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The present note is concerned with some basic properties of the set 

E(M,N) of all smooth embeddings M ~N where M and N are 

(finite-dimensional) paracompact C~-manifolds. For technical reasons, 

we assume M to be compact without boundary, so that the currently 

available techniques of the theory of manifolds of smooth maps are 

applicable to our case. Since E(M,N) is known to be open in the 

manifold of all smooth maps M ~ N (cf.e.g.[M]), it is a Fr~chet 

manifold. The group Diff(M) of smooth diffeomorphisms of M ope- 

rates in the obvious manner on this manifold and our main result is 

that under this operation, E(M,N) is a principal Diff(M)-bundle 

over the quotient U(M,N) = E(M,N)/Diff(M). In particular U(M,N) - 

which is the set of all submanifolds of type M in N - carries 

a natural differentiable structure and E(M,N) ~ U(M,N) is a 

submersion. A differentiable structure was obtained on U(M,N) for 

compact M with boundary some time ago (cf.e.g.[Ko]), so that now 

natural manifold structures are available on all U(M,N) for com- 

pact manifolds M. The non-compact case so far remains quite in- 

tractable because of some fundamental difficulties arising already 

in connection with the choice of an appropriate topology on, say, 

C(M,N) (=the smooth maps M ~ N), Of reasonable "candidates" for 

parameter spaces and with differential calculus. 

The motivation for our investigation stems from geometrodynamics 

([MW] , [W] and further references in section 6), the "3+I approach" 

to relativity, especially in the formulation it obtained in the frame- 

work of "hyperspace" (Kuchar's terminology,-cf.[K] , [HKT] and their 

bibliographies). In fact, "hyperspace" essentially is a special case 

of manifold of the type of E(M,N), arrived at as follows: M,N are 

(orientable) manifolds of dimension 3,4 resp. and one considers now 

the set of all space-like embeddings M ~ N where N carries an 

Einstein structure and where "space-like" means that the metric in- 

duced on the image is Riemannian. Since the set Eo(M,N) of such 

embeddings is open in E(M,N), it is a Fr@chet manifold and is 

saturated under the right action of Diff(M), hence again a prin- 

cipal bundle over the manifold Uo(M,N) of all space-like "slices" 

of type M in N. "Motions" of such a slice i(M) then corres- 

pond to (smooth) curves through i in En(M,N) - which thus 
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represent the kinematics of submanifolds of type M in N, as well 

as the dynamics in the presence of suitable constraints. The details 

of these matters, using the notations and results of this note, will 

be dealt with elsewhere and we limit our exposition here to a few 

brief remarks in section 6). 

After introducing some notations and preliminary results in ~, we 

establish the topological bundle structure of E(M,N) in sections 

2 to 4 by proving the existence of ,'enough" local sections of 

E(M,N) ~ U(M,N) and we add the necessary differentiability con- 

siderations in section 5, using a form of differential calculus 

developed in [F] and [G] (cf. also [0]) in order to obtain pre- 

cise information on the differentiability of the various constructions 

of the preceding sections. 

~. The finite-dimensional manifolds M,N,Z,...to be considered in 

the sequel are understood to be paracompact C°-manifolds, so that 

they always admit smooth partitions of unity. Where used, the term 

"differentiable" will mean "smooth", i.e. "of class C °''. It is no 

loss of generality to assume the manifolds M,N,... connected. 

Let now M be compact. For each finite k,ck(M,N) denotes the set 

of ck-mapS M ~ N equipped with the usual ck-topology (cf.e.g. 

[M]). Of importance to us is the well-known result that composition 

ck(N,Z) × ck(M,N) B> ck(M,Z) , 

B(f,g) = fog, is a continuous map. Moreover, if Diffk(M) denotes 

the group of ck-diffeomorphisms of M, inversion in Diffk(M) 

also is continuous, so that Diffk(M) is a topological group, 

cf.[M], and is an open subset of ck(M,M) for k ~ 3. Since 

the latter is known to be a Banach manifold, the same holds for 

Diffk(M); however, it is not a differentiable group in this structure. 

For the sake of clarity, we shall give some details concerning the 

corresponding Fr@chet-structure on spaces of smooth maps below. 

Ek(M,N) denotes the set of all ck-embeddings M ) N; again, for 

k ~ 3,- this is open in ck(M,N) - in fact, Ci-open - and thus again 

is a Banach manifold: the proof that E k is open is analogous to the 

one of prop.5 in [M] . 

