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Notation

X, X’ open sets in euclidian spaces RV, RV or in other manifolds
By(a,7) :={x € RN : ||z — a]| < r} open ball of radius r centered at a
By (r) open ball By (0,7)

By unit open ball By(0,1)

P (X) Borel g-algebra of X

r=(z1,...,7y5) and y = (yi,...,yn) coordinates of RV

x' = (z},...,2'y,) coordinates of RV

R:=RU{+o0}

Ry ={zeR, z>0}and R_:={z e R, 2 <0}

R; =R, U{+oo} and R_:=R_U{—o0}

0, Dirac mass at a

ZN Lebesgue measure on RY

2 Hausdorff measure of dimension «

% (X) space of continuous functions on X

%.(X) space of continuous functions with compact support in X
2 (1) space of functions integrable with respect to

Lt (1) space of functions locally integrable with respect to u

Z1(X) space of functions integrable with respect to the Lebesgue measure on X
Lt (X) space of functions locally integrable with respect to the Lebesgue mea-
sure on X

&y (X)) space of functions of classes €% on X

&(X) space of functions of classes €*° on X

&y (X) space of p-forms of classes €* on X

&P(X) space of p-forms of classes € on X

cg’[i]q(X ) space of (p, q)-forms of classes €% on X

EP1(X) space of (p, q)-forms of classes €>° on X

2y (X) space of functions of class €% with compact support in X

2(X) space of functions of class 4*° with compact support in X

‘@[k](X ) space of p-forms of class €* with compact support in X

9?(X) space of p-forms of class €>° with compact support in X

P51(X) space of (p, q)-forms of class €* with compact support in X
9P1(X) space of (p, q)-forms of class > with compact support in X

(X)) cone of positive locally finite measures on X

7



8 CONTENTS

2'(X) space of distributions on X
9, (X) space of currents of degree p on X
&7(X) space of currents of degree p with compact support in X
9, ,(X) space of currents of bidegree (p,q) on X
éZAX ) space of currents of bidegree (p, q) with compact support in X
log (-) := max (log(-),0)
Nk (+) normal semi-norm on K
N (X) space of normal p-currents on X with support in K
AP(X) space of normal p-currents on X
loc( ) space of locally normal p-currents on X
Fk(-) flat semi-norm on K
F IP((X ) space of p-currents on X flat on K
FP(X) space of flat p-currents on X
FL (X) space of locally flat p-currents on X



Chapter 1

Measures

We will recall the fundamental notions in measure theory on RY. We will define
the Lebesgue and Hausdorff measures and the operations on measures: multipli-
cation by a function, push-forward by a continuous map and product of measures.
We will also give some basic properties of locally finite measures: compactness
and approximation by Dirac masses.

1.1 Borel o-algebra and measurable maps

Recall that a subset X of RY is open if for every point a in X there is a ball
By (a,r) which is contained in X. In other words, open sets are unions of open
balls. Complements of open sets are said to be closed. Roughly speaking, an open
set in RY does not contain any point of its boundary and in constrast a closed set
contains all points of its boundary. Only @ and RY are open and closed. Unions
and finite intersections of open sets are open. Intersections and finite unions of
closed sets are closed.

From now on, X is a non-empty open set in RY. An open subset of X is the
intersection of X with an open set of RV, a closed subset of X is the intersection
of X with a closed subset of RY. So, open subsets of X are open in RY, but in
general closed subsets of X, for example X itself, are not closed in RY. Compact
subsets of X are closed in X and in RY. If F is a subset of X the closure E of
E in X is the intersection of the closed subsets containing E. We say that F is
relatively compact in X and we write E € X if F is a compact subset of X, i.e.
for every sequence (a,) C F one can extract a subsequence (a,,) converging to a
point of E.

Definition 1.1.1. A family &7 of subsets of X is called an algebra if
1. @ is an element of 7.

2. If Ais an element of .o/ then X \ A € &

9



10 CHAPTER 1. MEASURES

3. o/ is stable under finite union: if A,, n =1,...,m, are elements of &/ then
Ul A, isin o,

An algebra o7 is said to be o-algebra if

3’. & is stable under countable union: if A,, n € N, are elements of ./ then

Unen An is in o7

If o7 is an algebra, then X is an element of ./ and &/ is stable under finite
intersection. If &7 is a o-algebra, then it is stable under countable intersection.
The smallest o-algebra is {@, X'} and the largest o-algebra is the family of all
the subsets of X. The intersection of a family of algebras (resp. o-algebras) is
an algebra (resp. o-algebra).

Definition 1.1.2. The Borel o-algebra of X is the smallest o-algebra Z(X) of
subsets of X which contains all the open subsets of X. An element of #(X) is
called a Borel subset of X or simply a Borel set.

Closed subsets of X are Borel sets. To get the picture, we can construct
Borel sets as follows. We start with open and closed sets, then we take their
countable unions or intersections. We can produce new Borel sets by taking
countable unions or intersections of the sets from the fisrt step and iterate the
process. Borel sets could be very complicated and there exist sets which are not
Borel sets. In practice, except for some very exceptional cases, all sets that one
constructs are Borel sets.

Let 2 = (z1,...,2y) denote the coordinates of RY. Let I; be an interval in
R not necessarily open, closed or bounded. The set

N
We=]][L={zeR", €L, i=1,.. N}

i=1
is called N -cell.

Proposition 1.1.3. The family <7 (X) of all finite unions of mutually disjoint
N-cells in X is an algebra which generates B(X). More precisely, B(X) is the
smallest o-algebra containing <75(X).

Definition 1.1.4. A map f: X — X' is measurable if f~(B) is a Borel set for
every Borel set B in X'.

To verify that f is measurable, it is sufficient to verify that f~*(B) is a Borel
set for every open ball B in X’. It is easy to show that continuous maps and
compositions of measurable maps are measurable. In practice, most of maps that
one constructs are measurable.
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Definition 1.1.5. A function f : X — R is measurable if f~'(B) and f~!(£o00)
are measurable for every Borel set B in R. A measurable function f: X — R is
called simple if it takes only a finite number of values.

Proposition 1.1.6. Let f : X — R, be a positive measurable function. Then
there exists an increasing sequence (f,) of positive simple functions converging
pointwise to f.

Exercise 1.1.7. Let f1 : X1 — R™ and fy : Xo — R™2 be measurable maps. Show that
the map f: X1 x Xo — R™ x R™2 given by f(zx1,22) = (f(x1), f(z2)) is measurable.

Exercise 1.1.8. Let f; : X — R™ be measurable maps. Show that the maps f1 + fo
are measurable.

Exercise 1.1.9. Let fi and fs be real-valued measurable functions. Show that fifo is
measurable.

Exercise 1.1.10. Let f,, : X — R be a sequence of measurable functions. Show that
the following functions are measurables:

sup fn, inf f,, limsupf, and liminf f,.
neN neN n—oo n—oo

In particular, if f is measurable, then f* := max(0,%f) and |f| are measurable.

Exercise 1.1.11. A function f: X — RU{—0o0} is said to be upper semi-continuous
(u.s.c. for short) if the set f~1([—o0,al) is an open set for every a.

1. If f is u.s.c. show that f(a) > limsup,_,, f(x) for every a € X and f reaches
its maximum value on any compact set.

2. Let (fn) be a decreasing sequence of u.s.c. functions. Show that inf,, f,, is u.s.c.

3. Assume that [ is u.s.c. and bounded from above. Define for n € N
fn(z) :=sup {u(y) — ndist(y, z) }.
y

Prove that the functions f, are Lipschitz and decrease to f.

4. If f is a function locally bounded from above define f*(x) := limsup,_,, f(y).
Show that f* is the smallest u.s.c. function which is larger than f.
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1.2 Positive measures and integrals

All the measures that we consider in this notes are Borel measures, i.e. measures
defined on Borel sets.

Definition 1.2.1. A function p : Z(X) — R, is called additive if (@) = 0 and
if for every multually disjoint Borel sets B, in X, 1 < n < m, we have

W(UB) = Yo

A positive measure is a countably additive function u, that is for all multually
disjoint Borel sets B, in X, n € N, we have

u( U Bn) = u(By).

neN neN

When p(K) is finite for every compact subset K of X, we say that u is locally
finite. When p(X) is finite, we say that p is finite or of finite mass. The constant
w(X) is the mass of p. If (X)) =1, then u is a probability measure.

Definition 1.2.2. The support of i is the smallest closed subset supp(p) of X
such that p vanishes in a neighbourhood of every point a in X \ supp(u). More
precisely, there exists a ball By (a,r) of zero u measure.

Let p; and ps be two positive measures and ¢ > 0 be a constant. Define

p1 + pe and cp by (pn + p2)(B) = pu(B) + p2(B) and (cu)(B) = cu(B) for
every Borel set B. It is clear that supp(u; + po) = supp(p1) U supp(pe) and

supp(cp) = supp(p) for ¢ > 0.

Example 1.2.3. Let a be a point in X. The Dirac mass at a is the probability
measure J, defined as follows. If a Borel set B contains a then 6,(B) = 1,
otherwise 0,(B) = 0. The support of ¢, is reduced to {a}.

Example 1.2.4. Let f: X — X’ be a measurable map and let y be a positive
measure on X. The push-forward f.(u) of u is a positive measure on X’ defined

by
fe@)(B) == pu(f~1(B))  for B € B(X').

If p is finite then f,(u) is finite. If p is locally finite and f is proper on supp(u),
i.e. f71(K)Nsupp(u) is compact for any compact K, then f,(u) is locally finite.

We know define the integral of functions with respect to an arbitrary measure.
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Definition 1.2.5. Let f : X — R, be a positive measurable function. The
integral of f with respect to pu is denoted by [ fdpu, (u, @) or u(f). If f is a simple
positive function with values aq,...,a,, then

[ fin= > auntr @)
n=1
For an arbitrary positive measurable function f we have

/fd,u = sup {/gdu, g simple such that 0 < g < f} .

One can check that the integral [ fdu depends linearly on f and on p, i.e.

/(f1+f2)d/i:/f1d#+/f2dua /CfdM:C/fdMZ/fd(cu)
[t e) = [ i+ [ s

Definition 1.2.6. A measurable function f : X — R or f : X — C is integrable
if [|f|du is finite. For such a function define

[ tdn= [ £rau- [ 1 au

where f* := max(&f,0), or if f is complex-valued

/fdu—/gce duH/ S(f)dp.

Let Z'(11) denote the space of integrable functions where we identifie func-
tions which are equal outside a Borel set of zero u measure. Such functions have
the same integral. The integral defines a linear form on this space. For the Dirac
mass d,, we have [ fdd, = f(a). The function f is integrable if and only if f(a)
is finite. We also have .£'(¢,) ~ C.

A measurable function f on X is locally integrable with respect to u if f
restricted to each compact subset of X is integrable. The space of such functions
is denoted by £ (1) where we identify also functions which are equal out of a
set of zero ;1 measure.

The following theorem due to Beppo-Levi is useful in order to prove the
convergence of integrals of positive functions.

and

Theorem 1.2.7. Let (f,) be an increasing sequence of positive measurable func-
tions converging to a function f. Then

[ fud— [ sdn
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A consequence of this theorem is Fatou’s lemma.

Corollary 1.2.8. Let (f,) be a sequence of positive measurable functions. Then
/lim inf f,dp < lim inf/fndu.

The following result of Lebesgue is often used in the case of signed and
complex-valued functions.

Theorem 1.2.9. Let (f,,) be a sequence of measurable functions converging point-
wise to a function f outside a set of u measure zero. Assume that there exists a
positive integrable function g such that |f,| < g for every n. Then

[ o [ sdn

Exercise 1.2.10. Construct a subset of R which is not a Borel set.
Hint: consider a set E such that each class of R/Q contains exactly one point of E.

Exercise 1.2.11. Let (By,) be a sequence of Borel sets in X. Show that

p( | Bn) <D u(Bn).

neN neN

In particular, countable unions of Borel sets of zero measure are of zero measure.

