A PROOF OF BELYI’'S THEOREM

ILARIA SEIDEL

1. BACKGROUND
In this note, we provide a proof of the following theorem due to Belyi.

Theorem 1.1 (Belyi). A compact Riemann surface X is an algebraic curve over Q if and only if

there exists a non-constant meromorphic function h : X — C such that all branch points lie in the
set {0,1,00}.

We begin with several preliminary definitions. Let X be a Riemann surface and let h : X — Chea
non-constant meromorphic function. Near each point x € X, the map h can be expressed in local
coordinates as z — 2™ for a unique positive integer m. If m > 2, then x is called a critical point
and h(x) is called a critical value or a branch point.

Suppose that h has branch points B = {p1, ..., pn} C C. Then the restriction of h to X \h~'(B) —
C\ B is a covering map. We therefore say that X is a branched cover of C, and the map h is branched
over B. We record the branching structure of a meromorphic function as follows.

Definition 1.2. Let h : X = C be a meromorphic function. The branch data of h consists of the
branch points py,...,p, € C together with integer partitions P; of deg(h) describing the multiplicity
of h at each point in h=1(p;).

Example 1.3. Consider the map h : C-C given by z +— z%(z — 1)3. The branch points of h are
0,1, and oo and the corresponding partitions are {2,3},{2,3}, and {5}, respectively.

Riemann surfaces can also be viewed as algebraic curves via the following theorem.

Theorem 1.4. Every compact Riemann surface X is an algebraic curve over C. In other words,
there exists an embedding X — P™ such that the image of X is the zero set of a collection of
homogeneous polynomials f1,..., fr over C in n+ 1 variables.

Belyi’s theorem thus provides an algebraic description of Riemann surfaces which are branched
covers of C branched over exactly three points. Note that the choice of 0,1, 0o is arbitrary because
h can be post-composed with a Mobius function sending 0, 1, co to any three points in C.

2. BELYI'S THEOREM

In this section, we provide a proof of Theorem I, following pieces of those given by DeMarco [2],
Wolfart [7], and Kock [d].

2.1. The “only if” direction. Suppose first that X C P" is a smooth algebraic curve defined over
Q. Then on a Zariski open subset, X is the zero set of n homogenous polynomials fi,..., f,_1 in
n+1 variables 1, . .., Z,1 with coefficients in Q. Let p : X — C be the meromorphic function given
by projecting onto the first coordinate. Without loss of generality, suppose that p is non-constant.
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We first show that the critical values of p belong to Q U {oo}. Note that # € X is a critical point
of p precisely when 7, X C 0 x P!, where

TX, ={veP"|dfi(z)v="--=dfp_1(x)v =0}
We claim that T, X C 0 x P*~! if and only if dx1,df1(z),...,df,_1(x) are linearly dependent.

Suppose first that dzy,df1(x),...,dfn,—1(x) are linearly independent. Then there exists a solution v
to the linear system given by the equations df; (z)v = -+ - = df,—1(z)v = 0 and dz1v = 1. Note that
v €T X and v & 0xP"~1; thus, T, X € 0xP"~!. Conversely, suppose that dzy, dfi(z), ..., dfn_1(x)
are linearly dependent. Choose A1, ..., A,—1 such that

dr1 = /\1df1(£13) =+ .- )\n_ldfn_l(l‘>.

Evaluating this equation at any tangent vector v € T, X yields dzjv = 0. Thus, TX, C 0 x P*~1,
as desired.

We have shown that = € X is a critical point if and only if dzq,dfi(z),...,dfn—1(z) are linearly
dependent. Equivalently, the critical points of p are precisely the solutions to the algebraic equations

fi(x)=---= fo_1(z) =0 and

[ I
det |dey dfi dfs - dfai| =0.

It follows that the set of critical points of p : X — C is finite and fixed under elements of Gal(C/ Q).
Thus, the coordinates of the critical points must lie in Q. Since p is a projection onto the first
coordinate, the critical values of p must belong to Q U {oo}.

