Math 53 Homework 8 — Solutions

15.3 # 11: D is the right half of the circle of radius 2 centered at the origin. So

—ac — /2 2 —r? 1,—r2 2 1 —4 m —4
v dA = e " rdrdf. Inner: [—56 } = 5(1—e%). Outer: ~(1—e 7).
—n/2Jo 0 2

15.83 # 13: R is the portion of the annulus 1 < r < 2 in the first quadrant below the line
y=ux,ie 0<6<m/4. Also remember that arctan(y/z) = 6. So

w/4 p2 w/4 w/4 2
// arctan(y/z) dA :/ 0 rdrdd :/ [%07“2]3610 :/ 30d0 = [3 QQ]WM _ 3T .
R 0 1 0 0 64

15.3 # 15: One loop corresponds to a maximal interval of 6 values for which r = cos 36 > 0,
for example —% < 6 < &. Thus the area is

w/6  prcos30 /6 /6 /6 T
/ / rdrdf = / +c0s°30 do = / 1(1+cos60) df = [ + 5;sin60]" " = —.
/6.0 —n/6 —x/6 i 12

15.3 # 25: The cone z = \/22 + 2 intersects the sphere 22 + y? + 22 = 1 when 22 + 3% +

(Va2 +y2)2 =1, or x2+y2:%. So

21
V= / (\/1—m2—y2—\/x2+y2>dA:/

o Jo

22492<1/2

—271']1/\[ 1 —r2—r?)dr=2n [ %(1—1“)3/2—%7“3](1]/\/5:%(2—\/?).

1/V/2

(ﬂ—r) rdrdf =

15.3 #31: f1/2 f\f xy 2dx dy: the region of integration is the portion of the disk

22 + 942 < 1 where x > /3y and y > 0, i.e. between the x-axis and the line y = x/+/3.

1/2ff ry? do dy = W/Gfo (rcosf)(rsin®)rdrdf = ﬂ/6 07"4sm 6 cos 6 dr db.
Inner: %7"5 sin 90059‘0 = %sin 0 cos .

Outer: % foﬂ/G sin? 0 cos @ df = 1—15 sin? 9’3/6 = ﬁ.

15.3 # 40: a) Using polar coordinates: [ [z, e~ @ +y%) gA = f I e T drdf =

=2m [}° re™" dr = 2r [—%e_TQ]O =2r(0+ 1) =

Or, to be more rigorous, we integrate over the disk D, and take the limit as a — oo:
[fp, e @ dA = [77 fi e rdrdf = 2m [~ 3o ﬂzzm_e—aﬂ.

The result then follows, since lim 7r(1 —e”
a—r0o0

b) ff e (@) gA — fila fila €7x267y2dy do — (ffa 6712d$> <fila efyzdy).
Sa
Taking the limit as a — oo on both sides, we deduce:

= [Jpe e (@) gA = (f_oooo e*‘Ede) (ffooo e*yzdy).

) =m.



c) Since ffooo e*yzdy = f_oooo e dx (the name of the integration variable is irrelevant), the
2

result of (b) becomes: ( I e’ dx) = 7. Taking the square root (and observing that

e™** > 0 for all z so the integral is positive), we get' foo 2 g = .

d) Letting z = ¢/v/2, we have [*_ e da e~ t/2 dt. Hence, /7 =

Equivalently, [ e t/2 dt = \/27.

