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Overview
Macdonald polynomials (homogeneous polynomials)
o Introduced by Macdonald in 1989,
@ Related to the geometry Hilbert scheme (Haiman ’03).

@ When g = 1, they encode the distributions of the ASEP model (Cantini-de
Gier-Wheeler ’15), and the t-PushTASEP model (Ayyer-Martin-Williams
'25).

@ Have combinatorial interpretation in terms of tableaux

(Haglund-Haiman-Loehr ’05), vertex-models (Borodin-Wheeler ’19),
multiline queues (Corteel-Mandelshtam-Williams ’22).

Interpolation Macdonald polynomials (inhomogeneous polynomials)
@ Introduced by Knop and Sahi in 1996,

@ In the Jack limit, they have been shown to be monomial positive
(Naqvi-Sahi-Sergel ’23).

@ Related to the knot theory of gl,, (Beliakova-Gorsky ’24).
@ A combinatorial formula in terms of signed multiline queues.
e Today: A probabilistic model (analogue to t-PushTASEP).
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Plan of the talk

ASEP polynomials F,(z1,...,%n;q,t).

F,(x1=--2, =q=1;t): The ASEP model (Cantini-de Gier-Wheeler).
F,(x1,--xp;q = 1,t): The PushTASEP model (Ayyer-Martin-Williams).
Interpolation ASEP polynomials F; (1, ..., %s;¢,1).

Fy (21,...,2n;q = 1,%): the interpolation PushTASEP model

(B.D-Williams).

@ Main ingredient of the proof: a combinatorial formula for interpolation
polynomials in terms of multiline queues.
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Notation

Fix an integer n > 1. We say that A = (A1, A2, ..., A,) is a partition of k (with

nparts) if Ay > Ao >--- >\, >0and A\; + Ao + -+ - + A\, = k. The integer
k = |A| is the size of A.
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Notation

Fix an integer n > 1. We say that A = (A1, A2, ..., A,) is a partition of k (with
nparts) if Ay > Ao >--- >\, >0and A\; + A2 +--- + A\, = k. The integer

k = |A| is the size of A.

A an element p = (1, ..., 1n) of N is called a composition.

We say that a composition g = (u1,. .., u,) is a permutation of a partition A if
it can be obtained by permuting the parts of A\. We denote S,,(\) the set of
permutations of A.

Example: If n =3, and A = (2,1,0) then

S3(2,1,0) = {(2,1,0),(2,0,1),(1,2,0),(1,0,2),(0,2,1),(0,1,2) }.
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Notation

Fix an integer n > 1. We say that A = (A1, A2, ..., A,) is a partition of k (with
nparts) if Ay > Ao >--- >\, >0and A\; + A2 +--- + A\, = k. The integer
k = |A| is the size of A.

A an element p = (1, ..., 1n) of N is called a composition.

We say that a composition g = (u1,. .., u,) is a permutation of a partition A if
it can be obtained by permuting the parts of A\. We denote S,,(\) the set of
permutations of A.

Example: If n =3, and A = (2,1,0) then
53(2,1,0) ={(2,1,0),(2,0,1),(1,2,0),(1,0,2),(0,2,1),(0,1,2)}.
We consider the space of polynomials in n variables 1, ..., z, with coefficients
in Q(q,1).
For a composition u, write

W o1 I
ot =21 oxhr.

The family {a* : |u| = d} is a basis for the space of polynomials with degree d.
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Hecke operators

For 1 <i < n — 1, define the linear operator on the polynomial ring

tr; — Tit1 (

T =t— 1—si),

Ti — Ti+1

where s; - f(z1,...,2n) = f(@1,...,Tit1,Ti,. .., Tn)
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Hecke operators
For 1 <i <mn — 1, define the linear operator on the polynomial ring

tr; — Tiq1 (

T =t— 1—s;),

Ti — Ti+1

These operators satisfy the relations of the Hecke algebra of type Ap,_1

(T; —t)(T; +1)=0 for1<i<n-1
TiTit1 T = TipaTiTiyq for 1<i<n—2
TiTj = TjTZ‘ for |’L —j| > 1.
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Hecke operators
For 1 <i <mn — 1, define the linear operator on the polynomial ring

tr; — Tyl (

T =t— 1—s;),

Ti — Ti+1

These operators satisfy the relations of the Hecke algebra of type Ap,_1

(T; —t)(T; +1)=0 for1<i<n-1
TiTit1 T = TipaTiTiyq for 1<i<n—2
TiTj = TjTZ‘ for |’L —j| > 1.

