6. Morse Theory and Floer Homology

6.1 Preliminaries: Aims of Morse Theory

Let X be a complete Riemannian manifold, not necessarily of finite dimension
1. We shall consider a smooth function f on X, ie. f € C>°(X,R) (actually
f € C3(X,R) usually suffices). The essential feature of the theory of Morse
and its generalizations is the relationship between the structure of the critical
set of f,
C(f) = {w e X : df(x) = 0}

(and the space of trajectories for the gradient flow of f) and the topology of
X.

‘While some such relations can already be deduced for continuous, not nec-
essarily smooth functions, certain deeper structures and more complete re-
sults only emerge if additional conditions are imposed onto f besides smooth-
ness. Morse theory already yields very interesting results for functions on
finite dimensional, compact Riemannian manifolds. However, it also applies
in many infinite dimensional situations. For example, it can be used to show
the existence of closed geodesics on compact Riemannian manifolds M by
applying it to the energy functional on the space X of curves of Sobolev class
HY? in M, as we shall see in § 6.11 below.

Let us first informally discuss the main features and concepts of the theory
at some simple example. We consider a compact Riemannian manifold X
diffeomorphic to the 2-sphere S?, and we study smooth functions on X;
more specifically let us look at two functions f1, fo whose level set graphs are
exhibited in the following figure,

1 Iu this textbook, we do not systematically discuss infinite dimensional Riemannian mani-
folds. The essential point is that they are modeled on Hilbert instead of Buclidean spaces. At
certain places, the constructions require a little more care than in the finite dimensional case,

because compactness arguments are no longer available.
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Fig. 6.1.1.

with the vertical axis describing the value of the functions. The idea of Morse
theory is to extract information about the global topology of X from the
critical points of f, i.e. those p € X with

df(p) = 0.

Clearly, their number is not invariant; for fi, we have two critical points,
for fo, four, as indicated in the figure. In order to describe the local ge-
ometry of the function more closely in the vicinity of a critical point, we
assign a so-called Morse index p(p) to each critical point p as the number
of linearly independent directions on which the second derivative d?f(p) is
negative definite (this requires the assumption that that second derivative is
nondegenerate, i.e. does not have the eigenvalue 0, at all critical points; if
this assumption is satisfied we speak of a Morse function). Equivalently, this
is the dimension of the unstable manifold W"(p). That unstable manifold is
defined as follows: We look at the negative gradient flow of f, i.e. we consider
the solutions of

z:R—M
i(t) = — grad f(x(t)) forallteR.

It is at this point that the Riemannian metric of X enters, namely by defining
the gradient of f as the vector field dual to the 1-form df. The flow lines
z(t) are curves of steepest descent for f. For ¢t — oo, each flow line z(t)
converges to some critical points p = z(—00), ¢ = x(c0) of f, recalling that in
our examples we are working on a compact manifold. The unstable manifold
W*(p) of a critical point p then simply consists of all flow lines z(t) with
a(—00) = p, i.e. of those flow lines that emanate from p.
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In our examples, we have for the Morse indices of the critical points of f;
np(p) =2, pp(p2) =0,
and for fo
tpa(p1) =25 1py(p2) =25 pnp(ps) =1, ppa(pa) =0,

as fi has a maximum point p; and a minimum p, as its only critical points
whereas f3 has two local maxima py, p2, a saddle point p3, and a minimum py.
As we see from the examples, the unstable manifold W*(p) is topologically a
cell (i.e. homeomorphic to an open ball) of dimension y(p), and the manifold
X is the union of the unstable manifolds of the critical points of the function.
Thus, we get a decomposition of X into cells. In order to see the local effects
of critical points, we can intersect W*(p) with a small ball around p and
contract the boundary of that intersection to a point. We then obtain a

f, P f,

Fig. 6.1.3.

pointed sphere (S#®), pt.) of dimension j(p). These local constructions al-
ready yield an important topological invariant, namely the Euler character-
istic x(X), as the alternating sum of these dimensions,



296 6. Morse Theory and Floer Homology

X)) = > (=)Pu(p).

p crit. pt. of f

We are introducing the signs (—1)#(") here in order to get some cancellations
between the contributions from the individual critical points. This issue is
handled in more generality by the introduction of the boundary operator 9.
From the point of view explored by Floer, we consider pairs (p,¢) of critical
points with p(g) = p(p) —1, i.e. of index difference 1. We then count the num-
ber of trajectories from p to ¢ modulo 2 (or, more generally, with associated
signs as will be discussed later in this chapter):

p = Z (#{flow lines from p to ¢} mod 2)q.
qeritpt of f
@)= -1

In this way, we get an operator from C.(f,Z2), the vector space over Zy
generated by the critical points of f, to itself. The important point then is
to show that

90d=0.

On this basis, one can define the homology groups
Hy.(X, f,Zs) := kernel of @ on Ci(f,Z)/image of 9 from
Cita(f,22),

where Ci(f, Z2) is generated by the critical points of Morse index k. (Because
of the relation 9o d = 0, the image of 9 from Cj+1(f, Z>) is always contained
in the kernel of @ on Cy(f, Z>).) We return to our examples: In the figure, we
now only indicate flow lines between critical points of index difference 1.

f Py f, P

Fig. 6.1.4.

For fi, there are no pairs of critical points of index difference 1 at all. Denoting
the restriction of 8 to Cy(f,Z2) by 9k, we then have
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ker 9y = {p1}
kerdy = {po}
while 8 is the trivial operator as Cy(f1,Z2) is 0. All images are likewise
trivial, and so
Hy(X, f1,22) = Lo
Hi(X, f1,Z5) =0
Ho(X, f1,22) = 7
Putting
by, == dimg, H(X, f,Z2) (Betti numbers),

in particular we recover the Euler characteristic as
AX) = Y1,
J

Let us now look at f,. Here we have

Oop1 = Dop2 = p3 ,hence Oa(p1 + p2) = 2p3 =0
O1p3 = 2ps = 0 (since we are computing mod 2)
Jops =0

Thus
Hy(X, fa,Zs) = ker 0y = Ly
Hy(X, f2,72) = ker 0 /imageds = 0
Ho(X, fa.Zs) = ker 0y /imaged; = Zo.

Thus, the homology groups, and therefore also the Betti numbers are the
same for either function. This is the basic fact of Morse theory, and we also see
that this equality arises from cancellations between critical points achieved
by the boundary operator.

This will be made more rigorous in §§ 6.3 - 6.10.

As already mentioned, there is one other aspect to Morse theory, namely
that it is not restricted to finite dimensional manifolds. While some of the
considerations in this Chapter will apply in a general setting, here we can
only present an application that does not need elaborate features of Morse
theory but only an existence result for unstable critical points in an infinite
dimensional setting. This will be prepared in § 6.2 and carried out in § 6.11.
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6.2 Compactness: The Palais-Smale Condition and the
Existence of Saddle Points

On a compact manifold, any continuous function assumes its minimum. It
may have more than one local minimum, however. If a differentiable func-
tion on a compact manifold has two local minima, then it also has another
critical point which is not a strict local minimum. These rather elementary
results, however, in general cease to hold on noncompact spaces, for example
infinite dimensional ones. The attempt to isolate conditions that permit an
extension of these results to general, not necessarily compact situations is
the starting point of the modern calculus of variations. For the existence of a
minimum, one usually imposes certain generalized convexity conditions while
for the existence of other critical points, one needs the so-called Palais-Smale
condition.

Definition 6.2.1 f € C'(X,R) satisfies condition (PS) if every sequence
(@n)nen with
(i) | ()| bounded
(ii) \ldf (zn)]| — 0 for n —
contains a convergent subsequence.

Obviously, (PS) is automatically satisfied if X is compact. It is also sat-
isfied if f is proper, i.e. if for every c € R

{re X |f@l <}

is compact. However, (PS) is more general than that and we shall see in the
sequel (see § 6.11 below) that it holds for example for the energy functional
on the space of closed curves of Sobolev class H'? on a compact Riemannian
manifold M.

For the sake of illustration, we shall now demonstrate the following result:

Proposition 6.2.1 Suppose f € C'(X,R) satisfies (PS) and has two strict
relative minima x1, x5 € X. Then there exists another critical point x5 of f
(i.e. df (z3) = 0) with

f(x3) = k== inf max f(z) > max{f(z1), f(z2)} (6.2.1)

Vel wey

with T == {7 € C°([0,1], X) : v(0) = @1,7(1) = @2}, the set of all paths
connecting x1 and x9. (x3 is called a saddle point for f.)
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‘We assume also that solutions of the negative gradient flow of f,

p: XxR—-X
(1) = —gmad S (2. 1) (6:2.2)
o(@,0) =

exist for all z € X and 0 <t < ¢, for some £ > 0. (grad f is the gradient
of f, see (2.1.13); it is the vector field dual to the 1-form df.)

Proof. Since x1 and x2 are strict relative minima of f,
360> 0V4 with 0 <6 < dyJe >0 Va with |lz —z;| =6
f(x) > f(zi)+e fori=1,2.
Consequently
Jeo > 0¥y € I'I7 € (0,1) 1 f(3(7) = max(f(w1), f(2)) + €o.

This implies
K> max(f(z1), f(x2)). (6.2.3)
We want to show that
ffi={zeR": f(z) =k}

contains a point z3 with

df(es) = 0. (6.2.4)
If this is not the case, by (PS) there exist 7 > 0 and « > 0 with

lldf @)]| = o (6.2.5)

whenever k —n < f(z) <k +n.
Namely, otherwise, we find a sequence (z,),en C X with f(z,) — & and
df(x,) — 0 as n — 0o, hence by (PS) a limit point z3 that satisfies f(z3) =
K, df (z3) =0 as f is of class C1.
In particular,

fan), f(we) <K=, (6.2.6)
since df (z1) = 0 = df (x2). Consequently we may find arbitrarily small > 0
such that for all v € I" with max f(y(7)) < k+7:

V7 €[0,1] : either f(y(r)) <k —n
or ||df (v(7))]| = a. (6.2.7)

We let ¢(z,t) be the solution of (6.2.2) for 0 <t <e.
We select 1) > 0 satisfying (6.2.7) and v € I" with
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ax, F((m) < k4. (6.2.8)
Then
/e (m), 1) = —{(d) (e /( ) 1); grad f((3(7), 1))
= —ldf (p(y(r).)* < 0. (6:2.9)
Therefore

max f(p(y(7),1)) < max f(y()) < K +1. (6.2.10)

Since grad f(z;) = 0,i = 1,2, because 1,z are critical points of f, also
@(xit) =a; for i = 1,2 and all t € R, hence

e(v(),t) €T,
(6.2.9), (6.2.6), (6.2.7), and (6.2.2) then imply

Fi 2
Ef(ga('y(r),t)) < —% whenever f(p(y(7),t) >k —1n. (6.2.11)
We may assume that the above 1 > 0 satisfies
81
a? se

Then the negative gradient flow exiiti at least up to t = %. (6.2.10) and
(6.2.11), however, imply that for to = 02, we have

fle(y(1),t0)) <k —n forall 7€ [0,1].

Since ¢(v(+),to) € I', this contradicts the definition of x. We conclude that
there has to exist some x3 with f(x3) = & and df (x3) = 0. m}

The issue of the existence of the negative gradient flow for f will be
discussed in the next §. Essentially the same argument as in the proof of
Prop. 6.2.1 will be presented once more in Thm. 6.11.3 below.

Perspectives. The role of the Palais-Smale condition in the calculus of variations
is treated in [142]. A thorough treatment of many further examples can be found in
[234] and [39]. A recent work on Morse homology in an infinite dimensional context
is Abbondandolo, Majer[1].
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6.3 Local Analysis: Nondegeneracy of Critical Points,
Morse Lemma, Stable and Unstable Manifolds

The next condition provides a nontrivial restriction already on compact man-
ifolds.

Definition 6.3.1 f € C*(X,R) is called a Morse function if for every zy €
C(f), the Hessian d? f () is nondegenerate. (This means that the continuous
linear operator

AT X - T X

defined by
(Ay)(v) = d*f(xo)(u,v)  for u,v € Ty X

is bijective.) Moreover, we let
VT T X

be the subspace spanned by eigenvectors of (the bounded, symmetric, bilinear
form) d?f(xo) with negative eigenvalues and call

plzo) := dim V™
the Morse index of zg € C(f). For k € N, we let
Ci(f) = {z € O(f) : p(x) =k}
be the set of critical points of f of Morse index k.

The Morse index ji(xo) may be infinite. In fact, however, for Morse theory
in the sense of Floer one only needs finite relative Morse indices. Before we can
explain what this means we need to define the stable and unstable manifolds
of the negative gradient flow of f at xq.

The first point to observe here is that the preceding notion of nondegen-
eracy of a critical point does not depend on the choice of coordinates. Indeed,
if we change coordinates via

x=¢(y), for some local diffeomorphism &,
then, computing derivatives now w.r.t. y, and putting yo = £~ (o),
A2 (f 0 €)(y0) (u, v) = (@ F)(EWo))(dE(yo)u, d€ (yo)v)  for any u,v,
if
& (w0) = 0.
Since d€(yo) is an isomorphism by assumption, we see that

&*(f 2 €)(30)
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has the same index as
& f (o).

The negative gradient flow for f is defined as the solution of

¢: X xR—X

5 6(@t) = — grad F(9(2.1) (©3.1)
o(z,0) =z

Here, grad f of course is the gradient of f for all + € X, defined with the
help of some Riemannian metric on X, see (2.1.13).

The theorem of Picard-Lindeldf yields the local existence of this flow (see
Lemma 1.6.1), i.e. for every z € X, there exists some ¢ > 0 such that ¢(z,t)
exists for —e < t < e. This holds because we assume f € C?(X,R) so that

grad f satisfies a local Lipschitz condition as required for the Picard-Lindel6f

theorem. We shall assume in the sequel that this flow exists globally, i.e. that
¢ is defined on all of X x R. In order to assure this, we might for example
assume that d?f(x) has uniformly bounded norm on X.

(6.3.1) is an example of a flow of the type

6: X xR— X

= V(oa,), .0 =z

for some vector field V' on X which we assume bounded for the present
exposition as discussed in 1.6. The preceding system is autonomous in the
sense that V' does not depend explicitly on the “time” parameter ¢ (only
implicitly through its dependence on ¢). Therefore, the flow satisfies the
group property

O(x, 1y + t2) = ¢(d(z,t1),t2) for all t1,t2 € R (see Thm. 1.6.1).

In particular, for every z € X, the flow line or orbit v, := {¢(z,t) : t € R}
through z is flow invariant in the sense that for y € v,, t € R

by, t) € Y-

Also, for every t € R, ¢(-,t) : X — X is a diffeomorphism of X onto its image
(see Theorem 1.6.1).

As a preparation for our treatment of Morse theory, in the present section
we shall perform a local analysis of the flow (6.3.1) near a critical point xo
of f,ie. grad f(zo) =0.

Definition 6.3.2 The stable and unstable manifolds at z of the flow ¢ are
defined as
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W (z) == {1/ €X: lim ¢(y.t)= zo}
t—-+o0

WH(zg) := {y eX: . liln d(y,t) = zu} .

Of course, the question arises whether W*(z) and W"(z¢) are indeed
manifolds.

In order to understand the stable and unstable manifolds of a critical
point, it is useful to transform f locally near a critical point z( into some
simpler, so-called “normal” form, by comparing f with a local diffeomor-
phism. Namely, we want to find a local diffeomorphism

z=¢(y),
with
zo = £(0) for simplicity
such that

JEWD) = £a) + 501 z0) 0.1): (632)

In other words, we want to transform f into a quadratic polynomial. Having
achieved this, we may then study the negative gradient flow in those coordi-
nates w.r.t. the Euclidean metric. It turns out that the qualitative behaviour
of this flow in the vicinity of 0 is the same as the one of the original flow in
the vicinity of zo = £(0).

That such a local transformation is possible is the content of the Morse-
Palais-Lemma:

Lemma 6.3.1 Let B be a Banach space, U an open neighborhood of xo € B,
f € CF*2(U,R) for some k > 1. with a nondegenerate critical point at .
Then there exist a neighborhood V of 0 € B and a diffeomorphism

VLV CU

of class C* with £(0) = xq satisfying (6.3.2) in V. In particular, nondegen-
erate critical points of a function f of class C* are isolated.

Proof. We may assume xo = 0, f(0) = 0 for simplicity of notation.
We want to find a flow

:Vx[0,1]—B
with
#(y,0) =y (6.3.3)
Flely 1) = %de(O)(y,y) for all y € V. (6.3.4)
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&(y) := ¢(y, 1) then has the required property. We shall construct ¢(y,t) so
that with

10 = 10) + 51 = O FO) 1),
we have

21(ew:1),) =0, (6.3.5)

implying
Fle(y, 1)) = n(e(y. 1), 1) = n(e(y,0),0) = %dzf(O)(z/, )

as required. (6.3.5) means

0= (6,1 + t oty 0)

—%dzf(U)(w(yv 1),¢(y.1)) + (1= )d* F(0) (p(y,1).

Now by Taylor expansion, using df (0) = 0,

e(y,t) (6.3.6)

2
Pt

1
f(z) = /0 (1 —7)d*f(rz)(x, x) dT
df (z) = /0 d*f(ra)z dr.

Inserting this into (6.3.6), with = ¢(y, t), we observe that we have a com-
mon factor ¢(y,t) in all terms. Thus, abbreviating

1
To(w) = -%d?f(ow/ (1 - )i f(r) dr
Ty (x,t) == d2f 0)+f/ (d2f(ra) — d2f(0)) dr,

(6.3.6) would follow from

0= Tyl 0)e(w: ) + Talely, 0,1) o
Here, we have deleted the common factor ¢(y, t), meaning that we now con-
sider e.g. d?f(0) as a linear operator on B.

Since we assume that d?f(0) is nondegenerate, df(0) is invertible as a
linear operator, and so then is T} (xz,¢) for z in some neighborhood W of 0
and all t € [0,1].

Therefore,

(v,1). (6.3.7)

“Ti(p(y, 1), )" o Tole(y, 1)y, 1)
exists and is bounded if ¢(y,t) stays in W. Therefore, a solution of (6.3.7),
ie. of
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T o1 = T o Tolely, D)1, (©639)

stays in W for all t € [0,1] if ¢(y,0) is contained in some possibly smaller
neighborhood V' of 0. The existence of such a solution then is a consequence
of the theorem of Picard-Lindelof for ODEs in Banach spaces. This completes
the proof. [m]

Remark. The preceding lemma plays a fundamental role in the classical ex-
positions of Morse theory. The reason is that it allows to describe the change
of topology in the vicinity of a critical point zp of f of the sublevel sets

Io={ye X fly) <A}

as A decreases from f(xq) + € to f(xz) — ¢, for € > 0.

The gradient flow w.r.t. the Euclidean metric for f of the form (6.3.2)
now is very easy to describe. Assuming w.lo.g. f(zo) = 0, we are thus in the
situation of

9(y) = %B(y,y),

where B(-,-) is a bounded symmetric quadratic form on a Hilbert space H.
Denoting the scalar product on H by (-,-), B corresponds to a selfadjoint
bounded linear operator

L:H—H

(L(u).v) = B(u,v)

by the Riesz representation theorem, and the negative gradient flow for g
then is the solution of

léj ,
oW t) = —Lo(y.t)
(,0) =v.
If v is an eigenvector of L with eigenvalue A, then
B(v,t) = e M.

Thus, the flow exponentially contracts the directions corresponding to pos-
itive eigenvalues, and these are thus stable directions, while the ones corre-
sponding to negative eigenvalues are expanded, hence unstable.

Let us describe the possible geometric pictures in two dimensions. If we
have one positive and one negative eigenvalue, we have a so-called saddle,
and the flow lines in the vicinity of our critical point look like:
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Fig. 6.3.1. The horizontal axis is the unstable, the vertical one the stable
manifold.

If we have two negative eigenvalues, hence two unstable directions, we have
a node. If the two eigenvalues are equal, all directions are expanded at the
same speed, and the local picture is

Fig. 6.3.2.

If they are different, we may get the following picture, if the one of largest
absolute value corresponds to the horizontal direction

Fig. 6.3.3.
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The situations of Figures 6.3.2 and 6.3.3 are topologically conjugate, but
not differentiably. However, if we want to preserve conditions involving deriva-
tives like the transversality condition imposed in the next section, we may
only perform differentiable transformations of the local picture. It turns out
that the situation of Figure 6.3.1 is better behaved in that sense.

