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Calculate the denominator of the left-hand side:
‘z}'_i + zj"("'”l = 2. A(gh meey En)

— &1 — 1). Multi-
PROOF OF PROPOSITION A.64. Note that % ?(l) = éc,-(! t-{—lelzmm%l(-; torlzmomes
i denominator by {; ‘... & 11
rgly(‘)fliﬂ;e n‘;tie;?tgrc?;.?+en — i — 1)] and the denominator becomes
i - §
¥ A

WGn—i+)—Ln—i—Di= 2\ n— i+ 1)

f the matrix on the left is
is 1 ting that the bottom row O ; _ e
:?l(sl)‘s sce:n f)’)’ -!—KEZ‘C ‘(gl)), and performing row yed:cnog:e :lt?nr;;foi;::ilt e
! om tow. The rest. f is the same as in the preced!
g(ljllmt:l ro:a'ngtLei: is/lt\:tl; tzhe: E)O?n which case the bottom row 1 the numerator
e only ! =4

i a
matrix is the same as that in the denominator.

Exercise A.66.

Exercise A.67*. Find a similar formula for
f\|+n-i — zj-u‘ﬂ'-i)l

1z;
127~ + z;® N

APPENDIX B
On Multilinear Algebra

In this appendix we state the basic facts about ténsor preducts and exterior and
symmetric powers that are used in the text. It is hoped that a reader with some linear
algebra background can fill in details of the proofs.

§B.1: Tensor product
§B.2: Exterior and symmetric powers
§B.3: Duals and contractions

§B.1. Tensor Products

The tensor product of two vector spaces V and W over a field is a vector space
V ® W equipped with a bilinear map

V x W—OV@VV’ vaHD®W’

which is universal: for any bilinear map 8: V x W~ U to a vector space U,
there is a unique linear map from ¥ ® W to U that takes v @ wto By, w).
This universal property determines the tensor product up to canonical iso-
morphism. If the ground field K needs to be mentioned, the tensor product is
denoted V ®, W.

If {e;} and {/} are bases for ¥ and W, the elements {e;@ £} form a
basis for ¥ ® W. This can be used to construct V ® W, The construction is
functorial: linear maps V — V' and W — W' determine a linear map from
VWtV @ w.

Similarly one has the tensor product ¥, ® --- ® ¥, of n vector spaces, with
its universal multilinear map

NxxV->Ve -V,
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taking v, X *** X v, 10 ¥; ® *** ® v,. (Recall that a map from the Cartesian
product to a vector space U is multilinear if, when all but one of t.he factors ¥,
are fixed, the resulting map from ¥; to U is linear.) The construction of tensor
products is commutative:

VOW=2WRYV, 1@w—wlr
distributive:
ner)ew=remwe(:®Ww)
and associative:
UVw=UVew=URQRVeW

by(u® ) @w—uR@v@wW—u@®@ov@w.

In particular, there are tensor powers Ver=V®---@V of a fixed space
V. By convention, ¥ ®° is the ground field.

If A is an algebra over the ground field, and V is a right A-module, and W
a left A-module, there is a tensor product denoted ¥V @, W, which can be
constructed as the quotient of ¥ ® W by the subspace generated by all
v a)®w—v®(a-wyforallve V,we W,and a € 4. The resulting map from
V x W to V®, W is universal for bilinear maps f from V' x W to vector
spaces U that satisfy the property that p(v:a, w) = B(v, a-w). This tensor
product is also distributive.

