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‘Problem 1) (20 points) True or False? No justifications are needed.

All symmetric matrices with positive entries are diagonalizable.

If A is a symmetric matrix, then A is invertible.

If A is a symmetric matrix such that A% = 0, then A = 0.

If A and B are n x n symmetric matrices, then A + B is symmetric.

If A and B are n x n symmetric matrices, then AB is symmetric.

If Ais 2 x 2 matrix with det(A) < 0, then the system % = Ax has { 8 }

as a stable equilibrium.
If A is any matrix, then both AAT and AT A are diagonalizable.

The matrix A = is diagonalizable.

S O N
SN =
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Every 2 x 3 matrix has a non-zero vector in its kernel.

If the image of A is contained in the kernel of a square matrix A, then
A? = 0.

If a 2 x 2 matrix A is diagonalizable A” + A + I, is diagonalizable.

The function f(x) = 7sin(5x) has the Fourier coefficient by = 5 if f(z) =
ao/V2 + 3", a, cos(nx) + b, sin(nz).

The space of smooth functions f satisfying f(z) = x + sin(f(z)) forms a
linear space.

If the geometric multiplicity of the eigenvalue 1 is 2 for a 2 x 2 matrix A
then A is the identity matrix.

Let A, B be arbitrary 2 x 2 matrices. Then some eigenvalue of AB is the
product of some eigenvalues of A and B.

If a continuous dynamical system z'(t) = Ax(t) with a 2 x 2 symmetric
matrix A is asymptotically stable then det(A) > 0.

If Z(t+1) = AZ(t) is an asymptotically stable dynamical system, then each
eigenvalue A of A satisfies |A| < 1.

The function f(z,t) = sin(5z)e 2 solves the heat equation f; = f,,.

The length ||6sin(175x) + 8 cos(199z)|| is equal to 10.

All solutions to the differential equation z”(t) + x(t) = sin(t) stay bounded
for t — oo.



‘Problem 2) (10 points) No justifications needed

a) (4 points) Which properties do hold for the following matrix? (Remember the circular
matrices?)

00 2 3 4
4 100 2 3
A= 3 4 100 2
2 3 4 100
Property Check if applies

The matrix A is symmetric.

The matrix A has eigenvector [1,1,1
The matrix A has an eigenvalue 100 + 2i — 3 — 41.

The matrix A is invertible.

The matrix A is diagonalizable over the complex numbers.
The matrix A is diagonalizable over the real numbers.

2,’i3]T.

b) (3 points) Match the differential equations with possible solution graphs. There is an exact
match.

| Enter A-D | Differential equation | | Enter A-D | Differential equation |
f@)+ft)=e () + f(t) = e
F'@t) = f(t) =€ () =et
f(t) f(t)
t t
A) B)

AN
VA t

C D)
¢) (3 points) Pick the statements which are true for a 3 x 3 matrix A.

Statement Check if true

If A is diagonalizable and A has real eigenvalues then A is symmetric

If A is symmetric, then A is diagonalizable and A has real eigenvalues

If A has only eigenvalues of algebraic multiplicity 1, then A is diagonalizable

If A is diagonalizable, then all eigenvalues of A have algebraic multiplicity 1
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Problem 3) (10 points) No justifications needed

a) (2 points) Linear or not linear?

Space linear | nonlinear Transformation linear | nonlinear
{fec>|f)=1} Tf(z) = f'(z)sin(z)
{fec>]f1)=0} Tf(x) = ['(3)f(z)

b) (5 points) Match each of the 5 arrows with a matrix that does the indicated transformation.
Place the name of the matrix A— F' near each arrow. Of course, one of the matrices is not used.

] el ] o ] el ] el

¢) (3 points) Label each function with the most accurate description of its Fourier series

Qg - .
flz)=—=+ Z an, cos(nx) + b, sin(nx) .
V2 o
Function Check if ag =0 | Check if all a,, = 0 | Check if all b,, =0
flz) = sin’(z)
F(x) = sin’(z)
f(x) = sin’(z) + sin’(z)




Problem 4) (10 points)

a) (8 points) Solve the following linear system AZ = b of equations:

1000007 [x] [17
110000]|][y 0
101000 |z]| 1o
111100 |u| |0
1000 10]||w 0
11001 1)lw] Lol

by row reducing the augmented matrix. We want you to perform the actual row reduction steps.

b) (2 points) Change one single entry in the first row of the matrix A leaving the vector b alone
to get a matrix B so that the modified system B = b has no solution.

The binary Pascal matrix A was constructed row by row, recursively adding up all the entries up left or up but taking remainders when dividing by 2.