Exercise 1.2.12. Let (B,) be an increasing sequence of Borel sets in X, i.e. B, C
Bpy1. Show that

p( U By) = lim u(By) = sup u(By).

neN n—0o neN

Exercise 1.2.13. Let (By,) be a sequence of Borel sets in X. Show that

1( ﬂ By,) < liminf pu(By).

n—oo
neN

Assume that (By,) is decreasing, i.e. By D Bpt1. Assume also that p(By,) is finite for
some n. Prove that

n( () Ba) = lim (Bn) = inf_pu(By).

n—oo
neN

What happens when p(By,) is infinite for every n?

Exercise 1.2.14. Find all positive measures supported on a finite set.
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Exercise 1.2.15. A positive measure p is called extremal if the following holds. If u1,
L2 are positive measures such that pi + po = p then py and po are multiples of p, i.e.
w1 = c1p and po = cop for some constants c1 and co. Show that p is extremal if and
only if it is a Dirac mass.

Exercise 1.2.16. Let (f,) be a sequence of positive measurable functions on X. Show

that
/ (an dp = / fudit).

Exercise 1.2.17. Let u be a positive measure on X and p > 1 an real number. Let
ZLP(u) denote the set of measurable functions f such that [|f[Pdp < oo where we
identify two functions if they are equal outside a set of zero p measure.

1. Show that £ (u) is a vector space and || f|| @v(u) = ([ |f|Pdp) 1P is a norm.

2. Suppose f, and f are functions in LP(u) and f, — f p-almost everywhere.
Suppose also that || full 2r(uy — | fll. 2. Show that lim || f, — fll () = 0.

Hint: apply Fatou’s lemma to g, = |fol? + | fIP — 2|fn — f|P-

1.3 Locally finite measures

From now on, all the measure that we consider, except the Hausdorff measures
that we will define latter, are supposed to be locally finite. The terminology “pos-
itive measure” will mean locally finite positive measure. We give some properties
of the cone .Z*(X) of all the positive measures and introduce signed and complex
measures. We first construct basic examples using the following Carathéodory
criterion.

Theorem 1.3.1. Let o be an algebra which generates B(X). Let i : of — R,
be an additive function. Assume that p(A) is finite for every A € of relatively
compact in X. Then, there exists at most one positive measure p which extends
W, t.e. 1= on o/. This measure exists if and only if lim, . u(A,) = 0 for

every decreasing sequence (Ay,) C o/ such that ji(Ag) is finite and (), ey An = 2.

Example 1.3.2. The Lebesque measure £ of a finite union of mutually disjoint
N-cells is simply the sum of volumes of these N-cells. Proposition 1.1.3 and the
Carathéodory criterion allow to extends Z" to all the Borel sets in X. The spaces
of integrable and locally integrable functions with respect to # are denoted by
Z1(X) and %} (X) respectively.

Example 1.3.3. Let 1 be a positive measure on X and let y’ be a positive
measure on X'. Define the tensor product p ® i’ as follows. If W be an n-cell in
X and W’ be an N'-cell in X’ then

(b @ )W x W) i= p(W)p(W").
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The measure of a finite union of mutually disjoint (N + N')-cells is equal to the
sum of the measures of these cells. Using Proposition 1.1.3 and the Carathéodory
criterion, one can extend u to a measure on X x X'.

The following theorem shows that positive measures are uniquely determined
by their values on compact or open sets.

Theorem 1.3.4. Let p be a positive measure on X. Then u s reqular in the
following sense: for every Borel set B in X and every e > 0 there exist a compact
subset K and an open subset U of X such that

KcBcU and wU\K)<e.

We define the weak topology on A+ (X).

Definition 1.3.5. Let p, and p be positive measures. We say that u, converge
weakly to p and we write p,, — p if for any function ¢ in %.(X) we have

/ pdp, — / edp.

The following theorem shows that combinations of Dirac masses are dense in
AT (X) for the weak topology.

Theorem 1.3.6. Let i be a positive measure on X. Then there exists a sequence
of measures p,, which are finite combinations with positive coefficients of Dirac
masses, such that i, — .

The cone .# " (X) satisfies also the following compactness property.

Theorem 1.3.7. Let (u,) be a sequence of positive measures on X. Assume
that p,(K) is uniformly bounded for every compact subset K of X. Then there
exists an increasing sequence of integers (n;) and a positive measure j such that

Hn; — [
We now define real and complex measures.

Definition 1.3.8. Let u* be positive measures on X. Define 4 = pu* — p~ by
w(B) = pu(B) — p~(B) for every Borel set B in X such that y*(B) are finite.
In particular, p(B) is defined if B € X. We say that p is a real measure. If py
and po are two real measures, define p’ = g + iug by @/ (B) = 1 (B) + ipa(B).
We say that u' is a complexr measure.

Theorem 1.3.9. Let u be a real measure on X . There there exist a unique couple
w and p~ of positive measures on X such that p = put — p~, and ||pt| + || ||
1S5 mainimal.
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An analog result for complex measures can be deduced easily since the real
and imaginary parts of a complex measure are uniquely determined.

Definition 1.3.10. Let u, 4= be as in Theorem 1.3.9. Define the total variation
of u by |u| := p + p~. This is a positive measure on X. The total variation of
a complex measure p; + g is equal to |u1| + |u2]. We say that a sequence of
measures (f,) converge weakly to a measure pu if |p,|(K) is uniformly bounded
for every compact set K C X and if

/@dun — /sodu for ¢ € €.(X).
The sup-norm || - || on €.(X) is defined as:
lelloo := sup ()] for ¢ € e(X).

We say that a sequence (¢,) converges to ¢ in €.(X) if there is a compact subset
K of X such that supp(y,) C K for every n and ||¢, — ¢|l.c — 0. Recall that
the support supp(p) of ¢ is the closure of the set {a € X, ¢(a) # 0}.

The following theorem due to Riesz, gives a new point of view on measures.
In particular, it shows that the integrals of functions in %.(X) determine the
measure.

Theorem 1.3.11. Let i be a complex measure on X. Then the integration with
respect to p defines a continuous linear form on 6.(X). Conversely, every con-
tinuous linear form on 6.(X) is defined by integration with respect to a complex
measure. Moreover, 1 is real (resp. positive) if and only if the associated lin-
ear form is real-valued, i.e. it takes real values on real-valued functions (resp.
positive, i.e. it takes positive values on positive functions).

Exercise 1.3.12. Let (u,) be a sequence of positive measures converging to a positive
measure (. If u is an u.s.c function with compact support show that

limsup/ud,un < /ud,u.
n—oo
Show that for every compact subset K and open subset U of X

liminf p,(U) > pw(U)  and limsup p,(K) < p(K).

n— n—oo
Hint: use Exercise 1.1.11.

Exercise 1.3.13. Let f : X — X' be a measurable map and let pu be a probability

measure on X. Show that v := f.(u) is a probability measure and if ¢ is a v-integrable
function on X' then [ dv = [(¢o f)du.
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Exercise 1.3.14. Let S' be the unit circle in C and let Ry(z) := %% be the rotation
of angle 6.

1. Detemine the probability measure X\ with support in S' which is invariant with

respect to all the Ry, i.e. (Rp)«(X) = .
2. Let f(z) := 2" with n > 1. Determine f.(\).

3. Let v be a real measure on S' such that (v, 2") = 0 for any n € N*. Show that v
is proportional to A. Does this hold for complex measures?

Hint: trigonometrical polynomials are dense in € (S').

Exercise 1.3.15. Let f : X — X be a continuous map and let K be a compact set
such that f(K) C K. Let pu be a probability measure on K. Define

n

0w i= = 3 ()

n -
=1

where f:= fo---of (n times). Show that any limit measure v of (o) is an invariant
measure, i.e. fi(v)=uv.

Exercise 1.3.16. Let (u,) be a sequence of measures. Assume that |p,|(K) is uni-
formly bounded for every compact subset K of X. Show that one can extract a subse-
quence (un,) converging to a measure on X.

Exercise 1.3.17. Let 11 and vs be two positive measures. We say that vq is singular
with respect to vy if there exists a Borel set B such that v1(B) =0 and vo(X \ B) = 0.
Observe that vy is singular with respect to ve if and only if vo is singular with respect to
v1. Show that in Theorem 1.3.9, ut is singular with respect to p~. Show that (u*, ™)
is the unique couple of positive measures such that p = p* — p~ and p* is singular
with respect to p~.

Exercise 1.3.18. Let i1 be a real (resp. complex) measure. Show that p can be approz-
imated by finite combinations of Dirac masses with real (resp. complex) coefficients.

Exercise 1.3.19. Let u be a complex measure on X and let K C X be a compact set.
Then there exists a positive constant ¢ such that

(i, )| < cl|¢lloo  for every ¢ € €.(X) with supp(y) C K.

1.4 Outer measures and Hausdorff measures

Definition 1.4.1. An outer measure v on X is a map defined on all the subsets
of X with values in R, satisfying the following properties:

Lov(Ur, An) <5007 v(4,).
2. v(@)=0.
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A set A is v-measurable if
v(C)=v(CNA) +v(C\A) forevery C.

It follows that a set A for which v(A) = 0 is always measurable. The following
is Carathéodory criterion for measurability.

Theorem 1.4.2. If v is an outer measure then the class <7, of v-measurable sets
is a o-algebra. This o-algebra contains B(X) if and only if

v(AUB) > v(A) +v(B) when dist(A4, B) > 0.
In this case v defines a positive measure on X.

The following construction gives geometrically important outer measures.
Suppose £ is a function defined on a family .# of subsets of X with values in
R,. We want to construct an outer measure v and hence a measure so that the
measure of A is related to the covering properties of A by elements of .%. The
basic example to have in mind is the function

E(F) := ¢(diam(F))® with s > 0 fixed and ¢ > 0 a constant

which is defined on all subsets of X.
We define first for any A C X and € > 0

V(A) = inf { 364, Ac A, €A < e}.

It is clear that v.(A) is decreasing with respect to € so we can define an outer
measure v as

v(A) :=limv (A) =supr.(A).
=0 e>0

Assume £(A) = c¢4(diam(A))* where diam(-) is with respect to the euclidian
distance in R and ¢, := 27°T'(1/2)*T'(s/2+1)~*. Then we denote the correspond-
ing outer measure as .7° and we call it the Hausdorff measure of dimension s.
These measures can be defined as well by considering only covering by open sets
or by closed sets. It is clear that Carathéodory’s criterion is satisfied. Hence ¢
is also a positive measure.

For every set A there is an so > 0 such that J°(A) = +oo if s < 50 and
H°(A) = 01is s > so. The number s is called the Hausdorff dimension of A.
If s = N then 7Y = £V on #(X). When s < N then J#° is not locally
finite. The Hausdorff measure is very useful to prove geometric inequalities. If
f: X — X'is amap and A is a subset of X we denote the number of preimages
of ' in A by

N(fia, o) =#{z € A, f(z)=2'}.

We have the following theorem.
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Theorem 1.4.3. Let f : X — X' be a Lipschitz map between two open subsets
in RN and RN". Let A be a Borel subset of X. Then

/ N(fia, o)A (o) < (Lip(f))" 2 (A).

Here

@ W
Lip(f) = sup ==

Exercise 1.4.4. Let u be a positive measure on X. Define for any subset A of X
p*(A) :==inf {u(A), U D A, U open}.

Show that p* is an outer measure, the associated algebra o7 contains H(X) and sets
of outer measure zero.

Exercise 1.4.5. Recall that the Cantor set M is the union of real numbers which can
be written as Y, ~q ap3~" with a, = 0 or 2. Compute the Hausdorff dimension of F.



Chapter 2

Distributions

The notion of distributions was introduced by Laurent Schwartz. It generalizes
the notion of functions. In this chapter, we introduce the distributions in RY
and we describe the fundamental operations on distributions. We also show that
every distribution can be approximated by smooth functions. Finally we define
subharmonic functions and describe some properties of this class of functions.

2.1 Definitions

Let o = (v, ..., ay) be a collection of positive integers. Define

N olal
la| :=01+---+ay and 0% := TP Ty

We endow the space &j(X) of functions of class €% on X a family of semi-norms.
If K is a compact subset of X, define for every function ¢ in &y (X)

il = max {max [9°¢]. 0 < o] <k}

Define also a topology on Zp;(X) associated to the previous semi-norms. We say
that () converges to ¢ in Z,(X) if there is a compact subset K C X such
that ¢, and ¢ are supported in K and ||¢,, — ¢||x.x converge to 0.