§B.2. Exterior and Symmetric Powers

The exterior powers "V of a vector space ¥, sometimes denoted Alt"V, comé
equipped with an alternating multilinear map

Vx---x V>NV, Dy X = X Ug Uy AT A D,

that is universal: for f: ¥ x --- x V — U an alternating multilinear map, there
is a unique linear map from A"V to U which takes v, A *** A v, t0 B(v,, ..., 1,).
Recall that a multilinear map 8 is alternating if f(v,, ..., v,) = 0 whenever tw§
of the vectors v, are equal. This implies that f(v,, ...,,) changes sign whelyi‘
two of the vectors are interchanged.! It follows that :

Byrys -+ -5 Vam) = 580(6)B(Vys ..oy v,) foralloeG,.
The exterior power can be constructed as the quotient space of V®" by the

subspace generated by all v, ® --- ® v, with two of the vectors equal. We let: :

S

VO ANV, a0, @ @u,)=v A AY,

aii‘i
! This follows from the standard polarization.: for two factors, (v + w, v + w) — (v, v) —
B(w, w) = (o, w) + B(w, v).
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denote the projection. If {e,} is a basis for ¥, then
{ei1 Fa e,l A A e“: il < l.z << in}

is a basis for A"V. Define A°V to be the ground field.

If V and W are vector spaces, there is a canonical linear map from
NV@NW to A**(V @ W), which takes (0, A" A 0) @ (W, A+ A W)
toU; A " AU, AWy At A W, This determines an isomorphism

NV @ W) = (-'i)o/\w@ AW, (B.1)

(From this isomorphism the assertion about bases of AV follows by induction
on the dimension.)

The symmetric powers Sym"V, sometimes denoted S"V, comes with a
universal symmetric multilinear map

V x-x V- Sym"V, Uy X " X Uy 0y°...0 0,

Recall that a multilinear map f: V x --- x V= U is symmetric if it is
unchanged when any two factors are interchanged, or

B(Oarys -+ s Vo) = By, ..., 0,) foralloeS,.

The symmetric power can be constructed as the quotient space of V" by the
subspace generated by all v, ® - ® v, — 1,1, @ *** @ v,,), or by those in
which o permutes two successive factors. Again we let

VS Sym"V,  av, ® --®vu,)=0v,....1,,
denote the projection. If {e,} is a basis for V, then
{eh’e(z’,..'ei": hLihs g l"}

is a basis for Sym"V. So Sym"V can be regarded as the space of homogeneous
polynomials of degree n in the variables ¢;. Define Sym®V to be the ground
field. As before, there are canonical isomorphisms

Sym(V © W) = @o Sym*V @ Sym™ W, (B2)

The exterior powers A"V and symmetric powers Sym®V can also be realized
as subspaces of ¥®", assuming, as we have throughout, that the ground field
has characteristic 0. We will denote the inclusions by 1, so we have

yen j» /\"V)lb V@n’ y®n Za Sym"V » yor
The imbedding 1: A"V — V'®" is defined by
Mo, A AD)= 2;5 SEN(0)0g(1) ® " ® V- (B.3)

e S,
(This is well defined since the right-hand side is alternating.) The image of 2 is
the space of anti-invariants of the right action of S, on V"
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(vy ® Qv o= ”a(l)®"'®vatn)' veV,0eG, (B4)

(The anti-invariants are the vectors z € V®= such that z- o = sgn(e)z for all
¢ € ©,) Moreover,iff A =20, then (1/n!) A is the projection onto this anti-
invariant subspace.? (Often the coefficient 1 /n! is put in front of the formula
for z; this makes no essential difference, but leads to awkward formulas for
contractions.)

Similarly we have 1: Sym"V — V" by

1(01'...'9") = 026 va(l)@"' ® Vsin) (BS)

The image of 1 is the space of invariants of the right action of &, on V®", if
A = 10, then (1/n!)A is the projection onto this invariant subspace.

The wedge product A determines a product

AV @ AV 5 A, (B.6)
(vl AT A vm)@(”m+1 AT A vm+n)'—’vl AT AU AUy AT A Ui

which is associative and skew-commutative. This product is compatible with
the projection from the tensor powers onto the exterior powers, but care must
be taken for the inclusion of exterior in tensor powers, since for examplev A w
is sent to v@w—w®v [not t0 3@wW-—w® v)] by . In general, the
diagram

NV RNV ——— NV

:@-] ] ®B.7)

yem@ yer —— yomtn
commutes when the bottom horizontal map is defined by the formula
(01 @ ® V) ® W1 @ ® Vus)
- Y 5g0(0)0,01) @ *** ® Uiy @ Vopms1)y @ *** @ Vgmamy

the sum over all “shuffles,” i.., permutations g of {1,..., m + n} that preserve
the order of the subsets {1, ..., m} and {m + 1,...,m + n}.

