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Periodic billiards 

A dense set of slopes are periodic.

Billiards in a regular pentagon

How do the periodic trajectories behave?

Which ones?

SL2(Z) and its cusps

0 1p/q

Slopes and lengths

s
L(s) = 5

4s
L(s) = 469

20s
L(s) = 2338

6765s
L(6765s) = 1.734 x 1025

Slopes, lengths and heights

s

Theorem
The periodic slopes coincide with Q(√5)s, 

and log L(xs) = O(h(x)2).

exponent 2 is sharp



Pentagon ⟶ X of genus 2

X has genus 2

(X,ω) = (P,dz) / gluing

P

billiards ⟹ geodesics on (X,|ω|)

Fields and Rings

 ζn = exp(2πi/n)
 ϵn = ζn + ζ−1

n

 K = ℚ(ϵn)

 L = ℚ(ζn)

 ℚ

 𝒪K = ℤ(ϵn)

 𝒪L = ℤ(ζn)

 ℤ

Renormalization Group

 Δn = ⟨T, U⟩ ⊂ SL2(𝒪K)

 T = (1 2 + ϵn

0 1 )
 U = ( 1 0

−1 1)
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Renormalization group for the pentagon

γ0 11/γ 2γ

For n=5, 8, 10, 12:  
the cusps of  coincide with , 
and satisfy quadratic height bounds. 

Δn ℙ1(K)

5 packing

Theorem Continued fractions 

1. The cusps of �(2, 5,1) coincide with Q(�) [ {1} (see Figure 1).

2. Every s 2 Q(�) can be expanded as a finite golden continued fraction,

s = [a1, a2, a3, . . . , aN ] = a1� +
1

a2� +
1

a3� + · · ·
1

aN�

with ai 2 Z.

3. Every s 2 Q(�) can be expressed as a golden fraction s = a/c, charac-
terized by the property that

�
a b
c d

�
2 � for some b, d. This expression

is unique up to a sign change, s = (�a)/(�c).

Let us elaborate the last point. Since K has class number one, we can
certainly write s = A/B as a ratio of relatively integers A, B 2 Z[�]. In
fact, since � is a unit, there are many such expressions: we also have s =
(�kA)/(�kB) for any k 2 Z.

The golden fraction expression s = a/c uses the thin group � to pick out
a particular value of k. The complexity of this expression is controlled by
the height bounds in Theorem 1.1; in this case, they yield:

Corollary 1.3 The height of any nonzero golden fraction s = a/c satisfies

h(a) + h(c) = O(h(s)2). (1.1)

Here h(x) is the absolute logarithmic height on K = Q�Q�; it satisfies

h((p/q) + (r/s)�) ⇣ log max{1, |p|, |q|, |r|, |s|}.

One can readily verify that for k � 0 the denominator of the golden
fraction for s = �2k is c = �k2�k+1, so the exponent 2 in equation (1.1) is
sharp. We will also see that the length of the golden continued fraction for
s satisfies N = O(h(s)).

Matrix coe�cients. Let M ⇢ Z[�] denote the set of all matrix entries
that occur in �. The discussion of golden fractions above shows that

Z[�] =
[

k

�kM.

As noted by Leutbecher in the 1970s [Le], there is no known characteri-
zation of the elements of M . The next result gives a qualitative description
of M and also reveals its hidden multiplicative structure.
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Height bounds:  length N and ai are O(1+h(s)) .

γ = (1 + 5)/2



Open problem 

Regular 7-gon

(ii) How long do we have to wait to test periodicity?!

(i) Which slopes are periodic?

Is there any algorithm at all?!!

Every trajectory is
periodic or uniformly distributed.

Distribution of trajectories

How are the periodic trajectories distributed?

Every trajectory is
periodic or uniformly distributed.

Davis-Lelievre:  Not always uniformly!
Cantor set of measures?

How are the periodic trajectories distributed?

Distribution of trajectories

Theorem
For each periodic slope s, the limit measures 
Ms form a countable set, homeomorphic to 
ωω + 1.