Namely, the main point of the remainder of this section is to show that the
decomposition into stable and unstable manifolds always has the same quali-
tative features in the differentiable sense as in our model situation of a linear
system of ODEs (although the situation for a general system is conjugate to
the one for the linearized one only in the topological sense, as stated by the
Hartmann-Grobman-Theorem). All these results will depend crucially on the
nondegeneracy condition near a critical point, and the analysis definitely be-
comes much more complicated without such a condition. In particular, even
the qualitative topological features may then cease to be stable against small
perturbations. While many aspects can still be successfully addressed in the
context of the theory of Conley, we shall confine ourselves to the nondegen-
erate case.

By Taylor expansion, the general case may locally be considered as a

perturbation of the linear equation just considered. Namely, we study

5 o.1) = ~L(u, 1) + (000, 0) (6310
(,0) =y,
in some neighborhood U of 0, where n : H — H satisfies
7(0) =0
() =n()ll < d(e)ll= — yll (6.3.11)

for ||z||, [ly|l <&, with §(e) a continuous monotonically increasing function of
£ € [0,00) with §(0) = 0. The local unstable and stable manifolds of 0 then
are defined as
w*(0,U) = {z € U : ¢(z,t) exists and is contained in U for all t <0,
ke -0}
we(0,U) = {I € U : ¢(x,t) exists and is contained in U for all t > 0,
Jim o0 =0}.

‘We assume that the bounded linear selfadjoint operator L is nondegener-
ate, i.e. that 0 is not contained in the spectrum of L. As L is selfadjoint, the
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spectrum is real. H then is the orthogonal sum of subspaces H,, H_ in-
variant under L for which Ly, has positive, Ljy_ negative spectrum, and
corresponding projections

w:H— Hy, P,+P_=Id.
Since L is bounded, we may find constants ¢g,v > 0 such that

[le™"Py|| < coe™™  fort>0

6.3.12
e P <o fort<0. ¢ )

Let now y(t) = ¢(z,t) be a solution of (6.3.10) for ¢ > 0. We have for any

7 € [0,00)
t

00) =yt [ Bty as, (63.13)
hence also
t
Paplt) =M Pay(r) 4 [Py s (6314

If we assume that y(t) is bounded for ¢ > 0, then by (6.3.12)
lim e “=7) P y(r) =0, (6.3.15)

and hence such a solution y(t) that is bounded for ¢ > 0 can be represented
as
y(t) = Pry(t) + P-y()
t
=elpia+ /U’L“")P n(y(s))ds
(6.3.16)
/e’L(’ P _n(y(s))ds, with z = y(0)
t
(putting 7 = 0 in (6.3.14) 1, 7 = oo in (6.3.14)_). Conversely, any solution of
(6.3.16), bounded for ¢ > 0, satisfies (6.3.13), hence (6.3.10). For a solution
that is bounded for ¢ < 0, we analogously get the representation
0 t
y(t)=e P a— /c”‘("")P_n(y(s))ds +/ eI Pn(y(s)) ds.

t

Theorem 6.3.1 Let ¢(y,t) satisfy (6.3.10), with a bounded linear nondegen-
erate selfadjoint operator L and 1 satisfying (6.3.11). Then we may find a
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neighborhood U of 0 such that W*(0,U) (W*(0,U)) is a Lipschitz graph over

P,HNU (P_HNU), tangent to Py H (P_H) at 0. If n is of class C* in U,

so are W*(0,U) and W*(0,U).

Proof. We consider, for x € Py H,

t B~

T)0)i= e Pt [ X Puo)ds— [Pyl ds.
0 t

(6.3.17)
From (6.3.16) we see that we need to find fixed points of T, i.e.

y(t) = T(y,z)(t). (6.3.18)
In order to apply the Banach fixed point theorem, we first need to identify

an appropriate space on which T'(-,z) operates as a contraction. For that
purpose, we consider, for 0 < A <, £ > 0, the space

2361 = {30 Wl = sp ¥ Tu0) < < . (6:3.19)
M) (¢) is a complete normed space. We fix A, e.g. A = 7, in the sequel.
Because of (6.3.11), (6.3.12), we have for y € Mx(e)
t
17, )0 < coe™ ol + cod(e) ( [ Dlus)nas
"0

o0

+f e’“*”ny(s)nds)

t

t
< coe” M|z + cod(e) [ sup e*||y(s)| /e’”'("s)e’“ ds
0<s<t .

0
+ sup e“Hy(s)H/e”‘("“)e’)"‘ds).
t<s<oo )

(6.3.20)

Now since

t

=) A g — gt 5 (c(wfk)t _ 1) < 1 e,
b "
o
-
/e'y(lfs)efxs ds = et~ — L e,
THA YA
'
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(6.3.20) implies

_ 2q d(e) _
I7(y. 2)(0)| < coe™ ] + =2 (A) My llexp.a- (6.3.21)
Similarly, for y1,y2 € M (¢)
deob(e) _ .
I1761.2)0) - T )0 < L8y~ o (0322

Because of our assumptions on §(¢) (see (6.3.11), we may choose & so small
that

e 1
d < - .3.2:
S UCESS (©323)
Then from (6.3.22), for y1,y2 € Mx(g)
1
1T (1. 2) = T2, ) lexpr < EHyl = Y2llexp.a- (6.3.24)
If we assume in addition that
x| < —, .3.25
[l < 3oy’ (6.3.25)
then for y € My(¢), by (6.3.21)
I\T(y,x)Hexp,A <e (6.3.26)
Thus, if € satisfies (6.3.23), and |z|| < , then T'(-,z) maps My(e) into

itself, with a contraction constant i Thelefore applying the Banach fixed
point theorem, we get a unique solution y, € My(¢) of (6.3.18), for any
z € Py H with ||z] < 5=

Obviously, T'(0, 0) = O and thus yo = 0. Also, since y, € M)() is decay-
ing exponentially, we have for any = (with [|z]| < 5%;)

lim y,(t) =0,
=00

42(0) € W*(0).
From (6.3.17), we have

t )
Y. (t) = ﬂ’“m+/ “HEI Py, (s)) ds — /E’L(H)P—ﬂ(%(-@))d&
0 t

Yo lies in M () and so in particular is bounded for ¢ > 0. Thus, it also satisfies
(6.3.16), i.c.
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t o0
0e0) = P PO+ [Py () ds = [Py (s) s,
0 t

and comparing these two representations, we see that

Py y=(0). (6.3.27)

Thus, for any U C {|lz|| < 55}, we have a map

HynU — W*(0)
x— y.(0),

with inverse given by Py, according to (6.3.27). We claim that this map is
a bijection between Hy N U and its image in W#(0). For that purpose, we
observe that as in (6.3.21), we get assuming (6.3.25),

191 () = ya (D] < o™ |1 — o] + %Hyn. = Yas llexp.xs
hence
192, (0) = Y, O] < [y = Y lesxpr < 2collws — 2. (6.3.28)
We insert the second inequality in (6.328) into the integrals in (6.3.17) and

use (6.3.12) as before to get from (6.3.17)

lzy — 2]l

42
R e

If in addition to the above requirement fcori(a) < 1 we also impose the

condition upon ¢ that

4c38(c) P
y—A 2'
the above inequality yields
1 .
1921 (0) = 42, ()| = Fll21 = 2]l (6.3.29)

Thus, the above map indeed is a bijection between {z € Py H, ||z|| < 2%}
and its image W in W*(0). (6.3.28) also shows that our map = — y,(0) is
Lipschitz, whereas its inverse is Lipschitz by (6.3.29).

In particular, since yo = 0 as used above, W contains an open neighbor-
hood of 0 in W#(0), hence is of the form W#(0,U) for some open U.

We now verify that W#(0,U) is tangent to P, H at 0. (6.3.11), (6.3.17)
and (6.3.28) (for 1 =,z = 0, recalling yo = 0)
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[1P-y=(0)]

-

=1 [ e Pontuate
0

<c

€770 (lly= () Dllyz () ds

<o [ 716 (2c0eJa]]) 2ce = |

—f e —2

0
23
ﬁD(QCn”Z”)HIW

IA

This implies

1P~y (O)] _ I1P-y=(0)]|

0 as g2(0) — 0 in WH(0,U),
1P 5. 0)] © ©.0)

or equivalently x — 0 in Py H.

This shows that W*(0,U) indeed is tangent to Py H at 0.

The regularity of W*(0,U) follows since T(y,z) in (6.3.17) depends
smoothly on 7. (It is easily seen from the proof of the Banach fixed point
theorem that the fact that the contraction factor is < 1 translates smooth-
ness of T as a function of a parameter into the same type of smoothness of
the fixed point as a function of that parameter.)

Obviously, the situation for W*(0,U) is symmetric to the one for W*(0,U).

O

The preceding theorem provides the first step in the local analysis for the
gradient flow in the vicinity of a critical point of the function f. It directly
implies a global result.

Corollary 6.3.1 The stable and unstable manifolds W*(z), W"(z) of the

negative gradient flow ¢ for a smooth function f are injectively immersed

smooth manifolds. (If f is of class C*+2, then W*(x) and W*(x) are of class
k

Proof. We have
W) = (J o, (W (,0))

<0
W) = | o(- (W (x,U))
20
for any neighborhood U of x. O

Of course, the corollary holds more generally for the flows of the type
(6.3.10) (if we consider only those flow lines ¢(-,¢) that exist for all ¢ < 0
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resp. t > 0). (The stable and unstable sets then are as smooth as 7 is.)
The point is that the flow ¢(-,¢), for any ¢ and any open set U, provides a
diffeomorphism between U and ¢(U, t), and the sets ¢(U, t) cover the image
of ¢(-,-).

The stable and unstable manifolds W*(0), W*(0) for the flow (6.3.10) are
invariant under the flow, i.e. if e.g.

x = ¢(z,0) € W*(0),
then also
x(t) = ¢(x,t) € W*(0) for all £ € R for which it exists.

In 6.4, we shall easily see that because f is decreasing along flow lines, the
stable and unstable manifolds are in fact embedded, see Corollary 6.4.1.

‘We return to the local situation. The next result says that more generally,
in some neighborhood of our nondegenerate critical point 0, we may find a so-
called stable foliation with leaves A°(z,) parametrized by z, € W*(0), such
that where defined, A°(0) coincides with W*(0) while all leaves are graphs
over W#(0), and if a flow line starts on the leaf A%(z,) at t = 0, then at
other times ¢, we find it on A*(¢(2y,t)), the leaf over the flow line on W*(0)
starting at z, at ¢ = 0. Also, as ¢ increases, different flow lines starting on
the same leaf approach each other at exponential speed.

The precise result is

Theorem 6.3.2 Suppose that the assumptions of Theorem 6.5.1 hold. There
exist constants ¢;, X\ > 0, and neighborhoods U of 0 in H, V of 0 in PrH
with the following properties:
For each z, € W*(0,U), there is a function

@2,V — H.

¢2,(2+) is as smooth in z,,z4 as 1 is, for ezample of class C* if 1) belongs
to that class. If
2 € A(z) = @2, (V),
then
$08) = Ppen (P o(2, 1) (6.3.30)
and
l6(2,8) = $(zu )| < cre™™ (6.3.31)

as long as ¢(z,t), ¢(zy,t) remain in U.

We thus have a smooth (of class C*, if n € C*), so-called stable foliation
which is flow invariant in the sense that the flow maps leaves to leaves. In
particular, A%(0) is the stable manifold W*(0)NV, ¢(z,t) approaches W*(0)N
V' exponentially for negative t, as long as it stays in U.

Of course, there also exists an ble foliation with logous properties.
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]

Oznt) | 0 W)

N (o(znt)) A(z)  WH(O)

Fig. 6.3.4.

Corollary 6.3.2 Let f: X — R be of class C**2, k> 1, & a nondegenerate
critical point of f. Then in some neighborhood U of x, there exist two flow-
invariant foliations of class C*, the stable and the unstable one. The leaves
of these two foliations intersect transversally in single points, and conversely
cach point of U is the intersection of precisely one stable and one unstable

leaf.

The Corollary is a direct consequence of the Theorem, and we thus turn
to the proof of Thm. 6.3.2:

Changing 1 outside a neighborhood U of 0 will not affect the local struc-
ture of the flow lines in that neighborhood. By choosing U sufficiently small
and recalling (6.3.11), we may thus assume that the Lipschitz constant of n
is as small as we like. We apply (6.3.13) to ¢(z,t) and ¢(z,,t) and get for
7 >0, putting y(t; 2, zu) = ¢(2, 1) — ¢(2u, 1),

e L(t=7)

y(t; 2, 20) = y(T32,24)

t

+ [ Moz

-

If this is bounded for ¢t — oo, then (6.3.12) implies, as in (6.3.15),

u,8))) ds. (6.3.32)

lim e "= P_y(t;2,2,) = 0. (6.3.33)
oo
Consequently, as in (6.3.16) we get,

Py (05 2, 24) (6.3.34)

y(t; 2, 2u

THEEIPL (020, 8) + y(5: 2, 20)) = (20, 5))) ds
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B

= [ HI P 00 005) + (552 200) — (00 5) .

t

As in the proof of Thm. 6.3.1, we want to solve this equation by an application
of the Banach fixed point theorem, i.e. by finding a fixed point of the iteration
of

T(y, zu, 24) = e tzy (6.3.35)

+ [ eI P (20, 8) +y(9)) = 0( (=0, 9))) ds

t
/
oo
= [ P00 r9) + 9(6) ~ (051 .

t

for z; € Py H. As in the proof of Thm. 6.3.1, we shall use a space My (o)
for some fixed 0 < A < 7.

Before we proceed to verify the assumptions required for the application
of the fixed point theorem, we wish to describe the meaning of the construc-
tion. Namely, given z, € W"(0), and the orbit ¢(z,,t) starting at z, and
contained in W*(0), and given z; € Py H, we wish to find an orbit ¢(z,t)
with Py¢(z,0) = Pyz = zy that exponentially approaches the orbit ¢(z,,t)
for t > 0. The fixed point argument will then show that in the vicinity of 0,
we may find a unique such orbit. If we keep z, fixed and let 2, vary in some
neighborhood of 0 in P, H, we get a corresponding family of orbits ¢(z, ),
and the points z = ¢(z,0) then constitute the leaf through z, of our folia-
tion. The leaves are disjoint because orbits on the unstable manifold W*(0)
with different starting points for ¢ = 0 diverge exponentially for positive t.
Thus, any orbit ¢(z,¢) can approach at most one orbit ¢(z,,t) on W*(0)
exponentially. In order to verify the foliation property, however, we also will
have to show that the leaves cover some neighborhood of 0, i.e. that any flow
line ¢(2,t) starting in that neighborhood for ¢ = 0 approaches some flow line
(24, t) in W*(0) exponentially. This is equivalent to showing that the leaf
through z, depends continuously on z,, and this in turn follows from the
continuous dependence of the fixed point of T(-, zy, z+) on z,.

Precisely as in the proof of Thm. 6.3.1, we get for 0 < A <y (say A = 3),
with co,y as in (6.3.12), ||z || < €1, y € Ma(eo), ie. [[y(t)]] < e e, and
with [1]zip being the Lipschitz constant of 7

2coe0
1T (y, 20, 24) ()] gcosle—'ﬂ+ oo

S e (6.3.36)
and

701,520 22)(0) = Tl 2O < 22Ny — . (6237
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As remarked at the beginning of this proof, we may assume that [7]z, is
as small as we like. Therefore, by choosing £, > 0 sufficiently small, we
ssume from (6.3.36) that T'(-, zy, z4.) maps M) (g¢) into itself, and from
) that it satisfies

1
[T (s 2 24) = T(y2, 20 26 )llexpr < 51191 = g2lloxpae

Thus, the Banach fixed point theorem, applied to T'(-,z,,z4) on the space
M (g0), yields a unique fixed point y., ., on this space. We now put

92, (21) = Yz iz
Z = Ys,,2,(0). (6.3.38)

‘We then have all the required relations:
Pyz=Pry., . (0) =2 from (6.3.35),

and hence y., .. solves (6.3.34), i.e. is of the form y(t;z,z,) with z from
(6.3.38), and ¢(z,t) = y(t; z,2,) + ¢(zu, t) is a flow line. Condition (6.3.30)
thus holds at ¢ = 0. Since the construction is equivariant w.r.t. time shifts,
because of the group property

¢z, t+7) = d(d(z,t),7) forallt,T,

(6.3.30) holds for any ¢, as long as ¢(z,t) stays in our neighborhood U of 0.
The exponential decay of ¢(z,t) — ¢( = y(t; 2, z,) follows since we have
constructed our fixed point of T in the <pace of mappings with precisely that
decay.

Since T is linear in 2., we see as before in the proof of Thm. 6.3.1 that
a smoothness property of 7 translates into a smoothness property of y., as
a function of z;. It remains to show the smoothness of y., ., as a function
of z,. This, however is a direct consequence of the fact that y., ., is a fixed
point of T'(+,z,,z4), an operator with a contraction constant < 1 on the
space under consideration (M (go)), and so the smooth dependence of T' (see
(6.3.35)) on the parameters z, and z; (which easily follows from estimates
of the type used above) translates into the corresponding smoothness of the
fixed point as a function of the parameters z,, z.

The foliation property is then clear, because leaves corresponding to
different zf,,z; € W"(0,U) cannot intersect as we had otherwise z =
Yz1,,24 (0) = yzr .2, (0) for some 2z with z;. = P, z, hence also z;, = ¢(z,,0) =
02.0) = yopoon (0) = 6(2,0) — oy -, (0) = 21

As the leaves depend smoothly on z,, they approach the stable manifold
W#(0) at the same speed as z, does. More precisely, any orbit ¢(z,,t) con-
verges to 0 exponentially for ¢ — —oo, and the leaf over ¢(z,,t) then has to
converge exponentially to the one over 0 which is W*(0).

The last statement easily follows by changing signs appropriately, for ex-
ample by replacing ¢ by —t throughout.

w
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Perspectives. The theory of stable and unstable manifolds for a dynamical sys-
tem is classical. Our presentation is based on the one in [49], although we have
streamlined it somewhat by consistently working with function spaces with expo-
nential weights.

6.4 Limits of Trajectories of the Gradient Flow

As always in the chapter, X is a complete Riemannian manifold, with metric
-,+), associated norm | - ||, and distance function d(-,-). f : X — Ris a
C2?-function. We consider the negative gradient flow

i(t) = — grad f(z(t)) forteR

R 6.4.1
z(0) = for x € X. ( )

‘We assume that the norms of the first and second derivative of f are bounded.
Applying the Picard-Lindelof theorem (see § 1.6), we then infer that our flow
is indeed defined for all t € R. Also, differentiating (6.4.1), we get

(1= V g i(0) = ~(V o grad f(2(1))) ()
= (V.a grad f(a(t)) grad f((t)).

In particular, the first and second derivative of any flow line is uniformly
bounded. For later use, we quote this fact as:

Lemma 6.4.1 There exists a constant ¢y with the property that for any so-
lution z(t) of (6.4.1),
[l&]lr (rrx) < co-

In particular, @(t) is uniformly Lipschitz continuous.

(6.4.1) is a system of so-called autonomous ordinary differential equations,
meaning that the right hand side does not depend explicitly on the “time” ¢,
but only implicitly through the solution x(t).

In contrast to the previous § where we considered the local behaviour of
this flow near a critical point of f, we shall now analyze the global properties,
and the gradient flow structure will now become more important.

In the sequel, z(t) will always denote a solution of (6.4.1), and we shall
exploit (6.4.1) in the sequel without quoting it explicitly. We shall call each
curve z(t), t € R, a flow line, or an orbit (of the negative gradient flow). We
also put, for simplicity

2(+00) := lim x(t),
t—%oo

assuming that these limits exist.
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Lemma 6.4.2 The flow lines of (6.4.1) are orthogonal to the level hypersur-
faces f =const.

Proof. This means the following: If for some ¢t € R, V' € T},(;) X is tangent to
the level hypersurface {y : f(y) = f(x(t))}, then

(V,i(t)) = 0.
Now
(V.i(t)) = —(V; grad f(x(t)))
=-V(f)(x(t) by the definition of grad f, see (2.1.14)
=0 since V is tangent to a hypersurface on which

[ is constant.

[m}
‘We compute
%f(w(t)) = df (x()#(t) = ( grad f(z(2)),2(2)) by (2.1.14)
= —[lz@®|*. (6:4.2)

As a consequence, we observe

Lemma 6.4.3 f is decreasing along flow lines. In particular, there are no
nonconstant h li orbits, i.e. t orbits with

z(—o0) = z(00).