We will use p to construct a non-constant meromorphic function X — C with rational (or infinite)
critical values. To do so, we require the following lemma.

Lemma 2.1. Suppose that P : X — C is meromorphic with critical values in Q U {o0}. Let m
be the mazximum algebraic degree of a finite critical value of P. Then there exists a non-constant
meromorphic function Q : C — C such that the finite critical values of Q o P have algebraic degree
at most m — 1.

Proof. Suppose that P has k critical values with algebraic degree m, and call one such critical value
ap. Let Qo € Z[z] be the minimal polynomial of «g, and consider the composition Qg o P. The
chain rule implies that

CV(Qo o P) = CV(Qo) U Qo(CV(P)).

For any o € CV(P) C Q, note that Qo(a) € Z[a], so dega > deg Qo(). Then since Qo(ap) = 0,
the set Qo(CV(P)) contains at most k — 1 elements of degree m. Furthermore, the elements of
CV(Qo) are images under Qo of roots of @y, and therefore have algebraic degree at most m — 1.
Thus, CV(Qq o P) contains at most k — 1 elements of degree m.

Now successively define Q1,Q2, ..., Q; where Q; (1 < i < j) is the minimal polynomial of a degree
n critical value of Q;—10---0Qpo P and Q = Q;o---0 Q) has no critical values of degree m. By
construction, the critical values of ) o P have degree at most m — 1, as desired. O

Let m = max{degy | y € CV(p)}. By Lemma P, there exists a non-constant meromorphic
function P,,_1 such that the critical values of P,,_10op: X — C have algebraic degree at most m—1.
Continuing inductively, we obtain a non-constant meromorphic function PyoPso- -+ Py, _1op : X — C
such that all critical values have degree 1; that is, they belong to Q U {oc}.
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For simplicity, we apply a dilation D(z) = rz such that the critical values of
DoPio---oF, 10p

belong to ([0,1]NQ)U{ooc}. We now compose with a series of polynomials in Q[z] which send each
critical value into the set {0,1,00}. For any a,b € Z~g, consider the polynomial

(a 4 b)a+b
asbb
By taking the derivative, we see that the critical points of gqp are 0,1, and a/(a + b). Thus, the
critical values lie at g4.5(0) = gq5(1) = 0 and gqp(a/(a+0b)) = 1. Since g, attains its maximum at
a/(a + b) and is positive on (0,1), we must have that gq4([0,1]) = [0,1]. Moreover, gq(00) = 00

and g,5(Q) € Q. Thus, the subsets {0,1,00} and ([0,1] N Q) U {oco} are invariant under g, .

9a(2) = 2(1-2)".

Note that every element of ([0,1] N Q) U {oco} other than 0,1, and oo can be expressed in the form
a/(a + b) for some a,b € Z~o. Thus, we can successively compose Do P o---0 P,_1 op with
polynomials of the form gqp to send the critical values one by one into the set {0,1,00}. That
is, there exist gq, pys---,09a,.5, € Q[z] such that a;/(a; + b;) is a critical value of the composition
Ga; 1b;_1 © " %Garpy 0DoPro---0PF,_10opand

gal,bl o”'oga17b1 ODOPlo"'Omelop
has critical values in {0, 1,00}, as desired. O

2.2. The “if” direction. We now prove the converse. Let X be a compact Riemann surface.

Suppose that there exists a non-constant meromorphic function h : X — C with critical values in
{0,1, 00}

Definition 2.2. A Belyi pair (X, h) consists of a Riemann surface X together with a non-constant
meromorphic function h : X — C which is unramified outside of {0, 1, oco}.