Proposition 2.1.1. The space 2(X) of smooth functions with compact support
in X is dense in Dy (X). More precisely, for every function ¢ in Zyy(X) there
exists a sequence (pn) C Z(X) such that @, — ¢ in Dyy(X).

The elements of Z(X) are called test functions. We say that a sequence ()
converges to p in P(X) if there is a compact subset K C X such that ¢,, and ¢
are supported in K and ||¢, — ¢|/r.x tend to 0 for every k > 0.

21



22 CHAPTER 2. DISTRIBUTIONS

Definition 2.1.2. A distribution on X is a linear form 7' : 2(X) — C, contin-
uous with respect to the topology on Z(X). The value of T" on ¢ is denoted by
T(p) or (T, ). Denote by Z'(X) the set of distributions on X. We say that a
sequence (T,,) C 2'(X) converges to T € Z'(X) in the sense of distributions if
(T, ) — (T, ) for every function ¢ € Z(X).

Proposition 2.1.3. Let T be a distribution on X and let K C X be a compact
set. Then there exist a positive integer k and a positive constant ¢ such that

(T, o) < c|lellkx  for every ¢ € (X)) with supp(p) C K.

Definition 2.1.4. If the integer k in Proposition 2.1.3 can be chosen indepen-
dently on K we say that T" is of finite order and the smallest integer k satisfying
this property is called order of T.

Example 2.1.5. Let a be a point in X. Consider the distribution 7}, given by

(Ta; ) = 0%p(a).
It is easy to check that T, is of order |«|.

Example 2.1.6. Consider a sequence (ax) C R converging to infinity and define

(T,0) ==Y o™ (ar).

keN

Then T is a distribution in R of infinite order.

Example 2.1.7. Let f be a function in £} (X). Then f.#" is a measure on

X. In particular, it is a distribution of order zero. We have
(f2%,¢) = / fod ™.
X

From now on, we often identify the function f to the distribution f.ZV.
The following result is a consequence of Proposition 2.1.1.

Proposition 2.1.8. Let T be a distribution of order k on X. Then we can extend
T to a continuous linear form on P(X). Moreover, the extension is unique.

Proposition 1.3.11 implies that distributions of order zero are measures (see
also Exercise 1.3.19).

Proposition 2.1.9. Let T be a distribution on X. Assume that T is positive,
i.e. (T, ) is positive for every positive function ¢ € Z(X). Then T is a positive
measure on X.
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Definition 2.1.10. The support supp(T') of a distribution T is the smallest closed
subset of X such that 7" vanishes on X \ supp(T’). That is, (T, ¢) = 0 for every
test function ¢ € Z(X) with compact support in X \ supp(7’).

We consider the following topology on &(X). We say that (¢,) C &(X)
converges to p € &(X) if |lon — ¢llkx — 0 for every compact set K C X and
every positive integer k.

Theorem 2.1.11. Let T be a distribution with compact support in X. Then T
can be extended to a continuous linear form on &(X). Moreover, the extension
1S UNLqUeE.

Exercise 2.1.12. Let T, be the distributions in Evample 2.1.5. Let (a™) such that

(Tom)) converges. Show that (a™) is stationary.

Exercise 2.1.13. Let T be the distribution in Example 2.1.6. Determine the support
of T. Let a be a point of X. Determine all the distributions with support {a}.

Exercise 2.1.14. Let T be a distribution of order k on X. Show that T can be extended
uniquely to a linear continuous form on the space of functions ¢ € &y, (X) such that
supp(T) N supp(y) is compact. In particular, if T has compact support it defines a
linear continuous form on &y (X).

2.2 Operations on distributions

The set 2'(X) of distributions on X is a vector space. Let a and b be complex
numbers and let 7" and R be distributions on X. Define

(aT + bR, ) := a(T, ) + b(R,p) for p € Z(X).
If ¢ is a function in &(X) define the product f7T by

(9T, ) == (T, gp).

One checks easily that aT + bR and ¢T are distributions on X.
Recall that a map f : X — X’ is proper on a closed subset Y of X if
fHK)NY is compact for every compact set K C X'

Definition 2.2.1. Let T be a distribution on X. Let f : X — X’ be a smooth
map proper on the support of T'. The push-forward f.(T) is a distribution on X’
given by

(fo(T), ) == (T,po f) forpePX).
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If f: X — X'is proper then T — f,(T) is continuous.

The interest with distributions is that several operations like derivation, make
sense for more general functions than the usual differentiable ones. So we extend
some operations on smooth functions to distributions. In order to use the new
calculus we need these operations to be continuous for the topology on distribu-
tions.

Definition 2.2.2. Define the partial derivative g—z; by

oT Op
C N =12,
Then 0T /0z; defines a distribution and T+ 0T /0z; is continuous on 2'(X).

Proposition 2.2.3. Let T be a distribution on X. Then

PT 0T
axlﬁxj N 8SIIJ8$1

Proposition 2.2.4. Let T be a distribution on X and f : X — X' be smooth bi-
jective map. Then, the partial derivatives of the push-forward satisfy the following

formula
Of(T) B ~ or
(o) = (0 (2)

where Jac(f~1) denotes the jacobian matriz of f~1.

Proposition 2.2.5. The space of functions generated by the functions of the
form

o(z)' (') with p € D(X) and ¢’ € 2(X')
is dense in Z(X x X').

We then deduce the following theorem which gives the definition of tensor
product of distributions.

Theorem 2.2.6. Let T be a distribution on X and let T' be a distribution on X'.
Then there exists a unique distribution T @ T" on X x X', called tensor product
of T and T", such that

(TRT, o(x)p (') = (T, o)(T',¢")  for o € 2(X) and ¢ € D(X").

Proposition 2.2.7. The tensor product T ® T" depends continuously on T and
T'. More precisely, if T,, — T and T!, — T" in the sense of distributions then
T,T, —T®T in the sense of distributions.

The following proposition allows us to compute the partial derivatives of a
tensor product.
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Proposition 2.2.8. Let T and T" be as in Theorem 2.2.6. Then

AT T) _or ., . oTST) . T
Ox; ow; ox; oz’

Exercise 2.2.9. Show that supp( 8T) C supp(T), supp(¢97T) = supp(g) N (supp(7),
supp(f«(T)) C f(supp(T)) and supp(T ® T") = supp(T) x supp(T").

Exercise 2.2.10. Let ¢ be a function in Z(R) such that p(0) = 0. Show that @ is
a function in Z(R). Show that for every distribution T on R there is a distribution S
such that xS =1T.

Hint: compute & (p(tz)).

Exercise 2.2.11. Let T be a distribution of order k on X. Let f be a function in
&) (X). Show that fT defines a distribution of order < k on X.

Exercise 2.2.12. Let f be a function in &(X) and T be the associated distribution.
Compute 0T .

Exercise 2.2.13. Let f be a function on R. Assume that f vanishes outside an interval
[a,b] C R and that Jlla,p] @8 @ function of class €. Let T be the distribution on R

associated to f. Compute 8—T

Exercise 2.2.14. Let T be a distribution on X. Assume that BT = 0 for every i.
Show that T is defined by a constant function. Find all the dzstmbutwns T satisfying
0T = 0 for every a with |o| = k.

Exercise 2.2.15. Let T be the distribution on R defined by the characteristic function
1g, of Ry. Show that g—g = dg. Find all the distributions T' on R such that g—f = dp.

Exercise 2.2.16. Let f be a real-valued increasing function on R. Show that [’ := 8—f
in the sense of distributions is a positive measure.

2.3 Convolution and regularization

We first consider a distribution 7" defined on R". Let ¢ be a function in & (RY).
Assume that either supp(T’) or supp(y) is compact (in fact it is enough to assume
that the set of (x,y) € supp(T) x supp(y) with |z + y| < R is compact for every
R). Define for x € RY an affine invertible map 7, : RY — RY by 7,(y) := 2 — .
The convolution of T and ¢ is a function on RY given by

(T'x @) (@) := (T, p 0 72) = ((T2)T, p).

Note that in the last formula z is fixed.
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Proposition 2.3.1. Let T and ¢ be as above. Then Tx is a function in & (RY).
Moreover, we have

T xp) =T * 0% = (0°T) * .

L (RY) and ¢ in &(RY) such that either supp(f) or
supp(¢) is compact, define the convolution of f and ¢ by

fro=(fLN)xp

For every function f € £}

or more precisely

(f % 0)(x) = / F@)elz —y)dL™ ).

yERN
We have the following proposition.

Proposition 2.3.2. Let T and ¢ be as above. Then

supp(T * ¢) C supp(T’) + supp(y)

and if ¢ is a function in 2(RY) we have

(T*@)xp=Tx* (p*1).

Let x be a positive function in Z2(R") such that [ xdZ" = 1. For € > 0,

define
xe(@) = e x (2).

€

Theorem 2.3.3. Let T, x and x. be as above. Then x. — &g for the weak
topology on measures and T * x. — T in the sense of distributions when € — 0.
Moreover, supp(x.) — {0} and supp(T * x.) — supp(T) in the Hausdorff sense.

Recall that a sequence of closed sets (F},) in X converges in the Hausdorff
sense to a closed set F' if for x € F' there are z,, € F,, such that z,, — x and for
x ¢ F there is a neighbourhood of x which intersects only a finite number of F,.
The previous theorem shows that every distribution in RY can be approximated
by smooth functions. This property holds for distributions on every open set X
in RV,

Theorem 2.3.4. Let T be a distribution in 2'(X). Then there exist distributions
T, defined by functions in &(X) such that T, — T in the sense of distributions
and supp(7},) — supp(T) in the Hausdorff sense.



2.4. LAPLACIAN AND SUBHARMONIC FUNCTIONS 27

Exercise 2.3.5. Let f be a function in LY (RY). Compute in Z'(RY) the limit

lim if (%) .

e—0 eV
Exercise 2.3.6. Let ¢ and 1) be two functions in 2(RY). Show that ¢ * 1 = 1) * .

Exercise 2.3.7. Let u be a probability measure with compact support in RN . Show
that = xe 1S a probability measure.

Exercise 2.3.8. Find all the distribution T" with compact support in R such that Txp =
0 where p(z) = x. Same question when ¢ is a polynomial on x.

Exercise 2.3.9. Let P denote a differential operator with constant coefficients in RN .
Assume that there is a distribution E smooth out of the origin such that P(E) = dy.
Let v be a distribution on an open set X C RYN. Show that if P(v) is smooth on X
then v is smooth on X.

Hint: Choose an open set X' € X and a smooth function x with 0 < x <1 and x =1
on X'. Write xv = P(E) % xv.

2.4 Laplacian and subharmonic functions

The Laplace operator on RY is defined as A := 88722. It acts on smooth functions
and also on distributions.

Definition 2.4.1. An upper semi-continuous (u.s.c) function u : X — RU{—oc0}
is subharmonic if it belongs to £} .(X) and if Au is a positive measure. The

function w is harmonic if v and —u are subharmonic.

Let SH(X) denote the convex cone of subharmonic functions on X. In order
to study subharmonic functions it is useful to describe explicitely a fundamental
solution of the Laplace equation.

Theorem 2.4.2. Let sy_; denote the area of the unit sphere SN=1 in RN, Define

—1

B = ey e

1
if N>2 and 2—log||:c]| if N =2.
m

Then AE = 6q where dq is the Dirac mass at 0.

Theorem 2.4.3. Let v be a positive measure with compact support on X then
u:=vx* FE is a subharmonic function such that Au = v.

Corollary 2.4.4. Harmonic functions are smooth.
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Theorem 2.4.5. Let u : X — RU{—00} be an u.s.c. function not identically
—o0. Then u is subharmonic if and only if it satisfies the following submean
inequality: for every ball B(zo,r) contained in X we have

1
u(zg + ré)do

u(xo) <

(w0) < S —

where o is the invariant probability measure on the unit sphere of RY. This
function is harmonic if and only if for every ball B(xq,r) contained in X we have

1
w(xg) = w(xg + ré)do(£).
w0 =5 [ o))

SN-1

The previous integral is the mean value of w on the sphere bB(xq,r). The
theorem is also valid if we replace the mean of u on the sphere by the mean on

the ball B(xzq,r).
We obtain the following mazimum principle.