[m]
Thus, we see that there are only two types of flow lines or orbits, the
“typical” ones diffeomorphic to the real axis (—ococ, 00) on which f is strictly
decreasing, and the “exceptional” ones, namely those that are reduced to
single points, the critical points of f. The issue now is to understand the
relationship between the two types.
Another consequence of (6.4.2) is that for ¢1,t € R

fa(tr)) = fla(t)) =

We also have the estimate
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1

to ta 2
da(t).a(t) < [ 1O < (02— )¥ | [ o) i
t t1

by Hélder’s inequality (6:44)

= (ta — 1) (f(x(tr) = [(a(ta)))F
by (6.4.3).

Lemma 6.4.4 For any flow line, we have fort — +oc that grad f(z(t)) — 0
or |f(x(t)] = oo.

Proof. If e.g. foo = limy e f((t)) > —o0, then for 0 < t < 00
fo = f(x(0)) = f(z(t) = f,

and (6.4.3) implies N
AHWW;ﬁf&<w (6.4.5)

Since &(t) = — grad f(2(t)) is uniformly Lipschitz continuous by Lemma 6.4.1,
(6.4.5) implies that

tlna]c grad f(xz(t)) = tlgrolC a(t) = 0.

We also obtain the following strengthening of Corollary 6.3.1:

Corollary 6.4.1 The stable and unstable manifolds W*(x), W*(z) of the
negative gradient flow ¢ for a smooth function f are embedded manifolds.

Proof. The proof is an easy consequence of what we have already derived,
but it may be instructive to see how all those facts are coming together here.

We have already seen in Corollary 6.3.1 that W*(z) andW*"(z) are in-
jectively immersed. By Corollary 1.6.1, each point in X is contained in a
unique flow line, but the typical ones of the form (—oo, 00) are not compact,
and so, their closures may contain other points. By Lemma 6.4.4, any such
point is a critical point of f. The local situation near such a critical point
has already been analyzed in Theorem 6.3.1. The only thing that still needs
to be excluded to go from Corollary 6.3.1 to the present statement is that
a flow line z(t) emanating at one critical point z(—o0) returns to that same
point for ¢ — oc. This, however, is exluded by Lemma 6.4.3.

In the sequel, we shall also make use of
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Lemma 6.4.5 Suppose (x,)nen C X converges to zo. Then for any T >
0, the curves a,(t)|-1,r) (with ©,(0) = x,) converge in C* to the curve
@o(t)[—1,1]-

Proof. This follows from the continuous dependence of solutions of ODEs on
the initial data under the assumption of the Picard-Lindelof theorem (the
proof of that theorem is based on the Banach fixed point theorem, and the
fixed point produced in that theorem depends continuously on a parameter,
cf. J.Jost, Postmodern Analysis, Springer, 1998, p.129). Thus the curves z,,(t)
converge uniformly to z(t) on any finite interval [-7,T]. By Lemma 6.4.1,
&y, (t) are uniformly bounded, and so z, has to converge in . m]

We now assume for the remainder of this § that f satisfies the Palais-
Smale condition (PS), and that all critical points of f are nondegenerate.

These assumptions are rather strong as they imply

Lemma 6.4.6 [ has only finitely many critical points in any bounded region
of X, or, more generally in any region where f is bounded. In particular, in
every bounded interval in R there are only finitely many critical values of f,
i.e. v € R for which there exists p € X with df (p) =0, f(p) =~.

Proof. Let (pn)nen C X be a sequence of critical points of f, i.e. df(p,) =
0. If they are contained in a bounded region of X, or, more generally, if
f(pn) is bounded, the Palais-Smale condition implies that after selection of a
subsequence, they converge towards some critical point pg. By Thm. 6.3.1, we
may find some neighborhood U of pg in which the flow has the local normal
form as described there and which in particular contains no other critical
point of f besides py. This implies that almost all p,, have to coincide with
po, and thus there can only be finitely many of them. [m]

Our assumptions - (PS) and nondegeneracy of all critical points - also
yield

Lemma 6.4.7 Let z(t) be a flow line for which f(x(t)) is bounded. Then
the limits x(4+00) := limy_4o (t) exist and are critical points of f. xz(t)
converges to x(+oc) ezponentially as t — +oo.

Proof. By Lemma 6.4.4, grad f(z(t)) — 0 for t — +oo. Analyzing w.lo.g.
the situation ¢ — —oco, (PS) implies that we can find a sequence (¢ )nen C R,
t, — —oo for n — oo, for which z(t,) converges to some critical point z_o,
of f. We wish to show that lim;_,_ (t) exists, and it then has to coincide
with z_ .

This, however, directly follows from the nondegeneracy condition, since
by Thm. 6.3.1 we may find a neighborhood U of the critical point z_.
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with the property that any flow line in that neighborhood containing z_
as an accumulation point of some sequence x(t,), t, — —oo, is contained
in the unstable manifold of z_ .. Furthermore, as shown in Thm. 6.3.1, the
convergence is exponential.

Remark. Without assuming that the critical point z(—oc0) is nondegenerate,
we still may use (PS) (see Lemma 6.4.8 below) and grad f(z(t)) — 0 for
t — —oo to see that there exists to € R for which U := {a(t) : t < to} is

precompact and in particular bounded. By Taylor expansion, we have in U

[ grad f()] < || grad f(z—oo)ll + cd(, 2 -o0) = cd(w,7-o0)
for some constant ¢, as grad f(z_) = 0.

Thus, for t < t,
t t
da®a-) < [ lilds<e [ dalo).an)ds

The latter integral may be infinite. As soon as it is finite, however, we already
get
d(x(t), 7o) < c1e for some constant ¢y,

i.e. exponential convergence of (t) towards z_o as t — —oc.
‘We shall also use the following simple estimate

Lemma 6.4.8 Suppose || grad f(x(t))|| > ¢, for ty <t < ty. Then

da(tr).alt2)) < 2 (FGa(0)) = Fa()).
Proof.

da(t).alt) < [ Lo
ty

< %/Hi(t)szt-, since [[&(¢)|] = || grad f(z(6))l| = &

t

= 2(7(e() - Faltz) by (6.43).

‘We now need an additional assumption:
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There ezists a flow-invariant compact set X/ C X containing the critical
points p and q.

What we have in mind here is a certain set of critical points together with
all connecting trajectories between them. We shall see in Thm. 6.4.1 below
that we need to include here all critical points that can arise as limits of flow
lines between any two critical points of the set we wish to consider.

Lemma 6.4.9
Let (z,(t))nen be a sequence of flow lines in X' with

Zn(=00) = p, Tn(0) = ¢.
Then after selection of a subsequence, x,,(t) converges in C* on any com-
pact interval in R towards some flow line xo(t).

Proof. Let tg € R. If (for some subsequence)
| grad f(zn(to))ll — 0,
then by (PS) (v = f(p).72 = f(q), noting f(p) > f(x(t)) > flq) by

Lemma 6.4.3), we may assume that x,(to) converges, and the convergence of
the flow lines on compact intervals then follows from Lemma 6.4.5. We thus
assume

|| grad f(z,(to))| = ¢ for all n and some & > 0.

Since f(2n(t)) is bounded between f(p) and f(g), Lemma 6.4.4 implies that
we may find ¢,, <ty with

| grad f(zn(tn))]

and || grad f(aa(t))|

From (6.4.3), we get |t —to| < & (£(ta) = f(t0)) < Z(f(p) ~ £(9))- Applying

our compactness assumption on X/, we may assume that x,(t,) converges.

From Lemma 6.4.5 we then see that ,(t) converges on any compact interval
towards some flow line x(t).

|=e
| >e fort, <t<t.

In general, z,(t) will not converge uniformly on all of R towards zo(t).
‘We need an additional assumption as in the next

Lemma 6.4.10 Under the assumption of Lemma 6.4.9, assume
x9(—00) = p, zo(0) = ¢,

i.e. £o(t) has the same limit points as the x,(t). Then the x,(t) converge to
xo(t) in the Sobolev space HY*(R, X). In fact, this holds already if we only
assume f(zo(—00)) = f(p), f(wo(00)) = f(q)-

Proof. The essential point is to show that
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lim z,(t)=p, lim z,(t) =g, uniformly inn.
to—oo t—oc

Namely in that case, we may apply the local analysis provided by Thm. 6.3.1
uniformly in n to conclude convergence for ¢ < t; and t > t, for certain
ti,t2 € R, and on the compact interval [t1,,], we get convergence by the
preceding lemma.

Because of (PS), we only have to exclude that after selection of a subse-
quence of z,(t), we find a sequence (t,)nen C R converging to oo or —oo,
say —oo, with

|| grad f(zn(tn))|| =€ for some e > 0. (6.4.6)
From (6.4.4), we get the uniform estimate

|| grad f(z.(t1)) — grad f(z,(t2))|| < c(ta — t1)?  for some constant c.

(6.4.7)
By (6.4.6), (6.4.7), we may find & > 0 such that for t, — & <t <t,
Il grad ()] = 5,
hence
F®) = f@a(tn) = f(@n(tn —6)) = f(@n(ty)) = 6= by (6.4.3).

On the other hand, by our assumption on zy(t), we may find to € R with

]
J(p) = flwo(to)) = 5;- (6.4.8)
If t,, < tg, we have

€2

f) = f(@alto) = f(p) = f(znltn)) 2 6

and so z,(ty) cannot converge to xo(fo), contrary to our assumption. Thus
(6.4.6) is impossible, and the proof is complete, except for the last remark,
which, however, also directly follows as the only assumption about z¢(t) that

we need is (6.4.8).
‘We are now ready to demonstrate the following compactness

Theorem 6.4.1 Let p,q be critical points of f, and let Mi,q c X/ bea
space of flow lines x(t)(t € R) for f with x(—oc) = p, x(c0) = q. Here
we assume that X7¥ is a flow-invariant compact set. Then for any sequence
(2n(t))nen C le,vw after selection of a subsequence, there exist critical points

P=DP1;P2,- 3Pk =4,



324 6. Morse Theory and Floer Homology

flow lines y; € M;f;,,p‘“ and t,; € R (i=1,...,k—1,n €N) such that the
flow lines x,(t + tn;) converge to y; for n — oo. In this situation, we say
that the sequence x,(t) converges to the broken trajectory yi#tya# . .. #yr—1.

Proof. By Lemma 6.4.9, x,,(t) converges (after selection of a subsequence, as
always) towards some flow line 2¢(t). 2o(t) need not be in M;iq, but the limit
points ¢(—00), zo(c0) (which exist by Lemma 6.4.7) must satisfy

f(p) =2 f(wo(=00)) = f(zo(0)) = f(a)-

If eg. f(p) = f(wo(—oc)) then the proof of Lemma 6.4.10 shows that
z0(—00) =p.
If f(p) > f(zo(—00)), we choose f(xo(—o0)) < a < f(p) and t,; with

f(@n(tn, 1)) = a.

We apply Lemma 6.4.9 to ,,(t +1,.;) to get a limiting flow line yo(t). Clearly
f(p) = f(yo(—00)), and we must also have

F(yo(00)) = f(zo(—00)),

because otherwise the flow line yo(¢) would contain the critical point zo(—oc0)
in its interior.

If f(p) > f(yo(—00)) of f(yo(oc)) > f(xo(—00)), we repeat the process.
The process must stop after a finite number of such steps, because the critical
points of f are isolated because of (PS) and the nondegeneracy assumption
yielding to the local picture of Thm. 6.3.1 (see Lemma 6.4.6). ]

6.5 The Morse-Smale-Floer Condition: Transversality
and Zz-Cohomology

In this §, we shall continue to assume the Palais-Smale condition and the
nondegeneracy of all critical points of our function f : X — R. Here, we
assume that f is of class C®.

The central object of Morse-Floer theory is the space of connecting tra-
jectories between the critical points of a function f. If f is bounded, then by
Lemma 6.4.6, any = € X lies on some such trajectory connecting two critical
points of f. In the general case, one may simply restrict the considerations
in the sequel to the subspace X7/ of X of such connecting trajectories, and
one may even consider only some subset of the critical points of f and the
connecting trajectories between them, including those limiting configurations
that arise by Thm. 6.4.1. As in § 6.4, we need to assume that the set of flow-
lines under consideration is contained in a compact flow-invariant set. Thus,
we shall assume X is such a closed space of connecting trajectories.
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X then carries two stratifications S* and S*, consisting of the stable
resp. unstable manifolds of the critical points of f. Thus, each point lies on
precisely one stratum of S*, and likewise on one stratum of S*, and each
such stratum is a smooth manifold, by Cor. 6.3.1.

Definition 6.5.1 The pair (X, f) satisfies the Morse-Smale-Floer condition
if all intersections between the strata of S° and the ones of S* are finite-
dimensional and transversal.

‘We recall that two submanifolds X7, X5 of X intersect transversally if for
all # € X; N Xy, the tangent space T, X is the linear span of the tangent
spaces T, X7 and T, X5. If the dimension of X is finite, then if X; and X,
intersect transversally at , we have

dim X1 + dim X, = dim(X; N X>) + dim X. (6.5.1)

Tt easily follows from the implicit function theorem that in the case of a
transversal intersection of smooth manifolds X, X5, X N X, likewise is a
smooth manifold.

In addition to (PS) and the nondegeneracy of all critical points of f, we
shall assume for the rest of this § that (X, f) satisfies the Morse-Smale-
Floer condition.

Definition 6.5.2 Let p,q be critical points of f. If the unstable manifold
W*(p) and the stable manifold W*(g) intersect, we say that p is connected
to ¢ by the flow, and we define the relative index of p and ¢ as

#(p, ) = dim(W"(p) N W*(q)).

1(p, q) is finite because of the Morse-Smale-Floer condition.
If X is finite dimensional, then the Morse indices u(p) of all critical points
p of f themselves are finite, and in the situation of Def. 6.5.2, we then have

wp.q) = n(p) — nla) (6.5.2)

as one easily deduces from (6.5.1). Returning to the general situation, we
start with the following simple observation

Lemma 6.5.1 Any nonempty intersection W*(p) "\W*(q) (p,q € C(f),p #
q) is a union of flow lines. In particular, its dimension is at least one.

Proof. If x € W"(p), then so is the whole flow line z(t) (2(0) = z), and the
same holds for z € W*(q). O

p is thus connected to ¢ by the flow if and only if there is a flow line z(t)
with 2(—00) = p and z(c0) = ¢. Expressed in another way, the intersections
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W(p) N W#(q) are flow invariant. In particular, in the case of a nonempty
such intersection, p and ¢ are both contained in the closure of W*(p)NW*(q).

The following lemma is fundamental:

Lemma 6.5.2 Suppose that p is connected to r and r to q by the flow. Then
p is also connected to q by the flow, and

u(p,a) = ulp.r) + p(r,q).

Proof. By assumption, W"(p) intersects W*(r) transversally in a manifold
of dimension p(p, r). Since W*(r) is a leaf of the smooth stable foliation of r
in some neighborhood U of r by Thm. 6.3.2, in some possibly smaller neigh-
borhood of r, W*(p) intersects each leaf of this stable foliation transversally
in some manifold of dimension y(p,r). Similarly, in the vicinity of r, W*(q)
also intersects each leaf of the unstable foliation of r in some manifold, this
time of dimension y(r, ¢). Thus, the following considerations will hold in some
suitable neighborhood of .

The space of leaves of the stable foliation of r is parametrized by W"(r),
and we thus get a family of u(p,r)-dimensional manifolds parametrized by
W*(r). Likewise, we get a second family of u(r,q)-dimensional manifolds
parametrized by W*(r). The leaves of the stable and unstable foliations sat-
isfy uniform C'-estimates (in the vicinity of r) by Thm. 6.3.2, because of our
assumption that f is of class C3. The two finite-dimensional families that we
have constructed may also be assumed to satisfy such uniform estimates. The
stable and unstable foliations yield a local product structure in the sense that
each point near r is the intersection of precisely one stable and one unstable
leaf.

If we now have two such foliations with finite-dimensional smooth sub-
families of dimension n; and n,, say, all satisfying uniform estimates, it then
casily follows by induction on n; and ny that the leaves of these two subfami-
lies need to intersect in a submanifold of dimension n; + ny. The case where
ny = ny = 0 can be derived from the implicit function theorem.

‘We also have the following converse result

Lemma 6.5.3 In the situation of Thm. 6.4.1, we have

k-1

> i piv) = wipq)-

i=1

Proof. Tt suffices to treat the case k = 3 as the general case then will easily
follow by induction. This case, however, easily follows from Lemma 6.5.2 with
P=P1, T =p2,q=P3-
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We shall now need to make the assumption that the space X/ of con-
necting trajectories that we are considering is compact. (At this moment, we
are considering the space W"(p) N W*(q).)

Lemma 6.5.4 Suppose that p,q (p # q) are critical points of f, connected
by the flow, with
wpq) =1

Then there exist only finitely many trajectories from p to q.

Proof. For any point  on such a trajectory, we have
) = f(x) = f(a).

‘We may assume that £ > 0 is so small that on each flow line from p to ¢,
we find some x with | grad f(z)|| = e, because otherwise we would have
a sequence of flow lines (s;)ien from p to ¢ with sup,c, || grad f(z)|| — 0
for i — co. By (PS) a subsequence would converge to a flow line s (see
Lemma 6.4.5) with grad f(z) = 0 on s. s would thus be constant, in con-
tradiction to Thm. 6.4.1. Thus, if, contrary to our assumption, we have
a sequence (s;);en of trajectories from p to g, we select z; € s; with
|| grad f(z;)|| = e, use the compactness assumption on the flow-invariant
set containing the s; to get a convergent subsequence of the z;, hence also of
the s; by Thm. 6.4.1. The limit trajectory s also has to connect p to ¢, because
our assumption z(p,q) = 1 and Lemmas 6.5.1 and 6.5.3 rule out that s is a
broken trajectory containing further critical points of f. The Morse-Smale-
Floer condition implies that s is isolated in the one-dimensional manifold
W (p) N W#(q). This is not compatible with the assumption that there ex-
ists a sequence (s;) of different flow lines converging to s. Thus, we conclude
finiteness.

‘We can now summarize our results about trajectories:

Theorem 6.5.1 Suppose our general assumptions (f € C*, (PS), nondegen-
eracy of critical points, Morse-Smale-Floer condition) continue to hold. Let
. q be critical points of f connected by the flow with

wp.q) =2

Then each component of the space of flow lines from p to q, Mﬁq
W#(q) either is compact after including p,q (and diffeomorphic to the 2-
sphere), or its boundary (in the sense of Thm. 6.4.1) consists of two different
broken trajectories from p to q.

Conversely each broken trajectory s = s1#s2 from p to q (this means that
there exists a critical point p' of f with p(p,p') =1 = p(p',q), si(—oc0) =p.
s1(00) =p' = sa(—0), sa(o<) = q) is contained in the boundary of precisely
one component of Mﬁq,
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Note. Let ) #s5 and s{#s5 be broken trajectories contained in the boundary
of the same component of Mﬁq. It is then possible that s} = s} or sy = s,
but the theorem says that we cannot have both equalities simultaneously.

Proof. If a component M of Mi,q is compact then it is a 2—dimensional
manifold that is a smooth family of curves, flow lines from p to ¢ with common
end points p, g, but disjoint interiors. Thus, such a component is diffeomorphic
to S2.

If M is not compact, Thm. 6.4.1 implies the existence of broken trajec-
tories from p to ¢ in the boundary of this component.

Let a be a regular value of f with f(p) > a > f(q). By Lemma 6.4.2, M
intersects the level hypersurface f~'(a) transversally, and MNf~*(a) thus
is a 1—dimensional manifold. It can thus be compactified by adding one or
two points. By Thm. 6.4.1, these points correspond to broken trajectories
from p to gq. We thus need to exclude that M can be compactified by a
single broken trajectory sy#s2. We have s;(—00) = p, s2(o0) = ¢, and we
put p’ := s1(00) = s2(—00). In view of the local normal form provided by
Thm. 6.3.2, we have the following situation near p': M,f,‘q is a smooth surface
containing s; in its interior. M{Lq then intersects a smooth 1—dimensional
family of leaves of the stable foliation near p’ in a 1—dimensional manifold.
The family of those stable leaves intersected by M;ﬁ.q then is parametrized
by a smooth curve in W*(p') containing p’ in its interior. It thus contains the
initial pieces of different flow lines originating from p in opposite directions,
and these flow lines are contained in limits of flow lines from szr, 4 Therefore,

in order to compactify Mﬁq in WH(p'), a single flow line s5 does not suffice.

