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This course is an introduction to the theory of currents. We give here the main
notions with examples, exercises and we state the basic results. The proofs of
theorems are not written. We hope that this will be done in the next version.
All observations and remarks are welcome.
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Notation

X, X ′ open sets in euclidian spaces RN , RN ′
or in other manifolds

BN(a, r) := {x ∈ RN : ‖x− a‖ < r} open ball of radius r centered at a
BN(r) open ball BN(0, r)
BN unit open ball BN(0, 1)
B(X) Borel σ-algebra of X
x = (x1, . . . , xN) and y = (y1, . . . , yN) coordinates of RN

x′ = (x′1, . . . , x
′
N ′) coordinates of RN ′

R := R ∪ {±∞}
R+ := {x ∈ R, x ≥ 0} and R− := {x ∈ R, x ≤ 0}
R+ := R+ ∪ {+∞} and R− := R− ∪ {−∞}
δa Dirac mass at a
L N Lebesgue measure on RN

H α Hausdorff measure of dimension α
C (X) space of continuous functions on X
Cc(X) space of continuous functions with compact support in X
L 1(µ) space of functions integrable with respect to µ
L 1

loc(µ) space of functions locally integrable with respect to µ
L 1(X) space of functions integrable with respect to the Lebesgue measure on X
L 1

loc(X) space of functions locally integrable with respect to the Lebesgue mea-
sure on X
E[k](X) space of functions of classes C k on X
E (X) space of functions of classes C∞ on X
E p

[k](X) space of p-forms of classes C k on X

E p(X) space of p-forms of classes C∞ on X
E p,q

[k] (X) space of (p, q)-forms of classes C k on X

E p,q(X) space of (p, q)-forms of classes C∞ on X
D[k](X) space of functions of class C k with compact support in X
D(X) space of functions of class C∞ with compact support in X
Dp

[k](X) space of p-forms of class C k with compact support in X

Dp(X) space of p-forms of class C∞ with compact support in X
Dp,q

[k] (X) space of (p, q)-forms of class C k with compact support in X

Dp,q(X) space of (p, q)-forms of class C∞ with compact support in X
M +(X) cone of positive locally finite measures on X
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D ′(X) space of distributions on X
D ′

p(X) space of currents of degree p on X
E ′

p(X) space of currents of degree p with compact support in X
D ′

p,q(X) space of currents of bidegree (p, q) on X
E ′

p,q(X) space of currents of bidegree (p, q) with compact support in X

log+(·) := max
(
log(·), 0

)
NK(·) normal semi-norm on K
N p

K (X) space of normal p-currents on X with support in K
N p(X) space of normal p-currents on X
N p

loc(X) space of locally normal p-currents on X
FK(·) flat semi-norm on K
F p

K(X) space of p-currents on X flat on K
F p(X) space of flat p-currents on X
F p

loc(X) space of locally flat p-currents on X



Chapter 1

Measures

We will recall the fundamental notions in measure theory on RN . We will define
the Lebesgue and Hausdorff measures and the operations on measures: multipli-
cation by a function, push-forward by a continuous map and product of measures.
We will also give some basic properties of locally finite measures: compactness
and approximation by Dirac masses.

1.1 Borel σ-algebra and measurable maps

Recall that a subset X of RN is open if for every point a in X there is a ball
BN(a, r) which is contained in X. In other words, open sets are unions of open
balls. Complements of open sets are said to be closed. Roughly speaking, an open
set in RN does not contain any point of its boundary and in constrast a closed set
contains all points of its boundary. Only ∅ and RN are open and closed. Unions
and finite intersections of open sets are open. Intersections and finite unions of
closed sets are closed.

From now on, X is a non-empty open set in RN . An open subset of X is the
intersection of X with an open set of RN , a closed subset of X is the intersection
of X with a closed subset of RN . So, open subsets of X are open in RN , but in
general closed subsets of X, for example X itself, are not closed in RN . Compact
subsets of X are closed in X and in RN . If E is a subset of X the closure E of
E in X is the intersection of the closed subsets containing E. We say that E is
relatively compact in X and we write E b X if E is a compact subset of X, i.e.
for every sequence (an) ⊂ E one can extract a subsequence (ani

) converging to a
point of E.

Definition 1.1.1. A family A of subsets of X is called an algebra if

1. ∅ is an element of A .

2. If A is an element of A then X \ A ∈ A .

9
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3. A is stable under finite union: if An, n = 1, . . . ,m, are elements of A then⋃m
n=1An is in A .

An algebra A is said to be σ-algebra if

3’. A is stable under countable union: if An, n ∈ N, are elements of A then⋃
n∈NAn is in A .

If A is an algebra, then X is an element of A and A is stable under finite
intersection. If A is a σ-algebra, then it is stable under countable intersection.
The smallest σ-algebra is {∅, X} and the largest σ-algebra is the family of all
the subsets of X. The intersection of a family of algebras (resp. σ-algebras) is
an algebra (resp. σ-algebra).

Definition 1.1.2. The Borel σ-algebra of X is the smallest σ-algebra B(X) of
subsets of X which contains all the open subsets of X. An element of B(X) is
called a Borel subset of X or simply a Borel set.

Closed subsets of X are Borel sets. To get the picture, we can construct
Borel sets as follows. We start with open and closed sets, then we take their
countable unions or intersections. We can produce new Borel sets by taking
countable unions or intersections of the sets from the fisrt step and iterate the
process. Borel sets could be very complicated and there exist sets which are not
Borel sets. In practice, except for some very exceptional cases, all sets that one
constructs are Borel sets.

Let x = (x1, . . . , xN) denote the coordinates of RN . Let Ii be an interval in
R not necessarily open, closed or bounded. The set

W :=
N∏

i=1

Ii =
{
x ∈ RN , xi ∈ Ii, i = 1, . . . , N

}
is called N-cell.

Proposition 1.1.3. The family A0(X) of all finite unions of mutually disjoint
N-cells in X is an algebra which generates B(X). More precisely, B(X) is the
smallest σ-algebra containing A0(X).

Definition 1.1.4. A map f : X → X ′ is measurable if f−1(B) is a Borel set for
every Borel set B in X ′.

To verify that f is measurable, it is sufficient to verify that f−1(B) is a Borel
set for every open ball B in X ′. It is easy to show that continuous maps and
compositions of measurable maps are measurable. In practice, most of maps that
one constructs are measurable.
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Definition 1.1.5. A function f : X → R is measurable if f−1(B) and f−1(±∞)
are measurable for every Borel set B in R. A measurable function f : X → R is
called simple if it takes only a finite number of values.

Proposition 1.1.6. Let f : X → R+ be a positive measurable function. Then
there exists an increasing sequence (fn) of positive simple functions converging
pointwise to f .

Exercise 1.1.7. Let f1 : X1 → Rm1 and f2 : X2 → Rm2 be measurable maps. Show that
the map f : X1 ×X2 → Rm1 × Rm2 given by f(x1, x2) =

(
f(x1), f(x2)

)
is measurable.

Exercise 1.1.8. Let fi : X → Rm be measurable maps. Show that the maps f1 ± f2

are measurable.

Exercise 1.1.9. Let f1 and f2 be real-valued measurable functions. Show that f1f2 is
measurable.

Exercise 1.1.10. Let fn : X → R be a sequence of measurable functions. Show that
the following functions are measurables:

sup
n∈N

fn, inf
n∈N

fn, lim sup
n→∞

fn and lim inf
n→∞

fn.

In particular, if f is measurable, then f± := max(0,±f) and |f | are measurable.

Exercise 1.1.11. A function f : X → R ∪ {−∞} is said to be upper semi-continuous
(u.s.c. for short) if the set f−1([−∞, α[) is an open set for every α.

1. If f is u.s.c. show that f(a) ≥ lim supx→a f(x) for every a ∈ X and f reaches
its maximum value on any compact set.

2. Let (fn) be a decreasing sequence of u.s.c. functions. Show that infn fn is u.s.c.

3. Assume that f is u.s.c. and bounded from above. Define for n ∈ N

fn(x) := sup
y

{
u(y)− ndist(y, x)

}
.

Prove that the functions fn are Lipschitz and decrease to f .

4. If f is a function locally bounded from above define f∗(x) := lim supy→x f(y).
Show that f∗ is the smallest u.s.c. function which is larger than f .
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1.2 Positive measures and integrals

All the measures that we consider in this notes are Borel measures, i.e. measures
defined on Borel sets.

Definition 1.2.1. A function µ : B(X) → R+ is called additive if µ(∅) = 0 and
if for every multually disjoint Borel sets Bn in X, 1 ≤ n ≤ m, we have

µ
( m⋃

n=1

Bn

)
=

m∑
n=1

µ(Bn).

A positive measure is a countably additive function µ, that is for all multually
disjoint Borel sets Bn in X, n ∈ N, we have

µ
( ⋃

n∈N

Bn

)
=

∑
n∈N

µ(Bn).

When µ(K) is finite for every compact subset K of X, we say that µ is locally
finite. When µ(X) is finite, we say that µ is finite or of finite mass. The constant
µ(X) is the mass of µ. If µ(X) = 1, then µ is a probability measure.

Definition 1.2.2. The support of µ is the smallest closed subset supp(µ) of X
such that µ vanishes in a neighbourhood of every point a in X \ supp(µ). More
precisely, there exists a ball BN(a, r) of zero µ measure.

Let µ1 and µ2 be two positive measures and c ≥ 0 be a constant. Define
µ1 + µ2 and cµ by (µ1 + µ2)(B) := µ1(B) + µ2(B) and (cµ)(B) := cµ(B) for
every Borel set B. It is clear that supp(µ1 + µ2) = supp(µ1) ∪ supp(µ2) and
supp(cµ) = supp(µ) for c > 0.

Example 1.2.3. Let a be a point in X. The Dirac mass at a is the probability
measure δa defined as follows. If a Borel set B contains a then δa(B) = 1,
otherwise δa(B) = 0. The support of δa is reduced to {a}.

Example 1.2.4. Let f : X → X ′ be a measurable map and let µ be a positive
measure on X. The push-forward f∗(µ) of µ is a positive measure on X ′ defined
by

f∗(µ)(B) := µ(f−1(B)) for B ∈ B(X ′).

If µ is finite then f∗(µ) is finite. If µ is locally finite and f is proper on supp(µ),
i.e. f−1(K)∩ supp(µ) is compact for any compact K, then f∗(µ) is locally finite.

We know define the integral of functions with respect to an arbitrary measure.
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Definition 1.2.5. Let f : X → R+ be a positive measurable function. The
integral of f with respect to µ is denoted by

∫
fdµ, 〈µ, ϕ〉 or µ(f). If f is a simple

positive function with values a1, . . . , am then∫
fdµ :=

m∑
n=1

anµ(f−1(an)).

For an arbitrary positive measurable function f we have∫
fdµ := sup

{∫
gdµ, g simple such that 0 ≤ g ≤ f

}
.

One can check that the integral
∫
fdµ depends linearly on f and on µ, i.e.∫

(f1 + f2)dµ =

∫
f1dµ+

∫
f2dµ,

∫
cfdµ = c

∫
fdµ =

∫
fd(cµ)

and ∫
fd(µ1 + µ2) =

∫
fdµ1 +

∫
fdµ2.

Definition 1.2.6. A measurable function f : X → R or f : X → C is integrable
if

∫
|f |dµ is finite. For such a function define∫

fdµ :=

∫
f+dµ−

∫
f−dµ

where f± := max(±f, 0), or if f is complex-valued∫
fdµ :=

∫
<(f)dµ+ i

∫
=(f)dµ.

Let L 1(µ) denote the space of integrable functions where we identifie func-
tions which are equal outside a Borel set of zero µ measure. Such functions have
the same integral. The integral defines a linear form on this space. For the Dirac
mass δa, we have

∫
fdδa = f(a). The function f is integrable if and only if f(a)

is finite. We also have L 1(δa) ' C.
A measurable function f on X is locally integrable with respect to µ if f

restricted to each compact subset of X is integrable. The space of such functions
is denoted by L 1

loc(µ) where we identify also functions which are equal out of a
set of zero µ measure.

The following theorem due to Beppo-Levi is useful in order to prove the
convergence of integrals of positive functions.

Theorem 1.2.7. Let (fn) be an increasing sequence of positive measurable func-
tions converging to a function f . Then∫

fndµ→
∫
fdµ.
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A consequence of this theorem is Fatou’s lemma.

Corollary 1.2.8. Let (fn) be a sequence of positive measurable functions. Then∫
lim inf
n→∞

fndµ ≤ lim inf
n→∞

∫
fndµ.

The following result of Lebesgue is often used in the case of signed and
complex-valued functions.

Theorem 1.2.9. Let (fn) be a sequence of measurable functions converging point-
wise to a function f outside a set of µ measure zero. Assume that there exists a
positive integrable function g such that |fn| ≤ g for every n. Then∫

fndµ→
∫
fdµ.

Exercise 1.2.10. Construct a subset of R which is not a Borel set.
Hint: consider a set E such that each class of R/Q contains exactly one point of E.

Exercise 1.2.11. Let (Bn) be a sequence of Borel sets in X. Show that

µ
( ⋃

n∈N
Bn

)
≤

∑
n∈N

µ(Bn).

In particular, countable unions of Borel sets of zero measure are of zero measure.

Exercise 1.2.12. Let (Bn) be an increasing sequence of Borel sets in X, i.e. Bn ⊂
Bn+1. Show that

µ
( ⋃

n∈N
Bn

)
= lim

n→∞
µ(Bn) = sup

n∈N
µ(Bn).

