
Appendix A 

Curve Spaces and Banach 
Bundles 

In this chapter we present a brief introduction of Banach manifolds and associ-
ated Banach bundles which form the foundation of the entire analytic approach 
to Morse homology chosen in this monograph. We discuss explicitly the struc-
ture of an infinite-dimensional Banach manifold defined on curve spaces as was 
stated in Proposition 2.7. The first section of this chapter deals with these 
manifolds themselves. The second section comprises an analysis of certain Ba-
nach bundles on these manifolds. We shall partly use notations and schemes 
of proofs taken from [Eli]. However, it is quite important to point out that our 
more specialized situation differs from that in [Eli] with respect to the non-
compactness of the curves' domain R. There are several steps in the discussion 
where we need a more refined treatment. 

A.1 The Manifold of Maps 'Px1 : (R, M) 

Definition A.1 A covariant functor 
6 : Vecc, (R) — ■ Ban 

is called a section functor if it associates to each smooth vector bundle e on 
a vector space 6(e) of sections in e together with a Banach space topology, so 
that 6 maps each smooth bundle hoinomoiphism :  77  to a linear map 
6.60 E £(8(0; 8(71)) defined by (6.(p) • s  • s, and 

C°3 (Hom(, TO)  

lendowed with the already defined differentiable structure 
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is continuous. 

Auxiliary Proposition A.2 The mappings 14,1,2,4 veccoo (-111)  Ban 
defined in Definition 2.5 are section functors. 

Proof. We have already verified that the Banach space topology on 42 (e) and La w  is independent of the respectively chosen triviafization 0. Each pair of 
norms 1H11,2 and  11'11L  induced by such trivializations from the canonically 
normed vector spaces H 1 ' 2 (R,R 71 ) and L 2 (R, RV), respectively, are equivalent, 
because 0 is equipped with asymptotical differentiability. Hence, we may start 
without loss of generality from the trivial bundle e = R x Rn, i.e. 

FitH '2(e) _  Rns ) and La (e) = L 2 (R, Din) . 

Now let A E C"(HOm(e, r))), that is, without loss of generality, A E C"(117k, 
M(m x n, R)). Then the following estimates hold for s E H 1 ' 2  and respectively 
L2 , where we denote (As)(t) = A(t) • s(t): 

(A.1) 11 AS 110,2 11A1103 •  11 S 110,2 
11(AS) ' 11,2 = + AS/ 11123,2 

= fR (1 111  81 2  IAS/ 1 2  + 2( A' s, As' )) dt 

2 (  IIA's11123,2  11A8/ 11123,2 

(A.2) 2 (  IIA / 11123,2  Ils11 203  +  1011 2...  11s/11,23,2 )  • 

According to Lemma 2.2, R-differentiability yields the finite norms 11111110,21 
11A11. < Do. Moreover, the estimate 

(A.3) 11s11.  11s111,2  for all s E H1 ' 2 (R,Rn) . 

follows from the simple calculation 

 

fti d  2 
= 110  s(t) dr  

rt 

J (1 S (T )1 2  + 1 41 2 ) to  
114 21,2 • 

1s(ti)1 2 — 1'9 401 2  
t i  

= ft. 

Thus (Al)  and (A.2) give rise to the estimate 

11 }1s11? .,2  const  (11 ,4/ 11O,2 + 11/1 11 2.) 11s2 
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that is 
(A.4)  il 11 ilL(H1 , 2;x1 , 2)  const  iiAil 200 • 

Consequently, the mapping 6. : C"" (Hom(,  17))  L( 6(); e(7/)) is contin- 
uous. 

Remark It is worth mentioning that the estimate (A.4) with 10'11 0,2  <  oc  
relies essentially on the special choice of the differentiable structure on lik! 

Corollary A.3 As to the section functor 6 = Hill' 2 , the estimate IjAll„ 
for A E H 1,2 ( ,M(m x n,118)) implies the continuity of the map 

6 :  (110711 (e, 71))  

which is stronger than the mere section functor property. 

The next step provides us with properties of this special section functor, which 
correspond to the conditions of a so-called manifold model in [Eli]. 

llt 2 Auxiliary Proposition A.4 The section functor 6 = H, on Veccoo(R) 
has the properties 

(a) 6()  C°(e) is continuous for each e E Vecc— (R) and 

e(Hom(e, 71))  
(b) is continuous 

A  (A. : s As) 

for all e,71 E Vecc—(R) . 