Similar remarks apply in the case of analogously defined structures 

on spaces of smooth maps - where we also simplify the notations by 

setting C(M,N) = C~(M,N) , Diff(M) = Diff'(M) , E(M,N) = E~(M,N) , 
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etc. The manifold structures now are Fr@chet, not Banach, and are 

obtained as follows: 

Choose a smooth spray TN ) T2N on N and denote its expontential 

map by exp. It is known ([L]) that there exists an open neighbourhood 

0' Of the zero-section O N c TN such that exp induces diffeomor- 

phisms of the O' Q T N onto open neighbourhoods of the points 
Y 

y E N ("normal charts"). There is more: define the map Exo from 

TN to N x N by: 

Exp(Vy) = (y, eXpy(Vy)) , Vy £ TyN . 

Then there is an open neighbourhood 0 of O N such that Exp 

induces a (smooth) diffeomorphism of 0 onto an open neighbourhood 

of the diagonal A c N × N . 

Given now f £ C(M,N), we denote by U(f) the set of all smooth 

maps g:M ) N such that (f x g)(aM) c Exp(0) or, which is the 

same thing, (f x idN)((g~) c Exp(0), (g7 E M × N the graph of g. 

The set U(f) is an open neighbourhood of f in C(M,N) wi~h 

respect to the usual C~-topology, M being compact. 

Next, let 

rf(TN) = (i £ C(M,TN)I~NOl = f} , 

T N : TN --~ N the projection, be the set of all "lifts" of f to 

TN. Clearly, this is a vector space under pointwise operations and 

it becomes a Fr@chetspace under the C~-topology. The space Ff(TN) 

~s naturally isomorphic to r(fCTN), the space of smooth sections of 

the pull-back bundle fCTN. Let W(f) = {i £ Ff(TN) II(M) c 0}; this 

is an open neighbourhood of o and the exponential map induces a 

homeomorphism W(f) ~ C(f) by assigning to I £ W(f) the map g 

defined by: g(x) = expf(x)(l(x)) , also written g = expf(1) 

We denote the inverse map by Cf : U(f) .... > W(f). The pair (C(f),¢f) 

is a standard chart at f. One shows that these charts define on 

C(M,N) a Fr~chet-manifold structure whose underlying topology is the 

C~-topology; for all details, we refer to [F] and FG] , in particular, 

for the precise sense in which this structure is "differentiable" 

(ILB-differentiable in a strong sense!). We also note that the con- 

struction goes back to [E]. 

Since E(M,~) is (Ci-)open in C(M,N), it inherits an induced mani- 

fold structure; this will be referred to as the natural manifold 

structure of E(M,N~. 
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Similarly, Diff(M) is open in C(M,M) and therefore again a Fr@- 

chet manifold. As opposed to the ck-case for finite k, however, 

the group operations in Diff(M) are (!LB-)differentiable: Diff(M) 

is a smooth Fr@chet Liegroup. Again, the details may be found in 

[F] , [G] and in [E-M] , [0] . Note that the tangent space 

Fe(TM) to Diff(M) at the identity e simply is the algebra F(TM) 

of smooth vector fields on M. The construction of charts (at e, 

say) still requires the choice of a spray on M and the earlier 

arguments, since the classical "exponential map", assigning to a 

vector field its flow, will not, in general be surjective onto any 
\ 

neighbourhood of e, cf.e.g.[0] 

2. Henceforth, M is assumed to be closed (compact without boun- 

dary). The group Diff(M) acts in a natural way on the right on 

E(M,N) by: (f,g). > fog and the action is continuous by what was 

mentioned earlier. By e.g. [G] , it even is (ILB-)differentiable in 

a sense which can be made precise quite explicitly. For reasons of 

convenience, we shall write ~(f,g) for fog. The partial maps de- 

fined by ~ are 

~f : Diff(M) > E(M,N) , for a fixed f £ E(M,N); 

Bg : E(M,N) > E(M,N) , for fixed g £ Diff(M) 

Clearly, ~g is a diffeomorphism of E(M,N) whose inverse is ~g-1. 