Definition (qKZ equations)

Fix a partition \. We say that a family of homogeneous polynomials
(fu(@1, -y Tn; 4, 1)) pes, (n) of degree || is a gKZ family if they satisfy the equations:

fs,‘u if g > Hit1,
Tifp =4 tfu if p = paga,
tfsin — (L =0 Fu i pi < piga
and  ¢"" fu(@1, - %n) = funp,enn—1(@Tn, @1, ..., Tn—1).

Here sijp := (..., i1, iy - - )-

At g = 1, the last equation implies that the polynomials are “invariant” under rotation.
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ASEP polynomials
Definition (qKZ equations)
Fix a partition A\. We say that a family of homogeneous polynomials

(fu(@1,- -y Tn; 4, 1)) pes, (n) of degree || is a qKZ family if they satisfy the equations:

Jsin if py > pita,
Tifp =4 tfu if i = pita,
tfsiw — (L =0fu  if pi < pita

and qunfu(mlw . ~7xn) = funaﬂl,u.,un_l(qxnyxlw .. ’zn—1)~

Proposition (Cantini—de Gier—Wheeler ’15)

For a fized partition X\, there exists a unique qKZ family (Fﬂ)uesn(k) with the normalization
[x*Fy = 1. Moreover,

Z Fp(xlw“,zn;q’t):P/.t(xla“',xn;qat)?
HESRH(N)

where Py (x1,...,%n;q,t) is the symmetric Macdonald polynomial.

The polynomials (Fy.),cs, () are called the ASEP polynomials.
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ASEP polynomials
Proposition (Cantini-de Gier—Wheeler ’15)

For a fived partition A, there exists a unique gKZ family (Fj.),es,, (n) with the normalization

[#*]F\ = 1. Moreover,

> Fu(@1,.-.,%niq,t) = PA(z1,. .., Tni g, 1),
l‘*esn(A>

where Py (z1,...,Zn;q,t) is the symmetric Macdonald polynomial.

The polynomials (Fﬂ)uesnO\) are called the ASEP polynomials.

Example: : When A = (2,1,0), we have

2
2 qt —q 2 qt* —qt
Fri0 =2z + — T1T2T3, Fz0,1 = z{x3 + —5—— z1®0033,
qte —1 gt —1
2
2, 97 —qt 5 t—1
Fi20 = 2125 + —5—— 12003, Fi02 = 2125 + ——— 21@003,
qt* —1 qt? —1
t—1 2 —t
2 2
Fo2,1 = 2323 + ——— m1x223, Fo1,2 = w225 + ——— 210223,
qt® —1 qts —1
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The (multi-species) ASEP model

Fix n > 1 and a partition A = (A1,...,A,) and a parameter 0 < ¢t < 1.

The mASEP (multi-species Asymmetric Simple Exclusion Process) with content
A is the Markov chain such that each state is indexed by a composition

= (11, .., pn) € Sp(A). We interpret p as n particles on a ring, labeled

o
O, )

W1, -« - At each step:

@ We choose an index 1 <i<n
uniformly at random.

o If p; > piy1, we swap
(ftis piy1) = (pi1, pi) with
probability t; otherwise we swap
the two particles with probability 1
(indices taken modulo n).

o=

The transition probabilities on the state indexed
by p=(3,2,2,1,0,1).
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The mASEP model

Theorem (Cantini-de Gier-Wheeler '15)
The stationary distribution of the mASEP with content A is proportional to the

ASEP polynomials evaluated at ¢ = 1 = -+ - = x, = 1. Equivalently,
() = F(x1=-=z,=1¢g=1,%)
TmASEP(M)\M) = P,\(:El e l,t)'

o

Remark: The transition probabilities in the ASEP model are closely related to
the coefficients which appear in the gKZ equations:

Fs,u if s > pig,
TiF, = tF, if pi = pita,
tFSiM_(l_t)FH if,ui<,ui+1.

The system is invariant under rotation at ¢ = 1

Fp(xlv ey Tny 4 = ]-at) = FMmH1 ..... un_l(mn,mla ey Tp—1,4 = 17t)'
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The t-PushTASEP

Fix a partition A = (A1,...,An). The PushTASEP (Push Totally Asymmetric Simple
Exclusion Process) with content A is a Markov process such that each state is indexed by a
composition g € Sp(\). We interpret p as n particles on a ring, labeled p1, ..., tn.

Conventions and notation:

@ A particle labeled 0 will be called a vacancy.

