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Periodic billiards

Billiards in a regular pentagon

A dense set of slopes are periodic.

Which ones?

How do the periodic trajectories behave?

SLo(Z) and its cusps

Slopes and lengths

s 4s
L(s) =5 L(s) = 469

20s
L(s) = 2338

67655
L(6765s) = 1.734 x 1025

Slopes, lengths and heights

Theorem
The periodic slopes coincide with Q(V5)s,
s

and log L(xs) = O(h(x)?).

exponent 2 is sharp




Pentagon — X of genus 2

(X,w) = (Pdz) / gluing

X has genus 2

billiards = geodesics on (X,|w|)

Fields and Rings
¢, = exp(2ni/n)
€n="Cot G
L=Q(¢,) O, =7,
| |
K= Q(e,) O = Z(e,)
| |
Q 7

Renormalization Group

An = <T’ U> C SLZ(@K)

arithmetic
- <1 2+ e,,>
0 1

o=(4)

R = UT hasordern

thin

Renormalization group for the pentagon

Theorem

For n=5, 8, 10, 12:
the cusps of A,, coincide with PYK),
and satisfy quadratic height bounds.

Continued fractions
y=01+/5)2

Every s € Q(v) can be expanded as a golden continued fraction,

1
1

s =la1,a2,as,...,aN] = a1y +

azy + 1
agy + - —

anvy
with a; € Z.

Height bounds: length N and aj are O(l+h(s)) .




Open problem

Regular 7-gon

(i) Which slopes are periodic?

(i) How long do we have to wait to test periodicity?!

Is there any algorithm at all?!!

Distribution of trajectories

Every trajectory is
periodic or uniformly distributed.

How are the periodic trajectories distributed?

Distribution of trajectories

Every trajectory is
periodic or uniformly distributed.

How are the periodic trajectories distributed?

Davis-Lelievre: Not always uniformly!
Cantor set of measures?

Limit Measures

Theorem
For each periodic slope s, the limit measures
M; form a countable set, homeomorphic to
we+ |

describes scarring

& closure of ergodic measures

Limit Measures Mo

' |
for the pentagon form a semigroup!

IV uniform measure

Modular symbols

(nonabelian)

Yn—*6|*62

o] (e))

a—>c —>b




Cusps, congruence and chaos

Midpoint trajectories

Q&0

n=11, midpoint trajectories

Di[QtoL[{6, 4, -1, -2, -2, -2, -2, -2, -2, -2}, 11], 11]

Congruence invariants

n odd; s in L, periodic direction

Theorem:

T (my) is a vertex connection
= [sh=16) € P02

Dihedral v. Reflection symmetry

{3,-3,3,11,13,7} {10, 3, -6, -6, -6, -6}

Dihedral v. Reflection symmetry

n=p prime; 7 = 1 — ij

Theorem:

Trajectories T(m;) have dihedral symmetry

< v,(s) =0 mod 2.




Renormalization group:
two cusps for n even

Ag

n=10: Central connections

(every slope has a central or vertex connection)

n=8: Central and vertex connections

m1

(every slope has both central and vertex connections, or none)

Central and vertex connections

Theorem

For n = 4g+2 or n a power of 2, the locations of the
central and vertex connections are congruence
invariants of s.

Chaos for n=12

L
2000

Does W(t)/t — 0?

Adelic perspective
[SL,(O) : A,] =
N = [SL(0g) : &, ]is finite
Theorem
[f N<5000 for n=12, then the location of

the central trajectory is not a
congruence invarant.




Curves on
Hilbert modular varieties

Curves on a Hilbert modular surface

Theorem

The cusps of “every’ geodesic curve V=H/I" on X
coincide with P'(K) , and satisfy quadratic
height bounds.

Corollary
Results on billiards follow.

Applies to almost
all families of optimal billiards
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...since these are quadratic:

Eskin - Filip - Wright

Factorization through Xk

X

V=H/T"

JaC(X\ /

XK— HXH/SLQ OK

T4/ Mod,

Hilbert modular surface

Holomorphic pentagon-to-star map

As

V — Xk covered by H — HxH

via x — (%,F(x)).

Proof of height bounds




Classical height on P"(K)

H(x)=H(zg:x1: :2p) = Hm?X|$i|v- > |
v
comparable to

H(z) :ianmaX\ai]U, lao = -+ an] = [2].
a 7
v|oo (aiare integers)

only requires knowledge of integers and
infinite places

The projective line P (K)

K C End(A) ® Q
H,(A,Q) =2 K?

P}L‘ (K') = space of K-lines in
Hl (Aa Q)

Height H4(x) on P4 (K)

H(x) =if [TICL

Why a height?

Hyz) = inf [T ICl.

v|oo
v|oo
Hodge norm at v = .
x € PAl(K) H(z) = inf ] ] max]ail,
v|oco
C e Hi(X,2) 1/9
ICly = c Wy Theorem. Given a linear isomorphism
x=[K-C] L PY(K) — PYE)
we have H(u(z)) < Ha(z) =Ci>0.
Geodesic curves
v(s) Descent
[ Every geodesic curve V in Mg has a
cusp.
- [} "Every’ geodesic curve V on a Hilbert
t Y(S) € HxH modular surface Xk has a cusp.
X € P1A(K) ° Does “every’ geodesic curve V in a
Hilbert modular variety Xk have a cusp?
x Theorem
H(x,A) — 0 There exists a oo)r?szcirtngi%odesm curve V on

= xisacuspof [

A: = Abelian surface

Not contained in any compact Shimura sub variety




Spectral Gap

Theorem

For all but finitely many A(p,q,r),
# spherical and # hyperbolic places are about the
same.

about 1/3 spherical
Cor (Takeuchi)

There are only finitely many arithmetic
triangle groups.

Cor (Waterman-Maclachlan)

There are only finitely many
purely hyperbolic triangle groups.

The moving tablecloth game

Key step in finiteness proofs




11 known purely hyperbolic triangle groups

M, Maclachlan-Waterman

P

Theorem

A(14,21,42) virtually embeds in SLx(its inv. trace field K).

There are only finitely many such examples.

Conjecture

This is the only example.

From (14,21,42) to an exotic curve

K = Q(cos 1/21) degree 6

geodesic curve
on a 6D Hilbert
modular variety

V=H/A > X,

Theorem

V is a compact geodesic curve, but there is no
compact Shimura variety withV c S c Xk,

Construction: Start with A(14,21,42)

Pass to index 2

W

,»&\E\W

\‘ B




Image covers exotic V in Xk

Conclusion

There exists a compact geodesic curve V on
Xk, dim=6.

Problem
Are there more examples of exotic curves?

For example, with dim Xk = 37

Experimental Evidence

There are no other purely hyperbolic triangle groups
with (p,q,r) < 5000.

Problem
Recently verified using 5,000 cores running in parallel
Are there more examples of purely from 1-30 mins.

hyperbolic triangle groups? ool Number of Galois conjugates
(out of 109)

examined to find a spherical triangle.

100000

500001

Total execution time 587 hours
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