Moreover, the injectivity of the f £ E(M,N) immediately implies 

that the right action of Dill(M) is free: fog I = fog 2 implies 

gl = g2 by cancellation of f . Thus, ~f certainly is a bijection 

of Diff(M) onto the orbit of f. If we set L = f(M) c N , a closed 

submanifold of N, then the orbit of f consists precisely of all 

diffeomorphisms of M onto L: indeed, it is easy to see that 

i,j £ E(M,N) are equivalent under Diff(M) if and only if im(i) = 

= im(j). In fact, the orbit of f may also be identified with 

E(M,L): one inclusion is clear and for the converse, if h is an 

embedding of M into f(M) = L, then h(M) is compact, hence 

closed; it also is open by the inverse function theorem since Txh 

is an isomorphism of TxM onto Th(x)L for each x £ M. Thus, 

M being connected, the assertion follows. We shall see below that 

the identificatiQn of the orbit of i £ E(M,N) with E(M,i(M)) 

is topological as well, even differentiable. 

Next, we note that the orbit i.Diff(M) = i of i 6 E(M,N) is 

closed in E(M,N): let (g~) be a net in Diff(M) such that i.g~ 
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converges in E(M,N) to, say, f. Since 6i(g~)(M) = i(M) for 

every a and since Bi(ga) converges in particular for the C°-topo - 

logy we conclude f(M) c i(M), thus f(M) = i(M) as before. Further 

details will be added below (prop.3,cor.). 

Lastly, we note that the quotient U(M,N) of E(M,N) mod. the action 

of Diff(M) simply is the set of all submanifolds "of type M" of N. 

This set carries the quotient topology. With this, we state the main 

result of this note: 

Theorem: Let M be closed, dim(M) < dim(N). Then E(M,N) is a 

(topological) principal Diff(M)-bundle over U(M,N) . 

Moreover, U(M,N) carries a natural (ILB-)differentiable structure 

for which the fibration E(M,N) u~ U(M~N) is smooth. 

The proof of the theorem is divided into several steps which will 

follow in the next sections, but is essentially classical: it con- 

sists of establishing the existence of "enough" local sections of the 

quotient map u and, eventually, the necessary differentiability 

considerations. The first part of the argument is topological in 

nature and will establish the first (main) part of the theorem. 

3. We choose, once and for all, a quadratic structure G on N 

("pseudo-Riemannian" or Riemannian structure). For i E E(M,N), we 

denote by v i the "geometric" normal bundle of i defined by means 

of G : the fibre of v i at p = i(x) g i(M) is the orthogonal in 

TpN of Txi(TxM). Clearly, then, 

(i) TNIi(M) = Ti(TM);(gv i . 

We now have the 

Prop.l: For i 6 E(M,N), the map 

~Ti: F(TM) > Fi(TN) 

which maps a vector field X to Ti o X is a linear and topological 

isomorphism of F(TM) onto a topological direct summand, namely the 

subspace {1E Fi(TN) I I(M) c Ti(TM)}. 

For the proof one observes, firstly, that the indicated subspace is 

a topological summand - using the orthogonal projection onto Ti(TM) 

in the standard ~-lemma. Secondly, one easily verifies that ~Ti is 

a linear bijection onto this subspace which also is continuous. The 

closed graph theorem now implies the assertion. 
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In TN, we use the exponential maps exp and Exp defined by the 

metric G (so that the normal charts are geodesic charts for G ). 

Given the open neighbourhood 0 of the zero-section O N as used 

in !', there now are open neighbourhoods 0 M of the zero-section 

of TM and 0~i of the zero-section of v i such that Ti(0 M) + 

+ 0vi c TNIi(M) still is open. 

Then: 

Pro~.2: Given i 6 E(M,N), 0vi and 0 M may be chosen so as to 

satisfy the conditions 

(i) expl0vi: 0v'----~ exp(0vi)l is a diffeomorphism, 

(2) exp(0 i ) c N is open. 

For the proof, let Pr2:N x N ) N be the second projection, so 

that Pr2oExp = exp, and let ovi(p ) £ vi(p) be the zero-element 

of the fibre. Exp yields a diffeomor~hism of 0 onto some neigh- 

bourhood of the diagonal in N × N and, moreover, T(Pr2-Expl0 S v i) , 

mapping Tovi(p)V i to TpN , p £ i(M) , is an isomorphism, being 

a linear injection between vector spaces of the same finite dimen- 

sion. The assertion now follows from Prop.7.3,p.69, of [G-G]. 