@ There exists at least one part of size 0 in A (the system has at least one vacancy).
@ We assume that 0 < ¢t < 1 and that ; > 0 for 1 <¢ < n.

@ We denote [m]¢ the t-integer

mly=14+t+---+tm L
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The t-PushTASEP

Fix a partition A = (A1,...,An). The PushTASEP (Push Totally Asymmetric Simple
Exclusion Process) with content A is a Markov process such that each state is indexed by a
composition p € Sp(\). We interpret p as n particles on a ring, labeled u1, ..., pin.

The dynamics are as follows:
@ We choose the particle in the j-th position with probability proportional to a%
i

@ This particle at position j starts traveling clockwise Suppose there are m weaker
particles in the system, then with probability % [ i the activated particle will move to

the location of the kth of these weaker particles. If this location contains a particle, then
that particle becomes active, and chooses a weaker particle to displace in the same way.
The procedure continues until the active particle arrives at a vacancy.

JomoX
@7 2@
@6 go

folo}

The dynamics of t-PushTASEP.
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The t-PushTASEP

Fix a partition A = (A1,...,An). The PushTASEP (Push Totally Asymmetric Simple
Exclusion Process) with content A is a Markov process such that each state is indexed by a
composition p € Sp(\). We interpret p as n particles on a ring, labeled u1, ..., pin.

The dynamics are as follows:
@ We choose the particle in the j-th position with probability proportional to %
i

@ This particle at position j starts traveling clockwise Suppose there are m weaker
particles in the system, then with probability & [ Te the activated particle will move to

the location of the kth of these weaker particles. If this location contains a particle, then
that particle becomes active, and chooses a weaker particle to displace in the same way.
The procedure continues until the active particle arrives at a vacancy.
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The dynamics of t-PushTASEP.
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The t-PushTASEP

Fix a partition A = (A1,...,An). The PushTASEP (Push Totally Asymmetric Simple
Exclusion Process) with content A is a Markov process such that each state is indexed by a
composition p € Sp(\). We interpret p as n particles on a ring, labeled u1, ..., pin.

The dynamics are as follows:

@ We choose the particle in the j-th position with probability proportional to %
J

@ This particle at position j starts traveling clockwise. Suppose there are m weaker
k—1
particles in the system, then with probability tm—] the activated particle will move to

the location of the kth of these weaker particles. If this location contains a particle, then
that particle becomes active, and chooses a weaker particle to displace in the same way.
The procedure continues until the active particle arrives at a vacancy.
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The dynamics of t-PushTASEP.
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The t-PushTASEP

Fix a partition A = (A1,...,An). The PushTASEP (Push Totally Asymmetric Simple
Exclusion Process) with content A is a Markov process such that each state is indexed by a
composition p € Sp(\). We interpret p as n particles on a ring, labeled u1, ..., pin.

The dynamics are as follows:

@ We choose the particle in the j-th position with probability proportional to :%
J

@ This particle at position j starts traveling clockwise. Suppose there are m weaker
k—1
particles in the system, then with probability t[mﬁ the activated particle will move to

the location of the kth of these weaker particles. If this location contains a particle, then
that particle becomes active, and chooses a weaker particle to displace in the same way.
The procedure continues until the active particle arrives at a vacancy.

The dynamics of t-PushTASEP.
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The t-PushTASEP

Fix a partition A = (A1,...,An). The PushTASEP (Push Totally Asymmetric Simple
Exclusion Process) with content A is a Markov process such that each state is indexed by a
composition p € Sp(\). We interpret p as n particles on a ring, labeled u1, ..., pin.

The dynamics are as follows:

@ We choose the particle in the j-th position with probability proportional to %
J

@ This particle at position j starts traveling clockwise. Suppose there are m weaker
k—1
particles in the system, then with probability tm—t the activated particle will move to

the location of the kth of these weaker particles. If this location contains a particle, then
that particle becomes active, and chooses a weaker particle to displace in the same way.
The procedure continues until the active particle arrives at a vacancy.

5

: -1
A transition of t-PushTASEP with probability i <21<i<6 1 )

g

t
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1
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The t-PushTASEP

Fix a partition A = (A1,...,An). The PushTASEP (Push Totally Asymmetric Simple
Exclusion Process) with content A is a Markov process such that each state is indexed by a
composition g € Sp(\). We interpret p as n particles on a ring, labeled p1, ..., fn.

