the proof of the main
approximation theorem for subharmonic functions. But first, we need a
suitable replacement for commutativity of integral averages and convolu-
tions (2.5.6}).

Lemma 2.9.3 Let Q C C® be an open set, and let u € Li (). Suppose
thata€Q, beC?, and {a+Ab: A€ C,|A <1} CQ. Then

(1w - B % xe)(@) = 1 (w xe; a,b). (2.9.4)
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Proof The left-hand side of (2.9.4) is equal to

2%
/ (% f’u(a + elth - w)dt) xe{w)dA(w) .

Cn 0 3
By Fubini’s theorem, this is equal to the right-hand side of (2.9.4}. |

Now we can prove the theorem.
Proof By Proposition 2.5.2 (i), u * xe € C*({). Theorem 2.9.1, in
conjunction with the above lemma, implies that u * x. € PSH(f2:). Using
the same argument as in the proof of (2.5.7), with respect to each variable
separately, we can prove (by induction on j) the following estimate:

(u * xe, )(2)
> f I(wiy oo Wiy Wi s e v vy Wa )AA(WL, - - W1, Wi 1, -+ oy Why ),
cn-1
where
I{wy, ..., Wj—1, Wig1,. .o, Wn)
= fﬂ(21+32w1,...,Zj+€2'lUj,Zj+1+Ele‘+1,---,Zn+€1wn)x(1ﬂ)d)\(wj‘),
C

0<ex<éep,and z=(21,...,2,) € §de,. Hence (uxxe, )(2) > (uxxe,)(2) >
u{z). The rest of the proof is the same as in Theorem 2.5.5. |

A natural question arises in connection with the theorem. Suppose
that Q is an open set in C® and u € PSH(). Could we find a decreasing
sequence {u;}jen C PSH NC®(Q) which is pointwise convergent to u?
(Note that in the theorem the domain {2, of v, is smaller than Q if 2 # C".)
In general, the answer is ‘no’, as shown by the following example due to
Fornaess (Bedford 1982); (see also Cegrell 1978a, Example 2, p.321).

Example 2.9.4: Consider the connected open set 2 C C? given by the
formula

Q= [(D(0.2)\ 8D(0, 1) x D(0,1)] U || 8D(0,1) x D1/j,e~).

j=2

Note that D(1/7, e n D(l/k,g"ek) =@ if & # j. (It is easy to check
by induction that 2j(j + 1) < 2% for j € N; therefore 1/5 — 1/(j + 1) >

g
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2/ 92 > e=¢'"" 4 ¢=¢', which means that the jth and (j + 1)th discs are
disjoint.) Clearly, £ contains the discs

D; = D(0,2) {%} (G=23,..)

and the set
Dy = {D(0,2)\ 8D(0,1)) x {0}.

Note that D; ‘converge’ in Q to Dy as j tends to oo. If u € PSH NC(R),
then, by the maximum principle (in the disc I}{0,3/2) x {1/4} C D;),

U(O, 5) < sup u(z,l.);
J |z|=3/2 J

u(0,0) < sup u(z,0). (2.9.5)
|2|=3/2
Consequently, (2.9.5) holds also for all u € PSH({2) that can be expressed
as pointwise limits of decreasing sequences in PSH N C(§2). Therefore it
would be sufficient to find a function u € PSH(Q) that does not satisfy
(2.9.5).
Define

thus, by continuity,

o0 —d

pw) =3 —— log

1
w— — we Q).
J‘ ( )

Then % € SH(C) and (0) = —1/2. Furthermore, ¢|D(1/j,e™) < ~1
for j > 2. (Indeed, if w € D(1/j,e™%"), then (277 log |w—1/j|)/ logj < —1,
and (2 % log |w — L/k|}/logk < O for k # j.) Hence the function

(e w) = max{y(w), -1} ((z,w) € 2 and |2] < 1)

B S | ((z,w) € R and |2] > 1)
is plurisubharmonic in . Moreover, u(0,0) = —1/2 and u(2,0) = —1 if
|2| = 3/2, and so u does not satisfy (2.9.5). ]

It was shown by Richberg (1968) that if £ is a bounded domain in
C"™ and u € C(f1), then the answer to our question is ‘yes’. Fornaess
(1983) proved that this is no longer true if the assumption of continuity of
u is dropped. On the other hand, according to Fornaess and Narasimhan
(1980), the answer is ‘yes’ if Q is pseudoconvex. (See next section for
definition of pseudoconvexity.)

Further discussion of this and other related problems can be found in
Fornaess (1982), Fornaess and Sibony (1986), and Fornaess and Stensgnes
(1987). Tt should be mentioned that though plurisubharmonic functions
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are generally not differentiable, a notion of a tangent space to a plurisub-
harmonic function can be introduced (Kiselman 1988).

Now we shall look at some consequences of the main approximation
theorem.

In view of that theorem and formula (1.4.4), plurisubharmonicity is
preserved by holomorphic substitutions.

Corollary 2.9.5 Let § and S be open sets in C* and CF, respectively.
Ifue PSH(Q) and f: Q' — Q is a holomorphic mapping, then v o f is
plurisubharmonic in Q. ]

Corollary 2.9.6 If Q is an open subset of C*, then PH(Q) C PSH(Q) C
SH(Q) ¢ L. ().

