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Preface
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sions for contributed papers and versions of these talks ranging from abstra
to actual texts comprise the balance of the Proceedings. There is also appenc
a list of participants.
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To these Tnstitutions the Symposium Committee wishes to:record its than
Since all Symposium activities (including board and lodging of the participan
were held at the Holy Cross Retreat of the Franciscan Friars, the Symposi
Committee also thanks them for their warm hospitality.

Robert J. Wisner

‘Warren M. Krueger

New Mexico State University
May 1975
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Foreword

The following notes were written by Mark Mostow and Jim Perchik in
response to my lectures at the 1973 Holiday Symposium in Las Cruces, New
Mexico.

My aim during this highly concentrated Symposium - two lectures a day
for five days by the main speaker as well as two or three more by interested
participants — was to explain to nonexperts some of the phenomena which I
associate with the work of Gel'fand-Fuks on the Lie algebra of vector fields of
a smooth manifold.

In particular I tried to outline: (1) a “new” proof of the finite dimensionality
of the G.F. cohomology along lines devised by G. Segal and myself; (2) the
relationship of this cohomology to characteristic classes of various sorts, and
especially the ones encountered in Foliation theory & la Haefliger.!

My lectures were mainly informal with theorems illustrated by example,
rather than proved in detail, and this of course makes note taking in the strong
sense very difficult. Rather, Jim and Mark have each worked out a section of the
material according to their own tastes and have supplied proofs, background
material and precise references where they most felt the need for them.

By and large I am very pleased with what they have wrought and I hope
that nonexperts in some parts of the material will also find this most unBour-
baki-like account of a piece of mathematics refreshing.

Since these lectures were delivered the field has moved forward consider-
ably: At this date, I have in hand independent outlines of the proof of my main
conjecture (pg. 175), one by G. Segal and one by A. Haefliger. Quite recently,
P. Trauber and Stasheff-~Anderson have announced an affirmative solution. In
the opposite direction I should point out that during the write up of these notes
Jim Perchik pointed out some technical difficulties in our original argument to
the G.F. spectral sequence, but this was cleared up by G. Segal after an anxious
S.0.S. from us! Also, Mark Mostow pointed out that much greater care has to
be taken in the geometric realization of simplicial spaces than I originally did
and he has explained and clarified these matters in his write up.

Granting the truth of the conjecture — and I still haven’t truly digested any
of the versions — the most challenging next step in this general area would seem
to me to be a proof that FT' (that is BT} is 2 connected. (Thurston shows
it to be (g+1) connected.) Also of course, the case of Hamiltonian manifolds is
still quite unexplored, and in particular, the finite dimensionality in that case
is completely untouched.

Raoul Bott
Qctober 9, 1974

I acknowledge with thanks that part of this research was supported by NSF grant
GP4361.
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Notes on Gel’fand—Fuks Cohomology
and Characteristic Classes

M. Mostow and J. Perchik

1. Bundles, classifying spaces, and characteristic classes

We regard a bundle as a twisted product. (See [41] and [64] for more details

on bundles.)

Definition. Let X,Y, and F be topological spaces. Let G be a topological
group which is a subgroup of Aut(F) = {homeomorphisms of F} (i.e., G acts
continuously on F on the left). Let # : Y — X be a continuous surjection
such that F' is homeomorphic to 7~ (z) for all z € X. Then the combination
{Y,n, X} is a bundle (also & G-bundle) with base space X, total space Y, fiber
F, and structural group G, if it satisfies the following local triviality and gluing

conditions:

1) There exists an open covering {U,} of X and maps (called horizontal pro-

jections)
fa:m Y U,) — F
such that for all indices a, the map

wa = (m,fa): W_I(Ua) — U, xF

is & homeomorphism (see diagram).

fa
ea o T~

Y > 77 HU,) —_— U, xF

hid
Projy

X>oU,

2) For all pairs of indices a, b, there is a continuous map

Gba U NUp — G

(called a transition function) which relates f, and f;. Specifically, for all y

in 7= YU, NU), if z = w(y), then
Fo(¥) = g6a(@) - faly)
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Note. By abuse of notation one often refers to the total space Y as-
bundle.

Definition. Let all notation be as above, and suppose F = G. Let -
equation

Fo(¥) = gva(2) - fa(v)
(in the definition of bundle) denote multiplication in G. Then the bundle i
principal G-bundle. The multiplication map

FxG—F

defines é right action of G on Y which preserves each fiber. Specifically, in
coordinates, for g € G and y € 77 1(U,),

(W(y), fa¥) 9= (m(y), fa(y)- 9)

and this definition is independent of coordinates.

Definition. A bundle with fiber F = R™ or C* and structure g
G = GL{n,R) or GL(n,C), tesp., acting in the usual why on F, is calle
vector bundle or an n-plane bundle.

The transition maps gy, describe the twisting of a bundle. For exampls
bundle is trividl, i.e., a produet X x F, if and only if the maps gea can all
taken to be

Gha 1 Us NUp — id € G.

One observes that the maps g, satisfy a compatibility condition, ca

the cocycle condition, on triple intersections. Namely,

9ab(Z) * Gbe(Z) = gac(z) forall zelsn UinU..

In fact, the maps {gas} contain all the information necessary to reconstruct
bundle, if we are also given the action of G on the fiber F and given any se
maps {gas} satisfying the cocycle condition (such a set {ab} is called a coc;
on X with values in G), one can construct a bundle having {gab} as transit
functions. One simply takes the disjoint union

HUaxF
=

and divides by the relations
($,f) €U, x F~ (z)gba(x) f) €U, x F.

A bundle map is a commutative diagram

Y — Y
7r’l l1r
X — X
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Gel’fand—Fuks Cohomology
where 7: Y — X and ' : Y/ — X' are G-bundles with the same fiber F, and
Y —Y

restricted to any fiber is a homeomorphism belonging to G. Two bundles with
the same base space X are isomorphic if there is a bundle map

Y — Y
7r'l l7r
X = X

In terms of cocycles, the condition for two bundles over X to be isomorphic is
the coboundary condition. Namely, if there exist maps,

he U, — G
such that
Bo(Z) - 9oa(T) = Gha(z) - Ba(z) forall z € UsNUs,

then the cocycles {goa} and {g},} define isomorphic bundles.

One defines H*(X;G) to be the set of isomorphism classes of G-bundles
over X. Roughly speaking, H'(X; G) is the set of cocycles {{gab}} modulo the
set of coboundaries {{hq}}. In case G is the whole group Aut(F), H YX;Q)is
the set of isomorphism classes of fiber bundles over X with fiber F.

Now G-bundles pull back under continuous maps. Specifically, if

Y — X
is a G-bundle with cocycle {gas} relative to the cover {Us} of X, and if
f: X —X
is a continuous map, then by defining f~1(Y) =Y" to be
X' 25,7,
the fiber product of X’ and Y [41], we have a commutative diagram
Y=Y — Y
7| =

X - X
f

&Y — X'is a G-bundle (denoted f~}(Y), or f71(£) if £ = the bundle
{Y, 7, X}), defined relative to the open cover {f~1(U,)} of X' by the cocycle
{gap © f}- Thus the above diagram is a G-bundle map.

Let Q now be the functor from the category Spaces (= Topological spaces)
to Sets which takes a space X to

Q(X) = HY(X; G) = {isomorphism classes of G-bundles over X},
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and a map f: X’ — X into the map

Q) QX)) - QX"
defined by
QUNT) =TTV,
where 7: Y — X is a bundle and Y its isomorphism class.
Q is a contravariant functor from Spaces to Sets, and is in fact homotc
invariant, i.e., if f and g are homotopic maps from X ! to X, then

Q(f)=Q(g) as maps: QX) — QX"

This follows from the standard results of bundle theory [41].
Let us now fix a G-bundle

n: E— Z.

Let

[X, Z] = {homotopy classes of maps: X — Z}.
Then [, Z]. is a homotopy invariant contravariant functor from Spaces to Se
By the homotopy invariance of the functor Q, there is a natural transformati
of functors from [+, z] to Q. Namely, to each space X, we assign the map

X, 2] — Q(X)

given by
(f: X — 2)~ f~HE).
If the map [X, Z] — Q(X) is an isomorphism for each X, we say that
[‘7 Zl—Q
is an isomorphism of functors, and that Z is a classifying si)ace for the funci
Q (in our case, Z is a classifying space for G-bundles, but the definitions
valid for any homotopy invariant contravariant functor Q : Spaces— Sets). [:

There are several ways of finding a classifying space Z[11,6,41,64]. By
universal classifying property, Z is unique up to homotopy type if it exists.

Definition. BG will always denote any classifying space Z for G-bundl
If v : E — BG is a principal G-bundle, then E will be denoted EG.

W:EG——»BG

is called a universal principal G-bundle.
The following characterization of the classifying spaces is due to Steenr
([64], p. 102).

Theorem 1.1. Let G be a topological subgroup, and let w : E — Z
a principal G-bundle. Then Z is a classifying space for G-bundles on fin
simplicial complezes if and only if wi(E) = 0 for all 1.
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‘We have deliberately been rather vague about what the fiber of any paz-
ticular G-bundle is, because we are most interested in its cocycle {gos}. This
vagueness is justified by the following. As we saw above, given any cocycle
{ges} We can construct a bundle with any given fiber F (where F is a space
upon which G acts on the left), having {gab} as its cocycle. Alternatively,
suppose we have a principal G-bundle

7Y — X
and want to find a bundle with the same cocycle {gas} but with fiber F.
Exzercise. Show that such a bundle is given by
Y xgF — X,
where Y xg F =Y x F modulo the action of G; i.e.,

(vg, f) ~ (v,9f) for yeY,feF,geq.

In particular,
EG xgF — BG
is a universal G-bundle with fiber F; notice that the base space BG does not
depend on F.

In general, to represent any functor Q via a classifying space, one must
restrict the category of spaces, for example to finite polyhedra or paracompact
spaces. Later on we shall represent functors such as

Q = {homotopy classes of foliations on manifolds}

and

@ = (Gel'fand-Fuks cohomology of a manifold)
in terms of appropriate classifying spaces (though the classification of Gel’fand~
Fuks cohomology will be different from the type of classification being discussed
now).

Assuming we have found a classifying space Z for any functor Q (for ex-
ample {G-bundles}), the obstructions to trivializing or extending a Q-structure
(i-e., an element of Q(X), where X is some space), can be studied by standard
obstruction theory [64]. Specifically, let

h € Q(X)

be a Q-structure on a space X. Then h is classified by the homotopy class of
a map

X — 2
h is a trivial Q-structure if and only if f is homotopic to a trivial map. For
example, in the case

Q = {isomorphism classes of G-bundles}
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and Z = BG, as before, we have the diagram
f\BG) — EG
! !
x I Be=z

and the bundle h = (f; }(EG) — X) is trivial (i.e., a product G-bundle X x
if and only if fi is a nullhomotopic map.
The obstructions to homotoping f5 to a trivial map lie in.

HY(X;7(2)), 9=0,1,2,...3

the “universal obstructions” lie in 74(Z), ¢ = 0,1,... . One can regard
elements of H*(Z) as another measurement of the nontriviality of the func
Q, since if

s€EHNZ), fn: X = Z classifies h € Q(X), and fis # 0 in H*(X),

then f; is not nullhomotopic, so h is not a trivial @-structure on X.
Whether or not a functor

Q : Spaces — Sets

has a classifying space Z, we define a characteristic class s = {sn} of the func
Q to be a choice

sp € HY(X) for each h € Q(X) for each space X,
such that if

f:X—X

and
K eQ(X') and heQ(X) *

are such that

K =Q(f)(h),
then

spr = f*Sh,
where
Q) : QX) — QX")

and

i HY (X)) — H*(X").
In other words, a characteristic class is a choice of cohomology classes natt
with respect to morphisms of Q-structures [53]. For example, a characterit
class for G-bundles is a choice of

sp € H*(X)
for each G-bundle
h=(r:Y —X),
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such that given a G-bundle map

Y — Y
wlml Il
D, G ¢
f

f*sp = 8p, € H*(X’).
If the functor @ does have a classifying space Z, let s be an element of
H*(Z). If for each h € Q(X) with classifying map
m:X—2Z
we assign
Sh d:f. fl:(s) € H‘(X)v

then {sp} is a characteristic class for Q. For example, if @ = {G-bundle isom.
classes} and

s € H*(BG),
then for each bundle h = (Y — X), classified by

Y — EG

nl !
X - BG
fa

we have
sn = fi(s) € H*(X).

Ezercise. For any homotopy invariant contravariant functor Q: Spaces —
Sets with classifying space Z, the map of sets
H*(Z) — {characteristic classes of Q}

defined by

s — {sn}
is a 1-1 correspondence.

Note. Because of this result, we shall usually let s designate the character-
istic class {sp}.

Examples of classifying spaces and characteristic classes for G-bundles

Example 1. Let G be a discrete group, i.e., any group with the discrete
topology imposed on its underlying set. Let K = K(G,1) be an Eilenberg-
MacLane space, i.e., a CW complex with

m(K)=G m(K)=0,i#1l
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Such spaces always exist [20]. Let K be the universal covering space of
Then

m(K)=0 forall i,
so K is contractible. G acts freely and discretely on K, and

K=K/G.

Ezercise. K — K is a G-bundle.

Thus by Theorem 1.1,
BG=K, EG=K.
In this case m;(BG) = G for i = 1 and 0 otherwise, but H*(BG) is hard

compute for most discrete groups G.

Example la. Let G = Z;. Then BG = RPx = §%/Zy = infin
dimensional real projective space. .
Example 1b. G = Z. Then BG = §! = R/Z. Since

for i =0,1

; Z
traly __
(s = {0 otherwise,

Z-bundles have characteristic classes only in dimensions 0 and 1.

Example lc. G non-Abelian and discrete. Here BG is hard to fi
explicitly.

Example 2. G = m(S), where S is a Riemann surface of genus > 1. Th

BG@=S.

Existence of BG for all Lie groups G

For all Lie groups G, in particulat for G = GL(n,R), GL(n,C),0(n),U(:
and other matrix groups, BG exists ([3], also cf. infra §6). In contrast to t
discrete case, here H*(BG) is relatively easy to compute, while 7;(BG) is hs
to find.

By Theorem 1.1 a principal G bundle E — Z is universal if and only if
is contractible. Thus a strategy to find BG is to look for a contractible sp:
E upon which G acts freely, let

Z=E/G,
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and then prove that E — Z is a bundle, which proves that Z = BG. (The
hard part is to show that Z has open cover {U,} which trivializes the bundle.
This can usually be done for Lie groups using topological arguments.)

Example 1. Embed G as a subgroup of GL(n) for suitably large n, via a
representation of G. Let

E = {n-frames in R*}
= {(v1,---,%n)lt: ER*

and w1,...,vnare linearly independent},
where

R® = {(a1,a2,...)|a; € R and the sequence is eventually 0}.

Ezercise. Prove E is contractible [41].
Now GL(n,R) acts freely on E (via multiplication of an n-tuple of vectors
by an n X n matrix), so G C GL(n) acts freely on E. Thus we can take

BG = E/G.

Definition. Let E be as in Example 1, and let G = GL(n,R). Then E/G
is called the Grassmannian space of n-planes in R*.

Example 2. One constructs Grassmannians from quotients U(n +
m)/U(m) for large m.

2. Semi-simplicial objects

There is a very general kind of construction, calied a semi-simplicial object,
which will appear again and again in these notes. (See [21], [56], and [50] for
general references.) Philosophically, one can regard a semi-simplicial space as
a generalization of a space, or a semi-simplicial module as a generalization
of a module, in much the same way that a chain or cochain complex is a
generalization of a module. In fact, one can even construct a semi-simplicial
space which is a “free resolution” of a manifold, in the sense that a chain
complex is a free resolution of a module. This will be used later to prove the
finite dimensionality of the Gel’fand-Fuks cohomology of a compact manifold.

Semi-simplicial objects can be defined most concisely using the language
of category theory [56]. Let Ord be the category whose objects are finite sets
ordered by a transitive < relation, and whose morphisms are order-preserving
set maps. The objects of Ord are called 0,1,2, etc. where 0 = {0}=+,1=

{0,1} =, 2 = {0,1,2} = \. The ordering of the set nis 0 < 1 < ... < n. Of
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all the morphisms in Ord, we focus attention on the injections from n to n+
which we call 8; or face maps, and the surjections from n + 1 to n which
call ¢; or degeneracy maps. (In fact, all morphisms in Ord are compositions
face and degeneracy maps.)

The category Ord is represented by the picture

-—ﬁ

" e =" %_—__;

. oy iy, -,
’ {___}"""' '] {..'---

_—_.)

jw » e oo

° 1 2

In this picture, the sets of vertically placed dots are the objects 0,1,2,...
Ord. The solid arrows are the morphisms 8; and the dashed arrows are t
morphisms ;. These morphisms are defined by the following:

_Gi:in—-n+l, i=01,...,n+1
a3 ifj<i o '
8.(])—{j+1 ifj>1 for j €en={0,1,...,n}.
That is, 8; maps n to n+ 1 injectively, preserving order and omitting i € n-
from its range.

eg:n—n—-1, i=0,...,n~-1
) = {;_1 " ;f: ifjen=1{01,..,n}.
That is, ¢; maps n to n — 1 surjectively, preserving order and mapping ¢ a
i+lentoien—1.

Observe that there are n+2 face maps ; from n to n+1, and n degenere
maps ¢; fromnton—1.

Now let C be any category, for example Sets, Topological spaces, C™° mu
ifolds, Modules. Let A be a contravariant functor from Ord to C. Then
is called a semi-simplicial object (abbreviated s.s. object) in C, i.e., a ser
simplicial space, manifold, module, etc. If B is a covariant functor from (
to C, then B co-semi-simplicial (co-s.s.) space, module, etc. (The nomenc
ture reflects the fact that semi-simplicial objects were studied before co-set
simplicial objects.) Explicitly, let A(n) be the object in C associated to 1
object n in Ord. Then for each face map J; : n — n + 1, there is am
A(8) : A(n +1) — A(n). Designating A(8;) by a solid arrow as before,
write the semi-simplicial object A as

AQ) o> AQ) ;—(___—-‘_ﬁ A(Q)--
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The co-semi-simplicial object B is written

—_—
BO) < - B &= B 7 .
e T SEIES

Example. Given a polyhedron P with an ordering on its vertices, let
S°(n) be the set of abstract n-simplexes of P, i.e., the set of ordered (n + 1)-
tuples (vo,-..,vs) Of vertices v; such that (vg,...,v,) is a face of P and vp <
v < ... < vy, in the given ordering. Then ) is a semi-simplicial set with face
maps Y_(8;) and degeneracy maps ) (¢;) (which we call §; and ¢; by abuse of
notation, even though 3" is a contravariant functor) defined by

a,'(’l)o,...,’vn)=(Uo,,..,'ﬁ,’,...,'l}n), i=0,...,n N
€(Voy---yUn) = (V0,..., Vi, V..., Un), 1=0,...,m.
Note that the union of the images of all the ¢;’s is exactly the set of degenerate
simplexes, i.e. simplexes with a vertex repeated.

Now there are three important general constructions done on semi-sim-
plicial objects. The first of these is geometric realization of a semi-simplicial
space.

Let X be any semi-simplicial space, i.e.

X : Ord — Top. spaces.

(As a special case we may allow X to be an s.s. set, since we may make any set

into a topological space by giving it the discrete topology). We write X as
«_—-—

ST L72 X(2) e s
x@ 5 X0 3@

Define a co-semi-simplicial space A =
15772 5
L - S N e L

oy

where A™ is the Euclidean n-simplex, and

8 =AB): AT — A
and .
€ = Alg) : A" —— AT
are the standard face and degeneracy maps of singular homology theory. In
barycentric coordinates,

A(a«;)(to, e ,tn—l) = (to, e ,t,‘-l,O,t,', e 1tn-1)
and

A(e,;)(tg, N ,tn) = (to, et tigy, .. ,tn).
Now |X|, the geometric realization of X, is defined to be

{H(X(n) x A")} [~
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the quotient space of the disjoint union (topological sum) of the spaces
X(n) x A®

under the relations
{2, A(F)() ~ (X (=) 1)
or in abuse of notation
(2, f(t)) ~ (f(=),1)
for z € X(m), t € A®, and f : n — m any morphism in Ord. (These relatior
are generated by the relations with f = g; or f = €.)

Example. Let P be a polyhedron with ) its associated abstract simplici
complex as before. Then

1| =[] 5m) x &

modulo the relations

= {00y -1 Un), b0y - - s 8im1, Oy ity o s E)]
~ [(’Uo, ee ,’0.', cany 'U"), (to, e ,t,'_l,tH.l, e ,tn)]

and

(V0 - - 2 Viy Vs - -1 Un)s (B0 -« - s Bnt)]

~ [(’Uo, P . ,Un),(to, R 7 #5% PRI ,t"+1)].
Writing [(vo, - -+ Un), (t0s- - -1 tn)] 88 Lotp + . .. + tn¥n, We recognize |T| as tk
usual geometric realization of £, namely || = P.

The second construction that arises with semi-simplicial objects is makir

a chain complex out of a semi-simplicial module (or a cochain complex out ¢
a co-semi-simplicial module). Let M be a semi-simplicial module, M =

«— .
MO Ty M M@ )

Define a boundary map
6: M(n) — M(n-1)
by taking the alternating sum of the face maps from M (n) to M(n—1),ie.

n -
5=7 (-1)'M(®),
i=0
where 8; : n — 1 — n. The fact that M is a functor implies that 2=0:
that
M(0) 5 M() 5 M(2)

is a chain complex, sometimes denoted ko M; i.e. k:Semi-simplicial modules-
Chain complezes is the functor which takes alternating sums of face map
Similazly, if N is a co-semi-simplicial module, then ko N is a cochain comple:
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Note. By abuse of notation, we shall often write Hs(M(*)) or Hs(M) to
mean Hj(ko) the homology of M, or refer to a semi-simplicial module as a
chain complex.

In computing the homology of the chain complex k o M or of the cochain
complex koN, it is often useful to work with a normalized complex in which the
degenerate elements have been quotiented out. More precisely, one proceeds as
follows. (See [18] for details and proofs.)

Let M = G
€3 =2 M) e )
MO - M) S M)

be an s.s. module. For each module M,,, we define the submodules

n
M, =) ker(8; : Mp — Mn—1) (N.B. 3o is omitted)
i=1
n—1
DM, = Z image (& : Ma_1 — M) (all ¢; are included).

=0

Egercise. {M}} is a subcomplex of k o M (It is called the normal sub-
complez). The boundary map Y7 o(—1)*8; reduces to 8 on this subcomplex.
{DM,, T ,(~1)*3;} is a subcomplex of k o M (called the subcomplex of de-
generate elements).

Theorem 2.1. (Normalization Theorem of Eilenberg-MacLane. See (18],
pp. 218-225)
1. koM =M ®DM,ie.
M, = M, & DM, Yn.
2. The inclusion M’ — ko M of the normal subcomplez into the full complex
is a homotopy equivalence of chain complezes. DM is null-homotopic.

Definition. M/DM is called the normalized (chain) complez of M.

Corollary 2.1.1. The composition M’ — kM — M/DM is an isomor-
phism between the normal subcomplez and the normalized complez.

Corollary 2.1.2. Hs(k o M) — Hg(M/DM) is an isomorphism, where
H; denotes homology of chain complezes under the boundary map 6 =

S o (~1)as

Note. Analogous results exist for a co-semi-simplicial module N. In this
case we define the degenerate complex by DN = N/ (ker ¢; and the normal
complex by N’ = N/ ¥, image 8;. ([18], pp. 283-290).
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3. Spectral sequences and double complexes
‘We recall some basic notions from spectral sequences as they appl:

computing the (co) homology of a double complex [61,58]. Assume we ha
double complex A = @p o AP? of R-modules (R is any ring).

q AP9

- 0 AO,O Al 0 A2,0 —6—>

A is bigraded by p and g, and graded by p+q. Let there be given bound
maps 6 and d on A such that § : AP — APHLE d: AP9  APOHL and d6 =
(One could also consider the cases § : A9 — AP~14, etc.) We assume t
for each fixed n, A»™~? is O for all but a finite number of p. This is true,
example, if AP is a first quadrant complex as in the diagiam, i.e., if A9
if p or ¢ is negative. We define a boundary map

D=d+6=d+(-1)%

on A. Then A is a cochain complex with respect to D, and we seek Hp(A)
To find Hp(A) using spectral sequences, we filter A as

A=F03‘F1:)F23"',

where
F = @pyi AP9.
The associated graded module ®,F,/Fp1 of the filtration is called Eq. E;

bigraded by the filter degree p and the complementary degree ¢, and graded
p+¢. In our case

B o APa,
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Thus the original picture of A above is also a picture of Ey. Now the map D
on AP?isd £,

APatt
1d
|

APY -5__.>Ap+1,q

and this induces the map d : EPY — EP?™ since in Ef? we are working
modulo AP+19. We denote by dy the map d on Ej'?, and define

El = Hdo (EO),

i.e., Ey is the homology of the complex

q EPS
| 1
I I
1 By
1do 1do
0
0 1 2 P
under the maps dg. Hence
E, = Hy(A).
D induces a map d; = 6 on E:
q
d d
1 - - BP9
0 I NS R
0 1 2

‘We define
Ey = Hy, (Ex) = Hs(Ha(A))-
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What does it mean to say ¢ € E5??

1

d:
g+1 ¢ ‘
Idozd

I

®

q
di=46
|
Id
g-—1
p1
P p+1

We can consider ¢ € AP9 with the following properties. First, 0 = dop =d
Second 0 = dip = dp in EP*19. This means that §p is a boundary in Ej*
with respect to do, i-e., that there exists 1 in AP*19-1 such that dp; = 6
Thus D(¢ + ;) has entry 0 in AP9+! and in AP+t14. Thus EB? consists
elements of AP which can be continued downward one step towards bei!
D-cocycles. Actually E is the quotient of these partial cocycles by parti
coboundaries.
The spectral sequence continues:

Hdz(E2) = E3, e 1Hd..(En) = En+11

where dz,ds, ... are maps induced by D. The maps d; point in the followi
directions:

q
2 dz
do
1 d1 N di
Y
do )
0 \t‘iz

0 1 2 \da P

In general, d; increases the filter degree (p) by i, and increases total degree
1. As the diagram shows, d; eventually points to or comes from boxes whi
are 0, so the spectral sequence eventually stabilizes in each box (p, ¢), and wh
it does, we write ER? = ER1.
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The result of spectral sequence theory is that
Op+q=n BB is the associated graded module of HP(A)
which is isomorphic as a vector space to HB(A)if R isa field.

We note that any non-zero element EZJ? can be represented by an element ¢
of AP which can be completed downward to form a D-cocycle which is not a
D-coboundary.

3
I
q
I
2 ¢ —4—
1
| A
1 $1—1
1
|
0 P2 —i—>
0 1 2 3 4 p

For example, if ¢ € AM? is non-zero in EL?, then there exist ¢;, 92 as shown
s0 that D(p + 1 +@2) =0 and (p + 1 + 2) is not a D-coboundary.

Recall that filtering by p gave By = Ha(4), Bz = Hj(Hgy(A)) and completed
D-cocycles downward. Similarly, we could filter A by g. This would give a
spectral sequence with

E; = Hy(A), Eq = Ha(Hs(A)),

and in which cocycles are completed upward. Both filtrations give the same
answer for Hp(A), so in both cases (if Ris a field)

Dptg=n B

is the same, though E%J need not be the same.