Recall that X is an algebraic curve over C ([8], Theorem 1.9). That is, there exists an embedding

X — P" such that the image of X is the zero set of homogenous polynomials fi,..., f,—1 in the
variables x1,...,zp41. It follows from Corollary 1.23 (iii) in [6] that the function h : X — C is a
rational function in z1,...,zy+1. Define P(X, h) to be the ordered list consisting of the coefficients

of f1,..., fn—1 and the coefficients of h.

For any element o € Gal(C/Q), define P?(X,h) := o - P(X,h). We claim that P? (X, h) describes
a Belyi pair (X7, h7) of the same degree and genus as (X, h) and with the same branch data. To
see that this is true, first observe that h° = o o h o o~ !, where (by a slight abuse of notation) o~!
acts on elements of X7 coordinate-wise. Thus, deg(h) = deg(h?). Now let x be a critical point
of h, and note that o(z) is a critical point of h? of the same degree. Furthermore, the critical
value h(z) € {0,1,00} is fixed under Gal(C/Q), so h?(o(x)) = o o h(z) = h(zx). It follows that
the branch data of (X, h) is preserved under o. Now recall that the degree of X is defined as the
number of intersections with a general hypersurface H. Since H is defined by linear equations, the
image o(H) is also a hypersurface. Clearly, the number of intersections of X and H is preserved
under o, so the degrees of X and X are equal. Lastly, the genus of X is preserved under ¢ by the
Riemann-Hurwitz formula.

Definition 2.3. The Belyi pairs (X,h) and (X', ') are isomorphic if there exists a conformal
isomorphism 7 : X — X’ such that b’/ o ¢ = h.

Note that if (X, h) and (X', k') are isomorphic via i, then (X?,h?) and (X', h'?) are isomorphic
via i = 0 0oi oo~ !. This is because

(X)) =coioo (X)) =00i(X)=0(X')= X"
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and

R 0i° =(coh oo HNo(soioo)=cohcioco ! =cohoo ! =h°.
Thus, Gal(C/Q) acts on the isomorphism classes of Belyi pairs. Recall that there are finitely many
branched covers with identical branch data over the critical values {0, 1, c0}. (This is a consequence

of the Riemann Existence Theorem, as there are finitely many possible monodromy homomorphisms
for any fixed branch data.) It follows that S := Stab([(X, h)]) has finite index in Gal(C/Q).

Definition 2.4. Given a variety X over C and a meromorphic function h : X — C, the moduli
field M (X, h) is the fixed field of the subgroup S := Stab([(X, h)]) C Gal(C/Q).

We claim that M (X, h) is a finite extension of Q. View Gal(C/Q) as a topological group under the
Krull topology. Denote the topological closure of S by .S, and note that

[Gal(C/Q) : S] < [Gal(C/Q) : 5] < <.
Thus, the complement of S in Gal(C/Q) is a finite union of cosets S for o € Gal(C/Q). It follows
that S is open, so by the Fundamental Theorem of infinite Galois Theory, the fixed field C° is

a finite subextension of Q. Finally, Theorem 4.7(4) in [1] implies that M(X,h) = C5 = C5, so
M(X, h) is a number field, as desired.

We aim to show that X is defined over a finite extension of M (X, h), and thus over Q. (See
Theorem 2.2 in [d] for a more general version of this statement.)

Let Q € Q\ {0,1,00}, and fix P € h~}(Q). Denote the genus of X by g, and define the divisor
D := (g + 1)[P]. Then the Riemann-Roch Theorem implies that there exists a non-constant
meromorphic function on X with a pole only at P. Choose one such function f : X — C for which
the order of the pole at P is minimal. Then f is uniquely determined up to constant addition and
multiplication. Note that the meromorphic function ¢ = h — Q gives a chart in a neighborhood of
P such that ¢(P) = 0. We may thus assume that f is normalized such that the Laurent expansion
in the chart ¢ has leading coefficient 1 and constant coefficient is 0.