The dynamics are as follows:
@ We choose the particle in the j-th position with probability proportional to Ii
i

@ This particle at position j starts traveling clockwise. Suppose there are m weaker
k—1
particles in the system, then with probability t[mﬁ the activated particle will move to

the location of the kth of these weaker particles. If this location contains a particle, then
that particle becomes active, and chooses a weaker particle to displace in the same way.
The procedure continues until the active particle arrives at a vacancy.

Remark: The dynamics can equivalently be described as follows: each time the active
particle passes a site with a weaker particle,

@ it continues to move with probability ¢,

@ and settles at that site with probability (1 — t), displacing and activating the particle
that is located there.

If it passes the mth such site, then it continues cyclically around the ring.
Totally asymmetric: particles only move clockwise.
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The t-PushTASEP

Theorem (Ayyer—Martin-Williams ’25)

The stationary distribution of the t-PushTASEP with content X is proportional
to the ASEP polynomials evaluated at ¢ = 1. Equivalently,

T ( ):F/L(xlv"'vxn;q:]‘?t)
MW B, g = L1)
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The t-PushTASEP

Theorem (Ayyer—Martin-Williams ’25)

The stationary distribution of the t-PushTASEP with content \ is proportional
to the ASEP polynomials evaluated at ¢ = 1. Equivalently,

T ( ): F/,L(‘/'Elv"'vxn;q:]‘?t)
s P)\(ﬂ?l,...,.’En;q:].,t).

The proof is based on a combinatorial formula for the ASEP polynomials in
terms of multiline queues.
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Interpolation polynomials

Recall: Fix an integer n > 1. We consider the space of polynomials in n
variables x1, ..., x, with coefficients Q(q, t).

We say that g = (u1, ft2, - - ., tbn) is a composition of size k (with n parts) if
p1 + po + - -+ pn, = k. The integer k = |u| is the size of p.

For a composition u, write

Moo M1 H
x .—.’I,‘l l‘n"

The family {z* : |u| < d} is a basis for the space of polynomials with degree at
most d.
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Interpolation polynomials

Recall: Fix an integer n > 1. We consider the space of polynomials in n
variables x1, ..., x, with coefficients Q(q, t).

We say that g = (u1, ft2, - - ., tbn) is a composition of size k (with n parts) if
p1 + po + - -+ pn, = k. The integer k = |u| is the size of p.

For a composition u, write

Moo M1 H
T .—.’I,‘l l‘n"

The family {z* : |u| < d} is a basis for the space of polynomials with degree at
most d.

Given a composition p = (u1,...,4,) € N* and 1 <i < n, we define

ki(p) :=#{j:j<iand p; > i} +#{j:j >iand p; > p;}, and
ﬁ = (q“’lt*kl(ﬂ)’ . 7ql‘nt7kn(l‘)> .

Example: When p = (4,2,0,1,4) we have i = (¢*t~!,¢*t=2,t7*,qt =3, ¢*). For
a polynomial f(z1,...,2,) and p € N, define f(z) = f(f1, ..., fin)-
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Interpolation ASEP polynomials
Theorem (B.D-Williams '25)

For any composition y € N™, there exists a unique polynomial
Fi(x1,...,20;q,t) such that:

o deg(Fy) < |ul,

o for any T € S, (1), we have [x7]F; = d; ..

e F(v) =0, for any v satisfying |v| < |u| and v & Sp(p).

Moreover, the top homogeneous part of F); is the ASEP polynomial F),.

We call these polynomials the interpolation ASEP polynomials.
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Interpolation ASEP polynomials
Theorem (B.D-Williams ’25)

For any composition p € N™, there exists a unique polynomial
Fi(z1,...,%n;q,t) such that:

o deg(Fj) < |ul,

o for any T € S, (1), we have [x7|F; = 47 ..

o Ii(v) =0, for any v satisfying |v| < |u| and v & Sn(p).
Moreover, the top homogeneous part of F; is the ASEP polynomial F,.

We call these polynomials the interpolation ASEP polynomials.

This result is based on the theory of interpolation polynomials of Knop and
Sahi.
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Interpolation ASEP polynomials
Theorem (B.D-Williams '25)

For any composition y € N™, there exists a unique polynomial
Fi(x1,...,20;q,t) such that:

o deg(Fj}) < |ul,

o for any T € S, (1), we have [x7]F; = d; ..

e F(v) =0, for any v satisfying |v| < |u| and v & Sp(p).

Moreover, the top homogeneous part of F); is the ASEP polynomial F),.

We call these polynomials the interpolation ASEP polynomials.