Corollary 2.4.6. Let u be a subharmonic function on X and let a be a point of
X. Assume that u(a) = maxx u. Then u is constant.

The cone SH(X) satisfies the following compacteness properties.

Theorem 2.4.7. 1. Let (u,) be a sequence of subharmonic functions on X
decreasing to a function uw. Then either u is subharmonic or is identically
—00.

2. If (uy) is a sequence of subharmonic functions on X locally bounded from
above, then (supu,)* and (limsup u,)* are subharmonic or identically —oc.

3. If u, are subharmonic and if x : (RU{—o0})™ — RU {—o0} is a convex
function which is increasing in each variable then x(u1,...,u,) is subhar-
monic or identically —oo. In particular max(uyq, ..., uy) is subharmonic.

Theorem 2.4.8. The cone SH(X) is closed for the £}, topology. Fvery bounded
set in the 24}, topology is relatively compact. Let (u,) be a sequence in SH(X)
locally bounded from above. Then either there is a subsequence of (u,) which con-
verges in £k (X) to a subharmonic function or (u,) converges locally uniformly
to —oo.

The following result is called Hartogs lemma.

Theorem 2.4.9. Let (u,) be a sequence of subharmonic functions on X. As-
sume that u is a subharmonic function on X and u, — wu in Z.(X). Then
limsupu,(x) < u(x) for x € X with equality almost everywhere. For any com-
pact set K in X and every continuous function f on K we have
lim sup sup(u, — f) < sup(u — f).
K K

n—oo

In particular if f > w and € >0 then u, < f+¢€ on K forn large enough.
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Definition 2.4.10. A set A C X is said to be polar if there is a subharmonic
function on X such that A C {u = —oo0}. Since u is u.s.c. {u = —oo} is always
a (s set, i.e. a countable intersection of open sets.

Theorem 2.4.11. Let A be a polar closed set in X and let u be a subharmonic
function on X \ A. Assume that u is locally bounded form above near A. Then
there is a subharmonic function u on X such that w =u on X \ A.

Exercise 2.4.12. Find a real-valued function E on R such that g—;E = do.

Exercise 2.4.13. Let u be a subharmonic function on X. Show that u is in LF

loc(X)
for1<p< % and Vu is in L (X) for 1 <p< %

Exercise 2.4.14. Let K € L be two compact subsets of X. Show that there is a
constant cir, > 0 such that

[Aul|x < cxrllull g1y
for every subharmonic function u on X.

Exercise 2.4.15. Let (u,) be a sequence of subharmonic functions uniformly bounded
on X and let K be a compact subset of X. Assume that supx un+1 < supg u, for every
n. Show that u, converge in DZQ})C to a constant. Does u, converge pointwise to this
constant?

Exercise 2.4.16. Let u, and u be subharmonic functions on X such that u, — u

m .,?ﬁc(X) Let v is a probability measure with compact support in X. Assume that

fundy — fudy. Show that
1. limsup,,_ . Un = u, v-almost everywhere.
2. If up, are uniformly bounded then u, — u in ZLP(v) for 1 < p < co.

3. There is a subsequence of (u,) converging to u in L (v).

1. Use Fatou’s lemma and Hartog’s lemma.
2. Fiz § > 0 and consider AS = {u, < u — §}.

3. If v(A%) — 0 one can extract a subsequence such that Up; — u v-almost every-
where. Then use Fatou’s lemma again.

Exercise 2.4.17. Let v be a positive measure with compact support in X. We say that
v is SPB if every subharmonic on X is v-integrable.

1. Give examples of SPB probability measure.
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2. Let v be a probability measure with compact support in R%. Prove that if u :== Exv
is locally bounded then v is SPB. Give an analogous statement in RN, N > 2.

3. Let v be an SPB measure with compact support in X. Show that there exists a
constant ¢ > 0 such that for every subharmonic function u on X

/ fuldv < cljull 21 x-

Hint: if this does not hold there are u, subharmonic such that ||un|lo1(x) = 1 and
[ |unldv > n3. Show that u, are locally unifomly bounded from above.
Exercise 2.4.18. Let z = x + iy be the complex coordinate on C ~ R?. Define

9 _1(o o\ .0 _1(0 0

0z 2\0ox Oy 0z 2\ox ‘oy)’

The second operator is called the Cauchy-Riemann operator on C. Show that
2 o (1
A:487 and ()zéo.

If f is a distribution on an open set X C C such that % = 0, show that f is a
holomorphic function on X. If o is a function in L1 (C) with compact support in C,

show that
0z \ 7z v)=¢




Chapter 3

Currents

The notion of currents was introduced by Georges de Rham. It generalizes the
notion of distribution. In fact, distributions are currents of maximal degree. We
will define differential forms and currents on an open set X in RY and state
basic properties of currents. We will show that currents can be approximated
by smooth forms and show that every closed current is locally exact (Poincaré’s
lemma).

3.1 Differential forms and currents

Consider a function f of class €' on X and fix a point a € X. To a vector
&= (&,...,&v) € RY we associate the derivation §18%1 + - 4 fN% at the
point a. The space T,X of such derivations is the tangent space of X at a. The
differential df, of f at a is the linear form on 7, X defined by

dfo(§) == (5188_51 + -+ §N%) (a).

Consider the coordinate x; as a function on X. Its differential at a is given by

(dxi>a(£) =&
Hence we can write

0 0
oy Oxn

This is an example of a differential 1-form.

Definition 3.1.1. A differential p-form or a form of degree p on X is a map
assigning to each point a € X an alternating p-form on 7,X.

31
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Then, a differential 1-form is a map assigning to each point @ € X an element
of T¥X, i.e. a linear form on 7, X. It can be decomposed uniquely as

N
o= g o, dx;.
i=1

where the coefficients «; are functions on X.

Differential p-forms can be obtained as combinations of exterior products of p
forms of degree 1. Let u;, 1 <1 < p, be differential 1-forms. The exterior product
or wedge product of u; is denoted by

ul/\.../\up

Hence any p-form can be written as
o= Z ardzry
i

where I = (iy,...,4p), 1 <iy <--- <ip <N, dvy:=dx;, A... Ndx;, and o are
functions on X. When the «; are bounded, continuous or smooth functions we
say that the form « is bounded, continuous or smooth.

In general, we can consider the exterior product of a p-form a and a ¢-form
(. Their product is a (p + ¢)-form and enjoys the following properties

- associativity: (¢ AG)Ay=aA(BAY)
- distributivity: (« +a/)AB=aAB+ o AJF
- anti-commutativity: a A = (=1)PG A a.

For a function f we have f A a = fa and (fa) A G = f(a A B). The anti-
commutativity implies that dz; Adz; =0, a AN (4 F') = a A+ a A [ and every
p-form with p > N is zero. Then forms of maximal degree are forms of degree N.

We define the exterior derivative of forms. Let o be a p-form as above, of
class €'. The derivative of a is the (p + 1)-form:

do = Z doy A dxg.
I

If da = 0, we say that « is closed. It is clear that forms of maximal degree are
always closed. Forms that can be written as da are said to be ezact.

Let a:= @wdzy A ... Ndxy be a form of maximal degree where ¢ is a function
in Z1(X). Define the integral of o by

/a:/godxl/\.../\dx]v::/godgjv.
X X X
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Proposition 3.1.2. Let o, o' be p-forms of class €* and let 3 be a q-form of
class €*. Then

dla+d)=da+dd and dlanp)=daAp+(—1)PaAdpS.
Moreover, if « is of class €2, then da is closed, i.e. d(da) = 0.

Let f: X — X’ be a map of class €. If o = > o}da); is a p-form, define
the pull-back of o/ by f by

fr(@’) =Y (a0 fd(zyo f).

I

This is a p-form on X. It depends linearly on «/.
We endow the spaces Z,(X), ZP(X), &3(X), 67(X) of p-forms on X with
the semi-norms and the topology induced by the ones on the coefficients of forms.

Definition 3.1.3. A current of degree p and of dimension N —p on X is a linear
continuous form T : PV P(X) — C. If a is a form in 2V7P(X), the value of T
at a is denoted by T'(«) or (T, ). The form « is called test form. We say that a
sequence (T,,) of p-currents on X converges weakly (or converges in the sense of
currents) to a current T if (T, a) — (T, ) for every a € 2V 7P(X).

So distributions are currents of maximal degree. If T"is a current of degree 0,
one can associate to T a distribution 7" by

(T', @) == (T, dxy A ... Nday).

This correspondence between distributions and 0-currents is 1:1. Hence we often
identify distributions and currents of degree 0.

Example 3.1.4. If T is a p-form with coefficients in 2}
current of degree p

(X) then T defines a
(T, ) ::/ TAa forae 2" P(X).
X

Example 3.1.5. Let Y C RYP be an open set and let f : Y — X be a proper
injective map of class ¢'. Let Z C Y be a Borel set and Z’ := f(Z). Define the
current [Z'] of integration on Z’ by

([Z'],a) = . f*(a) for o€ 2V P(X).

In particular, when X =Y = Z = Z" and f = id we get the O-current [X] of
integration on X.
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Proposition 3.1.6. Let T be a p-current on X and let K C X be a compact set.
Then there exist a positive integer k and a positive constant ¢ such that

(T, a)| < cllallpx  for every a € 2VP(X) with supp(a) C K.

Definition 3.1.7. If the integer k in Proposition 3.1.6 can be chosen indepen-
dently of K we say that T is of finite order and the smallest integer k satisfying
this property is called order of T.

One can check easily that currents in the examples 3.1.4 and 3.1.5 are of order
zero. Currents of compact support are of finite order. We also have the following
result.

Proposition 3.1.8. Let T be a p-current of order k on X. Then we can extend
T to a continuous linear form on @%_p(X). Moreover, the extension is unique.

Definition 3.1.9. The support of a p-current T' is the smallest closed subset
supp(7’) of X such that T" vanishes on X \ supp(7’). That is, (T, a) = 0 for every
test (N — p)-form o € 2V P(X) with compact support in X \ supp(7T).

The support of the current [Z'] in the example 3.1.5 is equal to 7.

Theorem 3.1.10. Let T' be a p-current with compact support in X. Then T can
be extended to a continuous linear form on &¥~P(X). Moreover, the extension is
unique.

Exercise 3.1.11. Let « be a 1-form on X. Show that o A o = 0.

Exercise 3.1.12. Let f be a real-valued function of class €' on X. Let P: R — R be
a € function. Show that d(Po f) = P'(f)df.

Exercise 3.1.13. Let T = ), Trdxr be a p-current on X. Show that supp(T) =
Usupp(T7).

Exercise 3.1.14. Find a non-uniformly bounded sequence of smooth p-forms (T,,) with
support in a fired compact set K C X such that Ty, — 0 in the sense of currents.
3.2 Operations on currents and Poincaré’s lemma

Let T be a p-current on X and let X’ be an open subset of X. Then we can
define the restriction of 7' to X’ as follows:

<T"X/, Oé) = <T7 CY>
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for test forms a with compact support in X'. It is easy to check that Tix: is a
p-current on X’ and that the order of 7" is smaller or equal to the order of T
In particular if 7" is a measure or a distribution then 7jx is also a measure or a
distribution.

Let  be a g-form in &(X). Define the wedge-product T' A 3 by

(T'AB,a) :=(T,BNa) forac PN P9(X).

This is a (p + ¢)-current on X. The (p + ¢)-current 3 A T is by definition equal
to (—1)PT A 3. We will drop the sign A if p or ¢ is equal to zero since the wedge
product becomes the usual multiplication.

Proposition 3.2.1. Let T be a p-current on X. Then T can be written in a

unique way
T = Z T[dili'[
[7|=p

where Tt are currents of degree 0 on X.

We have seen that O-currents can be identified to distributions. One can
consider that currents are forms with distribution coefficients.

We want to extend the operation of exterior derivative from forms to currents.
When 3 € £P(X) and a € 2V P71(X) the classical Stokes formula implies that
(dB,a) = (=1)P*Y(B,da). Hence we define the exterior derivative of currents as
follows. Let T be a current of degree p on X. Define the (p + 1)-current d1" by

(dT, ) := (=1)P"™ (T, da) for a € 2V P HX).