Proof The first inclusion is obvious. If u is of class C?, then, in view
of (2.9.1), v € SH(f2). Thus the middle inclusion follows from the main
approximation theorem. The last one has already been shown (Corollary
2.4.7). ]

Ifn=1, PSH = SH, but in view of Example 2.2.12, PSH # &H for
n> L

Corollary 2.9.7 Let § be an open subset of C*, and letu: 0 — R be
a function. Then u € PH(Q) if and only if u and —u are plurisubharmonic
in .

Proof If —u and u are plurisubharmonic, then, by Corollaries 2.9.6 and
2.4.3, u € C*(). Therefore {(Lu(a)h,b) = 0 for all eligible a,b, and so
u € PH{). The opposite implication is trivial. ]

The fact that plurisubharmonic functions are subharmonic enables us
to state several other properties (see also Section 2.4).

Corollary 2.9.8 If u,v € PSH(Q) and u = v almost everywhere in Q,
then u = v. |

Corollary 2.9.9 Plurisubharmonic functions satisfy the mazimum prin-
eiple in bounded domains, i.e. if Q is a bounded connected open subset of
C™ and u € PSH(RY), then either u is constant or, for each z € Q,

u(z) < sup {limsupu(y)}. 1
wedN y—ow
yeQ

Sometimes, the boundedness requirement for €2 can be relaxed (see
Gauthier et al. 1988). '

(e
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A set E C C™ is said to be pluripolar if for each point a € E there is
a neighbourhood V of a and a function » € PSH(V) such that ENV C
{zeV: u(z) = —co}.

Corollary 2.9.10 Pluripolar sets have Lebesgue measure zero. a

Plurisubharmonicity can also be characterized in terms of distribu-
tional derivatives.

Theorem 2.9.11 If C C" is open and u € PSH(RQ), then, for each
b= (bls"-abn) € Cn.:

n 2 :
PP AP
k=1 823'32’;;
in 2, in the sense of of distributions, i.e.
[ ute) et naxE) 20
Q

for any non-negative test function ¢ € C§°(Q2). Conversely, if v € LL ()
is such that for each b= (by,...,b,) € C?

. % | -
> 5,95tk 2 0 (2.9.6)
dibe=1 CEIOCk

in Q, in the sense of distributions, then the function u = lim._.o (v#*xe) is
well-defined, plurisubharmonic in 0, and equal o v almost everywhere in
.

Proof Letu € PSH(R), and let u, = uxx, for ¢ > 0. Take a non-negative
test function ¢ € C°(2) and a vector b = (by,...,bs) € C*. Lebesgue’s
dominated convergence theorem, combined with integration by parts and
the main approximation theorem, shows that

f w(z)(£(2)b, BYAA(2) = lim f ue(2)(Cep(2)b, BYAA(2)
2 94

= lim { (Luc(2)b,b)p(z)dA(z) >0,

E—

Q

which proves the first part of the theorem.

Suppose that v € L (), and that (2.9.6) is satisfied. Let v, = v* ).
for € > 0. Then, in particular, Av > 0 in £, in the sense of distributions.
By Theorem 2.5.8, there is a (unique) subharmonic function u on Q that

R




68 Pluripotential theory

coincides with v almost everywhere, and u = lim,_.q %,. Fubini’s theorem
and (2.9.6) imply that

f(ﬁvs(z)b, byp(z)dA(z) > 0
)

for all b € C™, ¢ € CP(S), ¢ = 0. Therefore {Lv.(2)b, &) > 0 for all
z €., be C?, and thus v. € PSH(Q:). As v, < v, if €1 < €9, the limit
function u is plurisubharmonic. |

We already know that the compositions of plurisubharmonic and holo-
morphic functions are plurisubharmonic. The next result can be regarded
as a converse statement.

Theorem 2.9.12 A function u: £ — [—o0,0<) defined on an open set
Q c C" 45 plurisubharmonic in Q if and only ¢ wo T is subharmonic in
. T7YRQ) for every. C-linear isomorphism T : C* — C™.

Proof According to Corollary 2.9.5, the above condition is necessary. To
prove that it is sufficient, take b € C™ \ {0} and vs,...,v, € C" such that
{b,va,...,v,} is an orthogonal basis for G*. For ¢ > 0, define

n
Te(21,.-0y20) = z1b+£szvj,
j=2

where (z1,...,2n) € C®. Let {e1,...,e,} be the canonical basis for C".
Take a non-negative test function ¢ € C§°(2). By (1.4.4), Proposition
1.3.2, and change of variables, we have

f w(2)(Lo(=)b, NaNz) +62 S f w(z) (Lo (2)v;, v;)dA(2)
oY i=2q

T

=3 [ WL, TuledAE)
Q

i=1

=@l [ (o Tw) Yttty o T wles e ) drw)

71 (@) =1

1

= ;ldet TP f (w0 T.)(w)A(p o T.)(w)dMw) > 0.
T )

Since € > 0 was arbitrary, this means that

[ w(2)(Lol2)b, BYdA(z) > 0.

Q

et
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Hence, by the previous theorem, u is equal to a plurisubharmonic function
v almost everywhere in . By Corollary 2.5.6, u = v € PSH({). |

Corollary 2.9.13 ZLet Q be an open subset of C*. A funclion u € Cc3(Q)
is plurtharmonic in Q if and only if uoT is harmonic in T~YQ) for every
C-linear isomorphism T : C* — C", |

The above theorem and corollary, combined with Corollary 2.9.5, jus-
tify our previous statement that plurisubharmonic (respectively, plurihar-
monic) functions are those among subharmonic (respectively, harmonic}
functions that are invariant with respect to biholomorphic substitutions.