(c) Given e  E Veccoo( -111) and an open subset 0 c e such that there is 
a section -y E CCV with compact support in R and -y(111) c 0, each 
smooth bundle map f E C(0,7) satisfying f(0+„) = 0+ 00  induces a 
well-defined and continuous map on 6(0) = { s E 6()18(R) c C.9 } 2  

 

6 (0)  e(n) 

 

s  f s . 

Proof. (a) has been already proved by (A.3) and (b) follows likewise from (A.3) 
together with (A.4). 
As to (c): Since f is a smooth bundle map, its fiber restrictions ft  are in 
particular Lipschitz continuous, uniformly in t E R. Thus, with respect to any 
trivialization of e, we obtain the estimates 

(A.5)  1ft(xi) — ft(Yi)1  const  — yt1 for all t E R 

2Note that this subset of sections is open within 6() due to item (a). 
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and 
fit  (s(0) I  const I s(t)I + I ft  (0)1 . 

Since ft(0) E  Tk, 97), this estimate together with Corollary 2.4 implies that 
the map L. : 14' (0)  H 2  (q) is well-defined. The continuity of L. with 
respect to the section functor 6 = 42  is obtained from (A.5) together with an 
analogous uniform estimate involving first derivatives of the Ti-smooth bundle 
map f.  El 

Now these properties enable us to deduce the crucial lemma con-
cerning the construction of the manifold of maps within our framework. 

Fundamental Lemma A.5 Let 6,0 C e and f E  C(0, q) be as in the 
auxiliary Proposition A.4. Then the map f  : 6(0) 6(n) is smooth and 
the k-th derivative is given by Dkf,,(s) = 6.(Fkf o s), which is well-defined. 
Here, Fkf : 0 —* Hom(  .. . ED ; 77) denotes the k-th fibre derivative of f. 

Proof. We prove the lemma by induction on k. 

k = 0: The continuity of L. has been already verified as item (c) in the auxiliary 
Proposition A.4. 

k = 1: Let 0 be fibrewise convex without loss of generality and let so  E 6(0) 
be fixed. Then, for x, y E 0 from the same fibre, i.e. 7r(x) = 7r(y), we define 

8 : 0  —■ Hom(e, 71) 

(A.6) e(x, y) • z  [1.  F f (x t(y — x))dt — F f (x)] • z 

Since Ff :  O  —■ Hom, q) is smooth and fibre respecting, the same is true for 
8. Moreover, we easily verify the equations 

(A.7) e(x, y) • (y — x) f(y) — f (x) — F f (x) • (y — x), 0(0,0)  =0  . 

The section functor 6 with properties (b) and (c) from the auxiliary Proposi-
tion A.4 gives rise to the composition of the continuous maps 

6(8)  : 6(0)  ED 6(0) —■ 6 (Hom(, n)) —,.c(e(0 ; 6(n)) , 
so that 
(A.8) 6 (0)  (80,80) = 0 and lim e(e) (so, s) =  o . 

8-.30 

Since (A.7) implies the identity 

— .f.(so) — 6.(F f 0 so) • (8 — so) = e(e) (so, s) (s — so) , 
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the map ft  is differentiable at so with the representation of the differential 

(A.9) Df.(so) = e.(Ff ()so) E .C(6(6); 6 (71)) • 

It should be mentioned that, due to (A.4), this is also well-defined if it holds 
that Ff(± oo, 0) 0, i.e. F f  oso 6  (Hom(,  ri)). The continuity of Df. : 
6(0) — ■ .C(6(6);  '5(j))  follows from the continuity of the mapping 

8(0) —4 6 (Hom(6, n)) c C(6(6); 6(n)) 
s 1— ■ Ffos—Ffoso 

because 

0 :0  — ■ Hom(, i)  
(t, x) 1— ■ F f (t, x) — F f (t, so(t)) 

is a smooth 1 3  fibre respecting map, and it satisfies the condition 19(±oo, 0) = 
(±oo, 0) as with (c) in the auxiliary Proposition A.4. 

