N

v in the form of the postulate which in the literature on the WM#OH%
of mathematics is sometimes termed the postulate of m“u .oMEw
(with regard to two unequal magnitudes @ and b{a<b) Ha Hma MM@
gumed that there exists a aumber # having the H.Howmw v :
n-a>b). But on this postulate are based both the whole t _MNHM c_p
- proporfions of Euglid V, which Archimedes makes use of m&. iy Mﬁm
his work, and Euclid's lemma (X, 1) about ﬁ.ro continued die oWoHM ;
of & magnitude, also regularly used by Archimedes. Why gwﬂ 8 H.o !
he have formulated it onece more in a separate assumption oH.a-
magnitude appearing as the difference cmﬁﬂmmu two other mag
ﬂ .
aﬁ%ﬂm sctual meaning, however, becomes Em&w when it .wm oaumﬁMmMMw
that in Greek mathematics there existed, side by side .ﬁﬁ.& H e
strict and official method of the gm&.daw passage to 2 E«&y. m 20
the less strict, but heuristically more fertile Emﬁwo@ of Emddwﬁ@ omm
and that Archimedes himself &mmmﬁﬂuﬂ. used it as a metho Om
investigation'). In this method a solid is Hmmwu@m@.mm apo. mﬁwﬁgo
plane sections, & surface as the sum of Emm, while m&.&mo inclu ﬁmmw
the view of a curve as being generated by Hﬁﬁm@wm&ob omdﬁoup S3
this might easily suggest the idea that thus the difference Maﬂmmwp
two solids might be a surface, that dmiq.mowu two surfaces & WSW h.
" We may ignore the guestion whether this idea was ever app mm. in_
practice. But it is in any case understandable that Archimedes,

now that he is about to prove his ummﬁ_ﬁm.mwioﬁ.uﬁ with the Emwu.mm a
method the essential foundation of which is H.H.m..\owmoq that the ﬁmu...m
ence between two magnitudes of the same kind, however small I

‘may be, satisfies the axiom of Eudoxus with um.vm@ﬁ.m to any umpmf-
tude of this kind, deems it ﬂoommmma%.?.u .d@Emr.mE Emmguo. con-
ceptions to which the method of indivisibles might give rise on
aEMHMMb”Wo above it follows that it is desirable to &mouigwgm

explicitly between the axiom of Eudoxus and .apm. 5th @ogw ate ol |
the treatise On the Sphere and Cylinder of Archimedes. H. Mm Mob- ‘
tents of the latter may be briefly mﬂBBm.m. up as moﬁoﬁmr ﬁ__pdqo
magnitudes satisfy the axiom of Eudoxus in Hmm.m.,oq_u of eac M eF;
their difference also satisfies this assumption i H@Mwm.oﬁ of any
magnitude of the same kind homogensous with both?}.

1) Vide Chapter X. i o
Nw thmmwh%mﬁ in his treatize Uber Archimedes’ Grissenlehre (Det kgl

148

To express it in modern terms, he excludes the existence of
actual infinitesimals; the magnitudes he is going to discuss are to
form Eudoxian systems.

At the end of the Lambanomena it is mentioned, by way of con-
clusion from the second, that the perimeter of a polygon inscribed
in a circle is less than the circumiference of the circle.

4. Introductory Propositions (1-6).

In the first Book of On the Sphere and Cylinder the ratio form of
the compression method (III; 8, 21) is to be repeatedly applied.
The group of the propositions 2-6 serves to prepare the way. It is
preceded by the proposition 1, in which it is derived from the
second assumption that the perimeter of a polygon circumseribed
about a circle is greater than the circumference of the circle.

In the following propositions

¢’ denotes a circle, ', a regular polygon of » sides circumseribed
about this circle, I, a regular polygon of n sides inscribed in this
oircle. All three symbols at the same time denote the area of the

mmﬂwmmdwowwmwwmmmn&.Hrommmmm&drmwcqmowmﬂoo.@ﬂm&mﬂo-
cessively Z,, and z,. .