Most of the results from Sections 2.6 and 2.7 carry over to the plurisub-
harmonic case. We list these properties here without proofs; all of them
can be derived easily from the subharmonic case, and either the defini-
tion of plurisubharmonic functions or the invariance eriterion described in
Theorem 2.9.12,

Theorem 2.9.14 Let Q be an open subset of C.
(1) The family PSH(R) is a conver cone, i.e. if o, are non-negative

numbers and u,v € PSH(Q), then au + fv € PSH(R).

(#3) If Q is connected and {u;};en C PSH(Y) is a decreasing sequence,
then u = lim; 0o u; € PSH() or u = —o0.

(ii8) Fu: Q@ — R, and if {u;};en C PSH(Q) converges to u uniformily
on compact subsets of 2, then u € PSH(Q).

(iv) Let {ua}aca C PSH() be such that its upper envelope u = SUD,e 4 Ua
is locally bounded above. Then the upper semicontinuous regularization
u* is plurisubharmonic in Q. n

Corollary 2.9.15 Let §t be an open set in C*, and let w be a non-
empty proper open subset of Q. If u € PSH(Q), v € PSH{w), and
limsup,,_,, v(z) < uly) for each y € Bw N, then the formula

_ [ max{u,v} inw
= in 2\ w

defines a plurisubharmonic function in L. ]

Let Q be an open subset of C™.

We say that a holomorphic mapping f: & — C™ is non-degenerate
in  if in each connected component of £ one can find a point z such that
the {complex) rank of &,f is m.

The next proposition shows that regularizations of families of plurisub-
harmonic functions behave well under holomorphic changes of variables
(Klimek 19824 or 1982b).
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Proposition 2.9.16 Let f: Q — C™ be a non-degenerate holomorphic
mapping on an open set & C C™, and let V' be an open neighbourhood
of f(Q) in C™. Let {un}aca C PSH(SY) be such that ils upper envelope
U = SUPge 4 Ua 18 locally upper bounded. Then.

(wo f)" = (u"o f).

Proof Denote by A the zero set of the Jacobian of f, t.e.
A={zef: detd,f =0}.

Since z — det @, f is a holomorphic function, A is pluripolar; hence, by
Corollary 2.9.10, A is of Lebesgue measure zero. As the restriction of
the mapping f to @\ A is open (by the inverse mapping theorem) and
continuous, we have:

(wo £)*(a) = limsup {u(£(2)) : 2 € Blae)}
= lim sup {u(w): we f(Ble,e))}
= (u* o f){a),

for any a € Q\A. Therefore (uof)* = (u*o f) almost everywhere in £). Also,
(uo f)*, (u*o f) € PSH(R). Thus, by Corollary 2.9.8, (uo f)* = (u* o f}
in Q. ]

Proposition 2.9.17 Let the sequence {u;}jen C PSH(SY) be locally uni-
formly bounded above. Define u(z) = limsup;_,, u;(2) for z € (. Then
the upper semicontinuous reqularization u* is plurisubharmonic in Q. &

Theorem 2.9.18 Let {u;}jen C PSH(RY) be locally uniformly bounded
above in Q@ C C". Suppose that

limsupu;{z) < M

J—oe

for each z € Q and some constant M. Then, for each £ > 0 and each
compact set K C Q, there exists a natural number jo such that, for 7 > jo,

sup u;(z) < M +e¢. |
zeK

Theorem 2.9.19 Let 0 be an open subset of C".
(i) Let u,v be pluriharmonic in t and v > 0. If ¢ : R — R is conver,
then vo(ufv) is plurisubharmonic in Q.
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(i5) Let u € PSH(Y), v € PH(Q), and v > 0 in . Ifd: R —
R is convexr and increasing, then vé{u/v) is plurisubharmonic in £.
(p(—00) is interpreted as img__ oo ¢(x).)

(i36) Letu,—v € PSH(Q), u>0inQ, andv >04in Q. If¢: [0,00} —
[0,00) is convez and ¢(0) = 0, then vo(ufv) € PSH(Q). |

Corollary 2.9.20 If v € PSH(), then also e* € PSH(Q). Ifu €
PSH() and u > 0, then u* € PSH(Q) for any number o > 1. 1

Corollary 2.9.21 If ui,us are non-negative functions in 8 C C"
and loguy,loguy € PSH(Q), then uuz € PSH(Q) and log{u, + u2) €
PSH(Q). |

Theorem 2.9.22 Let §) be an open subset of C", and let F be a closed
subset of Q0 of the form F = {z € Q: v(z) = —oo}, where v € PSH(Q).
Ifu € PSH(Q\ F) is bounded above, then the function @ defined by the
formula

u(z) {(ze Q\ F)
i(z) = { limsupu(y) (z € F)
gﬁF

is plurisubharmonic in §. If u is pluriharmonic and bounded in Q\ F', then
i is pluriharmonic in Q. If  is connected, then so is Q\ F. N

Proposition 2.9.23 Ifu € PSH(C") and u is bounded above, then u is
constant. |

The removable singularity theorem allows us to find the exact form
of the Taylor expansion of order 2 of some plurisubharmonic functions
(Klimek 1989). The proof was derived from the proof of a version of the
Schwarz lemma obtained by Sibony (1981).

