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Weighted double Hurwitz numbers

Fix a power series G(2) =1+ 3+, upz".

log (Z (X)) [ G(c(D))> =3 > Holp v)pu(X)pu(Y),
A

gex n>1pu,vkn

$x : Schur functions,
P, : power-sum symmetric functions,
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Weighted double Hurwitz numbers

Fix a power series G(z) = 1+ Y, 5, ugzF.

log (Z sx(X)sA(Y) H G(C(D))> = Z Z He(p, v)pu(X)pu(Y),
A

Oex n>1 p,vkn

s : Schur functions,
P, : power-sum symmetric functions,

a’(0): the co-arm of O,

¢'(0): the co-leg of O,

a # c(0) :=d/(0) — ¢'(O) is the content of O.
G(c¢(0O)) is a formal power-series in

| ] the variables uy.

el
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Weighted double Hurwitz numbers

Fix a power series G(2) = 1+ Y, 5, upz".

log (Z sx(X)sa(Y) H G(C(D))> = Z Z He (1, ) ppu(X)pu (Y),
X

oex n>1p,vkn

He(p,v) are called the double G-weighted Hurwitz numbers.
Well studied cases:

o classical Hurwitz numbers G(z) = exp(uz),

e monotone Hurwitz numbers G(z) = 1/(1 — uz),
o dessins d’enfants G(z) = 1 + uz.
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Weighted double Hurwitz numbers

Fix a power series G(2) = 1+ Y, 5, upz".

log (Z sx(X)sa(Y) H G(C(D))> = Z Z He(p, I/)pM(X)pV(Y),
A

oex n>1p,vkn

He(p,v) are called the double G-weighted Hurwitz numbers.
Well studied cases:

o classical Hurwitz numbers G(z) = exp(uz),
e monotone Hurwitz numbers G(z) = 1/(1 — uz),
o dessins d’enfants G(z) = 1 + uz.

He(p,v) count equivalently:

e some families of maps on orientable surfaces,

@ branched coverings of the sphere by an orientable surface,

with weights which depend on the variables uy.
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Jack deformation

(@) (@) (y
log (Z w IT Gt ) =33 HE (i pu(X)pu(Y),

A J gex n>1p,vkn

J;a) Jack polynomials,
(a) <J(a) J(a)>

e

a’(0): the co-arm of O,
)

a’ ’! /(0):

co(0) := ad’(0) — ¢'(0) is the a-content of O.

co-leg of O,

El

Houcine Ben Dali Path operators 3/24



Jack deformation

J( )( )](Q) (”
log Z— H G(c. (O Z Z He (s v)pp(X)pu (Y),

A ] oex n>1 p,vkn

J /(\a : Jack polynomials,
J,(\a) = <J,\a)7J,\a)>

«

H gU(N,, v) are a-deformed double Hurwitz numbers.

In the one alphabet case, they count some families of maps on non-orientable
surfaces, with an a-weight correlated to their non-orientability (Bonzom—
Chapuy—Dotega 2023, Ruza 2023, Chidambaram—Dotega—Osuga 2024).
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The (g, t)-tau function

ﬁ(%t) X H(‘Lt)
6(X,Y) =) = [ ] HGth

A oex

Hy (%Y . Modified Macdonald polynomials,
wy = <Hf\q’ L

*

a’(0): the co-arm of O,
o # ¢'(0): the co-leg of O,
cqt(O) := qa/(‘:‘)te/(m) is the g, t-content of 0.

gl
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The (g, t)-tau function

H iq’t) : Modified Macdonald polynomials,
wy = < A, ffﬁq’t)>

*
This series is related to:

@ series in enumerative geometry (Hausel —Letellier—Villegas ’11,
Carlsson—Villegas ’16, Mellit ’18),

@ a (g,t)-extension of the 2D Toda hierarchy (Bourgine-Garbali '24).
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Main result

We associate to a formal power-series G(2) =1+ >, -, ux2" and an integer

n > 1, a combinatorial differential operator A(C? ) on the space of symmetric
functions.

Theorem (BD-Bonzom-Dolega)

Write G = G1/G2 where G1 and Go are series with constant term 1. For any
n > 1 we have

AG(X) 76(X,Y) = (A (V) 76(X, V),

*
where (A(CZ)) is the adjoint of A(GnQ) with respect to (.,.).. Moreover, these
equations fully characterize the function 7¢(X,Y).
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Main result

We associate to a formal power-series G(2) =1+ >, -, ux2* and an integer

n > 1, a combinatorial differential operator AgL ) on the space of symmetric
functions.