In many important cases Ey “collapses,” i.e., so many terms E2? are 0 that
all succeeding maps dz,ds, ... point to or come from boxes with 0’s in them, so
that EBZ = E5?. The following configurations are examples of such Ep terms:
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(blank boxes denote 0, z’s denote non-zero entries)

Rt

2 z 2 N\ z 2
N
1 z 1 z
R N Ho e
q dz q q
0 z (] z d2 0 z z z z
‘ I~ ~{d2
[} 1 2 * [)
M 1 2 » ¢ 1 2 3 B

(The d; maps are drawn assuming filtering was by p, but Ex = E also
filtering had been by g¢.)

4. Cohomology of a semi-simplicial space

Let X: Ord — Spaces be a 5.8 space, and let | X| be its geometric realizatio
Let S,: Spaces — Groups be the functor which assigns to each space its grou
of singular g-chains with coefficients in Z. Then '

S¢X : Ord — Groups

is & contravariant functor, hence an s.s. group. Applying the alternating su:
functor k of Section 2, we make S, X into a chain complex:

Sy(X)(0) -8, x (1) & -
At the same time we have the singular boundary maps d : S, X (n) — S;_1X(n
d and 6 commute, so there is a double complex S, X: ‘
q
Sz
5 ~ 5.X =@ S X
4 g?q X (p)
So

X(0) X(1) X2
=X =Xi p

Let D = d + (-1)%, and grade S.X by p+¢. Then (5.X,D) is a chai
complex, so Hp(S.X) is defined.

249




Gel’fand—Fuks Cohomology

Theorem 4.1 (Moore). There is a natural chain map f:(S.X,D) =
(8.(1X1),d). f is a chain equivalence (hence induces isomorphism in homology
and cohomology with any coefficients) if X is “good” in the following sense:

Definition. X is good if each X, is compactly generated (meaning that
X, is Hausdorff and that C C X, is closed whenever C N K is closed for every
compact subspace K C Xy), and if each degeneracy map € : Xn—1 — Xn
(which is automatically an inclusion, since 8;¢; = id : X1 — Xp-1)is aclosed
cofibration (cofibration means that the pair (X, €i(Xn-1)) has the homotopy
extension property with respect to any space).

Proof. We define the unnormalized geometric realization of X, denoted
|| X]|, to be the space

[Ixnx 2% ~,

where ~ means to mod out only by face maps 0; (rather than by face and
degeneracy maps as in the construction of |X| (see Section 2)). There is a
natural map i : || X|| — X, and if X is good then ¢ is a homotopy equivalence
[Segal, 1974]. Hence the theorem will follow from

Theorem 4.2. For any s.s. space X, there is a natural chain equivalence

£+ (8.X, D) — (S.(IX1D), )-

Proof. Let Y and Z denote any two topological spaces. By acyclic models,
Eilenberg and Zilber showed there exists a chain equivalence

B: 85,(Y)® 5.(Z) — SulY x 2)
which is functorial in Y and Z. We shall use a particular choice of B called the
shuffle homomorphism [Greenberg, p. 208] defined by
B(o®T)= Zﬂ:(ejq €5, 0, € €5, T)

where 8 is a singular p-simplex of Y, 7 a singular g-simplex of Z, ¢ is the
k-th degeneracy map, the sum is over all permutations (i1, .-,y J1,---» Jp) of
(0,...,p+g—1) such that i; <ip <... <ip and j1 < ... < jg, and the sign
is the signature of the permutation.

Let A? be the Buclidean p-simplex, and let 8, € Sp(AP) be the identity
map of AP. Define a map

[ Sg(Xp) — Spq(I1XTH

by the composition

® LA
Sq(X5p) =2 84(Xy) ® Sp(AF) 2 Spq(Xp x AF) ?‘Sp-fq(“X”)
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where 7 : Xp x AP — || X| is the canonical map. To show that f is a ch:
map

£ (8:X, D) — (S.(IIX1), d),
it suffices to show that

S¢(Xp) —‘_‘i‘_—’ Spra(I1X10)
D=d+(-1)% d

S4t (X5) ® So(Kp1) ——L— Spra-(IXI)

commutes. Let a € Sq(Xp). Then

df(a) = dm.B(a ® 8,) = m.Bd(a ® ;)
=m,B(da® 8, + (—1)?a ® dd,)

while
fD(a) = f(da + (~1)%6a) = m. B(da ® 8;) + (-1)*mB(6a ® 8p-1)-
Thus to show that df = fD it suffices to show that
7, B(a ® dfp) = n.B(ba ® Jp-1).

Now consider the diagram

x x &Pt
, P
(b3, &
x_ ,xPt x oP
p-1 ’ xP
\ w
x|
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which commutes by the construction of [jX||. Applying the functor S, to the
diagram and choosing B(a ® 8p-1) € Sp+q-1(Xp ¥ AP~1) shows that

1r.B(8.~a [52] 6,,..1) = 7r,B(a ® 8,-6,,_1).

(This uses the naturality of B, ie., (8,1)«B = B(8;,1), and similarly for
(1,8;).) But by definition,

S (-1fte=8a Y (-1)'%dp-1=dp

50
7o B(6a ® 8p_1) = maB(a ® dOp),
as was to be shown.

To prove that f is a chain equivalence, it suffices, since it is a morphism of
chains of free Abelian groups, to show that f induces isomorphism in homology
[Spanier, p. 192]. We prove isomorphism by filtering both chain complexes and
showing that the induced map of spectral sequences is an isomorphism on the
E" level (see [61] for more details on spectral sequences).

We filter (S.X,D) by

0=F_1CFoCFlc...,Upr=S,.X,

where
Fp = ®f=0 S.Xi.
In | X ||, let Y, = || X|lp be the image of Xp X AP (under the map ). Then
p=Y. CYoCYiC...,Up¥p = [ X|
induces a filtration F}, = Su(Yp),
0=F,CFcFcC...

of (S.(||X )}, d). One detail must be proved:
Lemma 4.3. UX Fy = S.(I1X]]).

Proof. We have to prove that any map
A" — |1 X]]

factors
A" — Y, = I X]|

for some p. Since the image of A" is compact, it suffices to prove that any
compact K C || X|| lies in Y}, for some p. We use a modified form of Whitehead’s
proof that a compact subspace of a CW complex lies in some p-skeleton (73}
the modifications are necessary because || X||, unlike a CW complex, need not
be. Hausdorff or even T'1. (In fact, this can cause this lemma to be false if we
use | X| in place of || X]|)-
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Let Z be the trivial s.s. set with Z, =(point) for all p. Then there is 4
unique s.s. map g : X — Z, which induces h : | X|| — {|Z]|. |Z}] contain:
one copy of A™ for each n. Now h maps | X[, to {|Z]l, = 7(pt. x AP} anc
furthermore, h~1(||Z]lp) = [ X|lp. Thus to be done it suffices to prove tha
any compact K C || Z| lies in || Z]|, for some p. Now we can use ‘Whitehead”:
argument, since points are closed in ||Z}]. Suppose that K is not contained i1
any [|Z||p- Then we can pick a sequence of distinct points z1,2z,... in K sucl
that only finitely many zs lie in ||Z]|, for any p. Let W = {2}®,. Now W
is closed in || Z||, since a~*(W) C I (pt. x A®) is the union of finitely many
points in each (pt. x AP). By the same argument, every subset of W is closec
in ||Z|. Hence W is discrete. Since W C K with W closed and K compact
W is compact. Thus W is compact, discrete, and infinite, which is impossible
Q.E.D.

Returning to the proof of the theorem, we see that

f:(8.X,D) — (S.(1X1).d)

is filtration preserving, ie., f(Fp) C Fy. Hence f induces maps fPiE' -
Ei, i=0,1,...,00 of the respective spectral sequences. By [Gi], Theorem 9.1.3
if f* is an isomorphism for some i > 1, then f, : Hp(S.X) — Ha(S. (X)) ¢
an isomorphism. Thus we shall be done when we show that f 1 is an isomor
phism.

On the EY level we have

ES=Fp/Fpo1=8.Xp; Epg=8.%p
do: EY — EJ isthe map d: S;Xp — Sg-1Xp.

'Y = Fy[Fy-y = 5.%/5.Yp-1 = 5u(¥p Yp-1)

IEg,q = p+q(Yw Yp—l)-
dy: 'E3— 'Ep is the map,
d: Sp4q(Yp, Yp-1) = Sprg-1{¥p, Yp-1).
f°:E?

! 3 s
g ™ Eg,q is the composition

®9,
5o Xp 228 8, X, ® SpAP 2 Spy o Xp X AP) T2 Spy (¥, Ypu1):

Letting A? denote the boundary of A’, the functoriality of the maps show:
that f can also be written as the composition

8, . . R
SeX, 2% 84(Xp) ® Sp(A7, AF) = Spra(Xp x (A7, A7)
T4 Spta(¥py Yp1)Spta(Xp X AP, Xp X 4r)

where we now regard 8, € Sp(A?, A?), and B’ can be defined from B since I
is natural. Furthermore, B’ is a chain equivalence ([17], pp. 180-1).
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The three maps ®8;, B, and 7, each commute with d. Taking Hy of each
term above gives the map f*: EL  — 'E] ; it is the composition
Bl = Hy(X,) 22 Hyo(SeXp ® Sp(A7, AP
g = (Xp) — Hpiq(SeXp ® Sp(A7, )
B! . )
=2 Hpg(Xp X AP, Xp x AP) 75 Hpyo(V, Yp1) = 'Epq-
By the Kiinneth theorem ([17], VL. 9. 13), together with the fact

{Hp(A”,A") = Z, generatedby &,
H.(AP,AP) =0, n#p

We see that Hp oS Xp®Sp(AP, AP)) = H, X, @ Hp(AP, AF) and that (98,). is
therefore an isomorphism. B, is an isomorphism since B’ is a chain equivalence.
Thus to show that f! is an isomorphism, which will finish the proof, it suffices
to show that

T+ Ho(Xp X AP, Xp x AP) ~— Hn (Y, Ypo1)

is an isomorphism for all n.
Pick a neighborhood U of AP in AP and a deformation

Be:U — Ushg=id, hy:U — AP, h|AP =id forallt.

Then X, x A? is a strong deformation retract of X, x U, and Y, is a s.d.
retract of m(X, x U). The latter follows from the fact that ¥, has the topology
quotient of [[2_y X, x AP (i.e., this topology coincides with the topology of Y
as a subspace of || X]).

Thus it suffices to show that

ot Ho(Xp X OF, Xp % U) 55 Ha (Y, 1(Xp x U)).

Now excising Xp x AP from X, x U and Y,—; from 7(Xp x U), it suffices to
show

e+ Ho(Xp x (AP — AP), X, x (U = AP)) = Hp(Yp = Ypo1, 7(Xp X U) — Yp-1)-

But
71 (Xp % (AP — AP)) — (Yp = Yp-1)
is a homeomorphism, as is

71 Xp x (U —AP) = w(Xp x U) = Ypoy = (X, x (U — AP)),

so 7, is indeed an isomorphism. Q.E.D.

Remarks. The hypothesis of “goodness” in Theorem 4.1 is fulfilled if X
is an s.s. set or s.s. CW complex, or if it is an s.s. manifold with degeneracy
maps s; which embed X,,_; as a submanifold of X,,. If X is not good, we can
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either use || X|| instead of |X|, or we can use one of several other geometri
realizations, such as the unwinding |Xz|, defined by

Xzl= I Xaxa%/~,
7,y (80,00 s¥n)

where 0 < ip < 41 < -+ < ip, are integers, and ~ means all relations

} (3 djt; 50, -+ yin) ~ (BiZiti80s- 183y -in)y & € Xny t € AL,

Theorem 4.4. The map |Xz| — || X|| defined by
(z;¢5 90,815 - -+ »in) — (z3t) (z € X, t € A®)
induces isomorphism in homology.
The proof, which we omit, is algebraic and uses a modification of the nor
malization procedure for an s.s. module [18].
The major use of the unwinding is in constructing classifying spaces fo

) topological groups or categories, especially those with “bad” topologies (se
! [6], Stasheff’s appendices B and C).

Example of Theorem 4.1. As in Section 2, let P be a polyhedron wit)
ordered vertices, and Y (n) the set of its n-simplices. }_ is an s.s. set, an:
|2} = P. By Theorem 4.1 there is a chain equivalence

f:(8.%,D) — (S.(IZ]),d) = (S,P, d).
Now (S.E, D) is the double complex

So .

T T v

Filtering S, by p, we find EL , = HX(S, Y.(p)) = H,(X(p)). But since 3(»

is a discrete space,
0 if g¢g#0
H =
(e ={g, i o

255




Gel’fand-Fuks Cohomology

where Cj, is the free Abelian group generated by the elements of 3_(p). Thus
E'=

P
0 0 0
at—at—a

q
and
2 [0 if g#£0
ra = | HE(CL) if g¢=0.

Since the spectral sequence collapses, we find
Epo = Egp = Hy(S.%).

Thus by Theorem 4.1, Hg(C’*) = H,(5,P) = H,(P). Analogous results hold
for cohomology or for other coefficients. Thus in this special case, Theorem 4.1
reduces to the familiar result that the (co)homology of a (geometric) simplicial
complex equals the (co)homology of the free chain complex (resp. dual of the
free chain complex) on its simplices.

Now let M be an s.s. manifold. Let A%: Manifolds— R-Modules be the
functor which assigns to each manifold the vector space of its differential ¢-
forms, and let d be the DeRham differential from A9 to A9, Then AIM is
a co-s.s. module, and in the usual way we form the double complex AM =
DAIM (p) =

q
Al
la
|
40 LA
MQ) M) p

Now if N is a manifold we call a singular g-simplex 8 € S;(N) smooth if
8 : A? — N can be extended to a smooth map defined on a neighborhood of
A? in RY. Let S}, (N) denote the module of singular cochains of N which
are only defined on smooth simplices. There is a restriction map r : S*N —
Sym. N which induces isomorphism in cohomology by the DeRham theorem
(one approximates cycles by smooth cycles to prove this.) Now integrating
g-forms over smooth g-cycles gives a natural map of cochain complexes

9w:AN = S} N
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of DeRham theory into smooth singular theory. By the DeRham theorem «
induces isomorphism in cohomology. Composing this with the inverse of r
gives a natural isomorphism

Hy(AN) 5 Hy(S*N).

Applying these facts when N = M(p), p = 0,1,... and using the naturalit
to show that r and ¢ commute with 6, we see that there are maps of doub)
complexes

AM 2.8 M- S*M;
filtering each complex by p and taking Hy gives us the E},’q terms

HY(A™M(p) 3 BY(Simn M(P)) v BY(S™M(5)).
Since ¢* and r* induce isomorphism of E! terms, they induce isomorphisms

—  Hp(AM) £ Hp(S}, M) Z Hp(S*M)..

Combining this with Theorem 4.1 we have proved

Theorem 4.5. There i3 a natural isomorphism
Hp(AM) =5 Hp(S*M) = H*(|M|) (coefficients in R).

Thus we can compute the cobomology of |M| using differential forms (on tt
M(p)), even though |M| is not & manifold!

5. A semi-simplicial construction of BG for a discrete group G

Given a discrete group G, there are several constructions of a classifyin
space BG (which, since G is discrete, is an Eilenberg-MacLane space; se
Section 1).

We start one such construction {20] by choosing a point to be the 0-skeletc
of BG, and adding an oriented loop for each element £ € G. One then attach¢
2-simplices to kill each relation of the form

Ty==z2 for z,y,z€G.

For example, if z,y € G, then one fills in the triangle
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‘ We now define

BG = |NG| = geometric realization of NG [cf. Section 2].

Xy y That is, -
NG=]] 6" x A%/ ~,
=0
N \ where ~ means to identify via face and degeneracy maps.
x BG = point U (a l-simplex for each z € G)

U (a 2-simplex for each pair (z,y) €GxG)U:---,
(which has all 3 vertices identified to a point) with a 2 simplex corresponding
to the pair (z,y). Similarly, one kills the relation

T1Z2 - Tn =Y /

with the 2-simplex (z,y) glued to the 1-skeleton by

by suitably attaching an n-simplex, corresponding to the n-tuple (z1,...,Zn). Xy ,/7 x,y) ¥
The CW complex thus obtained is a K(G, 1), hence is a BG (see Section 1).
The above construction can be described easily in semi-simplitandarcial _ x >
terms. Let NG be the semi-simplicial set, that is, functor from Ord to Sets,
with i
. as we described above.
NG(0) = * = a point, ‘We can now compute H*{BG) by applying Theorem 4.1.
NG() =G,
NG(2) =G xG, Theorem 5.1. H*(BG) = Hp(S*NG)(for G a discrete group).

NG(p) =G? d:fG x +-- x G(p factors).
Since NG is discrete, like 3 in the example after Theorem 4.4, HL(S*N
reduces to H}(C*), where

CP = free module generated by NG(p) *

The maps 8; and €; (actually NG(8;) and NG(e;)) are defined by:
=Maps (G?,R) (where R is the coefficient group)

;: GP p—1 i =
8;:GP — GPY, i=0,...,p P N SN S

Bo(z1s - - -+ Tp) = (T2,...,Tp)
p(1y- 1 Zp) = (Z1y- -, Tp-1) We recognize C* as the complex used to compute Hy,,(G; R), the Eilenbe
Bi(T1y -1 Bp) = (T1ye oy Tiig1, -, Tp)y 1Si<p—1. MacLane cohomology of groups, hence

H:pacu(BG) = HEM(G)
&:GPl — @GP, i=0,...,p—1 .

19].
co(r,- 1 Zp-1) = (L3150, Tp1) it Of course, we could have avoided using Theorem 4.1 by constructing
€T1,-. s Tp—1) = (&1, -+, Ti, L, Tig1, .. \Tp-1)y, 1<i<p—1. directly as the cochain complex generated by the cells of BG, a CW comp.
For example, The map
Bo(x) =0i(z) =% z€G 6= (-1)'a,

G(z,y)=y (t,y)eGxG an alternating sum of face maps, is just the boundary map in the coch

By (z,y) = Ty complex of the CW complex.

Ba(z,y) =« ‘We have proven
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Theorem 5.2. If G is a discrete group, H*(BG; R) = cohomology of the
complex

Maps (*, R) £, Maps (G,R)LMaps (GxG,R)—---.

Theorem 5.2 gives us a combinatorial way to compute H* (BG). (We can
find H,(BG) similarly). Unfortunately, the combatinorics are very difficult in
all but the simplest cases.

6. Construction of BG for a topological group G

The same semi-simplicial construction used to construct BG for a discrete
group G carries over almost verbatim when G is a topological group (cf. supra
Section 5; also [56]). As before, we construct a semi-simplicial space NG =

-
e —————

#ceer G e—— GXG -+
f——— ————
prvates

with the same 8; and ¢; as in Section 5, and let BG = |[NG| =

¢ xa) e xan]lex Gxay]] -

modulo gluing via the maps ; and ¢;. The only difference from the case of G
discrete is that now we topologize G with its given topology, not the discrete
topology, so that G x G x A2, for example, has the product topology inherited
from the topology of G and the standard topology of A?. Thus BG is not
canonically a simplicial complex or CW complex as it is when G is discrete.
(Observe, by the way, that 8; and &; just involve multiplication in G and identity
maps, which are continuous.) The construction of BG as |NG} is a variation
of Milnor’s joint construction. Other constructions of BG have been made by
Dold-Lashof, Stasheff, Steenrod—Rothenber, Milgram, Segal, and Dyer. The
various constructions of BG are compared in Stasheff’s appendix to [6].

We prove now that BG = |NG] is really a classifying space for G-bundles.

Theorem 6.1. Let G be a Lie group. There exists a semi-simplicial space
PG and a map
PG — NG
such that PG — NG and the induced map

|PG| — |ING|
are fibrations with fiber G, and such that |PG| is contractible. Hence
|PG] = EG

BG
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is a universal principal G-bundle.

Proof. We define the semi-simplicial space PG =

—_—

———

—
G -—- GxG —— GxGxG ---
—

————
—

PG(ﬂ) = G"+1,

where the maps
8:GFHY @GP, i=0,...,p

are given by
3,'(20,...,2,,)=(Io,...,i¢,...,.’tp),
and
€GP L GPF2 i=0,...,p,
is given by
€i(Z0,. .1 Tp) = (Tos- -+ Tir Ty - - s Tp)-
Now there is a map
n: PG— NG
given by
— e
PG=(G - GxG —— GxGxG -}
— —
I
— e
NG=(* P G D GXG‘ =),

(T, - -1 Tp) = (2027}, 2175, TaT3 s - s Tp1Tp ).
To see that the above diagram commutes, hence that 7 is a morphism of
simplicial spaces, we must check that

x0; = &;w for all maps 9;

me; = e;m forall €.

For example, for 7 # 0, p, we compute

785(Toy - - - » Tp) = T(T0s -+ -1 Fiy -+, Tp)
= (zozl_l, ceey :z:,-_la:,-'_‘_ll, e ,a:,,-lz;l)
= (zozTh, .. -, (@im127 D(@TT L)+ )
= G;m(z0,- .., Tp)-

We omit the straightforward computations that show that 7 commutes
the other 8; and ;.
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G acts freely on the right on PG in a manner that preserves the fibers of
7, by

(zo,...,%p) - & = (zox,...,2pzx) for (xp,...,2,) € PG(p) and ze€G.

Ezercise. m: PG — NG is a principal G-bundle.

It can be shown [56] that | PG| is contractible, and that
fr} : |PG| — [NG|

is a principal G-bundle (at least if G is a topological group with a reasonable
topology, for example if G is a Lie group). By Theorem 1.1, |x| : |[PG| — |[NG|
is a universal principal G-bundle.

Remark. By different methods one can show that |[NGz| classifies G-
bundles when G is any topological group or category. |[NGgz| denotes the
unwinding defined in Section 4. See Stasheff’s appendix to 6], and [56].

H*BG : Results.
H*BG is known for almost all Lie groups G [3]. For example, for
G=U(n) or O(n),

H*BG can be computed using the Serre spectral sequence and the induction
on 7 [3]. Without going into this and other computation methods, we give the
results [cf. infra Section 9; also 53].

1. H*(BU(n)) = Z[cy,...,¢n), a polynomial ring (with no relations) in
€1y...,Cn, With ¢; € H¥(BU(n)). ¢ is called the i-th Chern class. By
our discussion in Section 1, these must be all the characteristic classes for
bundles with structure group U(n).

2. BGL(n,C) is homotopy equivalent to BU(n), as can be seen in two ways:

a) U(n) has the same homotopy type as GL(n,C), since GL(n,C) is the
product of U(n) and an affine space [13].
b) Any complex vector bundle, i.e., bundle with fiber C", and structure
group GL(n,C) acting in the usual way on C" can be given a Hermitian
metric on the fibers. This reduces the structure group to U(n). Thus
H*BGL(n,C) = H*BU(n) = Z[cy,...,cys), so the Chern classes are also
the characteristic classes for GL(n,C)-bundles, and in particular, for C*-
vector bundles.

3. By similar arguments BGL(n,R) and BO(n) have the same homotopy
type. With coefficients in Z,

H*(BGL(n,R); Z3) = H*(BO(n); Z3) = Zz|wy, ..., wp),
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where w; € H(BO(n);Zy) is the i-th Stiefel-Whitney class. These
the characteristic classes with coefficients in Z; for unoriented R™-pl:
bundles (real vector bundles).

4. With coefficients in Q (similar results obtain if we use R instead)

H*(BGL(n,R); Q) = H*(BO(n); Q) = Qlp1, - -, Pn/2)s

where p; € H¥{BO(n); Q) is the i-th Pontryagin class, and [n/2] me
the greatest integer < n/2. The Pontryagin classes are the characteri:
classes with coefficients in Q (or R) for unoriented R™-plane bundles.

Note. The conceptual way to understand Pontryagin classes is that cert
singular cocycles ¢y, ..., ¢, can be defined on BO(n) with dim ¢; = 2i. Th
¢; are like Chern classes but the odd ones ¢;,c¢s,¢5,... are torsion eleme
hence vanish in H*(BO(n); Q). The cohomology classes of the even “Ch
classes” c3,c4,... are the Pontryagin classes py,ps,....

5. If we look at oriented R™-plane bundles, the structure group is SO{
With~coefficients in @Q, the characteristic classes are the elements
H*(BSO(n); Q). These turn out to be the Pontryagin classes p1,...,p|
as for O(n)-bundles, but if n is even, we also get the Euler class

x € H*(BSO(n); Q)
which satisfies the single relation

X* = Plnsa)-

"

H*(BG): Methods of computation

Using our semi-simplicial machinery, we find H*(BG) by applying Theor
4.1 to the semi-simplicial space NG to get
Theorem 6.2. Let G be a Lie group. Then there are natural isomorphi:
Hp(S.NG)— H.(BG) _and H*(BG)-— Hp(S*NG).

Remark 1. This theorem is also true if G is any topological group
category, if we take BG = |NGz|. The proof uses Theorems 4.2 and 4.4.

Remark 2. Theorem 6.2 is the same as Theorem 5.1 when G is a disa
group. Of course Theorem 5.2 does not generalize to topological groups, si
H?(GP) need not be 0 when g # 0.
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Graphically, H*(BG) is the cohomology of the double complex S*NG =

q
Sl
Td
[
80 18,
* G GxG

P

with respect to the grading p + ¢ and coboundary D = d % §, where §¢ =
singular 4-cochains, 6 : S9(GP) — S9(GP*!) is the alternating sum of the face
maps
548, : SGP) — 5GP

and d is the coboundary of singular cohomology. This construction shows
explicitly that H*(BG) depends on the topology of G and multiplication in G.

To compute Hp(S*NG), we can filter S*NG either horizontally or verti-
cally to obtain a spectral sequence converging to H*BG.

Filtering by p, we get

EP? = HY(S*NG(p)) = H(G?) (singular cohomology of GP).

Filtering by ¢,
EP? = HJ(SING),

a harder object to compute. (See Section 9.)

Example. Find H,BG for G = U(1) = S'. By Theorem 6.2, H.BG =
Hp(S.NG). We filter S«NG by p to get E}"? = H,(GP). Now the g-th row of
the double complex is

Hy(pt) «— Hy(G) —— Ho(G?)--- "

where § = Y1 ,(—1)!8;. By Corollary 2.1.2, this complex has the same 6-
homology as its normalized complex, which is obtained by dividing each H,(G?)
by the submodule of degenerate elements, i.e., by the images of H,(GP~!) under
the degeneracy maps €;. GP is a p-torus, and the maps ¢; are the inclusions
€; : GP~1 — GP defined by

(@1, -y T3, L, Tiy oo oy Tp1), i=1,...,p—1
1,z1,...,%p-1), i=0.

(@) — {
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Now H.(G?) = H.(G)® - ® H.(G) and H,(G) = H.(S) = E(w) = ext

p factors

algebra generated by w in dimension 1. Thus
H'(GP) = E(wl, e ,'w,,), w; € HI(GP)
and
€ : H(GP') — H.(GP)

is the map generated by

&(wj) =w;, 1<j<i

&(wy) =wjpy, i<jsSp-1l
Thus every element of H, (GP) of the form w;, w, - - - w;, is in the image of
€;, except for the element

wwe -+ wp € Hp(GP).
(Geometrically, all elements of Hy(G?) for ¢ < p are generated by the inclu

of lower dimensional tori via degeneracy maps).