Danske Videnskabernes Selskab. Matem.-Fysiske Meddelelser XXV, No 15,

- -— ‘Kebenhavn 1950, pp- 4, 5), distinguishes-the-two axioms in question as the -

axiom of Budoxus and the lemma of Archimedes. According to him, the
object of the lemma is to establish that, when two magnitudes satisfy the
axiom of Budoxus in respect of each other, their difference also satisfies it in
respect of all magnitudes of the same kind with o and b. This view is in agree-
ment-with the one defended above; it differs from it only in the motivation:
the formulation of the new axiom is considered necessary not for the sake
of excluding the method of indivisibles, but to give sense to the difference
of two homogeneous magnitudes a and b; e.g. in the case where @ is a civeular
arc and b & line segment, or o part of the surface of a sphere and b part of a
plane. In the theory of proportions of Euelid this exiom, according to ‘the
author’s view, was not necessary, because ¢ —b always exists as s magnitude of
the same kind with a and b, We are not convineed by this argument. Eudoxus
(in Euclid V) merely requires of his magnitudes that they shall satisfy his
axiom, and does not say at all what magnitudes they are. It cannot be
understood why with him e could not be & circular arc and b a line segment.

The axiom of Archimedes is not therefore required because the scope of
the geometrical magnitudes under consideration is widened, but it serves to
fill up a gap in the theory of proportions of Euclid V (Euclid, for example,
taeitly assumes in V, 8 what the axiom of Archimedes explicitly postulates).

In fact, through this gap the indivisibles might slip into geometry again.
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V. *Eri 62 t@ov dvicow poappdy V. And also that of QM&S@&
wal @y Gvicwv Smipaveldy xal  lines, assm.mgaw surfaces, & Mm-
ziw Gvlowy otegedy T6 usiloy Tob equal solids the greater “an M
2dooovos mepéyew ToL0UTQ, & the lesser by an QSQWS .&«M\M
cvvTeBéuevoy adro SavTd Svvardy  that, when a&&&“ to M&m 7S sﬁagam
2oty Dmepéyet meyTos ToT 7E0TE~ exceed any QsSigne .Hmﬁ uds
Sévrog Td moc dAnla Aeyoué- of the type of magnitudes

pared with one another.
vaw.

The “addition to itself” naturally has .do be oowomﬂ.am of HMM
repeated EWG number of times; the meaning therefore is: mu

i al number. / o .
w_pmﬂmww‘ MHMQMHPW differences vgﬂmoﬂ.ﬁﬁ aumwmwmﬁn.vbm m—dmﬂ UM
various editors of the last words of this ﬁo.mﬁﬁmda viz. aaewd.n dHM
npotTedévrog TOY mpoe EAAnie pmeo_:m\e.ee. éﬁ%oﬁm laying claim
ooEu.uwmg.ﬁmmm, we mention the following versions:

a) Bditio Princeps’): ommen propostiam sut generis quantitatem.

b) Heiberg®) T quamuis 3@3&2&@«3 datam earum, quae cum
eq CompParart possint. .

¢) Heath?) . any assigned magnitude aﬂ.;os\m those which are
comparable with (it and with] one aﬁ&wmﬁ

d) Heath?) . any n&&mﬁm& §§_\§.@&w of the same ?;zw .

¢) VerEecke®) : toute mﬁagmﬁﬁ_&oﬁxmm aﬁ.z“ un rapport av
Pune ef Dautre des premueres.

f) Crwalina®) : jede der wm&m&.%mm@m&m@ Grossen.

When therefore the two unequal lines Amﬁ.mmowm. solids) .o.m d.qruor
bHoEEm@mw speaks are called A and B respectively, and it 18 MM-
sumed that 4—B=0C, the &umzmwmﬁosm a), S.u and as far as \ &M
addition between brackets is concern d mpmﬁ., ¢) state that .@o.uﬂ mumw.m
a number n such that #-C ~ D when D is comparable with C or

“of the same kind”; in d) also this seems 0 be suggested. This

H

naturally raises the question when two magnitudes are called of

1 n p. 41, Note 3; p. 2 of the Latin &Hm.wmd.w&wo ; ) )

pw wwwwa&ww Pﬁmhm slightly @mmmamumﬂw in the Bmﬂﬁoﬁomwmswwo qxionut in
Spir. (Opera 1L, 13): .. .earuimn, quae infer e comparar: p

3) Heath, Archimedes, p- ﬁ

4) Heath, Creck Mathematics 11, 35.

5} Ver Eecke, Avrehiméde, p. 6.

¢) Czwalina, Kugel und Zylinder, p. 9.
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the same kind or comparable. The answer to this is to be inferred

from the Definitions 3 and 4 of Euclid V, which state, when corre-

lated with each other, that two magnitudes are of the same kind
{or: have a ratio to one another) when they are capable, upon multi-

plication, of exceeding one another, In the translations a)-d) it is

therefore said that the magnitude C is of the same kind with any

magnituds D with which it is of the same kind.