Theorem (BD-Bonzom—Dolega)

Write G = G1/G2 where G1 and G2 are series with constant term 1. For any
n > 1 we have

AG(X) - 76(X,Y) = (A V) 76(X, V),

where (Ag?) is the adjoint of Ag; ) with respect to (.,.)x. Moreover, these

equations fully characterize the function 7¢(X,Y).

Remark

One can always take G = 1.
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Main result
We associate to a formal power-series G(2) =1+ >, -, ux2* and an integer

n > 1, a combinatorial differential operator Ag ) on the space of symmetric
functions.

Theorem (BD-Bonzom—Dolega)

Write G = G1/G2 where G1 and G2 are series with constant term 1. For any
n > 1 we have

AG(X) - 76(X,Y) = (A V) 76(X, V),

*
where (Ag?) is the adjoint of A(an) with respect to (.,.).. Moreover, these
equations fully characterize the function 7¢(X,Y).

Example: If G = we can take

1u’

e Gi=1+u+u>+... and Go = 1.
oGlzlandG2:1—u.
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Alternating paths

An alternating path of length 2¢ > 0 and degree n € Z, is a path in Z>¢ x Z,

starting at (0,0) ending at (2¢,n), and such that an odd (resp. even) step is a
weakly up step (resp. weakly down step).
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An alternating path of length 8 and degree -1.
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Alternating paths

An alternating path of length 2¢ > 0 and degree n € Z, is a path in Z>¢ x Z,
starting at (0,0) ending at (2¢,n), and such that an odd (resp. even) step is a
weakly up step (resp. weakly down step).

A valley is a point of the path with an even z-coordinate.
The other points are peaks.

i i i i i i
I I I I I I I I
i i i i i i i i
I I I I I I I I

rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr

' ' ' it
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The valleys of an alternating path of length 8 and degree -1.
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The paths Rg

Fix a sequence 3 := (B1,. .., ) € Z*. Define Lg as the path starting at (0,0)

ending at (24, |3|) and with vertical increment 3; at z-coordinate 2j — 1.

The path Lg for g = (1,0,1, —3).

Houcine Ben Dali Path operators
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The paths Rg

Fix a sequence 3 := (f1,..., ) € Z*. Define Lg as the path starting at (0, 0)
ending at (24, |3|) and with vertical increment 3; at z-coordinate 2j — 1.

Define R as the set of alternating paths of length 2¢, degree |3|, staying
weakly above Lg.

2 4 6 78

A path v € Rg for 8 =(1,0,1,-3).
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The paths Rg

Fix a sequence 3 := (f1,..., ) € Z*. Define Lg as the path starting at (0, 0)
ending at (24, |3|) and with vertical increment 3; at z-coordinate 2j — 1.

Define R as the set of alternating paths of length 2¢, degree |3|, staying
weakly above Lg.

2 4 6 78

A path v € Rg for 8 =(1,0,1,-3).

If v € Rg and V is a valley of «y, we define its S-height htz(V) > 0 as the
height w.r.t to Lg.
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The paths Ry

Fix a sequence S5 := (f31,.

ending at (24, |3|) and with vertical increment 3; at z-coordinate 2j — 1.

Define R as the set of alternating paths of length 2¢, degree |3|, staying
weakly above Lg.

2 4 6 ?8

A path v € Rg for 8 =(1,0,1,-3).

If v € Rg and V is a valley of «y, we define its S-height htz(V) > 0 as the
height w.r.t to Lg.

.., B¢) € Z*. Define Lg as the path starting at (0,0)

The five valleys of the path in the example have respective S-heights 0,2,0, 1, 0.

Houcine Ben Dali
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Path operators
Plethystic identities

n _ k[ X]
Zz hn[X] = exp ZZkkT

n>0 k>1

hy : complete homogeneous symmetric functions.
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Path operators
Plethystic identities

n _ — 2" pi[X]
Zz hn[—X] = exp ZT ,

n>0 k>1

hy : complete homogeneous symmetric functions.
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Path operators
Plethystic identities

Z 2" hp[~X] = exp Z ~nlX] ,

k
n>0 k>1

h, : complete homogeneous symmetric functions.
M:=(1-q)(1-1)

3 (VX = exp [ 30 L]

k
n>0 k>1
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Path operators
Plethystic identities

Zz"hn[fX]:exp ZM ,

k
n>0 k>1

hy : complete homogeneous symmetric functions.
M:=(1-q)(1-1%)

n (1)1 —th)2Fpi[X]
2"hr[MX] = ex k

ko
Ipy

with pé‘ =
We associate to each one-step path of degree k an operator:
hi[—X] ifk>0
O):={ ht[MX] ifk<0
1 if k=0,
Remark

Each one of these operators is differential in the variables py.
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Path operators

To a path v € Rg with steps (71, .. .,72¢), we associate the operator

O0s(v) = [] (@Y ] Om)...0(v2).

