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1. [6 points]
a. [4 points] Let X be a finite set. Let 7 be a topology on X. Define

T ={S|X-SeT}
Show that 7 is a topology on X.
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b. [2 points] Give a counterexample to show that the statement in part a. is false if X can
Lt X =R omd v by e ctofimite hpO‘v‘j‘j.
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2. [8 points] Consider X = R x [0, 1] with the dictionary order. Let T be the order topology on
X and let 7* be the topology on X generated by the basis

{(a,b) x [0,1] | @ < b}.

(You don’t need to show that this is a basis.)
a. [4 points] Show 7 is finer than 7™

We call twa gl'vmq bacis B.
Lt Be wwre B=(a,b)x[o,1]
Sitace | s hwa larj,c;*— elenient+ of (o,1]
o x| L cxd =D o KC(C.
Similo\vla) Cxd { bx0 & c<b.
'T\nus, B = (a,b)x(:u_,lj= (axl,lo’(o),
which ¢ iy P>
Thuws, 3 ¢ 4

J

, So |rJL3 PVDE(.LM 2 on PS l())
g

b. [4 points] Show T # T*. That is, show 7* is not finer than 7.

Considerv tne set (0xo0,0x1)€ T
Lt BRefg ct. B=(a,b)x[o,!) a.d ox-z'- € B,

M¢<o<b)goq<o<-'§—<b,
b
Thus, 2 X0 e B but 2x0 ¢ (ox0,0x1)
Sinte -5_5—#0,

So BE (0x0,01) <o (ox0,0x1)¢T™

Thus, T €% o T# T*

/
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3. [10 points] Give an example of each of the following. You do not need to prove that your
example works.

a. [2 points] A subset of R that is neither open nor closed in the lower limit topology.

(0, 1]

b. [2 points] A group G such that |G| > 2 and if H < G, then H = {e} or G. i.e. G has no
proper nontrivial subgroups.

b= 7,

c. [2 points] A set S along with an order relation such that every element has an immediate
successor but at least one element (other than the smallest element) doesn’t have an
immediate predecessor.

q = TL_'_ K+ with hae dichb\nmﬂj ovder

d. [2 points] A topology 7 on the set X = {a,b,c,d} such that {a,b}, {b,c} € T, but T is
not the discrete topology.

: "‘={¢‘, {bk,{“fkk,{b,c’s,{a,la,c-\ij‘5

e. [2 points] A basis for a topology on R that is not comparable to the standard topology.

§ (~w,0) [o,0)}
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4. [8 points] Let 7 be the standard topology on R. Define
T =Tu{Uu{0}|UeT}.

a. [4 points] Check that 7 is a topology on R.
Stha ¢, XeT, b,xe T ac wen,

let € C ' 1f Sel, C=U ov uugol,’
wlhe ve u&’t"

|'FVUST\A.{MVWDVWU€O7S

See
Where W (¢ Twe Uniom of ele ey, +

ot Ta\hd K 'haus N T => \/6 'r"

Mg

Now let gu---)gh‘-',rf Tuen for each S¢ 3 U eT
¢t. Si= U ov U;u&%‘ N
Tus, SNS, N- ﬂSK=(h\U&¢ ov (\u;\u{o
Since (\U '$MF'V“+¢ twtevsechom of elemaents of T

1S iy T g S0-.NS. 6T s ’V"Sa—ﬁpﬂvra“n‘z

b. [4 points] Consider R equipped with the topology 7’. Let A C R. Show that 0 € A if
and only if 0 € A.

\& O€A | fvens ACA, <, DEA.

On e ot V%ol, ASSU ML D e i,

Then %)
SV e ﬁeT/ Eongufb:l(:olsc_’l\-’_
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5. [8 points] Determine whether the following statements are true or false, and briefly justify
your answer (or give a counterexample, if applicable).
a. [2 points] Let B and B’ be two bases on a set X and let 7 and 7" be the topologies they
generate. If B# B', then T # T".

False.
On T(} {{1‘\5\76273 V| ,@(,71,) are both
bases that }WLVOUI—{ tue discrete hpol03rj.

b. [2 points] Let B be a basis generating a topology T on X. If 7 has uncountably many
elements, then B does as well.

Falce, |
Lt X= T omd Be fER3][ X2 Tum Bis
tountable, but 1+ W*q T distrete

topology 7 < P(2), whith i€ wneonniable.

c. [2 points] If f : G — H is a surjective group homomorphism and H is abelian, then G is
abelian.

Falce.
Lt G=Dg, H={el Defiun
'F:Dg_'){e} by f(x)=e VvV =x ED@_
His abelian, hut & isn't.

d. [2 points] If X is a set and ~ an equivalence relation on X, then X/ ~ is a basis for a
topology on X.

True.
et =xeX, Ty (s tontaied W Twe CquiValcntL

dass {yex|xvyX oy

Sinca every pair of equivy lence tlagcec 1 d|'gd‘o|'v|+)
ho elementc |i2 v twe nterce chow,

Thus, X/~ g e becsi,