The Greek text, however, contains quite a different statement.
It does not refer to comparable magnitudes, but to magnitudes
compared with each other, and by this only the magnitudes 4 and
B can be meant. The postulate therefore states that when C is the
difference between two lines (surfaces, solids), the number » may-
be so chosen that n-C is greater than any line (surface, solid)
whatever.

It is thus clear that the translation e), though philologically not
exactly in accordance with the text, renders at least the meaning
of the statement correctly. In fact, according to the theory of
proportions D only then has a ratio to 4 and to B when D is of the
same kind with 4 and with B. ]

The translation f), finally, is not at all in agreement with the
text. )

The view adopted by us above and expressed in the translation
is to be found, among others, in the following translations:

Mersennel): quamcumque dictarum, et inter se collatarum magnitu-
dinum,

Nizze®)™  : jede gegebene Grisse von der Ari der verglichenen.

We have gone into the mafter of the correct translation of the
fifth postulate in some detail because it is only after the exact
meaning of Archimedes’ words has been established that a dis-
cussion is possible of the generally neglected, but no less urgent
question what motive may have induced him to include this assump-
tion. Indeed, if one of the translations a)-d) is adopted, it is in-
comprehensible what he may have intended by it. In that case it
can only be interpreted as the formulation of Definition 4 of Enclid

1y Universae Geometrice, Mixtueque Mothematicae Synopsis, Et Bini Re-
fractionum Demonstratarum Tractatus. Studio et Opera F. M. Mersenne M.
Parisiis MDCXLIV.

2} Quoted on p. 43, note 2.
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of straight line segments. Owing to this, among other things, the
curves considered by Archimedes may also partially coincide with
the straight line determined by the extremities.

L. I call such a line “‘concave in the same direction
xolin) when it has the property that, if any two points on it are taken,
either all the straight lines') conmecling such points fall on the same
side of the line or some fall on one and the same side, while others fall
on he line itself, but none on the other side.

“ The lines defined in Axiom II therefore belong to the category

circumseribed by Axiom I; in most translations this does not

emerge sufficiently®). In modern terminology it is stated by Axiom

II that a line quow iz concave on the same side includes a convex

surface with the line-segment joining ifs extremibies.

? (&t o edrd

%

A7 4 . B
Fig. 51.

Of the lines shown in Fig. 51 with the extremities 4 and B, o,
b, and ¢ are of the type described, d.and e are not. &

1IL. Similarly olso there are certain terminated surfaces®) which
are not themselves in a plane, bub have their boundaries i @ plane,
and which either lie wholly on

the boundaries or have no part of
Here again the meaning 18 that the surfaces

may also consist of one or more plane faces.

them on the other side thereof.

1) The Greeks do not: distin,
line segment. In the translations, however, we shall use the latter term wher-

ever this is Tequired for the sake of clarity. In most cases, moreover, -the
meaning is easily inferred from the context.

#) Butocius states it explicitly (Opera IIL, 4; line 18): & 88 Totrey i %
Zmkops vidy dnl T bTd xoldwy. ‘An erroneous translation is to be found in

Czwalina, Kugel und Zylinder, p. 8.
3) By this is meant that the surface

under consideration has & &ocb&m._ﬂ%.
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the same side of the plane conlaining

under consideration -

ish between a straight line and s straight -

. Ha“._ah call such %ﬁw«o@m “concave tn the same direction” when they |
m.aem e %3%«&@ that, if any two points on them are taken, the straight
ines connecting such poinis either all fall on the same side of the
.Mgﬁuaam, or some fall on one and the same side, others upon the
itself'), but none on the other side. R
a Mw ﬂﬂsm“ a sphere is cut by a cone which has its vertex af the centre
f the sphere, I use the term solid sector (voudve orepsds) for the
Sfigure a.oﬁ@.%mﬁ%& by the surface of the cone and the surface of th
sphere included within the cone. a o the
.“ﬁ..&ﬁﬂmms two cones with the same base have their vertices on oppo-
M@ e .ﬁw es of the plane of the base, so that their axes lie in one straight
.N- » L3P 4 <
ne, I use the term solid rhombus (gdufog orepeds) for the solid figure
made up of the two cones. , g