W)

 trajectorics from MJ,

W) Wi

Fig. 6.5.1.

Finally, if a broken trajectory through some p’ would be a 2—sided limit of
Miq,v this again would not be compatible with the local flow geometry near
p’ as just described. O
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Definition 6.5.3 Let C,(f,Z>) be the free Abelian group with Z-coefficients
generated by the set C,(f) of critical points of f. For p € C.(f), we put

Op = Z (#z. ML)
reC(h)
rp=1
where #;ZQML, is the number mod 2 of trajectories from p to r (by Lemma
6.5.4 there are only finitely many such trajectories), and we extend this to a
group homomorphism

01 Ci(f,Z2) — Ci(f. Z2).

Theorem 6.5.2 We have
dodp=0,
and thus (C.(f,Z2),0) is a chain complez.

Proof. We have

dodp=>. > #a,M], #,M g
Tamd Mo
We are thus connecting the broken trajectories from p to ¢ for ¢ € C.(f)
with z¢(p, ¢) = 2, by Lemma 6.5.1. By Thm. 6.5.1 this number is always even,
and so it vanishes mod 2. This implies § o p = 0 for each p € C.(f), and
thus the extension to C.(f,Z2) also satisfies 90 d = 0. O

‘We are now ready for

Definition 6.5.4 Let f be a C® function satisfying the Morse-Smale-Floer
and Palais-Smale conditions, and assume that we have a compact space X
of trajectories as investigated above. If we are in the situation of an absolute
Morse index, we let Ci(f,Z>) be the group with coefficient in Z; generated
by the critical points of Morse index k. Otherwise, we choose an arbitrary
grading in a consistent manner, i.e. we require that if p € Cx(f), ¢ € Ci(f).
then
k—1=p(p,q)

whenever the relative index is defined. We then obtain boundary operators
0= 0y : Cx(f,Z2) — Ci—1(f, Z2),
and we define the associated homology groups as

ker O

Hk(X, £, Z'z) = ms
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ie. two elements aj,as € kerdy are identified if there exists some 3 €
Cr1(f,Z2) with
) —ay = 9.

Instead of a homology theory, we can also define a Morse-Floer cohomo-
logy theory by dualization. For that purpose, we put
CH(f.Z2) :=Hom (Cr(f.Zs), Z2)
and define coboundary operators
3 CM(1,22) — O (1, 22)
by kb k
OFw¥(prs) = W (Ok1prr1)
for wk € C*(f, Z2) and pri1 € Cr(f,Za2).
If there are only finitely many critical points p;
we have a canonical isomorphism
Ci(f,22) — C*(f,Z2)
Djk pf with p;”(pﬂk) =4;; (=1 for i = j and 0 otherwise)

P,k of index k, then

and
otph = > k(0 k1)
i k41 critical point of f of indexk-+1
provided that sum is finite, too. Of course, this cohomology theory and the
coboundary operator ¢ can also be constructed directly from the function f,
by looking at the positive instead of the negative gradient flow, i.e. at the
solution curves of
y:R— X
y(t) =grad f(y(t)) for all t
The preceding formalism then goes through in the same manner as before.

Remark. In certain infinite dimensional situations in the calculus of varia-
tions, there may be an analytic difference between the positive and negative
gradient flow. Often, one faces the task of minimizing a certain function
f: X — R that is bounded from below, but not from above, and then also of
finding other critical points of such a function. In such a situation, flow lines
for the negative gradient flow

@(t) = —grad f(x(t))

might be well controlled, simply because f is decreasing on such a flow line,
and therefore bounded, while along the positive gradient flow

y(t) = grad f(y(t)),

f may not be so well controlled, and one may not be able to derive the
asymptotic estimates necessary for the analysis.
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6.6 Orientations and Z-homology

In the present §, we wish to consider the group C.(f,Z) with integer coeffi-
cients generated by the set C.(f) of critical points of f and define a boundary
operator

d:C.(f,2) - C(f,7)
satisfying

Dod=0

as in the Zy-case, in order that (C.(f,Z),d) be a chain complex. We assume
that the general assumptions of § 6.5 (f € C?, (PS), nondegeneracy of critical
points, Morse-Smale-Floer condition) continue to hold.

We shall attempt to define @ as in Def. 6.5.3, by counting the number of
connecting trajectories between critical points of relative index 1, but now we
cannot simply take that number mod 2, but we need to introduce a sign for
each such trajectory and add the corresponding signs +1. In order to define
these signs, we shall introduce orientations.

In order to motivate our subsequent construction, we shall first consider
the classical case where X is a finite dimensional, compact, oriented, dif-
ferentiable manifold. Let f : X — R thus be a Morse function. The index
u(p) of a critical point p is the number of negative eigenvalues of d2f(p),
counted with multiplicity. The corresponding eigenvectors span the tangent
space V' C T, X of the unstable manifold W"(p) at p. We choose an arbi-
erP) of V! as being

trary orientation of V', i.e. we select some basis e
positive. Alternatively, we may represent this orientation by dz' A. .. Ada#®),
where dz', ..., dz"®) are the cotangent vectors dual to e', ... e*P).

As X is assumed to be oriented, we get an induced orientation of the
tangent space V,j C T,X of the stable manifold W*(p) by defining a ba-
sis er@+L

L (n = dim X) as positive if 1., eh®) en@+L e s a
positive basis of T}, X. In the alternative description, with dar )+ da™
dual to et ¢ " the orientation is defined by dz®)+*1 A Ada™ pre-
cisely if dz' A...daH®) A dgt P A A da™ yields the orientation of T, X.

Now if ¢ is another critical point of f, of index p(q) = p1(p) — 1, we choose
any regular value a of f with f(g) < a < f(p) and consider the intersection

W) VW ()N 7 (@),

The orientation of X also induces an orientation of f~!(a), because f~!(a)
is always transversal to grad f, and so we can consider a basis 7°, ..., n" of
T, (a) as positive if grad f(y),n?,...,n" is a positive basis of T}, X.

As we are assuming the Morse-Smale-Floer condition,

W) NW*(q) N f~(a)

is a finite number of points by Lemma 6.5.4, and since W*(p), W*(p) and
f~Y(a) all are equipped with an orientation, we can assign the sign +1 or
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—1 to any such intersection point depending on whether this intersection is
positive or negative.
These intersection points correspond to the trajectories s of f from p to
¢, and we thus obtain a sign
n(s) = £1

for any such trajectory, and we put

ap = Z n(s)r.
reC(f)
n(r)=u(p)-1
semf
It thus remains to show that with this definition of the boundary operator
9, we get the relation
900 =0.
In order to verify this, and also to free ourselves from the assumptions that X
is finite dimensional and oriented and to thus preserve the generality achieved
in the previous §, we shall now consider a relative version.
We let p, g be critical points of f connected by the flow with

ulpa) =2,

and we let M be a component of Mé)q = W*(p)NW*(q). For our subsequent
analysis, only the second case of Thm. 6.5.1 will be relevant, i.e. where M
has a boundary which then consists of two different broken trajectories from
p to ¢. It is clear from the analysis of the proof of Thm. 6.5.1 that M is
orientable. In fact, M is homeomorphic to the open disk, and it contains
two transversal one-dimensional foliations, one consisting of the flow lines of
f and the other one of the intersections of M with the level hypersurfaces
f~Ha), f(g) < a < f(p) (as M does not contain any critical points in its
interior, all intersections with level hypersurfaces of f are transversal). We
may thus choose an orientation of M.

»
1

Fig. 6.6.1.
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This orientation then also induces orientations of the corner points of the
broken trajectories in the boundary of M in the following sense: Let s =
s1#£s2 be such a broken trajectory, with intermediate critical point r =
$1(00) = s2(—00). The plane in T, X spanned by s;(oc) limy o0 51 (1)
and sp(—00) := limy—._ s2(t) then is a limit of tangent planes of M and
thus gets an induced orientation from M.

This now implies that if we choose an orientation of s1, we get an induced
orientation of sy, by requiring that if vy, vy are positive tangent vectors of s,
and s, resp. at r, then vy, vs induces the orientation of the above plane in
T, X. Likewise, M N f~!(a), for f(g) < a < f(p) gets an induced orientation
from the one of M and the one of the flow lines inside M which we always
orient by —grad f. Then the signs n(s1), n(s2) of s; and sy, resp. are defined
by checking whether s; resp. so intersects these level hypersurfaces f~'(a)
positively or negatively. Alternatively, what amounts to the same is simply
checking whether sy, s, have the orientation defined by —grad f, or the op-
posite one, and thus, we do not even need the level hypersurfaces f~*(a).

Obviously, the problem now is that the choice of orientation of many
trajectories connecting two critical points p,r of relative index pu(p,r) = 1
depends on the choice of orientation of some such M containing s in its
boundary, and the question is whether conversely, the orientations of these
M can be chosen consistently in the sense that they all induce the same
orientation of a given s. In the case of a finite dimensional, oriented manifold,
this is no problem, because we get induced orientations on all such M from
the orientation of the manifold and choices of orientations on all unstable
manifolds, and these orientations fit together properly. In the general case,
we need to make the global assumption that this is possible:

Definition 6.6.1 The Morse-Smale-Floer flow f is called orientable if we
may define orientations on all trajectories Mﬁ,q for critical points p,q with
relative index z(p, ¢) = 2 in such a manner that the induced orientations on
trajectories s between critical points of relative index 1 are consistent.

‘With these preparations, we are ready to prove

Theorem 6.6.1 Assume that the general assumptions (f € C®, (PS)), non-
degeneracy of critical points, Morse-Smale-Floer conditions continue to hold,
and that the flow is orientable in the sense of Def. 6.6.1. For the group
C.(f.Z) generated by the set C.(f) of critical points of f. with integer coef-
ficients, the operator

0:C.(f,2) = C(£,2)
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defined by
p = Z n(s)r

reC.(f)
n(p,r)=1
wentd

for p € C.(f) and linearly extended to C.(f,Z), satisfies
900 =0.

Thus, C.((f,Z),0) becomes a chain complex, and we may define homology
groups Hy(X, f,Z) in the same manner as in Def. 6.5.4.

Proof. We have

dodp= Z Z 1(s2)n(s1)q

9€C.(f) rEC.(f)
nra)=1 u(p.r)=1
speml  oreml,

- > n(s2)n(s)a-
4€C. (1)
n(oa)=2
(¢1.92) broken trajectory fromp to @
By Thm. 6.5.1, these broken trajectories alv\ayﬁ occur in pairs (s'1,5'2),
(s"1,5"2) bounding some component M of _/V[
It is then geometrically obvious, see Fig. 6. 6 1 that

n(s)n(sy) = —n(s!)n(s3).
Thus, the contributions of the two members of each such pair cancel each
other, and the preceding sum vanishes. O

In the situation of Thm. 6.6.1, we put
be(X, f) := dimg Hi(X, f,Z).
We shall see in §§ 6.7, 6.9 that these numbers in fact do not depend on f.

As explained at the end of the preceding §, one may also construct a dual
cohomology theory, with

CH(£.2) = Hom (Cy(f.2),2)
and coboundary operators
ok Cr(f,z) — CRY(f,Z)

with
5 0 (prs1) = W (O 1prr1)
for w* € C*(f.2), pr+1 € Crnn(f,2)-
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6.7 Homotopies

‘We have constructed a homology theory for a Morse-Smale-Floer function
[ on a manifold X, under the preceding assumptions. In order to have a
theory that captures invariants of X, we now ask to what extent the resulting
homology depends on the choice of f. To formulate the question differently,
given two such functions f1, f2, can one construct an isomorphism between
the corresponding homologies? If so, is this isomorphism canonical?

A first geometric approach might be based on the following idea, consid-
ering again the case of a finite dimensional, compact manifold:
Given a critical point p of f! of Morse index j, and a critical point g of f2 of
the same Morse index, the unstable manifold of p has dimension y, and the
stable one of ¢ dimension n — p if n = dim X. Thus, we expect that generally,
these two manifolds intersect in finitely many points z1,...,z; with signs
n(x;) given by the sign of the intersection number, and we might put

o= Y > nl (6.7.1)
S W ENW ()
(we introduce additional indices f,f? in order to indicate the source of the
objects) to get a map

¢ O G) — Cu(f%,G)

extended to coefﬁciem“s G = Z» or Z that hopefully commutes with the
boundary operators 8/, &/ in the sense that

6ol =0/ o gl (6.7.2)

One difficulty is that for such a construction, we need the additional
assumption that the unstable manifolds for f! intersect the stable ones for
£? transversally. Even if f' and f? are Morse-Smale-Floer functions, this
need not hold, however. For example, one may consider f2 = — f'; then for
any critical point p,

W) = W)

which is not compatible with transversality.

Of course, one may simply assume that all such intersections are transver-
sal but that would not be compatible with our aim to relate the homology
theories for any pair of Morse-Smale-Floer functions in a canonical manner.
‘We note, however, that the construction would work in the trivial case where
f? = f!, because then V F1(p) and Wia(p) = W} (p) intersect precisely at
the critical point p itself.

In order to solve this problem, we consider homotopies

F:XxR—R
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with
lim F(z,t) = fi(z), lim F(z,t) = f}(z) forallze X.
t——oc0 =00
In fact, for technical reasons it will be convenient to impose the stronger

requirement that
F(z,t) = fYz) fort<-R

5 (6.7.3)
F(x,t) = f*(z) fort>R
for some R > 0.
Given such a function F, we consider the flow
i(t) = —grad F(z(t),t) forteR (6.7.4)

z(0) =z,
where grad denotes the gradient w.r.t. the z-variables. In order to avoid

trouble with cases where this gradient is unbounded, one may instead consider
the flow

grad F(z(t),t), (6.7.5)

but for the moment, we ignore this point and consider (6.7.4) for simplicity.
If p and q are critical points of f! and f2, resp., with index y the strategy
then is to consider the number of flow lines s(t) of (6.7.5) with

s(—00) =p, s(o0) =4q,
equipped with appropriate signs n(s), denote the space of these flow lines by

M}, and put
o= > > nl)e (6.7.6)

a€CL(12) seMF
@)=n(p) g

Let us again discuss some trivial examples:
If f' = f? and F is the constant homotopy, then clearly

»*'(p) =p.
for every critical point p. If f2 = —f! and we construct F by
flz) for —co<t<-—1
Fx,t):={ —tfl(t) for -1<t<1 (6.7.7)
—fl(z) for 1<t<oo
we have
s(t) = s(—t) (6.7.8)

for any flow line. Thus, also
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(00) = s(~o0),

and a flow line cannot connect a critical p of f! of index ;1/ with a critical
point g of £2 of index ;L/ =n—pl’, ! unless p=gqand u/ = 4. Consequently,
we seem to have the same difficulty as before. This is not qunc so, however,
because we now have the possibility to perturb the homotopy if we wish to
try to avoid such a peculiar behavior. In other words, we try to employ only
generic homotopies.

In order to formulate what we mean by a generic homotopy we recall the
concept of a Morse function. There, we required that the Hessian d?f ()
at a critical point is nondegenerate. At least in the finite dimensional case
that we consider at this moment, this condition is generic in the sense that
the Morse functions constitute an open and dense subset of the set of all C?
functions on X. The Morse condition means that at a critical point zg, the
linearization of the equation

(1) = —grad f(2(1))

has maximal rank. A version of the implicit function theorem then implies
that the linearization of the equation locally already describes the qualitative
features of the original equation. In this sense, we formulate

Definition 6.7.1 The homotopy F satisfying (6.7.3) is called regular if when-
ever
grad F(zg,t) =0 forallt € R,

the operator

% +d?F(xo,t) : HY*(a3TX) — L*(z3TX)

is surjective.

This is satisfied for a constant homotopy, if f! is a Morse function, but
not for the homotopy (6.7.7) because in that case only sections satisfying
(6.7.8) are contained in the range of g; " +d?F(x0,1).

Let us continue with our heurlstlc LOUblderdthnb
If f! is a Morse function as before, ¢ : (—00,0] — R* satisfies o(t) = 1 for
t < —1, ¢(0) = 0, we consider the flow

#(t) = —p(t)grad f'(z(t)) for —oo <t <0,
z(0) = z.

We obtain a solution for every z € X, and as before z(—o0) always is a
critical point of f!. Thus, while all the flow lines emanate at a critical point
for t = —o0, they cover the whole manifold at ¢t = 0. If we now extend ¢ to
(0,00) by putting

o(t) == p(—t) fort=>0,
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and if we have another Morse function f2 and put
i(t) = —p(t)grad f*(x(1))  fort >0,

in the same manner, the flow lines will converge to critical points of f? at
t = co. We thus relate the flow asymptotic regimes governed by f! and f?
through the whole manifold X at an intermediate step. Of course, this only
works under generic conditions, and we may have to deform the flow slightly
to achieve that, but here we rather record the following observation: The
points x(0) for flow lines with 2(—cc) = p cover the unstable manifolds of
the critical point p of f!, and likewise the points z(0) for the flow lines with
2(00) = ¢ for the critical point ¢ of f2 cover the stable manifold of ¢. Thus
the flow lines with z(—oc) = p, z(oc) = ¢ correspond to the intersection of
the unstable manifold of p (w.r.t. f') with the stable manifold of ¢ (w.r.t.
£?), and we now have the flexibility to deform the flow if problems arise from
nontransversal intersections.

TLet us return once more to the trivial example f' = f2, and a constant
homotopy F. We count the flow lines not in X, but in X x R. This simply
means that in contrast to the situation in previous §§, we now consider the
flow lines z(-) and z(- + to), for some fixed ty € R, as different. Of course,
if the homotopy F is not constant in ¢, the time shift invariance is broken
anyway, and in a certain sense this is the main reason for looking at the
nonautonomous equation (6.7.4) as opposed to the autonomous one &(t) =
—grad f(z(t)) considered previously. Returning for a moment to our constant
homotopy, if p and ¢ are critical points of indices p(p) and p(q) = u(p) — 1,
resp. , connected by the flow of f*, the flow lines for F cover a two-dimensional
region in X x R. This region is noncompact, and it can be compactified by
adding broken trajectories of the type

S1#s2
where s; is a flow for f! from p to ¢ and s, is the constant flow line for
f' = f? from p to g. This looks analogous to the situation considered in

§ 6.5, and in fact with the same methods one shows the appropriate analogue
of Thm. 6.5.1. When it come to orientations, however, there is an important
difference. Namely, in the situation of Fig. 6.7.1 (where we have compactified
R to a bounded interval), the two broken trajectories from p to ¢ in the
boundary of the square should now be given the same orientation if we wish
to maintain the aim that the homotopy given through (6.7.6) commutes with
the boundary operator even in the case of coefficients in Z.
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—oC R oc
q 14
X X
q q
—oc R oo
Fig. 6.7.1.

The considerations presented here only in heuristic terms will be taken up
with somewhat more rigour in § 6.9 below.

6.8 Graph flows

In this §, we shall assume that X is a compact, oriented Riemannian manifold.
A slight variant of the construction of the preceding § would be the following:
Let f1, f2 be two Morse-Smale-Floer functions, as before. In the preceding §,
we have treated the general situation where the unstable manifolds of f; need
not intersect the stable ones of fo transversally. The result was that there
was enough flexibility in the choice of homotopy between f; and f so that
that did not matter. In fact, a consequence of that analysis is that we may
always find a sufficiently small perturbation of either one of the two functions
so that such a transversality property holds, without affecting the resulting
algebraic invariants.

Therefore from now on, we shall assume that for all Morse-Smale-Floer
functions fi, fa, ... occuring in any construction in the sequel, all unstable
manifolds of any one of them intersect all the stable manifolds of all the other
functions transversally. We call this the generalized Morse-Smale-Floer
condition.

Thus, assuming that property, we consider continuous paths

r:R— X
with
i(t) = —grad fi(z(t)), withi=1fort<0,i=2fort>2.

The continuity requirement then means that we are switching at ¢t = 0 in a
continuous manner from the flow for f; to the one for fo. As we are assuming
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the generalized Morse-Smale-Floer condition, this can be utilized in the man-
ner described in the previous § to equate the homology groups generated by
the critical points of f; and fo resp.
This construction admits an important generalization:

Let I" be a finite oriented graph with n edges, ny of them parametrized by
(=00, 0], na parametrized by [0, 50), and the remaining ones by [0, 1]. We also
assume that to each edge e; of I', there is associated a Morse-Smale-Floer
function f; and that the generalized Morse-Smale-Floer condition holds for
this collection fi,..., fn.