Proposition 2.9.24 Let u be a non-negative function of class C* defined
on a neighbourhood V of 0 € C™ such that logu € PSH(V) and u(0) = 0.
Then

u(z) = (Lu(0)z, z) + o[]2[}*) . (2.9.7)

Proof Suppose first that n = 1. Since % attains a minimum at 0, its first
partial derivatives vanish tl'iere. In view of Taylor’s formula for u at 0, the
function v(z) = (u(2)/|2|?) is subharmonic in V' and

8%u 1 8%

2
lip MEtB) 1075 o 5aay 08 + 55@—}3(0)?,

im0+t t2 20a?
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for any o + i from the unit circle. According to Theorem 2.7.2, [0,1] is
not thin at 0, and so the limit of the left-hand side of the above equality is
v(0). By substituting o +i8 equal to 1, i, and (1+1)/ V2, respectively, we
conclude that

2

X (0) =0.

8 a (
Oz dy

5* 2u

Hence the Taylor expansion looks exactly as in the proposition.

The higher-dimensional case follows from the one-dimensional one ap-
plied to u o F, where £ € C*\ {0} and F¢ : C — C" is given by the
formula Fe(A) = AL. |

The following example complements the statement of the proposition.

Example 2.9.25 Let u: C* — [0, c0) be plurisubharmonic and smooth
in a neighbourhood of the origin. Suppose also that

u(Az) = |A|Pu(z) (2.9.8)
for A€ C, 2 € C*. Then

u(z) = (Lu0)z, z) (x € C").

Indeed, in order to prove this formula, it is enough to apply the operator
82 /BA3X| r=0 to both sides of (2.9.8). Note also that since Lu(0) is positive
definite, after a (complex) change of coordinates in C", u can be written
as

ul(zy, ..., z0) = a2+ + |2:3,|2 ((zl, ... 2p) € C?) (2.9.9)

for some p € {0,1,...,n}. In particular, if u # 0, logu € PSH(C").
Indeed, if ¢ € C® is such that u(a) # 0 and w € C", then

{L log u(a)w,w)

1 {2 2 P P . o

== (Z Ia,_.,;|2 Z |t.u;c|2 - Z&jwj Z aiiy |, by differentiation,
j=1 k=1 j=1 k=1

>0, by the Cauchy-Schwarz inequality .

Now the required property follows from Theorem 2.9.22. n
It seemns appropriate to mention here another property of plurisubhar-

monic functions. Before stating it, however, we have to describe some basic
facts concerning proper holomorphic mappings. We shall not give proofs

i,
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here; that would take us too far from our principal subject. Elegant proofs

can be found in (Rudin 1980).

Let £,9 be open connected sets in C", and let f: € — Q' bea
proper mapping. It is easy to check that f is closed, i.e. it maps closed
sets onto closed sets. ’

If, in addition, f is holomorphic, then:

(i) f is open and, in particular, f(Q) = Q' (because f is also closed, see
Section 2.8);

(i) if A= {z € N: detd,f = 0}, then for each o € Q' there is an open
ball B, centred at a and contained in ', and a function ¢ € O(B)
such that g Z 0 and f(4)N B = ¢~*(0);

(iii) the fibres of f, that is, the sets f~*{w) where w € Q', are finite.

It should be noted that (ii) is a special case of Remmert's proper
mapping theorem (e.g. Gunning and Rossi (1965}, Rudin (1980)). In fact,
we only need to know that f(A) is closed and pluripolar.

Proposition 2.9.26 Let f: @ — ' be a proper holomorphic surjection
between two open sets in C*. If u € PSH(R), then the formula

v(z) = max{u(w) : we f~1(2)} (ze )
defines a plurisubharmonic funciion.

Proof (Klimek 1982a)} Without loss of generality we may suppose that £/
is connected.

If G is a relatively compact open subset of £, then the open set f~*(G)
is relatively compact in £, because f is proper. Therefore, in view of the
main approximation theorem, it is enough to show that the proposition is
true for continuous plurisubharmonic functions.

Suppose that u € CNPSH(Q). If a and b are real numbers such that
a < b, then

v ((a:8)) = F{u (e, 00) ) \ £ (272 (B,09))) -
Consequently, v is continuous in . By Theorem 1.3.1, the proper surjec-

tion

AN FHN\ F(A)) — '\ F(4)
is locally biholomorphic. Therefore there is a unique number & € N such
that for each z € Q' \ f(A) there exist a neighbourhood ¥V C '\ f(A) of
z, and mutually disjoint neighbourhoods

Uy,.on,Ug of wy,...,wr, where {wl,...,'wk}=f'1(z),

such that
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(i) (f|U;): U; — V is a biholomorphic mapping,

Gi) fFFV)=U1U...UUs.
Accordingly, v € PSH(Q' \ f(A)). Since v is continuous and f(4) is
pluripolar, plurisubharmonicity of v follows from Theorem 2.9.22. |

2.10 PSEUDOCONVEXITY

One of the central themes of the theory of functions of several complex
variables is the study of domains of holomorphy or, equivalently, domains
of existence of holomorphic functions. A proper-exposition of these notions
and related topics would take us too far away from the intended subject of
this book. In this section we state only basic definitions and properties of
domains of holomorphy, concentrating instead on the equivalent notion of
pseudoconvexity. Krantz (1982) presents an excellent discussion of domains
of holomorphy (see also Hérmander 1973).