k  k + 1: Let us now start from the k-times continuously differentiable map 
f . together with 

Dkf,,(so) = e.(Fkf so ) E £(6( ) ,...,6( ) ;e(n)) 

and let us denote by f (k)  the map 

f (k)  

f (k) (t,) = Fkf(t,) — Fkf (t, 80(0) - 

Then f (k)  again satisfies the inital condition on  f,  namely in particular 

f (k)  (± oo, 0) = 0 

With 77„, = Hom(e ... ED ,71). Thus, the step 1 = l' yields the continuous 
differentiability of f (k). : 6(0)  L(6 (6), . . , 6(e); 6(77)) together with 

Df(k).(.-9o ) =  (Ff(k) 0 go ) = 6,, (Fk± lf 0 go) 

We now assume (M,g) to be a para.compact, Riemannian Cc°- 
manifold together with the associated exponential map. Furthermore, let D 
denote an open zero section neighbourhood within the tangent bundle r : 
TM —■ M such that 

(A.10) 
D  V(A) cMxM 

6  (7(6),exP(e)) 

3Here, without loss of generality, so E Cw (e). 
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represents a diffeomorphism onto a diagonal neighbourhood within M x M. We 
observe that smooth, compact curves h E Coe(R, M) give rise to the pull-back 
bundles 

h* T M = { (t, e) ER x TMIT (e) = h(t)} E Vecc— (R) , 

on which the above section functor HIV is well-defined. From now on we shall 
again use the notation 6 for this section functor. We obviously obtain from D 
the open zero section neighbourhoods 

h*D = {(t,e) EIR ><DIT(e) = h(t)} opjn  h*TM . 

Definition A.6 Starting from s E e(h*D) C C° (h * D), we define the contin-
uous curve 

exph  s = exp o s E  C° (, M), (expo  s)(t) = exph(t)  s(t) . 

Thus, provided any fixed endpoints x, y E M, the set of curves 

Pzi :y2  (R, M) = 1  expo s  E C° 0R, M) I s E e(h*D), h E CZ(R, M) 

is well-defined. 

Theorem 10 Ps1,y2 (R,M) is equipped with the differentiable structure of an 
infinite -dimensional  Banach manifold. The family 

{ e(h*D), 6(exph)1 hECry (IR,M) 

where 
6(h 

e(exPh)  
*D)

s exp o s 

represents an associated atlas of charts. Moreover, the Banach manifold P1,112  
together with this differentiable structure is independent of the  Riemannian  
metric g on M. 

Proof. We consider the following smooth mappings with respect to h E 
Ca Oft, M): 

(A.11) 
 Çbh: h*V  R x M 

(t,  (t, exPh(t) e) • 
According to the choice of D, this is an embedding onto an open neighbourhood 
of the graph of h. We consequently define 

Lih = Oh(h*D) c RxM , 
64) = g E  M) graph g c Uh , OtT l o (id, g) E 6 (h*D) 

C C(, M) 
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and 
(A.12) 6 (4 h 1 ) 6(14 ) —> e(h*D) 

g  owl° (id,g) 
It holds that 

1 1: 121 (1R, M)  U 6(14)  
hEcrv (re,m) 

and that { 6 ( 017 1 )} hEcwii,m) is a family of one-to-one correspondences. 
Let us now endow this curve space with a topology such that these bijections 
become homeomorphisms. The fact that this topology is well-defined is partic-
ularly due to the following proof of the diffeomorphism property for changes of 

-1 
the charts 6(0-1 ) 

Let us choose any two supporting curves f,  h E CT.y (rk, M) with 
UhflUf ^ O. T_  en  Oh (1)h— (1  1,Ih n1,1 f) C h 'D ._*_ and 0 f =  (uh  nuf ) c f *D 
are open subsets satisfying the condition in (c) in the auxiliary Proposition A.4. 
The non-void intersection e(Lih) n e(tif  ) is open within e(Uh) and 6(111), 
respectively. We now consider the mapping 

(1).fh = f l 0  : h*TM D Oh Of C f *TM 

4 fh (t 7  — t f exPf(10(exPh(t) .  ) 

which describes the change of the charts It fulfills the condition (I)fh(±co, 0) = 
0 as we can see from the fixed endpoints h(±oo) = f (± oo) = x, y. Thus, the 
fundamental Lemma A.5 states that 

(1) fh* = 6(49 f-1 ) 0 6(0h-1 ) 1  : 6(0h) —■ 6(0f) 

is a smooth map with 
(Dfh47 1  = chf 

as its inverse, hence the diffeomorphism property. 
The compatibility of two atlases belonging to different Riemannian 

metrics follows from the fact that c M) lies dense within Cx°,y (E, M) 
and that, for any arbitrary metric g, the exponential expg  represents a local 
diffeomorphism in the sense of (A.10). 