Conclusion. After division by degeneracies, the chain complex (*)
duced to Z in the g-th position. Thus

B = Hal () = { o thorwis
q
2 0 0 A "
Ej= 1 0 z 0
o| z 0 0
0 1 9 0

Therefore B3 = Eoo = Hp(S.NG) = H,BG. Therefore
z if ¢ iseven
H,(BU(1)) =
«(BUQ)) {0 otherwise.
(One can show that in cohomology, H*(BU(1)) = Z[c1),e; € H2(BU(1))
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If G is a Lie group, we can apply Theorem 4.5 to compute H*(BG) by
using differential forms on pt., G, G X G,

Theorem 6.3. The DeRham map
Hp(ANG) — Hp(S*NG)
is an isomorphism, and both terms equal

H*(ING|) = H*(BG;R).

ANG is the double complex GAY(GP) =

q

A? 0 AYG®)
14
| (D=d=+3,

A 0 peAlG 14, grading double

complex =p+g¢q )
Al R A°G
* G GxG G,

where A%(GP) = {differential g-forms on GP}, d is the DeRham derivative on
differential forms, and § = £(~1)*A9(8;) is the alternating sum of face maps
on

—

A9(pt.) AYG) —— AYGxG)
For example, an element ¢ € A'(G) is a D 2-cochain in ANG. In order that
¢ be a 2-cocycle on ANG, we must have Dy = 0, ie, dp =0 and &g = 0.

Now dp = 0 just means that ¢ is a closed 1-form on G. The map § equals
52 (~1)*AY(8;), so since
H*(G x G;R) = H'(G;R) ® H"(G;R),
it follows that
bp=10p-—p'p+e®1,
where
n:GxG@—G
is multiplication, u(z,y) = zy. Hence §p = 0 if and only if p*¢p = 1®p+¢ ®1,
and the latter is just the definition that ¢ be a primitive form on G. In general,
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a Lie group need not have any primitive forms, so that any non-zero D-co
of ANG will be sums of entries in more than one box. But in special cas
does have primitive forms.

Example 1. G = S' = R/2n Z with 8 as the coordinate of R/27Z. "
p#:Gx G — G is given by u(q,62) =61 + 6, so

prde = d(6, + 6;) = dby + db,.
Therefore df is a closed primitive form on 5.

Example 2. G = C* with coordinate 2. Then % is primitive bec
u(w,y) = wy, so that
Ldz  d(w d. d
dz_dwy) _wdy  ydw _dy  dw

z wy wy wy y w

Under the map exp: §1 — C* given by exp (8) = €, we have exp* (&
d eiﬂ __..ie“’de . 2
—(-—,—Zc‘ =" = idf. -

As mentioned above, in general a D-cocycle of ANG has entries in se
boxes of ANG. For example, to build a D 4-cocycle on ANG, we might
by choosing ¢ € A%(G x G) so that dp = 0.

A3 0
Jd ,
q ]
A? 18, s
L ANG
}d
Al ! 6 7
@' bp
AO
* G Gx G (el e
= G2 4

Now d(6p) = 6(dg) = 0, so b € A%(G®) is a closed form. We next &
find ¢’ € A}(G®) such that dy’ = —8p (of course ¢’ need not exist in gene
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Then
D(p+¢) = (d+(-1)%)(p +¢') = (d+ 8)p + (d - 6)¢
=0+ 6p+dy’ —bp' = 8¢’ € AHG*).

Proceeding in this way, one can build a D-cocycle ¢ + ¢’ + - - -, which proceeds
from ¢ downwards and to the right. One could also work upwards and to
the left. Observe that building D-cocycles (modulo D-coboundaries) step by
step in this way is equivalent to computing the spectral sequence of the double
complex [cf. Section 3].

7. Construction of characteristic classes for G-bundles
by semi-simplicial methods

In Section 6 we showed that H* BG can be represented by differential forms
on NG =

+ TG ——GxG .
Given a space X and a G-bundle 5 on X, classified by a map
fn: X — BG,
the characteristic classes of  are just
fi(H*BG) C H'X.

The trouble is, how do we know what the map f; is in terms of our semi-
simplicial setup?

Let us take the most naive approach to characteristic classes for bundles
over manifolds. Given an open covering {U,} of a manifold M, a G-bundle 5
over M is determined by a cocycle of transition functions [cf. Section 1]

Gab : Us NUp — G.
Given a form p; € AG, we can pull it back via the maps gqp to get forms
g1 € A(U, nU).
On each triple intersection
Uabc de=f. Ua n Ub n Uc
we have the map

(9abs Gbc) : Ugbe — G X G,
Since the cocycle condition says that

Gac = Gab * Gbes
the map (gab, goc) gives us enough information to recover ggc. Given a form

w2 € A(G x G),
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we can pull it back via the map (ggp, goe) to a form
(9abr Gbe) P2 € A(Uape) for each a,b,c.
Thus given a general element
p=p1+e2+-- +pr € ANG,
we can pull it back via the maps gqp to a form p(y) which lives in
(®a,6A(Us N Up)) @ (Da,5,cAUabe)) © - --

However, this still does not live in AM.

To get forms in AM, we recall André Weil’s proof of the isomorphism
Cech and DeRham cohomology [71]. (Cf. infra Section 8 for the rest of t
proof. See [6] for a proof not using spectral sequences.) Given (M,U), whe
M is a manifold and I an open covering {U,} of M such that the index set
the cover is ordered by <, we define the Cech-DeRham double complez

q
o A?
la
|
Al i 8 AUM
AO

UoM M LM 5

with p, ¢ term AU M).
Here UgM = H U, (disjoint union)
a

UM =[[ U0,
a<b
M= [] VanUsnU,, etc,
agbse .
: d: AYUpM) — AT(ULM)
is the ordinary DeRham coboundary map, and § is a Cech coboundary m
defined by
§: AlUp_1 M) — AN UM);
for p € AY(U,_1 M),

P
(80)(UgoN++-NU,,) = z("l)i‘P(Uﬂo Nne--nbg,n.--n Ua W (Uao N --- 0T,

=0

269




Gel’fand—Fuks Cohomology

(Notes: | means restriction of a differential form to a subset. The formula for §
is the one used in defining cohomology of M with values in the sheaf of germs
of differential ¢g-forms on M).

Theorem 7.1. Let D = d + & in the double complex AUM. Then
HB(AuM) = HBtham(M)'

Proof. Filter AUM by q. Then EP? = H}(AU, M) = p-th cohomology
of the cochain complex

(0 — AUM) = (0 — AUM SAUM S AUM - ).

Lemma 7.2.

0 if p#0
AIM i p=0.

HE(AUM) = {
In other words, the complex

0 — A'M L AvUoM L AU M - -

is exact.
(The map ATM —GquUoM is defined by ¢ € AIM —6»{<p|Ua} € AUoM.)

Proof of Lemma. Define homotopy operators h : A2U,M — AU, M
as follows. Let {\;} be a partition of unity on M subordinate to the covering
{U,} Let ¢ € A%U,M. Then define hp € AU,_1M by

(h@)(Uao N -~ NUa,_)) = (1P D Aap(Uao N -+ Uap NUa).
a

(We define p(Uso N+ -+ NUs,_, NU,) a5 & p(Us, N---N Uy, ), where (b, ..., by)
is an ordered (by <) permutation of (ao,...,ap-1,@), and + is the sign of the
permutation.) For ¢ € A%U;M, define hp € AIM by

hp = Z Aep(Ua).

Ezxercise. h§ + 6h = id. Q.E.D. for lemma.
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Returning to the proof of the theorem, we have shown that EY'? =

2| AM | o 0

IS
COM-J O

with dy = d: AIM — A9t M. Therefore
- B} = Hy(By) = Hi(AM) = Hp, g (M).
Because Es is 0 outside the left column,
HpephamM = Bz = Eoo = Hp(AUM).

Q.E.D. (Theorem 7

Comment. If ¢ € A%UyM, then .
Sp(Ua NTp) = (Us) |(Ua NTs) — @(Ua)l (Ua N Ts),

so 6¢ = 0 if and only if ¢(U,) and ¢(U)) agree oan.z N Uy, which is true if ¢
only if ¢ can be patched into a g-form defined on all of M.

The appearance of the double complex AUM is reminiscent of our se:
simplicial machinery, and in fact, Theorem 7.1 can be stated and proved us
semi-simplicial objects. We do this now. Define UM to be the semi-simplic
manifold

—

———

-

UM ———5 UM & WM .-,
— ———
i

where, as before, {U,} is an open cover of M with ordered indices a, ¢
UM = HauSmS'“Sa, Uso N++-NU,,. (For shorthand we also write Us,...q,
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Ugy N---NU,,). The maps &; and ¢; are defined as follows:
O UM — Up M, 1=0,...,p
B iU N Ny — Upy (- (B N - Uy,
8 :x—=x
€& : UM — UM, i=0,...,p
€ 1 Ugy N NUp, —> Uy N NUG, NU, Mo N,
€T 2T
The geometric realization [ M| is
UM x A°TTthM x A [JtoM x A2
modulo gluing via ¢; and ;.
Example. For M = (0,1),{U,} = {U, = (0,3/4),Us = (1/4,1)}, with

a < b, we have
M

Ve UM
Ub 0

Usa
Up » UM
Uss

Uﬂﬂ
b ! UM

etc.

and {UM| = (after shrinking degenerate simplices via ;)

/"‘Uaon

\beAD

There is an obvious map
g: UM — M
defined by
Usg N NUg, x A7 — Uy N ---NU,, C M.
We construct a map
f:M — [UM)|
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by choosing a partition of unity A, on M, subordinate to the cover {U
For z € M, let ap < --- < ap, be the indices for which Ag(x) > 0. Ti
t = (Ago(Z),- 1 Aa,(x)) is a point in AP, and we define

f(.’L‘) = (z:t) € Uao---a, x AP — IuMI

Ezercises

1. f and g are well-defined (i.e., are compatible with identifications via J; &
€)

2. M L UM| - M =identity

3. [UM| — M — |UM)| is homotopic to the identity. Hint: Construct a lins
homotopy.
This proves

Theorem 7.3. ML UM| and [UM| -5 M are homotopy equivalences.
particular, H*(M) = H*(JUM)|) is an isomorphism.

Note: The constructionbof UM also works if M is any paracompact sp.
rather than a manifold. Theorem 7.3 still holds in this case.
Combining Theorem 7.3 with Theorem 4.5 implies that

H*(M) = H*(UM]) = Hp(AUM)).

Using the isomorphism Hf,,. (M) = Hp, gpom(M), we have reproved Th
rem 7.1.

Trivial Ezercise. Verify that the double complex (AUM, d,5) of Theor
7.1 is indeed the same as A(UM) defined as the double complex of differen:
forms on the semi-simplicial manifold YM. *

Returning to characteristic classes, we see now that pulling back differen
forms on NG to AUNV)SAUNVNW)@--- as we did earlier correspo
to a m double complexes p: ANG — AUM.

To treat the map p semi-simplicially we prove:

Theorem 7.4. Let G be a Lie group. Let 5 = (E — M) be a G-bun
on a manifold M with cocycle {gas} relative to the cover U = {U,} of M.
F:UM — NG be the map

e ——

UM = UM - UM —— UM  --+)

NG=(% = G —— GxG -
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defined by
Uy, —>* forall a
Jab:UaNUp > G forall a<b
(abr gbe) : Ua Uy NU, — G x G, etc. Then

1) F is a morphism of double compl (i.e., it commutes with 8; and ¢;).

2) The induced map |F|: M = [UM| — |NG| = BG is a classifying map for
the bundle 1.

3) F*: ANG — AUM is just the map p previously defined.

Proof. Assertion 3 is obvious. We prove assertion 1 in the special case

PR——

Us M —— UsM

=

=
F[

_

GxG T GxGxG

——
rr——

F

(the general case is almost identical).
We restrict to Uspeq C Uz M, and prove that §;0 F = Fo08;,i =0,1,2,3.

Uscd 4—;30-—— Usbed
i=0 = inclusion

F = |(gbc, ged) F =|(gab, e, ged)

GxG %

GxGx G

Go
(y,z) — (.’L‘, Ys Z)
The diagram obviously commutes.

o

- - Uabed
= inclusion

Used

F = (gac»god) F= (gabygbcygcd)

GxG !

GxGxG
(:cy,z) & (I:y» z)

the diagram commutes because g = gapgsc by the cocycle condition. The case
i=2islikei=1, and ¢ = 3 is like ¢ = 0.

274

M. Mostow and J. Perchik

Ezercise. Prove that F' commutes with ¢;, the degeneracy maps.

To prove assertion 2, we construct a semi-simplicial bundle map. We
sume without loss of generality (see Section 1) that n = (E — M) is a prin.
G-bundle. Cover E by the opens 71U, = E|U,, and let UE = UpE U]
be the corresponding semi-simplicial manifold. The maps E|U, — U, inc
a map UE — UM with fiber G. The map [UE| — |UM)| also has fibe
Let {Az} be a partition of unity on M subordinate to {U;}. Then {),
is a partition of unity on E subordinate to {E|U,}. We use these two p:
tions of unity to construct maps M — [UM| and E — |UE]| as in the proc
Theorem 7.3.

Ezercise. The diagram

E — |UE|
! l
- M — [uM|

commutes, and the map E — |UE| commutes with the action of G.
Now recall [cf. Theorem 6.1] the semi-simplicial manifold PG =

G -+ GxG —— GxGxG ---

defined by 0;(zo,...,Zn) = (To,..+,&iy...,Zn). We define & map UE —
as follows. Let {f,} be a set of maps which are horizontal projections for
bundle E-5 M [cf Section 1]. Recall that this means that f, : (E|U,) -
(G regarded as the fiber of the bundle here), and that for'all y € E|U, n{
w(y) = «, then

Fo(¥) = goa(z) - faly)-
Now define a map UE — PG ‘

UoE ---=-» WE —— UE
L |
G -—— GxG «—— GxGxG

by
ElUspp N NU,, — GP*! foreachagp <...<a

Y — (fao¥)s- -+ fap, (¥))-

P

Exercise. Check that UE — PG commutes with 8; and ¢;.
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Ezercise. Check that the diagram

UE — PG
! i
UM — NG

commutes, where PG — NG is defined (as in Theorem 6.1) by
(107111 LR :xﬂ) - (xozl_lyzlz;ly [ERE] mn—lz;l)a

and other maps are as defined so far in this proof. Check also that UE — PG
commutes with the action of G.
This exercise proves that

UE| — |PG|

! l

uUMi — |NG|

commutes. Composing this with the previous diagram

E — |UE|
! !
M — |UM|

and using Theorem 6.1, we get a G-bundle map

E —— |PG| = EG
! ! !
M — |NG| = BG.

Hence the map M — |NG| must classify the bundle n = (E — M). Since
the map factors M — |UM| — |[NG| = BG and M — |UM)] is a homotopy
equivalence, assertion 2 is proved. Q.E.D. (Theorem 7.4)

Corollary 7.4.1. The map H*(BG)>S HLANG — HHAUM " H*M
gives the characteristic classes of the bundle 1.

Comment. Theorem 7.4 is also true if M is a paracompact space but
not a manifold, provided that in assertion 3 we replace ANG — AUM by
S*NG — S*UM (singular cohomology). However G' must in general have a
decent topology (for example G' = Lie group) so that |PG| — |NG| will be a
(locally trivial) fibration. If G has a bad topology then |[NGz| classifies if M
is any paracompact space (see Sections 4,6 and [6}], Stasheff’s appendix).
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Example. Let G = GL(1,C) = C*. Then as we have seen in Sectio!
dz—’ € A'G is a primitive form on G, so in the double complex ANG (where
now mean complez-valued smooth forms on NG)

q
A? 0
ld
1 ANG
a0 %"LO D=dx6
A R
pt- G GxG o

D (%) =0. Therefore dz/z is a 2-cocycle of ANG. We know from our se
simplicial theory that H},(ANG) = H*(BG), and we know from other meth
[53] that H*BG = Clcy], a polynomial algebra generated by ¢; € H2BG, wt
c; is called the first Chern class. (In Section 9, we shall calculate HpAi
directly). Thus we can write dz/z = zc;, where z is some complex conste
We shall find z by comparing the pullbacks of d2/2 and c; on the same comg
line bundle.

Now let M = CP, and let = (7 : E — M) be the canonical comg
line bundle over M defined as follows: Let M = (C x C — 0)/C*

= {(z1,22)}/ ({21, 22) ~ (221, 222))(z € C*)
Let E=((CxC-0)xC)/C* =

{(21, 22 23)}/((21, 22y 23) ~ (221, 223; 223)).
Define 7 : E — M by n(21,22;23) = (21,2). Cover M by U and V (orde:
U < V) where
U={(1,2)} and V={(z1)}.
Identify U and V' with C in the obvious way. In E|U NV, we have (z,1;w
(1,27%;27'w) so the transition function gu, : UNV — C* is given
guv((2,1)) = z~1. Coordinatizing U NV by the map

UnvcV —C, (zl)r—z

we have
9uu(d2/2) = dgun/guv = d(z71) /271
= ~2"2dz/77" = —dz/2.
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Thus the map ANG — AUM defined by the cocycle of the bundle takes dz/z
in AlG to —dz/z in ALM. Let p = —dz/z € ANULM.

q q ,
A 0 A
[¢ fo | e
1 I 1 5
Al 1] 2 D—-5—v 0 Al Yy .—6_> P —H— 0
z
A R A°
P
pt. G Gx@ o vilv UnVv UnUnv
= UM CUM =1UM etc
ANG AUM

Now ¢ is a D 2-cocycle on AUM,- hence generates an element of
H2(JUM|) = H*(M). To find out which element, we imitate the proof of
Lemma 7.2 to find y € AY(U[]V) such that 6y = ¢ (see diagram). As in that
proof, we let {\., Ay} be a partition of unity subordinate to {U, V'} and define
y = h(p). We get

y(U) = (-1)'O)UNU) + Avp(U NV))
= -dp(UNV)
y(V) = (=)' Qup(V NU) + Ap(V N V))
=+20(UNV) (since o(VNU)=—pUnNV)).
dy € A2(U1V) is given by
dy(U) = ~( @)U NV) = Adp(UNV)
= —{dA)p(UNV) (since dp=0)
dy(V) = (dru)e(UNV)
Observe that since Ay, = 1 — A, dy(U) and dy(V) agree on U N V. Thus dy is
a form in A?2M. Now Dy = (d+ (—1)'8)y = dy — 6y = dy — ¢, so dy and ¢ are
D-cohomologous in AU{M. Thus the class of ¢ in H3(AUM) goes to the class

of dy in H?>M under the isomorphism Hp(AUM) — H*M.
To evaluate the class of dy in H2M, we integrate dy over M. Observe that

support dy C supp di, =suppdi, CUNV CV,

[ = [ ao= [ @wewon.

Now identifying V' with C, we have U NV = C — {0}, and we can choose
Ay, Ay 50 that supp dX, C {z||2| <1} = D. Then A\, =1 on (C— D) and
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Fr@)e(UnV) = [ (dr)eU I'; V) = [5d(Aup) = (by Stoke’s Theor
Jop 2 = fyoy 1+ (=d2/2) = = [21,((@(e)) /() = 2.

Now ¢; € H2BG is defined so that its pullback to H2M is 1 for the bu
7 [53], so we have shown that

iizf = —2nic; € H2ANG = H?BG.

8. More applications of semi-simplicial techniques

In Section 7 we showed that one can replace a manifold M with the s
simplicial manifold /M formed from an open cover of M. We showed -
{UM] and M have the same homotopy type, and that H*M = HHAUM.

UM consists of some open sets, together with the information of how i
are glued together to form M. There are also other ways to represent a s)
M or X semi-simplicially.

1) Making no use of the topology of X, define the semi-simplicial space J

—

— ———

X > X —— X
— ———
—Z

where all face and degeneracy maps are identityx. Then the degene:
maps collapse X x A%, i > 0, onto X x A® in | X'}, so the geometric 1
ization is | X'| = X x A% = X.
Making the most extreme use of the topology of X, define a semi-simpli
set (discrete space) »

2

~—

X =3pX === T1X — X

where

X, = {singular p-simplices of X},
and 9; and ¢; are the usual face and degeneracy maps of singular homol
Since XX is discrete, |ZX| is a CW complex.

In computing the D-cohomology of the double complex S*X,X
@p,¢S7L,X with coefficients in the ring R, the discreteness of ,X
plies that

EP? = HY(S*S,X) (d = singular coboundary map)
= HYZ,X) (singular cohomology)
_fo if g#£0
h F():f‘pX) if ¢=0,
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where

F(X,X) = the module of functions from X,X to R
= module of singular p-cochains of X
= SP(X).

Since the E; term has zeroes except when ¢ = 0, we get E; = Ey =
Hp(S*TX), so that HR(S*EX) = ER® = HE(E,) = H}(S*X) = H*(X).
Applying Theorem 4.1, we see that

H*(|£X|) = Hp(S*EX) = H* X,
so that the evaluation map on simplices
eval : [ZX| — X

induces an isomorphism in cohomology (and similarly in homology). The
map also induces isomorphism of all homotopy groups {52], {50].

3) Let us reconsider the semi-simplicial manifold 4M. If M is a differentiable
n-manifold, we can choose a covering U of M such that U, and every
nonempty finite intersection Uy, ..., are diffeomorphic to R"; this will be
taken as the definition of a good covering. For example, one can put a
Riemannian metric on M and choose each U, to be geodesically convex,
or one can triangulate M and take the U, to be the star neighborhoods in
some subdivision. Then the semi-simplicial manifold #M has the form

—

UM 5 M 2 M
— ————
I I I
IR IR I r
a a<b a<b<e

with Uap #0  with Ugse # 0

where the map &; is the inclusion
Usg--a, = Usgeiisorayp-
The manifold UM is a “free resolution” of M if one regards
UM =[Jr*

as the analog for spaces of a free module. In fact, the cochain complex kAIUM
is a free resolution of the module A?M by modules of the form @&, AYR"; the
exactness of

0 — AIM — AUM - At M5, ...

was proved in Lemma 7.2.
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Regarding AUM es a double complex

q

A2
la
1

1 [
4 - D=d+5
AO
UoM uM UM p

we get a siniple proof, due to Weil [71], of the isomorphism between HE, M
and Hy, prom(M): The rows of AUM are exact by Lemma 7.2 (ie, 0 >

AIM — AU M —6>A"L{1M — --- is exact) while the columns are now exact
by the Poincaré Lemma, i.e.,

0 — R — A'R™ -4, glR" 4, ...

is exact. Computing H}, AUM by spectral sequences, we can filter by ¢ to get
Ey = Hs(AUM) = '

q
2
2| AM 0 0
__IL
1| AM 0 0
E
0| AM 0 0
0 1 2

p

yielding H AUM = H(A*M) = H} o pham(M), or filter by p to get By =
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Hy(AUM) =

0 | M) —5 B M) s B M)

0 1 2
The latter complex is the Cech cochain complex
Ewu) -t uy s -

of functions which assign a constant to each nonempty intersection Ug, N---N
Us,, so

RO = HY(C" (M, U)) = B (M, U) = EY = HB(AUM).

Thus H},rpam(M) = Hp(AUM) = Hg,on (M, U). Since this isomorphism
is independent of which good cover U is used, it follows that B (M, U) =H*(M);
that is, we have also proved that one can compute Cech cohomology by using
a good cover, without passing to the direct limit.

By a similar approach we prove Poincaré duality for an n-manifold M.
Let U be a finite good cover of M. Let the functor A? denote g-forms with
compact support. This functor is covariant with respect to inclusions of open
submanifolds, since a form ¢ with compact support can be extended to be 0
outside its support.

suppyp

The exterior derivative d : Al — AZ+! is the usual one. We define HZ(M),
the DeRham cohomology of M with compact support, to be Hj(AtM). Thus
the double complex AJ{M is a chain complex with respect to § and a cochain
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complex with respect to d.

q
Al
Ja
|
A? S

UoM uM Us M »

We set D = d+6 and grade A.UUM by g—p to make it a D-cochain comp
Since M is an n-manifold the complex is 0 above the n-th row, so the spec
sequence for HH A:UM converges.
The complex
0 — (A%R" % AIR™ — ... — A"R™) LR — 0

is exact, where the map I is integration of an n-form with fespect to a che
orientation of R™. Each column of the double complex AJUM is a direct s
of copies of the cochain complez in parenthesis. Thus fillering AUM b:
EP? = Hy(AUM) = H.(UM) is the complex

UM WM UM P

where ®R = HZ(UpM) means one copy of R for each copy of R™ in the sp
UpM =[] R".

To define the connecting maps @R — @R, we must take into account lo
orientations and use local coefficients, just as in Cech homology theory w

local coeficients [63]. Specifically, we regard H*(U,, N --- N Us,) as hav
coefficients in H}(Us,) = R. The set {H?(U,)} is a local system on M
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- copies of R (it is essentially the orientation sheaf of M [32]), and our complex

HMoM) - HPuM) ..

[ i
R — @R  —-

is exactly the complex of Cech chains with coet}icients in the 19ca1 system.
Therefore, the §-homology of the complex is the Cech homology Hyp(M; local)
of M with coefficients in the local system. Thus E$? of the double complex is

q
n | Ho(M;local) | Hy (M;local)

Therefore E; = E, and
H,(M;local) = HY P(AUM).
The rows of A.UM,
0— AIM — (ATUpM <& AU M £ ..

are exact by a modification of Lemma 7.2.
Thus filtering AZUM by q, we get E; = Hs(AUM) =

' q
o] A |
-
1| AlM 0
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and
B3 = HE, = HY(A:M) = HY(M).
Therefore
HY(M) = HY(AUM) = Ho_o(M; local).
This is Poincaré duality.

9. Computation of HANG

Recall that ANG is the double complex

q
Al
Id D=d+§
AO i 6
* Il GxG ,

of differential forms on the semi-simplicial manifold NG (cf. Section 6). To fin
Hp(ANG) = H*(BG), we could filter ANG by p, getting a spectral sequen
converging to Hp(ANG), with By = Hy(ANG) and E}? = HY(G?) (DeRhas
cohomology).

If, instead, we filter ANG by g we get another spectral sequence co
verging to HANG( = Hp(ANG)), but with E; term Hs;(ANG), i.e., EPY -
HZ(AING). This has been computed, and the answer has a rather nice form

Theorem 9.1. (Bott, Hochschild).
H}(ATNG) = HE(G; S°")

where G is any Lie group, g is its Lie algebra, g* =Homg(g,R) is the du
of g, 87 is the g-th symmetric power (hence SYg* is the module of degree
polynomials on g), and H. means continuous cohomology in the sense of th
cohomology of groups, in particular of Lie groups [38). [H?~9(G; S%*) is th
(p— g)-th continuous cohomology group of G acting on the module S¢ g* by th
adjoint action.)

Proof. See [8].

We recall [19] that for discrete groups G, Hgy,(G;R), the Eilenberg
MacLane cohomology of the group G, is defined as the cohomology of

Functions (G, R) — Functions (G x G,R) _, — ---
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where the maps are the duals of those of NG. Heontinuous(G) = H.(G) and
Hmooth(G) are defined analoagously for Lie groups G by looking only at smooth
or continuous functions, respectively.

‘We state now two well-known facts about continuous cohomology of groups.

(See [38].)