The general notion of strict (or strong) pseudoconvexity does not play
a prominent role in this book; it is described briefly in the exercises at
the end of this chapter. In various considerations where normally strictly
pseudoconvex domains are used, we shall use hyperconvex domains (defined
in this section) or just Buclidean balls.

Let © be an open subset of C*, and let K be a compact set contained
in 2. We shall be interested in four types of natural ‘envelopes’ of K.

The conver hull of K, denoted by conv K, is the smallest convex set
in C® containing K. Clearly,

conv K = {z € C": ¢(z) < supp(K) for all ¢ € L(C",R)},

where £(C™,R) is the family of all R-linear functionals ¢ : C" — R.
Obviously, conv K is compact.
The polynomially convez hull of K is the set

K= {zeC": |p(z)| < |lpllg forall p € Pr}s

where P, denotes the family of all polynomials of n complex variables.
The holomorphically convez hull of K (in §2) is defined as follows:

Row ={z€Q: |f(2)] < Ifllx for all f € O(Q)}.

Note that f(o(g) is closed in £.
The plurisubharmonically convez hull of K (in Q) is the set

Rpsnoy = {2 € Q1 u(z) < supu(K) for all u € PSH(Q)}.

Note that R X A
Kpshn) C Ko C KCeonvK.
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The first inclusion follows from the fact that |f| € PSH(Q) if f € O(f2).
The second ipclusiAon is obvious. The last one becomes clear when one
notices that K = Ke(gny and if ¢ € £L{C",R), then

B(2) = plz) - igliz)  (z€C")

is C-linear and |exp ®| = exp .

Observe that £ is convex if and only if conv K is contained in {2 for each
compact subset K of Q. By analogy, { is said to be polynomially convez
(respectively, hogomorphically CONVET, pgeudoconvex) if for each compact
subset K of 0, K (respectively, Koq, Kpsn(q)) is relatively compact in
Q. We shall discuss some properties of polynomially convex sets at a later
stage. Here, we take a look at holomorphic convexity and pseudoconvexity.

It is obvious that if an open set is holomorphically convex, it is
pseudoconvex. It is clear that in the one-dimensional case all open sets
are holomorphically convex {and pseudoconvex). Indeed, let X be a com-
pact set in t C C. If 2 = C, the situation is trivial. Suppose that Q # C.
By (2.10.1), Ko(q) is bounded; it is also closed in Q by its definition. We
claim that

dist (R'o(g), BQ) > 0.

If this were not so, one would be able to find a sequence {an }nen C K’O(Q)
convergent to a point a € J§). Hence

1 1
——— <supd —: 2EK .
|an-—a|—sup{|z—a| zE }<oo (neN)

As the left-hand side tends to oo when n tends to oo, the hypothesis leads
to a contradiction.

In higher dimensions the situation is much more complicated; usually
it is difficult to prove whether a particular set is holomorphically convex
or not. The following classical result will provide us with examples of open
sets in C™ which are not holomorphically convex.

Theorem 2.10.1 (Hartogs) Let 2 be an open neighbourhood of a closed
polydisc K in C", wheren > 2. If f € O(Q\ K), then there exists a
holomorphic function f on §, such that fIQ\ K = f.

Proof As before, if z = (21,...,2,) € C", then 2’ = (z1,...,2,-1).

Without loss of generality we may suppose that K = P(0,1). Choose
r > 1 so that P{0,r) C £2. It would be enough to find a function fe
O(P(0,7)) that extends f. Note that if 2’ ‘e P(0/,r) is fixed, the function
zn +— f(2', z,) is holomorphic in a neighbourhood of the annulus D{0,,m)\
D(0,1). Therefore the coefficients ¢; of the Laurent series

flz) = Z ej{z')z (2.10.1) |
j=—00
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are holomorphic in P(0,r); indeed,
"o 1 f(z'sC)
cj-(z)——ﬁ G dc.
I¢|=r

(2.10.2)

If 1 < |#/| < r, the function z, ~— f(2',2,) is holomorphic in the disc
D(0,,7). In consequence, ¢;{z'} = 0 for such 2’ and j < 0. By the identity
principle (Theorem 2.8.1), ¢; = 0 for j < 0. Define

f@y=3ci(z)z (2 €P(0,1).

§=0

The above series is absolutely convergent in view of (2.10.2) and Abel’s
lemma (in one variable z,). In fact, it is convergent locally uniformly in
P(0,7). Indeed, by Cauchy’s estimates, if 2 € P(0,7) and j > 0, then

ere <ae((2L)’

where M = |[fll o' ryxap(o,,ry Lh€ cstimate implies the convergence.
Thus, in view of the Weierstrass theorem, fis holomerphic. Since f coin-
cides with f on a non-empty open subset of P(0,r)\ P(0,1), the identity
principle guarantees that f is the required extension of f. |

>

It should be mentioned that Hartogs’ theorem remains true if K is an
arbitrary compact set such that ©\ K is connected (e.g. Hormander 1973).

Corollary 2.10.2 If and K are as in the above theorem, {2 \ K is not
holomorphically convez. :

Proof The statement follows immediately from Theorem 2.10.1 and the
maximum principle. |

In order to gain a better idea of the relevance of holomorphic. convex-
ity in complex analysis, we need to introduce the notion of a domain of
holomorphy.