Definition 6.8.1 A continuous map = : I' — X is called a solution of the
graph flow for the collection (f1,..., f,) if

i(t) = —grad fi(x(t)) fort € e;. (6.8.1)

Again, the continuity requirement is relevant only at the vertices of I" as
the flow is automatically smooth in the interior of each edge. If py,...,py,
are critical points for the functions fi,..., f,, resp. corresponding to the
edges e1,..., e,, parametrized on (—00,0], pn,41.---,Pn,+n, critical points
corresponding to the edges €n,41,...,€n,4n, resp. parametrized on [0, 00),
we let MJ be the space of all solutions of (6.8.1) with

Pnytng

lim z(t)=p; fori=1,....m

e

}im z(t)=p; fori=ni+1,..., ny + ng,
tee;

i.e. we assume that on each edge e;, i = 1,...,n1 + na, z(t) asymptotically
approaches the critical p; of the function f;.
If X is a compact Riemannian manifold of dimension d, we have

Theorem 6.8.1 Assume, as always in this §, the generalized Morse-Smale-

Floer condition. Then M,I:‘ Prying 180 smooth manifold, for all tuples

(P1s-- -\ Pytns), where p; is a critical point of f;, with

ny nitny
dimM:: Pty = Z/L(p,) - Z w(p;) —d(ny — 1) — ddim H (I, R),
=1 j=nitl

(6.8.2)
where p(pr) is the Morse index of the critical point py. for the function fy.

Proof. We simply need to count the dimensions of intersections of the relevant
stable and unstable manifolds for the edges modeled on [0, 00) and (—oc, 0]
and the contribution of internal loops. Each unstable manifold corresponding
to a point p;,i = ny+1,...,n1+ny has dimension d— p(p;). If a submanifold
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X, of X is intersected transversally by another submanifold X5, then the
intersection has dimension d — (d —dim X) — (d — dim X>), and this accounts
for the first three terms in (6.8.2). If we have an internal loop in I', this
reduces the dimension by d, as the following argument shows:

Let I' be constituted by two ej,es with common end points, and let the
associated Morse functions be fy, fa, resp. For f;, i = 1,2, we consider the
graph of the flow induced by that function, i.e. we associate to each x € X
the point #;(1), where z; is the solution of @;(t) = —grad f;(z;(t)), ;(0) = z.
These two graphs for fi and f, are then submanifolds of dimension d of
X x X, and if they intersect transversally, they do so in isolated points, as
dim(X x X) = 2d. Thus, if we start with a d-dimensional family of initial
points, we get a finite number of common end points. [m]

Again M[ <bayin, 18 1OL compact, but can be compactified by flows
with broken trajectories on the noncompact edges of I'.
The most useful case of Thm. 6.8.1 is the one where the dimension of

M;: is 0. In that case, MI consists of a finite number
LoPny4ng PPy +ng

of continuous maps = : I' — X solving (6.8.1) that can again be given
appropriate signs. The corresponding sum is denoted by
(I3 p1, - Py tns)-
We then define a map
N nitng
al): ® Cu(fi,2) —» ~® " Culf;.Z)
i=1 J=ni+l
(Pr1®...@pn,) > (TP Poyna) Py 41 @ - @ Piyomy)-
With
C*(fi,2) == Hom(C.(f3,2), Z2),
we may consider ¢(I") as an element of
+
& C*(fnz) " OS5, 7).
i=1 J=mi+1
‘With the methods of the previous §, one verifies
Lemma 6.8.1 9q = 0.

Consequently, we consider ¢(I") also as an element, of

ny nitng
© H(fi,Z) @ " H.(f;;2).
i=1 j=nat1

Besides the above example where I" had the edges (—oo, 0] and [0,00),
there are other examples of topological significance:



342

6. Morse Theory and Floer Homology
I’ = [0,00). Thus, ny = 0, ny = 1, and with p = p,, = p1,
dimMII; =d— p(p).

This is 0 precisely if p(p) = d, i.e. if p is a local maximum. In that
case q(I") € Hq(X;7Z) is the so-called fundamental class of X.

I consisting of two edges modeled on (—oc,0], and joined by identi-
fying the two right end points 0. Thus ny = 2, np = 0, and

dim M}, = p(p1) + p(p2) - d,
and this is 0 if p(p2) = d — p(p1). With & := p(py), thus
q(I" € H*(X,Z) ® HY*(X,7)
= Hom (Hy(X;2); H*(X,Z)

is the so-called Poincaré duality isomorphism.
T consisting of one edge modeled on (—o0,0], and two ones modeled

on [0,00), all three identified at the commt;n point 0. Thus n; =
1,n2 =2, and

cliln/\/lf;”pz,,,3 = pu(p1) — pp2) — p(ps)-
Hence, if this is 0,

aN) € & HYK.2)® H(X,2)® Hy5(X,2)
i<
~ @ Hom (HY(X,2) @ H* (X, Z), H" (X, Z).
i<k

‘We thus obtain a product
U: HI(X,Z) ® H*9(X,Z) — H*(X,Z),

the so-called cup product.
T consisting of one edge (—o00, 0] together with a closed loop based at
0. In that case

dimM,’: =pu(p) —d,

which vanishes for pu(p) = d, i.e.
q(I') € HY(X,Z).

This cohomology class is called the Euler class.
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6.9 Orientations

‘We are considering solution curves of
&(t) + grad f(x(t)) =0, (6.9.1)
or more generally of
&(t) + grad F(x(t),t) = 0, (6.9.2)
and we wish to assign a sign to each such solution in a consistent manner.
For that purpose, we linearize those equations. We consider a curve z(t) of
class HY2(R, X) and a section ¢(t) of class H"? of the tangent bundle of X
along 7, i.e. ¢ € HY?(R,2*7'X). Then, in the case of (6.9.1), the linearization
is
.
Vs (e, (0s0(0)” + grad flexp, 500)
= Vﬁ«p(i) + Dyygrad f(x(t)) with V= Vi,
V the Levi-Civita connection of X,
and likewise, for (6.9.2), we get
V{%tp(t) + Dyygrad F(x(t), t).
We shall thus consider the operator
Vi + Dgrad F : HY*(2*TX) — L*(«*TX) 6.93)
= Vip + Dygrad F. o

This is an operator of the form
V+A: HY(2'TX) — L*(2"TX),

where A is a smooth section of z*EndT'X which is selfadjoint, i.c. for each
t € R, A(t) is a selfadjoint linear operator on Ty X.
‘We are thus given a vector bundle E on R and an operator

V+A: HY(E) — L¥(B),

with A a selfadjoint endomorphism of E. H“?(E) and L?(E) are Hilbert
spaces, and V + A will turn out to be a Fredholm operator if we assume that
A has boundary values A(+00) at Foo.

Let L : V — W be a continuous linear operator between Hilbert spaces
V,W, with associated norms || - ||y, || - lw resp. (we shall often omit the
subscripts v, and simply write || - || in place of || - ||y or || - [|w). L is called
a Fredholm operator iff

(i) Vo := ker L is finite dimensional
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(ii) Wy = L(V), the range of L, is closed and has finite dimensional
complement W, =: coker L, i.e.

W =W, & W,.

From (i), we infer that there exists a closed subspace V; of V with
V=VyeW,

and the restriction of L to V4 is a bijective continuous linear operator L' :
Vi — Wi
By the inverse operator theorem,
LW, =V
then is also a bijective continuous linear operator. We put
ind L := dim Vj — dim W,

im ker L — dim coker L.

The set of all Fredholm operators from V to W is denoted by F(V,W).

Lemma 6.9.1 F(V,W) is open in the space of all continuous linear operators
from V to W, and
ind : F(V,W) —Z

is continuous, and therefore constant on each component of F(V,W).

For a proof, see e.g. J.Jost, X. Li-Jost, Calculus of variations, Cambridge
University Press, 1998.

By trivializing E along R, we may simply assume F = R", and we thus
consider the operator

% +A(t) s HY3(R,R™) — L*(R,R"), (6.9.4)
and we assume that A(t) is continuous in ¢ with boundary values
A(+oo) = t_l‘lglm A(t),

and that A(—oc) and A(occ) are nondegenerate. In particular, since these
limits exists, we may assume that

[[A@®)|| < comst.,
independently of ¢. For a selfadjoint B € Gl(n,R), we denote by
(B)

the number of negative eigenvalues, counted with multiplicity.
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Lemma 6.9.2 Ly := % + A(t) : HY*(R,R") — L*(R,R") is a Fredholm
operator with
ind Ly = p(A(—00)) — pu(A(c0)).

Proof. We may find a continuous map C : R — Gl(n,R) and continuous
functions Ay (£), ..., A,(t)) such that

C()TAR)C(#) = diag (Aa(t). . Aa(®),  Arlt) < Aa(t) < ... < Aa(D),
i.e. we may diagonalize the selfadjoint linear operators A(t) in a continuous
manner. By continuously deforming A(t) (using Lemma 6.9.1), we may also
assume that A(t) is asymptotically constant, i.e. there exists T' > 0 with

A(t) = A(—o0) fort < -T

A(t) = A(o0) for t > T.
Thus, C(t), A1(t),..., A\ (t) are also asymptotically constant. If s(t) is in
H'?, then it is also continuous, and hence if it solves

d
— A(t)s(t) =
7 s(t) + A(t)s(t) = 0,
then it is also of class C?, since d%s(t) = —A(t)s(t) is continuous. On

(=00, =T7, it has to be a linear combination of the functions

e’*‘(“c)‘,

and on [T, 00), it is a linear combination of

e Nt =1 .
Since a solution on [T, T] is uniquely determined by its values at the bound-
ary points +7', we conclude that the space of solutions is finite dimensional.
In fact, the requirement that s be in H'2? only allows linear combinations
of those exponential functions of the above type with X;(—oc) < 0, on
(=00, =T, and likewise we get the condition A;(cc0) > 0. Thus

dimker L4 = max(pu(A(—o00)) — p(A(c0)), 0)

is finite.
Now let 0 € L?(R,R") be in the orthogonal complement of the image of
Ly, ie.

([ d .
/ (Es(t) + A(t)s(t)) co(t)ydt=0 forall s € H'*(R,R"),
where the - denotes the Euclidean scalar product in R™. In particular, this

relation implies that the weak derivative %a(t) equals —A(t)o(t), hence is in
L?. Thus 0 € HY?(R,R") is a solution of
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—o(t) — A(t)o(t) = 0.
i) — AWM (t) =0
In other words, Ly has —L_4 as its adjoint operator, which then by the
above argument satisfies
dimker L_ 4 = max(p(—A(—00)) — p(—A(c0)),0)
= max(u(A(20)) — p(A(=00)), 0).
L 4 then has as its range the orthogonal complement of the finite dimensional
space ker L_ 4, which then is closed, and
ind L4 = dimker L 4 — dim coker L 4
=dimker L4 — dimker L_ 4
= A(=00)) = p(A(%0))-
[}

Corollary 6.9.1 Let 1,72 be H? curves in X, E; vector bundles along
i, A; continuous selfadjoint sections of EndE;, i = 1,2, with x1(c0) =
z9(—00), Ei(00) = Ez(—0c), Aj(00) = As(—00). We assume again that
Ay (—0), A1 (00) = Az(—oc), A2(c0) are nondegenerate. We consider diffeo-
morphisms
01:(-00,0) = R, o02:(0,00) =R,
with oy(t) =t for |t| > T for some T >0, i = 1,2, and consider the curve
x1(o1(t))  fort <0
a(t) := { x1(00) = wo(—00) fort =0
za(oa(t))  fort >0
with the corresponding bundle E(t) and A(t) glued together from Ei, Es,
Ay, Az, resp. in the same manner. Then

ind Ly =ind La, +ind Ly,.

Proof.
ind La, +ind La, = p(A1(=00)) = p(A1(00)) + p(A(=00)) — p(A2(00))
= p(A(=00)) = p(A(o0))
=ind L,, by Lemma 6.9.2 and construction.

m}

We now need to introduce the notion of the determinant of a Fredholm
operator. In order to prepare that definition, we first let V, W be finite di-
mensional vector spaces of dimension m, equipped with inner products, and
put
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Det V= A™(V), with A°V :=R.

Then (Det V))* ® Det V is canonically isomorphic to R via v* @ w — v*(w).
A linear map
1V —-W

then induces
detl: Det V — Det W,

detl € (Det V))* @ Det W.

The transformation behavior w.r.t. bases ey, ... e, of V, fi,..., firn of W is
given by

detl(er A...Aew) =ler Ao Alem =2 Aifi Ao oA fone

We may e.g. use the inner product on W to identify the orthogonal comple-
ment of [(V') with coker [. The exact sequence

0—kerl = V- I — coker [ — 0
and the multiplicative properties of det allow the identification
(Det V)* @ Det W 2 (Det kerl)* ® Det (coker I) =: Det I.

This works as follows:
Put Vy = kerl, Wy = coker L (= {(V)*4), and write V = Vp @ Vi, W =
Wo @ Wy. Then

I = IM Vi — Wy,

is an isomorphism, and if ey, ..., e is a basis of Vp, epy1,... e, one of Vi,
J1.... [ one of Wy, and if we take the basis legi1,. .., le,, of Wy, then

(1A Aerp1 Ao Aen) @ (Fi A A fr Alegsr Ao Aley)

is identified with
(1A Aem) @ (fi A A fm).

According to the rules of linear algebra, this identification does not depend
on the choices of the basis. In this manner, we obtain a trivial line bundle
over V* @ W, with fiber (Det V)* @ Det W 22 (Det kerl)* ® Det coker [ over
1. detl then is a section of this line bundle, vanishing precisely at those [ that
are not of maximal rank m. On the other hand, if [ is of maximal rank, then
(Det kerl)*®@Det coker I can be canonically identified with R, and det ! with
1 € R, by choosing basis ey, ..., e, of V and the basis ley,...le,, of W, as
above.

In a more abstract manner, this may also be derived from the above exact
sequence

0= kerl = V = W — coker | — 0
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on the basis of the following easy algebraic

[
Lemma 6.9.3 Let 0 — Vlg\/gg L»‘Vk — 0 be an exact sequence of
linear maps between finite dimensional vector spaces. Then there exists a
canonical isomorphism
© AmY S g gmaxy

iodd ieven

One simply uses this Lemma plus the above canonical identification
(Det V)* @ Det V = R.

Suppose now that V, W are Hilbert spaces, that Y is a connected topolog-
ical space and that I, € F(V, W) is a family of Fredholm operators depending
continuously on y € Y. Again, we form the determinant line

Det 1, := (Det kerl,)” @ (Det coker I,

for each y. We intend to show that these lines (Det I,),ey constitute a line

bundle over Y.
ly: (kerlt,)L — (coker ly)L

v Ly
is an isomorphism, and
ind I, = dimkerl,, — dim coker [,

is independent of y € Y, as Y is connected. For y in a neighborhood of some
yo € Y, let V; C V be a continuous family of finite dimensional subspaces
with kerl, C V; for each y, and put

W, i=1,(Vy) ® coker 1,,.
Then as above
(Det Vy)* @ Det W, = (Det kerl,)* @ Det coker 1.

The point now is that this construction is independent of the choice of V; in
the sense that if V' is another such family, we get a canonical identification

(Det V;')* @ Det W,/ = (Det V)" ® Det W;.

Once we have verified that property, we can piece the local models (Det Vy)*®
Det W, for Det I, unambiguously together to get a line bundle with fiber
Det I, over y on Y.
Tt suffices to treat the case
, 1
Vycvy,

and we write
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V) =V, eV,
and
1 I o 1T
W, =W, &W,.
l, : V,, = W, is an isomorphism, and
detl,, : Det V,, — Det W,

yields a nonvanishing section A;, of (Det V,)* ® Det W,. We then get the
isomorphism

(Det V,)* @ Det Wy — (Det V;)* @ Det W, @ (Det V,)* ® Det W,
= (Det V)" @ (Det W)
Sy 8, © ALW

and this isomorphism is canonically determined by 1,,.
We have thus shown

Theorem 6.9.1 Let (I,),ey C F(V,W) be a family of Fredholm operators
between Hilbert spaces V,W depending continuously on y in some connected
topological space Y. Then we may construct a line bundle over Y with fiber

Det I, = (Det kerl,)* ® (Det coker [,)

overy, and with a continuous section det l,, vanishing precisely at thosey € Y’
where kerl, # 0.

Definition 6.9.1 Let | = (Iy)(yey) € F(V,W) be a family of Fredholm
operators between Hilbert spaces V, W depending continuously on y in some
connected topological space Y. An orientation of this family is given by a
nowhere vanishing section of the line bundle Det [ of the preceding theorem.

If kerl, = 0 for all y € Y, then of course detl, yields such a section. If
this property does not hold, then such a section may or may not exist.

‘We now wish to extend Cor. 6.9.1 to the determinant lines of the operators
involved, i.e. we wish to show that

det Ly = det La, @ detLa,.

In order to achieve this, we need to refine the glueing somewhat. We again
trivialize a vector bundle E over R, so that E becomes R x R™. Of course, one
has to check that the subsequent constructions do not depend on the choice
of trivialization.

‘We again consider the situation of Cor. 6.9.1, and we assume that A, Ay
are asymptotically constant in the sense that they do not depend on ¢ for
[t| > T, for some T'> 0. For 7 € R, we define the shifted operator L7 via
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ds
LY, s(t) = o + Ayt —7)s(t).
As we assume A; asymptotically constant, A7 (t) := A1 (t+7) does not depend
on t over [—1,00) for 7 sufficiently large. Likewise, A;7(t) does not depend
on t over (—o0, 1] for 7 sufficiently large. We then put

A(0) = Ao Ao(t) {Al(t+r) for t € (—o0,0]

Ay(t—71) forte[0,00)
and obtain a corresponding Fredholm operator
La#, A,
Lemma 6.9.4 For 7 sufficiently large,
Det La,#,4, = Det La, @ Det Ly,.

Sketch of Proof. We first consider the case where L4, and L 4, are surjective.
We shall show

dimker Ly < dimker L, + dimker L 4, (6.9.5)
which in the surjective case, by Cor. 6.9.1 equals

ind L, +ind Ly, =ind Ly
< dimker L4,

hence equality throughout.
Now if s, (t) € ker La, 4 a,, we have
d
EST(” + A(t)s-(t) =0, (6.9.6)

and we have

A(t) = Ar(00)(= Az(—00))
for [t| < 7, for arbitrarily large T', provided 7 is sufficiently large. Since A;(oc)
is assumed to be nondegenerate, the operator

d

— 4+ Ay (0

a1 HAi(e)

is an isomorphism, and thus, if we have a sequence
(Sm)neN

of solutions of (6.9.6) for 7 = 7,,, with ||s;, ||g12 <1, 7, — oo, then

s, =0 on[-T,T], forany T >0.
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On the other hand, for ¢ very negative, we get a solution of
d
7570 + Au(=e0)sr(8) = 0,
or more precisely, s, (¢t — 7) will converge to a solution of
d
2 s+ a5 =0,

i.e. an element of ker L4, . Likewise s-(t+7) will yield an element of ker L 4,.
This shows (6.9.5).

If L4, , La, are not necessarily surjective, one finds a linear map A : R¥ —
L*(R,R") such that

Ly, +A: HY2(R,R") x R — L*(R,R")
(s,0) = La,s + Av

are surjective for i = 1,2. One then performs the above argument for these
perturbed operators, and observes that the corresponding determinants of
the original and the perturbed operators are isomorphic. [m]

We now let Y be the space of all pairs (z, A), where z : R — X is a
smooth curve with limits z(£00) = limy_,+o z(t) € X, and A is a smooth
section of #*EndTX for which A(t) is a selfadjoint linear operator on Ty X,
for each t € R, with limits A(%00) = lim;_, 1~ A(t) that are nondegenerate,
and for each y € (x,A) € Y, we consider the Fredholm operator

Laay = V4 A: H2@'TX) — [A(2*TX)

Lemma 6.9.5 Suppose X is a finite dimensional orientable Riemannian
manifold. Let (x1, A1), (x1,A2) € Y satisfy x1(£00) = x2(£00), Aj(+o0) =
Ap(+00). Then the determinant lines Det L., a,) and Det L(,, a,) can be
identified through a homotopy.