Fact 1. Let G be a Lie group and N a module on which G acts. Then
HY%(G;N) = InvgN, the G-invariants of N(i.e., {n € Nign = nVg € G}).
(This is the same result as in the discrete group case).

Fact 2. If G is a compact Lie group and M is any module on which G
acts, then H(G; M) = 0 if i > 0. (The proof makes use left-invariant or Haar
integration on G).

Corollary 9.1.1.

0 if p< g (above diagonal)
HR(AING) = { IweSPg* if p=gq
0 if p#qand G compact.

Example. Let G = GL(n,R), g = gl(n,R). Then
InvgS*g* = Rley,...,cn) = Rlsy, ..., 8],

a polynomial algebra with generators ¢; or s;, where for A€ g, (Aannxn
matrix), '

¢i(A) = coefficient of t* in det (I +tA),

s:(A) = tr(A%). (cf. appendix of [6])
Thus for all G, the E; term of ANG, filtering by g, is

q
3 0 0 0
o

2 0 0 Invg S%g*
di=d

1 0 Inve S'g* z = = anything
di=d

0 {InvgS%* z z

0 1 2 p
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All diagonal entries are cocyclés for dy,d3,ds, ... in the spectral sequence, so
EPP 2 pre 125 gP(ANG).
The composition is called the Chern-Weil homomorphism

¢ : InvgSPg* — HP(ANG) = H*(BG).

Corollary 9.1.2. If G is compact, v :InugSPg* — H?(BG) is an isc
morphism.

Example. Let G = O(n), g = o(n) = {n x n real matrices A such tha
At = —A} = {skew-symmetric matrices}. Then tr(AP) = 0 for p odd, and i
follows that InvgSPg* = 0 for p odd. Thus

H*(BO(n)) = InveS"g" = Rlcz, ¢4, - . ., Clpsay)-

Thus H*(BGL(n,R)) = Rle,c4,...,Cpnya)]- ¢z € H¥(BGL(n)) = ith Pon
tryagin class (cf. Section 6).

Example. Since Invy@myu(n) = Rley,...,c.), it follows tha
H*(BGL(n,C)) = H*(BU(n)) = Rcy,...,cp), where ¢; € H* = i-th Cher
class.

Special case. H*(BGL(1,C)) = Rlc;), where ¢; = class of —sd g
AlC* = A'GL(1,C) in ANG [cf. example at end of Section 7). Note that £
is a left invariant form on C*, hence is an element of the dual, g*, of the Lu
algebra gi(1,C) =

Ezercise. Try to find universal formulas for ¢; and e; for GL(2,C) bundle:
in terms of the transition functions gss (of the same type as ¢; = —%mfgﬁk fo
GL(1,C) bundles.)

Comment. For oriented n-plane bundles with n even (structure grou
G = GL*(n,R) or SO(n)), there is an Euler class x € H*(BG), with x? =
a

For example, for SO(2) bundles, x eInvgo(z) s0(2) is given by x ( Oa 0) =a

where (_0 a) € s50(2). Observe that x2 = det = c,. x does not arist

0
for O(2) (or any O(n)) bundles, because conjugating (_Oa g) € o(2) by

01 . 0 -a
(1 0) € 0(2) yields (a 0 ),hence takes x to —x.
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10. Discrete subgroups of Lie groups, and bundles

with discrete structure group

If D is a discrete subgroup of a Lie group G, it is a difficult problem to find
H},,4(D), the Eilenberg-MacLane cohomology [19] of the group D. Hy,, (D) is
isomorphic to H*(BD), where BD is, as usual, the classifying space for bundles
with structure group D (see Section 5). Now the inclusion D — G induces a
map BD — BG, hence a map H*BG — H*BD. Thus one can find a few
elements of H* BD, which is hard to compute, as images of elements of H*BG,
which is relatively easy to compute. For example, one can study D = GL(n,Z)
as a discrete subgroup of G = GL(n, R), and study the images of the Pontryagin
classes (H*BG) in H*BD. However, this procedure is not very useful because
it constructs only ‘a small fraction of the elements of H*BD.

To get a better hold on H*BD, one studies discrete subgroups of Lie groups
in a universal way by defining for each Lie group G the discrete group G* (also
called G5) which is the same group as G but with the discrete topology. The
identity map G® — G is continuous, and any discrete subgroup D of G maps
D — G° — G. This induces maps BD — BG® and H*BG® — H*BD. Thus
to find elements of H*BD in a universal way, we compute H*BG? and study
its image in H*BD.

‘What does it mean for a bundle over a space X to have structure group
G%7 Tt means that the transition functions {gyy : U NV — G?} are continuous
with respect to the discrete topology on G, that is, g, is constant on each
connected component of U NV, If we assume the cover is good, then gy, is
constant on U N V. Every G® bundle can be considered also as a G bundle via
the map G° — G.

Now let

G — P

In
M

be a principal G bundle, i.e., a principal G-bundle whose structure group is
G®. Let {U,} be a good cover of M which trivializes P. Let {f, : P|U, — G}
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be the horizontal projections (see Section 1).
PlU, P|U,

1
———

\_/—\_/

l"’ l,,r & horizontal spaces

UsC M

hhcM

On P|Us,, the fibers of f, are submanifolds diffeomorphic to U,, and similarl;
on PUs. On P|U; NUs, fo = gabfo, Where gy is a constant in G since th
structure group is G®. Therefore {fibers of fa} = {fibers of f3} in P|U, N T},

Definition. The horizontal spaces of P are the connected subspaces of 1
which are locally fibers of horizontal projections f,. (See diagram above.) Th
vertical spaces or fibers of P are the ordinary fibers of the bundle 7 : P — M.

P

s\
n &\ vertical spaces

Since f, and 7 are submersions and P|U, — U, x G is a diffeomorphism, th

T Ja
horizontal spaces and fibers are manifolds, the sum of their dimensions equal:
dimension (P), and they are ¢ransversal, i.e., at any € P,

TP, = T(horizontal space), + T(fiber),.
P

L_. | = T(vertical), = T(gber).
T

— = T'(horizontal),
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Definition. A codimension q foliation F on an n-manifold X is a decom-
position of X into (n — ¢)-dimensional submanifolds, called leaves, such that
every point of X has a neighborhood U and a diffeomorphism

g:R"IxRI —U

which carries each submanifold R*™? x {y}, y € RY, diffeomorphically into a
leaf. (See [6).)
Thus locally, X looks like

et

leaves

R""14

Of course, globally the foliation may be twisted.

The tangent bundle of the foliation, TF, is the subbundle of T'X consisting
of vectors tangent to the leaves. The normal bundle of the foliation, vF, is
TX/TF. If one puts a Riemannian metric on X, one can embed vF in TX
so that TX = TF ®vF.

Returning to the bundle P, we see now that the horizontal spaces are the
leaves of a foliation transversal to the fibers of P. On P|U, this foliation is
trivial, i.e., a product, but globally it may be twisted.

In the language of connections [6] the bundle 7 : P — M has a flat connec-
tion whose flat subspaces are the horizontal spaces or leaves. To summarize:

Theorem 10.1. Let m : P — M be a bundle. Then the following three
statements are equivelent:

1. The bundle has a discrete structure group (or its structure group can be
reduced to a discrete group).

2. The bundle has a foliation transversal to the fibers (of w), whose leaves
have the same dimension as M.

3. The bundle has a flat connection.

How does one find characteristic classes of G5 bundles? We can put a
differential form v on G and pull it back to P|U, via the map f, : P|U, — G.
Since f, and fy differ by a left translation in G (by gas), fiv and f7y will
agree on P|U, NU if ¢ € {left invariant forms on G} = Invg AG. (The action
of z € G on AG is L}, induced by left multiplication L; : G — G.) Thus there
is a natural map InvgAG — AP = {forms defined globally on P}.
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The module of left invariant forms InvgAG is a finite dimensional
vector space, since each such form is uniquely determined by its-value on !
the tangent space at the unit element e € G. Writing g for the Lie alg
of G (which is defined either as T.G or as the vector space of vector field
G invariant under left multiplication by elements of G, with the commut
(bracket) operation [X,Y]), we see that Invg A'G = g*, the dual of g, and
Invg A9G =left invariant g-forms = A%*, where A? denotes the ¢-th ext(
power. That is, Invg A?G can be regarded as the module of alternating g-li
real-valued forms on the vector space g.

We can reduce our calculations with differential forms completely tc
algebra calculations. A standard fact from geometry is the DeRham ext:
derivative d, when restricted to InvgA?G = A%g*, has the formula

d(p(Xl, e ,Xq+1) = E.'<j(—1)i+j<p([X,',Xj],X1, e ,X,',. . ,)?j, - ,Xq_‘

where ¢ € A%g* is a g-linear alternating form on g and X; € g. Motivate
this formula, one defines the cchomology H*(g; R) of any Lie algebra g t
the cohomology of the complex

R=Aogti’A1gti.A2gt_>_.~ ’

where d is defined by the formula above (cf. infra, see also [14]).

‘We have defined a natural map Invg AG — AP. This map commutes
the DeRham d, so it induces a map H*(g;R) = H*(InvgAG) — H*(P).
our goal was to construct characteristic classes for G% bundles, and these sh
lie in H*(M). How can we pull down cohomology classes from the total s
P to the base space M of the bundle? We proceed in two different ways.

First, suppose the G° bundle 7 : P — M is trivialized as a G-bundle,
is, is G-bundle isomorphic to M X G. Then 7 has a sectien

s:M-oMx{efCMxG2P
and we can pull down forms and classes from P to M by the maps
s*:AP— AM and s :H'P— H'M.

In general, both maps depend on the trivialization chosen.

Bundles with structure group G° which are trivialized as G-bundles
been classified by Thurston by the following scheme (see {54], p. 84, for ge
properties of this construction). Let G’ = path space of G = space of n
I =10,1] — G (with compact-open or evaluation topology). G! maps to
p — p(0). Let Gy be the fiber product of G® and G':

Gl—bGI D

! Lol

G — G p(O)
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That is, G1 = {(z,p) € Gsx G|z = p(0)}. G; — G5 is a homotopy equivalence.
Now map G; — G by (z,p) — p(1). This is a Hurewicz fibration, and we call
its fiber (inverse image of e € G) G. G is a group since we can multiply paths
in G pointwise, We have 0 - G — Gy — G — ¢, or (by a common abuse of
notation) 0 — G — G5 — G — e, where we identify Gy with Gy since they
have the same homotopy type.

Ezercise. Check that a G-bundle over M is given by a G-bundle Q — M xI
and by G-bundle maps
P — Q — MxG

! ! l

Mx{0} c MxI — Mx{1}
where P is a G° bundle.

Definition. A trivialization of a G-bundle E — M is a bundle map

E — MxG
! !

(equivalently, a map E — G). Two trivializations f, g are homotopic if there is
a trivialization

ExI 14 MxIxG suchthat fo=f

MxI = MxI and fi=g;
an equivalent condition is that the maps E — G induced by f and g be homo-
topic maps.

Refer to the last exercise. By standard bundle theory [41], there exists a

bundle map (not unique)

Q= (Q|Mx 1) xI

MxI

Since Q|M x 1 = M x G, we get a trivialization

Q —> M xIxG

b

Mxl1
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Restricting to P = Q|M x {0}, we get a trivialization

P> MxG

N

M

Ezercise. All trivializations of P obtained in this way are homotopic.

Thus we get a second characterization of G-bundles. A G-bundle over
is a G? bundle P — M together with a trivialization

P—MX G
M

of P as a G-bundle. That is, a G-bundle on M is a foliation of M x G by lea
of dimension = dim M, which are transversal to the fibers of M x G — M.

/-\—/—\
/\/_\
]
/\/\

M

fiber

leaf —

WA

Definition. Two G-bundles E — M and E’ — M are homotopic if there i
G-bundle F — M x I and bundle maps

E S FIMx{0} E = FIMx{1}
{ l and | !
M — Mx{0} M — Mx({1}.

Ezercise. Verify that there is indeed a canonical isomorphism of sets fr
{homotopy classes of G bundles for the first characterization of G bundles)
{homotopy classes of G bundles for the second characterization of G bundle
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Using our semi-simplicial construction on the group G, we construct BG =
|NGz| (unwinding; see Sections 4,6). BG classifies G-bundles.

Our work so far has been to construct maps H*(g) — H*(M) which are
natural with respect to maps of G-bundles. The naturality implies the existence
of a map H*(g) — H*(BG) (see [6], pp. 70-72), so that

H*(g) —> H*(BG)

™~

H*(M)

commutes, where H*(BG) — H*(M) is induced by a classifying map of the
bundle, M — BG.

Suppose now we try to construct characteristic classes for G%-bundles which
are not necessarily G-bundles. That is, how can we find classes in H*(BG®)?
Suppose instead of the principal G® bundle 7 : P — M we consider the as-
sociated bundle P xg F' — M with the same cocycle {gy,} but with fiber F,
where F is a manifold on which G acts smoothly on the left (cf. Section 1).
The same argument as before shows that P xg F has a horizontal foliation, and
that there is a natural map InvgAF — A(P x¢ F) of G-invariant forms on F
into forms on P x¢g F. In particular, for each subgroup H C G one can choose
F = G/H. In this case the module InvgA(G/H) maps into A(P x¢ (G/H)).
Specializing further, if we choose H = K so that G/K ~ RY for some g (which
we can do by taking K to be a maximal compact subgroup of G, using Car-
tan’s theory), then P xg (G/K) — M has a section s, and all sections are
homotopic, so there is a well-defined map s* : H*(P x¢ (G/K)) — H*(M).
Now the relative Lie algebra cohomology H*(g, K;R) = H*(g,K) is defined
to be equal to H*(InvgA(G/K)) (cf. infra). Hence we have defined a map
H*(g,K) — H*(M) which is natural with respect to G%-bundle maps. This
implies that there is a map H*(g, K} — H*(BG?) such that

H*(g, K) —> H*(BGY)

\

H* (M)

commutes for any G® bundle on M. In the specific case G = GL{n,R) or
GL*(n,R)(GL™ classifies oriented n-plane bundles) we have g = gl(n,R) and
K = O(n) or SO(n), respectively, is the maximal compact subgroup of G. We
have constructed maps

1 H*(gl(n)) — H*(BG)

@2 : H*(gl(n), K) — H*(BG’).
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If D C G is a discrete subgroup of G, for example D = GL(n,Z), then
inclusion D C G® induces a map H*(g, K) — H*(BG%) — H*(BD).

A priori, ¢; and ¢, need not be injective or even non-zero maps. But
deep theory of Borel and Harish-Chandra implies

Theorem 10.2. If G is a semi-simple Lie group (e.g., SL(n,R) with
algebra g and mazimal compact subgroup K, then the map

¢ : H*(g,K) — H*(BG®)

defined previously is injective.

Proof. By the theory of Borel and Harish-Chandra, there is subgrc
D C G which acts discretely on G/K by left multiplication, and such t
D\G/K is compact. But G/K is contractible and D acts freely so

G/K = ED
l !
. D\G/K = BD
is a universal D bundle. Thus there are maps

H*(g,K) — H*(BG®) — H*(BD) = H*(D\G/K)

Hence it suffices to show that f : H*(g,K) — H*(D\G/K) is injective. V
f is induced by the map Invg(A(G/K)) CInvp(A(G/K)) = A(D\G/.
and this map takes left-invariant volume form on G/K to a volume form
D\G/K. Now we can assume D\G/K is orientable (by changing D if ne«
sary), and it is compact, so a volume form on it represents a non-zero elem
of H*(D\G/K) in the top dimension, p = dimG — dimK. Now p is ¢
the top dimension of H*(g,K), and H?(g, K) and HP(DXG/K) are both
so H?(g,K) — HP(D\G/K) is an isomorphism. But Poincaré duality hc
on H*(g,K) and on H*(D\G/K), i.e., multiplication H* x HP~* — HP =
is a nondegenerate bilinear pairing. Furthermore, H*(g9, K) — H*(D\G/
commutes with multiplication.

Ezercise. This implies that H*(g, K) — H*(D\G/K) is injective in ev
dimension. QE

Consider now the complex of singular cochains on BG® which are conti
ous in the topology of BG (since G® — G can be taken to be an isomorphi
of sets, BG? can be taken to be BG with a finer topology). We define
cohomology of this complex to be the continuous cohomology of BG?.

Theorem 10.3. (Van Est, Bott, Haefliger). H*(g,k) is isomorphic to
continuous cohomology of BG®.

Proof. {9].
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11. Lie algebra cohomology

Let L be a Lie algebra. That is L is a (for now, finite dimensional real)
vector space with & skew symmetric bilinear bracket product:

Lxrt

Skew symmetric means (for X,Y € L) [X,Y] = —[¥; X]. We also require that
[}] satisfy the Jacobi identity:

X Z)=[X.Y],Z)+{Y,[X,2]) (X,Y,Z€lL)
Now for X € L we have a linear map adx : L — L defined by
adx(Y)= [X)Y]

Then the Jacobi identity says that ady is a derivation of L : ad x(Y,2)) =
l[adx(Y), 2] + [Y,adx(2Z)] for X,Y,Z ¢ L.

Ezercise. adjx,y) = adxady — adyadx for X,Y € L.

Let A%(L) be the set of g-linear alternating forms on L. (i.e., f € AI(L)

is a multilinear map L X --- x L — R such that for X1,...,X, € L, we have
q—factors

f(X1,.., Xy) = ~f(Xoqy, - - ., Xo(g)) whenever 8 is & permutation of ¢ ele-

ments which interchanges two of them.)

We can define a map d:A%(L) — A™(L) by (de)(Xy,...,Xq41) =
2,-<J-(—1)"+J'<p([X‘-,z,~],X1, . ST ,Xj, vee ,Xq.H) for o € Aq(L) and
X1,...,Xgq41 € L. If ¢ € A°(L) ~ R then dp = 0. Then d is an antiderivation
since d2 = 0 and

d(n Aw) = (dn) Aw + (~1)%97 A dw
for 5, w € A*(L) = ®2,AY(L). Therefore, d is determined by its value on
AY(L):

(de)(X,Y) = —p(IX,Y])
for ¢ € AY(L), and X,Y € L.

Example. If L is the Lie algebra of left invariant vector fields of a Lie
group, G, then A*(L) is identified with the left invariant differential forms on
the manifold of G. Our d on A*(L) is then induced by the usual DeRham d on
the differential forms.

Definition. The cohomology of a Lie algebra L, H*(L), is defined as the

cohomology of the sequence:

0% 4°(L) S AYL) L A2(L) — -
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If L is the Lie algebra of a Lie group G then there is a natural map H*(L)
br(G) = DeRham cohomology of the manifold of G. This map need not
an isomorphism.

Example. Let G = R under addition, with Lie algebra g ~ R genera
by 8/8z. Then

R for ¢=0 (generated by 1)
HYg)=¢R for g=1 (generated by dx)
0 for g2

This is not isomorphic to the DeRham cohomology, H5x(G) = R only
dimension 0. However, g is also the Lie algebra of 5! = R/Z and H}g(S!
H(g).

Theorem 11.1. If G is compact and connected, then H*(g) — Hpp!
8 an isomorphism.

The idea"of the proof is to get an inverse by averaging (i:e., integrating) ¢
form on G to obtain a left-invariant g-form (see Chevalley-Eilenberg [14]'
the same cohomology class in H}p(G).

But we still have the problem for an arbitrary Lie algebra, L, to m
(functorially) a space Y such that H*(L) =~ H*(Y).

Homework. Compute H*(gl(2,R)) or H*(sl(2,R)). After spending sc
time trying to compute directly from the definition, the reader will gain sc
appreciation for general techniques as computation aids. (See Hochschild-Se
spectral sequence, for instance [39].)

12. Gel’fand-Fuks

Let M be a C* manifold of dimension n, and let L = L(M) be the
algebra of all C™ vector fields on M with the C*™ topology. Let us recall w
the C™ topology means for the set of maps R® — R. A basic neighborhooc
f:R™* - Ris N(f, K,r,¢€), where K C R™ is compact, r > 0 is an integer, :
€ > 0. Then g € N(f, K, r,¢) if and enly if restricted to K, the values of g ¢
its partial derivatives 3°g/8z® - -- 8z of order s < r are within ¢ of thost
f. Since, locally, vector fields on M are given by n-tuples of functions R" —
we obtain a topology on L{M) independent of charts. We can define A%(L)
be the g-linear alternating forms on L as before and consider the cohomoll
of the complex A°(L) — A(L) —.

However, this object is too large to hope to compute. So instead of
g-forms we will consider only the continuous g-forms. (For finite dimensio
Lie algebras linearity of the g-forms implies continuity.)
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Definition. AZ(L) = the continuous g-alternating forms on L = L(M).
A (L) = @20 AY(L)-

Definition. The Gel'fand-Fuks cohomology of M, HEp(M) =
H*(A(L(M))) = cohomology of the complex:

0 — A3(L) -2 ALL) - AYL) —

Think of L(M) as the Lie algebra of the group of diffeomorphisms of M, Diff
(M). A curve t — g through the identity of Diff (M) gives rise to a family of
curves t — g;(m) through each point m € M. So a “tangent vector” at id €
Diff (M) corresponds to a vector field on M, which is an element of L(M).

Gel’'fand—Fuks stated the next theorem for compact manifolds [26]. How-
ever, the only property of compact manifolds which we will require is that M
possess a covering by a finite collection of open sets such that these open sets
and all finite intersections of them are all copies of R™ (or empty). Such a cover
will be called “good.” Note that if M is compact then it can be covered by a
finite number of geodesically convex open sets in some Riemannian metric. But
there are other obvious examples, for instance M = R™.

Theorem 12.1. (Gel'fand-Fuks) If M has a good covering then Hgp(M)
is finite dimensional for each 7.

Theorem 12.2. (Gel’fand-Fuks) Hgp(S!) = E(w) ® P(y), the exterior
algebra generated by a class w of dimension 3 tensored with the polynomial
algebra generated by a class y of dimension 2. Further, w and y have the
following representatives. Let X,Y,Z € L(M). Then X = f(z)8/0z,Y =
g(x)8/8(z), and Z = h(z)d/8z, where f, g, and h are smooth periodic functions
R — R (periodic so we get ¢ map S* =R/Z — R). Then:

f fl fll
wWY,Z)=det|g ¢ g"
h hl hl/ 0

Gel’fand—Fuks had said to integrate this around the circle, but we can instead
evaluate at (an arbitrary point) 0 € S* and get a cohomologous representative
form. See {24], [26] 9.2.

o fl f/l

gl gll dz

2

vy = [

[}

We can not just evaluate this one at a point since we would not get a cocycle.
w and y are clearly continuous forms since the values w(X,Y, Z) and y(X,Y)
do not change much whenever f, f’, f”,9,9', 9", h, k', h’" do not change much.
By way of contrast, an ordinary differential form on M is also a function
on vector fields, but with the values in C®(M) = smooth functions M — R.

Our forms, A%(L), have values in R.
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The plan of this proof is to compute Hgr(R") first and then apply «
semi-simplicial machinery to get at Hp(M).

13. Special Case: Gel’fand-Fuks of R*

A vector field X € L(R!) is of the form f(z)d/8z, f : R — R smoo
Then a l-cochain is a distribution, that is, a continuous linear functional
C*(R') = smooth maps R! - R.

Consider now in ALLR! the subcomplex AL, LR?, of distributions wh
support is contained at the origin 0 of R*. In general a g-form ¢ € A3, LR! :
support at 0 in the sense that p(Xy,...,X;) = 0 whenever the vector fie
Xi,...,X4 vanish in a neighborhood of 0.

Example. The Dirac §-function: If X = f(z)8/0z then §(X) = fi
We also have the derivatives of §. &(X) = —f/(0), §"(X) = f"(0), «
skl(X) = (—1)*f*1(0). The conventional (—1)* sign is used to make
notation €onsistent with the following:

Any smooth function ¢ : R — R with compact support defines a distri
tion (for f: R* - R)

f—olh)= [ o r@s.
Since ¢ is smooth, ¢’ is defined and is the distribution:
f—otn=[ o ae
Then by integrating by parts:
P =P @)%~ [ (@) (@)ds =00 = p(r).

This is consistent with our notation for the derivative of the é-function: &§'(f
—6(f'). Now I claim that A}, L(R') is the vector space generated by the 1-fo
{6,6',8",...}. And A;,,LR1 is the exterior algebra generated by {6,6',6",.
To see this we must look at what “continuous in the C* topology” me:
Let ¢ € AL LR! and 0 : R — R be identically 0. Then by linearity ¢(0) -
By continuity, for all ¢ > 0, there exists a basic neighborhood N(0, K,
of 0 € C*®(R), such that ¢(N(0,K,r,n)) C (—¢,¢€). Since ¢ has suppor
the origin, we can take K to be the origin of R. r is a positive integer

7 > 0. Suppose f and its first r derivatives vanish at the origin =K. T
f € N(0,K,1,7), so that ¢(f) € (—¢,¢€). In fact p(f) = 0, for otherwise,
X € R, Af would also vanish to r-th order at the origin. So Af € N(0, K,
and @(Af) = Ap(f) can be > ¢ for large A. So ¢ can only depend on a fi
number of derivatives of its arguments. As a corollary, ¢ cannot disting
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between “fat” functions. That is, if f : R — R, £(0) = 0, f*¥1(0) = 0 for all k,
then for every continuous linear functional ¢ € AL LR, p(f(x)8/8z) = 0.

Computation. Let X = f(z)8/0z, Y = g(z)8/8z in L(R?!).
(& A &)X, Y) = 8'(X)8"(Y) - 6" (X)8'(Y)
= —f'(0)g"(0) - f*(0)(—4'(0))
fl fll ‘ .
0

= —det g g

What is d on A}, (R!)? Let X,Y € L(R?) as above.

(d6)(X,Y) = —6([X,Y]) = —6([f(z)8/ 8z, g(=)0/0z])
= —6(f(z)g'(=)(8/0z) — g(=)f'(z)(8/0x))
= ~f(0)g'(0) + 9(0)'(0)
=6A8(X,Y).
Thus d6 = 6§ A &’. If we extend the action of / to be a derivation of Ay, LR!

then / will commute with d (Verify! Cf. the next section in which ’ is just the
Lie derivative denoted by 65/5). Then we can compute:

d(8'y=(d6) =(6AEY =6'N'+6NE"=6N6"

d(6") = (d6') = (A" =8 AE"+ENE" etc.
Consider the 3-form w = §A§’A§”. Thenw is a cocycle since dw = —d(§'Ad6’) =
—db'AdS’ +6'Ad?8' = 0. For X = f(z)8/8z, Y = g(x)8/0z, and Z = h(z)d/dx
we have

w(X,Y,Z) =8 A8 A&"(f(x)8/0z, 9(x)8/ 0z, h(z)8/0x)

f fl fll
g gl g”
h hl hII

=det

0

Proposition 13.1. H*(A},LR') is generated by the trivial class 1 in di-
mension 0 and by w in dimension 3.

Proof. We will defer the proof until Section 14. See [28].
Our plan will then be:

1) to compute H*(A,:LR"™), and

2) to show that the inclusion A7, LR™ — A7LR" induces an isomorphism in
cohomology. This corresponds to the Poincaré Lemma in DeRham theory:
we will study the contraction of R™ given by f; : R* — R™, z — ¢z, for
teR, z € R™.
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14. Techniques and basic formulae

Let g be a Lie algebra, A%(g) = g-linear alternating forms on g. Re
that, if g is the Lie algebra of a Lie group G, then A%(g) ~ InvgA%(G) =
invariant g-forms on the underlying manifold of G. For g = L{M) = C™ vec
fields on a manifold M, we can only take continuous forms.

