
REMARK ON SEPTEMBER 12 LECTURE

DANIEL S. FREED

The construction I gave in the proof of Theorem 2 in lecture, to deformation retract the λ-handle

to the λ-cell, was wrong: the limit of the flow as t Ñ 8 is not a continuous map. The argument

can be made simply and more explictly as follows.

Recall the setup. We have a Morse coordinate system x “ px1, . . . , xnq : U Ñ An in which

(1) f “ ´
!

px1q2 ` ¨ ¨ ¨ ` pxλq2
)

`

!

pxλ`1q2 ` ¨ ¨ ¨ ` pxnq2q
)

.

Figure 1. Critical point in Morse coordinates

The various regions are

(2)

M ε “ tq PM : fpqq ď εu

H “

!

q PM ε X U : x1pqq2 ` ¨ ¨ ¨ ` pxλq2 ď ε{2
)

N ε “M ε zH

Dλ “ tpx1, . . . , xnq P U : x1pqq2 ` ¨ ¨ ¨ ` pxλq2 ď ε{2, xλ`1 “ ¨ ¨ ¨ “ xn “ 0u

We construct a smooth deformation retraction of M ε “ N ε Y H onto N ε Y Dλ. Write u “

pu1, . . . , uλq, v “ pv1, . . . , vn´λq, and x “ pu, vq. Construct a smooth function ρ : r0, 1sˆRě0 Ñ Rě0,
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written ρpt, rq “ ρtprq, such that

(3)
ρtprq “

#

1´ t, r ď ε{2;

1, r ě ε,

1´ t ď ρtprq ď 1.

The deformation retraction is defined by the formula

(4) ϕtpu, vq “
`

ρtp|u|
2qu, v

˘

.