© o=t?/2 gy

= % 7¢ 755

15.4 #10: m = [[,pdA = fW/Q OCOSI dydx = [" /2 [lyQ]COS“"d fj/Z%COSQxdx:

/2 r/212
= fﬂ7/j2 1(1 4 cos2z)dz = [3z + 4 sin 2z] /:/2 =7
T = %ffDCUPdA f7"7/32 Ocosxxydyda: — 4 f71'7/32 1:Ey ]cosmdm _ 2 fﬂ7{32$COS o

by parity (x cos? z is an odd function). In fact, the symmetry of D and of p about the y-axis

implies readily that £ = 0.

y= %fnypdA f7r7{32 OcoszyQ dydx— fﬂ7/32 3y cosxdm_ 4 f ﬂ_/ZCOngdJ}:
=3 fﬁQ(l—sinQ:B)cosmda:: % [Sinw—%511[13@"]_/”2/2 = %((1— g) — (—1-1-%)) = %,
15.4 #12: p(x, y) =k(2® +9?) =kr’, m ﬂ/z fo kr?rdrdf =73 fo krd dr = Zk.
=2 ffa:pdA ﬂ/2f0 (rcos®) (kr? )rdrdG—l ﬂ/Q[ kr® COSH]T:() do =

—m5 O””cos@dﬂ—i/‘r’g[smﬂﬂ/2 57r
= [[ypdA= W/2f0 (rsin @) (kr? )rdrd&— —fﬂ/Q[ kzr%in&}ié do =

= 1 k Oﬂ/zsinﬁdﬁ— k//‘r’s[ CoS H]W/ 57T

(Note. Z =y by symmetry: the lamina and the density are symmetric about y = x.)
Moments of inertia: I, = [[,y? pdA = fW/Z fol r2 sin? 0)(kr?) r dr df = W/2 [krC sin 9] o
= 1kf7r/281n 6do = 1kfﬂ/2 L(1—cos20)df = Lk [§ — fsm29r/ = ook
I, = [[pa?pdA = fﬂ/2 (12 cos? 0)(kr?) r dr df = 0”/2[ Er© 00829] df = 1kf7r/200529d6
— Lk [T 1(1 4 cos26) df = 1k [§ + Lsin26]7% = Zk (= I, by symmetry).
Io=[[pr2pdA= [T [l r2(kr2)rdrdf = T [Lkr®)) = Sk
(Or: recall Iy = I, + I, so using symmetry I, = I, = %IO.)

15.4 #28: a) f(x,y) > 0, so f is a joint density function if [[g. f(z,y)dA = 1. Here
f(z,y) = 0 outside of the unit square, so we just need to compute fol fol flz,y)dyds =

fo fo 4a:ydydx_f0 [Qxy] dx—fo 2xd$—[ ](1):1.

b) (i) The region where z > 1 corresponds to the right half of the unit square (recall that
X and Y only take values between 0 and 1).

So P(X > %) = f11/2 fol dry dy dx = f11/2 [229°] yil dr = f11/2 2vdr = [952}1/2 =1

2

1/2 x z
i Px>Liv<i f1/2 1/24xydydx—fl/2 [22y%] / da;:fll/dia:: {T

c) = [fgex f(z,y)dA = fo fo x(4zy) dy dx = fo [222y?)} dx = fo 222 dx =
ffRny x,y)dA = fo fo (4xy) dydx—fo 3:1:y dx:fo ga;dx:g.

J, =
12 16
2
3°

2



Problem 1:
2
1 1 ,7a 2
7ra2 /rrdrd0—27r[3 } :§a.

b) (Using the setup suggested by the hint, so the circle has polar equation r = 2a cos 6):

1 1 w/2 2a cos 6 1 /2 1
Average distance = // dA = —; / r2drdf = —; / —(2acos 6)3 db
Area J J, wa? 3

a2 —7r/2 —/2

a) Average distance =

3 /2 w/2
_ 8a 5 / cos® 0 df = Sa (1 —sin?#) cos f df = (substituting u = sin §)
3ma —7/2 3 —7/2

8a 8a 1.1 8a 2 2 32a
— 1— 2 du = — .3 el S S - 2=
37 ) L) du=g2 [“ 3“]1 -3 3 =57

Problem 2:
w/2 rsin26 sin 20
a) Area = / / rdrdf. Inner: [%’FQ] . = 3 sin? 26).