In addition, we assure that N possesses a Finsler structure 

II II :TN > R. Because of the compactness of M, we may assume 

that there is c > o such that 

Or.= {v E v i i  I I v l l  < ~} 
I 

The open submanifold exp(0 ) then is the "e-tube around i(M)" 
S ~ vi 

and will be denoted by i " The image exp(vi(p)) is the fibre 

at p £ i(M) in S~ 
i 

In the next step, we construct a map Pi:S~--->i(M) with Pill(M) = 

= id.:S~ is embedded into the fibre-product i(M) x S~ under the 
1 i(M) i 

map L 1 which maps eXpp(V) e S~ , v E vi(p) N 0 , to (p, expD(v))= 

= Exp(v) . t 2 denotes the inclusion of the fibre-tproduct into 

N x N. Set 
Pi = TN°EXp-I°t2 ° ~I ' 

a smooth map S~I > i(M). Now (Exp-l~ t20tl)(p) = ovi(p ) for 

p E i(M) , so that Pill(M) = id.:F i is a retraction for the in- 

clusion L of i(M) into S~ i ' mapping an open neighbourhood of 

i(M) namely S e , ~ , onto i(M) along geodesics. 
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Clearly, ~p°~i ~: ~pi °~ = id. on C(M,i(M)). This implies that C(M,i(M)) 

is mapped homeomorphically onto its image in C(M,S~), an open sub- 

set of C(M,N). Therefore, if we interpret C(M,i(M)) as a subspace 

of C(M,N), the induced topology will coincide with the C~-topology 

of C(M,I(M)). Thus: 

Prop.3: The elements of E(M,i(M)) are precisely the maps i og, g E 

[ Diff(M), i.e. E(M,i(M)), interpreted as a subset of E(M~N) , is 

the orbit of i. Moreover, the C~-topology of E(M,i(M) coincides 

with the topology induced from E(M,N). 

Cor.: With the earlier notations, ~i is a homeomorphism of Dill(M) 

onto the orbit of i in E(M,N) and this orbit is closed. 

To obtain the corollary, note that Bi I= ~i-1 is continuous on 

E(M,i(M)) by the usual ~-lemma. The remaining claims already were 

established (cf.also 2.). 

Suppose_ now that the map j:M ~ S~I satisfies Pi o j E E(M,i(M)). 

j is an embedding whose inverse is given by (PioJ)-ol(PilJ(M)). Then 

In addition, 

TxJ(TxM ) ~ T v exPPi(J(x))(Vpi(J(x))) : Tj S e (x) i ' where j(x)=exPPi(J(x) v) 

The first part is easily verified directly; for the second assertion 

= S~i : TPi(Tj(x)S~I from one notes that TPi(T~(TxM)) TPi(J(x)) , 

which the rest follows by a dimension argument. 

In an obviQus sense, the embeddings j with PioJ E E(M,i(M)) are 

transversal to the fibres of Pi; the set of these embeddings is 

denoted by Et(M,S~). E(M,i(M)) is open in C(M,i(M)) and ~p. 

is continuous. Thus, we obtain i 

Prop.4: The complete inverse image of E(M,i(M)) c C(M,i(M)) under 

~Fi is Et(M,S~) which therefore is open in C(M,S~)I as well as in 

E(M,N). 

The composition ~ ~p. 
1 

E(M,i(M)) > Et(M,S~) ~ E(M,i(M)) 

is the identity and, in particular, ~p~ is a quotient map. 
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4. We now are going to investigate the quotient E(M,N) ~ U(M,N) 
w 

in, more detail: we wish to show that u admits "enough" local sections 

and that, consequently, U(M,N) possesses a (topological) manifold 

structure over a Fr~chet space; the questions of differentiability 

will be discussed below. 

As before, we let (Ui,~ i) be a natural chart at i £ E(M,N), ~i = 
-I 

= exp i IUi, taking values in Fi(TN) We may assume, moreover, that 

U i is constructed using the neighbourhood 0 = Ti(0 M) + 0 v of the 
L 

zero-section of TNIi(M). 

Recall that (iog)(M) = i(M) for g £ Diff(M). In particular 

! ~p o B i is well-defined. With this remark, we now obtain the 
1 

Prop.5: Given i £ E(M,N) there exists a subset V i c E(M,N) 

the following properties: 

with 

(a) i C V i and uIV i is injective; 

(b) for every open neighbourhood W of the identity in Dill(M), 

the set V i. W is open. 