The maps T +— dT is continuous for the topology on currents. When d7T" = 0
we say that T is closed. Currents of maximal degree (distributions) are always
closed.

Consider a ! map f : X — X’ which is proper on the support of 7. Assume
that N’ > dimT = N — p. Then we can define the push-forward f,(T') as follows

(f.(T),a) := (T, f*(a)) for a € P2V P(X").

The current f,(7) is of degree N’ — N + p and of dimension N — p. Hence the
operator f, preserves the dimension of currents.

Example 3.2.2. Let U C X be a domain with 4! boundary. Define
(U], @) = / o forae 2V(X).
U

The boundary bU of U has the canonical orientation induced by the orientation
on X. The classical Stokes formula implies that d[U] = (—1)V[bU].
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Proposition 3.2.3. The push-forward operator is continuous and commutes with
the exterior derivative, i.e. we have

£udT) = (—1)NNA(£.T).

Now consider a p-current 7' = > Tydz; on X and a p'-current 7" = > T} dxp
on X'. Define the (p+ p')-current T ® T on X x X' by

TRT =) (Tr Ty )dr; Adxf,

I

where 77 ®T7}, is defined in the sense of distributions. The current T'®7" is called
tensor product of T and T".

Proposition 3.2.4. The tensor product T ® T" depends continuously on T and
T'. Moreover, we have

dT@T)= @) T + (-1)'T ® (dT").

Let m: X x X" — X be the canonical projection. When 7" = [X"] the current
T®[X'] is called the pull-back of T by m and is denoted by 7*(7T"). More generally,
consider a submersion f : Y — X. Locally we can identify Y with a product
X x X’ and f with the projection on X. Then we can define f*(7) using a
partition of unity.

Proposition 3.2.5. Let f be as above. Then f*(T) depends continuously on T
and commute with the extrerior derivative, i.e. f*(dT) = df*(T).

Using the above result we can prove the following result which is called
Poincaré lemma.

Theorem 3.2.6. Let X be a starshaped domain in RY. Then every closed p-
current T on X, p > 1, is exact, i.e. there is a (p — 1)-current S such that

as ="1T.

Exercise 3.2.7. Let T be a p-current on X and let § be q-form in &£1(X). Show
that supp(T A B) C supp(T) Nsupp(B). Find an example such that supp(T A ) #

supp(7’) N supp(3).

Exercise 3.2.8. Let T be a p-current of order k on X. Let 3 be q-form of class €*.
Show that T' A B is well defined and is a current of order < k.

Exercise 3.2.9. Let T be a p-current and (8 be a g-form in &4(X). Show that

d(T AB) =dT A B+ (—1)PT A dp.
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Exercise 3.2.10. Let f : X' — X be a bijective €1 map and T be a p-current on X.
Show that

f(f(T) =T.
Deduce that f* = (f~1)s and f. = (f~H)*.

Exercise 3.2.11. Let f : X' — X be a €' submersion. Let T and 3 be as above. Show
that

Fr@ng) = f(T)Af(B).

Is there an analogous formula for the push-forward operator?

Exercise 3.2.12. Let T be a p-current on X and let f : X — X' be a €' map proper
on the support of T. If B8 is a q-form in &1(X') show that

f*(T/\ f*(ﬂ)) = f*(T> A B.

Exercise 3.2.13. Is the Poincaré’s lemma valid for an arbitrary domain X in RN 2

3.3 Convolution and regularization

Let T' = >_Tydxr be a p-current on RY. Let ¢ be a function in &(R"Y). Assume
that either T or ¢ has compact support. Recall that we can identify T} with a
distribution on R¥. Define the convolution T * ¢ of T and ¢ by

Txp:= Z(TI x p)dry.
This is a p-form in &P(RY).
Proposition 3.3.1. Let T' and ¢ be as above. Then

supp(T * ¢) C supp(T’) + supp(y)

and
d(T % @) = (dT) * .

If ¢ be a function in 2(RYN) then

(T*@)xp =T x* (p*1).

Theorem 3.3.2. Let T be a p-current on RY and let x. be as in Section 2.3.
Then T x xe — T in the sense of currents and supp(T * x.) — supp(T') in the
Hausdorff sense when € — 0.

We can approximate currents in the general case.

Theorem 3.3.3. Let T be a p-current on X. Then there exist smooth p-forms
T, on X such that T,, — T in the sense of currents and supp(7,) — supp(T) in
the Hausdorff sense. If T is closed then the forms T, can be chosen to be closed.
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Exercise 3.3.4. Let 7, be as in Section 2.3. Show that

Trpo)= [ ()T 0)ple)d @)
where hy(y) ==y + z.

Exercise 3.3.5. Show that in the first part of Theorem 3.3.83 we can choose T, with
compact support.



Chapter 4

Currents on manifolds

After introducing differentiable manifolds, their tangent bundles and differental
forms on manifolds we state the regularization theorem for currents on manifolds
and some properties of de Rham cohomologies in the case of compact manifolds.

4.1 Differentiable manifolds

We define differentiable manifolds of dimension N and of class 6%, k € N*U{oo}.
Let X be a separated topological space which is a finite or countable union of
compact sets. Assume that X can be covered by a collection of opens sets (U;);cr
such that there are continuous bijective maps ¢; : U; — V; where V; are open
subsets of RY. Assume also that the transition maps

i = pjop; L eiUinU;) — (Ui N T;).
are of class €*. Define Vii == ¢i(U; N U;).

Definition 4.1.1. A family of (Uj;, ;) satisfying the previous property is an atlas
of class €* of X. The topological space X equipped with such an atlas is a man-
ifold of class €% and of dimension N. The components of ¢; = (@;1,...,0iN)
are local coordinates on the chart (U;, ;) of X.

A space X may have different structures of ¢’* manifold. Two € atlas (U, ;)
and (W}, ;) of X define the same structure if 1;o; ! are €* maps on ;(U;NW;)
for all 4,j. In practice, we often say that X is a manifold of class €* when it
has a €* structure. If (U;, ¢;)ier is an atlas of X there is a finite ou countable
sub-atlas (Uj, ¢;);es with J C 1.

Example 4.1.2. Euclidian spaces RY, spheres in RY, tori, projective spaces
PRY, and their open sets are examples of manifolds. If X and X’ are manifolds
then X x X' is a manifold.

39
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Definition 4.1.3. Let X be a manifold as in Definition 4.1.1. We say that X
is orientable if it admits an atlas (U;, ;) as above such that the transition maps
©;; have positive jacobian.

Definition 4.1.4. Let Y be a closed subset of a manifold X of dimension N.
We say that Y is a submanifold of dimension n of X if for every point y € Y

there are local coordinates (z1,...,zy) on a neighbourhood W of y such that
YNW={x;=---=ay_, =0}.

Definition 4.1.5. Let X and X’ be manifolds of class €* equipped with atlases
(Us, i) and (U, ¢}). A continuous map f : X — X' is said to be of class €* if
@iofo @; ! are of class €% on their domains of definition for all 7 and j. The
map f is an imbedding if it is injective and if f(X’) is a submanifold of X. A €*
bijective map [ : X — X' is called diffeomorphism between X and X', in this
case, we say that X and X' are diffeomorphic.

One checks easily that the previous properties of f depend only on the €*
structures on X and X’ but not on the atlases (Uj, ;) and (U7, ¢}). Using the
open sets V;, Vj; of RY and transition maps ©j; we can construct an abstract
manifold diffeomorphic to X as follows.

Proposition 4.1.6. Let V;, V;; and ¢;; be as above. Consider the disjoint union

X of the V; and the following relation ~. For x and y in X, we have x ~ y if
y = @ji(x) for some i,j. Then ~ is a relation of equivalence and the quotient
X/ ~ is a manifold diffeomorphic to X.

The proof of this proposition uses the fact that (¢;;) is a cocycle, i.e. ¢; = 1id,
wij 0 pji = id and @i 0 pi; 0y = id.

The following theorem shows that every manifold admits a partition of unity.
Theorem 4.1.7. Let X be a €% manifold and let (W;, ;) be an open cover of
X. Then there exist positive €* functions g; with support in W; such that for

each point x € X we have g;(x) = 0 except for a finite number of g; and > g; = 1
on X.

Manifolds and maps of class € are called smooth. In what follows we assume
that the manifolds are smooth in order to simplify the notation. We also define
manifolds X with boundary in the same way as in Definition 4.1.1 but we replace
V; by open sets in the closed half-space RY := {(z1,...,2x) € RY, z; < 0}. The
union of ;' (V; N {x; = 0}) is called the boundary of X and is denoted by bX.
Observe that X \ bX is a manifold without boundary.

Complexr manifolds are defined as in Definition 4.1.1 but we replace V; by
open sets of CV and we assume that the maps ¢; are holomorphic. A complex
manifold with boundary is a real manifold X with boundary b.X such that X \ bX
is a complex manifold.
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Exercise 4.1.8. Let X be a connected manifold of dimension 1. Show that X is either
diffeomorphic to a circle or to the real line.

Hint: show that X can be covered by a finite or countable family of open sets U,,, n € Z,
such that U, NUpy1 NUpto = 9.

Exercise 4.1.9. Show that there is no smooth injective map from the sphere S* onto
R2.

Exercise 4.1.10. Let X be a smooth manifold. Show that there exists a proper smooth
function f: X — R. Such a function is called an exhaustion function.

Exercise 4.1.11. Let X be a manifold. Show that any smooth function f on X can
be written as f = ) fi where f; are smooth with compact support such that for every
x we have fi(x) =0 except for a finite number of f;.

4.2 Vector bundles

We will consider an important class of manifolds: the vector bundles which are
locally product of R? with a manifold. Let X, E be manifolds of dimension N
and N +d respectively, and let 7 : E — X be a smooth map. Assume that (U;) is
a covering of X by open sets and that ®; : 771(U;) — U; x R? are diffeomorphisms
such that ®(77'(z)) = {z} x R%. Assume also that for all ¢, j and = € U; N U;
the transition maps ®;; := ®; o ®;! define linear automorphisms on {z} x R%.
The last property implies the existence of smooth maps Hj; : U;NU; — GL(d, R)
such that ®;(z,v) = (z, Hji(2)(v)).

Definition 4.2.1. Under the previous assumptions, we say that 7 : £ — X (or
E for short) is a vector bundle of rank d over the base X and w~'(z) is a fiber of
E. When d =1 we say that 7 : ' — X is a line bundle over X. The map ®; is
the trivialisation of E over U;. A section of E is a continuous map s : X — F
such that 7o s =id.

One can check that the union of ®;'(U; x {0}) is a section of E. This is the
zero section. Observe that the set of of all the sections of E is a vector space. If
Y C X is a manifold then F := 77}(Y) is a vector bundle of rank d over Y.

Definition 4.2.2. Let ' : E/ — X’ be another vector bundle. A smooth map
7 : ' — FE’ which sends linearly fibers to fibers is called morphism between vector
bundles. If 7 is bijective then F and E’ are said to be isomorphic. The bundle
E is trivial if it is isomorphic to the product X x RY.

Proposition 4.2.3. Let 7 : E — X be a vector bundle. Then there exists a
riemannian metric on E, i.e. a scalar product p,(-,-) on each fiber 7=(x) which
depends smoothly on x.
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Consider a manifold X of dimension N and a family of open sets U; which
covers X. Let Hj; : U; N U; — GL(d,R) be smooth maps. Assume that (Hj;)
is a cocycle, i.e. Hy(x) = id for x € U;, H;; o Hj;(z) = id for x € U; N U; and
Hy, 0 Hyjo Hy(x) =id for x € U; N U; N Uy, for all 4, j, k. Let E be the disjoint
union of U; x R?. Define the relation ~ on E as follows. For two points (z,v) € U;
and (2/,v") € U; we have (z,v) ~ (2/,v) if x = 2’ and v' = Hj;(z)(v).

Theorem 4.2.4. Let X, U;, Hj; and E be as above. Then ~ is an equivalence
relation and E/ ~ admits a structure of vector bundle of rank d over X .

