Math 53 Homework 10 — Solutions

16.1 #11: ﬁ(:c, y) = (z, —y) corresponds to graph IV. In the first quadrant all the vectors
have positive z-components and negative y-components, in the second quadrant they have
negative x- and y-components, etc. Also, the vectors get shorter as we approach the origin.

16.1 #13: F(z,y) = (y,y+2) corresponds to graph I since the vectors are independent of
x (the vectors along horizontal lines are all identical) and, as y increases (towards the top
of the diagram), both the z- and the y-components get larger.

16.1 # 18: ﬁ(aj,y,z) = (x,y, z) corresponds to graph II: each vector ﬁ(x,y, z) has the
same length and direction as the position vector of the point (z,y,z), and therefore the
vectors all point directly away from the origin.
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= (z,y,2)/v/2? + y? + z2. This vector has the same direction as (x,y, z) (= position vector
of the point (x,y, 2)), so points directly away from the origin (“radially”); while its magni-

tude is (22 4 y% + 22)"V?|(z,y,2)| = 1. So Vf(x,y,2) is the unit vector in the direction of
(x,y, z) (pointing directly away from the origin).

16.1 #31: f(v,y) = (x+y)* = Vf = 2@ +v),2x+y) = 2z +y)(i+]). Soall
the vectors are parallel to 1+ J; they vanish on the line z +y = 0 (or y = —z), and their
magnitude increases with the distance to that line. This corresponds to plot II.

16.2 #1: z =t2 and y = 2t, so/yds—/ 2t/ (E)2 + (%)2dt = / 2t \/(2t)2 + 22 dt
4
/4t\/t2 1dt = [ t2+1)3/2] :5(103/2— 1).
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16.2 # 3: Parametric equations for C' are x = 4 cost, y = 4sint, —5 <t < 5. So
Jozytds = f:/52(4 cost)(4sint)t\/(—4sint)2 + (4dcost)2 dt = fﬂ/% 48 costsint t dt =
_ 46 T2 _ 2,6 _ 23 _ 8192
49 [gsin®e] T, = 54° = % = 5.

16.2 #17: (a) Along the line x = —3, the vectors of F' have positive y-components; since
the path goes upward, the integrand F.Tis always positive. So fCl F.di = fCl F-Tds>0.
(b) Along the circle Cy, the field vectors are all pointing in the clockwise direction, i.e.,
opposite the direction of the path. So F.T< 0, and therefore fcz F.di = f02 F.Tds < 0.

16.2 #20: z =t y =13, 2 = —2t, so do = 2t dt, dy = 3t>dt, dz = —2dt. Hence
/ F.di = /(x—l—yQ)dx—l—;vzdy—l—(y—i—z)dz
C C
2
_ / (12 4+ 19)(26) dt + (—26%)(382) dt + (5 — 2t)(—2) dt
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= /(4t—6t5—|—2t7)dt:[2t2—t6—|—tg] =23 204 “98 —g
0 4 |, 4

16.2 # 32: (a) We parametrize the circle C by: x = 2cost, y = 2sint, 0 < t < 27. So
dxr = —2sintdt, dy = 2costdt, and
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(b) The vector ﬁ(w, y) = 221+ xyj = x(2i + yj) is parallel to the position vector xi + yj of
the point (z,y), so it always points in the radial direction (straight away from the origin if
z > 0, towards the origin if # < 0). (This can be seen on a plot). So, at every point of the
circle C, the vector F (z,y) is perpendlcular to the circle, hence the field does no work on
the moving particle. In other words, F-T=0at any point along C, and so fc F.di =0.

16.2 # 42: The line segment from (2,0,0) to (2,1,5) has parametric equations z = 2, y = t,
z =5t for 0 <t < 1; also, F = K7/|f]> = K(a® + y*> 4+ 22)~%/%(x,y, 2). So:

/F dr_/Ka:dx—i-ydy—i-zdz_K/ 0)dt + (t)(1) dt + (5t)(5)dt _
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Problem 1: / F.dr= / (%y + —y3) dx = / (a:Qf(:z:) + ff(:c)?’) dr, and
c c 3 @ 3
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These two integrals are therefore equal.

16.3 # 7: a%(yex + siny) = e* + cosy = 8 ~—(e” + wcosy), and F is defined in the entire
plane (simply connected), so Fis Conservatlve. So there is a function f such that Vf = ﬁ,
ie. f = ye® +siny and f, = e* + xcosy.