Example: n =1 and p = (k). We want

Fiy(@) = 2"+ ap 12" 4+ +ap,
We then have

Fiy(@) = (z = D@ —q)...(x — "),
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Interpolation ASEP polynomials
Example: n =2 and p = (0,2).

Fy oy (w1, 22) = 25 + awy 2o + by + cas + d,

Foo(a/t,q) =0 v=(1,1)
Flo0)(q,1/t) =0 v =(1,0)
F(B,2)(1/ta q)=0 v=(0,1)
Flo2)(1/t,1) =0 v =(0,0)
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Interpolation ASEP polynomials
Example: n =2 and p = (0,2).

Fy oy (w1, 22) = 25 + awy 2o + by + cas + d,

Flo(a/t,.a) =0 v=(1,1)
Fo2y(a:1/t) =0 v =(1,0)
F(B,2)(1/ta q)=0 v=(0,1)
Flo)(1/t,1) =0 v =(0,0)

‘We then have

1—t 1—t  14qt—qt>—> (1 —qt)
- _ .
(0,2) (.1?1, $2) $2+ 1— thL'l 2+q1 thl t(l _ qt) 2 t(]_ - qtz)

In particular,

1—t
1—qt

F(o,z)(l”h Ta) = :C% + T1To.
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Interpolation symmetric Macdonald polynomials
Theorem (B.D-Williams ’25)

For any composition p € N™, there exists a unique polynomial
Fi(z1,...,%n;q,t) such that:

o deg(Fj) < |ul,

o for any T € S, (p), we have [x7|F; = 47 ..

° I (D) =0, for any v satisfying |v| < |u| and v & S, (1).

Moreover, the top homogeneous part of F; is the ASEP polynomial F,.

Proposition

For any partition \, we have

P;(mla"'axn;q’t): Z F:(xla"'vxn;Qat)a
HESH(N)

where Py is the symmetric interpolation Macdonald polynomial.
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Action of the Hecke operators

The action of the Hecke operators on interpolation polynomials is similar to
their action on the homogeneous polynomials.
Proposition

For any composition u, we have
Lo if pi > pit1,
LF, = tF,; if pi = fit1, -
tF:m—(l—t)F; if i < Wiy

However, the interpolation polynomials do not satisfy the circular symmetry. In
particular, they cannot be characterized by the qKZ equations.

Houcine Ben Dali Interpolation ASEP polynomials February 23, 2026 16 / 29



The Interpolation PushTASEP model

Fix a partition A = (A1,...,An). The interpolation PushTASEP with content A is a Markov
process such that each state is indexed by a composition p € Sp(X). We interpret u as n
particles on a ring, labeled p1,..., tn.

Conventions and notation:

@ There exists at least one part of size 0 in .
@ We denote [m]¢ the t-integer
mly =14+t+ - +tm" L
@ We define for 1 < k < n, the following elements in Q(¢, z1,...,Zn):

ot (1—¢)
- Ty —t—nt2’

(I —t)zg

and Ok = m

Pk -

@ We assume that 0 < t < 1 and that z; > ¢t~ "T! for 1 < i < n. Under these hypotheses
on the parameters, the quantities py and qi are probabilities.
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The Interpolation PushTASEP model

Fix a partition A = (A1,...,An). The interpolation PushTASEP with content X is a Markov

process such that each state is indexed by a composition p € Sy, (A). We interpret pu as n
particles on a ring, labeled p1,..., tn.

The dynamics are as follows:

Step 0 We choose the particle in the j-th position with probability P; proportional to
1 1
Hk<]‘ (zk - tn72) Hk)j (xk — in—1 )

Step 1 The particle at position j, say with label a, is activated, and starts traveling clockwise
according to the rules of the (classical) t-Push TASEP.

Step 1 of the interpolation t-PushTASEP

Houcine Ben Dali
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The Interpolation PushTASEP model

Fix a partition A = (A1,...,An). The interpolation PushTASEP with content X is a Markov
process such that each state is indexed by a composition p € Sy, (A). We interpret pu as n
particles on a ring, labeled p1,..., tn.
The dynamics are as follows:

Step 2 The last activated particle in Step 1 labeled a := 0, now goes to position 1 and starts

traveling clockwise. When the activated particle labeled a gets to site k for

1 <k < j —1 containing a particle with label b > 0, it settles at that site (displacing and
activating the site’s particle) with probability

Pr if b > a,
g ifb<a
The activated particle always settles at position j with probability 1.