If Hj; are as in Definition 4.2.1 then E/ ~ is isomorphic to E. Let Kj; :
U;NU; — GL(d,R) be defined by Kj;(z) := Hji(x)"'. Then (Kj;) is a cocycle.
Using these maps we can define a vector bundle £* of rank d over X. This bundle
is called the dual of E.

We can consider a vector bundle E as a collection of vector spaces parametrized
by a manifold X. Then some operations on vector spaces can be extended to vec-
tor bundles. More precisely, we can define £ & E', E® E', APE when E and E’
are bundles over the same base X.

Riemannian metrics on E and E’ induce riemannian metrics on E*, £ ® E’,
E® E' and APE.

Complex vector bundles over complex manifolds are defined analogously but
we replace R? by C¢ and the maps ®; are assumed to be holomorphic.

Exercise 4.2.5. Show that a line bundle is trivial if and only if it admits a non-
vanishing smooth section. Find an analogous criterion for vector bundles.

Exercise 4.2.6. Show that any line bundle over R is trivial. Find a non-trivial line
bundle L over S'. Show that L ® L is trivial.

Exercise 4.2.7. Let E be a vector bundle of rank d over X. Show that A°E is a line
bundle over X.

4.3 Tangent bundle and differential forms

9
N Oy,
The set of tangent vectors at a is isomorphic to RY. The tangent bundle of X is
(isomorphic to) X x RV,

The tangent bundle of a general manifold X is not always trivial and can
be defined using an atlas (U;, ¢;) as in Definition 4.1.1. Define Hj; : U; N U; —
GL(NV,R) the maps such that Hj;(z) is the jacobian of ¢;; at the point ¢;(x).
One can check that these maps satisfy the assumptions of Theorem 4.2.4. We

If X is an open subset of RYY, a tangent vector at a is simply a derivation >
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then obtain a vector bundle of rank N over X which is the tangent bundle of X
that one denotes by 7 : T X — X. The fiber of x is denoted by T, X. A section
of T'X is called vector field on X.

The dual T*X of TX is called cotangent bundle of X. A section of AP(T*X)
is a p-form on X. A non-vanishing real form of maximal degree N on X is called
volume form. If v is a p-form and o’ is a p’-form on X then a A/ is a (p+¢)-form
on X. It is defined using local coordinates. If f: X’ — X is a smooth map then
one can also define the pull-back f*(«) of @ which is a p-form on X’. Using local
coordinates one shows that f*(a Ad/) = f*(a) A f*(d).

An orientation on X is an orientation on each fiber T, X of T'X which depends
continuously on x. This induces an orientation on the fibers of AP(T*X).

Proposition 4.3.1. A manifold X of dimension N is orientable if and only if
the line bundle AN (T*X) is trivial, i.e. there is a volume form on X.

An orientable connected manifold X admits two orientations. If € and € are
volume forms on X then there is a non-vanishing function f such that ' = fQ.
This function is either positive or negative. Then we can divide the family of
volume forms into two classes such that the two volume forms 2; and €25 are in
the same class if and only if €2 = Ay with A a strictly positive function. Fixing
an orientation on X is deciding that the forms in one class are positive, and
negative in the other class. If X is a manifold with boundary then an orientation
of X \ bX induces an orientation on bX. Indeed this is the case for open sets of
R,

A riemannian metric on TX is called riemannian metric on X. It induces
riemannian metrics on A?(7*X) and a distance on X. Then we can talk about
volumes of varieties, subvarieties, Hausdorff measures ...

Exercise 4.3.2. Show that every smooth vector field on the sphere S? vanishes at some
point.
Hint: S?\ {1 point} is diffeomorphic to C.

Exercise 4.3.3. Let T = R?/Z? be the 2-dimensional torus. Show that the tangent
bundle of T is trivial.

Exercise 4.3.4. Let X be an oriented manifold and let o : X — X be an involution,
i.e. a diffeomorphism without fized point such that o o 0 = id. Let X be the space
obtained from X by identifying the points x and o(x). Show that o \ X is a manifold
which is orientable if and only if o preserves the orientation.



44 CHAPTER 4. CURRENTS ON MANIFOLDS

4.4 Currents and de Rham theorems

In what follows we consider only riemannian oriented manifolds. The spaces of
forms and currents on a manifold X are defined exactly as in the case of an open
set in RY. A p-form on X is of course a p-current. We give some other classes of
examples.

Example 4.4.1. (Integration on manifolds) Let Y be a submanifold of codi-
mension p of X. We can define a p-current of integration on Y by

([Y], ) :z/ya for a € 2N P(X).

In order to integrate a form on Y one can use the partition of unity and local
coordinates. If o)y is supported on a chart ¢; : U; — V; of Y then fya =
fw (o7 H)* (). More generally consider a manifold X’ of dimension N — p with or
without boundary and a smooth proper injective map f : X’ — X. Then we can
define a p-current [f(X’)] by

([f(X)] ) = . f*(a) for a e ZP(X).

We have the following Stokes formula.
Theorem 4.4.2. Let f: X' — X be as above. Then

d(f (X)) = (=D)L (bX")].

In particular if Y is a submanifold of X (without boundary) then the current [Y]
15 closed.

The following fundamental theorem is due to de Rham.

Theorem 4.4.3. Let T be a p-current on a manifold X. Then there are smooth
p-forms T,, such that T,, — T in the sense of currents and supp(T,) — supp(7T).
Moreover if T is closed (resp. exact) then T, can be chosen to be closed (resp.
exact).

In what follows we assume that X is a compact manifold without boundary.
However the following results can be extended to non-compact manifolds but the
statement is more complicated.

We have seen that the set of exact p-forms (resp. p-currents) is a subspace of
the space of closed p-forms (resp. p-currents). The de Rham cohomology groups
(with real coefficients) are the quotient spaces

HP(X.R) — {real-valued closed p-forms on X'}

~ {real-valued exact p-forms on X}
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Using currents we can define in the same way the following groups

H? (X,R):= {real-valued closed p-currents on X}

cur

~ {real-valued exact p-currents on X}

Since p-forms are also p-currents, we obtain a natural linear map

7 HP(X,R) — H”, (X,R).

cur

The class of a closed p-form or p-current 7" in these cohomology groups will be
denoted by [T']. Forms or currents in the same class are said to be cohomologous.
A more precise version of theorem 4.4.3 implies the following result.

Theorem 4.4.4. The linear map 7 is an isomorphism. In particular every closed
p-current is cohomologous to a closed smooth p-form.

The dimension b, of HP(X,R) is called Betti number. We always have by =
by = 1. De Rham and Poincaré’s results imply the following theorem.

Theorem 4.4.5. The group H?(X,R) has finite dimension and the map
P:H”(X,R) x HY"?(X,R) — R, ([, [8]) — / aNp
X

is well-defined and is a non-degenerate bilinear form. In particular HN=P(X,R)
is isomorphic to the dual of HP(X,R).

The map P is called the Poincaré duality.

Exercise 4.4.6. Show that the current of integration on the unit circle is not exact in

R2\ {0}.

Exercise 4.4.7. Let T = R?/Z? be the 2-dimensional torus. Determine the dimension
and a basis of HP(X,R) for p =0,1,2. Same question for the sphere S?.
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Chapter 5

Slicing theory

In this chapter we consider the spaces of locally normal currents and locally flat
currents. We describe the Federer slicing theory for these currents.

5.1 Normal and flat currents

Definition 5.1.1. A current T on X is said to be locally normal if the currents
T and dT are of order zero. Locally normal currents with compact support are
called normal.

Let A" (X) denote the space of locally normal p-currents on X, A;7(X) the
space of normal p-currents with support in a compact set K and AP(X) :=
Ux A P(K) the space of normal p-currents. Define also the semi-norms

Nk(T) = [Tl + [T || -

The space 4;” (X) is a Fréchet space with respect to the family of semi-norms
Nk (+) and AP(K) is a Banach space with respect to the norm A%(-). Example
4.4.1 gives us a family of locally normal currents. The space of normal currents
is stable under exterior differentiation. However for many purpose one considers
a larger space which is also stable under this operation.

We are going to define the flat currents which are less regular than the normal
currents. They are obtained by taking the closure of the normal currents with
respect to a family of semi-norms.

Define for a compact subset K of X and smooth form ¢ with compact support
in X the flat semi-norm

Fi () = max (sup [lp()]], sup [[de(@)]])
and for a p-current T on X

F(T) :=sup {|(T,p)|, ¢ € PV P(X)and Fx(p) <1}.
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Proposition 5.1.2. Let T be a p-current on X. Then Fx(T) < oo if and only
if there are a p-current R and a (p — 1)-current S of order zero supported on K
such that T = R+ dS. Moreover

Fr(T) =min{|R| + S|, R,S as above}.
In particular T has support in K.

Definition 5.1.3. A p-current T'is flat on K if it belongs to the closure of A% (X)
for the flat semi-norm .#. A current T is flat if it is flat on compact subsets of
X and is locally flat if T is flat for any smooth function ¢ with compact support
in X.

Observe that not all the currents 7" with Z#x(T) < oo are flat on K. The
space of flat currents is a subspace of such currents. Let Z%(X) denote the space
of p-currents flat on K, .#?(X) the space of flat p-currents and %} (X) is the
space of locally flat p-currents on X.

Proposition 5.1.4. The space of p-currents flat on K of finite mass is equal to
the closure of NE(X) for the mass norm on X.

The following theorem gives a very useful characterization of flat currents.

Theorem 5.1.5. If R is a p-current and S is a (p—1)-current both supported on
K with coefficients in £ (X) then T = R+ dS is in Fr(X) for every compact
set L such that K € L. Conversely if T is a p-current flat on K then there are
a p-current R and a (p —1)-current S supported in L with coefficients in £*(X)
such that T = R+ dS.

Corollary 5.1.6. A p-current T is locally flat on X if and only if for every
smooth function ¢ with compact support on X there are currents R and S with
coefficients in L1 (X) and with compact support such that ¢T = R+ dS.

Exercise 5.1.7. Let T be a locally normal p-current on X. Show that ¢T is normal
for every smooth function @ with compact support in X.

Exercise 5.1.8. Let ¢ be a subharmonic function on an open subset X of RV. Show
that ¢ defines a normal O-current on X.

Exercise 5.1.9. Let T be a locally flat p-current on X. Show that dT' is locally flat.

Exercise 5.1.10. Find all the flat currents supported on a point a € X.
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Exercise 5.1.11. Let L be a closed subset of X and let T be a locally normal current
on X\ L. Assume that T has locally finite mass near L. Show that the trivial extension
of T is locally flat on X. Recall that the trivial extension of T is the extension by zero
on L.

Hint: let 0 < up < 1 be smooth functions vanishing near L and such that u, — 1x\r,

uniformly on compact sets. Then the trivial extension T of T satisfies T = limu,T.

Exercise 5.1.12. Let D(ay,m,) be a sequence of disjoint discs in R? converging to 0.
Assume that >_r2 < co. Define the current T of dimension 0 by

(T, ) := Z/ a, a € 2%(R?).
n D(anﬁ'n)

Show that T is of order zero. Compute dT'. What is the order of dT?

5.2 Federer’s support theorems

In this section we give some results of Federer which describe flat currents with
small support.

Theorem 5.2.1. Let T be a locally flat p-current on X. If N "P(supp(T)) =0
then T'= 0.

Theorem 5.2.2. Let T be a locally flat p-current on X. Assume that T is
supported in a submanifold Y. If Y has codimension p, then T = f[Y] with f a
function in LL.(Y). If Y has codimension < p then T is a current on'Y, i.e.
there is a current T on'Y such that T = i,(T") where i : Y — X is the canonical
inclusion map.

The following result is more general.

Theorem 5.2.3. Let f,g: X — X' be smooth maps and let T be a flat p-current
on X. If f =g on supp(T) then f.(T) = g.(T).

Exercise 5.2.4. Let Y be a submanifold of X. Find a current T on X with support
on 'Y which is not a current on Y.

Exercise 5.2.5. Let Y1, Yo be submanifolds of codimension p of X. Assume that Y1NY5
is a submanifold of codimension > p of X. Find all the locally flat p-currents of finite
mass supported on Y1 U Y.