Similarly the symmetric powers have a commutative product (v, -...* v,) ®
(Vptr v Ompand 201+ Oy Vg o+ Vs with a similar compatibility. Note
that v? € Sym*V is sent to 20 @ v in V@ V, v" e Sym"V to n!(0 ® - ® v)in
V®" and generally one has the analogue of (B.7), changing each “sgn(s)” to
“1” in formula (B.8).

All these mappings are compatible with lincar maps of vector spaces
V — W, and in particular commute with the left actions of the general linear
group GL(V) = Aut(V) of automorphisms, or the algebra End(V) =
Hom(V, V) of endomorphisms, on ¥®", A"V, and Sym"V.

(B3)

2 tis this factor which limits our present discussion to vector spaces over ficlds of characteristicO. .
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1t is sometimes convenient to make algebras out of the direct sum of all of
the tensor, exterior, or symmetric powers. The tensor algebra TV is the
sum ),., V®", with product determined by the canonical isomorphism
.Ve" ® Ve o Vo™ The exterior algebra AV is the sum Bhzo NV, slhich
is the quotient of T°V by the two-sided ideal generated b;'z';ll v’® vin
V®2. The symmetric algebra Sym'V is the sum D, ,Sym"V, which is the
quotient of T"V by the two-sided ideal generated by allo @ w — w @ vin V22

Ex?rcise B.9. The algebra Sym'V is a commutative, graded algebra, which
sgnsﬁes the universal property that any linear map from ¥ to the first graded
piece C! of a commutative graded algebra C' determines a homomorphism
Sym'V - C of graded algebras. Use this to show that Sym'(V & W)
Sym‘l_/ ® Sym'W, and deduce the isomorphism (B.2). Prove the analogo;s
assertions for A'V, in the category of skew-commutative graded algebras.
In particular, construct an isomorphism A(V @ W)= A'V & A'W, where &
den?tes the skew-commutative tensor product: it is the vsual tensor product
additively, but the product has (a ® b)-(c ® d) = (— 1)2s® (g by @ (¢~ d)
for homogeneous elements a and c in the first algebra, and b and d in the
second. In particular, this proves (B.1).

§B.3. Duals and Contractions

Although only a few simple contractions are used in the lectures, and most of

tl'}ese are written out by hand where needed, it may be useful to see the general
picture.

If V* denotes the dual space to V, there are contraction maps
o c,‘: Ve (V*)81 - VBe-1 g (y¥)86-1),

foranyl €i<pand!l < j < g, determined b; i j i
A y evaluating the jth coordinate
of (V*)®? on the ith coordinate of V@?: !

o ® " ®1,00, @ ®9,)
=), @' @5Q®1,80, @ VE® Ve,

More generally if I = (i,, ..., i,) and J = (j,, ..., j,) are two sequences of

n distinc.:t indices from {1,...,p} and {1,..., g}, respectively, there is a
contraction

(B.10)

c}: yer ® (V#)Gq - Yo ® (V#)G(q-n) (B_ll)
which takesv; A A, ® @, @ ® @, to

Il o) @ ®0,0 00,0 87,00, 89,0 O

F%r example, if p=g=n and I=J=(l,...,n), this contraction
Ve" @ (V*)®" - C identifies (V*)®" with the dual space of V",
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Now (V®")* consists of n-multilinear forms on ¥, and (A"V)* consists of
alternating n multilinear forms on V; in particular, (A\"V)* is a subspace of
(V®™)*; this is the inclusion via 7*. The composite

V)= (V98" = (V)
where the first map is the inclusion 1 and the second is the isomorphism of the
preceding paragraph, maps A®(V*) isomorphically onto the subspace (A'V)*.
Explicitly, o
NGRS
Py AN @u—=[og A A v..'—'Z Sgn(ﬁ)‘Puu)(”l)'-o-"Pc(n)(”n) -
= det(p;@))).
This dual pairing A"V @ A*(V*) - K is often denoted { , . .
There is a similar isomorphism of Sym"(V'*) with Sym"(V)*, but without
the signs “sgn(o).”