Exercise 1.2.13. Let (Bn) be a sequence of Borel sets in X. Show that

µ
( ⋂

n∈N
Bn

)
≤ lim inf

n→∞
µ(Bn).

Assume that (Bn) is decreasing, i.e. Bn ⊃ Bn+1. Assume also that µ(Bn) is finite for
some n. Prove that

µ
( ⋂

n∈N
Bn

)
= lim

n→∞
µ(Bn) = inf

n→∞
µ(Bn).

What happens when µ(Bn) is infinite for every n?

Exercise 1.2.14. Find all positive measures supported on a finite set.
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Exercise 1.2.15. A positive measure µ is called extremal if the following holds. If µ1,
µ2 are positive measures such that µ1 + µ2 = µ then µ1 and µ2 are multiples of µ, i.e.
µ1 = c1µ and µ2 = c2µ for some constants c1 and c2. Show that µ is extremal if and
only if it is a Dirac mass.

Exercise 1.2.16. Let (fn) be a sequence of positive measurable functions on X. Show
that ∫ ( ∑

n∈N
fn

)
dµ =

∑
n∈N

( ∫
fndµ

)
.

Exercise 1.2.17. Let µ be a positive measure on X and p ≥ 1 an real number. Let
L p(µ) denote the set of measurable functions f such that

∫
|f |pdµ < ∞ where we

identify two functions if they are equal outside a set of zero µ measure.

1. Show that L p(µ) is a vector space and ‖f‖L p(µ) := (
∫
|f |pdµ)1/p is a norm.

2. Suppose fn and f are functions in L p(µ) and fn → f µ-almost everywhere.
Suppose also that ‖fn‖L p(µ) → ‖f‖L p(µ). Show that lim ‖fn − f‖L p(µ) = 0.

Hint: apply Fatou’s lemma to gn := |fn|p + |f |p − 2|fn − f |p.

1.3 Locally finite measures

From now on, all the measure that we consider, except the Hausdorff measures
that we will define latter, are supposed to be locally finite. The terminology “pos-
itive measure” will mean locally finite positive measure. We give some properties
of the cone M +(X) of all the positive measures and introduce signed and complex
measures. We first construct basic examples using the following Carathéodory
criterion.

Theorem 1.3.1. Let A be an algebra which generates B(X). Let µ : A → R+

be an additive function. Assume that µ(A) is finite for every A ∈ A relatively
compact in X. Then, there exists at most one positive measure µ̃ which extends
µ, i.e. µ̃ = µ on A . This measure exists if and only if limn→∞ µ(An) = 0 for
every decreasing sequence (An) ⊂ A such that µ(A0) is finite and

⋂
n∈NAn = ∅.

Example 1.3.2. The Lebesgue measure L N of a finite union of mutually disjoint
N -cells is simply the sum of volumes of these N -cells. Proposition 1.1.3 and the
Carathéodory criterion allow to extends L N to all the Borel sets inX. The spaces
of integrable and locally integrable functions with respect to L N are denoted by
L 1(X) and L 1

loc(X) respectively.

Example 1.3.3. Let µ be a positive measure on X and let µ′ be a positive
measure on X ′. Define the tensor product µ⊗ µ′ as follows. If W be an n-cell in
X and W ′ be an N ′-cell in X ′ then

(µ⊗ µ′)(W ×W ′) := µ(W )µ(W ′).
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The measure of a finite union of mutually disjoint (N +N ′)-cells is equal to the
sum of the measures of these cells. Using Proposition 1.1.3 and the Carathéodory
criterion, one can extend µ to a measure on X ×X ′.

The following theorem shows that positive measures are uniquely determined
by their values on compact or open sets.

Theorem 1.3.4. Let µ be a positive measure on X. Then µ is regular in the
following sense: for every Borel set B in X and every ε > 0 there exist a compact
subset K and an open subset U of X such that

K ⊂ B ⊂ U and µ(U \K) < ε.

We define the weak topology on M +(X).

Definition 1.3.5. Let µn and µ be positive measures. We say that µn converge
weakly to µ and we write µn → µ if for any function ϕ in Cc(X) we have∫

ϕdµn →
∫
ϕdµ.

The following theorem shows that combinations of Dirac masses are dense in
M +(X) for the weak topology.

Theorem 1.3.6. Let µ be a positive measure on X. Then there exists a sequence
of measures µn, which are finite combinations with positive coefficients of Dirac
masses, such that µn → µ.

The cone M +(X) satisfies also the following compactness property.

Theorem 1.3.7. Let (µn) be a sequence of positive measures on X. Assume
that µn(K) is uniformly bounded for every compact subset K of X. Then there
exists an increasing sequence of integers (ni) and a positive measure µ such that
µni

→ µ.

We now define real and complex measures.

Definition 1.3.8. Let µ± be positive measures on X. Define µ = µ+ − µ− by
µ(B) := µ+(B) − µ−(B) for every Borel set B in X such that µ±(B) are finite.
In particular, µ(B) is defined if B b X. We say that µ is a real measure. If µ1

and µ2 are two real measures, define µ′ = µ1 + iµ2 by µ′(B) := µ1(B) + iµ2(B).
We say that µ′ is a complex measure.

Theorem 1.3.9. Let µ be a real measure on X. There there exist a unique couple
µ+ and µ− of positive measures on X such that µ = µ+ − µ−, and ‖µ+‖+ ‖µ−‖
is minimal.
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An analog result for complex measures can be deduced easily since the real
and imaginary parts of a complex measure are uniquely determined.

Definition 1.3.10. Let µ, µ± be as in Theorem 1.3.9. Define the total variation
of µ by |µ| := µ+ + µ−. This is a positive measure on X. The total variation of
a complex measure µ1 + iµ2 is equal to |µ1| + |µ2|. We say that a sequence of
measures (µn) converge weakly to a measure µ if |µn|(K) is uniformly bounded
for every compact set K ⊂ X and if∫

ϕdµn →
∫
ϕdµ for ϕ ∈ Cc(X).

The sup-norm ‖ · ‖∞ on Cc(X) is defined as:

‖ϕ‖∞ := sup
X
|ϕ(x)| for ϕ ∈ Cc(X).

We say that a sequence (ϕn) converges to ϕ in Cc(X) if there is a compact subset
K of X such that supp(ϕn) ⊂ K for every n and ‖ϕn − ϕ‖∞ → 0. Recall that
the support supp(ϕ) of ϕ is the closure of the set {a ∈ X, ϕ(a) 6= 0}.

The following theorem due to Riesz, gives a new point of view on measures.
In particular, it shows that the integrals of functions in Cc(X) determine the
measure.

Theorem 1.3.11. Let µ be a complex measure on X. Then the integration with
respect to µ defines a continuous linear form on Cc(X). Conversely, every con-
tinuous linear form on Cc(X) is defined by integration with respect to a complex
measure. Moreover, µ is real (resp. positive) if and only if the associated lin-
ear form is real-valued, i.e. it takes real values on real-valued functions (resp.
positive, i.e. it takes positive values on positive functions).

Exercise 1.3.12. Let (µn) be a sequence of positive measures converging to a positive
measure µ. If u is an u.s.c function with compact support show that

lim sup
n→∞

∫
udµn ≤

∫
udµ.

Show that for every compact subset K and open subset U of X

lim inf
n→∞

µn(U) ≥ µ(U) and lim sup
n→∞

µn(K) ≤ µ(K).

Hint: use Exercise 1.1.11.

Exercise 1.3.13. Let f : X → X ′ be a measurable map and let µ be a probability
measure on X. Show that ν := f∗(µ) is a probability measure and if ϕ is a ν-integrable
function on X ′ then

∫
ϕdν =

∫
(ϕ ◦ f)dµ.
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Exercise 1.3.14. Let S1 be the unit circle in C and let Rθ(z) := eiθz be the rotation
of angle θ.

1. Detemine the probability measure λ with support in S1 which is invariant with
respect to all the Rθ, i.e. (Rθ)∗(λ) = λ.

2. Let f(z) := zn with n ≥ 1. Determine f∗(λ).

3. Let ν be a real measure on S1 such that 〈ν, zn〉 = 0 for any n ∈ N∗. Show that ν
is proportional to λ. Does this hold for complex measures?

Hint: trigonometrical polynomials are dense in C (S1).

Exercise 1.3.15. Let f : X → X be a continuous map and let K be a compact set
such that f(K) ⊂ K. Let µ be a probability measure on K. Define

σn :=
1
n

n∑
i=1

(f i)∗(µ)

where fn := f ◦ · · · ◦f (n times). Show that any limit measure ν of (σn) is an invariant
measure, i.e. f∗(ν) = ν.

Exercise 1.3.16. Let (µn) be a sequence of measures. Assume that |µn|(K) is uni-
formly bounded for every compact subset K of X. Show that one can extract a subse-
quence (µni) converging to a measure on X.

Exercise 1.3.17. Let ν1 and ν2 be two positive measures. We say that ν1 is singular
with respect to ν2 if there exists a Borel set B such that ν1(B) = 0 and ν2(X \B) = 0.
Observe that ν1 is singular with respect to ν2 if and only if ν2 is singular with respect to
ν1. Show that in Theorem 1.3.9, µ+ is singular with respect to µ−. Show that (µ+, µ−)
is the unique couple of positive measures such that µ = µ+ − µ− and µ+ is singular
with respect to µ−.

Exercise 1.3.18. Let µ be a real (resp. complex) measure. Show that µ can be approx-
imated by finite combinations of Dirac masses with real (resp. complex) coefficients.

Exercise 1.3.19. Let µ be a complex measure on X and let K ⊂ X be a compact set.
Then there exists a positive constant c such that

|〈µ, ϕ〉| ≤ c‖ϕ‖∞ for every ϕ ∈ Cc(X) with supp(ϕ) ⊂ K.

1.4 Outer measures and Hausdorff measures

Definition 1.4.1. An outer measure ν on X is a map defined on all the subsets
of X with values in R+ satisfying the following properties:

1. ν(
⋃∞

n=1An) ≤
∑∞

n=1 ν(An).

2. ν(∅) = 0.
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A set A is ν-measurable if

ν(C) = ν(C ∩ A) + ν(C \ A) for every C.

It follows that a set A for which ν(A) = 0 is always measurable. The following
is Carathéodory criterion for measurability.

Theorem 1.4.2. If ν is an outer measure then the class Aν of ν-measurable sets
is a σ-algebra. This σ-algebra contains B(X) if and only if

ν(A ∪B) ≥ ν(A) + ν(B) when dist(A,B) > 0.

In this case ν defines a positive measure on X.

The following construction gives geometrically important outer measures.
Suppose ξ is a function defined on a family F of subsets of X with values in
R+. We want to construct an outer measure ν and hence a measure so that the
measure of A is related to the covering properties of A by elements of F . The
basic example to have in mind is the function

ξ(F ) := c(diam(F ))s with s ≥ 0 fixed and c > 0 a constant

which is defined on all subsets of X.
We define first for any A ⊂ X and ε > 0

νε(A) := inf
{∑

n

ξ(An), A ⊂
⋃
n

An, ξ(An) ≤ ε
}
.

It is clear that νε(A) is decreasing with respect to ε so we can define an outer
measure ν as

ν(A) := lim
ε→0

νε(A) = sup
ε>0

νε(A).

Assume ξ(A) = cs(diam(A))s where diam(·) is with respect to the euclidian
distance in RN and cs := 2−sΓ(1/2)sΓ(s/2+1)−1. Then we denote the correspond-
ing outer measure as H s and we call it the Hausdorff measure of dimension s.
These measures can be defined as well by considering only covering by open sets
or by closed sets. It is clear that Carathéodory’s criterion is satisfied. Hence H s

is also a positive measure.
For every set A there is an s0 ≥ 0 such that H s(A) = +∞ if s < s0 and

H s(A) = 0 is s > s0. The number s0 is called the Hausdorff dimension of A.
If s = N then H N = L N on B(X). When s < N then H s is not locally
finite. The Hausdorff measure is very useful to prove geometric inequalities. If
f : X → X ′ is a map and A is a subset of X we denote the number of preimages
of x′ in A by

N(f|A, x
′) := #

{
x ∈ A, f(x) = x′

}
.

We have the following theorem.
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Theorem 1.4.3. Let f : X → X ′ be a Lipschitz map between two open subsets
in RN and RN ′

. Let A be a Borel subset of X. Then∫
N(f|A, x

′)dH s(x′) ≤ (Lip(f))sH s(A).

Here

Lip(f) := sup
x6=y

‖f(x)− f(y)‖
‖x− y‖

.

Exercise 1.4.4. Let µ be a positive measure on X. Define for any subset A of X

µ∗(A) := inf
{
µ(A), U ⊃ A, U open

}
.

Show that µ∗ is an outer measure, the associated algebra A contains B(X) and sets
of outer measure zero.

Exercise 1.4.5. Recall that the Cantor set M is the union of real numbers which can
be written as

∑
n≥1 an3−n with an = 0 or 2. Compute the Hausdorff dimension of F .



Chapter 2

Distributions

The notion of distributions was introduced by Laurent Schwartz. It generalizes
the notion of functions. In this chapter, we introduce the distributions in RN

and we describe the fundamental operations on distributions. We also show that
every distribution can be approximated by smooth functions. Finally we define
subharmonic functions and describe some properties of this class of functions.

2.1 Definitions

Let α = (α1, . . . , αN) be a collection of positive integers. Define

|α| := α1 + · · ·+ αN and ∂α :=
∂|α|

∂α1x1 . . . ∂αNxN

.

We endow the space E[k](X) of functions of class C k on X a family of semi-norms.
If K is a compact subset of X, define for every function ϕ in E[k](X)

‖ϕ‖k,K := max
α

{
max

K
|∂αϕ|, 0 ≤ |α| ≤ k

}
.