Exercise 5.2.6. Let Y be a submanifold of codimension p of X. Find all the closed
p-currents with locally finite mass supported on Y .

Exercise 5.2.7. Let A be a closed set in X such that #P~1(A) = 0. Let M be a closed
oriented submanifold of dimension p in X \ A. Assume M has bounded volume in X.
Show that [M] is a flat closed current of order zero.
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5.3 Slicing of flat currents

Let 7 : X — X’ be a submersion. Then the fibers of 7 are submanifolds of
dimension N — N’ of X. Let T be a p-current on X with N —p > N’. We are
going to define the slice (T, 7,y) for y € X’. This is a p-current on 7 '(y). If
T is smooth, (T, 7,y) is the restriction of T to m~'(y). If T is the current of
integration on a submanifold Y of X then (7', 7,y) is the current of integration
on Y Nr~1(y) for y generic. We will extend this to locally flat currents. Namely
we have the following theorem.

Theorem 5.3.1. Let w be a submersion as above and let T be a locally flat p-
current on X with N —p > N'. Then for almost every y € X' there is a locally
flat p-current T, on 7' (y) such that for every N'-form Q with compact support
on X' and every (N — N' — p)-form a with compact support on X we have

<T, a N W*(Q» = /X/ <Ty, Oz|7r71(y)>Q(y).
Moreover two families of locally flat currents (T},) and (Té) satisfying the previous

property are equal almost everywhere on X'.

The currents T, are called the slices of T by m and are denoted by (T, ,y).
They can be considered as (N’ + p)-currents on X. Slicing satisfies the following
properties.

Proposition 5.3.2. For almost every y € X' we have
1. supp(T, 7, y) C supp(T) N7 *(y).
2. If ¢ is a smooth form on X then (Y ANT,m,y) =9 AN (T, 7, y).
3. (dT,m,y) = d{T,m,y).
4. If T has locally finite mass then (T, m,y) has locally finite mass.
5. If T is locally normal the (T, 7, y) is locally normal.

The slices of T' can be computed as follows. Let (y1,...,yn’) be local coordi-
nates of X’. Let Q :=dy; A ... Adyn' be the canonical volume form and let €2,
be its restriction to the ball of center y and of radius r.

Proposition 5.3.3. For almost every y € X' we have

s <T/\7r*(Qy,,«),a>
<<T,7T7y>70[> - 7]:‘1_]:’1(1) C(N,)TN/ ’

where c¢(N') is the volume of the unit ball in RN,

ae NN P(X)

Exercise 5.3.4. Let m : X — X' be as above. Find a locally flat p-current T on X
such that T'# 0 but (T, 7,y) = 0 for almost every y.



Chapter 6

Currents in complex analysis

In this chapter X denotes a complex manifold of dimension N, for example an
open set in CV. The complex coordinates in a chart of X or in C are denoted
by z = (21,...,2n). The main object of this chapter is to study positive closed
currents interoduced by Pierre Lelong. This notion generalizes analytic subsets
in complex manifolds and has many applications in complex analysis and in the
theory of dynamical systems.

6.1 Positive forms and positive currents

If we identify CV with R?Y we can write 2, := x,, + iz, y with ,, real. Hence
linear forms dz,, dr,,y can be written in a unique way as linear combinations
with complex coefficients of dz, := dx,, + idz,, n and of dz, := dx,, — idx, . If
I=(i1,...,i,) C{1,..., N} is a multi-index define dz; := dz;, A ... A dz; and
dzy := dz;; N ... Ndz;. Then any r-form o on X can be written locally in a
unique way as
o = Z C([JdZ[/\dzJ
\T|+]J|=r

where ay; are functions with complex values. We say that « is a form of bide-
gree (p,q) if ay; = 0 when either |I| # p or |J| # ¢. We have the following
decomposition of spaces of r-forms as direct sums of spaces of (p, q)-forms

&'(X)= @ "(X) and Z"(X)= P 7"(X)
p+g=r p+q=r
and by duality we get
7X)= P 2,,X) and &(X)= P &,X).
pt+g=r pt+q=r

A current in 7, (X) or in & (X) are said to be current of bidegree (p,q) and of
bidimension (N —p, N —q). They act trivially on forms of bidegree (N —p', N —¢’)
when (p/,¢') # (p, q).

ol
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Proposition 6.1.1. Let f : X — X' be a holomorphic map. If a is a (p, q)-form
on X' then f*(«) is a (p,q)-form on X. If T is a current of bidimension (p,q)
on X and if f is proper on supp(T') then f.(T) is a current of bidimension (p,q).
If T is a current of bidegree (p,q) on X' and if f is a submersion then f*(T) is
a current of bidegree (p,q) on X.

If T is a (p,q)-current on X then we can decompose dT' as the sum of a
(p + 1,¢)-current 9T and of a (p,q + 1)-current OT'. Since d(dT) = 0 we have
J(0T) =0, 0(9T) = 0 and 90T = —IIT. If « is a test form we have

(0T, a) = (=1)PT" YT 9a) and (0T, a) = (—1)PTHT, da).

It is easily to check that f*, f. commute with d and 9. Define d° := ﬁ(a —0),

then dd°® = %(’95 is a real operator. We define also the conjugate of a form or a
current by the formulas

Q= Zafjd?] A dZJ and <T, Oé> = <T7 a)

where oo = Y ayydz; N dzZy.

Definition 6.1.2. A (p,p)-form « is said to be positive if at each point it is
equal to a finite combination of forms (i3 A B;) A ... A (iB, A B,) where ; are
(1,0)-forms which might depend on the point. The form « is said to be weakly
positive if a A 3 is positive for any positive (k — p, k — p)-form 5. A (p, p)-current
T is called positive (resp. weakly positive) if (T, ) > 0 for every weakly positive
(resp. positive) test (k — p, k — p)-form .

The operators f* and f, preserve the positivity. Positive currents of maximal
bidegree are positive measures.

Proposition 6.1.3. Let T = Zz’pzTUdz] A dz; be a positive current. Then T
1s of order zero. In particular Ty; are distributions of order zero, i.e. complex
measures.

Define

_ 1
B:=1i00|z||* and op:= 'T/\ﬁN’p.

(N = p)!

Then o is a positive measure that we call trace measure of T'. The mass of o
on a Borel set B is called mass of T on B and is also denoted by ||T||5. Recall
that we are in CV or in a chart of X.

Proposition 6.1.4. Let T = > i”QTUdzI/\dZJ be a positive current and let o be
the trace measure of T. Then the total variations | Ty ;| of Try verify |T1;| < 2Nop.

The following theorem is due to Wirtinger.
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Theorem 6.1.5. Let V. C CV be a manifold of pure dimension p. Then the
volume form on 'V associated to the standard metric in CV is equal to zp%;!ﬁ\p\/' In
particular we have

1
volume(V') = 2P_p'/ aP.
sy

A closed set V' in X is an analytic subset of X if for each point a € V' there
is a neighbourhood U of a such that VNU = {f; = --- = f, = 0} where f; are
holomorphic functions on U. A point a € V' is regular if V N U is a manifold for
U small enough. One says that V has pure dimension p if dim(V NU) = p for
every a. The following Lelong’s theorem gives us an important class of positive
closed currents.

Theorem 6.1.6. Let V' be an analytic subset of pure dimension p of X and let
reg(V') be the regular part of V.. Define the current [V] of bidimension (p,p) by

Va)i= [ Lo aeT)

Then the current [V] is well defined and is positive and closed.

This theorem says in particular that the volume of reg(1") near singular points
is locally bounded.

Exercise 6.1.7. Let a be a postive (N, N)-form on X. Show that a can be written as
a=p(idz; NdzZ1) A ... A\ (idzy N dZN) where ¢ a positive function.

Exercise 6.1.8. Let T' be a weakly positive (p,p)-current and let o be weakly positive
(g, q)-form on X. Show that T is positive if p=0,1,N —1 or N. Find an example of
a weakly positive form o which is not positive. Show that T N « is weakly positive if
either T' or « is positive, and T N « is positive if both T and a are positive. Find an
example so that T' A\ « is not weakly positive.

Exercise 6.1.9. Let T be a (weakly) positive (p,p)-current on an open set X of CV.
Let xc be an approzimation of identity in CN as in Section 2.3. Then T * x. is a
(weakly) positive (p,p)-form on the open set where it is defined. If T is closed then
T * xc is closed. Moreover we have T x xc — T in the sense of currents as € — 0.

Exercise 6.1.10. Let T and T' be two positive closed (p, p)-currents on an open subset
X of CN withp < N—1. Let K be a compact subset of X. Assume that T = T' outside
K. Show that |T||x = |T"|| k-

Exercise 6.1.11. Let T = i?° Y Trydzr ANdzy be a positive closed (p,p)-current on an
open subset X of CN. Show that

1

O'T:m ZT[[ idzy ANdzZi A\ ... Nidzy NdZy.

[I|=p
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6.2 Plurisubharmonic functions

Plurisubharmonic functions were introduced by Lelong and Oka.

Definition 6.2.1. An u.s.c function u : X — RU {—o0} in Z}.(X) is plurisub-
harmonic (psh for short) if dd“u is a positive (1,1)-current. We say that u is
pluritharmonic if uw and —u are psh.

Let p be a smooth positive function with compact support in CV depending
only on ||z|| such that [pdZ?" = 1. Define p(z) := € *"p(e'2) (see also
Section 2.3).

Theorem 6.2.2. If u is a psh function in an open set X C CV then u * p.
is smooth psh on X. = {z € X, dist(z,0X) > €} and decrease to u when e
decreases to 0.

Theorem 6.2.3. Let u be an u.s.c. function on an open set X C CN which is
not identically —oo. Then w is psh if and only if its restriction to any complex
line L 1s either subharmonic or identically —oo on each compenent of X N L.

Example 6.2.4. If a is a point in the unit ball B of CV then log ||z — a| is
psh on CV. If ()\,) is a sequence of positive numbers and (a,) C B such that
> A logllay|| > —oo, then > A\, log||z — a,|| defines a psh function on B. The
sequence (a,) can be dense in B.

Proposition 6.2.5. The set PSH(X) of psh functions on X is a convexr cone
with the following properties.

1. If a function x : (RU{—00})? — RU {—o0} is convex and increasing in
each variable and if uy, ..., u, are psh functions on X then x(uy,...,up) is
psh or is identically —oo on X. In particular max(uy, ..., u,) is psh.

2. If u, are psh functions decreasing to a function u then either u s identically
—00 or 1§ psh.

3. If (u,) is a sequence of psh functions locally bounded from above then
(sup,, un)* is a psh function and (sup,, u,)* = sup,, u, almost everywhere.

4. If f: X" — X is a holomorphic map and if u is psh on X then on each
component of X', wo f is either p.s.h. or identically —oo.

The following result is called the Lelong-Poincaré formula.

Theorem 6.2.6. Let f be a holomorphic function on X which is not identically
zero. Then log|f| is a psh function which is pluriharmonic outside the zero set
f7Y0) of f. Moreover we have

dd°log | f| = mi[Vi]

where V; are irreducible components of f~1(0) and m; are their multiplicities.
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Definition 6.2.7. A subset E of X is locally pluripolar if for every point a € X
there is a neighbourhood U of a and a psh function v on U such that ENU C
{u = —oo}. The set F is said to be locally complete pluripolar if u can be chosen
so that ENU = {u = —oo}. A subset E is pluripolar (resp. complete pluripolar) if
there is a psh function u on X such that E C {u = —oo} (resp. F = {u = —o0})

Proposition 6.2.8. Any proper analytic subset of X is complete pluripolar. A
countable union of complete pluripolar (resp. pluripolar) sets is complete pluripo-
lar (resp. pluripolar). The Hausdorff dimension of a pluripolar set is smaller or
equal to 2N — 2.

Theorem 6.2.9. Let E be a closed locally pluripolar subset of X and let u be
a psh function on X \ E. Assume that u is locally bounded from above near E.
Then there is a psh function w on X such that uw = u outside E.

Exercise 6.2.10. Construct a psh function on CN which is nowhere continuous.