Denote the field of meromorphic functions on X by K (X). The remainder of the proof relies on the
relationship between meromorphic functions and function field extensions; we refer the reader to
[6] for additional background. In this case, f and h correspond to the field extensions K (X)/C(f)
and K(X)/C(h), respectively. Note that C(f, h) is a subextension of K (X)/C(f) and K(X)/C(h).
Since h is unramified at P but f is totally ramified at P, the meromorphic function corresponding
to the extension K (X)/C(f,h) must be both unramified and totally ramified at P, and is thus an
isomorphism. It follows that K(X) = C(f,h).

The remainder of this proof is dedicated to showing that the minimal polynomial of f over C(h) is
defined over a finite extension of M (X, h). Because the minimal polynomial defines X, this implies
the “if” direction of Belyi’s Theorem.

Let P? be the point on X obtained by applying o to every coordinate of P. Define Sp C S to be
the subset containing all o for which there exists a conformal isomorphism %, : X — X such that
h? oiy, = h and i,(P) = P°. Note that i, is uniquely determined. In particular, for any conformal
isomorphism i/ satisfying the conditions, the composition i’ oi>! € Aut(h) fixes P; since nontrivial
Deck transforms have no fixed points, i, o i, ! must be the identity.

We can thus define an action of Sp on K(X) via 0 : g — g oi,. Note that this action is semilinear;
that is, for any g1, g2 € K(X) and A € C, we have

o(g1+g2) = (91 + 92)7 0ig = g{ 0ig + g5 0t = 0(g1) + 0(g2),
o(9192) = (9192)° 0ie = (9795) 0 i = (9] ©ix)(g5 0 is) = 0(g1)0(92),
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and
U(Agl) = (/\gl>o Ol = U(/\) ’ (9(17 © io)‘

It follows that the action of Sp preserves additive and multiplicative inverses. Note also that for
constant functions, this action agrees with the standard Galois action of Sp on C, and therefore
fixes Q.

Let o € Sp and note that o(h) = h? 0oi, = h. That is, h is fixed under the action of Sp. Thus, for
an expression of the form A(h — Q)™ where A\ € C and n € N, we can write

o(AMh=Q)") =c(N)(h—Q)"
It follows that the Laurent expansion of o(f) at P in the chart ¢ = h — @ satisfies the same
conditions as f. Since f is determined uniquely by these conditions, we must have o(f) = f. Thus,

the minimal polynomial of f over C(h) is fixed under Sp. Its coefficients therefore lie in k(h), where
k C C is the fixed field of Sp.

We now show that Sp has finite index in S. By an analogous infinite Galois argument to the above,
it follows that k is a finite extension of M (X, h).

For any 0 € S\ Sp, choose i, : X — X7 to be any map such that h = h? o i,. We can then
define an action of S on h=1(Q)/Aut(h) via [P] > [i;}(P?)]. We see that this map is well-defined
as follows. Let P, P, € h™1(Q), and suppose that there exists ¢ € Aut(h) such that ¢(P) = P».
Then consider the composition 1 = ij! oo o0 ¢oo~! oi,, where o acts coordinate-wise. Since

W € Aut(h) and (i ' (PY)) = i (P§), we have [i; ' (P{)] = [i; ' (P5)].

We claim that that Sp is precisely the stabilizer of [P] under this action. It is clear that Sp C
Stab([P]). For the other direction, let o € S and suppose that there exists ¢ € Aut(h) such that
#(P) =i 1(P?). Then the composition i, o ¢ maps P + P, so (by construction) we must have
i = iy 0 ¢ and o € Sp. Since h™1(Q)/Aut(h) is finite, it follows that Sp has finite index in S.
(Note that in the special case when h is a Galois covering, we have S = Sp, so k = M(X,h).)

We have thus shown that the minimal polynomial of f over C(h) has coefficients in k(h) for k a
finite extension of M (X, h). As discussed above, it follows that X is an algebraic curve over k C Q,
as desired. O]
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