Supplement Moreover, we are able to find a countable subset of 
Csœny (Irt, M) which lies likewise dense within CZy (rt, M). This enables us to 
reduce the atlas given in Theorem 10 to a countable subatlas. 

Corollary A.7 Given Riemannian COE'Lmanifolds M and N together with a 
map f E CŒ)  (M , N), 

 

(f) .771 :1,2 (R, m )  p  (y)  (R, N) 
f 0 ^y 

(A.13) 



214  APPENDIX A. CURVE SPACES AND BANACH BUNDLES 

is a well-defined, smooth map between Banach manifolds. 

Proof. First, any fixed -y E ny2  is mapped to f o -y E cy,s,, f(y)  N). Since 
Crw,f(y) (II,N) lies dense within C7(z),f(y) (ii,N), we find a representation of 
the shape 

f o -y = expk  t, k E C74),f(y) (R, N), t E 0(k*DN) . 

Secondly, we may express -y as 

= exph  s, h E  (R, M), s E e(h*Dm) . 

Furthermore, we find an open neighbourhood 6h C h*DM, such that the 
conditions in (c) in the auxiliary Proposition A.4 are satisfied for the smooth 
fibre respecting map 

11) h  = expk-l of o exph  : 6h k *DN 7 

= ( 100 , 0) • 

Hence it is due to the fundamental Lemma A.5, that qh*  : 6(6h) —> 6(k*DN) 
is a smooth map. This proves the corollary. 

A.2 Banach Bundles on Px1,y2 ( M ) 

We henceforth use the notation 6 for the section functor  . Let us fix a 
Riemannian metric g on the manifold M, as was required in the last section in 
order to define the atlas on Px1,y2 . Given such a g we are provided canonically 
with the following features known from Riemannian geometry: 

Let 
K :T(TM) —> TM, T : TM —> M 

denote the unique Levi-Civita connection and the canonical projection in the 
tangent bundle of M. As a consequence, K and DT : T(TM) — ■ TM yield a 
decomposition of T(TM) into a horizontal bundle and a vertical bundle: 4  

(A.14) 
To(TM) = ker (137-( )

) CETM 
Tch (TM) = ker (K( ) ) 

4Note that the vertical bundle comes canonically and independent of any specification of 
a Riemannian metric. 
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Referring to the exponential map associated to g and K, exp :  M, we 
obtain isomorphisms at any E D, where D once again denotes the injectivity 
neighbourhood associated to exp: 

Vi  exp(C) = DexP(C) ° (DTI Tch(Tm)) 1  T,-()M  Texp(C) M 
(A.15) ■ -1 

172 exp(C) DexP(C) ° (KI T(Tm)) : Tr(c) M  Texp ( c)M . 

It holds that VI exP(0) = \72 exP(0) = idT, (o) m. Furthermore, 

(A.16) 
ê:  D Hom(TM, TM) 

e(C) = (V2 exP(C)) -10  exP(C) Tr()M  TM  

is a smooth fibre respecting map which satisfies the identities 

• 0(0) = id, 

• F0(0) = 0 and 

• e(C) .  = C • 

—at exp h  =  exP(C) • h + v2 exP(C) • VtC • 

Let us consider once again the map from (A.13) representing the change of 
charts (I) f h for smooth rt-curves f,h E CTy  M). Then the fibre derivative 
F(I) f h(t E Horn (Th(t)M, f (t) Al) has the representation 

F■bf h  :  —> Hom (h"TM,  f*  TM) 
(A.18)  

F4' f h(t, = V2 exP exPf-Rit) (exPh(t) C)) -10  V2  exP(C) • 

Thus, according to the fundamental Lemma A.5, 

(A.19) 

is a smooth map. 