Define also a topology on D[k](X) associated to the previous semi-norms. We say
that (ϕn) converges to ϕ in D[k](X) if there is a compact subset K ⊂ X such
that ϕn and ϕ are supported in K and ‖ϕn − ϕ‖k,K converge to 0.

Proposition 2.1.1. The space D(X) of smooth functions with compact support
in X is dense in D[k](X). More precisely, for every function ϕ in D[k](X) there
exists a sequence (ϕn) ⊂ D(X) such that ϕn → ϕ in D[k](X).

The elements of D(X) are called test functions. We say that a sequence (ϕn)
converges to ϕ in D(X) if there is a compact subset K ⊂ X such that ϕn and ϕ
are supported in K and ‖ϕn − ϕ‖k,K tend to 0 for every k ≥ 0.

21
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Definition 2.1.2. A distribution on X is a linear form T : D(X) → C, contin-
uous with respect to the topology on D(X). The value of T on ϕ is denoted by
T (ϕ) or 〈T, ϕ〉. Denote by D ′(X) the set of distributions on X. We say that a
sequence (Tn) ⊂ D ′(X) converges to T ∈ D ′(X) in the sense of distributions if
〈Tn, ϕ〉 → 〈T, ϕ〉 for every function ϕ ∈ D(X).

Proposition 2.1.3. Let T be a distribution on X and let K ⊂ X be a compact
set. Then there exist a positive integer k and a positive constant c such that

|〈T, ϕ〉| ≤ c‖ϕ‖k,K for every ϕ ∈ D(X) with supp(ϕ) ⊂ K.

Definition 2.1.4. If the integer k in Proposition 2.1.3 can be chosen indepen-
dently on K we say that T is of finite order and the smallest integer k satisfying
this property is called order of T .

Example 2.1.5. Let a be a point in X. Consider the distribution Tα given by

〈Tα, ϕ〉 := ∂αϕ(a).

It is easy to check that Tα is of order |α|.

Example 2.1.6. Consider a sequence (ak) ⊂ R converging to infinity and define

〈T, ϕ〉 :=
∑
k∈N

ϕ(k)(ak).

Then T is a distribution in R of infinite order.

Example 2.1.7. Let f be a function in L 1
loc(X). Then fL N is a measure on

X. In particular, it is a distribution of order zero. We have

〈fL N , ϕ〉 :=

∫
X

fϕdL N .

From now on, we often identify the function f to the distribution fL N .

The following result is a consequence of Proposition 2.1.1.

Proposition 2.1.8. Let T be a distribution of order k on X. Then we can extend
T to a continuous linear form on D[k](X). Moreover, the extension is unique.

Proposition 1.3.11 implies that distributions of order zero are measures (see
also Exercise 1.3.19).

Proposition 2.1.9. Let T be a distribution on X. Assume that T is positive,
i.e. 〈T, ϕ〉 is positive for every positive function ϕ ∈ D(X). Then T is a positive
measure on X.
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Definition 2.1.10. The support supp(T ) of a distribution T is the smallest closed
subset of X such that T vanishes on X \ supp(T ). That is, 〈T, ϕ〉 = 0 for every
test function ϕ ∈ D(X) with compact support in X \ supp(T ).

We consider the following topology on E (X). We say that (ϕn) ⊂ E (X)
converges to ϕ ∈ E (X) if ‖ϕn − ϕ‖k,K → 0 for every compact set K ⊂ X and
every positive integer k.

Theorem 2.1.11. Let T be a distribution with compact support in X. Then T
can be extended to a continuous linear form on E (X). Moreover, the extension
is unique.

Exercise 2.1.12. Let Tα be the distributions in Example 2.1.5. Let (α(n)) such that
(Tα(n)) converges. Show that (α(n)) is stationary.

Exercise 2.1.13. Let T be the distribution in Example 2.1.6. Determine the support
of T . Let a be a point of X. Determine all the distributions with support {a}.

Exercise 2.1.14. Let T be a distribution of order k on X. Show that T can be extended
uniquely to a linear continuous form on the space of functions ϕ ∈ E[k](X) such that
supp(T ) ∩ supp(ϕ) is compact. In particular, if T has compact support it defines a
linear continuous form on E[k](X).

2.2 Operations on distributions

The set D ′(X) of distributions on X is a vector space. Let a and b be complex
numbers and let T and R be distributions on X. Define

〈aT + bR, ϕ〉 := a〈T, ϕ〉+ b〈R,ϕ〉 for ϕ ∈ D(X).

If g is a function in E (X) define the product fT by

〈gT, ϕ〉 := 〈T, gϕ〉.

One checks easily that aT + bR and gT are distributions on X.
Recall that a map f : X → X ′ is proper on a closed subset Y of X if

f−1(K) ∩ Y is compact for every compact set K ⊂ X ′.

Definition 2.2.1. Let T be a distribution on X. Let f : X → X ′ be a smooth
map proper on the support of T . The push-forward f∗(T ) is a distribution on X ′

given by
〈f∗(T ), ϕ〉 := 〈T, ϕ ◦ f〉 for ϕ ∈ D(X ′).
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If f : X → X ′ is proper then T 7→ f∗(T ) is continuous.
The interest with distributions is that several operations like derivation, make

sense for more general functions than the usual differentiable ones. So we extend
some operations on smooth functions to distributions. In order to use the new
calculus we need these operations to be continuous for the topology on distribu-
tions.

Definition 2.2.2. Define the partial derivative ∂T
∂xi

by〈
∂T

∂xi

, ϕ

〉
:= −

〈
T,

∂ϕ

∂xi

〉
.

Then ∂T/∂xi defines a distribution and T 7→ ∂T/∂xi is continuous on D ′(X).

Proposition 2.2.3. Let T be a distribution on X. Then

∂2T

∂xi∂xj

=
∂2T

∂xj∂xi

.

Proposition 2.2.4. Let T be a distribution on X and f : X → X ′ be smooth bi-
jective map. Then, the partial derivatives of the push-forward satisfy the following
formula (

∂f∗(T )

∂xi′

)
1≤i′≤N ′

= Jac(f−1)

(
f∗

(
∂T

∂xi

))
1≤i≤N

where Jac(f−1) denotes the jacobian matrix of f−1.

Proposition 2.2.5. The space of functions generated by the functions of the
form

ϕ(x)ϕ′(x′) with ϕ ∈ D(X) and ϕ′ ∈ D(X ′)

is dense in D(X ×X ′).

We then deduce the following theorem which gives the definition of tensor
product of distributions.

Theorem 2.2.6. Let T be a distribution on X and let T ′ be a distribution on X ′.
Then there exists a unique distribution T ⊗ T ′ on X ×X ′, called tensor product
of T and T ′, such that

〈T ⊗ T ′, ϕ(x)ϕ′(x′)〉 = 〈T, ϕ〉〈T ′, ϕ′〉 for ϕ ∈ D(X) and ϕ′ ∈ D(X ′).

Proposition 2.2.7. The tensor product T ⊗ T ′ depends continuously on T and
T ′. More precisely, if Tn → T and T ′n → T ′ in the sense of distributions then
Tn ⊗ T ′n → T ⊗ T ′ in the sense of distributions.

The following proposition allows us to compute the partial derivatives of a
tensor product.
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Proposition 2.2.8. Let T and T ′ be as in Theorem 2.2.6. Then

∂(T ⊗ T ′)

∂xi

=
∂T

∂xi

⊗ T ′ and
∂(T ⊗ T ′)

∂x′j
= T ⊗ ∂T ′

∂x′j
.

Exercise 2.2.9. Show that supp( ∂T
∂xi

) ⊂ supp(T ), supp(gT ) = supp(g) ∩ (supp(T ),
supp(f∗(T )) ⊂ f(supp(T )) and supp(T ⊗ T ′) = supp(T )× supp(T ′).

Exercise 2.2.10. Let ϕ be a function in D(R) such that ϕ(0) = 0. Show that ϕ(x)
x is

a function in D(R). Show that for every distribution T on R there is a distribution S
such that xS = T .
Hint: compute d

dt(ϕ(tx)).

Exercise 2.2.11. Let T be a distribution of order k on X. Let f be a function in
E[k](X). Show that fT defines a distribution of order ≤ k on X.

Exercise 2.2.12. Let f be a function in E (X) and T be the associated distribution.
Compute ∂αT .

Exercise 2.2.13. Let f be a function on R. Assume that f vanishes outside an interval
[a, b] ⊂ R and that f|[a,b] is a function of class C 1. Let T be the distribution on R
associated to f . Compute ∂T

∂x .

Exercise 2.2.14. Let T be a distribution on X. Assume that ∂T
∂xi

= 0 for every i.
Show that T is defined by a constant function. Find all the distributions T satisfying
∂αT = 0 for every α with |α| = k.

Exercise 2.2.15. Let T be the distribution on R defined by the characteristic function
1R+ of R+. Show that ∂T

∂x = δ0. Find all the distributions T on R such that ∂T
∂x = δ0.

Exercise 2.2.16. Let f be a real-valued increasing function on R. Show that f ′ := ∂f
∂x

in the sense of distributions is a positive measure.

2.3 Convolution and regularization

We first consider a distribution T defined on RN . Let ϕ be a function in E (RN).
Assume that either supp(T ) or supp(ϕ) is compact (in fact it is enough to assume
that the set of (x, y) ∈ supp(T )× supp(ϕ) with |x+ y| ≤ R is compact for every
R). Define for x ∈ RN an affine invertible map τx : RN → RN by τx(y) := x− y.
The convolution of T and ϕ is a function on RN given by

(T ∗ ϕ)(x) := 〈T, ϕ ◦ τx〉 = 〈(τx)∗T, ϕ〉.

Note that in the last formula x is fixed.
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Proposition 2.3.1. Let T and ϕ be as above. Then T ∗ϕ is a function in E (RN).
Moreover, we have

∂α(T ∗ ϕ) = T ∗ ∂αϕ = (∂αT ) ∗ ϕ.

For every function f ∈ L 1
loc(RN) and ϕ in E (RN) such that either supp(f) or

supp(ϕ) is compact, define the convolution of f and ϕ by

f ∗ ϕ := (fL N) ∗ ϕ

or more precisely

(f ∗ ϕ)(x) :=

∫
y∈RN

f(y)ϕ(x− y)dL N(y).

We have the following proposition.

Proposition 2.3.2. Let T and ϕ be as above. Then

supp(T ∗ ϕ) ⊂ supp(T ) + supp(ϕ)

and if ψ is a function in D(RN) we have

(T ∗ ϕ) ∗ ψ = T ∗ (ϕ ∗ ψ).

Let χ be a positive function in D(RN) such that
∫
χdL N = 1. For ε > 0,

define
χε(x) := ε−Nχ

(x
ε

)
.

Theorem 2.3.3. Let T , χ and χε be as above. Then χε → δ0 for the weak
topology on measures and T ∗ χε → T in the sense of distributions when ε → 0.
Moreover, supp(χε) → {0} and supp(T ∗ χε) → supp(T ) in the Hausdorff sense.

Recall that a sequence of closed sets (Fn) in X converges in the Hausdorff
sense to a closed set F if for x ∈ F there are xn ∈ Fn such that xn → x and for
x 6∈ F there is a neighbourhood of x which intersects only a finite number of Fn.
The previous theorem shows that every distribution in RN can be approximated
by smooth functions. This property holds for distributions on every open set X
in RN .

Theorem 2.3.4. Let T be a distribution in D ′(X). Then there exist distributions
Tn defined by functions in E (X) such that Tn → T in the sense of distributions
and supp(Tn) → supp(T ) in the Hausdorff sense.
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Exercise 2.3.5. Let f be a function in L 1(RN ). Compute in D ′(RN ) the limit

lim
ε→0

1
εN
f

(x
ε

)
.

Exercise 2.3.6. Let ϕ and ψ be two functions in D(RN ). Show that ϕ ∗ ψ = ψ ∗ ϕ.

Exercise 2.3.7. Let µ be a probability measure with compact support in RN . Show
that µ ∗ χε is a probability measure.

Exercise 2.3.8. Find all the distribution T with compact support in R such that T ∗ϕ =
0 where ϕ(x) = x. Same question when ϕ is a polynomial on x.

Exercise 2.3.9. Let P denote a differential operator with constant coefficients in RN .
Assume that there is a distribution E smooth out of the origin such that P (E) = δ0.
Let v be a distribution on an open set X ⊂ RN . Show that if P (v) is smooth on X
then v is smooth on X.
Hint: Choose an open set X ′ b X and a smooth function χ with 0 ≤ χ ≤ 1 and χ = 1
on X ′. Write χv = P (E) ∗ χv.

2.4 Laplacian and subharmonic functions

The Laplace operator on RN is defined as ∆ :=
∑

∂2

∂x2
n
. It acts on smooth functions

and also on distributions.

Definition 2.4.1. An upper semi-continuous (u.s.c) function u : X → R∪{−∞}
is subharmonic if it belongs to L 1

loc(X) and if ∆u is a positive measure. The
function u is harmonic if u and −u are subharmonic.

Let SH(X) denote the convex cone of subharmonic functions on X. In order
to study subharmonic functions it is useful to describe explicitely a fundamental
solution of the Laplace equation.

Theorem 2.4.2. Let sN−1 denote the area of the unit sphere SN−1 in RN . Define

E(x) :=
−1

(N − 2)sN−1‖x‖N−2
if N ≥ 2 and

1

2π
log ‖x‖ if N = 2.

Then ∆E = δ0 where δ0 is the Dirac mass at 0.