In particular, u(Vi) c U(M,N) is an open neighbourhood 

of ~ = u!i) and si=(uIVi )-I~ is a continuous section of u such 

that si(i) = i. 

Proof: Recall that Et(M,S~) is open. If W is an open neighbour- 

hood of the identity in Diff(M), then U = ~l(~i(W)). c Et(M,S~) is 

open and contains i . We set x 

v i = { j  c u t P f j  = i )  = ~ 1 ( i ) .  
1 

Clearly, i 6 V i and, furthermore, ulV i is injective: if j,j'£ V i 

and u(j) = u(j'), then j, = jog for some g £ Diff(M), therefore 

i = Pioj ' = Piojog = i.g, hence g = id. and j' = j. 

Next we claim that U = Vi.W: Firstly, suppose that Pioj 6 Bi(W), i.e. 

that pioj = log. Then jog-l£ Et(M,S~) , Pio(j-g -I) = i, i.e. 

jog-l£ V i and therefore j 6 Vi.W. Conversely, let j £ V i , g £ W . 

Then PioJ = i, i.e. Pi o(jog) = iog £ ~i(W) and therefore jog £ U . 

It is clear that U.Diff(M) is open in E(M,N) The identity just 

established says that Vi. Diff(M) -- Vi.W-Diff(M) =̂ U.Diff(M). In 

particular, u(V i) is an open neighbourhood of i. The proposition 

now follows. 
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A 

Let now 0 i be the open neighbourhood u(V i) of i, s i = (uWVi)-i 

the section just obtained. The fibres of u over the points of 0 i 

meet V i in precisely one point and this now means that the compo- 

sition map (j,g) >jog: V i × Diff(~¢) ) u-l(0i ) has an inverse Z. 

Composition is continuous and the continuity of Z may be derived 

from the assertion (b) of the proposition or, somewhat more directly, 

as follows: Let j £ u-1(Oi ) : Vi-Diff(M). Then Z(j) = (jo,g) 

where j is the common point of V. and the orbit of j. Since 
O 1 

Pi ° Jo = i, this implies that g is determined by the ~quation 

PiOj : icg , i.e. that g= B~IO~pi(j) and this is continuous in j. 

Similarly j = j6g -I is continuous in j by the properties of 
o 

composition and inversion. These remarks establish the 

Prop.6: With the notations just introduced, the fibration 

E(M,N u > U(M,N) is trivial over Oi, a trivilization being 

• × Diff(M) given as usual by the map (y,g) ~ si(y)g of 0 l 

onto u-l(Oi ). Thus, E(M,N) u > U(M,N) is a (topological) prin- 

cipal Diff(M)-bundle over U(M,N). 

Evidently, this proves the topological assertions of the theorem of 

section 2. 

Lastly, we determine the (topological) manifold structure of U(M,N): 

The charts will be defined by the sets 0 i of prop.6 and the maps 

¢iosi of 0 i into Fi(TN). There remains the description of the 

image ¢i(Vi) of 0 i under ¢i o si: The condition Pi j = i means 

that for each x E M j(x) lies in the fibre of S~ over i(x). 
' 1 

This in turn simply says that j is given by exp~ 1 for some lift 1 

of i which lies in v i , cf. ~. In other words: ¢i maps V i (homeo- 

morphically) onto some open neighbourhood of o C ri(v i) which there- 

fore is the parameter space of U(M,N) for the chart (0i,¢i, si). 

The sets o i are metrizable, hence in particular completely regular. 

This may be used to show that U(M,N) is Hausdorff. We omit the 

elementary argument. 

5_~. In this section, we briefly outline in what sense the various con- 

structions of the preceding sections will be differentiable, retaining 

the earlier notations. Once again, we refer to [E-M], [F],[G] and 

[@] for all technical details (cf.also [B]). We already pointed out 

that the operation of Diff(M) on E(M,N) is r-differentiable, as 

also are composition and inversion in Diff(M); the respective mani- 

fold structures are "HC =" ([F],[G]), i.e. r-differentiable in a 
O 
O 

rather strong sense. The "~-lemma", known from the theory of Banach 
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manifolds of maps (e.g.[B] still holds: "~-constructions" do not lead 

to any loss of differentiability. 