Vvalley
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Path operators
To a path v € Rg with steps (71, ...,72¢), we associate the operator

Op(v) = H (qt)htﬂ(v) O(m) - .- O(720).

Vvalley

If v has degree n, then Og(7) is homogeneous of degree n.

2 4 6; ?8

A path v € Rg(1,0,1, —3).

Example:  O5(7) = (qt)*(qt) " ha [~ X]h1 [~ X]hg [M X]h3[~X]hi [MX]h1[-X]hg [M X].
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Path operators

To a path v € Rg with steps (71, ...,72¢), we associate the operator

O0s(v) = [] (@Y ] Om)...0(v2).

Vvalley

Define the operator Rz by

Rpi= > Os(7).

’YER@
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Examples
o Case ¢ =1: when = (n)

Ld

Paths corresponding to the operator R(,) = Dy,
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Examples
e Case £ =1: when 8 = (n)

Riny = Y hictn[=X]hj [MX] =: Dy
k>0

@ Caset=1and 8= (1,1,...,1): we then have M = (1 —¢)(1 —t) =0 all
even steps should be horizontal, and alternating paths become Dyck paths
counted with ¢**** and a weight (—1)*e;, for any up step of degree k.

i Lg

A path appearing in the expansion of Ry 1,1,1) at t = 1.

Houcine Ben Dali Path operators 10 /24



A reparametrization: the operators Q,
To study the tau function 75, we consider sequences

B=(B1y...,08) € Zso X ZEZ_OI. We decorate peaks of alternating paths by
particles: one particle corresponds to a unit increment of Lg. In other terms,
there are (3; particles on the i-th peak.

2 4 6 8

An alternating path v in Ry,0,1,2.
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A reparametrization: the operators Q,
To study the tau function 75, we consider sequences

B=(B1y...,08) € Zso X ZEZ_OI. We decorate peaks of alternating paths by
particles: one particle corresponds to a unit increment of Lg. In other terms,
there are (3; particles on the i-th peak.

2 4 6 8

An alternating path v in Ry,0,1,2.

Fix 8 € Z~q X Zez_ol of size n, we define a sequence a € Z%, such that:

@ 2q; is the distance between the i-th and the i + 1-th particles, for
1<i<n-1,

@ 2a, is the distance between the last particle and the last peak.
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A reparametrization: the operators Q,

An alternating path v in Q(2,1,0,0) = R1,0,1,2-

Fix 8 € Z~¢ X Zez—ol of size n, we define a sequence a € Z% such that:

@ 2q; is the distance between the i-th and the i + 1-th particles, for
1<i<n-1,

@ 2q,, is the distance between the last particle and the last peak.

We then define the set Q. by

and the operator Qa :=Rg =3 q. Os(7)-

Houcine Ben Dali Path operators 11 /24



Operators .AgL )

If G(2) = ug + w1z +ug2? + ... (with up = 1) we define

A(él) = Z Uaq -+ U, Qou

OéE(ZZ())"

defined as formal power-series in the variables u;.

— the series of all path operators of degree n with an extra weight wu; for two
particles separated by distance i.
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Operators .AgL )
If G(2) = up + w1z +u22® + ... (with up = 1) we define
.A(C?) = Z Ugy -+ Ua,, Doy
a€(Zzo)™

defined as formal power-series in the variables u;.
— the series of all path operators of degree n with an extra weight wu; for two
particles separated by distance 1.

Example: When G =1, A(ln) = D,.

: (n)
Paths corresponding to the operator A"’ .

Houcine Ben Dali Path operators 12 /24



Operators .AgL )

If G(2) = ug + w1z +ug2? + ... (with up = 1) we define

Ag}) = Z Uaq -+ U, Qou

OéE(ZZ())"
defined as formal power-series in the variables u;.

— the series of all path operators of degree n with an extra weight wu; for two
particles separated by distance i.

For any partition A = (\q,..., ), define
ag.a = A81) .A (Aen))

Fact: The family (ag x)x is a basis for the space of symmetric functions.
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Operators .AgL )

If G(2) = ug + w1z +ug2? + ... (with up = 1) we define

Ag}) = Z Uaq -+ U, Qou

a€(Zxo)"
defined as formal power-series in the variables u;.
— the series of all path operators of degree n with an extra weight wu; for two
particles separated by distance i.
For any partition A = (\q,..., ), define

A (A
agx = .A(Gl) .A )

Fact: The family (ag x)x is a basis for the space of symmetric functions.

