Math 53 Homework 12 — Solutions

16.7 # 16: In terms of the spherical angles ¢ and 6, we have
dS = 12sin¢d¢df (cf. Example 10 in 16.6; the radius of the
sphere is 1); and y? = (sin ¢ sin §)2. The portion of sphere we are
considering corresponds to 0 < ¢ < 7/4 (see picture). Hence
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16.7 # 18: Parametrize the cylinder by y = y, x = cost, y =y, z = sint: then dS = dy dt
(either by calculating |7, x 7| = |{cost,0,sint)| = 1 or by geometry). The surface S
corresponds to 0 <y <2 and 0 <t < x. Then
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// r+y+z)dS = / / cost+y+s1nt)dtdy—/ (ry+2)dy = [27Ty +2y} =2m+4.
0

16.7 # 23: ﬁ(az,y, 2) = (zy,yz, zx), and since z = g(x,y) = 4 — 2% — y?, for the upward
orientation we have dS = (—g., —gy,1) de dy = (2x,2y, 1) dz dy. Hence

I/s F.dS = [[s(222y+2y*2+x2) da dy = fol fol(2x2y+2y2(4—m2—y2)+x(4—x2—y2)) dy dzx.
Inner: [ —2y*+ (8222~ )y2+2x2y+(4:c—:c3) dy = —%+1(8—2w2—m)+x2+(4x—x3).
Outer: fol(—x3—1— P Hr+ ) de=—F+5+ 5+ 5% = 5

16.7 #24: F = (—x,—y,2%), and since z = g(x,y?pz V22 + y2, with the downward

, ,—1)dx dy.
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Moreover, the surface S lies above the annulus 1 < /22 + y? < 3 in the xy—plane (since
the cone intersects z = 1 and z = 3 along circles of radii 1 and 3). Hence
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(using: z = r everywhere on S). Inner: [—1r% — %rf’]i’ =—2(27-1)— }(243 - 1) = - 8%,
Outer: 27 - =226 = —17127/15.

orientation we have dS = —(—gs, —Gy, 1) dx dy = (

16.7 # 26: The normal vector points radially inwards, i.e. it is negatively proportional

to (x,y,z). Since |(z,y,2)| = /22 +y%2+ 22 = 2 on S, we have i = —%(w,y,z>. Hence
F.h= (y, —x,22) - (f%(x,y, z)) = —22,

We parametrize the spherical surface using the angles ¢ and 6 (upper half: ¢ < 7/2,
0 < 6 < 27), so that —22 = —(2cos ¢)? and dS = 2 sin ¢ d¢ df. Hence
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We calculate: ffsﬁ -ndS = —327 fOF/Q cos? ¢sin ¢ dp = —32m [—cos>¢] g/Q = —327/3.

16.7 # 29: F = (x,2y,3z). We integrate separately over each of the 6 faces, noting that
they are squares of side length 2 and area 4.

efront (t=1): i=1s0 F-i=x=1,and [[F-dS = [[1dS = area = 4.

eback (z=—-1):fi=—1s0 F-fi=—2=+1,and [[F-dS = [[1dS = area = 4.
oright(yzl):ﬁ:j,soﬁ n=2y=2, andffF ds = [[2dS = 2area =8.

eleft (y=—1):fi=—j,s0 F fi=—2y=+2 and [[F-dS = [[2dS = 2area = 8.
etop (z=1): =k so F-i=32=3,and [[F-dS= [[3dS = 3area = 12.

e bottom (z = —1): i = —k, soF-n:—3z:—|—3 andffF-dS—ff?)dS:?)area:lQ.
Summing, the total ux1sffs dS =4+4+8+8+12+12=48.

16.9 #2: divF = 0+ 22 + 82 = 10z, so

fffEdideV:fffElode—f fo f (102) r dz dr d6.

Inner: [5r22]%, = 405 — 5. Middle: [4%572 — 576]% = 1215. Outer: 2430r.