Limit Measures

describes scarring
& closure of ergodic measures

Limit Measures M0 
for the pentagon uniform measure

form a semigroup!

a

b

c

γn

Modular symbols

 a                c               b                        

δ1 δ2

γn  ⟶  δ1 * δ2

(nonabelian)



Cusps, congruence and chaos m0

m1

m3

Midpoint trajectories

Di[QtoL[{6, 4, -1, -2, -2, -2, -2, -2, -2, -2}, 11], 11]

n=11, midpoint trajectories Congruence invariants 

n odd; s in L, periodic direction

Theorem:  
 is a vertex connection Ts(mk)

⟺ [s]2 = [ζk
n]2 ∈ ℙ1(𝒪K /2)

 {-19, 2, -2, -21}
  {4, 3, 0, 0}

 {10, 3, -6, -6, -6, -6}
 {-3, -3, 3, 11, 13, 7}

Dihedral v. Reflection symmetry

Theorem:  

Trajectories  have dihedral symmetry Ts(mi)

⟺ vπ(s) = 0 mod 2.

n=p prime; π = 1 − ζp

Dihedral v. Reflection symmetry



T

R

U

Δ6

Renormalization group: 
two cusps for n even n=10:  Central connections

m2

m1

(every slope has a central or vertex connection)

n=8:  Central and vertex connections

m1

m3

(every slope has both central and vertex connections, or none)

Theorem 

For n = 4g+2 or n a power of 2, the locations of the 
central and vertex connections are congruence 
invariants of s.

Central and vertex connections

500 1000 1500 2000

-40

-30

-20
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10

20

Chaos for n=12 

Does W(t)/t ⟶ 0?

Adelic perspective

N =  is finite[SL2( ̂𝒪K ) : Δn]

Theorem 

If N<5000 for n=12, then the location of 
the central trajectory is not a  

congruence invarant.

[SL2(𝒪K) : Δn] = ∞



Curves on 
Hilbert modular varieties 

Curves on a Hilbert modular surface

Theorem

The cusps of  `every’ geodesic curve V=H/Γ on XK

coincide with   , and satisfy quadratic
height bounds.

ℙ1(K)

Corollary
Results on billiards follow.
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Figure 3. Long periodic billiard paths, each with over 200 segments, with
initial slopes 5 and 8

p
3 respectively.

Computer experimental quickly reveal that even small, rational slopes
lead to very long trajectories in P ; for example, L(5) ⇡ 479, while L(6765)
is on the order of 1025. This suggest that the exponent 2 in (1.2) is sharp,
and indeed this is the case.

The 1–form associated to this polygon satisfies SL(X, !) = �(2, 5,1).
Using this connection, we will give a simple dynamical proof that

a + b� 2 M =) ab � 0

and hence
���2

 m0/m  1 (1.3)

for all matrix entries m 6= 0 in �(2, 5,1). Equality arises is when m = 1
and m = �.

Example 2. The golden arrow. A second lattice polygon, also based on
the golden ratio, is shown at the right in Figure 3; its internal angles are
⇡(1, 1, 2, 8)/6, and its periodic slopes are given by S(P ) =

p
3 ·Q(�)[ {1}.

Both examples belong to infinite families, discussed in [Mc1, §9] and
[EMMO, §8] respectively, and their side lengths can be varied to produce
infinitely many di↵erent quadratic trace fields.
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Applies to almost 
all families of optimal billiards

…since these are quadratic:     Eskin - Filip - Wright

Factorization through XK

  V=H/Γ     
<latexit sha1_base64="vJejqRBoX4+pM/78/NxKEB/764Q="></latexit>

Mg = Tg/Modg
X

Hilbert modular surface

Jac(X)

<latexit sha1_base64="Eyts7jsSVgdHj9LjnxUvFQCKihw="></latexit>

XK = (H⇥H)/ SL2(OK)

Holomorphic pentagon-to-star map

Holomorphic pentagon-to-star map

F

Δ5 Δ′￼5

V ⟶ XK  covered by H ⟶ HxH 
via   x ⟶ (x,F(x)).

Proof of height bounds



Classical height on   ℙn(K)

For example, if v is an real place of K, and ⇢ : K ! Kv = R is the associated
completion, then

|x|v = |⇢(x)|1/g.

Heights on projective space. The absolute multiplicative height on
P
n(K) is given by

H(x) = H(x0 : x1 : · · · : xn) =
Y

v

max
i

|xi|v.

It is well–defined by the product formula, which also implies that H(x) � 1.
Our normalizations were chosen so that H(x) remains constant under finite
extensions.

A closely related height can be defined by

eH(x) = inf
a

Y

v|1

max
i

|ai|v, (2.1)

where the infimum is taken over vectors of integers a 2 O
n+1 such that

[a0 : · · · : an] = [x]. This height is comparable to the standard one; indeed,
using finiteness of the class number, one can show that

H(x)  eH(x)  C(K, n)H(x)

for all x, and equality holds when O is a UFD.

Abelian varieties. Let A be a polarized Abelian variety of dimension g.
We can naturally identify A with the quotient space

A = ⌦(A)⇤/H1(A,Z),

where ⌦(A) ⇠= C
g is the space of holomorphic 1–forms on A, and its paring

with H1(A,Z) ⇠= Z
2g is given by hC, !i =

R
C !.