6 o
o o
ool

Step 2 of the interpolation t-PushTASEP

(1= p1)p2
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The Interpolation PushTASEP model

© JommoN
S 8 1 N\
FOERON
7

o 9 P O
| | Q6 3@

Step 2 of the interpolation t-PushTASEP

Remarks:
@ Unlike in the classical PushTASEP, this interpolation model is not invariant under
rotation.
@ In Step 2, the active particle can push both weaker and stronger particles.
@ When x; > 1, we recover the classical PushTASEP:

(1 —1)

T _t7n+2 07

P -

the active particle cannot push a stronger particle and Step 2 is trivial.
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The interpolation PushTASEP

Theorem (B.D-Williams '25)

The stationary distribution of the interpolation PushTASEP with content X is
proportional to the interpolation ASEP polynomials evaluated at g = 1.
Equivalently,

F:(xlu"wxn;q = ]-’t)

) = Px(x1,...,xn5q=1,t)"
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The interpolation PushTASEP

Theorem (B.D-Williams '25)

The stationary distribution of the interpolation PushTASEP with content X is
proportional to the interpolation ASEP polynomials evaluated at g = 1.
Equivalently,

F:(xlu"wxn;q = ]-’t)

) = Px(x1,...,xn5q=1,t)"

The proof is based on a combinatorial formula for the interpolation ASEP
polynomials in terms of multiline queues.
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Main ingredient of the proof: Multiline queues

A ball system is an L X n array (for some L,n > 1), with rows labeled from bottom to top as
1,2,..., L, and columns labeled from left to right from 1 to n, in which each of the Ln
positions is either empty or occupied by a ball labeled by a > 0.

A multiline queue is a ball system such that:

@ each ball in row r > 1 is paired with a ball in the row below, using the shortest strand
traveling (weakly) from left to right, allowing the strand to wrap around if necessary.

@ a ball in a strand of height k is labeled by &,

@ it does not contain the forbidden configuration.
Row3 . .
Row 2 .

Row 1% .

A multiline queue.
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Main ingredient of the proof: Multiline queues

A ball system is an L X n array (for some L,n > 1), with rows labeled from bottom to top as
1,2,..., L, and columns labeled from left to right from 1 to n, in which each of the Ln
positions is either empty or occupied by a ball labeled by a > 0.

A multiline queue is a ball system such that:

@ cach ball in row r > 1 is paired with a ball in the row below, using the shortest strand
traveling (weakly) from left to right, allowing the strand to wrap around if necessary.
@ a ball in a strand of height k is labeled by k,

@ it does not contain the forbidden configuration.

Row 3

Row 2

Row 1% . . O @ ©)

A multiline queue.

@

®

with0<b<a

The forbidden configuration for multiline queues.
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Main ingredient of the proof: Multiline queues

A ball system is an L X n array (for some L,n > 1), with rows labeled from bottom to top as
1,2,...,L, and columns labeled from left to right from 1 to n, in which each of the Ln
positions is either empty or occupied by a ball labeled by a > 0.

A multiline queue is a ball system such that:

@ cach ball in row r > 1 is paired with a ball in the row below, using the shortest strand
traveling (weakly) from left to right, allowing the strand to wrap around if necessary.

@ a ball in a strand of height k is labeled by k,

@ it does not contain the forbidden configuration.

Row 3

Row2 . . ; . .
Row 1% . .

A multiline queue of type (2,2,0,0,0,3,2,1).

The type of a multiline queue is the composition p obtained by reading the labels in row 1.
@ n = #columns in the multiline queue = #parts of pu.

@ L = #rows in the multiline queue = the size of the maximal part in p.

Houcine Ben Dali
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Weights of Multiline queues (at g = 1)

@ A ball in column ¢ has the weight ;.

@ We define a specific order on the pairings of the multiline queue. Each
nontrivial pairing p, connecting balls labeled a, between rows r > 1 and r — 1, and
columns j and j, has weight wtpair(p):

(1 — t)tskir(p)

Wihpair (P) = 1 — tfree(p)

free(p) : balls not yet paired in row r — 1,
skip(p): free balls which have been skipped by p.

J i

Row r . CQL.
Row r —1 . W . ?D

 skipped balls

@ The total weight of a multiline queue @ is denoted wt(Q):

Wt(Q): H Wt(B) H thair(p)-

balls B pairings p
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The multiline queue formula for Macdonald polynomials

Row 3

Row 2 . e . ; . .
Row 1% o . . . o e @

A multiline queue of type (2,2,0,0,0,3,2,1).