The picture shows Blaise Pascal (1623 - 1662), who in 1653 produced a tabular representation of Binomial coefficients called today the Pascal triangle.

Problem 5) (10 points)

Using the least square method, find the function

ar® +by* =1

which best fits the data points in the following table

X1y
110
0|1
1 1
-1 -1

Problem 6) (10 points)




You have an investment account x and a credit account
y and at time ¢ = 0 the account data: x(0) = 2000, y(0) =
0. The time dynamics of the portfolio is described by the

following matrix:
21
4= [1 2] |

We look at two models, the case of discrete time and the case
of continuous time.

a) (4 points) Find a closed form solution to the problem
[x(t+1) } :A[x(t) ]

yt+1) y(t)

with the initial condition given above.

b) (4 points) Find a closed form solution to the problem
)

y'(t) y(t)
with the same given initial condition.

¢) (2 points) In which of the two portfolios does x(t) grow faster? Isit a) or b)? No explanations
are needed in c).

Problem 7) (10 points)

The following magic square is called Chautisa
Yantra:

7 12 1 14
2 13 8 11
A= 16 3 10 5
9 6 15 4

It has been inscribed into a stone during the 10th
century and can now be found in the Parshvanath
temple in Khajuraho, India.




a) (3 points) The vector is an eigenvector of A. What is the corresponding eigenvalue?

b) (3 points) The vector is an eigenvector of A. What is its corresponding eigenvalue?

o= =y e

¢) (2 points) What is the sum of all the four eigenvalues A\; + Ag + A3 + A4 of A?

d) (2 points) What is the determinant of A?

Problem 8) (10 points)

a) (4 points) Find the eigenvalues and eigenvectors
of the matrix

—
N DN DN DN
W W W W
N

b) (3 points) Find a basis for the kernel of A. :
codomain

¢) (3 points) Find a basis for the image of A.

Problem 9) (10 points)

To celebrate the launch of our new determinant
bumper sticker, we solve some determinants!

As always, we need not only your answer to the problem
but also the path which led to the solution. DE' I |
®



a) (2 points) Find the determinant of

A=

b) (2 points) Find the determinant of

¢) (2 points) Find the determinant of

C =

d) (2 points) Find the determinant of

e) (2 points) Find the determinant of

N O OO DO DO DO DN NN DN O =N

NG NN

TN OO O OO © 00 NN O N W DN =

— W = W

— O N Ot N O NN N — = =

-~ ot O

=N O O

NN DN O N NN [l

W = Ot DN

—w OO

Problem 10) (10 points)




You are a chef in the first season of the new reality
TV series “21b’s kitchen”. Solve the following
differential equations:

a) (2 points)
[t =t
b) (3 points)
)+ ft) =t
¢) (3 points)

frt) = ft) =t

d) (2 points) Check for each of the following two equations whether it has oly solutions which
remain bounded for ¢ — co? We need no explanation in d).

Differential equation | has only bounded solutions for ¢ — +o0
f(t) + f'(t) = cos(t)
J'(t) = f'(t) = cos(t)

Problem 11) (10 points)

We consider the nonlinear system of differential equations

d

prid (x — 1) +5*— 10
d

—y = D2+¢42-10.
oY (z+1)°"+y

a) (2 points) Find the equilibrium points.
b) (3 points) Find the Jacobian matrix at each equilibrium point.
c) (3 points) Analyze the stability at each equilibrium point.

d) (2 points) Which of the following four phase portraits A-D matches?
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Problem 12) (10 points)
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a) (6 points) Find the Fourier series of the function

1 0<zx<1
fla)y={ -1 “1<2<0 .
0 |z| > 1 1

The graph of the function f on [—m, 7] is displayed to
the right. -3 -2 ] i 2 3

b) (4 points) Find the value of the sum of the squares
of all the Fourier coefficients of f.

Problem 13) (10 points)

a) (5 points) Solve the modified heat equation
Up = Ugy — Uggze + 1

with initial condition u(x,0) = 4sin(z) + 5sin(2x). As
usual, first find a solution of the PDE w; = uzp — Uppss
then add a particular solution.

b) (5 points) Solve the modified wave equation st
Ugp = Ugy — Uggze + 1

with initial condition u(z,0) = 7sin(5x) and the initial
velocity

— 1
u(z,0) = Z 3 sin(nz) .
n=1

Problem 14) (10 points)

Find the determinant of the following 124 x 124 matrix. This is the largest matrix which has
ever appeared in a practice exam. It has 15376 entries. We like it extreme.
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