Next, we calculate the flux directly. Let S; be the surface of the paraboloid z = x? + /2
(22 +y? < 9), oriented downwards, and S the top face, i.e. the disk of radius 3 in the plane
z =9, oriented upwards.

On Si: the surfaceis z = g(z,y) = 2°+y2, so ds = —(—Yz, —9y, 1) dz dy = (22, 2y, —1) d dy.
I/s, F.dS = ffs 223,29z, 42%) - (22, 2y, —1) dz dy = ffsl(2$y223 + 4y?z — 422) dx dy
= 0 fo (2r cos O(rsin 0)%(r?)3 + 4(rsin 0)%r2 — 4r*) r dr d
fo (2r19sin% 0 cos O + 4r° sin? @ — 475) dr df.

Inner: [Zr! sin? @ cos 6 + Zr5(sin?  — 1)]3 = 2131 sin? @ cos § — 2.3% cos? 6.
27
Outer: 2” 2131 sin? 6 cos —243(1+4-cos 20) df = [ 11 % sin® g — 243(0 + %sin 29)}0 = —4867.

On S: the normal vector is i = k, and F - = 422 = 4.92 = 324, so ff32 F-idS =
[[s, 324 dS = 324 area(S2) = 324 - 91 = 29167.
So the total flux is —4867 + 29167 = 24307, in agreement with the first calculation.

16.9 # 3: divF = 1, so fffEdivﬁdV = fffEldV = volume of ball = %7#13 = 2567/3.

To calculate [[¢ F - dS: the normal vector to the sphere of radius 4 is i = 1(z,y,z)
(pointing radially outwards), so F.i= i(z,y,az) Az,y,z) = %xz + in. Parametrizing S
by the spherical angles ¢ and 6, we have x = 4sin¢cosf, y = 4sin ¢sinf, z = 4cos ¢, and
dS = 4%sin ¢ d¢ df. Hence
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// F.hdS = / / < (4sin ¢ cosf)(4 cos @) + 4(4sin¢sin9)2> (16 sin @) d¢ db
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= / / 128 sin? ¢ cos ¢ cos 0 + 64 sin® ¢ sin” 6 d¢ df
o Jo
2 T 2 ™
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Since fo% cos 0 df = 0, the first term is zero; while f027r sin? 0 df = 027T(
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and [ sin®¢dg = []'(1 — cos®¢)singdg = [—Coscb—kécos?’qﬁ]g =2-(-%) =43, 50
[[¢F-1dS =647 3=256m/3.

16.9 # 7: div F= 3y? +0+322, so using (rotated) cylindrical coordinates with y = r cos 6,
z=rsinf, z = x we have: [[(F-dS = [[[,(3y* + 32%)dV = fogﬂ fol le 3r¥rdrdrdf =

3(JZTd0) ([ r¥dr)([?, dx) = 3(27)(1)(3) = %£.

16.9 #11: div F = 622 + 3y® + 3y = 6(2> + y2), so [[¢F -dS = [[[,6(2> + ) dV =

027r fol 01_72 6r2rdzdrdf = 027r fol 6r3(1 —r2)drdf = 27 [%r4 — 7”6]1

0:7T.

Problem 1. a) North of 38° N is 0 < ¢ < ¢, where ¢¢ = (90 — 38)7/180 radians.

027r f0¢0 sin ¢ d¢do _ f0¢0 sin ¢ do _ - oS o — (_1)
2T [Tsing dgdo o sind dg 5

~ .192.

About 19.2 percent of the Earth’s surface is north of Berkeley.
b) First take the average of ¢:

ST STy ésing dgdo
¢ = 2T rm . =m—1
0 fﬂ/Q sin ¢ d¢odf

because f;r/Q sin¢ d¢ = 1, and, by integration by parts,

/7r7/r2q§sin¢d¢— —/7r7/r2(—cos¢)d¢+(—cosqb)¢ :/2 —7r+/7r7/r2(:os¢dq§—7r— 1

Thus ¢ = m — 1 radian and the average latitude is 32.7° S. The closest large cities are
Santiago, Chile (33.4° S) and Perth, Australia (31.9° S).