The polarization of A is recorded by a positive–definite Hermitian inner
product on ⌦(A)⇤, with the property that the symplectic form

[C, D] = � ImhC, Di (2.2)

takes integral values on H1(A,Z). We denote the associated Hodge norm on
H1(A,R) by kCkA = hC, Ci

1/2. The polarization also determines a norm
and inner product on ⌦(A), via duality.
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(ai are integers)

comparable to

only requires knowledge of integers and
infinite places

≥ 1

H1(A,Q) ⇠= K
2

K ⇢ End(A)⌦Q

The projective lineHeight HA(x) on P1
A(K)

<latexit sha1_base64="HUQzPwwCiFOluMoG5bqH1g+WjhA="></latexit>

Height HA(x) on P1
A(K)

<latexit sha1_base64="HUQzPwwCiFOluMoG5bqH1g+WjhA="></latexit>

= space of K-lines in

H1(A,Q)

Height HA(x) on P1
A(K)

<latexit sha1_base64="HUQzPwwCiFOluMoG5bqH1g+WjhA="></latexit>

H(x) = inf
C

Y

v|1

|C|v

<latexit sha1_base64="lVKHQHKV656JTXcba//MGRkp+Yo="></latexit>

A
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|C|v =

����
Z

C
!v

����
1/g

<latexit sha1_base64="F/mPzVeNBZcH5IfhFIwTWBHbjFk="></latexit>

Hodge norm at v
x ∈ PA1(K)

C ∈ H1(X, Z)

x = [K・C]

Why a height?

eH(x) = inf
a

Y

v|1

max
i

|ai|v

<latexit sha1_base64="C58TjfnIuHdxwH3GjqN8l98tis8="></latexit>

Theorem.  Given a linear isomorphism 

◆ : P1
A(K) ! P1(K)

<latexit sha1_base64="csZLLm/BwJMx1nQJ/h9xG7xeYZI="></latexit>

H(◆(x)) ⇣ HA(x)

<latexit sha1_base64="T1cdcrHE/toAln+X+OpK2Z3m9fc="></latexit>

we have

H(x) = inf
C

Y

v|1

|C|v

<latexit sha1_base64="lVKHQHKV656JTXcba//MGRkp+Yo="></latexit>

A
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≥ CA > 0.

Descent

H(x,At) ⟶ 0

At = Abelian surface

x

γ(s)

t = γ(s) ∈ H×H

x ∈ P1A(K)

⇒ x is a cusp of Γ

Geodesic curves
• Every geodesic curve V in Mg has a 

cusp.
• `Every’ geodesic curve V on a Hilbert 

modular surface XK has a cusp.

• Does `every’ geodesic curve V in a 
Hilbert modular variety XK have a cusp?

Theorem 
There exists a compact geodesic curve V on 

XK, dim=6.

Not contained in any compact Shimura sub variety



Spectral Gap

Cor (Takeuchi)

There are only finitely many arithmetic 
triangle groups.

Cor (Waterman-Maclachlan)

There are only finitely many  
purely hyperbolic triangle groups.

Theorem
For all but finitely many Δ(p,q,r),  

# spherical and # hyperbolic places are about the 
same.

about 1/3 spherical

The moving tablecloth game

Key step in finiteness proofs



11 known purely hyperbolic triangle groups

(2,4,6) (2,6,6) (3,4,4) (3,6,6)

(2,6,10) (3,10,10) (5,6,6) (6,10,15)

(4,6,12) (6,9,18) (14,21,42)

M, Maclachlan-Waterman Theorem

Δ(14,21,42) virtually embeds in SL2(its inv. trace field K).

There are only finitely many such examples.

Conjecture
This is the only example.

From (14,21,42) to an exotic curve

geodesic curve
on a 6D Hilbert
modular variety

V = ℍ/Δ′￼→ XK

Theorem

V is a compact geodesic curve, but there is no
compact Shimura variety with V ⊂ S ⊂ XK.

K = Q(cos π/21) degree 6

Construction:  Start with Δ(14,21,42)

21

14

42

Pass to index 2

V = H/Δ(14,21,42)′

Construct 5 maps H to H



Image covers exotic V in XK

Problem 
Are there more examples of exotic curves? 

For example, with dim XK = 3? 

Conclusion 
There exists a compact geodesic curve V on 

XK, dim=6.

Problem 

Are there more examples of purely 
hyperbolic triangle groups? 

There are no other purely hyperbolic triangle groups

with (p,q,r) < 5000.

Recently verified using 5,000 cores running in parallel

from 1-30 mins. 

2 4 6 8 10 12
0

50000

100000

150000
Number of Galois conjugates


(out of 109)

examined to find a spherical triangle.

Total execution time 587 hours

Experimental Evidence
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