2

w/2 x/
Outer: %/ %(1—00840)d9:%0—1—1651n460 =z
0

b) By symmetry the centroid must be on the diagonal line y = x, so calculating Z is enough.

1 w/2  psin26
Aren / / rcos@rdrdf.
0 0

'i. =
sin 20
Inner: %7‘3 cos 6] = %sin?’ 20 cosf = %(2 sin 6 cos 0)3 cos = %sin?’ 0 cost
0
= %sinﬁcos4 0(1 — cos? ) = %sin 6(cos* O — cos® 9).
C8(_ 1o Loy 811y _ ~_ 816 _ 128
Outer: g(—g cos” 0 + = cos 9)}0 = g(g — 7) = 105 Therefore T =y = ~ 105 = 106n"
0
15.9 #15: GEZ:Z; = ‘ ? ; ’:3, and z — 3y = (2u+v) — 3(u + 2v) = —u — Hv.

To find the region S in the uv-plane that corresponds to R, we first find how the boundary
maps under the given transformation. The line through (0,0) and (2,1) is y = $a; so it
corresponds to u 4+ 2v = $(2u + v), which simplifies to v = 0. The line though (0,0) and
(1,2) is y = 2x; this corresponds to u + 2v = 2(2u + v), which simplifies to u = 0. Finally,
the line through (1,2) and (2,1) is z +y = 3, which becomes (2u + v) + (u + 2v) = 3, which
simplifies to u + v = 1. So S is the triangle in the uv-plane bounded by the lines u = 0,
v=0,andu+v=1 (e v=1—u).

Therefore [[,(z — 3y) dA = fol 01_ —u — 5v) |3| dvdu = 3f0 (u + 5v) dv du.

5

2

—Uu

)
Inner: fo (u+5v)dv = [uv—i—évz]o =u(l—u)+3(1—u)? =3u? —du+
Outer: —3f0 Su? —du+ 2)du= -3 [{u® — 2u® + %u]é =-3.
oz, y) | /v —u/v?
o(u,v) | 0 1

Since xy = u, the hyperbolas xy = 1 and xy = 3 correspond to the lines u = 1 and v = 3
respectively. Moreover y =r & v =1 & v =wu,and y =3z & v = 3u & v? = 3u.

15.9 # 19:

= —. The integrand is zy = u.
v

Since we are in the first quadrant, ¥y > 0 so v > 0. Hence the region of integration
corresponds to /u < v < v3u, 1 <u < 3. Thus



3 V3u g 3 3
// :cydA:/ / udvdu:/ u(ln\/?)u—ln\/ﬂ) du:/ uwnv3du =
R 1 JVau v 1 1
= [%uz]i’ln\/gzéllnx/g: 21n 3.

8(uv):’ 1 -2 ‘:5 “ a(x,y):
) |3 -1 | =% 5w v)

With this change of variables, R is the image of the rectangle 0 <u <4, 1 <wv < 8. So
—2 1/ [ 8 d 1 [u2] 8
// ydA //dvdu— /udu /” S [lnv} _ s,
5 0 1 v 5 2 0 1 5

Problem 3: u = xy, v = y/2: so uv = y* and u/v = 22, which gives 22 + y? = uv + u/v.
0 2
The Jacobian is (u,v) =Y = Y 2 A 0.
Uy Uy —y/x® 1/x x

A(z,y)
2y T
Thus dudv = |—=| dxdy, and de dy = |—| dudv = —dudv
x 2y 2|v|
Limits of integration: 0 < zy < 1, 1 < z < 2. In ww-coordinates, the first inequality
becomes 0 < u < 1; and the second one becomes 1 < z? = u/v < 4, or equivalently
v < u < 4v, which means that v < u and v > %u. So

[ st [ [ (s 2) hovam [ (5 ) o
=A{f—%]u/4du=ﬁ(<§u2 5) - (57 —2))du

A R R E IR o

1
15.9 # 23: Let u =z — 2y and v = 3z — y: then —.