An open set & € C" is called a domain of holomorphy if there are no
open sets 21, 2 with the following properties:

(1) @#Ql C Qa N1
(ii) Qg is connected and 2\ 2 # & )
(iii) for each f € O(Q) there exists f € O(Q) such that flt=7f.
The basic idea behind this definition is quite straightforward: Q is a

domain of holomorphy if there is no part of the boundary of {2 across which

every holomorphic function on 2 can be holomorphically extended.

e,
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If one can find f € O(£) for which there are no open sets £,
satisfying (i), (i}, and such that f|Q; = f|Q, for some f € O(f22), then Q
is said to be the domeain of existence of f.

Before stating the next result, we need some additional notation. By a
distance function on C® we shall mean a non-negative continuous function
§ defined on C™, and such that:

(1) #{z) = 0 if and only if z = 0;
(i) §(Az) = |A|6{z) for all z € C", X € C.

Let @ € C® be an open set, and let § be a distance function. We
define the §-distance from the boundary of £ as follows:

ba(z) = inf{6{z —w): we C"\ N},
where inf @ = oe. It is easy to check that fg is continuous and
da(z)=sup{r>0: 2+L{weQ, (€ D(0,r), 6(w)<1}.

The Cartan—Thullen theorem below gives a comprehensive character-
ization of domains of holomorphy.

Theorem 2.10.3 (Cartan-Thullen) Let § be a distance function on C*,
and let © be an open subset of C*. The following conditions are equivalent:

- (2) © i3 a domain of holomorphy;

(ii) §2 is holomorphically convex;

(i43) for any compact set K C Q and f € O(Q), if |f| < 6o on K, then
|f] £ ba on Koy,

(iv) §Q is the domain of existence of a function f € O(R).

Proof See, for example, Krantz (1982). ]

In view of this theorem, every domain of holomorphy is pseudoconvex.
A classical {(and very difficult to prove) result due to Oka, Bremermann,
and Norguet (e.g. Hormander 1973) says that the converse is also true.
Therefore, by studying pseudoconvexity, one can shed some light on the
behaviour of holomorphic functions, even if the latter are not mentioned
explicitly.

The basic characterization of pseudoconvexity is contained in the next
theorem.

Theorem 2.10.4 Let Q be an open proper subset of C", and let
d: C* — R, be a distance function. The following conditions are
equivalent:

(i) —logdg € PSH(N);

(i) there exists a continuous plurisubharmonic function u: Q@ — R such
that for each c € R the set {z € Q: u(z) < ¢} is relatively compact in
Q;
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(i) if K is a compact subset of £, then so is Kpsne)i

(iv) Q is pseudoconver;

(v) for each a € 00 there is a neighbourhood W of a such that W N is
pseudoconver.

Proof To prove that (i) implies (ii}, it is enough to define
u(z) = max{|z], —logda(z)}.

Note that (i) implies pseudoconvexity of . Therefore, in order to show
(ii)==(iii), it suffices to prove that if (ii) is satisfied, then, for any compact
set K C £,

Kpsmoy = {z €1 v(z) <supv(K), v € PSHN c(V)}.

Clearly, we have the inclusion ‘C’. To show the opposite inclusion, we
have to prove that for each a € Q\ R’psﬂ(g) there exists a continuous
plurisubharmonic function v : Q — R such that v{a) > supu(K). Take
a compact set K C © and a point a € Q\ KPSH(Q). Let u be the function
from (ii). By adding a constant to u, we may modify u so that u is negative
on the set K U {a}. Choose a function w € PSH(f2) such that w(a} > 0
and w|K < 0. By the main approximation theorem for plurisubharmonic
functions, one can find a function w; such that:

(@) wy € PSH(G)NC(G), where G ={z € Q: u(2) <1}

(8) wi(a) >0;

(7) w1]K <0,

Set € = sup{w1{z) : z € G} and define

o(z) = {max{wl(z), Cu(z)} (z€G)
Cu(z) (e Q\G).

Then v € PSH NC(Q), v(a) > 0, and v]K < 0, as required.

The implications (iii)==(iv) and (iv)=>(v) are obvious.

The proof will be complete if we can show (iv)==(i) and (v)=>(ii).
First, we prove (iv)==(i). Let a € @ and w € C"\ {0}. Choose r > 0 so
that

D={a+Cw: ¢€DO,r)}C.

Let h be a harmonic funetion defined on a neighbourhoaod of the closed disc
D(0,7), such that

—logéala+(w) <h(() (¢ €8D(0,7)).

We can find a holomorphic function f, defined on a neighbourhood of
D(0,7), such that Re f|D(0,r) = h|D{0,r). Therefore

Sala+ Cw) > |e'f(o| (¢ € 8D(0,7)) .
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We want to prove that the same inequality holds for { € D(0,7).
Take b € C™ such that §(b) < 1. For each ¢ € [0, 1] define the mapping:

¢y : D(0,7) — C™,
@i(C) = a + Cw + theFE)
Denote by D; the range of ¢;, and set
T=T,={te|0,1]: D;CO}.

Since 0 € T, the set T is non-empty. Clearly, T is open.