Theorem 2.4.3. Let ν be a positive measure with compact support on X then
u := ν ∗ E is a subharmonic function such that ∆u = ν.

Corollary 2.4.4. Harmonic functions are smooth.
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Theorem 2.4.5. Let u : X → R ∪ {−∞} be an u.s.c. function not identically
−∞. Then u is subharmonic if and only if it satisfies the following submean
inequality: for every ball B(x0, r) contained in X we have

u(x0) ≤
1

sN−1

∫
‖ξ‖=1

u(x0 + rξ)dσ(ξ)

where σ is the invariant probability measure on the unit sphere of RN . This
function is harmonic if and only if for every ball B(x0, r) contained in X we have

u(x0) =
1

sN−1

∫
‖ξ‖=1

u(x0 + rξ)dσ(ξ).

The previous integral is the mean value of u on the sphere bB(x0, r). The
theorem is also valid if we replace the mean of u on the sphere by the mean on
the ball B(x0, r).

We obtain the following maximum principle.

Corollary 2.4.6. Let u be a subharmonic function on X and let a be a point of
X. Assume that u(a) = maxX u. Then u is constant.

The cone SH(X) satisfies the following compacteness properties.

Theorem 2.4.7. 1. Let (un) be a sequence of subharmonic functions on X
decreasing to a function u. Then either u is subharmonic or is identically
−∞.

2. If (un) is a sequence of subharmonic functions on X locally bounded from
above, then (supun)∗ and (lim supun)∗ are subharmonic or identically −∞.

3. If un are subharmonic and if χ : (R ∪ {−∞})m → R ∪ {−∞} is a convex
function which is increasing in each variable then χ(u1, . . . , up) is subhar-
monic or identically −∞. In particular max(u1, . . . , um) is subharmonic.

Theorem 2.4.8. The cone SH(X) is closed for the L 1
loc topology. Every bounded

set in the L 1
loc topology is relatively compact. Let (un) be a sequence in SH(X)

locally bounded from above. Then either there is a subsequence of (un) which con-
verges in L 1

loc(X) to a subharmonic function or (un) converges locally uniformly
to −∞.

The following result is called Hartogs lemma.

Theorem 2.4.9. Let (un) be a sequence of subharmonic functions on X. As-
sume that u is a subharmonic function on X and un → u in L 1

loc(X). Then
lim supun(x) ≤ u(x) for x ∈ X with equality almost everywhere. For any com-
pact set K in X and every continuous function f on K we have

lim sup
n→∞

sup
K

(un − f) ≤ sup
K

(u− f).

In particular if f ≥ u and ε > 0 then un ≤ f + ε on K for n large enough.
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Definition 2.4.10. A set A ⊂ X is said to be polar if there is a subharmonic
function on X such that A ⊂ {u = −∞}. Since u is u.s.c. {u = −∞} is always
a Gδ set, i.e. a countable intersection of open sets.

Theorem 2.4.11. Let A be a polar closed set in X and let u be a subharmonic
function on X \ A. Assume that u is locally bounded form above near A. Then
there is a subharmonic function ũ on X such that ũ = u on X \ A.

Exercise 2.4.12. Find a real-valued function E on R such that ∂2

∂x2E = δ0.

Exercise 2.4.13. Let u be a subharmonic function on X. Show that u is in L p
loc(X)

for 1 ≤ p < N
N−2 and ∇u is in L p

loc(X) for 1 ≤ p < N
N−1 .

Exercise 2.4.14. Let K b L be two compact subsets of X. Show that there is a
constant cKL > 0 such that

‖∆u‖K ≤ cKL‖u‖L 1(L\K)

for every subharmonic function u on X.

Exercise 2.4.15. Let (un) be a sequence of subharmonic functions uniformly bounded
on X and let K be a compact subset of X. Assume that supX un+1 ≤ supK un for every
n. Show that un converge in L 1

loc to a constant. Does un converge pointwise to this
constant?

Exercise 2.4.16. Let un and u be subharmonic functions on X such that un → u
in L 1

loc(X). Let ν is a probability measure with compact support in X. Assume that∫
undν →

∫
udν. Show that

1. lim supn→∞ un = u, ν-almost everywhere.

2. If un are uniformly bounded then un → u in L p(ν) for 1 ≤ p <∞.

3. There is a subsequence of (un) converging to u in L 1(ν).

Hint:

1. Use Fatou’s lemma and Hartog’s lemma.

2. Fix δ > 0 and consider Aδ
n := {un < u− δ}.

3. If ν(Aδ
n) → 0 one can extract a subsequence such that unj → u ν-almost every-

where. Then use Fatou’s lemma again.

Exercise 2.4.17. Let ν be a positive measure with compact support in X. We say that
ν is SPB if every subharmonic on X is ν-integrable.

1. Give examples of SPB probability measure.
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2. Let ν be a probability measure with compact support in R2. Prove that if u := E∗ν
is locally bounded then ν is SPB. Give an analogous statement in RN , N > 2.

3. Let ν be an SPB measure with compact support in X. Show that there exists a
constant c > 0 such that for every subharmonic function u on X∫

|u|dν ≤ c‖u‖L 1(X).

Hint: if this does not hold there are un subharmonic such that ‖un‖L 1(X) = 1 and∫
|un|dν ≥ n3. Show that un are locally unifomly bounded from above.

Exercise 2.4.18. Let z = x+ iy be the complex coordinate on C ' R2. Define

∂

∂z
:=

1
2

(
∂

∂x
− i

∂

∂y

)
and

∂

∂z
:=

1
2

(
∂

∂x
+ i

∂

∂y

)
.

The second operator is called the Cauchy-Riemann operator on C. Show that

∆ = 4
∂2

∂z∂z
and

∂

∂z

(
1
πz

)
= δ0.

If f is a distribution on an open set X ⊂ C such that ∂f
∂z = 0, show that f is a

holomorphic function on X. If ϕ is a function in L 1(C) with compact support in C,
show that

∂

∂z

(
1
πz

∗ ϕ
)

= ϕ.
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Currents

The notion of currents was introduced by Georges de Rham. It generalizes the
notion of distribution. In fact, distributions are currents of maximal degree. We
will define differential forms and currents on an open set X in RN and state
basic properties of currents. We will show that currents can be approximated
by smooth forms and show that every closed current is locally exact (Poincaré’s
lemma).

3.1 Differential forms and currents

Consider a function f of class C 1 on X and fix a point a ∈ X. To a vector
ξ = (ξ1, . . . , ξN) ∈ RN we associate the derivation ξ1

∂
∂x1

+ · · · + ξN
∂

∂xN
at the

point a. The space TaX of such derivations is the tangent space of X at a. The
differential dfa of f at a is the linear form on TaX defined by

dfa(ξ) :=

(
ξ1
∂f

∂x1

+ · · ·+ ξN
∂f

∂xN

)
(a).

Consider the coordinate xi as a function on X. Its differential at a is given by

(dxi)a(ξ) = ξi.

Hence we can write

df =
∂f

∂x1

dx1 + · · ·+ ξN
∂f

∂xN

dxN .

This is an example of a differential 1-form.

Definition 3.1.1. A differential p-form or a form of degree p on X is a map
assigning to each point a ∈ X an alternating p-form on TaX.
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Then, a differential 1-form is a map assigning to each point a ∈ X an element
of T ∗aX, i.e. a linear form on TaX. It can be decomposed uniquely as

α =
N∑

i=1

αidxi.

where the coefficients αi are functions on X.
Differential p-forms can be obtained as combinations of exterior products of p

forms of degree 1. Let ui, 1 ≤ i ≤ p, be differential 1-forms. The exterior product
or wedge product of ui is denoted by

u1 ∧ . . . ∧ up

Hence any p-form can be written as

α :=
∑

I

αIdxI

where I = (i1, . . . , ip), 1 ≤ i1 < · · · < ip ≤ N , dxI := dxi1 ∧ . . . ∧ dxip and αI are
functions on X. When the αI are bounded, continuous or smooth functions we
say that the form α is bounded, continuous or smooth.

In general, we can consider the exterior product of a p-form α and a q-form
β. Their product is a (p+ q)-form and enjoys the following properties

- associativity: (α ∧ β) ∧ γ = α ∧ (β ∧ γ)

- distributivity: (α+ α′) ∧ β = α ∧ β + α′ ∧ β′

- anti-commutativity: α ∧ β = (−1)pqβ ∧ α.

For a function f we have f ∧ α = fα and (fα) ∧ β = f(α ∧ β). The anti-
commutativity implies that dxi∧ dxi = 0, α∧ (β+β′) = α∧β+α∧β′ and every
p-form with p > N is zero. Then forms of maximal degree are forms of degree N .

We define the exterior derivative of forms. Let α be a p-form as above, of
class C 1. The derivative of α is the (p+ 1)-form:

dα :=
∑

I

dαI ∧ dxI .

If dα = 0, we say that α is closed. It is clear that forms of maximal degree are
always closed. Forms that can be written as dα are said to be exact.

Let α := ϕdx1 ∧ . . .∧ dxN be a form of maximal degree where ϕ is a function
in L 1(X). Define the integral of α by∫

X

α =

∫
X

ϕdx1 ∧ . . . ∧ dxN :=

∫
X

ϕdL N .
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Proposition 3.1.2. Let α, α′ be p-forms of class C 1 and let β be a q-form of
class C 1. Then

d(α+ α′) = dα+ dα′ and d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ.

Moreover, if α is of class C 2, then dα is closed, i.e. d(dα) = 0.

Let f : X → X ′ be a map of class C 1. If α′ =
∑
α′Idx

′
I is a p-form, define

the pull-back of α′ by f by

f ∗(α′) :=
∑

I

(α′I ◦ f)d(x′I ◦ f).

This is a p-form on X. It depends linearly on α′.
We endow the spaces Dp

[k](X), Dp(X), E p
[k](X), E p(X) of p-forms on X with

the semi-norms and the topology induced by the ones on the coefficients of forms.

Definition 3.1.3. A current of degree p and of dimension N −p on X is a linear
continuous form T : DN−p(X) → C. If α is a form in DN−p(X), the value of T
at α is denoted by T (α) or 〈T, α〉. The form α is called test form. We say that a
sequence (Tn) of p-currents on X converges weakly (or converges in the sense of
currents) to a current T if 〈Tn, α〉 → 〈T, α〉 for every α ∈ DN−p(X).

So distributions are currents of maximal degree. If T is a current of degree 0,
one can associate to T a distribution T ′ by

〈T ′, ϕ〉 := 〈T, ϕdx1 ∧ . . . ∧ dxN〉.

This correspondence between distributions and 0-currents is 1:1. Hence we often
identify distributions and currents of degree 0.

Example 3.1.4. If T is a p-form with coefficients in L 1
loc(X) then T defines a

current of degree p

〈T, α〉 :=

∫
X

T ∧ α for α ∈ DN−p(X).

Example 3.1.5. Let Y ⊂ RN−p be an open set and let f : Y → X be a proper
injective map of class C 1. Let Z ⊂ Y be a Borel set and Z ′ := f(Z). Define the
current [Z ′] of integration on Z ′ by

〈[Z ′], α〉 =

∫
Z′
f ∗(α) for α ∈ DN−p(X).

In particular, when X = Y = Z = Z ′ and f = id we get the 0-current [X] of
integration on X.
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Proposition 3.1.6. Let T be a p-current on X and let K ⊂ X be a compact set.
Then there exist a positive integer k and a positive constant c such that

|〈T, α〉| ≤ c‖α‖k,K for every α ∈ DN−p(X) with supp(α) ⊂ K.

Definition 3.1.7. If the integer k in Proposition 3.1.6 can be chosen indepen-
dently of K we say that T is of finite order and the smallest integer k satisfying
this property is called order of T .

One can check easily that currents in the examples 3.1.4 and 3.1.5 are of order
zero. Currents of compact support are of finite order. We also have the following
result.

Proposition 3.1.8. Let T be a p-current of order k on X. Then we can extend
T to a continuous linear form on DN−p

[k] (X). Moreover, the extension is unique.

Definition 3.1.9. The support of a p-current T is the smallest closed subset
supp(T ) of X such that T vanishes on X \ supp(T ). That is, 〈T, α〉 = 0 for every
test (N − p)-form α ∈ DN−p(X) with compact support in X \ supp(T ).

The support of the current [Z ′] in the example 3.1.5 is equal to Z
′
.

Theorem 3.1.10. Let T be a p-current with compact support in X. Then T can
be extended to a continuous linear form on E N−p(X). Moreover, the extension is
unique.

Exercise 3.1.11. Let α be a 1-form on X. Show that α ∧ α = 0.

Exercise 3.1.12. Let f be a real-valued function of class C 1 on X. Let P : R → R be
a C 1 function. Show that d(P ◦ f) = P ′(f)df .

Exercise 3.1.13. Let T =
∑

I TIdxI be a p-current on X. Show that supp(T ) =⋃
supp(TI).

Exercise 3.1.14. Find a non-uniformly bounded sequence of smooth p-forms (Tn) with
support in a fixed compact set K ⊂ X such that Tn → 0 in the sense of currents.

3.2 Operations on currents and Poincaré’s lemma

Let T be a p-current on X and let X ′ be an open subset of X. Then we can
define the restriction of T to X ′ as follows:

〈T|X′ , α〉 := 〈T, α〉
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for test forms α with compact support in X ′. It is easy to check that T|X′ is a
p-current on X ′ and that the order of T ′ is smaller or equal to the order of T .
In particular if T is a measure or a distribution then T|X′ is also a measure or a
distribution.