3. Lambanomena.

By &Wuw title is denoted a group of postulates or axioms in the
sense of “unproved fundamental propositions on known fi ”
I assume the following: . s
I. That of the lines which ha it
gt L ] ve the same extremities the straight
.EHH. That c.x.%m other lines?®), if, lying in one plane, they have §.m
me Mﬁﬂmﬁa@mmu two are unequal whenever both are concave in the
Mawzm irection and moreover one of them is either Sﬂ@c&w sncluded
m.mm.m.wsx the .038. and the straight line which has the same extremities
with it, or is ﬂai@ wﬁ&g&m& by and partly cotncides with the other;
and that the line which 15 tncluded is the lesser. -
IOI1. Similarly, that of the surfaces which have the same boundaries

-if the latter are in one plane, the plane surface is the least

IV. That .&a the other surfaces which have the same boundaries, if
the wogﬁ.&%@mm are in one plane, two are unequal whenever both o
concave i the same direction and moreover one of them is either wh awm.m
ﬁ.s&g&@&. between the other and the plane which has the same ooaﬁwa@
ries, or i¢ partly included by and partly coincides with the other; gam
that the surface which is included is the lesser, e

1) Here we have to think eith

} er of a ruled surface {in thi

a w%rm_mmd or on.. a surfece having one or more plane mwomwrﬁ e s aone o
) 4.e. of all lines which are not straight (4.e. the xaundiar yoauuef)

Archimedes. 10 .
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itself half as large again as the sphere’), and its surface is half as
large again as the surface of the sphere?).

This preliminary and partial summary of the contents of the
treatise is followed by a statement the exact purport of which is
doubtful, and which we will therefore reproduce in the original,
with a specimen translation opposite:

tebra 88 T0 ovumrduote Tf
@baés mgounfioyey Tegl To &ign-
pdva oyfjpera, fyvosito 068 mo
@y wed Tudy meel ﬁmmctmamm%
dveoTpopudveay  oddevds  edT@Y
dmwevonxdros, 61t TObTWY TAW
oynpdroy doviv ovppetple: didmeg
odx v Swvioaru Gvrinapofalew
adrd mpde te wa Toly dAlow
yeouérooe Tedempnuéve xal mpog
va ddfavte molv Vmepéyew TOV
Smo Fdddfov mepl TG oTEQEG
Heawpndéviow, v mica mvpapls
Toftoy dovl ubpos. mplopatag Tof
Bdow Eyovios Tip ebTiy TF muga-
uldy xal twog loov, xel Sve mds
ndvog wplvoy ~pégos dovly T0D
xvAfrdpov vof Pdow Exovrog T
bty Td vy xel dyog Toov
xal yap TOVTWY TQOVREQYOYTWY
puowmds mepl Telra Td oyfuete,

modAdy med EbddEov yeyevnubvay

These properties were all
along naturally inherent al-
ready. in the figures referred to,
but they were unknown to those
who were before our time en-
gaged in the study of geometry,
because none of them realized

that there exists symmetry be-

tween these figures?). Therefore
I would not hesitate to compare
these properties with the in-
sight gained by other geometers
and with those of the theorems
of Eudoxus on solid figures
which to my mind are the most
excellent, viz. that any pyramid
is one-third of the prism which

‘has the same base as the pyra-
‘mid and equal height, and that

any cone is one-third of the
cylinder which has the same base
as the cone and equal height*),
For, though these properties
also were already naturally in-
herent: in the figures all along,
and there were many important

1y Greek has no word for volume. This magnitude is denoted by the name
of the figurs itself. The satne is usually done in planimetrical discussions with

regard to the area of a figure.
2) 8.C. I, 34. Corollary.

3) We are here using the word symmetry in the sense of commensurabili-
ty, which is $o be attributed to it both etymologically and historically.

4) Euclid X1I, 7, Porism. XII, 10.
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G&lew Adyov yewpustody ovvéfavey  geometers before BEudoxus, they
Bmo mdvrew dyvosiofar und® By  haveremained unknown to them
all and have not been realized

évoc xaravondijval.
by anyone?).

If the suggested translation is correct, Archimedes here seems
to voice his astonishment that geometrical figures may have re-
markable properties inherent in them, ¢.e. without their being stated
in the definition we give of them, which properties may long remain
unnoticed, in spite of their simplicity. It is the typical mathema-
tician’s astonishment at the unsuspected intrinsic wealth of his
owx definition which is being expressed here.