One observes that the sets V i = si(O i) constructed in 4. are sub- 

manifolds of E(M,N) carrying a global chart ¢i with values in 

ri(vi), a topological summand of TiE(M,N) = ri(TN). 

The images 0 i = si(V i) are manifolds diffeomorphic to the V i 

under s i by construction. One also notes that the open neighbour- 

hood W of the identity in Diff(M) used in prop.5 is arbitrary 

and may, in particular, be chosen to be Diff(M): the projection P. 
1 

makes sense in all of u-l(0i ). Thus, if t is any section of u 

over 0i, we can construct a map g:O i ) Diff(M) by solving the 

equation P~t : i.g, i.e. by means of g : B~l°~Pi(t) . By the 

~-lemma, this map will be P-differentiable in the same sense as t 

and, moreover, t = s~ g , as one readily sees. 

Now set L = i(M). The "e-tube" S~ introduced earlier clearly does 
1 

not depend on i, only on L, so that it will also be denoted by 

S Le . Similarly, ~i only depends on L and is also denoted by 

v L : Ti(TM)simply is the bundle of those elements of TN which are 

tangent to (curves in) L. Lastly, the exponential map used in the 

construction of SLE is given by the quadratic structure of N and 

again is independent of i, so that finally Pi depends only on L 

and will be denoted by PL " The data L,VL,S ~ and PL therefore 

are common to all embeddings j on the orbit of i As a conse- 

quence, one sees that the "natural" transversal slices Vj satisfy 

Vi.g = Vi.g , i.e. are translates of each other and thus are 

r-diffeomorphic (even in the sense of HC~ , as an adaption of the 

argument for the differentiability of right°translations in Diff(M) 

will show). In particular, the differentiable structure of 0 i may 

be obtained using any one of the natural sections sj as long as j 

lies on the orbit of i. 

Suppose now that 0 i = Oil and 02 = 0i2 are given such that 

0 i N 02 ~ ~ ; we assume that i i and i 2 do not lie on the same 

orbit. Set L = il(M) , K = i2(M). Finally, s~ and s 2 are the 

natural sections obtained after choosing the representatives ii, i 2 

of the two orbits. Then s2(O I N 02 ) = s2(02) N u-l(01N 02 ) : 

= V 2 N u-l(Oi N 02). For j £ V2, PKOJ = i 2 and therefore 

= (v K) In addition, if j £ s2(01N02) , j exPKOl 2 for some 12 £ ri~ 



320 

we also have that PLOj = il.g($) for some g($) E Diff(M) as above. 

Solving for g, we obtain 

(PL°exPKoi2) ; 

by the ~-lemma, this is r-differentiable in 12 , i.e. in $. Once 

again, writing y for the points $ of 0 i N 0 2 , we obtain 

s2(Y) : si(y).g(y) 

on 0 i N 0 2 . This implies that the parameter transformation 

)-i 
(¢iosl) (@2os2 is P-differentiable in the same sense as compo- 

sition and inversion are. Thus, U(M,N) carries a natural differentiable 

structure. In fact, with this structure, U(M,N) is the quotient of 

E(M,N) mod.u: Given the map f:E(M,N) >H which factors through 

u,f : hou, f will be smooth if and only if h is. 

The map u is a submersion: u is P-differentiable, for if i E E(M,N), 

we may choose an open neighbourhood of i of the form Vi-W as be- 

fore (so that u(Vi.W) : 0 i) and then siou is the "projection" 

of Vi.W onto V i constructed earlier; this map is F-differentiable 

and T(s~u) maps Fi(TM) onto the tangent space at i to V i , i.e. 

onto Fi(v i) . Since u is a diffeomorphism of V i onto Oi, Tiu 

will be an isomorphism of Fi(v i) onto the tangent space at i . 

Since uo Bi = i , we have TuoTBi=o and, in particular, TiU, TeBi=o , 

so that im(TeBi) = Fi(Ti(TM) c ker(Tiu) . Now Fi(TN) = Fi(Ti(TM)) 

Fi(v i) and Tiulri(v i) is an isomorphism. One concludes from this 

that ker(Tiu) = Fi(Ti(TM)). With this, the vertical bundle ker(Tu) 

is determined. We shall return later to the problem of the existence 

of horizontal bundles, i.e. of principal connections on the bundle 

E(M,N). 