Let β be a q-form in E q(X). Define the wedge-product T ∧ β by

〈T ∧ β, α〉 := 〈T, β ∧ α〉 for α ∈ DN−p−q(X).

This is a (p + q)-current on X. The (p + q)-current β ∧ T is by definition equal
to (−1)pqT ∧ β. We will drop the sign ∧ if p or q is equal to zero since the wedge
product becomes the usual multiplication.

Proposition 3.2.1. Let T be a p-current on X. Then T can be written in a
unique way

T =
∑
|I|=p

TIdxI

where TI are currents of degree 0 on X.

We have seen that 0-currents can be identified to distributions. One can
consider that currents are forms with distribution coefficients.

We want to extend the operation of exterior derivative from forms to currents.
When β ∈ E p(X) and α ∈ DN−p−1(X) the classical Stokes formula implies that
〈dβ, α〉 = (−1)p+1〈β, dα〉. Hence we define the exterior derivative of currents as
follows. Let T be a current of degree p on X. Define the (p+ 1)-current dT by

〈dT, α〉 := (−1)p+1〈T, dα〉 for α ∈ DN−p−1(X).

The maps T 7→ dT is continuous for the topology on currents. When dT = 0
we say that T is closed. Currents of maximal degree (distributions) are always
closed.

Consider a C 1 map f : X → X ′ which is proper on the support of T . Assume
that N ′ ≥ dimT = N − p. Then we can define the push-forward f∗(T ) as follows

〈f∗(T ), α〉 := 〈T, f ∗(α)〉 for α ∈ DN−p(X ′).

The current f∗(T ) is of degree N ′ − N + p and of dimension N − p. Hence the
operator f∗ preserves the dimension of currents.

Example 3.2.2. Let U ⊂ X be a domain with C 1 boundary. Define

〈[U ], α〉 :=

∫
U

α for α ∈ DN(X).

The boundary bU of U has the canonical orientation induced by the orientation
on X. The classical Stokes formula implies that d[U ] = (−1)N [bU ].
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Proposition 3.2.3. The push-forward operator is continuous and commutes with
the exterior derivative, i.e. we have

f∗(dT ) = (−1)N ′−Nd(f∗T ).

Now consider a p-current T =
∑
TIdxI on X and a p′-current T ′ =

∑
T ′I′dxI′

on X ′. Define the (p+ p′)-current T ⊗ T on X ×X ′ by

T ⊗ T ′ :=
∑
I,I′

(TI ⊗ T ′I′)dxI ∧ dx′I′

where TI⊗T ′I′ is defined in the sense of distributions. The current T ⊗T ′ is called
tensor product of T and T ′.

Proposition 3.2.4. The tensor product T ⊗ T ′ depends continuously on T and
T ′. Moreover, we have

d(T ⊗ T ′) = (dT )⊗ T ′ + (−1)pT ⊗ (dT ′).

Let π : X×X ′ → X be the canonical projection. When T ′ = [X ′] the current
T⊗ [X ′] is called the pull-back of T by π and is denoted by π∗(T ). More generally,
consider a submersion f : Y → X. Locally we can identify Y with a product
X × X ′ and f with the projection on X. Then we can define f ∗(T ) using a
partition of unity.

Proposition 3.2.5. Let f be as above. Then f ∗(T ) depends continuously on T
and commute with the extrerior derivative, i.e. f ∗(dT ) = df∗(T ).

Using the above result we can prove the following result which is called
Poincaré lemma.

Theorem 3.2.6. Let X be a starshaped domain in RN . Then every closed p-
current T on X, p ≥ 1, is exact, i.e. there is a (p − 1)-current S such that
dS = T .

Exercise 3.2.7. Let T be a p-current on X and let β be q-form in E q(X). Show
that supp(T ∧ β) ⊂ supp(T ) ∩ supp(β). Find an example such that supp(T ∧ β) 6=
supp(T ) ∩ supp(β).

Exercise 3.2.8. Let T be a p-current of order k on X. Let β be q-form of class C k.
Show that T ∧ β is well defined and is a current of order ≤ k.

Exercise 3.2.9. Let T be a p-current and β be a q-form in E q(X). Show that

d(T ∧ β) = dT ∧ β + (−1)pT ∧ dβ.
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Exercise 3.2.10. Let f : X ′ → X be a bijective C 1 map and T be a p-current on X.
Show that

f∗(f∗(T )) = T.

Deduce that f∗ = (f−1)∗ and f∗ = (f−1)∗.

Exercise 3.2.11. Let f : X ′ → X be a C 1 submersion. Let T and β be as above. Show
that

f∗(T ∧ β) = f∗(T ) ∧ f∗(β).

Is there an analogous formula for the push-forward operator?

Exercise 3.2.12. Let T be a p-current on X and let f : X → X ′ be a C 1 map proper
on the support of T . If β is a q-form in E q(X ′) show that

f∗(T ∧ f∗(β)) = f∗(T ) ∧ β.

Exercise 3.2.13. Is the Poincaré’s lemma valid for an arbitrary domain X in RN?

3.3 Convolution and regularization

Let T =
∑
TIdxI be a p-current on RN . Let ϕ be a function in E (RN). Assume

that either T or ϕ has compact support. Recall that we can identify TI with a
distribution on RN . Define the convolution T ∗ ϕ of T and ϕ by

T ∗ ϕ :=
∑

(TI ∗ ϕ)dxI .

This is a p-form in E p(RN).

Proposition 3.3.1. Let T and ϕ be as above. Then

supp(T ∗ ϕ) ⊂ supp(T ) + supp(ϕ)

and
d(T ∗ ϕ) = (dT ) ∗ ϕ.

If ψ be a function in D(RN) then

(T ∗ ϕ) ∗ ψ = T ∗ (ϕ ∗ ψ).

Theorem 3.3.2. Let T be a p-current on RN and let χε be as in Section 2.3.
Then T ∗ χε → T in the sense of currents and supp(T ∗ χε) → supp(T ) in the
Hausdorff sense when ε→ 0.

We can approximate currents in the general case.

Theorem 3.3.3. Let T be a p-current on X. Then there exist smooth p-forms
Tn on X such that Tn → T in the sense of currents and supp(Tn) → supp(T ) in
the Hausdorff sense. If T is closed then the forms Tn can be chosen to be closed.



38 CHAPTER 3. CURRENTS

Exercise 3.3.4. Let τx be as in Section 2.3. Show that

〈T ∗ ϕ, α〉 =
∫

x∈RN

〈(hx)∗T, α〉ϕ(x)dL N (x)

where hx(y) := y + x.

Exercise 3.3.5. Show that in the first part of Theorem 3.3.3 we can choose Tn with
compact support.



Chapter 4

Currents on manifolds

After introducing differentiable manifolds, their tangent bundles and differental
forms on manifolds we state the regularization theorem for currents on manifolds
and some properties of de Rham cohomologies in the case of compact manifolds.

4.1 Differentiable manifolds

We define differentiable manifolds of dimension N and of class C k, k ∈ N∗∪{∞}.
Let X be a separated topological space which is a finite or countable union of
compact sets. Assume that X can be covered by a collection of opens sets (Ui)i∈I

such that there are continuous bijective maps ϕi : Ui → Vi where Vi are open
subsets of RN . Assume also that the transition maps

ϕji := ϕj ◦ ϕ−1
i : ϕi(Ui ∩ Uj) → ϕj(Ui ∩ Uj).

are of class C k. Define Vji := ϕi(Ui ∩ Uj).

Definition 4.1.1. A family of (Ui, ϕi) satisfying the previous property is an atlas
of class C k of X. The topological space X equipped with such an atlas is a man-
ifold of class C k and of dimension N . The components of ϕi = (ϕi,1, . . . , ϕi,N)
are local coordinates on the chart (Ui, ϕi) of X.

A spaceX may have different structures of C k manifold. Two C k atlas (Ui, ϕi)
and (Wj, ψj) of X define the same structure if ψj◦ϕ−1

i are C k maps on ϕi(Ui∩Wj)
for all i, j. In practice, we often say that X is a manifold of class C k when it
has a C k structure. If (Ui, ϕi)i∈I is an atlas of X there is a finite ou countable
sub-atlas (Uj, ϕj)j∈J with J ⊂ I.

Example 4.1.2. Euclidian spaces RN , spheres in RN , tori, projective spaces
PRN , and their open sets are examples of manifolds. If X and X ′ are manifolds
then X ×X ′ is a manifold.

39
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Definition 4.1.3. Let X be a manifold as in Definition 4.1.1. We say that X
is orientable if it admits an atlas (Ui, ϕi) as above such that the transition maps
ϕji have positive jacobian.

Definition 4.1.4. Let Y be a closed subset of a manifold X of dimension N .
We say that Y is a submanifold of dimension n of X if for every point y ∈ Y
there are local coordinates (x1, . . . , xN) on a neighbourhood W of y such that
Y ∩W = {x1 = · · · = xN−n = 0}.
Definition 4.1.5. Let X and X ′ be manifolds of class C k equipped with atlases
(Ui, ϕi) and (U ′

j, ϕ
′
j). A continuous map f : X → X ′ is said to be of class C k if

ϕ′j ◦ f ◦ ϕ−1
i are of class C k on their domains of definition for all i and j. The

map f is an imbedding if it is injective and if f(X ′) is a submanifold of X. A C k

bijective map f : X → X ′ is called diffeomorphism between X and X ′, in this
case, we say that X and X ′ are diffeomorphic.

One checks easily that the previous properties of f depend only on the C k

structures on X and X ′ but not on the atlases (Ui, ϕi) and (U ′
j, ϕ

′
j). Using the

open sets Vi, Vji of RN and transition maps ϕji we can construct an abstract
manifold diffeomorphic to X as follows.

Proposition 4.1.6. Let Vi, Vji and ϕji be as above. Consider the disjoint union

X̃ of the Vi and the following relation ∼. For x and y in X̃, we have x ∼ y if
y = ϕji(x) for some i, j. Then ∼ is a relation of equivalence and the quotient

X̃/ ∼ is a manifold diffeomorphic to X.

The proof of this proposition uses the fact that (ϕji) is a cocycle, i.e. ϕii = id,
ϕij ◦ ϕji = id and ϕik ◦ ϕkj ◦ ϕji = id.

The following theorem shows that every manifold admits a partition of unity.

Theorem 4.1.7. Let X be a C k manifold and let (Wi, ϕi) be an open cover of
X. Then there exist positive C k functions gi with support in Wi such that for
each point x ∈ X we have gi(x) = 0 except for a finite number of gi and

∑
gi = 1

on X.

Manifolds and maps of class C∞ are called smooth. In what follows we assume
that the manifolds are smooth in order to simplify the notation. We also define
manifolds X with boundary in the same way as in Definition 4.1.1 but we replace
Vi by open sets in the closed half-space RN

− := {(x1, . . . , xN) ∈ RN , x1 ≤ 0}. The
union of ϕ−1

i (Vi ∩ {x1 = 0}) is called the boundary of X and is denoted by bX.
Observe that X \ bX is a manifold without boundary.

Complex manifolds are defined as in Definition 4.1.1 but we replace Vi by
open sets of CN and we assume that the maps ϕi are holomorphic. A complex
manifold with boundary is a real manifold X with boundary bX such that X \ bX
is a complex manifold.
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Exercise 4.1.8. Let X be a connected manifold of dimension 1. Show that X is either
diffeomorphic to a circle or to the real line.
Hint: show that X can be covered by a finite or countable family of open sets Un, n ∈ Z,
such that Un ∩ Un+1 ∩ Un+2 = ∅.

Exercise 4.1.9. Show that there is no smooth injective map from the sphere S2 onto
R2.

Exercise 4.1.10. Let X be a smooth manifold. Show that there exists a proper smooth
function f : X → R. Such a function is called an exhaustion function.

Exercise 4.1.11. Let X be a manifold. Show that any smooth function f on X can
be written as f =

∑
fi where fi are smooth with compact support such that for every

x we have fi(x) = 0 except for a finite number of fi.

4.2 Vector bundles

We will consider an important class of manifolds: the vector bundles which are
locally product of Rd with a manifold. Let X, E be manifolds of dimension N
and N+d respectively, and let π : E → X be a smooth map. Assume that (Ui) is
a covering of X by open sets and that Φi : π−1(Ui) → Ui×Rd are diffeomorphisms
such that Φ(π−1(x)) = {x} × Rd. Assume also that for all i, j and x ∈ Ui ∩ Uj

the transition maps Φji := Φj ◦ Φ−1
i define linear automorphisms on {x} × Rd.

The last property implies the existence of smooth maps Hji : Ui∩Uj → GL(d,R)
such that Φji(x, v) =

(
x,Hji(x)(v)

)
.

Definition 4.2.1. Under the previous assumptions, we say that π : E → X (or
E for short) is a vector bundle of rank d over the base X and π−1(x) is a fiber of
E. When d = 1 we say that π : E → X is a line bundle over X. The map Φi is
the trivialisation of E over Ui. A section of E is a continuous map s : X → E
such that π ◦ s = id.

One can check that the union of Φ−1
i (Ui × {0}) is a section of E. This is the

zero section. Observe that the set of of all the sections of E is a vector space. If
Y ⊂ X is a manifold then F := π−1(Y ) is a vector bundle of rank d over Y .

Definition 4.2.2. Let π′ : E ′ → X ′ be another vector bundle. A smooth map
τ : E → E ′ which sends linearly fibers to fibers is called morphism between vector
bundles. If τ is bijective then E and E ′ are said to be isomorphic. The bundle
E is trivial if it is isomorphic to the product X × Rd.