Define b,y as the dual basis of ag » with respect to (., .)..
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Main result

Theorem (BD-Bonzom-Dotega)
Fix G = G1/G2. For any n > 1 we have

AG(X) 76X, 7) = (A D)) 7a (X, 7).

Moreover,

Z aGl, bG2, (Y)
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Main result

Theorem (BD-Bonzom-Dolega)
Fix G = G1/G2. For any n > 1 we have

AR (X) 76(X,Y) = (AL (W) 7e(X,Y).

Moreover,

Z ey A (X)ba, A (V).

When G = 1, this corresponds to the Macdonald Cauchy identity.

Houcine Ben Dali Path operators 13 /24



Idea of the proof:

Construct the path operators from simple operators which act nicely on
power-sums and on Macdonald polynomials in the same time.

Theorem (Pieri rule, Macdonald "96)

For any A,
q 8 _ Z d)\,ILH(‘Lt)

A

where the sum runs over partitions A obtained from p by adding one cell.

14 /24
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The Macdonald operator:

Do =" hy[- X]hif [MX]
k>0

Paths corresponding to the operator Dy.

Theorem (Macdonald '96, Garsia-Haiman—Tesler '99)

Dy H®Y = ( — MY (D )H(“)

Oex

Macdonald polynomials are the unique functions satisfying this property up to
normalization.
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Commutators

hy - HOD = 37 e,
A

Do-flf\q’t):< — MY cgu(D )HW).

oex
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Commutators

hy H(q 8 _ Z dA’“H ot
A

Dy - ﬁiq,t) — ( - M Z th ) H(q t)

oex

We commute iteratively these operators in a specific way.

[A,B]:=A-B—B-A.
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Commutators

q’t) Z d’\"‘H(q t)
A

Dy - ﬁg%t) — < - M Z ca. t ) H(q’t)

DeX
We commute iteratively these operators in a specific way.

[A,B]:=A-B—B-A.

Example:
[hlvDO] q t) _ =M Z <Z cq, t Z th ) d)\,NH(‘Lt)
A \Dep oex
=M ey (u/N) dHHEY,
A
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Commutators

H(q t) _ Z dA’”H q,t)
A

Dy - E/Ig\qit) — ( - M Z ca. t ) H(q’t)

oex

We commute iteratively these operators in a specific way.

[A,B]:=A-B—B-A.

Example: i
o N
[[[h1, Do), Do, Dol -H™ = M* > (cq0 (11/ )" d+ H Y,

k times A
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The first commutation relation (one particle paths)
The case a = (n).

2 4 6 8

One particle alternating path in Qs.

Theorem (BD-Bonzom—-Dolega)

For anyn >0,
1
= — |D .
Qn+1) i [Do, Q(n)]

As a consequence,
—1
= —— Dy, |Dqg,...[Dg,h
Q(n) Mn [ 07[ 0, [ 05 1]]]

n+1 times
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The first differential equation
Theorem (BD-Bonzom-Dolega)
For any n >0,
Qnt1) = % [Do, Qmy] -
As a consequence,
Do, Do, ... [Do, ]

n+1 times

Qn) =

Houcine Ben Dali
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The first differential equation
Theorem (BD-Bonzom-Dolega)
For any n >0,

1
Q(n+1) = M |:D07 Q(n)] .

As a consequence,

Oy = = L (Do, [Do, .. . [Do, ha]]]

n+1 times

AL = Qo + Z UnQ(n)-

n>1

= AG - H"Y = N Glege (n/N) dM*HY
A
We obtain the first differential equation

AR(X) (X, V) = (ADM)) - 76(X,1).

Houcine Ben Dali
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The second commutation relation

Theorem (BD-Bonzom—Dotega)

For any a = (a1,...,an) € (Z0)"
1
Y. Q=77 D [Qaaw—l, an(l),...,aa(nfl)] :
O'GGn UEGn

where J(a) = (aa(l)v OO 7aa(n))7 and Q_y = —hy.

Houcine Ben Dali
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The second commutation relation
Theorem (BD-Bonzom—Dolega)

For any a = (a1,...,an) € (Z0)"
1
Y Qo= i > [Qaa(n)fl, Qoryye@ono1) | 2
O'EGn Ueen

where (@) := (Qg(1)s -+ Ag(n)), and Q_1 = —hy.