Exercise B.12. If ¢, ..., e,, is a basis for V, with ¢ the dual basis for V*,
then {e, A" ng:1<i << i,<m} is a basis for A"V, and
{eb-... el i, 2 0, i, = n} is a basis for Sym"V. Show that, via the above
isomorphisms, the dual bases for A*(V*) and Sym"(V*) are

{ehn-enel} and {n—}ﬁ)(er)‘n -...-(e:)*~}.

There are related contractions, sometimes called internal products, and
denoted Jand L, on exterior and symmetric powers. For the exterior powers
they are maps:

NV @NH(VH >NV, x@arxda;
Ny @NWV*H) - N(V), x@axta

These can be defined most simply as transposes of wedge products, i.., they
are determined by the identities

(B.13)

(z,x3a) ={z Ax,a) forze NV
and
(xla, ) =<x,an B> for feN(V?)
(The relation of this definition to the contraction maps ¢! above is expressed
in Exercise B.16)) Note that when g = 0, these contractions reduce to the
previous duality pairing between AV and AP(V*).
For symmetric powers, the internal products are defined similarly:

SymPV ® Sym’*'"(V"‘) - Sym"(V*), xQ@ar—xda; (B 14)

Sym?*V @ Sym?(V*) - Sym?(V), x@oa—xLo.

Ty 20y Sy it UGy b I i Ll e i - b ot B i

§B.3. Duals and Contractions 477

Exercise B.15. For v, w e V, and ¢, { € V*, show that

vie AY) =y — e and @ A WLo = o(t)w — p(w)o.
More generally, forif x = v, A" Av anda = A - A @y, Withy, e V
and ¢, € V*, then
(i) xd100= Y SE(0)Qu1041) (V1) -+ Patgrny(Up) oy A * A Datays
the sum over all permutations o of {1, ..., p + g} that preserve the order o}‘
{,....,q} . Ux=0v, A~ Avanda =@, A - A @, then
(i)  xra=3 sgn(@)e1(van) - - PplVotm) Vatpr1y A 1 A Vatpegys
the sum over all permutations that preserve the orderof {p + 1,...,p + gq}.
Verify these formulas and use them to give formulas for these internal products
in terms of standard bases. State and verify analogous formulas for symmetric
powers. In particular, forv, we V, @,y € V*,

v (oY) =yY@)¢ + @)y and (- W)L ¢ = pO)w + @(w)o.
For example, v +1(¢?) = 2¢(v)e and (1*) L ¢ = 2¢(v)r.
Exercise B.16. Using formula (i) of the preceding exercise, show that the
contraction map L may be given as 1/p!q! times the composition of the maps
NV ® AP(V*) > yowrta @ (yt)@p - V®I 5 N,
where the middle map is the contraction map cj of (B.11), with [ =J =

{1,..., p}, and the other maps come from z and z. Prove the same formulas
(with the same scalar factor) for the other internal products.

Exercise B.17. In the situation of formula (ii), suppose the v, are independent,
and let W be the (p + g)-dimensional subspace of V that they span; suppose
the ; are independent, and let Z be the p-codimensional subspace of V of the
common zeros of the ;. Show that x L « = 0 if dim(W n Z) > g, and other-
wise x L& = u; A *-- A u, for some vectors u; that span Wn Z.

Exercise B.18. Prove the formulas
(xAPJa=x(y2a) and xL{@ A f)=(xra)Lp.
State and verify the analogous formulas for symmetric powers.
For a detailed development of these ideas, see [Bour, Algebra, Chap. 3].