Proposition 4.2.3. Let π : E → X be a vector bundle. Then there exists a
riemannian metric on E, i.e. a scalar product px(·, ·) on each fiber π−1(x) which
depends smoothly on x.
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Consider a manifold X of dimension N and a family of open sets Ui which
covers X. Let Hji : Ui ∩ Uj → GL(d,R) be smooth maps. Assume that (Hji)
is a cocycle, i.e. Hii(x) = id for x ∈ Ui, Hij ◦ Hji(x) = id for x ∈ Ui ∩ Uj and

Hik ◦Hkj ◦Hji(x) = id for x ∈ Ui ∩ Uj ∩ Uk for all i, j, k. Let Ẽ be the disjoint

union of Ui×Rd. Define the relation ∼ on Ẽ as follows. For two points (x, v) ∈ Ui

and (x′, v′) ∈ Uj we have (x, v) ∼ (x′, v′) if x = x′ and v′ = Hji(x)(v).

Theorem 4.2.4. Let X, Ui, Hji and Ẽ be as above. Then ∼ is an equivalence

relation and Ẽ/ ∼ admits a structure of vector bundle of rank d over X.

If Hji are as in Definition 4.2.1 then Ẽ/ ∼ is isomorphic to E. Let Kji :
Ui ∩ Uj → GL(d,R) be defined by Kji(x) := Hji(x)

−1. Then (Kji) is a cocycle.
Using these maps we can define a vector bundle E∗ of rank d over X. This bundle
is called the dual of E.

We can consider a vector bundle E as a collection of vector spaces parametrized
by a manifold X. Then some operations on vector spaces can be extended to vec-
tor bundles. More precisely, we can define E ⊕ E ′, E ⊗ E ′, ΛpE when E and E ′

are bundles over the same base X.
Riemannian metrics on E and E ′ induce riemannian metrics on E∗, E ⊕ E ′,

E ⊗ E ′ and ΛpE.
Complex vector bundles over complex manifolds are defined analogously but

we replace Rd by Cd and the maps Φi are assumed to be holomorphic.

Exercise 4.2.5. Show that a line bundle is trivial if and only if it admits a non-
vanishing smooth section. Find an analogous criterion for vector bundles.

Exercise 4.2.6. Show that any line bundle over R is trivial. Find a non-trivial line
bundle L over S1. Show that L⊗ L is trivial.

Exercise 4.2.7. Let E be a vector bundle of rank d over X. Show that ΛdE is a line
bundle over X.

4.3 Tangent bundle and differential forms

IfX is an open subset of RN , a tangent vector at a is simply a derivation
∑
λn

∂
∂xn

.

The set of tangent vectors at a is isomorphic to RN . The tangent bundle of X is
(isomorphic to) X × RN .

The tangent bundle of a general manifold X is not always trivial and can
be defined using an atlas (Ui, ϕi) as in Definition 4.1.1. Define Hji : Ui ∩ Uj →
GL(N,R) the maps such that Hji(x) is the jacobian of ϕji at the point ϕi(x).
One can check that these maps satisfy the assumptions of Theorem 4.2.4. We
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then obtain a vector bundle of rank N over X which is the tangent bundle of X
that one denotes by π : TX → X. The fiber of x is denoted by TxX. A section
of TX is called vector field on X.

The dual T ∗X of TX is called cotangent bundle of X. A section of Λp(T ∗X)
is a p-form on X. A non-vanishing real form of maximal degree N on X is called
volume form. If α is a p-form and α′ is a p′-form on X then α∧α′ is a (p+q)-form
on X. It is defined using local coordinates. If f : X ′ → X is a smooth map then
one can also define the pull-back f ∗(α) of α which is a p-form on X ′. Using local
coordinates one shows that f ∗(α ∧ α′) = f ∗(α) ∧ f ∗(α′).

An orientation on X is an orientation on each fiber TxX of TX which depends
continuously on x. This induces an orientation on the fibers of Λp(T ∗X).

Proposition 4.3.1. A manifold X of dimension N is orientable if and only if
the line bundle ΛN(T ∗X) is trivial, i.e. there is a volume form on X.

An orientable connected manifold X admits two orientations. If Ω and Ω′ are
volume forms on X then there is a non-vanishing function f such that Ω′ = fΩ.
This function is either positive or negative. Then we can divide the family of
volume forms into two classes such that the two volume forms Ω1 and Ω2 are in
the same class if and only if Ω1 = λΩ2 with λ a strictly positive function. Fixing
an orientation on X is deciding that the forms in one class are positive, and
negative in the other class. If X is a manifold with boundary then an orientation
of X \ bX induces an orientation on bX. Indeed this is the case for open sets of
RN
− .

A riemannian metric on TX is called riemannian metric on X. It induces
riemannian metrics on Λp(T ∗X) and a distance on X. Then we can talk about
volumes of varieties, subvarieties, Hausdorff measures ...

Exercise 4.3.2. Show that every smooth vector field on the sphere S2 vanishes at some
point.
Hint: S2 \ {1 point} is diffeomorphic to C.

Exercise 4.3.3. Let T = R2/Z2 be the 2-dimensional torus. Show that the tangent
bundle of T is trivial.

Exercise 4.3.4. Let X be an oriented manifold and let σ : X → X be an involution,
i.e. a diffeomorphism without fixed point such that σ ◦ σ = id. Let X̃ be the space
obtained from X by identifying the points x and σ(x). Show that σ \X is a manifold
which is orientable if and only if σ preserves the orientation.
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4.4 Currents and de Rham theorems

In what follows we consider only riemannian oriented manifolds. The spaces of
forms and currents on a manifold X are defined exactly as in the case of an open
set in RN . A p-form on X is of course a p-current. We give some other classes of
examples.

Example 4.4.1. (Integration on manifolds) Let Y be a submanifold of codi-
mension p of X. We can define a p-current of integration on Y by

〈[Y ], α〉 :=

∫
Y

α for α ∈ DN−p(X).

In order to integrate a form on Y one can use the partition of unity and local
coordinates. If α|Y is supported on a chart ϕi : Ui → Vi of Y then

∫
Y
α :=∫

Vi
(ϕ−1

i )∗(α). More generally consider a manifold X ′ of dimension N − p with or
without boundary and a smooth proper injective map f : X ′ → X. Then we can
define a p-current [f(X ′)] by

〈[f(X ′)], α〉 :=

∫
X′
f ∗(α) for α ∈ Dp(X).

We have the following Stokes formula.

Theorem 4.4.2. Let f : X ′ → X be as above. Then

d[f(X ′)] = (−1)N−p[f(bX ′)].

In particular if Y is a submanifold of X (without boundary) then the current [Y ]
is closed.

The following fundamental theorem is due to de Rham.

Theorem 4.4.3. Let T be a p-current on a manifold X. Then there are smooth
p-forms Tn such that Tn → T in the sense of currents and supp(Tn) → supp(T ).
Moreover if T is closed (resp. exact) then Tn can be chosen to be closed (resp.
exact).

In what follows we assume that X is a compact manifold without boundary.
However the following results can be extended to non-compact manifolds but the
statement is more complicated.

We have seen that the set of exact p-forms (resp. p-currents) is a subspace of
the space of closed p-forms (resp. p-currents). The de Rham cohomology groups
(with real coefficients) are the quotient spaces

Hp(X,R) :=
{real-valued closed p-forms on X}
{real-valued exact p-forms on X}

.
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Using currents we can define in the same way the following groups

Hp
cur(X,R) :=

{real-valued closed p-currents on X}
{real-valued exact p-currents on X}

.

Since p-forms are also p-currents, we obtain a natural linear map

π : Hp(X,R) → Hp
cur(X,R).

The class of a closed p-form or p-current T in these cohomology groups will be
denoted by [T ]. Forms or currents in the same class are said to be cohomologous.

A more precise version of theorem 4.4.3 implies the following result.

Theorem 4.4.4. The linear map π is an isomorphism. In particular every closed
p-current is cohomologous to a closed smooth p-form.

The dimension bp of Hp(X,R) is called Betti number. We always have b0 =
bN = 1. De Rham and Poincaré’s results imply the following theorem.

Theorem 4.4.5. The group Hp(X,R) has finite dimension and the map

P : Hp(X,R)×HN−p(X,R) → R, ([α], [β]) 7→
∫

X

α ∧ β

is well-defined and is a non-degenerate bilinear form. In particular HN−p(X,R)
is isomorphic to the dual of Hp(X,R).

The map P is called the Poincaré duality.

Exercise 4.4.6. Show that the current of integration on the unit circle is not exact in
R2 \ {0}.

Exercise 4.4.7. Let T = R2/Z2 be the 2-dimensional torus. Determine the dimension
and a basis of Hp(X,R) for p = 0, 1, 2. Same question for the sphere S2.
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Chapter 5

Slicing theory

In this chapter we consider the spaces of locally normal currents and locally flat
currents. We describe the Federer slicing theory for these currents.

5.1 Normal and flat currents

Definition 5.1.1. A current T on X is said to be locally normal if the currents
T and dT are of order zero. Locally normal currents with compact support are
called normal.

Let N p
loc(X) denote the space of locally normal p-currents on X, N p

K (X) the
space of normal p-currents with support in a compact set K and N p(X) :=⋃

K N p(K) the space of normal p-currents. Define also the semi-norms

NK(T ) := ‖T‖K + ‖dT‖K .

The space N p
loc(X) is a Fréchet space with respect to the family of semi-norms

NK(·) and N p(K) is a Banach space with respect to the norm NK(·). Example
4.4.1 gives us a family of locally normal currents. The space of normal currents
is stable under exterior differentiation. However for many purpose one considers
a larger space which is also stable under this operation.

We are going to define the flat currents which are less regular than the normal
currents. They are obtained by taking the closure of the normal currents with
respect to a family of semi-norms.

Define for a compact subset K of X and smooth form ϕ with compact support
in X the flat semi-norm

FK(ϕ) := max
(
sup
K
‖ϕ(x)‖, sup

K
‖dϕ(x)‖

)
and for a p-current T on X

FK(T ) := sup
{
|〈T, ϕ〉|, ϕ ∈ DN−p(X) and FK(ϕ) ≤ 1

}
.
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Proposition 5.1.2. Let T be a p-current on X. Then FK(T ) <∞ if and only
if there are a p-current R and a (p− 1)-current S of order zero supported on K
such that T = R + dS. Moreover

FK(T ) = min
{
‖R‖+ ‖S‖, R, S as above

}
.

In particular T has support in K.

Definition 5.1.3. A p-current T is flat on K if it belongs to the closure of NK(X)
for the flat semi-norm FK . A current T is flat if it is flat on compact subsets of
X and is locally flat if ϕT is flat for any smooth function ϕ with compact support
in X.

Observe that not all the currents T with FK(T ) < ∞ are flat on K. The
space of flat currents is a subspace of such currents. Let F p

K(X) denote the space
of p-currents flat on K, F p(X) the space of flat p-currents and F p

loc(X) is the
space of locally flat p-currents on X.

Proposition 5.1.4. The space of p-currents flat on K of finite mass is equal to
the closure of N p

K (X) for the mass norm on X.

The following theorem gives a very useful characterization of flat currents.

Theorem 5.1.5. If R is a p-current and S is a (p−1)-current both supported on
K with coefficients in L 1(X) then T = R + dS is in F p

L(X) for every compact
set L such that K b L. Conversely if T is a p-current flat on K then there are
a p-current R and a (p− 1)-current S supported in L with coefficients in L 1(X)
such that T = R + dS.

Corollary 5.1.6. A p-current T is locally flat on X if and only if for every
smooth function ϕ with compact support on X there are currents R and S with
coefficients in L 1(X) and with compact support such that ϕT = R + dS.

Exercise 5.1.7. Let T be a locally normal p-current on X. Show that ϕT is normal
for every smooth function ϕ with compact support in X.

Exercise 5.1.8. Let ϕ be a subharmonic function on an open subset X of RN . Show
that ϕ defines a normal 0-current on X.

Exercise 5.1.9. Let T be a locally flat p-current on X. Show that dT is locally flat.

Exercise 5.1.10. Find all the flat currents supported on a point a ∈ X.
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Exercise 5.1.11. Let L be a closed subset of X and let T be a locally normal current
on X \L. Assume that T has locally finite mass near L. Show that the trivial extension
of T is locally flat on X. Recall that the trivial extension of T is the extension by zero
on L.
Hint: let 0 ≤ un ≤ 1 be smooth functions vanishing near L and such that un → 1X\L

uniformly on compact sets. Then the trivial extension T̃ of T satisfies T̃ = limunT .

Exercise 5.1.12. Let D(an, rn) be a sequence of disjoint discs in R2 converging to 0.
Assume that

∑
r2n <∞. Define the current T of dimension 0 by

〈T, α〉 :=
∑

n

∫
D(an,rn)

α, α ∈ D2(R2).

Show that T is of order zero. Compute dT . What is the order of dT?

5.2 Federer’s support theorems

In this section we give some results of Federer which describe flat currents with
small support.

Theorem 5.2.1. Let T be a locally flat p-current on X. If H N−p(supp(T )) = 0
then T = 0.

Theorem 5.2.2. Let T be a locally flat p-current on X. Assume that T is
supported in a submanifold Y . If Y has codimension p, then T = f [Y ] with f a
function in L 1

loc(Y ). If Y has codimension ≤ p then T is a current on Y , i.e.
there is a current T ′ on Y such that T = i∗(T

′) where i : Y → X is the canonical
inclusion map.

The following result is more general.

Theorem 5.2.3. Let f, g : X → X ′ be smooth maps and let T be a flat p-current
on X. If f = g on supp(T ) then f∗(T ) = g∗(T ).