As a consequence, for any power-series GG, we have

At = A48,

By induction on n, we obtain the higher order differential equations:

AL (X) 7a(X,Y) = (AZ (D) 7e(X,Y).
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Connection to the Shuffle algebra and Negut elements

A vertex operator formula:
Proposition (BD-Bonzom—Dolega)
For any B € (Z>0)*,

D(z1) - D(2e)
[T (1 - gtzipa/z)

Rp = [21" "'Zeﬁe]

where
‘ D(z)= Y 2™ "hm[-X]hy[MX].

m,n>0

Proof: Induction on /.

Houcine Ben Dali Path operators
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Connection to the Shuffle algebra and Negut elements

The shuffle algebra S is the graded algebra S = ®,,>05,, where Sy = Q(g, t),
and for n > 1 an element F of S, is of the form

Flatyeoiz) = frnzn) ] 2 = 2j

\<idien (B az) (2 = )]

where f(z1,...,2,) is a symmetric Laurent polynomial which satisfies the wheel
condition.
Z1 29 Z3 1
f(z1,...,2n) =0 whenever —, =, = =19q,t,— ;.
2o 23 21 qt
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Connection to the Shuffle algebra and Negut elements

The shuffle algebra S is the graded algebra S = ®,,>05,, where Sy = Q(g, t),
and for n > 1 an element F of S, is of the form

P
F(z1,...y20) = f(21,.. ., 2n) L ,
o ! 191;19 (2i — q2) (2 — t25)
where f(z1,...,2,) is a symmetric Laurent polynomial which satisfies the wheel
condition.

The shuffle algebra S is equipped with the following product: for
FeS,GeS,,then FxG € S, ., with

1 n nt+m
(F*G) (21, 2ntm) = Y Sym (F(zl, vy 2n)G(Zng1s - Zngbm) H H w(Zj/zi)) ,

i=1j=n+1

where Sym denotes the symmetrization with respect to the variables
Z1y .-y Zntm, and

(1-2)(1—qtx)
(1 —qz)(1—tx)

w(x) =
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Connection to the Shuffle algebra and Negut elements

Negut elements: Negut '14 introduced a family of elements indexed by
B ezt
21—51 . Ze—ﬁe

-1
[Lioi (U= qtziva/z) 1 i<

Xp(#1,...,2¢) == Sym

w(z;/2:) €Sy
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Connection to the Shuffle algebra and Negut elements

Negut elements: Negut '14 introduced a family of elements indexed by
B ezt

—p1 —Be
Zl .--Ze

Xp(#1,...,2¢) == Sym v
[Tz (1 = qtziva/2) 1<i<j<e

w(z;/2:) € 5.
The shuffle algebra acts on the space of symmetric functions through the

representation F'+— F where

H1§i<j§nw(zj/zi)'

Fo=[020)F(z,...,2n)

Theorem (BD-Bonzom-Dolega)

For any B € Z*, we have R
Xp =Rp.
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Connection to the extended delta conjecture
Let IIg be the operator on symmetric functions defined by

Mg - H"Y = 7Y [T Geqe(o).
oex

Reformulation of the main result: for G = G1/G2, we have

Ilg - Aglz) -Hal = A(C?l), for n > 1.
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Connection to the extended delta conjecture
Let IIg be the operator on symmetric functions defined by

Mg - H"Y = 7Y [T Geqe(o).
oex

Reformulation of the main result: for G = G1/G2, we have
Ilg - Aglz) -Hal = A(C?l), for n > 1.
Define the operators Ay, and A, by their generating series:

H1+uz = ZunAen, H(l_vz)—l = ZU”A}M.

n>0 n>0
n

Define also A’en = Z(—l)iAen,i.
i=0

The extended Delta conjecture (Haglund—Remmel-Wilson ’18), proved by
Blasiak—Haiman—Morse—Pun—Seelinger ’23, states that
AhlA/ek €n

is positive in the monomial basis and counts Dyck paths with some weights.
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Connection to the extended delta conjecture

Theorem (BD-Bonzom—-Dolega)
Fix three integers 1 > 0 and 0 < k < n.

We have
()" A AL, e = ) Y. Reprwpy 1=F1,
IBeZI;-gl—l’ﬂle{O’l}k-%—l—l’
|Bl=n—k 18"|=t
where

21 2l _ _
F := Sym <Hl+k1 3 hn—k(21, ..., zK+1)e1(2g 17"'7Zl+1k) H w(Zj/zi)) .

im1 (L —qtzig1/z) D

o

Idea of the proof: Write (—1)"e, =D, -1 = Aﬁ”).
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