-ttt 1—t (1—-t)t> 1t
1T—t* 1—¢5 1—¢3 1—¢2

Wt(Q) = 2125732405 T8

Theorem (Corteel-Mandelshtam-Williams ’23)

For any composition u, we have

Fu@r,.zpg=11= > wt(Q).
multiline-queues
Q of type p
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Correspondence between ML(Q and transitions in the
PushTASEP

Write a combinatorial decomposition/branching rule.
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Correspondence between ML(Q and transitions in the
PushTASEP

Write a combinatorial decomposition/branching rule.

Row2 . . e
Row3 . . e e Multiline
Queue Rowl . @ . @ @

@ - - = oty
o

. Row2 . . e ° . .
Generalized @
®© O O g

Row% . O 00
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Correspondence between ML(Q and transitions in the
PushTASEP

We can encode the transitions in the PushTASEP using Generalized two-line
queues.

A transition of the t-PushTASEP

S0bd 606

The corresponding two-line queue.
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Signed Multiline queues

An enhanced ball system is a 2L x n array (L,n > 1), with rows labeled from bottom to top
as 1,1/,2,2/ ..., L, L', and columns labeled from left to right from 1 to n, in which each of

the 2Ln positions is either empty or occupied by a ball. A ball in row r is labeled by a > 0,
and a ball in row 7’ is labeled +a, where a > 0.

A signed multiline queue is an enhanced ball system, satisfying the conditions:
@ each pair connects two balls with the same absolute value,
@ after forgetting the signs, classic layers correspond to layers from classic MLQ.

@ each ball in row 7’ is paired with a ball in row r, using the shortest strand traveling
(weakly) from left to right, without wrapping around.

@ it does not contain any forbidden configuration.

Signed layer
Classic layer

Signed layer
Classic layer

Signed layer

A signed multiline queue of type (2,2,0,0,0,3,2,1).
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Signed Multiline queues

An enhanced ball system is a 2L x n array (L,n > 1), with rows labeled from bottom to top
as 1,1/,2,2/ ..., L, L', and columns labeled from left to right from 1 to n, in which each of

the 2Ln positions is either empty or occupied by a ball. A ball in row r is labeled by a > 0,
and a ball in row 7’ is labeled +a, where a > 0.

A signed multiline queue is an enhanced ball system, satisfying the conditions:
@ each pair connects two balls with the same absolute value,
@ after forgetting the signs, classic layers correspond to layers from classic MLQ.

@ each ball in row 7’ is paired with a ball in row r, using the shortest strand traveling
(weakly) from left to right, without wrapping around.

@ it does not contain any forbidden configuration.

Signed layer
Classic layer

Signed layer
Classic layer

Signed layer

A signed multiline queue of type (2,2,0,0,0,3,2,1).
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Signed Multiline queues

An enhanced ball system is a 2L X n array (L,n > 1), with rows labeled from bottom to top
as 1,1/,2,2',..., L, L', and columns labeled from left to right from 1 to n, in which each of

the 2Ln positions is either empty or occupied by a ball. A ball in row r is labeled by a > 0,
and a ball in row 7’ is labeled 4a, where a > 0.

A signed multiline queue is an enhanced ball system, satisfying the conditions:
@ each pair connects two balls with the same absolute value,
@ after forgetting the signs, classic layers correspond to layers from classic MLQ.

@ cach ball in row 7’ is paired with a ball in row 7, using the shortest strand traveling
(weakly) from left to right, without wrapping around.

@ it does not contain any forbidden configuration.

Row 3 . e . ° .

Classic layer

Row 2/ @ @ . e @

Row 2 ( ; )
Classic layer
Row 1@

Classic layers of a signed multiline queue.
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Signed Multiline queues

An enhanced ball system is a 2L x n array (L,n > 1), with rows labeled from bottom to top
as 1,1/,2,2/ ..., L, L', and columns labeled from left to right from 1 to n, in which each of

the 2Ln positions is either empty or occupied by a ball. A ball in row r is labeled by a > 0,
and a ball in row 7’ is labeled +a, where a > 0.

A signed multiline queue is an enhanced ball system, satisfying the conditions:
@ each pair connects two balls with the same absolute value,
@ after forgetting the signs, classic layers correspond to layers from classic MLQ.

@ ecach ball in row 7’ is paired with a ball in row 7, using the shortest strand traveling
(weakly) from left to right, without wrapping around.

@ it does not contain any forbidden configuration.
/ . . .
Signed layer fow 3
Row 3 . ° .
Row 2/ e @ . e @ .
Signed layer Row - e . @ e e X .
D @ - O Q - :
Signed layer
Row 1 e . . . e

Signed layers of a signed multiline queue.
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Signed Multiline queues
A signed multiline queue is an enhanced ball system, satisfying the conditions:

@ it does not contain any forbidden configuration.

