
FUNCTION SPACES/LINEAR MAPS, Math 21b, O. Knill

Homework: Section 4.1 6-11,36,48,58,44*,12*-15*

FROM VECTORS TO FUNCTIONS. Vectors can be displayed in different ways:
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The values (i, ~vi) can be interpreted as the graph of a function f : 1, 2, 3, 4, 5, 6 → R, where f(i) = ~vi.

LINEAR SPACES. A space X in which we can add, scalar multiplications and where basic laws
like commutativity, distributivity and associativity hold is called a linear space. Examples:

• Lines, planes and more generally, the n-dimensional Euclidean space.

• Pn, the space of all polynomials of degree n.

• The space P of all polynomials.

• C∞, the space of all smooth functions on the line

• C0, the space of all continuous functions on the line.

• C1, the space of all differentiable functions on the line.

• C∞(R3) the space of all smooth functions in space.

• L2 the space of all functions on the line for which f 2 is integrable and
∫ ∞

∞
f2(x) dx < ∞.

In all these function spaces, the function f(x) = 0 which is constantly 0 is the zero function.

WHICH OF THE FOLLOWING ARE LINEAR SPACES?

The space X of all polynomials of the form f(x) = ax3 + bx4 + cx5

The space X of all continuous functions on the unit interval [−1, 1] which vanish at −1
and 1. It contains for example f(x) = x2 − |x|.
The space X of all smooth periodic functions f(x+1) = f(x). Example f(x) = sin(2πx)+
cos(6πx).

The space X = sin(x) + C∞(R) of all smooth functions f(x) = sin(x) + g, where g is a
smooth function.

The space X of all trigonometric polynomials f(x) = a0 + a1 sin(x) + a2 sin(2x) + ... +
an sin(nx).

The space X of all smooth functions on R which satisfy f(1) = 1. It contains for example
f(x) = 1 + sin(x) + x.

The space X of all continuous functions on R which satisfy f(2) = 0 and f(10) = 0.

The space X of all smooth functions on R which satisfy lim|x|→∞ f(x) = 0.

The space X of all continuous functions on R which satisfy lim|x|→∞ f(x) = 1.

The space X of all smooth functions on R of compact support: for every f , there exists
an interval I such that f(x) = 0 outside that interval.

The space X of all smooth functions on R2.

LINEAR TRANSFORMATIONS. A map T between linear spaces is called lin-

ear if T (x + y) = T (x) + T (y), T (λx) = λT (x), T (0) = 0. Examples:

• Df(x)=f ′(x) on C∞

• Tf(x) =
∫ x

0
f(x) dx on C0

• Tf(x) = (f(0), f(1), f(2), f(3)) on C∞.

• Tf(x) = sin(x)f(x) on C∞

• Tf(x) = (
∫ 1

0
f(x)g(x) dx)g(x) on C0[0, 1].

WHICH OF THE FOLLOWING MAPS ARE LINEAR TRANSFORMATIONS?

The map T (f) = f ′(x) on X = C∞(T).

The map T (f) = 1 + f ′(x) on X = C∞(R).

The map T (f)(x) = sin(x)f(x) on X = C∞(R).

The map T (f)(x) = f(x)/x on X = C∞(R).

The map T (f)(x) =
∫ x

0 f(x) dx on X = C([0, 1]).

The map T (f)(x) = f(x +
√

2) on X = C∞(R).

The map T (f)(x) =
∫ ∞

∞
f(x − s) sin(s) ds on C0.

The map T (f)(x) = f ′(x) + f(2) on C∞(R).

The map T (f)(x) = f ′′(x) + f(2) + 1 on C∞(R).

The map T (f)(x, y, z) = fxx(x, y, z) + fyy(x, y, z) + fzz(x, y, z) + 1/(|x|)f(x, y, z)

The map T (f)(x) = f(x2).

The map T (f)(x) = f ′′(x) − x2f(x).

The map T (f)(x) = f(x)2 on C∞(R).

The map T (f)(x) = f(f(x)) on C∞(R).

The map T (f)(x) = f(sin(x)) on C∞(R).

PROBLEM. Define T (f) = f ′ on the space C∞ of all smooth functions on R. We have T 5(f) = f (5). Problem:
find the kernel of T 5.
SOLUTION: in general, ker(T n) is the space of polynomials of degree n − 1. In this case, the kernel is the 4
dimensional linear space of all polynomials of degree ≤ 4.

TO CHECK X IS LINEAR SPACE: check three properties: If x, y are in X , then x + y is in X . If x is in X
and λ is a real number, then λx is in X . Futhermore, 0 should be in X .

TO CHECK THAT T IS A LINEAR TRANSFORMATION: check three properties: T (x + y) = T (x) + T (y),
T (λx) = λT (x) and T (0) = 0.