Exercise 6.2.11. Construct two psh functions u, v on CN which are equal on a ball
B but are not equal. Show that there are two positive closed (1,1)-currents T, S which
are equal on B but are not equal and it is possible to choose supp(T) and supp(S)
connected.

Exercise 6.2.12. Let z, = x, + ix,yn be the coordinates of CV and let n(z) :=
(z1,...,xN) denote the projection on RY. Let v be a real-valued function on an open
set U of RN such that u:= v o is psh on 7~ Y(U). Show that v is convez in U.

Hint: assume first that v is smooth.

Exercise 6.2.13. Let u be a real-valued function on CV. We say that u is log-
homogeneous if

u(Az) =log |\ + u(z) for A€ C* and z € CV.

1. Prove that if u is such a function then there is a constant ¢ > 0 such that
u(z) <log|z|+c. If P is a polynomial of degree d > 1 find a positive constant «
such that alog | P| is log-homogeneous.

2. Let u be a psh function on CV such that u(z) < log|z| + ¢ with ¢ > 0. Define

21

z
V(20,215 -+, ZN) ::u<,...,ZN> + log |z0| if zo # 0.
0

20
Show that v can be extended to a psh log-homogenenous function on CN*1,

Exercise 6.2.14. Let 7 : CN*1\ {0} — PY be the canonical projection. A holomorphic
section of ™ over an open set U C PN is a holomorphic map s : U — CNT1\ {0} such
that mo s = id.
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1. If s and s’ be two holomorphic sections of m over U, show that there is a non-
vanishing holomorphic function h on U such that s’ = hs.

2. If u is a psh log-homogeneous function on CN*1 define Ty := dd®(u o s). Show
that Ty is a positive closed (1,1)-current independent of s. Show that there is a
unique positive closed (1,1)-current T on PV such that 7 (T) = ddu.

3. Let wrs be the positive closed (1,1)-current on PN such that 7 (wrs) = dd®log |||
Show that wrg is smooth and [py wh = 1.

4. Let P be a homogeneous polynomial on CN*1 of degree d > 1. Show that there is
a positive closed (1,1)-current T on PN such that 7*(T) = dd®log |P|. Describe

geometrically 7 (T) when N =1 and compute (T, w{;vs_1>.

The form wrs is called Fubini-Study form on PN. It is invariant under the action of
the unitary group U(N + 1).

Exercise 6.2.15. Let u be a strictly negative psh function on X. Show that v =
—log(—u) is psh. Show that Vv is in £?

loc®

Exercise 6.2.16. Let u be a strictly psh function on X. Show that Vu is in .i”lzc_g for
0 <e<1. Show that Vu is in 'iﬂl%c if u s locally bounded.

Exercise 6.2.17. Let u be a pluriharmonic function in a ball B in CN. Show that there
is a holomorphic function f on B such that u = R(f). Deduce that u is real analytic.

Exercise 6.2.18. Let u, be sequence of pluriharmonic functions which are locally uni-
formly bounded on X. Show that there is a subsequence converging locally uniformly to
a pluriharmonic function.

Exercise 6.2.19. In C? describe geometrically the currents

dd®log™ |z1| and dd®logmax(|z1],|z2]).

Compute the mass of dd°log™ ||z|| on the unit sphere of C2.

Exercise 6.2.20. Let E be a complete pluripolar set in CN and let V be a connected
submanifold of CN. Show that either ENV is complete pluripolar or V C E.

Exercise 6.2.21. Construct a polar subset of CIV which is not pluripolar and a pluripo-
lar subset of CN which is not complete pluripolar.

6.3 Intersection of currents and slicing

Let T be a positive (p, p)-current on X with p < N — 1. Consider a 4? psh
function u on X. Then dd°u is a positive continuous form and it makes sense to
consider the (p+ 1,p+ 1)-current dd“u A T which is positive. We want to extend
this to psh functions which are locally opr-integrable in particular to u continuous
or locally bounded.

Assume that T is positive and closed. Define

ddu AT := dd°(uT).
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Theorem 6.3.1. Let T and u be as above. Then

1. The current dd“u AT is well defined and is positive and closed. If (uy,) is
a sequence of psh functions decreasing to u then dd“u, N'T — ddu AT in
the sense of currents.

2. Ifu, are psh continuous functions converging locally uniformly toward u and
if T,, are positive closed (p, p)-currents converging to T then ddu, N T, —

ddu AN'T.
We have the following Chern-Levine-Nirenberg inequalities.

Theorem 6.3.2. Let L € K be two compact subsets of X. Let T, u be as above
and let uy, ..., Uy, v be psh functions with m+p < N. Assume that u,, are locally
bounded functions and v is locally op-integrable. Then there is a constant cpx
independent of T', u, v and w,, such that

1. Hdch/\THL S CLKHTHKHU]-KH‘fl(aT)'
3. ||Uddcu1 VANAN ddcum A T”L S CLK||UT||K||U1||$°°(K) PN ||um||goo(1().

We have seen that the assumption that u is op-integrable is verified when u
is continuous or locally bounded. The following result gives another situation
where this assumption is easy to check.

Theorem 6.3.3. Let X be an open set in CN and let K be a compact subset
of X. Let T be a positive closed (p,p)-current on X with p < N — 1. If a psh
function u on X is locally bounded on X \ K then it is locally op-integrable. If
ULy ..oy Uy are psh on X and locally bounded on X \ K with m +p < N then

1. dduy A ... Ndd°u,, NT is a positive closed (m + p,m + p)-current on X.
2. If uj are psh on X and decreasing to u; then

dd°uf N ... ANddu, N'T — dd°uy N\ ... \dduy, NT.

In particular dduy A ... A\ dd“u, NT is symmetric with respect to wy, ..., Uy,.

Theorem 6.3.4. Let w: X — X' be a holomorphic submersion between two open
sets in CN and CN=P. Let T be a positive closed (p,p)-current on X. Assume
that 7 is proper on the support of T. Then the slice (T, a) exists for every
a € X'. Moreover it is a positive measure with mass independent of a.
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Exercise 6.3.5. Show that the current dd°log|z1| A dd®log|za| is well defined and
compute it.

Exercise 6.3.6. Show that the measure (dd°log ||z||)" is well defined and compute it.
Exercise 6.3.7. Let L := {(z1,22) € C2, |21| = |22|}. Define forn > 1

On(2) = |22 4 22V and  o(z) = max(|z], |z)).

1. Show that 0 < v,(z) < 2/™0(2) and that v, — v locally uniformly on C?\ L.
2. Prove that (dd°v,)* = 0 and (ddv)? # 0.

3. Show that v, — v pointwise except on a set of Hausdorff dimension 2.

2. Prove it first out of the origin, and show that (ddv,)* has no mass at 0.

3. Write zg = z1€" for z € L. Show that the following set has Hausdorff dimension
zero

E := {6, liminf (cos(n@))l/n <1}

n—oo

Exercise 6.3.8. Let uy and ug be two psh functions in C2. Define T; := ddu;. Show
that uy s locally or,-integrable if and only if us is locally o, -integrable.

Exercise 6.3.9. Let X, L, K and T be as in Theorem 6.53.2. Let u be a smooth psh
function on X. Show that there is a constant cpx independent of u and T such that

[i0u A Ou AT < ericllull oo )1 T || 5

Show that if u is a continuous psh function then the currents Ou AT and Ou AT are
well-defined. If u,, are continuous psh functions converging locally uniformly to u show
that Oup, AT — Ou AT and Ouy, AT — OuNT.

Exercise 6.3.10. Let w and T be as in Theorem 6.8.4. Assume that p =1 and u is a
potential of T, i.e. T = dd°u. Show that the restriction of u to 7~ (a) is a potential of
(T,m,a).

Exercise 6.3.11. Let 7 be as in Theorem 6.3.4. Assume T is a positive closed (p,p)-
current on X. Let supp*(T') be the smallest closed subset of X such that T' is a con-
tinuous form outside supp™(T'). Assume that 7 is proper on supp™(T'). Show that the
slice (T, ,a) exists for every a € X'.
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6.4 Skoda’s extension theorem

Let E be a closed subset of X. Let T" be a current on X \ E. Assume that the
mass of T' is locally bounded near E. More precisely we assume that at every
point z € E there is a neighbourhood U of z such that

Then one can consider the trivial extension 7' of T in X. Basically since T" has
measure coefficients we extend the measure by putting the mass zero on E. One
can also define T as follows. Let 0 < x,, < 1 be a sequence of smooth functions
vanishing near £ and such that ¥, increase to 1y\g locally uniformly on X \ E.
Then if « is a test form with compact support in X we define

(T, a) = lim (T, x,).

The following theorem was proved by Skoda [18].

Theorem 6.4.1. Let E be an analytic subset of X. Let T be a positive closed
(p,p)-current on X \ E. Assume that the mass of T is locally bounded near E.
Then the trivial extension T of T is a positive closed (p, p)-current on X.

This implies the following result due to Bishop.

Theorem 6.4.2. Let E' and X be as above. Let V' be an analytic subset of pure
dimension p of X \ E. Assume that V' has locally finite mass near E. Then V is
an analytic subset of X.

Remark 6.4.3. The previous results still hold when E is a locally complete
pluripolar set of X and when T is a positive current such that ddI" < S on
X \ E where S is a current of order zero on X, see [1, 17, 4, §].

When E is an analytic subset of small dimension the assumption on the mass
of T' is not necessary. The following theorem is due to Harvey-Polking.

Theorem 6.4.4. Let E be a closed subset of X such that #*N~-»~Y(E) = 0.
Let T' be a positive closed (p,p)-current on X \ E. Then T has finite mass near
E and the trivial extension T of T is positive closed on X.

This gives in particular the Remmert-Stein theorem. Let A be an analytic
subset of X of dimension less or equal to N —p — 1. If V' is an analytic subset of
pure dimension N — p of X \ A then V' is an analytic subset of X.
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Exercise 6.4.5. Find a (non-complete) pluripolar set E on a manifold X and a positive
closed current T such that T has finite mass near E but T is not closed.

Exercise 6.4.6. Let T be a positive closed (1,1)-current in C?\ {z = 0}. Assume
that T' has finite mass near {z1 = 0, |z2| > 1}. Show that T has locally finite mass
near {z1 = 0}. Deduce that the trivial extension of T is positive closed on C2.

Exercise 6.4.7. Find a positive dd°-closed (1,1)-current on C?\ {21 = 0} with mass
locally bounded near {z1 = 0} so that its trivial extension is not dd°-closed.

6.5 Lelong number and Siu’s theorem

Let o be a positive measure on X. It is possible to define the upper and lower
m-densities of o at a € X. More precisely
o(B(a,r o(B(a,r
©*(m,a) := limsup o(Bla,r)) and ©,(m,a) := liminf o(Bla,r))
r—0 C 7™ r—0 C, 7™
where ¢, is the volume of the unit ball in R™. We have ¢y, = 7¥ /k!. In general
the limit does not exist. When it exists we call it simply m-density of o at a. It

turns out that the trace measure o7 of a positive closed (p, p)-current 7" has this
remarkable property.

Definition 6.5.1. The (2N — 2p)-density of or at a is called Lelong number of
T at a and is denoted by v(T, a).

The following results were proved by Siu.

Theorem 6.5.2. Let X and T be as above. Then the Lelong number v(T, a) is a
non-negative finite number which does not depend on the local coordinates on X.

Theorem 6.5.3. Let X and T be as above. Then the level set {v(T,a) > c} is
an analytic subset of dimension < N —p of X for every ¢ > 0.

Corollary 6.5.4. Let X and T be as above. Then there is a finite or count-
able family of irreducible analytic sets V; of dimension N — p of X and positive
constants \; such that T' := T — > N\[Vi] is a positive closed current such that
{v(T",;a) > 0} is a finite or countable union of analytic subsets of dimension
< N —p.

Exercise 6.5.5. Let T be a positive closed (p,p)-current on X. Assume that T = dd°U
where U is a locally bounded (p — 1,p — 1)-form. Show that the Lelong number of T' is
zero at every point of X.

Exercise 6.5.6. Let V be an analytic subset of pure dimension N —p of X. Compute
the Lelong number of [V] at a point a of X.

Exercise 6.5.7. Compute the Lelong number of (dd®log ||z||)P at all points of CV.
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