Exercise 5.2.4. Let Y be a submanifold of X. Find a current T on X with support
on Y which is not a current on Y .

Exercise 5.2.5. Let Y1, Y2 be submanifolds of codimension p of X. Assume that Y1∩Y2

is a submanifold of codimension > p of X. Find all the locally flat p-currents of finite
mass supported on Y1 ∪ Y2.

Exercise 5.2.6. Let Y be a submanifold of codimension p of X. Find all the closed
p-currents with locally finite mass supported on Y .

Exercise 5.2.7. Let A be a closed set in X such that H p−1(A) = 0. Let M be a closed
oriented submanifold of dimension p in X \ A. Assume M has bounded volume in X.
Show that [M ] is a flat closed current of order zero.
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5.3 Slicing of flat currents

Let π : X → X ′ be a submersion. Then the fibers of π are submanifolds of
dimension N − N ′ of X. Let T be a p-current on X with N − p ≥ N ′. We are
going to define the slice 〈T, π, y〉 for y ∈ X ′. This is a p-current on π−1(y). If
T is smooth, 〈T, π, y〉 is the restriction of T to π−1(y). If T is the current of
integration on a submanifold Y of X then 〈T, π, y〉 is the current of integration
on Y ∩ π−1(y) for y generic. We will extend this to locally flat currents. Namely
we have the following theorem.

Theorem 5.3.1. Let π be a submersion as above and let T be a locally flat p-
current on X with N − p ≥ N ′. Then for almost every y ∈ X ′ there is a locally
flat p-current Ty on π−1(y) such that for every N ′-form Ω with compact support
on X ′ and every (N −N ′ − p)-form α with compact support on X we have〈

T, α ∧ π∗(Ω)
〉

=

∫
X′

〈
Ty, α|π−1(y)

〉
Ω(y).

Moreover two families of locally flat currents (Ty) and (T ′y) satisfying the previous
property are equal almost everywhere on X ′.

The currents Ty are called the slices of T by π and are denoted by 〈T, π, y〉.
They can be considered as (N ′ + p)-currents on X. Slicing satisfies the following
properties.

Proposition 5.3.2. For almost every y ∈ X ′ we have

1. supp〈T, π, y〉 ⊂ supp(T ) ∩ π−1(y).

2. If ψ is a smooth form on X then 〈ψ ∧ T, π, y〉 = ψ ∧ 〈T, π, y〉.

3. 〈dT, π, y〉 = d〈T, π, y〉.

4. If T has locally finite mass then 〈T, π, y〉 has locally finite mass.

5. If T is locally normal the 〈T, π, y〉 is locally normal.

The slices of T can be computed as follows. Let (y1, . . . , yN ′) be local coordi-
nates of X ′. Let Ω := dy1 ∧ . . . ∧ dyN ′ be the canonical volume form and let Ωy,r

be its restriction to the ball of center y and of radius r.

Proposition 5.3.3. For almost every y ∈ X ′ we have〈
〈T, π, y〉, α

〉
= lim

r→0

〈
T ∧ π∗(Ωy,r), α

〉
c(N ′)rN ′ , α ∈ DN−N ′−p(X)

where c(N ′) is the volume of the unit ball in RN ′
.

Exercise 5.3.4. Let π : X → X ′ be as above. Find a locally flat p-current T on X
such that T 6= 0 but 〈T, π, y〉 = 0 for almost every y.



Chapter 6

Currents in complex analysis

In this chapter X denotes a complex manifold of dimension N , for example an
open set in CN . The complex coordinates in a chart of X or in CN are denoted
by z = (z1, . . . , zN). The main object of this chapter is to study positive closed
currents interoduced by Pierre Lelong. This notion generalizes analytic subsets
in complex manifolds and has many applications in complex analysis and in the
theory of dynamical systems.

6.1 Positive forms and positive currents

If we identify CN with R2N we can write zn := xn + ixn+N with xn real. Hence
linear forms dxn, dxn+N can be written in a unique way as linear combinations
with complex coefficients of dzn := dxn + idxn+N and of dzn := dxn − idxn+N . If
I = (i1, . . . , ir) ⊂ {1, . . . , N} is a multi-index define dzI := dzi1 ∧ . . . ∧ dzir and
dzI := dzi1 ∧ . . . ∧ dzir . Then any r-form α on X can be written locally in a
unique way as

α =
∑

|I|+|J |=r

αIJdzI ∧ dzJ

where αIJ are functions with complex values. We say that α is a form of bide-
gree (p, q) if αIJ = 0 when either |I| 6= p or |J | 6= q. We have the following
decomposition of spaces of r-forms as direct sums of spaces of (p, q)-forms

E r(X) =
⊕

p+q=r

E p,q(X) and Dr(X) =
⊕

p+q=r

Dp,q(X)

and by duality we get

D ′
r(X) =

⊕
p+q=r

D ′
p,q(X) and E ′

r(X) =
⊕

p+q=r

E ′
p,q(X).

A current in D ′
p,q(X) or in E ′

p,q(X) are said to be current of bidegree (p, q) and of
bidimension (N−p,N−q). They act trivially on forms of bidegree (N−p′, N−q′)
when (p′, q′) 6= (p, q).
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Proposition 6.1.1. Let f : X → X ′ be a holomorphic map. If α is a (p, q)-form
on X ′ then f ∗(α) is a (p, q)-form on X. If T is a current of bidimension (p, q)
on X and if f is proper on supp(T ) then f∗(T ) is a current of bidimension (p, q).
If T is a current of bidegree (p, q) on X ′ and if f is a submersion then f ∗(T ) is
a current of bidegree (p, q) on X.

If T is a (p, q)-current on X then we can decompose dT as the sum of a
(p + 1, q)-current ∂T and of a (p, q + 1)-current ∂T . Since d(dT ) = 0 we have
∂(∂T ) = 0, ∂(∂T ) = 0 and ∂∂T = −∂∂T . If α is a test form we have

〈∂T, α〉 = (−1)p+q+1〈T, ∂α〉 and 〈∂T, α〉 = (−1)p+q+1〈T, ∂α〉.

It is easily to check that f ∗, f∗ commute with ∂ and ∂. Define dc := 1
2iπ

(∂ − ∂),

then ddc = i
π
∂∂ is a real operator. We define also the conjugate of a form or a

current by the formulas

α :=
∑

αIJdzI ∧ dzJ and 〈T , α〉 := 〈T, α〉

where α =
∑
αIJdzI ∧ dzJ .

Definition 6.1.2. A (p, p)-form α is said to be positive if at each point it is
equal to a finite combination of forms (iβ1 ∧ β1) ∧ . . . ∧ (iβp ∧ βp) where βi are
(1, 0)-forms which might depend on the point. The form α is said to be weakly
positive if α∧β is positive for any positive (k− p, k− p)-form β. A (p, p)-current
T is called positive (resp. weakly positive) if 〈T, α〉 ≥ 0 for every weakly positive
(resp. positive) test (k − p, k − p)-form α.

The operators f ∗ and f∗ preserve the positivity. Positive currents of maximal
bidegree are positive measures.

Proposition 6.1.3. Let T =
∑
ip

2
TIJdzI ∧ dzJ be a positive current. Then T

is of order zero. In particular TIJ are distributions of order zero, i.e. complex
measures.

Define

β := i∂∂‖z‖2 and σT :=
1

2N−p(N − p)!
T ∧ βN−p.

Then σT is a positive measure that we call trace measure of T . The mass of σT

on a Borel set B is called mass of T on B and is also denoted by ‖T‖B. Recall
that we are in CN or in a chart of X.

Proposition 6.1.4. Let T =
∑
ip

2
TIJdzI∧dzJ be a positive current and let σT be

the trace measure of T . Then the total variations |TIJ | of TIJ verify |TIJ | ≤ 2NσT .

The following theorem is due to Wirtinger.
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Theorem 6.1.5. Let V ⊂ CN be a manifold of pure dimension p. Then the
volume form on V associated to the standard metric in CN is equal to 1

2pp!
βp
|V . In

particular we have

volume(V ) =
1

2pp!

∫
V

βp.

A closed set V in X is an analytic subset of X if for each point a ∈ V there
is a neighbourhood U of a such that V ∩ U = {f1 = · · · = fn = 0} where fi are
holomorphic functions on U . A point a ∈ V is regular if V ∩ U is a manifold for
U small enough. One says that V has pure dimension p if dim(V ∩ U) = p for
every a. The following Lelong’s theorem gives us an important class of positive
closed currents.

Theorem 6.1.6. Let V be an analytic subset of pure dimension p of X and let
reg(V ) be the regular part of V . Define the current [V ] of bidimension (p, p) by

〈[V ], α〉 :=

∫
reg(V )

α, α ∈ Dp,p(X).

Then the current [V ] is well defined and is positive and closed.

This theorem says in particular that the volume of reg(V ) near singular points
is locally bounded.

Exercise 6.1.7. Let α be a postive (N,N)-form on X. Show that α can be written as
α = ϕ(idz1 ∧ dz1) ∧ . . . ∧ (idzN ∧ dzN ) where ϕ a positive function.

Exercise 6.1.8. Let T be a weakly positive (p, p)-current and let α be weakly positive
(q, q)-form on X. Show that T is positive if p = 0, 1, N − 1 or N . Find an example of
a weakly positive form α which is not positive. Show that T ∧ α is weakly positive if
either T or α is positive, and T ∧ α is positive if both T and α are positive. Find an
example so that T ∧ α is not weakly positive.

Exercise 6.1.9. Let T be a (weakly) positive (p, p)-current on an open set X of CN .
Let χε be an approximation of identity in CN as in Section 2.3. Then T ∗ χε is a
(weakly) positive (p, p)-form on the open set where it is defined. If T is closed then
T ∗ χε is closed. Moreover we have T ∗ χε → T in the sense of currents as ε→ 0.

Exercise 6.1.10. Let T and T ′ be two positive closed (p, p)-currents on an open subset
X of CN with p ≤ N−1. Let K be a compact subset of X. Assume that T = T ′ outside
K. Show that ‖T‖K = ‖T ′‖K .

Exercise 6.1.11. Let T = ip
2 ∑

TIJdzI ∧ dzJ be a positive closed (p, p)-current on an
open subset X of CN . Show that

σT =
1

2N−p

 ∑
|I|=p

TII

 idz1 ∧ dz1 ∧ . . . ∧ idzN ∧ dzN .
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6.2 Plurisubharmonic functions

Plurisubharmonic functions were introduced by Lelong and Oka.

Definition 6.2.1. An u.s.c function u : X → R ∪ {−∞} in L 1
loc(X) is plurisub-

harmonic (psh for short) if ddcu is a positive (1, 1)-current. We say that u is
pluriharmonic if u and −u are psh.

Let ρ be a smooth positive function with compact support in CN depending
only on ‖z‖ such that

∫
ρdL 2N = 1. Define ρε(z) := ε−2Nρ(ε−1z) (see also

Section 2.3).

Theorem 6.2.2. If u is a psh function in an open set X ⊂ CN then u ∗ ρε

is smooth psh on Xε := {z ∈ X, dist(z, ∂X) > ε} and decrease to u when ε
decreases to 0.

Theorem 6.2.3. Let u be an u.s.c. function on an open set X ⊂ CN which is
not identically −∞. Then u is psh if and only if its restriction to any complex
line L is either subharmonic or identically −∞ on each compenent of X ∩ L.

Example 6.2.4. If a is a point in the unit ball B of CN then log ‖z − a‖ is
psh on CN . If (λn) is a sequence of positive numbers and (an) ⊂ B such that∑
λn log ‖an‖ > −∞, then

∑
λn log ‖z − an‖ defines a psh function on B. The

sequence (an) can be dense in B.

Proposition 6.2.5. The set PSH(X) of psh functions on X is a convex cone
with the following properties.

1. If a function χ : (R ∪ {−∞})p → R ∪ {−∞} is convex and increasing in
each variable and if u1, . . . , up are psh functions on X then χ(u1, . . . , up) is
psh or is identically −∞ on X. In particular max(u1, . . . , up) is psh.

2. If un are psh functions decreasing to a function u then either u is identically
−∞ or is psh.

3. If (un) is a sequence of psh functions locally bounded from above then
(supn un)∗ is a psh function and (supn un)∗ = supn un almost everywhere.

4. If f : X ′ → X is a holomorphic map and if u is psh on X then on each
component of X ′, u ◦ f is either p.s.h. or identically −∞.

The following result is called the Lelong-Poincaré formula.

Theorem 6.2.6. Let f be a holomorphic function on X which is not identically
zero. Then log |f | is a psh function which is pluriharmonic outside the zero set
f−1(0) of f . Moreover we have

ddc log |f | =
∑

mi[Vi]

where Vi are irreducible components of f−1(0) and mi are their multiplicities.
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Definition 6.2.7. A subset E of X is locally pluripolar if for every point a ∈ X
there is a neighbourhood U of a and a psh function u on U such that E ∩ U ⊂
{u = −∞}. The set E is said to be locally complete pluripolar if u can be chosen
so that E∩U = {u = −∞}. A subset E is pluripolar (resp. complete pluripolar) if
there is a psh function u on X such that E ⊂ {u = −∞} (resp. E = {u = −∞})

Proposition 6.2.8. Any proper analytic subset of X is complete pluripolar. A
countable union of complete pluripolar (resp. pluripolar) sets is complete pluripo-
lar (resp. pluripolar). The Hausdorff dimension of a pluripolar set is smaller or
equal to 2N − 2.

Theorem 6.2.9. Let E be a closed locally pluripolar subset of X and let u be
a psh function on X \ E. Assume that u is locally bounded from above near E.
Then there is a psh function ũ on X such that ũ = u outside E.