The theorem would follow if we could show that T is closed. Indeed,
then we could conclude that T = [0,1], and so D, C 2. As b was arbitrarily
chosen, this would mean that

a+Cw+be O eq
if 5(b) < 1 and ¢ € D(0,r). Consequently,
Saa + Cw) > [ef9)] (¢ € D(0,7))

or, equivalently,

—logéa(a+¢w) <Re f(¢) =h()  (¢€D(0,r),

as required.
Let us fix b € 672([0,1]). It remains to be proved that T = Tj is
closed. Define

K={a+(uw+tee 7 ¢edD(0,r), te[0,1]}.
Of course, K is a compact set in C*. Moreover, if { € 812(0,r) and

t€[0,1],
Sala + Cw) > e | > §(the )

Hence K C §t. If u € PSH(Q) and ¢ € T, then the function
(— ula+Cw+ tbe‘f(o)
is subharmonic in a neighbourhood of D(0,r). By the maximum principle,
u(a+ Cw + the /() < supu(K) (¢ € D(0,7)).
Consequently, if ¢ € T', we have

Dy C Kpsya) C 0 (2.10.3)
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by (iv). Since K’p‘gmg) is relatively compact in £, (2.10.2) implies that T
is closed.

Now we prove that (v) implies (ii}.

Let a € 8Q. Choose a neighbourhood W of a such that W N is
pseudoconvex. Then, according to the equivalences we have already shown,
~log Swna € PSH(W N Q). Moreover, if U is a sufficiently small neigh-
bourhood of @, §a = dwnn in U7 N Q. The same can be repeated for any
other point in 852.

Consequently, we have proved that there exists a closed set F in C7,
such that F C Q and —logén € PSH(Q\ F).

Let ¢ : R — R be a convex increasing function such that

tlir& @(f) = oo and ¢(|2]) > — logég(z)
for each z € F. Clearly, the function
u(z) = max{p(|z|), ~logba(z)} (2€0)
is plurisubharmonic; furthermore, it satisfies (if). n

In this book we shall often use a more particular type of pseudo-
convexity. We shall say that an open bounded set & C C" is hypercon-
vez if it is connected and there is a continuous plurisubharmonic function
g: 8 — (—00,0) such that the set

{zeQ: o(z) <c}

is a relatively compact subset of §2, for each ¢ € (—o0,0) (Stehlé 1975;
Kerzman and Rosay 1981).

It follows from Theorem 2.10.4 (ii) that every pseudoconvex domain is
the union of an increasing sequence of hyperconvex sets. Obviously, every
hyperconvex set is pseudoconvex.

As we have seen, the concept of pseudoconvexity is non-trivial only
in dimensions higher than one. It should be noted however that in one
complex variable the function éq, where § is the Euclidean distance, carries
some information about the convexity (or concavity) of €.

Armitage and Kuran (1985) have shown that if Q is a domain in C
such that —fq € SH(R), then Q is convex. They have also proved that
in higher dimensions the subharmonicity of —6n does not necessarily im-
ply the convexity of Q. Parker (1988) demonstrated that if {2 is a proper
open subset of the complex plane, such that fo is subharmonic in a neigh-
bourhood of 8%, then C \ ( is convex; moreover, the result fails in higher
dimensions. For further results in this direction see Armitage and Kuran
(1985} and Gardiner {19915).
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EXERCISES

1. Define u(z) = —(s,, max{1,m — 2})"'g(|lz||) for z € R™, where g(r) =
—logr if m = 2, and g(r) = r> ™™ if m > 2. Prove that for any test
function ¢ € C§°(R™),

f (Ap)gdA = (0).

Rm

[Hint: Apply Green’s theorem on the domain B(0, R) \ B(0,r), where 0 <
r < R]

2. Let p denote the reflection with respect to the unit sphere in R™, i.e.

Q:(le---sgm): Rm\{o}_’Rm\{O}a
9(3)=W-

Notice that the mapping ¢ is bijective, o™ = p, |le(z)| = 1/||z||, and
o(z} = grad (log |lz||) for = # 0. Prove that the vectors grad g;{z), where
j=1,...,m, form an orthogonal system and ||grad g;{z)| = ||=|~*.

If u is a real-valued function whose domain Q is contained in R™\ {0},
we define the Kelvin transform u* of u by the formula

ut(z) = ||ar:||2_mu(g(:1:)) (z € o()) .

Prove that if u € SH(R2), then v* € SH{o()).
3. Let I be a bounded domain in R™, and let y € D. The function

G=Gpy: D—bRU{OO}

is said to be the elessical Green function of D with pole at y if the following
conditions are satisfied:
(i) G e H(D\{g})nC(D\{y});
(i) G(z) =0 for all z € 8D;
(iif) £ +— G(z) — g(||z — yl||) extends to a harmonic function on D, where
g is as in Exercise 1 above.
Note that —G is a negative subharmonic function on D. Prove that
the Green function is unique if it exists.
Suppose that D has a smooth boundary, v € D, and the classical
Green function of D with pole at y exists. Prove that if » is harmonic in a
neighbourhood of D, then

1 = 8
u(y) = S max{l,m — 2}‘9!;”8_%0"('13’)0}' (y € B(Osl)) )
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where _
o= (—l)J-HdSBl Ao A dﬂ:‘j_l Adzjri A A dzm

and D has the natural orientation induced from D.