Integrating with respect to z, f,(x,y) = ye* + siny implies f(z,y) = ye* + xsiny + g(y)
for some function g(y); differentiating both sides of this equation with respect to y gives
fy = e +xcosy+ g (y). Thus we should have ¢'(y) = 0, and g(y) = c is a constant. Hence
flx,y) = ye® + xsiny + c.

16.3 #15: a) fu(z,y,2) = yz implies f(x,y,2) = zyz + g(y, 2), and so fy(z,y,2) =
zz + gy(y,2). But fy(z,y,2) = xz, so gy(y,z) = 0, and (integrating with respect to y)
9(y,2) = h(z). Thus f(x,y,2) = zyz + h(z), and f.(z,y,2) = 2y + h'(2). But f.(z,y,2) =
Ty +2z, so h'(z) = 22, and hence h(z) = 22 +c. Thus (taking ¢ = 0), one potential function
is f(z,y,2) = zyz + 22

b) By the fundamental theorem, fcﬁ -dr=f(4,6,3) — f(1,0,-2) =81 -4 =177.

16.3 #19: (2xe V) = —2ze™Y = 8%(23; — x2e7Y), and these quantities are continuously
dlfferentlable 1n the whole plane (simply connected). Thus the line integral [, 2ze™¥ dz +
(2y—2%e7Y) dy is path-independent and can be computed using the fundamental theorem for
line integrals. We first determine a potential function f such that Vf = (2ze™Y,2y—x%e~Y).



The equation f, = 2xe™¥ implies that f(z,y) = x%e™¥ + g(y) for some function g(y).
Hence f, = —2%e™¥ + ¢/(y) = 2y — %Y, and so ¢'(y) = 2y, ie. g(y) = y*> +c. Thus
f(x,y) = x%e™Y + y? is a potential function. Therefore, given any path C from (1,0) to
(2,1), the line integral is equal to f(2,1) — f(1,0) = (de=t +1) — 1 = 4e L.

16.3 # 25: We know that if the vector field (call it F ) is conservative, then around any
closed path C' we must have fC F.dr =0. However, take C to be a circle centered at the
origin, oriented counterclockwise. Then all of the field vectors along C' point forward (have
a positive tangential component), so fc F - di > 0. Therefore the field is not conservative.

Problem 2. a) For 6(z,y) = tan™!(y/z):
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b) Because 0(z,y) = tan~'(y/z) is well-defined in the right half-plane (z > 0) and F = V0,
the fundamental theorem for line integrals implies fC F-dr =0(xz2,y2) — 0(r1,y1) = 02— 6.

C)/ ﬁ-df:/ —yclzaz+5;dy:/7r (—Sine)(—;ine).-f—2COSHCOS¢9de:/‘ﬂda:ﬂ-.
i o, 2ty 0 cos? 0 + sin” 6 0

- 0
Similarly, F.dr= / do = —/ df = —m.
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(Or geometrically: length(C}) = length(Cy) =m, F-T =1 o0on Cy; F-T = —1 on ()

d) F'is defined everywhere except at the origin, but is not conservative over its entire domain
of definition. Indeed, the two line integrals computed in (c) both run from (1,0) to (—1,0)
but they are not equal, so path-independence fails. On the other hand, F' is conservative
over the half-plane z > 0, where F = V6 and the fundamental theorem of calculus gives a
formula for the line integral involving only the values of 6 at the end points (as seen in (b)).

Note: even though P, = @Q, at every point where F is defined, we cannot conclude that
F is the gradient of a well-defined potential function everywhere! This would only be true
if I were defined over the entire plane (or more generally, a simply connected region). In
fact, we can find a potential function for F over smaller regions such as the right half-
plane x > 0 (namely, the polar angle §). However, if we consider the entire plane with
just the origin removed, the polar angle coordinate € is not well-defined as a single-valued
differentiable function: its value “jumps” by 27 as we go around the origin. This is what
causes conservativeness to fail.

Problem 3: a) If F = r"(zi+ yj) = Pi+ Qj then
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(Recall 7 = /22 + 32 gives 1, = ——— = = and similarly r, = 2.)
T

il
Vai+y? T
b) If g = g(r), then g, = ¢'(r) % and g, = ¢'(r) % (by the chain rule).
g'(r)

So Vg = (x1+yj). We must find g such that ¢/(r)/r =", i.e. ¢'(r) = r" L.
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Two cases: n # —2: g(r) = ) P2, n=—2: g(r) =In(r).
n