(Oh)  G(8(h*TM);(S(f*TM)) 

S 1-0  (F4vh ,  s) = D 4:)f h * (8) 

Given any y E  TM  und X E C°"  (TM),  we obtain the covariant derivative of 
X in the direction of  y from the formula 

VvX(p) = K o DpX • v 

Thus, straightforward computation for h E CZ and E C'(h*TM) yields 
the identity 

(A.17) 
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Remark Similar to the proof of this fundamental lemma, we may verify also 
that : D  —■ Horn  (TM, TM)  gives rise to a smooth map 

(A.20)
6(0) : 6(0h) —* G(6(11*TM);6(h*TM)) 

1—* 6* (0 s) . 

Now let  T: Vecc.(11i) Ban be any section functor satisfying the condition 
that 

T. : 6 (Horn (e, q))  
A 1—* (si—* A • s) 

yields a continuous map for each two  E Vec(Pri), that is, in short terms, 

(A.21) 6(Hom) C G(l; T) . 

Referring to the estimate (A.1) in the auxiliary proposition A.2, we notice that 
T = Li fulfills this condition with respect to 6=  cl and thus in particular 
with respect to 6= 142  due to (A.3). 

Given a fixed smooth section so E cr (Oh), we are provided with a 
smooth map as in the proof of the fundamentarlemma, 

(A.22)
19*  : 6(0h  )  6 (Hom (h*TM, f *TM)) 

1—)• F4 fh0 — F(Dfho so • 

It holds that 

6* 019.(5) = 61(FID fh0 S — F4)fh0 SO) 
= 6* (F(Df h0 S) — 6.(113f h0 So) E 12(6(h*TM); 6(f * TM)) - 

Thus, property (A.21) of the section functor T yields the smooth mapping 

(A.23)
6(0h) —* G(T(h*Tm);T(f*TM)) 

S 1—* T. (FIDA0  s  — F(I)  fh° SO) • 

Since T.(F ■Dfhoso) E G(T(h*TM);T(f*TM)) is already well-defined according 
to the section functor property, we obtain the smooth map 

(A.24)
T1 :  e(Oh ) —* Ger(h*TM);T(f*TM)) 

s  Ta (F,kf h0 5) 

in analogy with 

G(6(h 1 TM);  6(1 'TM))  . 

After these preparations we are able to prove the following 
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Theorem 11 The section functorT satisfying condition (A.21) admits a unique 
extension to the continuous vector bundles of the shape 

g*TM, g E 7,1: 121 (R, M) C C?,11 (1,M); x,y E M . 

Moreover, 
T (P1:12i *TM) = U T(g*TM) 

gEr(R,M) 

is a Banach vector bundle on P1:72,(R,M). 

Proof. Let a, 0 E CL(R,M) be given, satisfying 

0 =  expo,  CE C° (a*D) c C°  (a* TM) . 

We consequently define Joa  E  C° (Horn  (a''TM, 0*TM)) by 

(A.25) J,3„(t) • v(t) =- V2 exP (e(t)) • v(t) . 

Thus, Jpc,(t) is a toplinear isomorphism for each t  E. Now let us consider 
charts based on the supporting curves h, f E CZ (IR- , M) as in the proof of 
Theorem 10. Formula (A.18) applied to s E 6(0h) and v E 6(h*TM) leads 
to the identity 

V2 exp(Ilfh o s) o (F(1)fh0 .9)- y = V2 eXP(8)• y , 

that is 

(A.26) 6.(Fcl)fh0 s) = 6. ((./91) -1 0 Jo), g = exph  s E 7)xl :y2 (1R, M) . 

We therefore define the fibre at g = exph  s as 

T(g*TM) = {Jgh•viv ET(h*TM)} . 

This is independent of the choice of h, because (A.26) implies the equation 

(A.27) .19  f 0 6,(F<Dfho S)• V -,---- Jgh• V . 

Thus, referring to (A.24), the Banach space topology on T(g*TM) is defined 
in a unique way independent of the underlying curve h. The smoothness of the 
map 

T. : 6(0h) — ■ G(T(h*TM); T(f*TM)) 
s 1-4 T. (F(I)fh0 .9) 

due to (A.24) implies that the maps 

Jgh :T(h* TM) —■ T(g*TM) 
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provide us with a well-defined local trivialization of the bundle Tp( 
together with smooth transition maps. 