Row 3’
Signed layer

Row 3 *
Classic layer

Row 2/
Signed layer

Row 2 -

Classic layer

Row 1/ 9

Signed layer

Row 1 °

A signed multiline queue of type (2,2,0,0,0,3,2,1).

T
® O

with0<b<a with0<b<a with0<a<b with 0 < a

The forbidden configuration for signed multiline queues.
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Weights of Signed Multiline Queues

o Only signed balls have weights. A ball in column 4, row 7, has the weight

T; if it is positive,
t;—}l if it is negative.

e Bach nontrivial pairing p has a weight wtpai:(,) (We use the same order to
place pairings)

Row 3"
Signed layer

Row 3
Classic layer
Row 2/

Signed layer
Row 2

Row 1/ e
Row 1 o

Classic layer

Signed layer
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Weights of Signed Multiline Queues

o Only signed balls have weights. A ball in column 4, row 7/, has the weight
T if it is positive,
t;—}l if it is negative.
e Each nontrivial pairing p has a weight wt,aix() (We use the same order to
place pairings)

Row 3"
Signed layer

Row 3

Classic layer

Signed layer

Classic layer

Signed layer




Weights of Signed Multiline Queues
@ Only signed balls have weights. A ball in column 4, row 7/, has the weight
T; if it is positive,
71 if it is negative.
o Bach nontrivial pairing p has a weight wtpair(p) (we use the same order to
place pairings)

@ Weights of pairings in classic layers are defined as before,
e weight of a nontrivial pairing in a signed layer is given by

¢ ( ) (1- t)tSkip(p)+emptY(p) if p connects a positive ball and a regular ball
Whpair () = .
pair —(1 — t)tSklp(p)JremptY(p) if p connects a negative ball and a regular ball.

J i’

Row r . %. . . . .

L y >

: skipped balls empty
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Multiline queue formula for interpolation polynomials

Theorem (BD-Williams)

For any composition u, we have

F:(xla"'vmn;q: ]-7t):

>

signed multiline-queues
Q of type p

wt(Q)-
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Multiline queue formula for interpolation polynomials

Theorem (BD-Williams)

For any composition u, we have

Fi(z,.. o9 =1t) = E wt(Q).
signed multiline-queues
Q of type p

The top homogeneous part corresponds to the formula of
Corteel-Mandelshtam—Williams.

Houcine Ben Dali Interpolation ASEP polynomials February 23, 2026 27 /29



Multiline queue formula for interpolation polynomials

Theorem (BD-Williams)

For any composition u, we have

Fi(z,.. o9 =1t) = E wt(Q).
signed multiline-queues
Q of type p

The top homogeneous part corresponds to the formula of
Corteel-Mandelshtam—Williams.

We also give a tableau formula for F; and P;.
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Correspondence between signed multiline queues and
transition in the interpolation PushTASEP

Row 2+

Signed layer
Rw2 =+ (@
Classic layer

h ‘ Row 1" () Q .
Signed layer
igned layer I 0 e

Row2 -+ ;
Classic layer
Row 1@

Row 1/ 9 . . .
Signed layer
Row1 (@) e

Row 3"+
Signed layer
Row3 *
Classic layer

Row 2/

Signed layer
Row2

Classic layer
Row 1 (%)
Signed layer
Row 1
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Correspondence between signed multiline queues and
transition in the interpolation PushTASEP

Row 2"

Row2 =

Signed Row 1! () 9 .
multiline queue
Rowl - 0 0
Row?2 -+ . CE Coneralised Row?2 -+ <
Classic layer eneralize
Row 1/ e . . . two-line queve 1@
Signed layer
Row 1 . . . o
Row 1’ 9 . e . .
Generalized signed
two-line queue  Row 1 O . . ®

Row 3"+
Signed layer
Row 3 -+
Classic layer

Row 2/

Signed layer
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Correspondence between signed multiline queues and

transition in the interpolation PushTASEP

@ We can encode the transitions in Step 1 of the interpolation PushTASEP
using generalized two-line queues.

@ We can encode the transitions in Step 2 of the interpolation PushTASEP
using signed generalized two-line queues:

> o
N\ (= a2)(1 = pa)pa @ 7 2 @
: i J

L o0
N O ®© ©

1
A transition in Step 2 of the interpolation PushTASEP

5600604

The corresponding signed two-line queues.
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