Definition. For each X € g we define the interior product:
tx 1 A%(g) > AT (g) by
(ex)( X1y, Xqm1) = (X, X1, .. ., Xym1)
for ¢ € A%g); X1,...,Xq-1 € g. We have tx : A°(g) — 0 and ¢x : Al(g)
R = A°(g) is a duality.

FEzercise. tx is an anti-derivation. That is, L} =0 and

ix(wAn) = (exw) An+ (—=1)%9“w A (exn)-

Definition. For X € g, we define the Lie derivative 6x : A%(g) — A9
by the relation
Ox =txd+dux.

Remark. 0x is chain homotopic to 0 via tx so that fx is 0 in H*(g).

Exzercise. Prove the following useful formulae: (for X,Y € g)
dfx = xd -
8x and ¢x arelinearin X
Oix,y} = OxBy — 6v0x = [0x,0v]
Ux,y] = Oxty —ylx = [ex,Ly]

6x,9)(¥) = —p([X,Y]), for peAl(g)
0x is a derivation of A*(g).

Remark. Suppose 8x splits up A*(g) into eigenspaces:
A"(g) =g A

where 6x acts on Ay by scalar multiplication by A € R. Then d(4,) C
and H*(A(g)) = @xH*(A,). Furthermore, if A # 0, H*(4)) = 0 beca
id = (1/X)8x = (1/A}(¢xd + dvx) is homotopic to 0 in cohomology. Theref
H*(A,) ~ H*(A(g)), where the isomorphism is induced by the inclusion of
zero eigenspace A, into A(g).
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Using this principle, we can compute H*(Ap(LR')), where Ap:(LR') =
continuous forms on LR' with support at the origin. Let R = x(8/8x) be the
radial vector field on R1. Then for X = f(z)9/8z we have:

(628)(X) = —6((R, X]) = ~6(zf'(2)(3/02) — f(2)(0/63)
= £(0) = 5(X).

Therefore, ré = 6.
Since &' is just 85/0:(6), we have:

0r8’ = 0rb5/5:6 = 85/5:(0RE) + O12(6/82),0/02)(6)
= 05/82(6) + 6-9/0:(6) = 0.
Inductively, we obtain:
6r6™ = (1 - k)61,
which gives an eigenspace decomposition of AL (LR'). The eigenvalue (1 — k)

is called the weight of 6%, Since g is a derivation, the weight of a product is
the sum of the weights: Ay - A, C Axy,. Here are some examples:

weight
1 0 -1 -2 3 4
1-forms {6 & 57 57 &

2-forms {6 A& sNE" SAE"  EAE™
6/ /\ 6/// 6 A&I/Il

3-forms {
SAE NS

‘We note that the O-eigenspace of A;,tLlRl is generated by {1,6’,6A8",6A6'AE"}
as a vector space. Sinced acts by 1 — 0,8 — §A8", 5AE" = 0, 5A6' AS" — 0,
the cohomology, H*(A,) , of the O-eigenspace (and, therefore, = H*(Ap:LR))
is generated by 1 in dimension 0 and w = § A&’ Aé” in dimension 3. This proves

15. Distributions again

Let us return to the larger problem of A3LR?, the continuous forms (with
aribitrary support) on LR!.

Exzercise. ¢ € AZLR? is continuous = ¢ has compact support. In fact the
values of ¢ only depend on a finite number of derivatives of its arguments on
a compact set K of R' (The support of ¢ is the intersection of all closed sets
K such that for all g : R — R smooth, vanishing on a neighborhood of K we
have ¢(g) = 0. Use the K in the definition of the C*-topology.)
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Theorem 15.1. (Schwartz [55). Cf. Gel'fand [23].) EBuvery continu
linear functional ¢ : C®(R) — R (where C*°(R) = smooth maps R — R in
C™ topology) is a finite linear combination of terms of the following form:

i— [ " ue) ¥ (@)de

where f¥l(z) is the k-th derivative of f and u(z) is a continuous funci
R — R with compact support. In Schwartz’s language, every distribution 1
compact support is the sum of derivatives of continuous distributions.

; Example. What about the Dirac §? How can & be put in the above for
Let 4 : R — R be a C™ except at the origin such that

(z) = 0 for <0 or z2>3/4
MEI=\z for 0<z<1/4

Then u looks like:

vl v=4()
x
4 AN
0 1 7

And ' looks like:
y )

T\ Y =#(@)

0 \/'1 7

y is discontinuous at 0. And intuitively u looks like the sum of a smo
function, v, and a Dirac-8 spike at 0.

Yy
AN
\J
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Although 4" is not rigorously defined as a function, it is well-defined as a
distribution.

o0 1
W) =+t = [ )" (a)s = [0 (@) " (@)dz
1
= w(@) @) - { [ @ @)
1
=(0-0)- {u’(z) f@h- [ #”(z)f(Z)dz}
= -0+ F(0) + / e

so that as distributions it makes sense to say u” = v + §. We have shown:

5= [ : w@)"@iz - [ Z v(@) f(@)da.
We can write this as

(> ] OO
5= / p(z)sedz — / v(z)bdz,
-00 ~00
where &, and §/ are just the Dirac-§ function and its second derivative, but at
z instead of the origin 6:(f) = f(z), 62(f) = f"(z), etc.
‘We repeat some important facts we have learned:

Proposition 15.2. The distributions (continuous linear functionals
C®(R) — R) which have support at the origin are all given by finite linear
combinations of the 6-function and its derivatives.

Proposition 15.3. Furthermore, the finite linear combinations of the 6,
for £ € R and their derivatives are dense in the space of distributions with
compact support (with the dual topology on the space of distributions).

This is just the statement that for f : R — R, [ p(z)&Lkl( fdz =
J u(z)f¥(z)dz can be arbitrarily closely approximated by & finite sum
E,{il w(zs) f¥(z;)(x; — z4-1), since p(z) is continuous with compact support.
The dual topology is the one which makes all the evaluations: {distributions
with compact support} — R by ¢ — ¢(f) continuous for each f € C*°(R — R).

16. Generalization to R™

Again we denote by LR™ the smooth vector fields on R® with the C*®
topology, and by A, LR™ = @32LAJR" the continuous alternating g-forms
on LR™ with support at pt= origin of R*. Any X € LR"™ looks like X =
S fi(zi,. .., 7n)8/0z;. Instead of one § function, we now have n of them:
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Definition. §(X) = f;(0,---,0), for X as above, and for i = 1,...,1
Instead of ordinary derivatives we now have n partial derivatives:

Definition. ) .
8} = 8978z, (8°)
851 = 0972, (06/62;6°) = 0505,
s = O5762. (B}i)
and so forth inductively, for i, j,k,l,=1,...,n.

Egercise. For X € LR' as above, 8(X) = —8fi/8z;, 64(X)
8f;/8z;0zy, etc. Thus, 6}...; is symmetric in its lower indices.

In fact, A, LR™ is the exterior algebra generated by the 1-forms {§¢,é
6}k, ---}in A;,,L]R". The derivative d of this complex is computed as follow
Let X =30 (f2)8/0z4 and Y = 35_,(9p)8/02p be in LR™. Then

(@)(X,Y) = —6*((X,Y])

=5 (Z fa(0gp/024)8/0z5 ~ yﬁ(afa/l%n)alama)
a,8

=— (E JalB9:/0z0) - Egﬁ(afi/axﬂ))
@ B
=Y (¥ AG)X,Y).
J

Therefore, d&* = 35.(87 A &}). We will often omit the summation sign wh
summing over repeated indices.

(d6}) = d9/55,8° = 05782, (46°) = 6o/, (6 A 8}) = 6] N8} + 67 A&}y,

since 05/, is a derivation. d is defined inductively on A;,L]R“, and exten
to all of A3, LR® = A*AL LR" since d is an anti derivation. For the geometer
notice that d&}, — 8} A 8} looks like a curvature formula.

Question. Is H*(A, LR") finite dimensional? Consider the radial vect
field R = ), x;(8/8z;). Then just.as in the n = 1 case we have §zé*
8,0r6; = 0, 6r8}, = —0},,0r8},..;. = (1 —1)6},.. ;. Then on A% LR™, (
acts with eigenvalues n,n — 1,...,0,—1,.... For example, 1 A§2 A--- A,
has weight n. Each eigenspace A) of A, LR" is finite dimensional and stat
under d. H*(ApLR™) = H*(@%._As) = ©rH*(4)) = H*(A,) is fini
dimensional since 8z is multiplication by A on Ay and 6r = ¢gd + dir
homotopic to 0. For A # 0, therefore, H*(Ax) = 0. Therefore,

Proposition 16.1. H*(A,.LR") is finite dimensional.
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17. Digression: Tautological forms

Consider the frame bundle F(M) — M with fiber GL(n,R) and structure
group also GL(n,R). This is the principal bundle associated to the tangent
bundle of a manifold M. A point of F(M) looks like (z;v1,...,vs) Where

z € M and vy,...,v, form a basis for the tangent space T M at z. 7 is
projection to z € M.
There are some canonical 1-forms w?,...,w™ on F(M) defined as follows:

Let X be a tangent vector at (z;v1,...,vn) € F(M). Then m X is a tangent
vector at £ € M and can be written in the basis vy,...,v,. Then WH(X) is
defined by:

T (X) = W (X)o! + - + (X"

Second approach. Consider the charts f : R* = M. For k=0,1,2,--- we
can identify two such maps f and g whenever
_ 3f, _ 99 3 f _ %
£(0) = 9(0), dz; lo= Bz.;lo’ T By, - Oy lo= Oz;, - Ozy, l

where the requirements are well-defined via any chart on M. The equivalence
class of f is called the k-jet of f, j*f. We denote by Fi(M) the collection of
k-jects of charts f : R® — M.

The set, Fo(M), of 0-jets is just M via the target =f(0). The set, F(M),
of 1-jets is just the frame bundle F(M). We get a tower of fiber bundles:

F3(M)
Fy(M)

!
Fi(M) = F(M)
1r
M = Fo(M)

On Fy(M) we have the tautologous forms w* which pull back from Fi(M).
But we also have others: w} = j-th partial of w*. This construction may be a
little clearer in coordinates. Locally a map g : R* — M looks like g : R® — R™
by

(@1, Zn) = (91(Z1, -+ Tn)s -, In(T1; -, Tn))
Then
3% = (91(0),. -, 9a(0)) = target
¥

. 8g;
Jlg = (9&(0);£;|0)
. Bgi | . O%i
2, (0)- L2
7= (gl(O), 9z; |o* Oz 0z lo)i.j,k ete
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Let f : R® — M be a chart. Let X be a tangent vector to j!f € Fi(M
X is represented by a curve t — jlf, with fo = f, and f; a family of chart:
Differentiating formally,

9| 02 O
ot =" 8t ox;
Then w(X) = 81'/6t = i-th component of m,.X (which is represeni
ed by the curve ¢ — f(0)) when we are at the frame (f(0),...
fﬂ(0)7 af(o)/axlr e af(o)/azﬂ)‘
On F3(M), f has well-defined derivatives of order 2, so that dz;/8t hs
1st order partials. We define w} on Fp(M):

i O (O

-5 (%)
On F5(M), w}(X) = 8%(0x* /8t)/(8z;0zx) is defined, and so forth. The reads
may have noticed that we have differentiated df,/0t = > (9x;/8t)(df/8z,
formally, and (dz;/8t) does not really make sense until we interpret z as
function oft. However, fi(zo) = f(z(t, o)) will hold if-we set z(t, o) :
f~Y o fi(zo), a curve through each zop € R™ in a neighborhood of the origh
z(0,zp) = wo since fo = f. Then, the expressions dz;/8t, (8/0(xo);)(0x:/6t
etc. make sense. We have a commutative diagram:

ft(xo) f(x)

\

t
®&XY  RrxRLE{mE ¥

(tx) Dx=p06)

where @ is given by p; = f~1o f, : R® = R™ t — ¢, is a curve through tk
identity of Diff (R™) whose derivative (at ¢ = 0) is a vector field

Y = (8z1/0t)¢=0 8/0x1 + -+ + (02 /Ot)t=p O/Ozyp

on R™ written in our coordinates x1,...,z, of R*;z(t,z0) = @¢(0) = !
fe(o)-

If we scrap the abusive (but common) notations for partial derivatives, w
can define our tautological forms more rigorously. For our tangent vector X ¢
Fi (M) represented by t — j%f,, ot = f~1 o f; is defined up to its k-jet at tt
origin. After differentiating, Y is defined only up to its £ — 1 jet at 0 € R!
Thus, §(Y),84(Y),- .., 8;...j,_,(Y) are defined (where &*,6%,... € ALLR™

before). For example, 6*(Y) = §*(%,(0x;/8t)8/0z;) = dz;/0t.

Definition. w¥(X) = 6(Y),w}(X) = 6i(Y),..., so that w',w},w}
are well-defined one-forms on Fi(M).

vrnadk—
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Thus we have a natural map & — w?, 6 — w V65 — w‘k, of A%, LR™-
tautological forms on Fi,(M), where Fw(M Y= h_r_n Fip(M), and A'FM(M )=

k
lim A*Fy. (M) (here A* means “differential forms on”).
k

18. Sections of the frame tower and characteristic classes

The fibers of Fit1(M) — Fi(M) are all affine spaces for k¥ > 1 (since
invertibility is only a condition on the 1-jet or first derivatives). So a partition
of unity gives us sections Fr(M) — Fiy1(M) unique up to homotopy. Since
the fiber of F1(M) — M is GL(,g), which is not contractible, we do not in
general get a section @ : M — Fy(M). When we do have one, M is called
parallelizable, for a section of the frame bundle is just a trivialization of the
tangent bundle of M. Note that the section need not be unique, even up to
homotopy.

We obtain characteristic classes in H*(F,(M)) by the composition:

H*(Ap) — H*(Foo(M)) L H*(Fy(M))

However, only when M has a trivial tangent bundle can these classes be pulled
down to H*(M) where we want them. Unless we modify our approach we will
not get very interesting classes on M.

Remark. H*(A;,LR™) can be described slightly differently. Let a, be the
Lie algebra of formal-power-series vector fields on R®. Any X € a,, is of the form
X = Zfiéz—.» where f; € R[z1,...,z,]] is a formal power series in zi,...,z,.
(No convergence is required.) Under [, ] a, is a topological Lie algebra. The
topology is defined by stipulating, for instance, that z2°°3— be small. More
formally, R[[z1,...,%,]] has a topology relative to the ideal m = (z1,...,Ty).
The basic neighborhoods of 0 are the powers of m.

Egercise. The algebra of continuous forms, A%(a,), on ay, is just our friend
A3, LR™.
pt

An R-vector space basis for a,, is {8/8z;, (2;)8/8x;, (%1, %;)0/0zk, . . .}ij,..
Note that gi(n,R) sits in a,, generated by the {(z:)8/0z;}:; part.

Exzercise. Verify that the map of a matrix (o) € glag to 3 of (x:0/0z;) €
a,, is a Lie algebra isomorphism onto the {(x;)8/8z;}: ; subspace. Furthermore,
the skew symmetric matrices so(n,R) C gl(n, R) are mapped onto the subspace
generabed by {(11)8/61‘1 - (zj)a/az,-}i,j.

We can, therefore, speak of the relative cohomology H*(ay,,s0(n)) as the
cohomology of A%(ay, so,) 4 Al(an, sop) 2, ... where

Al(an, s0(n)) = {p € AYas)ltzp =0=0xp forall X € so,}.
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Then we have a natural map:
H*(an, so(n)) — H*(Fo(M)/S0(n))

where Foo(M)/SO(n) is obtained from Fy (M) by identifying points which a1
on the same orbit of the right action of SO(n). (If f : R® — M represen
a point in Foo(M) and if @ € SO(n) then foa : R® — M represents a1
other point of Fu,(M).) Note that the forms on Foo(M)/SO(n) correspon
to the differential forms on Foo(M) which are zero when applied to vectos
tangent to-the fiber ~ SO(n) of Foo(M) — SO(n), and are also invariar
under the right action of SO(n). Since SO(n) is connected, invariance (be
ing fixed) by SO(n) is equivalent to invariance (being killed) by so(n). A
least when M is oriented, Foo(M)/S(n) — M has a section, and up to he
motopy, there are exactly two sections, one for each orientation. This is be
cause we can reduce the structure group -of Fi(M) — M to be GL(n,R)
= matrices with positive determinant. Then the fiber of AM) - M i
GL(n,R)¥/SO(n) is contractible because SO(n) is a maximal compact sut
group of GL(n,R)*. We get characteristic classes on M by the compositio

H*(8n, 800) — H*(Foo(M)/SO(n)) & H*(M).

Remark. If M is not orientable, then we must replace SO(n) with O(n
in the above discussion. Fi(M)/O(n) — M always has a section since fiber i
GL(n,R)/O(n). This is contractible since O(n) is a maximal compact subgrou
of GL(n,R). H*(an, O(n)) is defined as the cohomology of

A%(an,0(n)) %> AY(an, O(n)) - - .

Think of a,, as the Lie algebra of the pseudogroup G of infinite jets of map
R” — R™. Then A%(a,) corresponds to left invariant (continuous) differentie
g-forms on G. The subalgebra, so(n) of a,, corresponds to the subgroup SO(n
or O(n) of G. (See Haefliger [36] for details.) Then A(an,0(n)) = {lef
invariant g-forms on G/O(n)} = left invariant g-forms on G which are zero i
the O(n} directions and invariant under the right actions of O(n) on G. W
define A%(an, SO(n)) similarly. Since SO(n) is connected, A%(an, SO(n)) =
A{(an, 50(n)) as defined earlier. In fact, we will see that H*(ay, s0,) contain
the Pontryagin classes up to dimension n and the Euler class (if n is even). Bu
there are also more classes in H*(an, s0n) above dimension n = dim M, whicl
must, therefore, go to 0 in H*(M). However, these will show up non-trivialls
for foliatiohs. The same holds for H*({a,, O(n)) except that there is, of course
no Euler class. These characteristic classes come to H*(M) entirely by the wa
M is glued together by the charts R® — M. We will return to this point late:
when we consider foliations of M.
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19. Return to H*(A,,LR™)

Recall that A, LR™ = ®32A%, LR™ = continuous alternating ¢-forms with
support at the origin of R, on the vector fields on R™. This is the same as the
continuous g-forms on the Lie algebra a,, of formal vector fields on R". So we
identify Ap(LR") with A%(a,) and H*(A;LR") with H*(a,). Let V =R™. A
basis for the dual, V*, is the coordinate functions {z1,...,z,}. Identifying V'
with its tangent space at the origin, {8/8z1,...,08/8z,} is a basis for V. Then
a,, is the direct product

o0
= [[ 70 eV,
p=-1

where SP*1(V*) = polynomials of degree p+ 1 in &1,...,Zs, and the direct
product (instead of sum) reflects the formal power series in an. 6, is the
infinite jets (inverse limit of k-jets) at the origin of vector fields on R". Note
that gi(n,R) is a subalgebra of a, (as the p = 0 factor, V* ® V). Thus, we
regard a,, as the gl(n, R)-module.

Let R = Y_(z;)8/6x;, the radial vector field, which generates the center,
Z, of gl(n,R). a, breaks up under the action of R into (finite dimensional)
eigenspaces SPT1(V*) ® V with eigenvalue, or weight, p. For example, for
8/8xy € STV @V = V,[R,8/0z1] = [3(2:)8/02:,8/0z1] = —8/m,
with eigenvalue p = —1. Since R € Z, each eigenspace is preserved by gl(n,R).
Since gl(n,R) = si(n,R) ® Z, where si(n,R) is semi-simple, we see that ay, is
completely reducible as gl(n, R)-module. Therefore, gl(n,R) is called a reduc-
tive subalgebra of a,. (See Appendix. See also [39].) We use the Hochschild-
Serre spectral sequence relative to a reductive subalgebra. The spectral se-
quence converges to H*{(an).

Consider the 1-forms 6 the 2-forms €2 defined by

O =dst — ) 65 A8, =85 A6y
k

(Recall that 6,68%,68%,... € A'(ay) are dual to 8/9zi,—(z;)0/0z:,
(z;7£)8/0s,,.. € an.) Let W C A3, LR™ be the subalgebra they generate.
Then d(W) C W and the inclusion W — A7, LR" induces the isomorphism in
cohomology:

Theorem 19.1.
H*(AnLR") ~ H*(W).

Proof. Denote the continuous R-valued g-forms on a, by C%a,;R) =
C¥(a,). C*(an;R) = C*(a,) = ®C(a,). We filter C*(a,) by the subspaces:

AP =g API
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where
0 if ¢g<0
CP¥(a,) ifp <0
AP = {w € CPH(a,)|w(X1,..., Xptq) =0
whenever at least ¢ + 1 of the
X; arein gi(n,R)
The corresponding spectral sequence begins with

B = C%(gl(n, R); 4°)
B} = H(gl(n, R); 4°°)
where AP is the coefficient module. (See appendix for definition of cohomolog
of a Lie algebra with coefficients in a module.) Since AP are the p-cochair
which vanish when any one of their arguments is in the subalgebra gi(n,R
AP0 = CP(a,,gl(n,R); R) = cochains “relative to gl(n,R).”
For convenience, we define:
g(P) =Sy*®V Ca,
9 =9 =SV @V C Clan)

for p = —1,0,1,... . The radial vector field R € gi(n,R) acts on ¢ and 9
with eigenvalue p and —p respectively. @ = gl(n, R).

C{an) = 632 _19(5)
CP(a,) = APC(a,) is a direct sum of subspaces
= @p_y+pot=p A T19(-1) ® APg() @ APIgy) ® .

The weight (eigenvalue for R) of each of these subspaces is p_; —p; ~2ps—3p3
-+ . AP9 ig the subspace of CP(a,) for which py = 0, Le., to factor of 90)
gl(n,R)*. Since the coefficient module, AP, of EP? = H(gi(n,R); AP
breaks up into eigenspaces for R, we can replace the coefficient module in t}
E; term by the submodule of gl(n, R)-invariants. (See Appendix. Also [39).)

E}? o H(gl(n,R), CP(an, gi(n, R)))
= H(gl(n, R), C?(an, gl(n, R))9M)).
CP(an, gl(n, R))%R) = {w € CP(a,,gl(n,R))|X - w = 0 for all z + gl(n,R’
is computed from scratch in Godbillon [30]. However, we will apply a theore:
on the invariant theory of gl(n,R). (See Atiyah et al. [2]; Weyl [72]). What a:
the invariants of the gl(n,R)-module,
V- *R.-. g
Ve -evey e eV
r times s times

(See Appendix for definition of the gi(n,R) action on V* and tensor products
There are none (except 0) if 7 # s (apply R = identity matrix). So suppo:
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r = 5. Let {t;} be a basis for V and {v*}, the dual basis for V*. Then the
invariants are spanned as a vector space by

n .
3 i to(r)
E: vy ® - @ U, @VPN @--- @M @ @),
T

for each permutation, 8, of 1,...,7.

Egercise. Show that the elements 3, ; v; ®v; ®v* ® v/ and 35, ;% @ ®
vi@ut of V@V @V*@V* are invariant (i.e., killed) under the action of gi(n, R).
Recall that
AP = P(an, gi(n,R)) = @p-x+m+m+---=pAp_lV‘
QRAP(STV V)@ AP (SPV V) ®- -
where no factor appears from A*S'V ® V* = C*(gl(n,R)) C C*(an). Each
summand of AP? is a sub gl(n, R)-module of

L RVRVER-- V.
Ve---89Ve
(2p1 + 3pa + - - - factors) (p—1 +p1 + p2 + - - - factors)
(Verify that the action via 8 of gl(n,R) C e, on AP® C CP(a,) is the same as
the usual action of gi(n,R)on V®---@V®V*®:--®V*) In particular, for
there to be any invariants under the action of gl(n,R) we must have
2m+3pat-=patpitprtec .

This is just a restatement of the requirement that the weight =p-1 —?1 -2p2‘—- ..
be zero. We get only invariants of the following form (where {.6‘}.1s a basis of
V*, {8} is a basis of S2VeV* C VeV ®V*, ete. and all indices must be
in pairs, one upper and one lower for summation):

5 A6, = = trace ()
; ) . 9
FENELNEA &; = 205 = (tr())
84 NGL; AP A, = Q30 = tr(Q)
etc. (Summation over repeated indices)

We get only the (invariant) polynomials in the Qf = &% A 6,‘;:!». In fa.c‘.t, we
recognize the traces of the powers of the matrix €, whose entnes‘a.re Q. To
prove that these are the only invariants, we play off the symmetry in the lower
indices of &}, 6y, . .. against the anti-symmetry of the wedge proc!uct, A For
example interchanging the dummy variables a and b in the following possible
invariant: . ) ) .
EONEP NG AL = (P AS) NG AL
= —(8° A% A B}, A
=6 A A B, NG
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So both sides are 0. Similarly, (plus the pigeon-hole principle) we find th
can be no factors of 6}, , etc. We are only left with polynomials in the .
speak of polynomials since {2}} have degree 2, and, therefore, commute.

W is generated by the &}’s in C*(gi(n, R)) and the Qs in C*(an, gl(n, R
The filtration on C*(a,,) induces one on W with Ey term:

E§? = CY(gl(n, R), PP/?(Q2f)),

where PP/2(Q%) = 0 if p is odd. If p is even, PP/ 2(Q2}) is the homogenec
polynomials in the Q} 's of degree p/2 as a polynomial (degree p as a form
C*(8n)). PP/3(Q}) C CP(an, gl(n,R)). The E; term is

EP? = Hgl(n,R), PP/*(Q2}))
= H(gl(n,R), PP/3(Q})st(nR)),
Since CP(an,gtn,m) )9 ®) = PP/ (!B, the inclusion W — C*(a) induc

isomorphism on the B; terms (commuting with the succeeding differenti;
since the ﬁltrations are the same) and, therefore, on the E,, terms. Therefo:

H*(W) =~ H*(a,).
QE.

Corollary 19.1.1. H%ay,) is finite dimensional and is 0 for g>2n+r

Proof. There are only n? of the 6} and at most n of the 2} = §% A 6 ¢
be multiplied together without getting 0. Each €2} has dimension 2.

Corollary 19.1.2. Every class in H*(a,,) contains a representative cocyc
which depends only on the 2-jets of its arguments. That 13, we never need u
representative forms like 8y, 83y, -+ in cohomology.

Ezercise. Let § and 2 be the matrices whose (i, j)-th entries are the
forms 6;- and the 2-forms O, respectively. Then d6 = 2 — § A §, and dQ)
2,5 X5(27)8/02* € gl(n,R) C an, let X be the corresponding matrix, (X
of scalars. Then 136 = —X, 150 =0, 66 = —[X, 6], and 650 = ~[X, Q).

Let W be the fres (anti-) commutative algebra generated by the symbc
{65}, {925} of dimensions 1 and 2 respectively, i, j = 1,2,...,n. Define d
W — W by

de} = 0% — 8} A6k,
Then in order that d? = 0 we must define:
49 = (8} A 6) = (dst) A& - 6 A (ds})
= (O - 85 A6 A S — 6, A (@5 — 5% As})
=0} A8k - 6L AQE.
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W is called the Weil algebra of gli; r). In general, a Lie algebra g has Weil
algebra:

W(g)=A"g"@5"g"
where A*g* (resp. S*g*) is the alternating (resp. symmetric) tensor algebra
of the dual g* to g. The degree of an element in APg* ® S7* is taken to be
p+2g. In our case, {Q2i} generate S"g* (degree =2=> they commute), and {8}
generate A'g* (degree =1=> they anti-commute).