Proof. We choose trivializations o; : z;TX — R x R" (n = dim X) extend-
ing continuously to oo, for i = 1,2. Thus, Ly, 4,) is transformed into an
operator
d
La, = @ + A;(t) : HY*(R,R") — L*(R,R")
(with an abuse of notation, namely using the same symbol A;(t) for an en-
domorphism of Ty, X and of R™ = ¢;(t)(Ty(1)X)). Since X is orientable, we
may assume that
01(£00) = 72(+00)

(for a nonorientable X, we might have oy(—00) = 02(—00), but oy(c0) =
—03(00), or vice versa, because GL(n, R) has two connected components, but
in the orientable case, we can consistently distinguish these two components
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acting on the tangent spaces 7, X with the help of the orientations of the
spaces T, X). Thus, the relations A;(+o0) = As(£o0) are preserved under
these trivializations.

From the proof of Lemma 6.9.2, ind L,, = ind La,, and coker Ly, =0
or ker Ls, = 0, depending on whether £p(A;(—00)) > £u(A;(c0)). It then
suffices to consider the first case. Since the space of all adjoint endomorphisms
of R" can be identified with ™7 (the space of symmetric (nxn) matrices),
we may find a homotopy between A; and As in this space with fixed endpoints
Aj(f00) = Ay(£00). As a technical matter, we may always assume that
everything is asymptotically constant as in the proof of Lemma 6.9.2, and
that proof then shows that such a homotopy yields an isomorphism between
the kernels of L4, and Ly,.

Thus, Fredholm operators with coinciding ends at 00 as in Lemma 6.9.5
can be consistently oriented. Expressed differently, we call such operators
equivalent, and we may define an orientation on an equivalence class by
choosing an orientation of one representative and then defining the orien-
tations of the other elements of the class through a homotopic deformation
as in that lemma.

Definition 6.9.2 An assignment of an orientation o(z, A) to each equiva-
lence class (z, A) is called coherent if it is compatible with glueing, i.e.

o((21, A))# (22, A2)) = 01, A1) ® 0(w2, A2)
(assuming, as always, the conditions required for glueing, ie. z1(c0) =

#2(—00), A1(00) = Az(—00)).
Theorem 6.9.2 Suppose X is a finite dimensional orientable Riemannian
manifold. Then a coherent orientation exists.
Proof. We first consider an arbitrary constant curve
z(t)=zo € X, A(t) = Ao

The corresponding Fredholm operator

d
Lag = 4+ Aot HY (R, T, X) = LT, X)
then is an isomorphism by the proof of Lemma 6.9.2, or an easy direct argu-
ment. Thus, Det Ly, is identified with R®R*, and we choose the orientation
1®1* € R® R*. We next choose an arbitrary orientation for each class of
operators L, a) different from L, a,) with

z(—o0) =z, A(—o0) = Ay
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(note that the above definition does not require any continuity e.g. in A(cc)).
This then determines orientations for classes of operators L, 1) with

x(00) = xo, A(00) = Ao,

because the operator Li-1 4-1), with 71(t) := z(—t), A7} (t) = A(-t),
then is in the first class, and

Lig—1 a-1)# Lz, a) is equivalent to Lz, 44),
and by Lemmas 6.9.4 and 6.9.5
Det Liy-1,4-1) @ Det Lz 4y = Det Lz, a,)-

Finally, for an arbitrary class L, ), we find (21, A1) and (22, A) with
n(-o0) =z, Ai(-o0) =z, miloc) =(-00),  Ar(oc) = A(~),
z(00) =x0,  Az(00) =, wa(—00) =x(00),  Ay(—00) = A(c0).

and the glueing relation
Lz, a)# Lz, 0)#L(2,.4,) equivalent to Lz, a,)-
The relation of Lemma 6.9.4, i.e.
Det Lz, 4,) ® Det L(; 4y ® Det Ly, a,) = Det Ly, a,)

then fixes the orientation of L, a). [m]

We shall now always assume that X is a compact finite dimensional,
orientable Riemannian manifold. According to Thm. 6.9.2, we may assume
from now on that a coherent orientation on the class of all operators L, 1)
as above has been chosen.

‘We now consider a Morse-Smale-Floer function

f:X—=R
as before, and we let p,q € X be critical points of f with
w(p) — pulg) =1
Then for each gradient flow line z(t) with z(—o00) = p, z(c0) = ¢, i.e.
(1) + grad (x(1)) = 0,
the linearization of that operator, i.e.
L=V +df(a(t) : H"?(2*TX) — L*(2°TX)

is a surjective Fredholm operator with one-dimensional kernel, according to
Lemma 6.9.2 and its proof. However, we can easily find a generator of the
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kernel: as the equation satisfied by z(t) is autonomous, for any 7 € R,
x(t + 7) likewise is a solution, and therefore #(t) must lie in the kernel of
the linearization. Altogether, @(t) defines an orientation of Det L, called the
canonical orientation.

Definition 6.9.3 We assign a sign n(z(t)) = £1 to each such trajectory of
the negative gradient flow of f with ju(z(—o0)) — pu(x(c0)) = 1 by putting n =
1 precisely if the coherent and the canonical orientation for the corresponding
linearized operator V + d*f coincide.

This choice of sign enables us to take up the discussion of § 6.6 and define
the boundary operator as

p = Z n(s)r,
0
nr)=n(p)-1
€M
now with our present choice of sign. Again, the crucial point is to verify the
relation
9 =0.
As in Thm. 6.5.1, based on Thm. 6.3.1, we may again consider a component

M ofle»q (p, g critical points of f with u(p) — u(¢) = 2), homeomorphic to
the open disk. We get a figure similar to Fig. 6.6.1

»

Fig. 6.9.1.

On the flow line z(¢) from p to g, we have indicated a coherent orientation,
chosen such that e; corresponds to the negative flow line direction, and e; cor-
responds to an arbitrarily chosen orientation of the one-dimensional manifold
f~'(a) N M, where f(q) < a < f(p), as in § 6.6. The kernel of the associ-
ated Fredholm operators L, is two-dimensional, and e; A es then induces an
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orientation of Det L,. The coherence condition then induces corresponding
orientations on the two broken trajectories from p to ¢, passing through the
critical points 71,72 resp. In the figure, we have indicated the canonical ori-
entations of the trajectories from p to ry and rg and from r and rs to g. Now
if for example the coherent orientations of the two trajectories from p to 7y
and 79, resp. both coincide with those canonical orientations, then this will
take place for precisely one of the two trajectories from 7y and 75 resp. to q.
Namely, it is clear now from the figure that the combination of the canoni-
cal orientations on the broken trajectories leads to opposite orientations at
¢, which however is not compatible with the coherence condition. From this
simple geometric observation, we infer the relation 9o d = 0 as in § 6.6.

‘We may also take up the discussion of § 6.7 and consider a regular ho-
motopy (as in Def. 6.7.1) F between two Morse functions f!, f2, and the
induced map

6% OL(f1,2) — C.(f2.2).

In order to verify the relationship
¢ o df! = 9f% oo™ (6.9.7)
with the present choice of signs, we proceed as follows. If p; is a critical point
of f1, pa one of f2, with
npr) = p(p2),
and if s : R — X with s(—00) = p1, s(c0) = po satisfies (6.7.4), i.e.
5(t) = —grad F(s(t),t), (6.9.8)

we consider again the linearized Fredholm operator

Le:=V+dF: H(s*TX) — L*(s"TX).

Since p(p1) = p(p2), Lemma 6.9.2 implies
ind L, = 0.

Since by definition of a regular homotopy, L, is surjective, we consequently
get
ker Ly = 0.

Thus, Det Ly is the trivial line bundle R®@R*, and we may orient it by 1®1*,
and we call that orientation again canonical. Thus, we may assign a sign n(s)
to each trajectory from p; to ps solving (6.9.8) as before by comparing the
coherent and the canonical orientations. Now in order to verify (6.9.7), we
look at Fig 6.9.2. Here, we have indicated a flow line w.r.t. f! from p; to
another critical point r1 of f! with u(p1) — p(r1) = 1, and likewise one w.r.t.
f? from py to ry with p(ps) — p(r2) = 1, both of them equipped with the
canonical orientations as defined above for the relative index 1. Since now the
solution curves of (6.9.8) from p; to ps, and likewise from 7 to 7o carry the
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orientation of a trivial line bundle, we may choose the coherent orientations
50 as to coincide with the canonical ones.

Fig. 6.9.2.

3, and with M%

L

We now compute for a critical point py of f! with u(p1)
the space of solutions of (6.9.8) from p; to po,

(0120 9™ = 6™ 001" (p1)

=0t Y > aem | - Y. Y s

n(p2)=pseMf . n(r)=p=1g cpf!

= Z E Z Z n(s)n(s2)

w(r2)==1 \ u(p2)=ps1eMf, MEMi:Q

- Z E Z n(s1)n(s") | ra.
wr)=6=1 5, epmft | SEME L,
Again, as in Thm. 6.5.1, trajectories occur in pairs, but the pairs may be of
two different types: within each triple sum, we may have a pair (s, sélj)
and («9(2)‘.9?12)), and the two members will carry opposite signs as we are then
in the situation of Fig. 6.9.1. The other type of pair is of the form (s, s3) and
(s1, '), i.e. one member each from the two triple sums. Here, the two members
carry the same sign, according to the analysis accompanying Fig. 6.9.2, but
since there are opposite signs in front of the two triple sums, we again get a
cancellation.
In conclusion, all contributions in the preceding expression cancel in pairs,
and we obtain

afo ¢ — M odft =0,
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as desired. We thus obtain

Theorem 6.9.3 Let X be a compact, finite dimensional, orientable Rieman-
nian manifold. Let f',f? be Morse-Smale-Floer functions, and let F be a
regular homotopy between them. Then F induces a map

6% CL(f1.2) — C.(f2,2)

satisfying
o =¢?' 00,

and hence an isomorphism of the corresponding homology groups defined by
! and f?, resp.

Corollary 6.9.1 Under the assumptions of Thm. 6.9.3, the numbers b, (X, f)
defined at the end of § 6.6 do not depend on the choice of a Morse-Smale-
Floer function f and thus define invariants by(X) of X. O

Definition 6.9.4 The numbers by, (X) are called the Betti numbers of X

Remark.  The Betti numbers have been defined through the choice of a
Riemannian metric. In fact, however, they turn out not to depend on that
choice. See the Perspectives for some further discussion.

Perspectives. The relative approach to Morse theory presented in this chapter
was first introduced by Floer in [74]. It was developed in detail by Schwarz[221],
and starting with § 6.4 we have followed here essentially the approach of Schwarz
although in certain places some details are different (in particular, we make a more
systematic use of the constructions of § 6.3), and we cannot penetrate here into all
the aspects worked out in that monograph. An approach to Floer homology from
the theory of hyperbolic dynamical system has been developed in [250]. We also
refer the teader to the bibliography of [221] for an account of earlier contributions
by Thom, Milnor, Smale, and Witten. (Some references can also be found in the
Perspectives on § 6.10.)

In particular, Witten[256], inspired by constructions from supersymmetry, es-
tablished an isomorphism between the cohomology groups derived from a Morse
function and the ones coming from the Hodge theory of harmonic forms as devel-
oped in Chapter 2 of the present work.

In some places, we have attempted to exhibit geometric ideas even if consider-
ations of space did not allow the presentation of all necessary details. This applies
for example to the § 6.8 on graph flows which is based on [22]. As in Schwarz’
monograph, the construction of coherent orientations in § 6.9 is partly adapted
from Floer, Hofer[75]. This in turn is based on the original work of Quillen[204] on
determinants.

The theory as presented here is somewhat incomplete because we did not de-
velop certain important aspects, among which we particularly wish to mention the
following three:
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1) Questions of genericity:

A subset of a Baire topological space is called generic if it contains a count-
able intersection of open and dense sets. In the present context, one equips
the space of (sufficiently smooth) functions on a differentiable manifold X
as well as the space of Riemannian metrics on X with some C* topology,
for sufficiently large k. Then at least if X is finite dimensional and com-
pact, the set of all functions satisfying the Morse condition as well as the
set of all Riemannian metrics for which a given Morse function satisfies the
Morse-Smale-Floer condition are generic.

2) We have shown (see §§ 6.7, 6.9) that a regular homotopy between two
Morse functions induces an isomorphism between the corresponding ho-
mology theory. It remains to verify that this isomorphism does not depend
on the choice of homotopy and is flow canonical.

3) Independence of the choice of Riemannian metric on X: We recall that by
Lemma 1.5.1, a Riemannian metric on X is given by a symmetric, positive
definite covariant 2-tensor. Therefore, for any two such metrics go, g1 and
0<t<1,g :=tgo+ (1 —t)g: is a metric as well, and so the space of all
Riemannian metrics on a given differentiable manifold is a convex space, in
particular connected. If we now have a Morse function f, then the gradient
flows w.r.t. two metrics go, g1 can be connected by a homotopy of metrics.
The above linear interpolation g; may encounter the problem that for some
t, the Morse-Smale-Floer transversality condition may not hold, and so one
needs to consider more general homotopies. Again, for a generic homotopy,
all required transversality conditions are satisfied, and one then conclude
that the homology groups do not depend on the choice of Riemannian met-
ric. Thus, they define invariants of the underlying differentiable manifold.
In fact, they are even invariants of the topological structure of the manifold,
because they satisfy the abstract Eilenberg-Steenrood axioms of homology
theory, and therefore yield the same groups as the singular homology theory
that is defined in purely topological terms.

These points are treated in detail in [221] to which we consequently refer.

As explained in this chapter, we can also use a Morse function to develop a
cohomology theory. The question then arises how this cohomology theory is related
to the de Rham-Hodge cohomology theory developed in Chapter 2. One difference
is that the theory in Chapter 2 is constructed with coefficients R, whereas the
theory in this Chapter uses Zx and Z as coefficients. One may, however, extend
those coefficients to R as well. Then, in fact, the two theories become isomorphic
on a compact differentiable manifolds, as are all cohomology theories satisfying the
Eilenberg-Stennrod axioms. These axioms are verified for Morse-Floer cohomology
in [221]. The background in algebraic topology can be found in [229]. Witten[256]
derived that isomorphism in a direct manner. For that purpose, Witten considered
the operators

dp = e Vde',

their formal adjoints
dy =ed et
and the corresponding Laplacian
Ay = ded] + di dy.

For t = 0, Ag is the usual Laplacian that was used in chapter 2 in order to develop
Hodge theory and de Rham cohomology, whereas for ¢ — oo, one has the following
expansion
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9*h 9
e e 2y e )
Ac=dd” +d"d+ Edf|* + 150 5 s {z(alk> dz]

wher

(3%),_,...,, is an orthonormal frame at the point under consideration. This
becomes very large for ¢ — 0o, except at the critical points of f, i.e. where df = 0.
Therefore, the eigenfunctions of A; will concentrate near the critical points of f for
t — 00, and we obtain an interpolation between de Rham cohomology and Morse
cohomology.

An elementary discussion of Morse theory, together with applications to closed
geodesics, can be found in [182].

Finally, as already mentioned, Conley developed a very general critical point
theory that encompasses Morse theory but applies to arbitrary smooth functions
without the requirement of nondegenerate critical points. This theory has found
many important applications, but here we have to limit ourselves to quoting the
references Conley[50], Conley and Zehnder[51]. In another direction, different ap-
proaches to Morse theory on singular (stratified) spaces have been developed by
Goresky and MacPherson[90] and Ludwig[172].

6.10 The Morse Inequalities

The Morse inequalities express relationships between the Morse numbers fi;,
defined as the numbers of critical points of a Morse function f of index i, and
the Betti numbers b; of the underlying manifold X. In order to simplify our
exposition, in this §, we assume that X is a compact Riemannian manifold,
and we only consider homology with Z,-coefficients (the reader is invited
to extend the considerations to a more general setting). As before, we also
assume that f : X — R is of class C® and that all critical points of f are
nondegenerate, and that (X, f) satisfies the Morse-Smale-Floer condition.

As a preparation, we need to consider relative homology groups. Let A
be a compact subset of X, with the property that flow lines can enter, but
not leave A. This means that if

@(t) = —grad f(z

)) fort e R

and
z(to) € A for some o € RU {—o00},
then also
a(t) € Afor all t > tqg.

We obtain a new boundary operator 9 in place of 0 by taking only those
critical points of f into account that lie in X\ A. Thus, for a critical point
p € X\A, we put

Pp= Y Ml (6.10.1)

reC, (NNX\A
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By the above condition that flow lines cannot leave A once they hit it, all
flow lines between critical points p,r € X\ A are entirely contained in X\A
as well. In particular, as in Thm 6.5.2, we have

91 9"p =0 for all critical points of f in X\A. (6.10.2)
Defining C2(f,Zs) as the free Abelian group with Z,-coefficients generated
by the critical points of f in X\ A, we conclude that
(C(£.22),0%)
is a chain complex. We then obtain associated homology groups
ker 97!

Ho(X, A, f,7) 1= —2%
(X, A4, £.22) image 97,

(6.10.3)
as in § 6.5.

‘We shall actually need a further generalization: Let A C Y C X be compact,
and let f: X — R satisfy:
(i) If the flow line

ie.

#(t) = —grad f(x(t)) for all t,
satisfies
a(tg) € A for some g € RU {—oc},
then there is no t > to with x(t) € Y\ A.
(ii) If the flow line x(t) satisfies
o
z(ty) € Y,a(tz) € X\Y, with —oo <ty <1 < 00,

then there exists t; <ty < to with

x(to) € A.

Thus, by (i), flow lines cannot reenter the rest of Y from A, whereas by (ii),
they can leave the interior of Y only through A. If p € Y\ A is a critical point
of f, we put

MApi= N (#mM)T (6.10.4)

TECL(f)NY\A
wlp.
Again, if p and r are critical points in Y\ A, then any flow line between them
also has to stay entirely in Y\ 4, and so as before
VAo =, (6.10.5)
and we may define the homology groups
ker 9%

Hy(Y. A, f, L) = —F5o
image 9 )}

(6.10.6)
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We now apply these constructions in three steps:

1)

Let p be a critical point of f with Morse index
wp) = k.
We consider the unstable manifold
W*(p) = {z(-) flow line with z(—oc) = p}. (6.10.7)

As the parametrization of a flow line is only defined up to an additive
constant, we use the following simple device to normalize that con-
stant. Tt is easy to see, for example by Thm. 6.3.1, that for sufficiently
small € > 0,W"(p) intersects the sphere dB(p,¢) transversally, and
each flow line in W"(p) intersects that sphere exactly once. We then
choose the parametrization of the flow lines z(-) in W*(p) such that
2(0) always is that intersection point with the sphere dB(p,¢). Hav-
ing thus fixed the parametrization, for any 7" € R, we cut all the flow
lines off at time 7'

YPT = {z(t) : —oo <t < T, z(-) flow line in W"(p)} (6.10.8)

and
AT = {x(T) : x(-) flow line in W*"(p)}. (6.10.9)

It is easy to compute the homology H,f(YpT, AZ;, f.Zs) : p is the only
critical point of f in YpT\A};, and so

O ATp=0. (6.10.10)

Thus, the kernel of 8:"'/‘”’ is generated by p. All the other kernels and

. Y AT .
images of the 9;” "7 are trivial and therefore

Zo ifj=k

0 otherwise , (6.10.11)

057 A7, 1.22) = {
for all T € R.
Thus, the groups HI(YPT. Az:, f,Z3) encode the local information ex-
pressed by the critical points and their indices. No relations between
different critical points are present at this stage. Thus, for this step,
we do not yet need the Morse-Smale-Floer condition.
‘We now wish to let 7 tend to oo, i.e. to consider the entire unstable
manifold W"(p). W*(p), however, is not compact, and so we need to
compactify it. This can be done on the basis of the results of §§ 6.4,
6.5. Clearly, we need to include all critical points 7 of f that are end
points of flow lines in W*(p), i.e.

co) for some flow line () in W*(p).
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In other words, we consider all critical points r to which p is connected
by the flow in the sense of Def. 6.5.2. In particular, for any such r

u(r) < ulp),

because of the Morse-Smale-Floer condition, see (6.5.2). Adding those
critical points, however, is not yet enough for compactifying W*(p).
Namely, we also need to add the unstable manifolds W*(r) of all those
r. If the critical point ¢ is the asymptotic limit y(oc) of some flow line
y(+) in W*(r), then, by Lemma 6.5.2, we may also find a flow line 2(-)
in W*(p) with z(c0) = ¢, and furthermore, as the proof of Lemma
6.5.2 shows, the flow line y(-) is the limit of flow lines z(-) from W"(p).
Conversely, by Thm. 6.4.1, any limit of flow lines z,(-) from W*(p),
n € N, is a union of flow lines in the unstable manifolds of critical
points to which p is connected by the flow, using also Lemma 6.5.2
once more. As these results are of independent interest, we summarize
them as

Theorem 6.10.1 Let f € C*(X,R), X a compact Riemann manifold, be a
function with only nondegenerate critical points, satisfying the Morse-Smale-
Floer condition. Let p be a critical point of f with unstable manifold W"(p).
Then W*(p) can be compactified by adding all the unstable manifolds W*(r)
of critical points r for which there exists some flow line from p to r, and
conversely, this is the smallest compactification of W*"(p).