At the close of his preface the author presents his work to ail
experts, inviting their verdict; he regrets that it could not be
published while Conon was still alive, because the latter would
have been eminently capable of grasping its contents and giving
his opinion on them. There now follow first the axiomata and the
lambanomena (assumptions) on which the treatise is to be based.

2. Axiomata.

The first group of the fundamental propositions has been rightly
termed ‘Axiomate in so far as they postulate the existence of certain
types of curves and surfaces. On the other hand this group also
contains two purely nominal definitions. ‘

I. There are in o plane certain terminated bent lines?) which either
lie wholly on the same side of the straight line joining their extremities

or have no part of them on the other side thereof.
Eutocius comments on this?) that the category of the bent lines

 (wapmddes yooppal} also includes lines which consist wholly or partly -

1) Elsewhere (introduection to the Method, Opera IT, 430) Archimedes says
that a not inconsiderable part of the merit of these propositions is due to
Democritus, who was theé first to enunciate them, though without giving any
proof (z.e. without giving any perfectly exact proof). These two staternents
are therefore at variance with each other, a fact which is not to0 be removed
by supposing that during his writing of S.CG. Archimedes did not yet know
the things told by him in Meth.; for in view of various other reasons the
Method is assumed to be the earlier of the two treatises.

2) By this is meant that the part of the curve which is being considered
has two extremities. '

-+ 3) Opera ITI, 4; lines 8 ef seq.
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10-10.1

The propositions 9.4 and 9.5 finally state that

Li e tgo
im— = s
BT ir

10. Elements of Mechanics.
10. For the treatise On Spirals Archimedes requires a couple of
lemmas on uniform motion.

10.1. Spir. 1. Here it is stated that two distances mmmoumdm.@ by a
point in the same uniform motion are proportional to the times of

describing them. . . .
Let the motion take place on AB. On this consider two distances

T'4 and AE; represent the times of describing them successively by
ZH, HO. It has now to be proved that

(I'd, AB) = (ZH,HO) .
The proof is based directly on the Euclidean definition c.m pro-
_portion. In fact, let AA be a multiple of I'4, AB a multiple of

AE, and let A4A>AB (this is possible on the ground of the .@Mmoup
of Budoxus, which is formulated once more as & lemms in the

introduction to On Spirals).

A I AE B
pE > HO K
Fig. 50.

Now let AH be the same multiple of ZH as AA is of I'A, KH
the same multiple of OH as AB of AE. Since the moving point needs
for all the distances equal to ['4 & time equal to ZH, it appears that
AH stands for the time needed for 44, and likewise HK for that

' required for AB. From A4>AB it then follows that AH >HK.In

the same way it is realized that from the inequality of any Baawﬂm.m
of ZH, HO follows the inequality in the same sense of equal multi-
ples of I'A, AE, from which the proportion of the proposition is
concluded to be true.

As basis of the argument is apparently used a definition epg
stated) of uniform motion as motion in which equal distances are.
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10.2

described in equal times. It may seem that the wuowom&ouw follows
at once from this, and that Archimedes already makes use of it in
the proof. In this way, however, the proposition can only be under-
stood for the case of two distances being in a rational ratio to each
other; the proof given serves to demonstrate its validity for irrat-
ional ratios of distances as well.

10.2. Spir. 2. In this it is shown that two distances described in
uniform motion in certain times are proportional to the distances
described in a different uniform motion in the same times. This
follows at once from 10.1.

CHAPTER TV.

ON THE SPHERE AND CYLINDER
BOOK I.

1. Introduction.

The first of the two books into which the treatise On the Sphere
and Cylinder is divided opens with a letter to Dositheus, in which
Archimedes reminds him that on a former occasion he already sent
him the proof of the proposition that any segment of an ortho-
tome is four-thirds of the triangle with the same base and equal
height?). He is now going to demonstrate new propositions:

") The surface of any sphere is four-times its greatest circle?),

b) The surface of any segment of a sphere is equal to that of
a circle whose radius is equal to the straight line drawn from the
vertex of the segment to any point of the circumference of the
circle which is the base of the segment?).

¢) Any cylinder*), whose base is equal to the greatest circle of
those in the sphere and whose height is equal to the diameter, is

1) Q.P. 17 and 24. Vide Chapter X.

2) 8.C. I, 33. The Greeks say “greatest circle” (uéyioTos ®ixdog), which
is more logical than our “‘great cirele”.

3 8.C. 1, 42, 43.

4) By a cylinder in 8,C. is meant a right circular cylinder, by a cone &
right circular cone.
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