Proposition 19.2.

R in dim=0
H*(W) = is acyclic.

0 in  dim > 1.

Proof. Consider the antiderivation k of degree -1 defined by k(6) =
0, k(%) = 8% Then

(dk + kd)(6%) = k(S — 6} A 8¥) = 6}
(dk + kd)(Q}) = d(6}) + k(% A 65 — 61 A QF)
= (% — 6L ASK) + (8L n&F — (—6L A 8E))
=0 4 8, A8h.
We say for now that an element ¢ € W has weight ¢ if ¢ € ®I_A*(gln)* ®
S7(gl%). That is, ¢ is a polynomial in the {2}} (with coefficients in the exterior
algebra generated by the {6; }) of degree < ¢. The weight of the element 0 € W
is considered to be -1.
Now suppose ¢ is homogeneous of degree m > 0 (recall that 6;1 has degree
1, and Q; has degree 2). Then (kd + dk)y is still homogeneous of degree m.
(kd + dk) is a derivation of degree 0. Check that if ¢ has weight ¢ > 0 then:

<P1=<p—m;_q(6k+k6)ga has weight <g-1.

If ¢ were a cocycle then so is ¢1, and ¢ and ¢, differ by a coboundary. We
continue inductively

1
= P — i < g - .
w2 =1 =) (6k — k8)p1 has weight g—2

Finally, ¢4 has weight 0 and ¢g4; = 0. If ¢ is a cocycle, then ¢ differs from
¢g+1 = 0 by a coboundary. (Cf. H. Cartan [12] p. 58 for the generalization to
W (g) for any Lie algebra g.)

‘We have a homomorphism (commuting with d) W — W (onto). What is
the kernel? Since Q% — dé} — Sk NG, =6k A 6%y, if we multiply more than n
of the {Q’;} together we get 0. This is the only added relation. The kernel of
W — W is the ideal in W generated by all polynomials in the {Q;} of degree
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> 2n, where we count each Qj- as degree 2. Therefore, we truncate W t
W in this way.

W = W/(polynomials of degree > 2n in {Q; b
= Gg=o(A%gi(n, R)" ® s7gl(n, R)*).

In the spectral sequence converging to H*(W) we had EP? = 0if p it
or if p > 2n. Otherwise:

E{™ = HY(gl(n,R), (S"gl(n, R)")9R)
= H(gl(n, R)) ® (§7gi(n, R)*)*'™ ).

Since EP? = 0 if p is odd, all the d maps are 0 and EP? = EP?. Now
invariant polynomials on gl(n,R),

(S*gl(n,R)*)# ™R = P(cy, ... c,)

is a polynomial algebra generated by c;,cs,...,c, Where ¢; € Stgl(n,R
+ the coefficient of A*~% in the characteristic polynomial det AT -9 o
n x n matrix = (2F) of 2-forms. (See Bott [6].) For instance ¢; Q) =¢
£r(Q), ca(€2) = £ det(). After normalizing ¢; by some constant factor, it
be the usual i-th Chern class. This will become clearer when we interpret
as a connection matrix and (Qf) as the corresponding curvature matrix.

Bott (6] for definition of Chern classes via a curvature matrix.) The E =
term is, thus:

Ey = H*(gi(n,R)) ® P(cy, ..., cp)
E3 = E(hy, hg, hs, ..., hn) ® Pley,. .., cp)

where E(h, h, ..., h,) is the exterior algebra in the h; of degree 2i — 1,
Pfcy,...,¢n) is the polynomial algebra in the ¢, degree > 2n (counting «
¢; as degree 2i).

Homework. Use the Hochschild-Serre spectral sequence [39] relativ
the reductive subalgebra gl(n — 1,R) of gl(n,R) to show that H*(gl, g
E(ha,..., hs). Use induction on n and the theorem on invariants of V ®'~
Veov e .-V

20. The unitary trick to compute H*(gl(n,R)).

We can also use the unitary trick by extending the base field to
([23] p. 337). Then gi(n,C) = gi(n,R) ® C has cohomology H*(gl(n,C)
H*(gl(n,R))®C. But gl(n,C) ~ u(n) ®r C, where u(n) = {X ¢ gl(n,C)|X
~X} is the Lie algebra of the unitary group U(n). Since U(n) is compact
connected, we have

H*(u(n)) = H*(U(n))
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where H*(U(n)) is the real cohomology of the topological space U(n), which
we now compute. U(n) maps onto 5*"~! = unit ball in C* with fiber U(n—1):

Un~-1) — U(n)

!

S2n—1

Now the Serre spectral sequence for a fibration [58] (converging to H*(U(n)))
has Fy term:
B39 = (S, HY(U(n ~ 1))
= HP(§%1) @ HY(U(n — 1))
where, for n > 2, we have 7;(5?*~1) = 0, so we do not need local coefficients.
By an induction hypothesis HI(U(n — 1)) = E(h,...,hn—1). We sketch for
n =3. H*(U(2)) = E(hi, hz) and H*(5?"1) = E(hs).

hh, Byhshg
N
by [N by

N

N
hl . _d %QG hlhs
&\i
1 o |\, 0 h

Since all the d, maps are 0,FE; = E., and H*(gl(n,R)) = H*(U(n)) =
E(hy, ha,..., h,), where dimh; = 2§ — 1.

Let E — M be a principal U(n)-bundle. A connection is a projection
#n : TE — TU(n) (from the tangent space of E to the tangent space of the
fiber) which is equivariant under the action of U(n) (on the right). Thus, we
regard 7 : TE — u(n) as a matrix of 1-forms. The kernel of 7 is the “horizontal
space.” The corresponding curvature is a matrix of 2-forms 2 = dr — w Ax (Cf.
Bott [6]), which takes pairs of vectors in A2TE into u(n). m dualizes to a map

Al(u(n))* = u(n)* — AY(E) = 1-forms on E.
Also the curvature dualizes to a map
St (u(n))* = u(n)* — A*(E).
‘We extend these to a map

W(u(n)) = A’u(n)‘ ® S*u(n)* — A*(E),

316

M. Mostow and J. Perchik

which will commute with d. Now, we wish to find a space Y,, with the se
cohomology as H*(a,) = H*(W(u(n)). Since W(u(n)) is acyclic, it provi
a good model for cochains on the total space of the universal principal U{(
bundle, EU(n) — BU(n), where E(U(n)) is contractible. (Note that BU(n
BGL(n,C) since any GL(n, C)-bundle can be reduced to a U(n)-bundle.) N
for E —» M with M an n-manifold, polynomials in the components of
matrix § of degree > n vanish (see Section 21; cf. Bott [6] section 6) so

W(u(rn)) - A*(E),
where W (u(n)) = W(u(n))/(S™+!(u(n))*) is the truncated Weil algebra
u(n). Since this map is functorial, there exists a map

W(u(n)) - A*(Ya),

where Y7, — BU(n)*" is the restriction of EU(n) to the 2n-skeleton, BU(n)
of BU(n). Y, — BU(n)?" classifies U(n)-principal bundles over n-manifol¢

Y, — EU(n)

l !

BU(n)>™ —  BU(n) ~ BGL(n,C)

In fact, we have the following

Theorem 20.1. (Gel'fand-Fuks) H*(an) = H*(W(u(n))) = H*(Y,,)
the same cohomology as the complex:

E(hl,...',hn) @P(Cl,...,c"),

where E(hy,...,hy) is the exterior algebra generated by {h:} of degree 2:
1, P(c1,...,¢n) is the polynomial algebra with generators {:.} of dimens
2i divided by the relations ¢}'"ci» = 0 whenever Y7 (kai) > n, and
differential s given by d(h;) = c;.

We recognize E(hi, ..., hn) @ Plcy,...,cp) as the E; term of the spect
sequence converging to H*(an). The d, maps are 0 for r odd, and dai(he) =
(Gel’fand~Fuks (28] p. 337-340. Cf. H. Cartan [12] p. 27, Godbillon [30] p.
10, 14). Since H*(W(u(n))) is acyclic, we can choose h; € W(u(n)) such t]
dh; = c; and the same will hold for their images under W(u(n)) — W(u(n)

Example. n = 1. H*(a;) = H*(E(h1) ® P(c;)/c? = 0) with dim h,
1,dim¢; =2, d(hl) =c1, d(C]) =0, d(hlcl) = C% =0.
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1 b dd | P14

0 1 2
There is cohomology generated by 1 in dim= 0, and by w = k¢ in dim= 3.
Example. n =1, U(1) = S*. BU(1) = CP*, the infinite Grassmannian

has 2-skeleton: BU(1)? = CP! = $2. Then the pullback ¥; = §° and the map
§3 — 52 is the Hopf fibration:
Yi=8 —  EUQ)
l !
BU(1)2=8* — BU(l)=CP%

R indim 0,3} _ g

o) =H" (53) = 0 otherwise

Example. n = 2. H*(a3) = H*(E(hy,h2) ® P(ec1,c2) M}, crca, 63)).

L
4 rblhzi-( ) hthCP d (hthC].,, ‘h1h262>
slm e Rl pud o
2 L L S~ -~ 2
T 1T e e 6
1 N4 1“1 d 11 -
] p
o | ® a| P T e
0 1 2 3 4

The generators of cohomology are circled. There are 1 in dim=0,2in dim= 5,1
in dim= 7, and 2 in dim= 8. Vey computed an explicit basis for H*(a5) ([30]
p. 13, [37) p. 383; cf. [28] p. 340.)

Proposition 20.2. The {h;, -+ hi ¢, + -+ ¢;,} such that

1<y <ig<-+-<i,<n for r=1,...,n,
1<j1<ja<<js<n for s=1,...,n,
Git i <n<ii+ii+- i, and il <
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form a basis of H*(ay,).
Then the following two propositions are immediate:

Proposition 20.3. (Gel’fand-Fuks) Except for the trivial class in dime
sion 0, H*(a,) starts in dimension 2n + 1 and goes no higher than n? + 2n.

Proposition 20.4. (Gel'fand-Fuks) Multiplication is trivial in H*(ay,).

Proof. Note that for h;, - ki cj, - - ¢;, in the Vey basis, 4, < j; impli
J1+ -+ Js > (n/2). Thus, all products are truncated.

21. Connection with connections

Recall our tower of frame bundles --- — Fp(M) — Fy(M) - M ov
a manifold M. Choosing a connection on m : Fy(M) — M is the same .
choosing asection 8 : F1(M) — F,(M) which is equivariant. under the actic
of gl(n, R). The forms w} on Fy(M) pull back to a connection form, the matri
(8°w?), on Fi(M). A tangent vector X on Fy(M) is mapped to the matr
(8*wi(X)) € gl(n,R) = tangent space of the fiber ~ GL(n, R). This projectic
T(Fy(M)) — T (fiber) is a connection on the bundle Fy(M) — M. (Verify
Then the invariant polynomials in the curvature forms,

@ =dw} —wh Awf =wb Aw)y

(where we have pulled wf and w,‘;j down to Fy(M) by suitable sections), w
be basic forms (i.e., come from the base, M, via 7*) and give us characterist
classes in H*(M).

22. Reduction of H;(R") to H*(W)

The object of this section is to show that the inclusion
AL LR™ — ACLR"

induces isomorphism in cohomology. (See Bott [7].) To simplify the notation v
first take n = 1. For z € R!, we denote by &, the evaluation at z : 6,(f) = f(z
for f: R — R. &, 8,...,6,. . will be the evaluation of the 1st, 2ud, ..
kth, ...derivatives at z € R. 6,(f) = f/(z), etc. (We will forget about the
sign in this section for convenience.) In this context, Schwartz’s theorem sa;
that any continuous linear functional on C®°(R?!) can be written as a finite su;
of ones of the form: o
I INGL L
o0
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where p(z) is continuous R — R with compact support. This means for f : R —
R smooth, ¢(f) = [ p(z)slf = J w(z) ¥ (z)dz. Then since p is continuous
with compact support,

a= [ ‘: (z) [d(6)da

where we already have seen how to compute d(6¥°]) in the A}, LR case.

What are the 2-forms? For z,y € R! we can of course have ol /\6},”’] asa
2-form. We can also take finite linear combinations of these with z,y, k;, and
k, varying. Limits of these are integrals:

o0 =]
o= f / w(z, y) 8] A slkaldzdy.
—00 vV —00

At first p(z,y) may have some Dirac-§ spikes, but as in the 1-form case, we find
that the most general continuous 2-form on LR! can be written as a finite sum
of ¢’s as above with u(z,y) continuous. This is the Schwartz kernel theorem.
To generalize to the R case we replace 6% with some (8% /8¢, -+ - B4, )85
where j indicates which component of R® and z = (z1,...,Z,) € R™.

The general continuous g-form on LR! will be finite sums of forms of the
form:

/l‘(zl:-"ﬁzq)é:[;l] Ane A6Lk:]d11 a 'dzq'

When evaluating such an expression 6;";‘] Ao A 6;':"] on ¢ vector fields
f (z)%, ..., f4(z) £ we must not forget the alternation.

Consider the function (for t € R) f; : R! — R! by x — tz. By the chain
rule, we compute f; for t # 0. I claim:

i = t5(z/¢) for t#0

This is because f} : g’;h — t%lu. As t — 0o, the support (i.e., z/t) goes to
0, but the form blows up because of the factor of ¢ in front. We also have by
the chain rule:

[ = t(6;/t)(1/t) = ;:/t‘
Namely, (f76,)(f(y)0/8y) = &,(tf(y/t)8/8y) = tf (z/t)(1/t). We also have

fr8s = (/96

and in general:
" —k) ¢lK]
ol = -Bgl,

As t — oo there is no blowing up in f,"&lzk’ for k > 1. Only fé; blows up
for k = 0. We are reminded of our earlier decomposition into eigenspaces of
Or where R = (2)3/8z, the infinitesimal generator of f;. Consider the g-form
ol = fp(zl,...,mq)éiﬁ‘] A-er A 6L‘:‘]dzl-~dzq. A priori f4? can grow no
faster than t? as t — co. But we can say more. It never grows faster than t!.
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Lemma 22.1. Let fy : AY(LR') — A%(LR?) as above. Then (1/t)f;
have a limit es t — co. Furthermore, this limit is in A%LRY and will be
eigenvector for 0(z)5/5, with eigenvalue (or weight) 1.

Recall that A;,(LR") breaks up a direct sum of eigenspaces Apt(N)
A=1,0,~1,-2,... of the operator 0(z)8/52- To repeat the lemma, elim 1/
exists and takes values in Ap(1). -

Ezercise. tl_x’nono (1/8)f¢ is identity on Ap(1), and O on Ape(k) for k <
Suppose we have shown that the limit exists and is finite. Since the suppo
shrink to zero, the limit has support at the origin. Further, v = lim (1/t)f;
a projection, yo«y = 1, since for 3,t € R, f}o f7 = f%, and (a.ssutr;;l‘:g that i
limits as ¢ — oo exist) the composition of limits = limit of compositions.

We obtain a projection which commutes with d:

arLr! X4
£ . P

kg

which is split by the inclusion ¢. 7o = identity. Since H* (Ape(1)) = 0 (Rec
thz.at 9(:)8/81 = Uz)8/8:0 + d‘f(z)&/&: is homotopic to 0 but is 1 on Ape(1).)
u is a cocycle in A*LR! then yu is a coboundary, dv, for v € A(1). A
u — 1dv € ker 4.

Idea of proof of Lemma. Since &,,,6”, ... give us no problem, the woi
case is illustrated by the form: ¢ = J u(z, )6 Abydzdy. Since u is continuo
with compact support, f7o = t? [ ju(z, )8, A Sypdzdy. Now as t — oo, 1
have the t2 factor blowing up to order 2. However, we also have 6, 7t N\ By
80 A bo = 0 by the alternation. Explicitly, let z = f(z)8/6x, y = g(y)d/dy
LR'. Then f(z) = 6o + a1z + 22(hy(z)) and g(y) = bo + byy + y2ha(y)

Gyt Aoy X,Y) = f(z/t)g(y/t) — F(y/t)g(z/t)

= (a0 +a1(z/t) + (/) ha(z/t)) (B0 + ba(y/t) + (9/2)*ha(y/t))

= (a0 +a1(y/t) + (*/)ha (/1)) (bo + br(x/2) + (2/8)ha(a /1)) = %{- -}
Because of this 1/t factor f;¢ can blow up only like £2 - (1/t) = #1.

. Remark. In the R™ case the worst that fi'p can blow up is to order 1
fas illustrated by the term 6}1 A--+ A 67 where superscript means componel
in R™, not derivative. In this case the image of v is the n-eigenspace of §
where R = z,8/8z; + --- + zp0/0z, is the infinitesimal generator of fi

(1}1, ey 1‘.,.) b (tzl, e ,t:t,,).
Granting this lemma, one extends it as follows:
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Lemma 22.2. Let F* D F*~1 D ... D F® D FP~1 D ... be q filtration of
A:LR! defined by:

1
F* = {we A LR |yw = Jim *Y is well defined}.
00
Then one has a split exact sequence:

O—ka_l -———ka—’Y"—tApt(k) — 0.

Remark. By 22.1, we have AZLR! = F'. In the R case, we would have
A*LR™ = F™.

Proposition 22.3. If A;‘,tLIRl is graded by weight then the associated
graded group of {F¥}L__ . is ®}__ . Ap(k) = A3 LR,

The situation is described by a diagram:
F1 o F' < Fl =AJR!

Tl Tl Jim

Apt("l) Apt(o) Apt(l)
where v = lim (1/¢)f; defined on all of A:LR' = F!, 3 = Jim t=% £} defined

— 00 00
on F* = ker(vyg41) for k = 0,—1,..., and ¢ is inclusion. We have already
shown that any cocycle, u, in F! is cohomologous to a cocycle, ug = u — imu,
in F°, since H*(Ay(1)) = 0 = ~iu is a coboundary. Repeating the process,
u3 = Ug — LYol i8 a cocycle in F~1. After we show that H*(F~1) = 0, uz will
be a coboundary in F~1. Then the map H*(ALR') — H*(A,(0)) induced by
u — Yo(u — ty1u) is the isomorphism inverse to ¢*. H*(A,(0)) has already
been computed in 20.1 and 20.2.
To complete the proof, we need a homotopy formula to show H*(F~1) = 0.

Again let R = (2)8/0z be the infinitesimal generator of f;.

Lemma 22.4. & f; = (1/t){tad + der} S

Proof.
d ., . Fereay = f7 . flvar—1\ ..
bl = At Ay T A\ T A ) -
Now P
* — 1 d
t+AL _ * —
A:I_I:o -——At— = a|‘=1ft and 03 = L}zd+ dLR.

So it suffices to show d/dt|;=1(f;) = r. But this is just the statement that
Or is the Lie derivative in the R direction. For example, let us practice what
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these symbols mean on a vector field f(z)8/8z and 1-form 6 = evaluation
k-th derivative at z = a in R.

el (1002 ) = 21,y as0)

=[(1 = K)t~*M(a/t) + £17* FFEL (—at=2))py

= (1 - k) f¥(a) - afF+1l(q)

D
On the other hand,

(Bato/221 )1 (2) 5) = ~85((2(6/z), £(2)3/02])
~ -8af (@) ~ Fl2) )
= 2 ) =2 @)

(2 -

For k =0, (2)o = f(a)—~af’(a) = (1)o. The inductive step is given by 2)k+1
d/dz|a{(2)k} = d/dz|{(1 — k) f¥(z) — zflE+U(2)} (by inductive hypothesi
= (1~ K) f+1(a) ~ (f%+11(a) + af*+3(a)) = 1)y, Therefore, (1) = (2
for all k > 0. We integrate from 1 to T to obtain:

T d T
/l<af;=/l {trd + dep} £ (dt/t)
T

fi-1= /1 WRfrd + dunf (dt/t)
= Krd+dKp

T
where Krp(w) = /1 erfy (W)(dt/t)

In general, Ko, = Tll_r}x;0 K need not exist, but ifw € F~!, Koo (w) will exist ar
also be in F~1, Since Aim f7=0on F~!, we will have shown H*(F~1) =,
'—00

For w € F~1:
T

Ko(w) = /1 LRE S () (dt/2).
Changing variables, let A = (1/}), dA = —(dt/t2).

1
Kr(w) = /1 AN

which converges to

1
Koo(w) = / LR((L/N) 170 (@))dA
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Since lim (1/2)f1y5(w) is defined for w € F-1,
—00
But we still have to show that Koo (F~!) C F~!. First note that ¢x com-
mutes with f, and f; f = f2.
1
fi o Kew = [ f1en QN
1
= [ /e fiar
1
= [ ermen s
1/t
= (1/v)er fijydv =0 ast— oo onF~1
[

where v = A/t, dv = dA/t.

23. Cohomology of subalgebras of LR™
Generalizing the argument for n = 1, we have

Proposition 23.1. The inclusion
A7 LR™ — A7 LR™
induces isomorphism in cohomology:
Gr(R™) = H*(ap) = H*(Yn).

Y, is the restriction of the total space of universal principal U(n)-bundle
to the 2n-skeleton of BU(n), as in Section 20.

Corollary 23.1.1. H}p(R"?) is finite dimensional.

‘We can refine the proof to certain subalgebras of LR™ which correspond to
certain subgroups of Diff R* = diffeomorphisms R™ — R™. Recall that LR™
is the analogue of the Lie algebra for the infinite dimensional group Diff R™.
However, there are some unsolved cases.

Example. The Hamiltonian case. Let z1,...,Zn, 41, -. ., ¥n be coordinates
on R?. Let w = Y dz; Ady;. The diffeomorphisms R?" — R?" which
preserve w form a subgroup of Diff R whose Lie algebra is LyR?" = {X €
LR"*|6xw = 0}. Since 0x is the Lie derivative, this says w is constant along a
flow which is tangent to the vector field X. We can ask what the inclusion

A, LgR™ — ALLyR"

induces in cohomology. But here the argument involving the contraction f, :
R?* — R?" breaks down because f; does not preserve w. By way of contrast, for
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the subalgebra {X € LR"|fxw = Aw for some A € R} of LR™, the contract
argument remains valid. Note that H*(A,LyR™) is just H(agnz) wi
G2n;5 is the subalgebra of ag, containing those X = > (fi8/0z; + g;8/¢
such that 8xw = 0. f; and g; are formal power series in z1,...,Zn,y1, ...,

The first question we would like to know about H?(A.LyzR") is whethe
not it is finite dimensional. Gel’fand used a computer to find some very ex:
classes in there. The requirement that fxw = 0 imposes certain symme
conditions on the 6}1.‘,]-’ of A.LgR™. (See [29].) Another problem is to t
w = volume form on R™ and consider the volume-preserving diffeomorphis
This corresponds to the Lie algebra of vector fields X on R™ such that fxw =
It is hard to adapt the Gel’fand-Fuks original proof to other groups with
contraction property. But we will use the abstract nonsense approach to vec
fields on manifolds.

24. Gel’fand-Fuks on manifolds. Semi-simplicial methods

Let M be a manifold, U(M) = {U,}, be a good covering of M. Re
that this means that U,, Uy N Uy, U, N Uy N U,,... are all copies of R® (or «
empty). We also assume a, b, ... taken over some finite, linearly ordered in
set. Then we have our semi-simplicial manifold: “

Us(M) = H U, where H means disjoint union.
a .

n(M) = [[wants)

a<h

V(M) = [] WanUynUy), ete.
a<b<e

The maps dy,...,0 : Uk(M)A-» Uk-1(M) are defined by the inclusi
81U NNy, = UggN---O U, N--- N U,, where™means omit as us'
We also have the degeneracy maps ¢, . .., ¢ : Up(M) — Uk+1(M) given by
identity maps €; : Ugo N+ NU,, = Upg N---NU,, N--NU,,.

Example. M = (0,1), the open interval, can be covered by U, = (0,3
and U, = (1/4,1). We have
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Mo 0 1/4 1
Ua
Ug™ 3 Up
U, NU,
UI(M), Ua n Ub
U, NU,
, u,nu, nu,
U, N UanUy
720 Uy N UpNU
Up NU, NU,

etc.

Notice that for U3(M) and higher we get more and more copies of R”, but
these will all be degenerate. Because of the repeated subscripts, we will not
see anything new besides (0,3/4),(1/4,3/4), and (1/4,1). Now to the semi-

simplicial manifold,

%

%

i,
UO(M)E_%:> € Ul(M)<—_E::: 2(1’ U,(M) ?.3

%

A e

———>

————>
<

we apply the functor L = “vector fields on.” L is a contravariant functor with
respect to the maps §; because vector fields pull back, or restrict, to open
subsets. Contrast this situation with the fact that vectors at a point (but not
vector fields) are pushed foward by differentiable maps. We obtain a co-semi-

simplicial Lie algebra:
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5

—_— 4__—__> <
LUo(M) ""> L UI(M)<":"—:_'>>' LUZ(M) :---7. e

———

We now apply the contravariant functor A* = @, AP where A? = “continuo
cochains on” to obtain the semi-simplicial module:

¥ —
* <oT iy vee
A LUO(M) > A‘LUI(M) <. .
bl

Remark. Although we are doing cohomology, the map § = (-G w
act like homology, 6§ : APLU (M) — APLU,_;(M). We will also have the
of the Gel'fand-Fuks theory, d : APLU,(M) — APY1LU,(M). On the dout
complex {APLU, (M)}, 4 we have the total derivative D = d + § as usual. V
have two spectral sequences convergeing to H}, (double complex), one by t.
filtering by p and the other by filtering with respect to q.

PA N .
Lo 5
11 ALUGM) &, ’
[ A0
0 A 5 " 16
0] ATLUM) €11 LUI(M)Q—
0 1 74

Because d points up, but &§ to the left, the total D-cocycles of degree n lie ¢
a line p — g = n instead of the usual situation p + ¢ = total degree. Filteris
with respect to p we find that:

APLM i ¢=0
EPY = Hé(AP Y = q
1 o (APLU.(M)) {0 if ¢>0.
To see this let {p.} be a partition of unity subordinate to {U,}. Then t
following sequence is exact:

0 —— APL(M) «~ APLUy(M) <~ APLU (M) - ...
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where ¢ is induced by the inclusions U, < M. A contracting homotopy T
is contructed using {p,}. For ¢ € APLM and Xi1,..., X, € LUy(M), define
T : APLM — APLU(M) by (To) (X1, .-, Xp) = ¥p0(paXalu,, ..., 527 |Us)
where p,X;|y, is extended to M to be 0 outside Ueo T : APLU(M) —
APLUpy, similarly, and we get Id = T6 + 6T.

Then E}? = HYHJ(A*LU,(M)) = H%(M) in the column ¢=0,and 0
for ¢ > 0. Then EZ = EP° = H%,(M) and ER? = 0 for ¢ > 0. What is the
spectral sequence going the other way (i.e., filtering with respect to ¢)?