6. In this final section, we give brief outlines of some of the con- 

structions which will be of importance in the applications mentioned 

in the introduction. The details will appear elsewhere. 

I) So far, the tangent bundle of E(M,N) has been tacitly identi- 

fied with the space of all smooth maps I:M ----> TN which satisfy 

T No i E E(M,N) It can be verified directly that this mapping space 

is, in fact, a bundle over E(M,N) with the expexted transition maps 

and local trivializations and is trivial over the natural charts 

introduced in i. ; we refer to [EL] and [F] for some details on 

this point. 
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This construction agrees in an obvious manner with the "geometric" 

one which interprets a tangent vector at a point as an equivalence class 

of (locally defined) smooth curves through the point, e~c. It also 

agrees with the classical construction of "contravariant vectors" at a 

point, cf.[E] , [L] . One observes that the assertions are not entire- 

ly trivial since, among other things, it has to be shown that the na- 

tural manifold structure of the set {I:M ) TNIrNOl £ E(M,N)} : 

TE(M,N) agrees with the one obtained from the local trivializations 

mentioned. The natural manifold structure is the obvious one: TE(M,N) 

is an open subset of C(M,TN), E(M,N) being open in C(M,N) . Note 

that the classical motivation for the use of Fi(TN) as the tangent 

space TiE(M,N) is contained in the following observation: Let 

a:l ) E(M,N) , ! c R an open interval containing o, be a smooth 

curve such that o(o) : i . Then 0 corresponds to a smooth map 

a:l × M % N under a(t,x) : a(t)(x), etc. The tangent vector o(o) 
~a 

now corresponds to the map x--> ~(o,x) of M into TN which 

clearly is a lift of i : a(o) . 

The projection TE >E now simply is ~TN , i.e. the map I ~ TNOl 

of TE onto E Whose fibre at i is precisely Fi(TN) . In the same 

manner, T2E(M,N) is the manifold of smooth maps f:M ---~ T2N with 

the property that T~2~f- " £ TE(M,N) , T~2):- T2N ~ TN the usual pro- 

jection. 

The notion of a spray on E(M,N) is introduced as it is on Banach 

manifolds (for which we refer to [L]): denoting multiplication on the 

fibres of TE(M,N) , T2E(M,N),... by ~ (~ £ R) , the definition is 

the following: 

A spray on E(M,N) is a smooth section [ of T2E(M,N) (a vector field 

on TE(M,N)!) which satisfies the additional conditions 

(a) TTNO[ : id. on TE (~ is a second order differential equation on E!) 

(b) ~ o ~  : ~.T~ . 

Due to the absence of simple inverse function theorems in the general 

differential calculus for Fr~chet spaces, there do not seem to be any 

reasonable, general existence theorems for flows of such sprays (or 

for their "base integral curves"). However, the following elementary 

considerations often are sufficient for practical purposes: 

It is immediate from the definition that if S:TN > T2N is a spray 

on N, then ~S is a spray on E, called an "~-spray" on E for 

simplicity's sake. For these, one has a local existence theorem for 

a flow and, in particular, for base integral uurves (geodesics) in E. 



322 

Let S be a spray on N. Then, given i £ E(M,N) and i £ Fi(TN) , 

there is ~ > o such that there exists a unique geodesic 

: (-~,~) ~ E(M,N) for ~S with the properties that a(o) = 

= i and 5(0) = 1 . 

The argument uses the compactness of M, thus of i(M) c N , and is 

quite standard: for p : i(x) £ i(M) , there are Zx > o , a neigh- 

bourhood V x = i(U x) in i(M) and a map s x from (-ex,Sx) × U x 

into N such that Sx(O,y) = i(y) , that t ~Sx(t,y) is the 

unique S-geodesic through i(y) with ~x(O,y) = l(y) £ Ti(y)N , 

and that no two such geodesics meet. Finitely many U x now cover M 

and one chooses s equal to the smallest one of the corresponding 

numbers Sx One obtains s:(-c,e) × M >N satisfying the con- 

ditions mentioned on all of its domain. Lastly, one defines a by: 

a(t)(x) = s(t,x) and obtains the desired geodesic through i = a(o) 

in E(M,N). 

II) Assume once more that N carries a quadratic structure G . 