4. Prove that the set R is not polar in C. [Hint: Supposing that the result
is false, construct a subharmonic function on C that is equal to —co on the
set {z+iy: y <0}]

5. (Schwarz’s reflection principle.) Let u be a harmonic function on a
domain D in R™. Suppose that D C {z : z; > 0}, E is an open subset
of the hyperplane z; = 0, E C 8D N {z : z; = 0}, and that u can be
extended to a continuous function on DU E by setting u|g = 0. Prove that
u can be extended to a harmonic function on the set DU E U D’ by the
formula,

Wz, .. ) = u(=T1,. .., Tm) (zxe D),

where D' denotes the reflection of I in the hyperplane z; = 0.

6. Let  be an open subset of R™, and let F' be a closed subset of £. Sup-
pose that ¢ € [—00, 0), and that u : £ — [, oc) is upper semicontinuous.
Prove that if £ C u~(c) and u € SH(Q\ F), then v € SH(Q).

7. Let © be an open subset of R™ with n > 1. A functionz: @ — R is
said to be conver if for each a,b € Q such that the line segment joining a
and b is contained in Q, and for each ¢ € [0,1] we have

u{(1 —t)a+tb) < (1 —t)u(a) + tu(b).
If £} is a convex open set, convexity of u means that the set
{(z,t): u(z) <t} c R"!

is convex. Note that convex functions are locally bounded. Use this fact
to show that convex functions are continuous. Prove that the definition
given here is consistent with that given in Chapter 1 for smooth functions.
Observe that, by analogy to the definition of subharmonic functions, convex
functions could be called ‘subafline’.

8. Prove that the main approximation theorem for subharmonic functions
remains true when the word ‘subharmonic’ is replaced by the word ‘convex’
throughout the theorem. Conclude that convex functions (of at least two
variables) are subharmonic; moreover, convex functions in C" are plurisub-
harmonic. Notice that if @ € R® and u: Q@ — R, then u is convex if and
only if the function

(21,..-,2n) — u(Re 2z1,...,Re 2,)

is plurisubharmonic in the set £2 4+ iR™.
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9. Prove a counterpart of Theorem 2.10.4 for convex functions, sets, and
hulls.

10. Let w: C® — R be a pluritharmonic function which is homogeneous
of degree m # 0 (i.e. u(tz) = t™u(z) for allt > 0 and z € C"). Define

2 < Ou n

Prove that f € O(C") and u is the real part of f.
11. Let f be a complex function on an cpen connected set in C.

(a) Prove that the following conditions are equivalent:

{i} for each a € Q and for every subharmonic function u defined on a
ne1ghbourhoqd of f(a), the composition u o f is subharmonic in a
nelghbourhood of a;

(ii} the function uo f is subharmonic in Q if u(z +iy) = &=, £y, wy and
+(2? — y?);

(iii} either f or f is holomorphic.
(b) Show that if the compositions of plurisubharmonic functions of two
variables with z +— (z, f (z)) are subharmonic, then f is holomorphic.

12. Let n > 1, and let D be an open set in C*~!, Let R be a positive
lower semicontinuous function on D. The set

H={(,2) e DxC: |z,| < R(")}

is called the complete Hartogs domain defined by D and R.
(a) Prove that H is pseudoconvex if and only if —log R € PSH(D).

(b) Show that if f € ©(Q), then there is a family {f;}jez, C O(D} such
that

o0
flZ,z) = Z fi(z")a ((z',22) € H)
§=0
and the series is absolutely and uniformly convergent in H.

(c) (Bremermann 1956) Suppose that H is the domain of existence of
f € O(H). Define u(z') = —log R(2’), 2’ € D. Prove that in D

u= (hmsup log|f,|) , (1)

J—os

where the f; are as in (b).
Conclude that every plurisubharmonic function u is locally of the form
(1) (for some functions f;).
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13. Let h: C® — [0,00) be an upper semicontinuous function which is
not identically 0 and is positive homogeneous, i.e. h(tz)} = [t|h(z)} for all
t € C and z € C". Prove that the following conditions are equivalent:

(i) log h is plurisubharmonic;

(i) h is plurisubharmonic;
(iii) the set {z € C™: h(z) < 1} is pseudoconvex.

14. A bounded domain  C R™ is said to be strongly convez if it is
of the form Q = {z € C® : p(z) < 0}, where g is a C? function on a
neighbourhood of §) satisfying the following conditions: d,g # 0 for each
z € 89, and d2u(y,y) > 0 for all z € N and y belonging to the tangent
space to 98 at z. Prove that if Q is strongly convex, ther it is convex and
each of its boundary points is extreme. (Recall that a point a € A C R®

is said to be an extreme point of A if it is an end point of every closed line

segment containing it and contained in A.)

15. A bounded domain Q C C™ is said to be strictly pseudoconvez if
it is of the form © = {z € C* : p(z) < 0}, where g is a C? function
on a neighbourhood of {} satisfying the following conditions: d,¢ # 0 for
each z € 0Q, and ¢ is strictly plurisubharmonic in a neighbourhood of
Oft. The function g is said to be a defining function for (. Note that
strict pseudoconvexity implies pseudoconvexity. Prove that for each point
p € 00 there exists a neighbourhood V of p and a biholomorphic mapping
@ : V — (V) such that ¢(V N ) is strongly convex. [Hint: Suppose
that p = 0, and write the second order Taylor expansion of p at 0 in terms
of z and z.]
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