‘We now let Y be that compactification of W*(p), and A := Y\W*"(p)
i.e. the union of the unstable manifolds W*(r) of critical points r to
which p is connected by the flow. Again, the only critical point of f
in Y\ 4 is p, and so we have as in 1)

H,(Y, A, f,7) = {ZZ if j = u(p) (6.10.12)
0 otherwise.

The present construction, however, also allows a new geometric in-
terpretation of the boundary operator d. For that purpose, we let
CL(f.Zs) be the free Abelian group with Zs-coefficients generated by
the set CJ(f) of unstable manifolds W*(p) of critical points p of f,
and

AW p) = > (HmML)W(r). (6.10.13)

reC. ()
W) =n(p) -1

Thus, if p(p) = k, the boundary of the k-dimensional manifold W*(p)
is a union of (k — 1)-dimensional manifolds W*(r). Clearly, & 0d' = 0
by Thm. 6.5 s we have simply replaced all critical points by their
unstable manifolds. This brings us into the realm of classical or stan-
dard homology theories on differentiable manifolds. From that point
of view, the idea of Floer then was to encode all information about
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certain submanifolds of X that generate the homology, namely the
unstable manifolds W*(p) in the critical points p themselves and the
flow lines between them. The advantage is that this allows a formula-
tion of homology in purely relative terms, and thus greater generality
and enhanced conceptual clarity, as already explained in this chapter.

3) We now generalize the preceding construction by taking unions of
unstable manifolds. For a critical point p of f, we now denote the
above compactification of W*(p) by Y (p). We consider a space Y that
is the union of some such Y (p), and a subspace A that is the union
of some Y (q) for critical points ¢ € Y. As before, we get induced
homology groups Hy(A), Hy(Y), Hy(Y, A), omitting f and Zs from
the notation from now on for simplicity. As explained in 2), we may
consider the elements of these groups as equivalence classes (up to
boundaries) either of collections of critical points of f or of their
unstable manifolds.

‘We now need to derive some standard facts in homology theory in our
setting. A reader who knows the basics of homology theory may skip the
following until the end of the proof of Lemma 6.10.4.

‘We recall the notation from algebraic topology that a sequence of linear
maps f; between vector spaces A;

P C= R N P L

is called exact if always
ker(f;) = image (fit1).
‘We consider the maps
i s Hi(A) = Hi(Y)
Jit Hi(Y) — Hy (Y, A)
Ok + Hy(Y, A) — Hy—1(A)

defined as follows:

If 7 € Cy(A), the free Abelian group with Z,-coefficients generated by the
critical points of f in A, we can consider 7 also as an element of Cj(Y'), from
the inclusion A < Y. If 7 is a boundary in Cy(A), i.e. m = J417 for some
7 € Ciy1(A), then by the same token, v can be considered as an element of
Cr41(Y), and so 7 is a boundary in Cj(Y) as well.

Therefore, this procedure defines a map iy, from Hy(A) to Hi(Y).

Next, if 7 € C(Y'), we can also consider it as an element of Cy(Y, A), by
forgetting about the part supported on A, and again this defines a map jj, in
homology.

Finally, if 7 € Cx(Y) with O € Cj,_1(A) and thus represents an element
of Hy(Y,A), then we may consider dr as an element of Hj_1(A), because



364 6. Morse Theory and Floer Homology

dodm = 0. Or is not necessarily trivial in Hy_;(A), because 7 need not be
supported on A, but dr as an element of Hjy_1(A) does not change if we
replace by 7 + 7 for some v € Ci(A). Thus, I as an element of Hy_1(A)
depends on the homology class of 7 in Hy(Y, A), and so we obtain the map
O Hy(Y, A) — Hy 1 (A).
The proof of the following result is a standard routine in algebraic topol-
ogy:
Lemma 6.10.1 The sequence
- H(A) 25 H(Y) 25 H (Y, A) 25 H oy (4) —

is exact.
Proof. We denote the homology classes of an element 7 by [v].
1) Exactness at Hy(A) :

Suppose [] € keriy, i.e.

ir[y] = 0.
This means that there exists 7 € Cy1(Y) with

Om =ik(7)

Since iy (7) is supported on A, 7 represents an element of Hy1(Y, A), and
so [y] € image (Op41). Conversely, for any such 7, dr represents the trivial
element in Hy(Y), and so ix[0n] = 0, hence [07] € keriy. Thus i 091 = 0.
2) Exactness at Hi(Y):
Suppose [r] € ker ji. This means that m is supported on A, and so [7] is in
the image of ij. Conversely, obviously jj o i = 0.
3) Exactness at Hi(Y, A) :
Let [7] € kerdy,. Then 7 = 0, and so m represents an element in
Hy(Y). Conversely, for any [r] € H,(Y),d7 = 0, and therefore 9, o
Jk = 0. O

In the terminology of algebraic topology, a diagram
Ay S A
fl Ly
B, L By
of linear maps between vector spaces is called commutative if
goa=bof.

Let now (Y1,Y>) and (Y, Y3) be pairs of the type (Y, A) just considered. We
then have the following simple result
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Lemma 6.10.2 The diagram

e HY) E ) D He () P B (YY) —
l illcﬂ,f! l ii.S 11‘232 1 zll; Zli
— (1, Ya) o Hioa(Ya) o Hea (V) 2 His (0, Ya) — e,

where the vertical arrows come from the inclusions Yz — Y5 < Y1, and where
superscripts indicate the spaces involved, is commutative.

Proof. Easy; for example, when we compute if‘s o(’)}f‘a [7], we have an element
7 of Ci(Y2), whose boundary 97 is supported on Y3, and we consider that
as an element of Cy_(Y2). If we apply iy>? to [1], we consider 7 as an
clement of Ci(Y;) with boundary supported on Cj_;(Y2), and 3,1‘2[71'] is that
boundary. Thus i3 0 7% = 9} 0 iy, ]

Lemma 6.10.3 Let Y3 C Y> C Y be as above. Then the sequence

o He (Y1, Ya) Haod Hi(Ya,Y3) ﬁHk(Yl Y3) %Hk Y1, Y2) — ..

is exact.

(Here, the map i;‘_‘z comes from the inclusion Yo — Y), whereas j:_"z
arises from considering an element of C_1(Y1,Y3) also as an element of
Cr—1(Y1,Y2) (since Y3 C Y2), in the same way as above).

Proof. Again a simple routine:
1) Exactness at Hy(Y2,Ys):
ii‘z[ﬂ'] =0% 3y € Cpq1(¥1,Y3) : Oy = m, and in fact, we may consider v as
an element of Cj4(Y7,Y2) as the class of 7 in Hy(Y3,Y3) is not mﬂuenred
by adding dw for some w € Cr41(Y2). Thus 7 is in the image of ])‘+1 °8k+1
2) Exactness at Hy(Y1,Y3):

i 2[1r] =0« 3y € Crs1(Y1,Ys) : 9y = m, and so 7 is trivial in homology up
to an element of Cj(Y2,Y3), and so it is in the image of z;z
3) Exactness at Hy(Y1,Ya):

jz,s o (’)i’2 = 0 <> Jp vanishes up to an element of Cy_1(Y3)

< is in the image of ]iz

Finally, we need the following algebraic result:

Lemma 6.10.4 Let
L Az A, A 250
be an exact sequence of linear maps between vector spaces.
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Then for all k € N
dim Ay — dim Ay + dim Ag — ... — (—1)" dim Ay, + (~1)* dim(ker az) = 0.
(6.10.14)

Proof. For any linear map ¢ =V — W between vector spaces,

dimV = dim(ker ¢) + dim(image ¢).

Since by exactness

dim(image a;) = dim(kera;_1)
we obtain
dim(A;) = dim(ker a;) + dim(kera;_;).
Since dim A; = dimker a;, we obtain
dim A; — dim A + dim A3 — ... + (—l)k dim(ker ai) = 0.
[}

‘We now apply Lemma 6.10.4 to the exact sequence of Lemma 6.10.3. With
bi(X,Y) := dim(H(X,Y))
vi(Y1,Y2,Y3) = dim(ker ji7, 0 9°),
we obtain )
S0 BV, V) = bi(Y1, V) + bi(Ya, Y3))
i=0
— (D! (1, Y2,Y3) = 0.
Hence
(DMt (Y1, Y2, Ys) =(= 1) (Y1, Y2, ¥) = (=1)" b (Y1, Ya) (6.10.15)
+ (= 1)Fbi(Y1, Ys) — (=1)*bi(Ye, Ya)

‘We define the following polynomials in t:
P(LX,Y) = (X, Y)tF
k>0
Qt, 11, Y2, Y) == > ve(Y1, Y, Ya)th
k>0
Multiplying the preceding equation by (—1)*¢* and summing over k, we ob-
tain

Qt.Y1. Y2, Y) = —1Q(t, Y1, Y, Ya) + P(t,Y1.Y2) ~ P(£.Y,Ya) + P(t, V2. Y3).
(6.10.16)
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‘We now order the critical points py, ..., pp, of the function f in such a manner
that
w(pi) = p(p;) whenever i < j.

For any i, we put

Vi =Yi0) = JY(ow)
k>i
Yy :=Ya(i):= |J Y(pe)
kZit1
Y= 0.

Thus Yz = Y1 \W¥(p;). The pair (Y1, Y2) may differ from the pair (Y, 4) =
(Y(P,),Y(P;)\W*(p;)) in so far as both ¥; and Y> may contain in addition
the same unstable manifolds of some other critical points. Thus, they are of
the form (Y U B, AU B) for a certain set B. It is, however, obvious that the
previous constructions are not influenced by adding a set B to both pairs,
i.e. we have

H(YUB,AUB) = Hy(Y,A), forallk,

because all contributions in B cancel. Therefore, we have
HV1(0), Ya(0)) = He(Y (p), Y () \WH (o)) = { 22 Tor K = ()

~ 10 otherwise.

(6.10.17)
Consequently,
P(t,Y1,Ys) = 1), (6.10.18)

‘We now let yy be the number of critical points of f of Morse index £. Since
the dimension of any unstable manifold is bounded by the dimension of X,
we have y1p = 0 for £ > dim X. (6.10.18) implies

dim X

3 PY(). Ya(i) = Y e (6.10.19)
i=0 ‘

From (6.10.16), we obtain for our present choice of the triple (Y1,Y2,Ys)
P(t,Y1(i), Ya(i)) = P(t,Y1(i),0) — P(t,Ya(i),0)
1+ (X (1 Y1), Y2(0),0),
and summing w.r.t. i and using Y; (1) = X, we obtain

dim X

37 P(t,Yi(0). Ya(i) = P(t, X,0) + (1 + 1) Q(t) (6.10.20)
i=0

for a polynomial Q(t) with nonnegative coefficients. Inserting (6.10.19) in
(6.10.20) and using the relation
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P(t.X,0) = 00 dim Hi(X)  (since H, (X, 0) = H,(X))
= Zt/b7(X (see Cor. 6.9.1)

we conclude

Theorem 6.10.2 Let f be a Morse-Smale-Floer function on the compact,
finite dimensional orientable Riemannian manifold X . Let g be the number
of critical points of f of Morse index €, and let by(X) be the k-th Betti number
of X. Then

dim X

St ZtJb] +(1+1) Q(t) (6.10.21)

=0

for some polynomial Q(t) in t with nonnegative integer coefficients.
We can now deduce the Morse inequalities

Corollary 6.10.1 Let f be a Morse-Smale-Floer function on the compact,

finite dimensional, orientable Riemannian manifold X. Then, with the nota-

tions of Thm. 6.10.2

(@) > b(X) for all k

(i) = pk—1 A+ pr—o — o o = bp(X) = br_1(X)... £ bo(X)

(i) (-1 = ¥, ( 1)7b (X) (this expression is called the Euler
characteristic of X).

(i) The coefficients of t* on both sides of (6.10.21) have to coincide, and
Q(t) has nonnegative coefficients.
(i)  Let Q(t) = t'q;. From (6.10.21), we get the relation

k k—1
St = Zt’b A+ g+t

=0 =0 i=0

for the summands of order < k. We put ¢t = —1. Since gz > 0, we
obtain
k k
DI(CE VT W CS i
j=0 =0

(i) We put ¢t = —1 in (6.10.21).
[m}
Let us briefly return to the example discussed in § 6.1 in the light of the
present constructions. We obtain interesting aspects only for the function fo
of § 6.1. The essential feature behind the Morse inequality () is that for a
triple (Y1, Y2,Ys) satisfying Y3 C Ya C Y3 as in our above constructions, we
always have
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bi(Y1,Y3) < (Y1, Y2) + be (Y2, Y3)- (6.10.22)

In other words, by inserting the intermediate space Y» between Y7 and Yj,
we may increase certain topological quantities, by inhibiting cancellations
caused by the boundary operator 9. If, in our example from § 6.1, we take
Yy = X,Y3 = 0, we may take any intermediate Y5. If we take Y5 = Y (p2)
(p2 being one of two maximum points), then Y;\Y> = W¥(p;) (p; the other
maximum), and so

_[1 fork=2
(1, 12) = {0 otherwise
and
_[1 fork=0
b (Y2, Y5) = {0 otherwise

(we have dps = p3,Ops = 2ps = 0 in Y>), and so,

o _[1 fork=0,2

since by (X) = {0 fork—1

we have equality in (6.10.22). If we take Y5 = Y (p3) (ps the saddle point),

however, we get

(2 fork=2
(11, Y2) = {0 otherwise
(since dp1 = 0 = dp; in (Y1,Y2)) and
_J1 fork=1
b(¥2,¥5) = {0 otherwise

(since dps = 0, but there are no critical points of index 2 in ¥3). Thus, in
the first case, the boundary operator 9 still achieved a cancellation between
the second maximum and the saddle point while in the second case, this was
prevented by placing p; and p3 into different sets. Generalizing this insight,
we conclude that the Morse numbers fi¢ arise from placing all critical points
in different sets and thus gathering only strictly local information while the
Betti numbers b, incorporate all the cancellations induced by the boundary
operator d. Thus, the g, and the by only coincide if no cancellations at all
take place, as in the example of the function f; in § 6.1.

Perspectives. In this §, we have interpreted the insights of Morse theory, as
developed by Thom([242], Smale[228], Milnor[183], Franks[76] 199-215, in the light
of Floer’s approach. Schwarz[222] used these constructions to construct an explicit
isomorphism between Morse homology and singular homology.
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6.11 The Palais-Smale Condition and the Existence of
Closed Geodesics

Let M be a compact Riemannian manifold of dimension n, with metric

(-,-) and associated norm || - || = (-,-)2. We wish to define the Sobolev space
Ag = HY(S*, M) of closed curves on M with finite energy, parametrized on
the unit circle S. We first consider H'(I,R") := H“?(I,R"), where I is
some compact interval [a, b], as the closure of C*°(I,R™) w.r.t. the Sobolev
H'2-norm. This norm is induced by the scalar product

b

b
/cl(t) -(:2(t)dt+/dc;—it) Ldea® g (6.11.1)

(c1,¢2) - at

a
where the dot - denotes the Euclidean scalar product on R". H'(I,R™) then
is a Hilbert space.

Since I is 1-dimensional, by Sobolev’s embedding theorem (Theorem
A.1.7), all elements in H'(I,R") are continuous curves. Therefore, we can
now define the Sobolev space H'(S*, M) of Sobolev curves in M via locali-
zation with the help of local coordinates:

Definition 6.11.1 The Sobolev space Ag = H'(S', M) is the space of all
those curves ¢ : S' — M for which for every chart z : U — R™ (U open in
M), (the restriction to any compact interval of)

zoc:c (U) > R”

is contained in the Sobolev space H2(c™!(U),R").

Remark. The space Ay can be given the structure of an infinite dimensional
Riemannian manifold, with charts modeled on the Hilbert space H“2(I,R").
Tangent vectors at ¢ € Ao then are given by curves v € H'(S!,TM), i..
Sobolev curves in the tangent bundle of M, with y(t) € T, M for all t € S*.
For 7, € T. Ay, i.e. tangent vectors at ¢, their product is defined as

)= [ (DOne). Do)t

test

where D~;(t) is the weak first derivative of +; at ¢, as defined in A.1. This
then defines the Riemannian metric of Ag. While this becomes conceptually
very satisfactory, one needs to verify a couple of technical points to make this
completely rigorous. For that reason, we rather continue to work with ad hoc
constructions in local coordinates. In any case, Ay assumes the role of the
space X in the general context described in the preceding §§.
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The Sobolev space Ay is the natural space on which to define the energy
functional

£ = 3 [ Do) P
J

for curves ¢ : S' — M, with Dc denoting the weak first derivative of c.
Definition 6.11.2 (u,)nen C Ao converges to u € Ag in H? iff
1) up converges uniformly to u (u, = u).
2) E(u,) — E(u) as n — oo.

Uniform convergence u,, = u implies that there exist coordinate charts

fu:Uy—R" (p=1,....,m) and a covering of S' = ﬂgl V. by open sets
such that for sufficiently large n

un(Vy),u(Vy) C Uy for p=1,...,m.
If now ¢ € C§°(V,,, R™) for some i, then for sufficiently small |e|
Su(u(t) +ep(t)) C fu(Uy) for all t € V,,,

i.e. we can perform local variations without leaving the coordinate chart. In
this sense we write
u+ep

instead of f, ou + ep. For such ¢ then
iE(uJr ) —li/ (u+ep)(0' 4+ e@") (@ + e’ )dt,
= eP)le=0 = 5z [ gulutep @ @7 )dt =0,

where everything is written w.r.t. the local coordinate f, : U, — R™ (“” of
course denotes a derivative w.r.t. t € S1.)

- [

If u € H*%(S', M), this is

=- /(gu(u)ii’vﬂ + gij it ol —

1
w)u'y + §g,],k(u)d‘h7npk)dt (using gi; = g;i) (6.11.1)

3 i o) dt (6.11.2)

= 7/(17? + Iy (w)i™i)gij(u)p?dt  asin 1.4.

We observe that ¢ € H? is bounded by Sobolev’s embedding theorem (The-
orem A.1.7) (see also the argument leading to (6.11.5) below) so that also
the second terms in (6.11.1) and (6.11.2) are integrable.

‘We may put
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d

[|DE(u)| :sup{EE(quE\p)‘E:U . (6.11.3)
e Héa(VwR") for some s,
/gmu);ﬂ’s&'dt <1}

For second derivatives of E, we may either quote the formula of Theorem
4.1.1 or compute directly in local coordinates

dz
@E(“ +€9)je=0

1d* ) .
=332 /gu(u +ep) (W' + ") (0 +e@?)dt
= /(gu(u)@”vﬁ’ + 2050097 8 + gijpei' i OF o )dt

which is also bounded for u and ¢ of Sobolev class H':2.
Suppose now that u € Ay satisfies

DE(u) = 0.
This means

0= /(gw(u)aw n %gu,k(u)mw’v)dz forallpc B2 (6.11.4)

Lemma 6.11.1 Any u € Ay with DE(u) = 0 is a closed geodesic (of class
™).

Proof. We have to show that  is smooth. Then (6.11.2) is valid, and Theorem
A.1.5 gives

i+ Iy (w)i*a’ = 0 for i =1,...,dim M,
thus u is geodesic.

‘We note that u is continuous so that we can localize in the image. More
precisely, we can always find sufficiently small subsets of S' whose image
is contained in one coordinate chart. Therefore, we may always write our
formulae in local coordinates. We first want to show

ue H*

For this, we have to find v € L' with

/uiij, = /v’m

where we always assume that the support of 1 € C§°(S', M) is contained in
a small enough subset of S! so that we may write things in local coordinates
as explained before.
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‘We put
@ (t) == g (u(t))ni(t).
Then
/u’ih(it =— /1l’r'hdt which is valid since u € H'?
= [ttt + ggititear
1 . e .
= / (5 gi0 (W)t ad " — gij i (w)aalp?)dt by (6.11.4)
/(Qyu kg — gijuilh it g’ medt
1
= (Qfl (95k.6 = 9tk — g

/ ku’ukmdt (6.11.5)

@kn;dt, renaming indices

With v = —kaﬂjzl"' € L', the desired formula

/u’h’ = /v’m for € C§°(S*, M) with sufficiently small support
then holds, and
ue H*L
By the Sobolev embedding theorem (Theorem A.1.7) we conclude
ue HY for all ¢ < oc.