For each i £ E(M,N) , let again ~i be the normal bundle of i 

with respect to G , so that TNIi(M) = Ti(TM) Ov i and one has the 

induced splitting TiE(M,N) = Fi(Ti(TM)) @ Fi(v i) which we know 

to be topological. Using e.g. the "product neighbourhood" Vi-W 

introduced earlier one can show that both U Fi(Ti(TM)) and k2Fi(v i) 

are subbundles of TE(M,N) , the former being the vertical bundle 

VE(M,N) of the principal bundle E(M,N) > U(M,N) , the latter 

being a summand HE(M,N) of VE . One remarks, by the way, that both 

subbundles are invariant under the right action of D~ff(M) and that, 

as a consequence, HE(M,N) defines a principal connection on E(M,N) 

We shall return to this point elsewhere. 

The splitting TE = VE @ HE also has the following immediate con- 

sequence: Suppose that ~ is a spray on E(M,N) which admits local 

solutions through i and let a:I >E(M,N) be a geodesic, o 6 I 

and a(o) = i . Then, for each t £ I , the tangent vector 

~(t) £ Ta(t)E admits a decomposition into its vertical and hori%pntal 

components: 
a(t) = v1(t) + v2(t) 

with vl(t) £ Fa(t)(Tg(t)(TM)) and v2(t) £ Fa(t)(va(t)) . In this 

case, there exists a time-dependent vector field X t on M such 

that v~(t) = Ta(t)oX t , 

the "shift" (of M) corresponding to the motion of L = i(M)=s(o)(M) 
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determined by o . 

In addition, we now assume that n = dim(N) = dim(M) + I = m + 1 

and that both M and N are orientable. Then the normal bundle 

~i of i E E(M,N) is a trivial line bundle : that it is of rank I 

is clear and the orientability assumption means that AmTM , AnTN 

are trivial line bundles. Moreover, TNIi(M) = Ti(TM) ~)v i implies, 

as usual, that 

s An(TNIi(M)) = AnTNIi(M) = ~) (ArTi(TM) ~ A ~i ) = AmTi(TM) @ vi; 
r+s=n 

the triviality of v i therefore is clear. In particular, v i ad- 

mits non-vanishing global sections. This is of great importance in 

the following special case which yields a framework for the geometro- 

dynamical view of general relativity: 

Let dim(M) = 3, dim(N) = 4, G of index i (Lorentz structure) and 

suppose again that M and N are orientable. Denote by Eo(M,N) 

the set of all space-like embeddings M > N: 

i E Eo(M,N) iff. i*G is positive-definite. 

Then Eo(M,N) is an open submanifold of E(M,N), saturated under 

Diff(M) , and thus is a principal Diff(M)-bundle over the open 

submanifold Uo(M,N) c U(M,N) which consists of all space-like sub- 

manifolds of type M in N . Given i 6 Eo(M,N) , ~i now admits a 

global section T such that G(T,T) = -i and any other section is 

of the form fT for some smooth real-valued function f on M . 

Therefore, given a geodesic a through i as before, the decom- 

position of o (t) now is of the form 

&(t) = To(t)oXt+NtT . 

In this formula, T stands for a section of TN , defined in some 

neighbourhood of L = i(M) , e.g. some "e-tube" S~ i ' such that T 

takes values in vj for j £ Et(M,S~)- and that it has no zeroes. 

The time-dependent function N t on M is called the lapse (function) 

in Geometrodynamics. For these notions, we refer to [D], [DW], 

[ADM], [HKT], [K], [FM] and the bibliographies of these papers. Note 

that the approach of [FM], directly following [D], [ADM] and [DW], 

is formulated essentially on the manifold M of Riemannian structures 

on M (or on "superspace" M/Diff(M), which is not a manifold), while 

the model used in [K], [HKT], etc. is quite different: Since the term 

"hypersurface" in [HKT] means "smooth embedding of M into N", 

"hyperspace" of these papers simply is Eo(M,N) , described using 
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local coordinates in M and in N . A more detailed description of 

"hyperspace" in our current frame-work will appear elsewhere, as will 

the connection with the "superspace approach": this part is based on 

the observation that there is a natural smooth map ~:Eo(M,N) ~ M 

given by ~(i) = i~G . This allows us, e.g., to pull back the (DeWitt) 

Lagrangian from M and describe those geodesics of its spray on M 

which are "realizable" for given M and N , i.e. which correspond 

to curves in Eo(M,N) 
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