"BPY = HY(A*LU,(M)) = HEp(U, M)

"B = H{HE(A" LU.(M)) = HSHE, (U.M).
In Section 25 we will show that ®p—g=n'ES"? is finite dimensional for each n.
Then HZp(M) = E%° must also be finite dimensional. (At this point, we
are still bothered by a technical problem. Namely, it is not obvious that the
spectral sequences, E, and 'E,, both converge to H, p{ALU(M)) because the
usual convergence criteria for spectral sequences do not hold in this case. In
particular, any D-cocycle in the double complex ALU(M) which has infinitely

many non-zero entries on the line p — ¢ = n will escape detection by 'F; =
Hy(ALU(M)). (We will ignore this problem here and continue.)

25. The Kiinneth formula

If L; and L, are two finite dimensional Lie algebras then we have a Kiinneth
Formula:

H(L1 @ Ly) ~ H(L1) ® H*(Ls)
and this relation follows directly from the fact that on the cochain level:

A*(Ll @ Lg) o A*(Ll) @ A*(Lz)

Now the Gel'fand~Fuks theory, L, = L(M) and L, = L(N) (for manifolds M
and N) are infinite dimensional. We replace A* with continuous forms A% and
® with a completed tensor product &.

AL @ L) > AY(L1)BA(Ly)

and Ly + Ly = L(M]]N) = vector fields on the disjoint union of M and
N. It is difficult to prove directly the Kiinneth relation. However, our earlier
techniques can be extended to prove the Kiinneth formula for the special case
of a disjoint union of R™’s. We have

H*(8%_,IR") = @}_, H*(LR™),

so that
&

H&F(H R™) = ®§=1H*(ﬂn)~

=1
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The idea of the proof is to apply the contraction ft to all k copies of R™ at «
A point z in some copy of R™ is sent to ¢tz in the same copy of R™. Our f
may then blow up to order kn instead of n, but we use the same argume
before to get down to weight 0.

Let G = I’{g;.(]R") = Hgp(R") for* > 0 and 0 in dimension * =
reduced Gel'fand-Fuks cohomology. Then

E(Rﬂ H Rn) =G&G® (G ® G)(alternntingpart) D

In order that we interpret the § maps of our complex, we must take thi
scription functorial. Let Y be a disjoint union of R™s. Consider the func

Y — Hy(Y,G) 0 HE(Y xY,GR®G) @ HXY x ¥ x ¥,G® G G),

where o means alternating under a permutation. Now since multiplicati
Gel'fand-Fuks classes in any one component R™ of Y is trivial, we must re
the above description by

Y - Ho(Y,G) 9 HE (Y x YA,GeG0) 8-

where A is the diagonal of Y x Y. Hy(Y, G) represents those classes of I?g
which can be represented by a GF class on some one component R™
(times 1’s on the other components). HZ(Y x Y,A;G ® G) represent:
classes of IT&;.(Y) which are an (alternating) product of two GF class
some two components R™’s of Y (times 1’s on the other components).
come products of 3, etc. In general, for Y = R® I---IIr»,

&r(Y) = Ho(Y,G) + H§ (Y2, Y5 G0 G) + HI (Y3, Y},G 8 G 0 G)
---+HS‘(Y",Y"_1,G®~--®G)+--~,
Nt
k—times
where Yf =Y x-..xY (k times), and Yk"_l ={{y1,...,yx) EY¥*|gy =
some ¢ # j} generalizes A C Y2. This generalized diagonal expresses the
that multiplying G-F classes on the same component R™ gives 0 since
plication in Hg(R™) is trivial. This is the Kiinneth formula made funct
with respect to maps.
Recall our second spectral sequence which converges to HEp(M) and b
with: :
"BY? = HE p(Uq(M)
'Y = HEHEp(U.(M)
But now we use our functorial description of H% r(Ug(M)):

"B~ Ho(Ug(M); G) ® HE (Uy(M) x Ug(M), A;G 8 G) -

lé lé s

"BPT = Ho(Up-1(M); G) @ HE(Uy-1(M) X Up_y (M), A5G ® G) @ -
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taking the 6-homology (Cech) we have
'Ey? = H Hgp(UM) = Ho(M;G) @ HX(M x M,A;GRG) ® -+

since U (M) is a good covering of M in the Cech theory. This is the original
spectral sequence found in Gel'fand-Fuks. ([26] and [27].)

'Ey? = @ HX(M*, ME_;; @%G).

These /' E; terms appear only in certain rectangles (different rectangles for each
summand k) shown on the following diagram for k = 1, 2:

pA ,
n2 +2n Z 2 2 / 4
4n //// 1:"2 (2, 4n)

/4 ; 'E; 9 Jives only in these boxes for

k=1
2n (n, 2n) k=1,2,3,"** (shaded), which all lie

above the line p=2q,

B
A
—

N

'
-

+ : :
UghD Uy(M) UMy UpW) Up (M) a

Recall that G? = .F}g;-(]R") = 0 whenever p < 2n (or whenever p > n? + 2n).
Therefore, ®G = 0 in dimensions p < 2kn. This gives the lower edge of our
boxes. But we also have (for k = 1), H(M, G) = 0 in dimensions ¢ > n since
M is n-dimensional. In general, H9(M*, Mf_,;®*G) = 0 whenever ¢ > kn =
dim M. This gives the right edge of our boxes. The boxes all live above the
line p = 2q, so any line p — ¢ = some constant r can only hit finitely many
boxes. Since each box is finite dimensional, so is @;_FTE%”". Therefore, by
the argument at the end of Section 24 (cf. [26] 8.7) we have:

Theorem 25.1. (Gel’fand—Fuks) Hfz(M) is finite dimensional for eachr.
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26. The conjecture

The problem is to represent the Gel’fand—Fuks cohomology HE (M) o
manifold, M, as the usual cohomology of some topological space, Z. That
is there a Z such that H;p(M) ~ H*(Z,R)? For M = R™, we can set Z
Yy, which was constructed for Theorem 20.1. Indeed, Hp(R™) = H*(a,)
H*(Yy).

Secondly, we are led to a Kiinneth formula Hgp(M [[N) = HEp(M)
Hg - (N) for disjoint unions which we have proved for M = N = R™. This s
of behavior appears in the cohomology of function spaces. That is Z = Ma
{M,Y?}, for some fixed Y. For then Maps {M ][ N,Y} Maps {M,Y}x Ma
{N, Y} for disjoint unions, which suggests a Kiinneth formula. Futhermore, |
M =R", H*(Maps {R*",Y}) = H*(Y) = H;p(R®) will hold if Y = V,,. B
for general M, we will have to take account of the gluing of the charts on
by semi simplicial methods.

Consider the following situation: a fiber bundle with fiber Y:

Y — FE

=

M

Instead of the function space Maps {M, Y} we will consider the sections I'(2
of the bundle. Now replace M by U(M) for a good cover. Restricting t
bundle to each of the opens =R™, E|y, = U, x Y is trivial, since U, =~ ]
is contractible (same for U, N Uy etc.) Then I'(U,) =Maps {U,,Y} ~
Replacing M by U(M), we get a co-semi-simplicial space

D(Uo(M)) = DULM)) _, — -

whose geometric realization has the homotopy type of I'(M). Now we apy
the functor $* = singular cochains to get a semi-simplicial module for ea
positive integer p.

50 8

e =
sfrjMm & sSruME -

5 %

The resulting double complex is half homology and half cohomology sin
d: SPTUM — SPHITU,M is the singular coboundary and & : SPTUM
S8PT'U,_1 M is the alternating sum of the §; maps. The total derivative D = d5
has total degree n cochains along the p — ¢ = n lines:
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rd
q

Therefore, we need certain dimension restrictions to get convergence of the
spectral sequence. The spectral sequence of Anderson [1} does exactly this for
us. H}(S*TUM) = H*(T'M) under the condition that the fiber Y be acyclic
through dim M. T(U(M)) has the homotopy type of copies of the fiber Y,
since the base U,, U, N Uy, etc. are all contractible. Therefore, the E, term is
the same as the 'E}'Y = HSHEp(U(M)) term of Sections 24 and 25, if we take
fiber, Y, as a space with the same cohomology as H*(a,) = Hgp(R™). We let
Y =Y,. How can we make a bundle over M with fiber ¥;,? Let F(M) —» M
be the frame bundle of M (= the principal bundle associated to the tangent
bundle of M). Since GL(n,R) C GL(n,C) acts on Y;, we can form Y, M, the
associated bundle with fiber Y,, by taking

Yo — YoM =F(M)XerpmmYa

!

M

‘We are now in a position to state the

Conjecture 26.1. Hgp(M) = H(D(Y,M)).
Ezercise. Why is the conjecture true for M = R™?

Example. M = 8% Y1 = §3. F(M) = $' x GL(1) is trivial. Therefore,
Y15 = 8! x 8%, Hence, the sections, I'(Y;5') = Maps (81, §3). This function
space has the cohomology of H*(S%) ® H*(025%) = E(w) ® P(y) = Exterior
algebra generated by w in dim = 3, tensored with the polynomial algebra
generated by y in dim =2. This is because we have a Serre fibration

0s® — Maps (sl,sf_)
2

P

s3.~
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where p is evaluation at a base point of S!. The fiber is 253 = loop spa«
58, The section  takes a point z € % to the constant map §' — {z}.
Serre spectral sequence ([58]) has B, term H*($%) ® H*(QS%) = E(w) ® i
(83 is simply connected so we do not need local coefficients). w persits to
because of 8. H*(Q5°) is calculated similarly as in [58].

For Hgp(S™), n > 2 this computation gives a different answer than -
announced by Gel'fand-Fuks. However, in this case, the conjecture car
verified by another method due to Haefliger to compute HEp(S™).

27. Foliations

In the concluding sections, we wish to interpret H*(a,) as characteri
classes for foliations. Let E — M be a sub bundle of the tangent bur
TM — M of an n-dimensional manifold M. E is integrable if and onl
['(E) = {sections of E — M} is closed under bracket production L)
Frobenius Theorem gives a local description:

Theorem 27.1. (Frobenius) Locally, every integmble‘E CTM is gives
the kernel of df where f is a submersion.

A submersion is a map f : M™ —» N? between C! manifolds such t
for all z € M, (df) : ToM — Tj,yN is onto (in particular g<mn) "
implicit function theorem tells us that locally (i.e., on some small chart), :
submersion looks like a projection R® — RY. Now a projection R® -»
foliates R™, where the leaves are R"~%’s, the inverse images of points in
Therefore, any integrable E is tangent to a foliation, defining a system of lc
projections as follows: choose a covering {U,} of M such that

1) fa:Us — R? is a submersion (g = codimension of E ¢ TM )
2) Ely, = ker (dfa)

Then on U U, we have two maps into R?, Ja and f». By the implicit funct:

theorem, f; is a function of f, (and vice versa) on some smaller neighborho:

So for any = € U, N Uj, there will be a smaller neighborhood U of z such th
flv = 'th{; o falu

where v}, is a local diffeomorphism of RY VALt fa(u) = fo(U). This is eas
to state inl terms of the germs. For_ all z € U, N U, there exists a germ o
diffeomorphism g, from f,(z) to fs(x) such that

f="acfZ

where f7 and f{ are the germs of f, and fo at z. Again by the implicit functi
theorem, we must have a cocycle condition:

Yab =Tec°7p for zelU,NnUyNU.,.
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This is just like bundle theory except that the structure (pseudo-) group
(where 4%, takes its values) is Ty, the germs of diffeomorphisms R? — R?. If
T’y is given the sheaf topology, the map z — 75, is continuous. We can imitate
the classifying space construction for groups ([34] and [35]). For foliations, the
differential, d(v7;) of the germ ~Z, : R® — R™ is the GL{g,R)-valued cocycle
of the normal bundle, TM/E, of the foliation.

Remark. This procedure extends the definition of a manifold so that the
fu’s are submersions, not necessarily diffeomorphisms (charts). In this context,
a codimension ¢ = n foliation of an n-dimensional manifold (where the “leaves”
are just points) is the old definition of manifold, and the normal bundle to this
trivial foliation is just the tangent bundle.

Now recall our procedure for characteristic classes for g-manifolds N9 via
tautologous forms on the frame bundles. The mysterious classes were all in
dimension > ¢, and, therefore, trivial in H*(N?). However, these classes may
be non-trivial on M™ with a codimension g foliation, ¢ < n. A codim q foliation
is like a g-manifold structure on M™ and we get a natural map:

H*(aq,804) — H*(M)

Through dimension 2q, H*(a,, sog) gives rise to the usual (Pontryagin, Eu-
ler) classes of the normal bundle TM/E of the foliation. (Via a Riemannian
metric on M, the tangent bundle splits TM = F & TM/E, and the normal
bundle can be realized as vectors perpendicular to the foliation.) Technically,
we must assume that the normal bundle be oriented, for then we can choose our
Ya» to be orientation preserving on R?. Otherwise we must replace SO, above
by Oy and we do not get an Euler class. Above dimension 2q, H*(ag, so,) gives
rise to exotic classes in H*(M).

For example, H*(a1) = R in dimensions 0 and 3. Since SOy is trivial class
1 in dim =0 and w in dim =3. This is the Godbillon-Vey class for codimension
1 foliations (cf. [31]). An example of a foliated 3-manifold for which w is non
zero was found by Roussarie (see [6]). A large problem in the theory is to find
examples of foliated manifolds with non-trivial exotic classes. Thurston has
found many interesting examples of these (See [66], [68].)

Remark. In our earlier construction of canonical 1-forms on the higher
frame bundles - -- — F3(M) — F1(M) — M, we consider the charts of diffeo-
morphisms R® — M (dim M = n). But we could equally well have taken our
maps in the other direction, from open sets of M to R™.

For a fixed codim g foliation of M, consider the space G of germs of the
local projections fa : 4 — RY (which are constant along the leaves). We
might as well assume that the target of each germ is 0 € R or compose with
a translation to force this.

M. Mostow and J. Perchik

‘We can now take equivalence classes (jets) of the f,’s.

Fy(M) = 0-jets = M via the source map
Fi(M) = 1-jets = frame bundle of normal bundle of the foliation
Fi(M) = k-jets

Foo(M) = lim Fr(M) via the projections Fi(M) — Fi_1(M).

In our earlier case, ¢ = n = dim M, Fi(M) = frame bundle of M is 1
frame bundle of normal bundle of the foliation by points. Then as before,
have tautologous forms w* on our new Fi(M),w} on Fo(M), wi on Fa(M),
so forth, 4,7, %,... = 1,2,...,4. And we get a natural map A%(a,) = Fpo(i
given by & — w‘ 6' — w} etc. (Cf. [36].) For a tangent vector X on Fg(
represented by f; : Ut — RY, U, C M. We have the following picture:

U < UOEM

Let X be a ta.ngent vector at the point j5fy € Fr(M), where z € M i 1s 1
source of fo : Up — RY, fo(z) = 0. X is represented by a curve t — ]z(t
(where f; : Uy — RY; at t = 0 we get fo; fe(z(t)) = 0; and ¢ is small enov
so that z(t) € Uy, z(0) = z). Let 79, be the diffeomorphism of R? such t
Jo = 7o, © f: holds in a neighborhood of z(t). Then t — ~o,:(p) defines a farr
of C? curves through points p near 0 € R9. (For example, 70,:(0) = fo(z(t)
the curve through the origin.) Let Y = dv,/dt be the vector field tangent
them. Since fo, fz, and vo,; are defined only up to their k-jets at 0eRY,Y
defined only up to order k — 1. Therefore, §'(Y), 6 (Y),.. ).
defined and we define these to be the values of w‘(X ), WHX )y ywt s (
on Fi(M). Thus «* is defined on Fy(M), w* and i} are deﬁned on Fz(M ), €
This is the map A}(a,) — tautological dlﬁerentml forms on Foo(M).

Foo(M)

’Jl]kl

F3(M) ~ (d‘
FQ(M) ~ w;'-

Fl(M) Nwi
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The induced map in cohomology is H*(A.(ag)) — H*(Foo(M)) — H*(F1(M))
where the second arrow is via the sections Fy (M) — Fj41(M) ¢ = 1,2,--- which
are defined uniquely up to homotopy. (The fibers of Fyp1(M) — F;(M) are all
affine spaces and thus contractible.) Now if the foliation of M has a trivialized
normal bundle, then we have a section M — Fj(M) which pulls classes all the
way down to H*(M). We get a map

H*(Ac(ag)) — H(M).

Otherwise, we must divide out by the (maximal compact) subgroup O(g) of
J = infinite jets at the origin of diffeomorphisms R? — R? taking 0 to 0. If the
normal bundle to the foliation is oriented, we can get away with SO(g), since
the structure group, J, of Foo(M) can be reduced to the orientation preserving
jets.

This defines {(up to homotopy) a section:

M — Fi(M)/SO(g).
The natural map
H*(ag, s0(g)) = H*(Feo(M)/SO(q)) — H*(M)

gives characteristic classes on M induced directly by the foliation. In the un-
oriented case, we get a map H*(az,0,4)) — H*(M). On F3(M) we have the
formula (as in A%(a,))

dwt = — Z wh AwF
On F1(M) we do not have canonical w} forms, but the Frobenius theorem tells
us that for an (integrable) foliation, there exists forms 6} such that

dwt ==Y 0 Aw*

The 8% can be given as the pullbacks of the w}, via a section Fi(M) — Fp(M).
This section is equivariant with the action of GL(n,R) if and only if the ()
matrices transform by the adjoint action of GL(n,R), that is the matrix (6})
is a connection on Fj(M). Then the curvature is a matrix defined by

Q= doi — 05 A8} = Wk N B

where 6%, is the pullback of w}, from F3(M) via a section. The invariant
polynomials on the curvature matrix (Q}) are generated by ci,...,cq which
are (up to a scalar multiple) the coefficients of the characteristic polynomial of
(€%). The image of ¢; in H%(M) is the i-th Chern class of the normal bundle
to the foliation. (See [6] for the definition of Chern classes via a curvature
matrix.)

We obtain a refinement of the vanishing theorem {cf. [5]) that the ring of
Pontryagin classes of the normal bundle to codimension-g foliation vanish in
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dim > 2¢ in H*(M). Let
Wq = E(hlhz, ceey hq) ®p(61,62, “en ,Cq)
= exterior alegbra in {h;} tensor the polynomial algebra in {c;}
We set dimh; = 2i — 1,dimc; = 26. d : Wy — W, is defined by d(h;)
¢, d(c;) = 0. Recall that H*(W,) = 0. Let
qu = E(hl, h3y..., h2k+1) ® P(Cl,cz, s ,cq).
be the same except that we throw away all the even hy;. 2k+1 < gb
2k +3>gq. Let
W, = W, /terms of dim > 2q in the ¢;'s.
WO, = WO, /terms of dim > 2g in the ¢;’s.
We have seen (Theorem 20.1) that
H*(ag) = H*(Wy)
Also, it turns out (see [[10]) that
H*(ag,0(q) = H*(WO,)
. H*(WO,), qodd
H*(aq,80,) = { " >
4500 =\ B+ (WOL){N/ (¢ - co), g even.

In H*(aq,80,) we find the Pontryagin classes c3,c4,... in dimensic
4,8,..., and, if g is even, the Euler class, , of the normal bundle. The Pc
tryagin classes all vanish in dimension > 2¢ by the truncation. In H*(a,) .
of the Chern classes cy,...,¢; (not just the odd ones) are coboundaries. Tl
is reasonable since H*(a,) gives characteristic classes in H*(M) when the nc
mal bundle is trivial. Exotic classes (e.g., h1¢g) occur from dimensions 2g +
through ¢2 + 2q.

28. Haefliger’s classifying space for foliations
We begin with the notion of a topological category. (Cf. [6], [56], [3:

and [35].) This means that the objects, 8, and the morphisms, m, are bo
toopological spaces and that the maps

gource

and the composition of (composable) morphisms are all continuous. The dott
arrow takes an object, A, to the idenity morphism A — A.
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Example. Let G be a topological group. Let 6 = points of G, and let m =
left translations. For any two objects g, h € G there is exactly one morphism,
Lpg — 1, between them. Therefore, m ~ G x G. The three maps

G 5— Gx G given by:
g« {(g,h)  source
z — (z,z) identity

h ~— (g,h) target

are all continuous.

Another Example. Let § =* a single point, and let m = G with compo-
sition as in G. We get three fairly trivial maps:

® > G
e where » --~=> id €G,

We now wish to define a topological category, I';. The objects and mor-
phisms are given by

6(T'¢) = points of R?
m(Ty) = germs of diffeomorphisms of RY.

m(T',) has two possible topologies of interest. In the soft (C™) topology, two
germs are close if their source and target, as well as derivatives up to some
order, are close. But we will take here the sheaf topology: if f: U — Visa
diffeomorphism with = € U, let f* denote the germ at z. A neighborhood of f*
is {f¥}yev. This is a very non-Hausdorff topology and the induced topology
on the germs with source z is discrete. The maps

source
R = ¢° m
Q——

target

are local homeomorphisms and give m a (non-Hausdorff) smooth n-manifold
structure. Recall how we constructed the classifying space BG from the semi-
simplicial space NG
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-— e
* @G(?— GXG-+e-

Now consider the semi-simplicial space NT,

n scurce -

OI" < m(r)<__5 m (I’)Z cees
1

Tamger 0 TTaE

where
molg = R? = objects  4(T,)
my(Tq) = m(Ty) = germs of diffeomorphisms of R?
ma (L) = pairs of composable germs (i.e, target one = source of other)
m3(Ty) = composable triples, etc.

The k + 1 maps mg(Ty) — my-1(Ty) are given by the same formulas as f
NG.

(g2:-- %) i=0

9i(g1,---,9%) = (91,1 9i0gig1s-. %) 0<i<k

(91,1 9k-1) i=k.
The ordinary geometric realization is [NT'g|, but to get a classifying space w
must use the unwound space BI'q = |[(NT),| (see Sections 4 and 6 above, an
[6], Stasheff’s appendix). I’ with the sheaf topology is the “structure group
for foliations in the sense that the map

Ua Uy — m(Ty)

given by
T — 5
is continuous in the sheaf topology. A foliation on M induces a homotopy cla:
of maps
M — BT,

so that the characteristic classes for foliations are to be found in H*(BT,
Thus we have a map H*(a,, O(q)) — H*(BTy). However, we must identi:
foliations by a suitable notion of homotopy to make a homotopy class of maj
M — BT, represent & unique (homotopy class of) foliation. (See [6], [35].)

Actually, for any topological space, X, a map X — BTI; makes sens
but what would a foliation on X be? We see that BT, actually classific
Haefliger structures (defined below), of which foliations are a special case.
X is paracompact, we have ([35] p. 141):
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Theorem 28.1. (Haefliger). Homotopy classes of codim q Haefliger struc-
tures on X are in one-to-one correspondence with homotopy classes of contin-
uous maps X — BI,.

Definition. A codimension ¢ Haefliger structure on a space X is defined
by an open cover {U,} of X and continuous maps

fo:Us — R?
not necessarily submersions, and a continuous map
Ua NUp — m(Ty)
T— 75
such that

1) =78
(2 =75 forzelU,nUynU,

For a foliation, (2) follows from (1) since the f, are submersions in this special
case. Even if all the f, are constant maps to 0 € RY, we get a non-trivial
Haefliger structure if we take the 7%, to be non-trivial. The normal bundle
of a Haefliger structure is the vector bundle whose GL(g, R)-valued transition
functions, gas, are given by d(~3,), the differential of ¥%, as a map R? — RY.

The advantage of passing to Haefliger structures is that any continuous
map, N — M, between manifolds pulls back Haefliger structures on M to ones
on N. For foliations, this only works if N — M is transverse to the leaves on
M.

We will not in general have smooth leaves from a Haefliger structure. Lo-
cally the level sets (inverse images of points of RY) are defined, but these can
have singularities. Nevertheless, these can be smoothed out in certain cases.
By the Phillips—~Gromov theorem, a Haefliger structure on an open (no compact
component) manifold M whose normal bundle is a subbundle of the tangent
bundle of M is homotopic to a smooth foliation ([35)). Thurston has a similar
result for compact manifolds, when codim. of the foliation > 2. [67)

Remark. The derivative of a germ v : Ty — GL(g,R) induces maps

Nl" H ]Rqé— I r < r PR e
i 4 27qe— "27q =
l 1, \L" ivxv
NGL_ : * s Gl E— == ...
q = G q=— GLqXGLq<—

<
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and, therefore, induces a map
BT, % BGIL,

so that if f : M — BT, classifies a foliation on M, then v o f classifies 1
normal bundle. Then the vanishing theorem ([5]) says

Theorem 28.2. (Bott) v* : H*(BGL,) — H*(BT,) is 0 in dimensic
>2q.

H*(BGL,y) and H*(BT,) are equal to the total cohomology of the dou
complexes SP(GL, - - -XGLy) (k factors) and SP(mg(T,)), where SP = singu
p-cochains. (See Theorems 4.1, 4.2, 4.4.) Now I claim

v* : HY(GLg % --+ X GLg) — HP(m(T,))
is 0 in dimension p > ¢. This is because v* factors through a map:
HP(GLyx---xGLy) X4 HP(my(Ty))
~ | T
Hpp(GLy x -+ x GLy) — Hpp(mi(Ty))

where H}, = DeRham cohomology and the bottom arrow is zero for p>q
dimmg(Ty) (sheaf topology!).

Why do we then have a vanishing theorem for dim > 2¢? Recall that
3-form on my(T'y) counts as a form of total dimension 3+2 =5. For definitene
we illustrate with q=4.

PN ) PR RLx-e- xoLy
A kg P .
L 2L Sy irs D ' -
6 / ,// 4 6 e cz, czc{,i
s X VA0 s L
4 . cg,c‘ 4 * cg’:4 T
3 . 3 -
o
2 < QKZ <y
1 T B
o] 1t ol1
k ¥
o 1 2 3 4 s 0 1]238 ¢ s ¢ —>
q
RY MT I * Gly GLxGLy

In the double complex, AP(my(T';)) =0 for p > ¢ (in the shaded region).
AP(GL, x --- x GL,), the Pontryagin classes appear on the diagonal as E
terms which are extended to total D =d + § cocycles by adding forms, *, 1
and to the left only. (See Section 3.) For ¢ = 4 as shown, the classes 3, cpcqy
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together with the forms to their upper left go to O (the shaded region). The
highest degrees shown on the left which are non-zero are cj and c4 in the (4,4)
box with total degree 4+4 =8 =2q.

Appendix

Introduction

We briefly review some of the standard facts about Lie algebras. (See
[59], [22].) We define the cohomology of a Lie algebra, g, with coefficients in
a g-module, V, denoted by H*(g,V) or H*(g,p) where p: g — End V is the
corresponding representation. If k is the base field (characteristic 0, but we only
need k = R or k = C) and g acts trivially on k, then H*(g, k) is just H*(g) as
defined earlier. The basic results are (I1.2) the following are equivalent:

(i) g has no Abelian ideals. (Abelian means [X,Y] =0 for all X,Y.)
(ii) Every g-module, V, is a direct sum of simple submodules V = @V;, where
each V; has non-trivial submodules.

Such g are called semi-simple Lie algebras. Let V9 = {v € V|px(v) = 0 for all
X € g} be the invariants of V. Then we also show (IV. 2. 1) if g is semi-simple
then H*(g,V) ~ H*(g,V9) = as many copies of H*(g) as the dimension of V9.
(See [14] for details.)