Exercise 6.2.10. Construct a psh function on CN which is nowhere continuous.

Exercise 6.2.11. Construct two psh functions u, v on CN which are equal on a ball
B but are not equal. Show that there are two positive closed (1, 1)-currents T , S which
are equal on B but are not equal and it is possible to choose supp(T ) and supp(S)
connected.

Exercise 6.2.12. Let zn = xn + ixn+N be the coordinates of CN and let π(z) :=
(x1, . . . , xN ) denote the projection on RN . Let v be a real-valued function on an open
set U of RN such that u := v ◦ π is psh on π−1(U). Show that v is convex in U .
Hint: assume first that v is smooth.

Exercise 6.2.13. Let u be a real-valued function on CN . We say that u is log-
homogeneous if

u(λz) = log |λ|+ u(z) for λ ∈ C∗ and z ∈ CN .

1. Prove that if u is such a function then there is a constant c > 0 such that
u(z) ≤ log |z|+ c. If P is a polynomial of degree d ≥ 1 find a positive constant α
such that α log |P | is log-homogeneous.

2. Let u be a psh function on CN such that u(z) ≤ log |z|+ c with c > 0. Define

v(z0, z1, . . . , zN ) := u

(
z1
z0
, . . . ,

zN
z0

)
+ log |z0| if z0 6= 0.

Show that v can be extended to a psh log-homogenenous function on CN+1.

Exercise 6.2.14. Let π : CN+1\{0} → PN be the canonical projection. A holomorphic
section of π over an open set U ⊂ PN is a holomorphic map s : U → CN+1 \ {0} such
that π ◦ s = id.



56 CHAPTER 6. CURRENTS IN COMPLEX ANALYSIS

1. If s and s′ be two holomorphic sections of π over U , show that there is a non-
vanishing holomorphic function h on U such that s′ = hs.

2. If u is a psh log-homogeneous function on CN+1 define TU := ddc(u ◦ s). Show
that TU is a positive closed (1, 1)-current independent of s. Show that there is a
unique positive closed (1, 1)-current T on PN such that π∗(T ) = ddcu.

3. Let ωFS be the positive closed (1, 1)-current on PN such that π∗(ωFS) = ddc log ‖z‖.
Show that ωFS is smooth and

∫
PN ω

N
FS = 1.

4. Let P be a homogeneous polynomial on CN+1 of degree d ≥ 1. Show that there is
a positive closed (1, 1)-current T on PN such that π∗(T ) = ddc log |P |. Describe
geometrically π∗(T ) when N = 1 and compute 〈T, ωN−1

FS 〉.

The form ωFS is called Fubini-Study form on PN . It is invariant under the action of
the unitary group U(N + 1).

Exercise 6.2.15. Let u be a strictly negative psh function on X. Show that v :=
− log(−u) is psh. Show that ∇v is in L 2

loc.

Exercise 6.2.16. Let u be a strictly psh function on X. Show that ∇u is in L 2−ε
loc for

0 < ε ≤ 1. Show that ∇u is in L 2
loc if u is locally bounded.

Exercise 6.2.17. Let u be a pluriharmonic function in a ball B in CN . Show that there
is a holomorphic function f on B such that u = <(f). Deduce that u is real analytic.

Exercise 6.2.18. Let un be sequence of pluriharmonic functions which are locally uni-
formly bounded on X. Show that there is a subsequence converging locally uniformly to
a pluriharmonic function.

Exercise 6.2.19. In C2 describe geometrically the currents

ddc log+ |z1| and ddc log max(|z1|, |z2|).

Compute the mass of ddc log+ ‖z‖ on the unit sphere of C2.

Exercise 6.2.20. Let E be a complete pluripolar set in CN and let V be a connected
submanifold of CN . Show that either E ∩ V is complete pluripolar or V ⊂ E.

Exercise 6.2.21. Construct a polar subset of CN which is not pluripolar and a pluripo-
lar subset of CN which is not complete pluripolar.

6.3 Intersection of currents and slicing

Let T be a positive (p, p)-current on X with p ≤ N − 1. Consider a C 2 psh
function u on X. Then ddcu is a positive continuous form and it makes sense to
consider the (p+ 1, p+ 1)-current ddcu∧ T which is positive. We want to extend
this to psh functions which are locally σT -integrable in particular to u continuous
or locally bounded.

Assume that T is positive and closed. Define

ddcu ∧ T := ddc(uT ).
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Theorem 6.3.1. Let T and u be as above. Then

1. The current ddcu ∧ T is well defined and is positive and closed. If (un) is
a sequence of psh functions decreasing to u then ddcun ∧ T → ddcu ∧ T in
the sense of currents.

2. If un are psh continuous functions converging locally uniformly toward u and
if Tn are positive closed (p, p)-currents converging to T then ddcun ∧ Tn →
ddcu ∧ T.

We have the following Chern-Levine-Nirenberg inequalities.

Theorem 6.3.2. Let L b K be two compact subsets of X. Let T , u be as above
and let u1, . . . , um, v be psh functions with m+p ≤ N . Assume that un are locally
bounded functions and v is locally σT -integrable. Then there is a constant cLK

independent of T , u, v and un such that

1. ‖ddcu ∧ T‖L ≤ cLK‖T‖K‖u1K‖L 1(σT ).

2. ‖ddcu1 ∧ . . . ∧ ddcum ∧ T‖L ≤ cLK‖T‖K‖u1‖L∞(K) . . . ‖um‖L∞(K).

3. ‖vddcu1 ∧ . . . ∧ ddcum ∧ T‖L ≤ cLK‖vT‖K‖u1‖L∞(K) . . . ‖um‖L∞(K).

We have seen that the assumption that u is σT -integrable is verified when u
is continuous or locally bounded. The following result gives another situation
where this assumption is easy to check.

Theorem 6.3.3. Let X be an open set in CN and let K be a compact subset
of X. Let T be a positive closed (p, p)-current on X with p ≤ N − 1. If a psh
function u on X is locally bounded on X \K then it is locally σT -integrable. If
u1, . . . , um are psh on X and locally bounded on X \K with m+ p ≤ N then

1. ddcu1 ∧ . . . ∧ ddcum ∧ T is a positive closed (m+ p,m+ p)-current on X.

2. If un
j are psh on X and decreasing to uj then

ddcun
1 ∧ . . . ∧ ddcun

m ∧ T → ddcu1 ∧ . . . ∧ ddcum ∧ T.

In particular ddcu1 ∧ . . . ∧ ddcum ∧ T is symmetric with respect to u1, . . . , um.

Theorem 6.3.4. Let π : X → X ′ be a holomorphic submersion between two open
sets in CN and CN−p. Let T be a positive closed (p, p)-current on X. Assume
that π is proper on the support of T . Then the slice 〈T, π, a〉 exists for every
a ∈ X ′. Moreover it is a positive measure with mass independent of a.
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Exercise 6.3.5. Show that the current ddc log |z1| ∧ ddc log |z2| is well defined and
compute it.

Exercise 6.3.6. Show that the measure (ddc log ‖z‖)N is well defined and compute it.

Exercise 6.3.7. Let L := {(z1, z2) ∈ C2, |z1| = |z2|}. Define for n ≥ 1

vn(z) := |z2n
1 + z2n

2 |1/2n and v(z) := max(|z1|, |z2|).

1. Show that 0 ≤ vn(z) ≤ 21/nv(z) and that vn → v locally uniformly on C2 \ L.

2. Prove that (ddcvn)2 = 0 and (ddcv)2 6= 0.

3. Show that vn → v pointwise except on a set of Hausdorff dimension 2.

Hint:

2. Prove it first out of the origin, and show that (ddcvn)2 has no mass at 0.

3. Write z2 = z1e
iθ for z ∈ L. Show that the following set has Hausdorff dimension

zero

E :=
{
θ, lim inf

n→∞

(
cos(nθ)

)1/n
< 1

}
.

Exercise 6.3.8. Let u1 and u2 be two psh functions in C2. Define Ti := ddcui. Show
that u1 is locally σT2-integrable if and only if u2 is locally σT1-integrable.

Exercise 6.3.9. Let X, L, K and T be as in Theorem 6.3.2. Let u be a smooth psh
function on X. Show that there is a constant cLK independent of u and T such that

‖i∂u ∧ ∂u ∧ T‖L ≤ cLK‖u‖2
L∞(K)‖T‖K .

Show that if u is a continuous psh function then the currents ∂u ∧ T and ∂u ∧ T are
well-defined. If un are continuous psh functions converging locally uniformly to u show
that ∂un ∧ T → ∂u ∧ T and ∂un ∧ T → ∂u ∧ T .

Exercise 6.3.10. Let π and T be as in Theorem 6.3.4. Assume that p = 1 and u is a
potential of T , i.e. T = ddcu. Show that the restriction of u to π−1(a) is a potential of
〈T, π, a〉.

Exercise 6.3.11. Let π be as in Theorem 6.3.4. Assume T is a positive closed (p, p)-
current on X. Let supp∗(T ) be the smallest closed subset of X such that T is a con-
tinuous form outside supp∗(T ). Assume that π is proper on supp∗(T ). Show that the
slice 〈T, π, a〉 exists for every a ∈ X ′.
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6.4 Skoda’s extension theorem

Let E be a closed subset of X. Let T be a current on X \ E. Assume that the
mass of T is locally bounded near E. More precisely we assume that at every
point z ∈ E there is a neighbourhood U of z such that

‖T‖U\E <∞.

Then one can consider the trivial extension T̃ of T in X. Basically since T has
measure coefficients we extend the measure by putting the mass zero on E. One
can also define T̃ as follows. Let 0 ≤ χn ≤ 1 be a sequence of smooth functions
vanishing near E and such that χn increase to 1X\E locally uniformly on X \E.
Then if α is a test form with compact support in X we define

〈T̃ , α〉 := lim
n→∞

〈T, χnα〉.

The following theorem was proved by Skoda [18].

Theorem 6.4.1. Let E be an analytic subset of X. Let T be a positive closed
(p, p)-current on X \ E. Assume that the mass of T is locally bounded near E.

Then the trivial extension T̃ of T is a positive closed (p, p)-current on X.

This implies the following result due to Bishop.

Theorem 6.4.2. Let E and X be as above. Let V be an analytic subset of pure
dimension p of X \E. Assume that V has locally finite mass near E. Then V is
an analytic subset of X.

Remark 6.4.3. The previous results still hold when E is a locally complete
pluripolar set of X and when T is a positive current such that ddcT ≤ S on
X \ E where S is a current of order zero on X, see [1, 17, 4, 8].

When E is an analytic subset of small dimension the assumption on the mass
of T is not necessary. The following theorem is due to Harvey-Polking.

Theorem 6.4.4. Let E be a closed subset of X such that H 2N−2p−1(E) = 0.
Let T be a positive closed (p, p)-current on X \ E. Then T has finite mass near

E and the trivial extension T̃ of T is positive closed on X.

This gives in particular the Remmert-Stein theorem. Let A be an analytic
subset of X of dimension less or equal to N − p− 1. If V is an analytic subset of
pure dimension N − p of X \ A then V is an analytic subset of X.
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Exercise 6.4.5. Find a (non-complete) pluripolar set E on a manifold X and a positive
closed current T such that T has finite mass near E but T̃ is not closed.

Exercise 6.4.6. Let T be a positive closed (1, 1)-current in C2 \ {z1 = 0}. Assume
that T has finite mass near {z1 = 0, |z2| > 1}. Show that T has locally finite mass
near {z1 = 0}. Deduce that the trivial extension of T is positive closed on C2.

Exercise 6.4.7. Find a positive ddc-closed (1, 1)-current on C2 \ {z1 = 0} with mass
locally bounded near {z1 = 0} so that its trivial extension is not ddc-closed.

6.5 Lelong number and Siu’s theorem

Let σ be a positive measure on X. It is possible to define the upper and lower
m-densities of σ at a ∈ X. More precisely

Θ∗(m, a) := lim sup
r→0

σ(B(a, r))

cmrm
and Θ∗(m, a) := lim inf

r→0

σ(B(a, r))

cmrm

where cm is the volume of the unit ball in Rm. We have c2k = πk/k!. In general
the limit does not exist. When it exists we call it simply m-density of σ at a. It
turns out that the trace measure σT of a positive closed (p, p)-current T has this
remarkable property.

Definition 6.5.1. The (2N − 2p)-density of σT at a is called Lelong number of
T at a and is denoted by ν(T, a).

The following results were proved by Siu.

Theorem 6.5.2. Let X and T be as above. Then the Lelong number ν(T, a) is a
non-negative finite number which does not depend on the local coordinates on X.

Theorem 6.5.3. Let X and T be as above. Then the level set {ν(T, a) > c} is
an analytic subset of dimension ≤ N − p of X for every c > 0.

Corollary 6.5.4. Let X and T be as above. Then there is a finite or count-
able family of irreducible analytic sets Vi of dimension N − p of X and positive
constants λi such that T ′ := T −

∑
λi[Vi] is a positive closed current such that

{ν(T ′, a) > 0} is a finite or countable union of analytic subsets of dimension
< N − p.

Exercise 6.5.5. Let T be a positive closed (p, p)-current on X. Assume that T = ddcU
where U is a locally bounded (p− 1, p− 1)-form. Show that the Lelong number of T is
zero at every point of X.

Exercise 6.5.6. Let V be an analytic subset of pure dimension N − p of X. Compute
the Lelong number of [V ] at a point a of X.

Exercise 6.5.7. Compute the Lelong number of (ddc log ‖z‖)p at all points of CN .
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