(We note that since S' has no boundary, the embedding theorem holds for
the H*? spaces and not just for Hg"' . For the norm estimates, however, one
needs || f| zr.p(e) on the right hand sides in Theorem A.1.7 and Corollary
A.1.7, instead of just || D¥f| 1)

In particular, u € H%*(£2), hence

i ()il ik € L2
(6.11.5) then implies

ue H*?
hence i € C° by Theorem A.1.2 again.
Now
d Jik) = 2Il i + T Ik ing Il = I}
dt( ()il k) Rz ii* + kﬂl @u”  (using I, = Iy;)

€L?

since it € L?, 4 € L. Thus
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Tjp(widak e HY2.

Then
ue H*?,

by (6.11.5) again.
Tterating this argument, we conclude

ue H*?

for all k € N, hence
ueC®

by Corollary A.1.2. [m]
‘We now verify a version of the Palais-Smale condition:

Theorem 6.11.1 Any sequence (uy,)nen C Ao with

E(uy) < const.
IDE(un)|| — 0 asn — 0

contains a strongly convergent subsequence with a closed geodesic as limit.

Proof. First, by Holder’s inequality, for every v € Ag, t1,t2 € St

ty t2
d(v(tr), v(ta)) < / (g ()69t < ((ta —t1) | gij(v)ii7dE)E
t1 t1
<V2lty — [P E(0)*. (6.11.6)

Thus .
Aoy C C2(S', M),
i.e. every H'-curve is Holder continuous with exponent %, and the Holder
%-norm is controlled by \/2E(v).
The Arzela-Ascoli theorem therefore implies that a sequence with E(u,,) <
const. contains a uniformly convergent subsequence. We call the limit u. u
also has finite energy, actually

E(u) < liminf E(uy).

We could just quote Theorem 8.4.2 below. Alternatively, by uniform conver-
gence everything can be localized in coordinate charts, and lower semiconti-
nuity may then be verified directly. For our purposes it actually suffices at this
point that u has finite energy, and this follows because the H'2-norm (defined
w.r.t. local coordinates) is lower semicontinuous under L?-convergence.




6.11 The Palais-Smale Condition and the Existence of Closed Geodesics 375

We now let (1,,)u=1,....m be a partition of unity subordinate to (V) =1.....m»
our covering of S' as above.
Then

B(up) = B(u) = /Z (gl ()i i, — gl ()i’ i)t (6.11.7)
=t

where the superscript p now refers to the coordinate chart f, : U, — R™.
In the sequel, we shall omit this superscript, however.
By assumption (cf. (6.11.1))

1
J@sisd? + Jsatun)iid e — 0 s — oo

for all ¢ € H'2.
We use
¢ =0, =)

(where, of course, the difference is computed in local coordinates f,,).
Then

[ asntwitidn ok =yt
< const. - m;dxd(u"(t),u(t))E(u")
—0
as n — oo since E(u,) < const. and u,, = u (after selecting a subsequence).
Consequently from (6.11.1), since ||DE(u,)|| — 0,
/(gu () iy, (6, — 0 ) + gig (u™ )i, i (), — w?))dt — 0.

The second term again goes to zero by uniform convergence.

We conclude
I

[t g

Yits, (], — @), — 0 as n — oo. (6.11.8)

Now

@i )iy,
= /{(yu (un) i, (0, = 07) + (gij (un) = g5 ()i, @ (6.11.9)
+gij (u) (i, — ' )i’ } My -

The first term goes to zero by (6.11.8). The second one goes to zero by uniform
convergence and Holder’s inequality.
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For the third one, we exploit that (as observed above, after selection of
a subsequence) 1, converges weakly in L? to @ on V,,. This implies that the
third term goes to zero as well.

(6.11.9) now implies

E(u,) — E(u) asn — oo

(cf. (6.11.7).)
u then satisfies
DE(u) =0

and is thus geodesic by Lemma 6.11.1. [m]

As a technical tool, we shall have to consider the negative gradient flow
of E.

Remark. In principle, this is covered by the general scheme of § 6.3, but
since we are working with local coordinates here and not intrinsically, we shall
present the construction in detail. For those readers who are familiar with
ODEs in Hilbert manifolds, the essential point is that the Picard-Lindelof
theorem applies because the second derivative of E is uniformly bounded
on sets of curves with uniformly bounded energy E. Therefore, the negative
gradient flow for E exists for all positive times, and by the Palais-Smale
condition always converges to a critical point of E, i.e. a closed geodesic.

The gradient of E, VE, is defined by the requirement that for any ¢ €
Ag, VE(c) is the H'-vector field along c satisfying for all H'-vector fields
along ¢

(VE(e), V)
= DE(c)(V) :/(é, V)dt. (6.11.10)
o

Since the space of H'-vector fields along c is a Hilbert space, VE(c) exists
by the Riesz representation theorem. (The space of H'-vector fields along an
H'-curve can be defined with the help of local coordinates).

We now want to solve the following differential equation in Ay :

%qﬁ(:) — _VE(®(t)) (6.11.11)
@(0) = co

where ¢y € A is given and ¢ : R* — Ay is to be found.
We first observe

Lemma 6.11.2 Let &(t) be a solution of (6.11.11). Then
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d
SE@@®) < 0.
Proof. By the chain rule,
d d
EE(!P(t)) = DE(@(t))(Egb(t)) (6.11.12)

= —[IVE@(®))[ln <0. o

Theorem 6.11.2 For any ¢ € Ay, there exists a solution ® : Rt — Ay of

%@(t) — _VE@(t) (6.11.13)
B(0) = cp.

Proof. Let
A:={T>0: there exists @ : [0,7] — Ay solving (6.11.13), with ¢(0) = co}.

(That @ is a solution on [0, 7] means that there exists some £ > 0 for which
@ is a solution on [0,T +¢).)

We are going to show that A is open and nonempty on the one hand
and closed on the other hand. Then A = R*, and the result will follow. To
show that A is open and nonempty, we are going to use the theory of ODEs
in Banach spaces. For ¢ € Aj, we have the following bijection between a
neighborhood U of ¢ in Ay and a neighborhood V' of 0 in the Hilbert space
of H'-vector fields along ¢ : For £ € V'

(1) = expy(r §(7) (6.11.14)

(By Theorem 1.4.3 and compactness of ¢, there exists py > 0 with the prop-
erty that for all 7 € S! exXp(;) maps the ball B(0,po) in Ty M diffeomor-
phically onto its image in M.)

If @ solves (6.11.13) on [s, s + €] we may assume that € > 0 is so small
that for all ¢t with s < t < s+ ¢, &(t) stays in a neighborhood U of ¢ =
@(s) with the above property. This follows because @, since differentiable, in
particular is continuous in ¢. Therefore, (6.11.14) transforms our differential
equation (with its solution @(¢) having values in U for s <t < s+ ¢) into a
differential equation in V, an open subset of a Hilbert space. Since DE, hence
VE is continuously differentiable, hence Lipschitz continuous, the standard
existence result for ODE (theorem of Cauchy or Picard-Lindelof) may be
applied to show that given any ¢ € Ay, there exists € > 0 and a unique
solution ¥ : [0,¢] — Ag of LW(t) = —~VE(¥(t)) with ¥(0) = c. If & solves
(6.11.13) on [0,to], then putting ¢ = ®(ty), we get a solution on [0,ty + €],
putting @(t) = ¥ (¢t — to).
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This shows openness, and also nonemptyness, putting ¢y = 0. To show
closedness, suppose @ : [0,t) — Ay solves (6.11.13), and 0 < t, < T\t,, = T
for n — oo.

Lemma 6.11.2 implies

E(P(t,)) < const. (6.11.15)

Therefore, the curves @(t,) are uniformly Holder continuous (cf. (6.11.6)),
and hence, by the theorem of Arzela-Ascoli, after selection of a subsequence,
they converge uniformly to some ¢y € Ag: ¢y indeed has finite energy because
we may assume that (D(t,))nen also converges weakly in H'? to cr, as in
the proof of Theorem 6.11.1. By the openness argument, consequently we can
solve d

S0() = ~VE@()

B(t) =cr

for T <t < T +¢ and some & > 0. Thus, we have found @ : [0,T +¢) solvmg
(6.11.13), and closedness follows.

We shall now display some applications of the Palais-Smale condition
for closed geodesics. The next result holds with the same proof for any C2-
functional on a Hilbert space satisfying (P.S) with two strict local minima.

While this result is simply a variant of Prop. 6.2.1 above, we shall present
the proof once more as it will serve as an introduction to the proof of the
theorem of Lyusternik and Fet below.

Theorem 6.11.3 Let ¢, ¢3 be two homotopic closed geodesics on the compact
Riemannian manifold M which are strict local minima for E (or, equivalently,
for the length functional L). Then there exists another closed geodesic c3
homotopic to ¢y, cy with

E(cs) =k := A11€1tA Tré)[g:‘(l]E()\(T)) > max{E(c1), E(c2)} (6.11.16)

with A := Aey,cz) == {A € C°([0,1], Ag) : M0) = 1, M(1) = e2}, the set of
all homotopies between ¢y and ca.

Proof. We first claim

30y > 04 with 0 < 6 < 6y Ie > 0Ve with dy(c.¢;) =6 :
E(c) > E(¢;) +¢ fori=1,2. (6.11.17)

Indeed, otherwise, for i =1 or 2,
V8930 < § < 8 Vn Iy, with di(yn,¢i) =0,

1
Elm) < E(e) +
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If ||[DE(y,)|| — O, then (7,,) is a Palais-Smale sequence and by Theorem
6.11.1 converges (after selection of a subsequence) to some 7 with
di(0,¢i) = 6, E(70) = E(c;), contradicting the strict local minimizing prop-
erty of ¢;.

If | DE(7,)|| = n > 0 for all n, then there exists p > 0 with

IDE(| = § whenever di(7,,7) < p. (6.11.18)

This follows, because ||[D2E|| is uniformly bounded on E-bounded sets.
(6.11.18) can then be used to derive a contradiction to the local minimiz-
ing property of ¢; by a gradient flow construction. Such a construction will
be described in detail below. We may thus assume that (6.11.17) is correct.
(6.11.17) implies
k> max(E(c1), E(c2))- (6.11.19)
We let now K* be the set of all closed geodesics, i.e. curves ¢ in A° with
DE(c) = 0, E(c) = , homotopic to ¢; and c;.
We have to show
K" #0.
‘We assume on the contrary
K*=0. (6.11.20)
We claim that there exists 7 > 0,a > 0 with
[|IDE()]| > (6.11.21)
whenever ¢ is homotopic to ¢1, c2 and satisfies

k=n<E(c)<k+n. (6.11.22)

Namely, otherwise, there exists a sequence (7, )nen of H'-curves homotopic
to ¢y, ca, with

lim B(y,) =

n—oo

lim DE(y,) =0
n=oo

(Yn)nen then is a Palais-Smale sequence and converges to a closed geodesic
c3 with E(c3) = &, contradicting our assumption K* = ().

Thus (6.11.21) has to hold if K —n < E(c) < k+1.

From Theorem 6.11.2, we know that for any ¢ > 0, there is a map

Ao — Ao

¢ — &y(c), where P(c) = &(t) solves
G0 = ~VE(®(1)
®(0) .

‘With the help of this gradient flow, we may now decrease the energy below
the level &, contradicting (6.11.20). For that purpose,
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let X € A satisfy
max E(N(7)) < K +17. (6.11.22)
7€[0,1]
Then, as in the proof of Lemma 6.11.2
1
dt

In particular, for t > 0

B(@(A(7)) = = VE@(\(1)|* < 0. (6.11.23)

max E(P;(\(1))) < max E(\(1)) < Kk +1. (6.11.24)

Since ¢; and ¢, are closed geodesics, i.e. critical points of E, VE(¢;) =0 (i =
1,2), hence
Py(ci) =¢; forallt>0.

Therefore
Pole A fort>0.

(6.11.21), (6.11.23) imply

%E(‘P,(A(T))) < —a? whenever E(®,(\(7))) > # —1. (6.11.25)

(6.11.22), (6.11.25) imply

B(@s(\7)) <k —n

(6.11.20) cannot hold, and the theorem is proved. O

for s > %’QL and all 7 € [0,1], contradicting the definition of k. Therefore,

As the culmination of this §, we now prove the theorem of Lyusternik
and Fet

Theorem 6.11.4 Each compact Riemannian manifold contains a nontrivial
closed geodesic.

For the proof, we shall need the following result from algebraic topology
which, however, we do not prove here. (A proof may be found e.g. in E.
Spanier, Algebraic topology, McGraw Hill, 1966.)

Lemma 6.11.3 Let M be a compact manifold of dimension n. Then there
exist some 1,1 < i < n, and a continuous map

h:S"— M,

which is not homotopic to a constant map.
In case M is a differentiable manifold, then h can also be chosen to be
differentiable. m]



6.11 The Palais-Smale Condition and the Existence of Closed Geodesics 381

‘We now prove Theorem 6.11.4:

We start with a very simple construction that a reader with a little expe-
rience in topology may skip.

Let @ be as in Lemma 6.11.3. If ¢ = 1, the result is a consequence of
Theorem 1.4.6. We therefore only consider the case i > 2. h from Lemma
6.11.3 then induces a continuous map H of the (i — 1)-cell D*~! into the
space of differentiable curves in M, mapping 9D"~! to point curves. In order
to see this, we first identify D*~! with the half equator {z' > 0,2% = 0} of the
unit sphere S7 in R'*! with coordinates (z',...,2'*1). Top € D'"' C S', we
assign that circle ¢,(t),t € [0, 1], parametrized proportionally to arc length
that starts at p orthogonally to the hyperplane {#2 = 0} into the half sphere
{z? > 0} with constant values of z*,... 2"*!. For p € 9D'~!, ¢, then is the
trivial (i.e. constant) circle ¢,(t) = p. The map H is then given by

H(p)(t) := hocy(t).

Each g € S' then has a representation of the form q = ¢,(t) with p € D=1,
p is uniquely determined, and ¢ as well, unless ¢ € 9D*~'. A homotopy of H,
i.e. a continuous map

H: D' x[0,1] — {closed curves in M}

that maps 9D~ x [0,1] to point curves and satisfies H\D"‘x{()) = H, then

induces a homotopy h : S* x [0,1] — M of h by
h(q, $) = h(cp(t), s) = H(p, s)(t)

(g = ¢p(t), as just described).
‘We now come to the core of the proof and consider the space

A:={\: D! — Ay, A homotopic to H
as described above, in particular mapping 9D~ to
point curves},

and put
= inf E(\(2)).
o g FRED
As in the proof of Thm. 6.11.3, we see that there exists a closed geodesic v
with
E(y) = .

It only remains to show that £ > 0, in order to exclude that ~ is a point curve
and trivial. Should & = 0 hold, however, then for every ¢ > 0, we would find
some \. € A with
max E(A(z)) <e.
zeDi-1
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All curves A\-(z) would then have energy less than . We choose £ < é
Then, for every curve ¢ := A\-(z) and cach ¢ € [0,1]

d(c:(0), e (1) < 2B(c.) < p5.

The shortest, connection from ¢ (0) to c-(t) is uniquely determined; denote it
by ¢-+(s), s € [0,1]. Because of its uniqueness, ¢, depends continuously on
z and t. H(z,s)(t) := g.+(1 — s) then defines a homotopy between A. and a
map that maps D'~ into the space of point curves in M, i.e. into M.

Such a map, however, is homotopic to a constant map, for example since
Di=! is homotopically equivalent to a point. (The more general maps from
D! considered here into the space of closed curves on M are not necessarily
homotopic to constant maps since we have imposed the additional condition
that 9D~! = §'~2 is mapped into the space of point curves which is a proper
subspace of the space of all closed curves.) This implies that A. is homotopic
to a constant map, hence so are H and h, contradicting the choice of h.
Therefore, x cannot be zero.

Perspectives. It has been conjectured that every pact manifold admits
infinitely many geometrically distinct closed geodesics eometrically distinct”
means that geodesics which are multiple coverings of another closed geodesic are
not counted. The loop space, i.e. the space of closed curves on a manifold has a rich
topology, and Morse theoretic constructions yield infinitely many critical points of
the energy function. The difficulty, however, is to show that those correspond to
geometrically distinct geodesics. Besides many advances, most notably by Klingen-
berg[158], the conjecture is not verified in many cases. Among the hardest cases
are Riemannian manifolds diffeomorphic to a sphere S™. For n = 2, however, in
that case, the existence of infinitely many closed geodesics was shown in work of
Franks[77] and Bangert[13]. For an explicit estimate for the growth of the number
of closed geodesics of length < ¢, see Hingston[119] where also the proof of Franks’
result is simplified.

We would also like to mention the beautiful theorem of Lyusternik and Schnirel-
man that any surface with a Ri ian metric diffe phic to S contains at
least three embedded closed geodesics (the number 3 is optimal as certain ellipsoids
show). See e.g. Ballmann[10], Grayson[91], Jost[130], as well as Klingenberg[158].

Exercises for Chapter 6

1) Show that if f is a Morse function on the compact manifold X, a < b,
and if f has no critical point p with @ < f(p) < b, then the sublevel
set {z € X : f(z) < a} is diffeomorphic to {z € X : f(z) < b}.

2) Compute the Euler characteristic of a torus by constructing a suitable
Morse function.

3) Show that the Euler characteristic of any compact odd-dimensional
differentiable manifold is zero.
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Show that any smooth function f : S™ — R always has an even
number of critical points, provided all of them are nondegenerate.

Prove the following theorem of Reeb:

Let M be a compact differentiable manifold, and let f € C®(M,R)
have precisely two critical points, both of them nondegenerate. Then
M is homeomorphic to the sphere S™(n = dim M).

Is it possible, for any compact differentiable manifold M, to find a
smooth function f: M — R with only nondegenerate critical points,
and with y; = b; for all j (notations of Theorem 5.3.1)?

(Hint: Consider RP? (cf. Chapter 1, Exercise 3 and Chapter 4, Exer-
cise 5) and use Bochner’s theorem 3.5.1, Poincaré duality (Corollary
2.2.2), and Reeb’s theorem (Exercise 5).)

State conditions for a complete, but noncompact Riemannian mani-
fold to contain a nontrivial closed geodesic. (Note that such conditions
will depend not only on the topology, but also on the metric as is al-
ready seen for surfaces of revolution in R®.)

Let M be a compact Riemannian manifold, p,q € M,p # ¢. Show
that there exist at least two geodesic arcs with endpoints p and ¢.

In 6.2.1, assume that f has two relative minima, not necessarily strict

anymore. Show that again there exists another critical point x3 of f

with f(x3) > max{f(z1), f(x2)}. Furthermore, if K = infﬂ mémxf(w) =
yer zey

f(21) = f(x2), show that f has infinitely many critical points.

Prove the following statement:

TLet v be a smooth convex closed Jordan curve in the plane R2. Show
that there exists a straight line £ in R? (not necessarily through the
origin, i.e. £ = {az' + ba? + ¢ = 0} with fixed coefficients a,b,c)
intersecting v orthogonally in two points.

(Hint: 7 bounds a compact set A in R? by the Jordan curve theorem.
For every line £ in R?, put

La(f) := length(ANY).

Find a nontrivial critical point £ for L4 (i.e. La(£y) > 0) on the set
of all lines by a saddle point construction. See also J. Jost, X. Li-Jost,
Calculus of variations, Cambridge Univ. Press, 1998, Chapter 1.3)

Generalize the result of 10) as follows:

Let M be diffeomorphic to S2, 4 a smooth closed Jordan curve in
M. Show that there exists a nontrivial geodesic arc in M meeting v
orthogonally at both endpoints.

(Hint: For the boundary condition, see exercise 1 of Chapter 4.)
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If you know some algebraic topology (relative homotopy groups and a
suitable extension of Lemma 6.11.3, see E. Spanier, Algebraic topol-
ogy, McGraw Hill (1966)), you should be able to show the following
generalization of 11).

Let My be a compact (differentiable) submanifold of the compact
Riemannian manifold M. Show that there exists a nontrivial geodesic
arc in M meeting M orthogonally at both end points.

For p > 1 and a smooth curve ¢(t) in M, define
B0 =1 [ lerar
p(C) * ? .

Define more generally a space H'P(M) of curves with finite value
of E,. What are the critical points of E, (derive the Euler-Lagrange
equations)? If M is compact, does E, satisfy the Palais-Smale condi-
tion?