In the application to Gel’fand-Fuks cohomology, we will want to use
g = gl(n,R), which is not semi-simple. However, gi(n,R) = sl(n,R) & Z,
where sl(n,R) is semi-simple and Z = {X € gi(n,R)|[X,Y] = 0 for all
Y € gl{n,R)} = the center of gl(n,R) are only scalars times the identity ma-
trix. If z,...,z™ are coordinates on R™, we can identify gi(n,R) with the
subalgebra with basis {(z;)0/0z}};_, of a, = formal vector fields on R™. The
center, Z, is generated by the radial vector field R = 3_(z;)8/8z;, which corre-
sponds to the identity matrix. Recall how R was used to reduce computations
to “the zero-eigenspace of R” by the homotopy 8 = tgd + dig = the scalar X
on the A-eigenspace. More precisely, we are concerned with gi(n, R)-modules,
V', which break up as a direct sum V = @V}, of eigenspaces for R, which acts on
V by scalar multiplication by A. For A = 0 we get the R-invariants VZ = V,.
In this case also, we get (IV. 2. 2) H*(g,V) = H*(g,V9). Since V9 is often
much smaller than V, we have achieved a reduction of the computations after
we find what V9 is.

There are four paragraphs in this appendix:

1. Bilinear form of a representation

I1. No Abelian ideals in g <> all g-modules are semi-simple
III. Special case: si(n,k)
IV. Cohomology with coefficients in a module
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1. In this section, we show that the bilinear form, B,, of a faithful representatic
of a semi-simple Lie algebra is non-degenerate.

Definitions. g will denote a finite dimensional Lie algebra over a field
of characteristic 0. Define C} = D'g = g, and C"(g) = [3,C"(9)], D"(g)
[D"—'g,D"1g] for r > 1 an integer. Then g is nilpotent (resp. solvable)
C™(g) = 0 (resp. D™(g) = 0) for some integer n. g is semi-simple (s.s) if
has no Abelian ideals (other than 0). V will denote a finite dimensional
vector space. A representation of g is a Lie algebra homomorphism p : g -
Endi(V). p equips V with a g-module structure. p is simple if V' contains 1
non-trivial sub g-modules. p is semi-simple if V is a direct sum of simple s1
g-modules. By finite dimensionality, this is equivalent to saying that for ai
sub g-module W of V, V ~ W @ V/W. p: g — Endp(V) is faithful if it
one-to-one. If V is a g-module (via p) we often write X - v instead of px (v} f
X € g,v € V. A g-module structure is defined on V* = dual of a g-module '
given by (X - filv) =—f(X-v),for X €g,feV*,veV. IfVand W a
g-modules, then V@& W and V@ W are g-modules: For X € g, veV,wel
we define X-(vOw) = (X-0)O(X -w) and X - (vQw) = (X 0)@w+v® (X u
(These are just the rules for the derivative of sums and products when g is t
Lie algebra of a Lie group acting on V and W.) In particular if V is a g-modu
then so is the tensor algebra ®(V®---@V®V*®:-- ® V*). The alternati:
and symmetric summands, A*V and S*V (and also A*V* and S$*V*) are, thn
g-modules.

Theorem 1.1. If g is semi-simple and p is faithful, then the quadra
form B,(X,Y)=Try(pxpy), for X andY € g, is non-degenerate.

Proof. Let b = {X € g|Tr(pzpy) =0 for all ¥ € g}. To show b =
b is an ideal since B,([X,Y},Z) = B,(X,[Y,Z]) for all X,Y,Z € g. We w
show that b is solvable. But then if b # 0, the last non-zero derived, D"~
will be an Abelian ideal of g, contradicting semi-simplicity. We will show th
b is solvable by showing that [b,}] is nilpotent. We use only the fact th
B,(X,Y)=0forall X in band for all Y € [b,5]. (Cf. Cartan’s criterion in a
book on Lie algebras, e.g., [].)

‘To show that [b, b} is nilpotent, it suffices to show that any y € [b, b] is nily
tent (via p) as an endomorphism of V. For then left and right multiplicatic
L, and Ry, are both nilpotent on End(V’), and, therefore, so is ady = L, —.
(since LyRy = RyLy, (Ly — Ry)™+"*!1 =0 if LT* = 0 = R}). Then by Enge
theorem (proven after the present proof), [b, b] is nilpotent because it has a fl:
0=0by Cby Chy C--- Cb, = [bb] with adx(b;) C b;—y fori=1,...,7,a
for all X € {b,b].

Note that this theorem is linear in the sense that the hypothesis and t
conclusion each remain true or remain false when the base field is extended
restricted. Thus, we can assume k is algebraically closed. In fact, by choosi
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bases for g and V' we can restrict k to a subfield &’ so that (1) g and V are still
defined over k' as a Lie algebra and module, and (2) k' is finitely generated
over Q C k. By embedding ¥’ — C and extending, we can even reduce to the
case k =C.

Lemma. Let y €Endr(V). Then there exists a unigue diagonalizable s
and nilpotent n in Endy(V) such that y = s +n and sn = ns. Moreover, s and
n are polynomials S(y) and N(y) of y with N(0) = 0 = S(0).

Proof. The characteristic polynomial of y in the indeterminant 7 is det
(T —y) =II(T — A\;)™, where ); are the eigenvalues of y with multiplicity m,.
For each i, let V; = ker (y — A;)™ C V be the eigenspace of \;, V = @V,.
Define sy, = \;and n =y —sisy—X; on V;. Since (y —X;)™ =0on V;, n is
nilpotent. Also, ns = sn. If y = s+ n is any other such decomposition, then it
is easy to check that s must be as above. Finally, let S(7') be any polynomial
satisfying S(T) = A mod(T— ;)™ and $(0) = 0. Let N(T) = T—S(T). Then
N(0) = 0 = 8(0) and s = S(y) since on V;,(y — A\;)™ = 0 so that S(y) = \;
onV,. AlsoN(y)=y—-Sy)=y—-s=n. Q. E. D. for Lemma.

Since p is faithful, we will occasionally forget to write it and identify el-
ements of the Lie algebra with the corresponding endomorphisms of V. Our
Y € [b,d] has a decomposition Y = s+ n as in the lemma where s (resp. n) is
a diagonalizable (resp. nilpotent) endomorphism of V. We must show s = 0.
I claim it is enough to show tr(Y o ¢(s)) = 0 for all p € Homg(k, Q) where
(s) is defined since s is diagonalizeable: If Y and s have eigenvalue ); with
multiplicity m; on V; C V, then (s) is defined to be (A} on V;. Also Y oy(s)
has eigenvalue A;¢(A;) on V;. Therefore:

0=tr(Y o p(s)) = Y_ midip(Xs).

Applying ¢ again,
0=(0) =Y mip(A)o(A)
Since ¢(A;) € Q where ¢ is identity. But then ¢();) = 0 for all i. Since
w(A:) € Q was arbitrary, \; =0 for all 4. Thus s =0, and ¥ =n is nilpotent.
The trouble is that ¢(s) € Endx(V) may not be in b C Endi(V) (or even
in g), so we cannot apply the definition of b directly. Since Y € [b,8), Y =
> 1 Xr, Z,] for X,,2Z, €b.

tr(Y op(s)) = 3 tr([Xr, Zr] 0 (s)) = D tr(X, 0 [Zr, p(s)]).

Since X, € b it suffices to show [Z,, (s)] € b to get 0. In fact it is in [5,5]. Let
ad denote the adjoint representation of Endi(V) on itself. Since ad is linear,
ady = ad, + ad, (for Y = n + 5). This is the canonical decomposition (in the
lemma) of ady because (1) ad, = L, — R, is nilpotent, (2) adg = A;~ ), on the
eigenspace V;® V" C V®V* ~ End(V), and (3) [ads, adp] = adjsn) = adg = 0.
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Thus ad, = P(ady) where P(T) is a polynomial with P(0) = 0. On V; ® v
we have:

ady(s) = (X)) — (X)) = (A — A;)  (by linearity of y)
=¢(ad,) on V@V

Thus, ad,,) = p(ad,) = Q(ad,) where Q is a polynomial satisfying Q(; -
)‘J) = (p(A, - AJ). Then:

[(p(s), Zr] = adw(n)(zr) = (p(ad,)(Z,-)
= Q(P(ady))(Z:) € [b,b]
Since Q and P are polynomials, and Y, Z, € b. Q.E. D

Definition. For p = ad = the adjoint representation of g on itself
Bu4(X,Y) = tr(adxady) is called the Killing form of g

Corollary 1.1.1. g is semi-simple if and only if the Killing form is non
degenerate. - .

Proof. The kernel of ad is just the center of g, which is 0 if g is semi-simple
(no Abelian ideals except 0). Apply I.1. Conversely, suppose X # 0 is in ar
Abelian ideal a C g. Let Y € g. Then adx o ady takes g into a, and a intc
0. Thus, (adx oady) = 0. Since Y € g was arbitrary, the Killing form is
degenerate: B,a(X,Y) =0forall y € g.

We have omitted the proof of the fact that g is nilpotent if and only if adx
is nilpotent for each X € g. This is a corollary of:

Theorem 1.2. (Engel): Let p: g — End(V) be a mprese;ztation such thal
p(X) is nilpotent for each X € g. Then there exists a flag 0C Vh C Vi C
-+ C Vo=V such that p(g) : V; — Vi_;.

Proof. The converse is trivial. The problem is to get one flag that works
for all X € g. By induction it suffices to show if V # 0 then there exists
v € V,v # 0 such that p(g)(v) = 0. Since the theorem only involves the image
p(g) of g, we assume g C End (V). For all X ¢ g, adx is nilpotent since
adx = Lx — Rx where left and right multiplication by X on End(V), Lx and
Ry, are both nilpotent and commute.

Let A C g be a maximal subalgebra, h # g. Then I claim & is an ideal and
codim (k) = 1. We can assume the theorem for h, since it has smaller dimension
than g, by an induction hypothesis. Since A acts on g/h by nilpotents, there
exists an X' € g —h such that for all Y’ € &, [, X] € h. Since h+ (X) is a larger
subalgebra than h,h + (X) = g. h is an ideal of codim. 1 since [h,X] C h.

Finally, let W = V* = {v € V|X -v =0 for all X € h}. Then gw)cw
since h is an ideal. W # 0 by induction since dim A < dimg. For our X €
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g — h, X is nilpotent so it kills something # 0 in W. That something is then
killed by g = h + (X). 7 Q.E.D.

1L In this section, we show that if g is semi-simple, then every finite dimensional
g-module is semi-simple, and conversely. First we prove the result for g as a
module over itself via the adjoint action.

Theorem II. 1. Let a be an ideal of the semi-simple Lie algebra g. Let ot
be the orthogonal complement of a with respect to the non-degenerate bilinear
form Baa(XY) = tr(adxady). That is, at = {z € g|Baa(X,Y) = 0 for all
Y € a}. Then ol is an ideal of g and g =a@a'.

Proof. Let X € at,Y € g, Z € a. Then B([X,Y],Z) = B(X,[Y,Z]) =0
since [Y, Z] € a. Since Z is arbitrary in a, [X,Y] € at, so a is an ideal.
Extending a basis for a to a basis for g and writing B,4 as a symmetric matrix
(non-singular), o™ is the image of the vector space complement to a by B;dl.
So dim a +dim at = dim g. So it suffices to show anat = 0. But ad is faithful,
and tr(adxady) = 0 for all X,Y € anat. But this implies a N al is solvable
by the same proof that b was solvable in the proof of L1, since in that proof
all we used was the fact that for all X,Y € b, tr(pxpy) = 0, and we now take
p = ad. (Cf. Cartan’s Criterion.)

Corollary II. 1.1. If g is semi-simple then g = [g,g|.

Proof. g contains an ideal isomorphic to [g,9]* =~ g/[g,9], which is
Abelian.

Theorem II. 2. Let g be a finite di sional semi-simple Lie algebra.
Then every finite dimensional representation is semi-simple.

Proof. By finite dimensionality it suffices to show that every exact se-
quence of g modules and g-module homomorphisms splits:

0—>M —> N—> "-'——>0

1) Reduction to the case P = k, the base field with the trivial g-module
structure. Let W = {f € Homk(N, M)|f|a is the scalar multiplication}
and V = {f € Homg(N,M)|F|y = 0}. For f € Homk(N,M), X €
g,X o f € Homg(N, M) is defined by (X - f)(n) = X(f(n)) — f(Xn) for
n € N. Then X(W) C W (in fact X(W) C V) and X(V) C V. And we
have an exact sequence of g-modules and g-homomorphisms.

00—V —>W-—%k—0.
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Assuming such sequences split, let f be the image of 1 € k by a splitti:
(9-homomorphism) map. Since g acts trivially on k, g acts trivially on
Forall X € g, n € N, 0 = (X - f)}(n) = X(f(n)) implies f €Homgy(N,
is the required splitting map since f|ps = 1. It remains to show 0 — V -
W — k — 0 splits.

2) Reduce to the case V is simple. If V! C V is a (# 0) sub g-module, then

0—> V/V' —> W/V' —>k—>0

qu_/

splits by an inductive hypothesis on the dimension of W (one supposes t}
theorem for modules of smaller dimension). Let V® C W be the inver:
image of (k) C W/V’. Then V' < V?, Also0 — V' =V — k — 0 spli
by the same inductive hypothesis on dimension. This glves the require
map k— W.

3) Reduce to the case p faithful on V. Let b = {X € g|X - (V) = 0} be tt
kernel of p|y. Then h is semi-simple, for an Abelian ideal of A is one «
g=h&@ht. Now for X € h, X - (W) C V because

W — k

lox lo

Ve w — k

commutes, i.e., X - W — 0 in k so it comes from V. Also h(V) = 0. B
h is semi-simple so i = [h, h] takes W to 0 and we can replace g by g/
throughout.

Now let B, be the (non-degenerate) form for p : g —~End(V) (we assur
p to be falthful) Let {Y;} and {Z;} be dual bases of g so that B,(Y;, Z;) :
Tr{py.pz;) = 6ij, the Kronecker delta. The Universal enveloping alegbr:
Uy, of g is the (associative) tensor algebra k @ g ® (9 ® g) & - - - divided by tt
relations generated by X®Y - Y ® X —[X,Y],for X,Y €g. f Visa g-modu
(via p), then V is also a U(g)-module: For X = X; ® X, ®---® X, € U(g
v €V, px(v) = px,0px,°- - -opx,(v). Conversely, any module of the associatir
algebra U(g), is also a module of the Lie algebra g because of the relations i
U(g). In particular U(g), itself is a g-module. The invariants, U(g)? is jue
the center of U(g). Define the Casimir element K = K, =Y, Y;® Z; € U(g
Note that for all X € g,X = ¥, By(Z, X)Y; = ¥, B,(Y;, X)Z:. K is wel
defined, for if {R;} and {S;} are another pair of dual bases then Y Ri®S;:
2 B(Zi, R))Y;®8; =%, . Yi®B(R;,Z,)S; = ¥, Vi® Z.. Ktsm the cente

347




Gel’fand-Fuks Cohomology

of U(g) because for all X € g,

X@K-K®X=) (X0Y,0Z-Y.8X®Z+Y,®0X®Z
i
—~Yi®Z:®X) =) (X,Yi]®Z+Yi®[X Z))
|
=Y (Bo(IX,Yi), Z)Y: ® Z: + Y ® B,(Yi, [X, Z) Z:) = 0
i

since B,([Y, X],Z) = B,(Y,|X,Z]) for all X,Y,Z € g.

Consequently, the Cosimir operator, p(K) = Y, py, o pz, commutes with
the action of gon W. Now p(K)|y is either 0 or an isomorphism of V since
ker (p(k)lv) is a sub g-module of V and V is simple. But p(X)|y # 0 since
Try(p(K)) = Tr(¥;pvi © pz;) = > ; Bo(Yi, Z;) = dimg # 0. Therefore,
p(K)|v is an isomorphism of V. Since p(K)(W) goes to 0 in k (where g acts
trivially), p(K)(W) C V. Then p(K)}y)~!op(K) is the required splitting map:

N\
0=>V->W->k—90

Q.E.D.

Converse IL 2.1. Suppose every representation of g is semi-simple. Then
g is semi-simple.

Proof. g is a g-module under the adjoint representation. If g has any
Abelian ideals then g is a direct sum g = g, ® --- @ g, of simple submodules
(ideals), where, say g1 is Abelian, therefore, 1-dimensional. g; =~ k, the base
field. Define the representation p : g — Endi(k?) by:

s (10
(2 1)

fora€ gy ~k,and p=0o0n gy,...,g-. Then p is not a semi-simple represen-
tation, since (l) generates a submodule, V, of k? without a complementary

submodule, W, such that k2 = V @ W as g-modules.

III. We compute the Killing form of si(n,k) and show that si(n,k) is semi-
simple.

Ezercise. Let M,N be finite dimensional k-vector spaces. Let z €
End(M),Y €End(N). Define X ® Y €End(M ® N) by (X @ Y)(m ®n) =
X(m)®Y(n) form € M, n e N. Then Trygn(X ®Y) = Try(X)Trn(Y).

Let V = k™. Any X €End(V) acts on V by the canonical representation,
p. X acts on the dual V* by (p%(b*))}(v) = ~b*(X -v) for b* € V*,v e V.
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So we write pb* = ~b*X. X acts on V @ V* =End(V) as a derivation
X (a@b)=Xa®b*—a®b*X = [X,a ®b*}, where (by choosing a basis fo
V') we write a € V as a column, b* € V* as a row, and X as a matrix. This i
just the usual adjoint representation, ad, if we identify a ® b* € V ® V* witl
the n x n matrix ab* €End(V).

Computation. Suppose X,Y € sl(n,k) C End(V) have trace =0. Then

Trygv-(adxady) = Tryev-(px @ 1 +1® pk)(py ®1+1® p})

=Tryev-(pxpy ® 1+ px ® py + pr ® pk
+1® pxpY) = Trv{pxpv)Trv-(1) + Trv(ox)Trv-(p})
+Trv(py)Try-(px) + Try()Trv-(pk p%)
=Tr(XY)-n+0+0+nTr(YtX?)
=2 Tr(XY) = 2n B,(X,Y)

On the other hand, V®V* = sl(n, k)& Z where Z = center of V®V* =End(V

is generated by the identity matrix. For all X €End (V),adx(Z) =0.

TTV@V‘ (ﬁdxady) = Tr,l(ﬂ'k) (adxady) + T'l‘z(adxady) = Bad(Xy Y) +0

Therefore, we have

Proposition IIL1. The Killing form, B,a(X,Y) = 2nB,(X,Y) -
2nTr(XY) is non-degenerate, and sl(n,k) is semi-simple. The correspondin
Casimir elements also differ by a scalar, K, = 2n - Kuq.

IV. In this section, we define Lie algebra cohomology with coefficients in
module and describe conditions under which we can replace the coefficien
module by the submodule of invariants.

Notations and basic lemmas. Let g be a finite dimensional Lie algebr:
and V' a finite dimensional vector space over a field & of characteristic 0. Le
p : g — End(V) be a Lie homomorphism, giving V a g-module structure
A*g* = @720(A"g") is the exterior algebra of the dual, g*, of g. The adjoin
representation of g on itself extends to a representations of g on A*g (see Sectio
I). We also denote the dual representation on A*g* by ad : ¢ —End(A*g*). I
Section 14 we called this action 6, but calling it “ad” instead will remind u
where it comes from and will distinguish it from the other Greek letter, p, user
in this section. Explicitly, for w € A%* and X1,... , X4 € g, we have

(adxw)(Xl, P ,Xq) = -—{w([X, X]],XQ,X;;, PN ,Xq)
+w(X1, [X,Xz],Xa, e ,Xq) +.. }

For each X € g, adx is a derivation of degree 0 on A*g*. ady : A%7¢* — A%g*
and adx (wAn) = (adxw) An+wAadxn. Foreach X € g, ix : A%g* — A-1g
is defined by

(wa)(.Xl, s ,Xq_l) = w(X, Xl, ey Xq_l)
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for w € Ag*, X1,..:,Xq-1 € g. Then vx is seen to be an anti-derivation on
A*g* of degree -1 (i.e., lowering degree by 1), and adxiy = tyadx + yx,y]-
Define d : A%g* — A9+1g* as the anti-derivation of A*g* such that d|pog. =0
and d|p1,- is defined by (dw)(X,Y) = ~w([X,Y]) for X,Y € g,w € Alg*. In
general, for w € Alg*, X1,...,Xqr1 €9,

do(X1, .., Xgr1) = I (DX X5, Xupooos Ky oo, Kooy Xg)-
i<y
Since d and tx (for X € g) are anti-derivations of degrees +1 and -1, respec-
tively, dux + txd is a derivation of degree 0 of A*g*. Since adx = dix +txd
on A%* and Alg*, this formula is true on A*g*. For & € Alg*, define
e(Z) on A*g* to be exterior multiplication (on the left) by Z. That is
e(f)(w) =i Aw, (we A*g").

Lemma IV. 1. For Z € g,

n

adz = - Z e(i,-)qz,xj]
j=1

where Xy, ..., Xn is any basis of g and %1,. .., %, the dual basis for Alg*.

Proof. Apply both sides to f € A%* and check on g linearly indepen-
dent elements of g. We can choose these from our basis X},...,X,, and by
renumbering, we can suppose we have chosen the first ¢ elements.

- Z e(E) iz x,) )X, Xg)

q
== Uz x) X Xjy o, Xa) (1)
j=1

q
== fZ, X}, X1, Xjro o, Xn) (-1

i=1

q
= =3 (K2 X ) Xa) (-1 (-1

=1

= (adz f)(X1,...,Xq)

Definitions. g acts on A*¢* ® V by Lx =adx ®1+1® px, for X € g.
(Cf. definition of tensor product of g-modules in 1.) Explictly, for w ® v €
Mg RV, Lx(w®v) =adxw®v+w pxv.

Define 8y : A%g" ® V — ATHlg* @ V to be 3.7, e(Z;) ® px,, where
Xi1,...,Xn is a basis for g, and %,,...,%, € ¢g* is the dual basis. 6y is in-
dependent of this choice of basis.
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Define 6 =d®1+ 8y : Alg* ® V — A?lg* @ V. Then § satisfies
Lyx =6ix +tx6,

for all X € g, where we have written cx for tx ® lon A*g*® V.
Define H*(g,p) = H*(g,V) to be the cohomology of the complex:

0——»A°g*®V——‘§—>Alg"®V—6»A2g"®V——>-~-

For example, check that H%(g,p) =~ V9 = {v € V|pxv =0 for all X € g}.

Theorem IV. 2. Let g be a semi-simple finite dimensional Lie algebra,
let V be a finite dimensional g-module such that V9 = 0. Then H(g,V)
for all q.

Proof. (See [14].) Since g is semi-simple, V = @&V}, a sum of simp)
modules, and ply, # 0. Since H*(g, ®V;) ~ &;H*(g, Vi), it suffices to tak
to be simple. Let h C g be the complementary ideal to ker p, g = h@k
h # 0 since p # 0. h is semi-simple since any Abelian ideal of A is also or
g. Since pl is faithful, I. 1 tells us that there exist dual bases {¥;} and -
of h such that B,(Y;, Z;) = &8;;, the Kronecker delta. In the proof of IL. :
defined the Casimir element K = K, = Y 2mh(y, @ 7,) € U(h) C U(g)
showed that K is well-defined and is in the center of U(h). Since K is the
the center of U(g), the Casimir operator p(K) = 3 py; 0 pZ; commutes
px for all X € g. Since V is simple, ker p(K) is a submodule of V. There
p(K) is either 0 or an isomorphism of V. But p(K) # 0, since its tra
Soitr(py, © pz;) = dimh # 0. Thus p(K) is an isomorphism of V.

Let ' =1®p(K) on A*¢g*®V. I' commutes with adx ®1 and 1®px fc
X € g. Thus, I' commutes with Lx = adx ®1+1®px. Also, ' commutes
d®1and 6, = 3, e(%;) ® px, (for {X;} a basis of g and {Z;} the dual bs
Therefore, I' commutes with § = d ® 1 + §,. 6T = I'6 implies I'"1§ = ¢
implies I'* and I'~* are defined on H*(g,p), and [* oI'~1* = (['oT1)* =
But we will show that I" is homotopic to zero: I'* = 0*. Hence, H*(g, p) =

Let T =¥9™* 7, @ py,. I claim that T' = 6T + T6.

i=1
ST+T6=8(D 1z ®pv) + (D 1z, ®pv.)6
i i

=61z, ® pv.) + (1® pYi)(—6(es, ® 1) + LZ),
since Lz, =61Z; + 17,6 = E(d ®1+48u)(ez; ® pv:)
> (18p)Ed®1+6,)(iz, ®1) + Y (18 pv)(£Z:)
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Since d ® 1 and 1 ® py; commute, we get some cancellation, and, since Lz, =
1® pz, +adz, ® 1, we obtain:
ST+T8=6v(3 iz ®pv)) = D _(1®pv)bv(iz, ®1)
+Y (1®py,)(1®pz +adz, ®1) = 8v (D 1z, ® pvi)
~=Y (1®pw)bv(tz, @ 1)+ T+ Y (adz, ®py,).
Now express Sy in terms of a basis {X;} of g with dual basis {X;}. Also,
express adz, in terms of the same basis via Lemma IV. 1.
ST+TS5—T =y (e(&;)iz, @ px,pv: — p_(e(E;)ez, ® pvipx,)
iJ Y
= > (e(E)uz.x;) ® Pv.)
i3
= e(#;) ® ez ® (px,;pv: — pvipx;) — Uz:.X,) ® PY.}
A7

= Z e(%;) ® {1z, ® pix;,vi) ~ tz:,x,] ® Pvi} =0

]
because
D Uz x1 ®Pv = D LB((Z0X;1 Y02k ® PV
3 ik
= Z 12 ® PB((2:,X;,Y4)Ys
ik

=Y 7. ® pBz X, DY
i,k

= z 4Zi @ Pix;,4)
k

= Z Lz, ® Pix;. Y]
' Q.E.D.

Corollary IV. 2. 1. If g is semi-simple, and V is a finite dimens.ional
g-module, then H*(g,V) = H*(g,V9), where V9 C V are the g-invariants,
Vi={veV|X -v=0 forall X € g}.

Proof. V =VI@W, W9 =0, H*(9, W) =0, and H*(g,V) ~ H*(g,V?)®
H*(g,W).

Remark. Let g = gl(n, k) = sl(n, k) & Z, where sl(n, k) is semi-simple and
Z is the center, generated by the identity matrix R. We wish to extend the
above corollary to g = gl(n, k). However, we need the additional condition tl.mt
the g-module V break up as asum V = @, V), of eigenspacesfor R € Z C g with
PRlv, = multiplication by A € k. We also assume Vy (but not necessarily V)
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is finite dimensional. L5 = adg®1+1® Pr =0+1@® pp is multiplicati
by A on A*g* ® V). But Lp = ipé+ 6ig is homotopic to zero. Therefo:
H*(9,V) = &pH*(9,Va) = H*(g,V). Since si(n, k) is semi-simple, V; brea
up as a sum of sl(n, k)-modules (in fact as gi(n, k)-modules since pgp = 0 .
Vo), Vo = V'8 @ W = Vsink) @ W, where Wk — pyaitnk) — 0. Sin
R € ker(plw), a complementary ideal k& can be chosen C sl(n,k). Just
in IV. 2, we get a Casimir operator (plw restricted to h is faithful) whi
is an isomorphism of W, commutes with § and is homotopic to the identit
H*(g,W) = 0. Finally, we have in this case,

Corollary IV. 2.2. H*(g,V) = H*(g, ve).

For more details, see the section on reductive algebras and the spectral sequen
relative to a reductive subalgebra in [39).
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