Since the transition maps due to (A.27) comply with the identity 

(A.28)  f) 1  0 Jgh 8*(F4)  f h 0  45) = DI) fh * (s) 

with respect to the special section functor T = S, the Banakh bundle 
(pl. :1127m) = U 6(h*TM) 

tieP1: 2„(k,m) 

represents exactly the tangent bundle of the Banach manifold  M). As 
a consequence we obtain 

Corollary A.8 T1'x1 :y2 (R,M) 4'2  (P1'12,*TM) . 

Remark A more detailed analysis of the exponential map, its derivatives 
V1 exp and V2 exp and of the Levi-Civita connection would yield the possibility 
of discussing the associated exponential map expT  on the Riemannian manifold 
TM. As a consequence, the functorial behaviour of P. 2 (R, .) as stated in 
Corollary A.3 applied to the projection map 7 : TM M would enable us to 
find a representation of the tangent bundle TPx1 ; y2  in the following form: 

T77,111 (1a, M) = Pesly  (R, TM), 

T,1).1 :y2  (R, M)  {  7)k2oy  (R, TM)17- o  -y },  pxl :y2  . 

pEl. ,,y2 According to this representation we may grasp the tangent space  as  
the space of the '4' 2-vector fields along the 4'2-curve -y' equipped with a 
Banach space topology. 

Theorem 12 Let X E Cc° (TM) be a smooth vector field on M satisfying 
X(x) = X(y) = O. Then the mapping 

CZy (fit , M) 3 7 I—, 7+X 0-y E Cc° ey*T M) 

can be extended to a smooth section in the Banach bundle Li(P1 4,2*TM): 

 

r  21:1,2(R,  m)  Li(rl :v2.Tm - ) 

 

'Y 
 +Xo-yE Liey*TM) . 

Proof. It is sufficient to verify the smoothness of this map with respect to the 
local representation by a chart together with the overlying local trivialization. 
We thus consider 

 

J4'2 (Uh) x at(h*TM)  Li(P1: 1,2 *TM) 1 4,2 (uh)  

 

(exph  77)  v2 exP() 17 • 
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The local representation of the section r consequently gets the shape 

rtriv,h : 4 2 (h*D)  Li(h*D) 

(A.29) V2 exP() (Vi exP() • it 
+V2 exP()  • V  + X(exPtt )) • 

We may also express this as 

(A.30) Ttriv,h() = e(e) • ii  +  V  + V2 exP(e)-1.  (X o exPh)() - 
As we already noticed in (A.20), the mapping 

42  3  e( ) E L(4 2  (h* TM); 42  (h*T M)) 

is smooth, therefore in particular the mapping 

(A.31) e() h. E Hille(h*TM) for it E Cr(h*TM) 

is also. We furthermore observe that 

(A.32) 41 ' 2  Vte E 
is continuously linear and thus also smooth. Considering now the open zero 
section neighbourhood 0 = hD  C hsTM, we are led to the smooth bundle 
map 

(A.33)
f : 0 -4 h*TM 

f (v) = V2 exp(v) -1 . X (exph  v) 

satisfying the condition f (0 ± c„) ) = 0+0„ due to the assumption X(x) = X(y) = 
O. Hence, the fundamental Lemma A.5 guarantees the smoothness of the map 

Thit,2 (h * D)  14,2 (hi 7-, m)  

Piecing all this together proves the assertion. 

Corollary A.9 Given a smooth Morse function f on M, the mapping 
F  - La(P T M), x , y E Crit f 

- .§+Vfos 

describes a smooth section in the specified L 2 -Banach bundle. The local repre-
sentation at 7 E  C , is of the type 

Fl0c,1  (7 * D)  Li(7 *  M) 
g)(t) = V(t) g(t,  . (t)) , 

where g : Ft x -y*D  7*TM is smooth and fibre respecting, satisfies the 
identity g(±co, 0) = 0 and is endowed with the asymptotic fibre derivatives 
D2g(±oo, 0) which are conjugated linear operators of the Hessians H2  f (x) 
and H2  f (y), respectively. 


