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Problem 1) (20 points)

Circle the correct letter. No justifications are needed. Score:number of correct answers.

T F
Given a function f(x, y), then F (x, y) = (fx(x, y), fx(x, y) + fy(x, y)) defines a
vector field in the plane.

T F
Every smooth function of three variables f(x, y, z) satisfies the partial differ-
ential equation fxyz + fyzx = 2fzxy.

T F If fx(x, y) = fy(x, y) for all x, y, then f(x, y) is a constant.

T F (1, 1) is a local maximum of the function f(x, y) = x2y − x+ cos(y).

T F
If f is a smooth function of two variables, then the number of critical points
of f inside the unit disc is finite.

T F
The value of the function f(x, y) = sin(x+2y) at (0.001,−0.002) can by linear
approximation be estimated as −0.003.

T F
A critical point for f(x, y) on {(x− 2)2 + (y − 2)2 < 1} is also a critical point
for g(x, y) = f(x2, y2).

T F
There is no function f(x, y, z) of three variables, for which every point on the
unit sphere is a critical point.

T F
If the double integral

∫ ∫
R f(x, y) dxdy is zero for a continuous function f(x, y)

and R is the unit disc, then f(x, y) = 0 for at least one point x, y.

T F The surface area is given by the formula
∫ ∫

R ~ru × ~rv dudv

T F The gradient of f(x, y) is orthogonal to the level curves of f .

T F
If (x0, y0) is a maximum of f(x, y) under the constraint g(x, y) = g(x0, y0),
then (x0, y0) is a maximum of g(x, y) under the constraint f(x, y) = f(x0, y0).

T F
The vector field F (x, y) = (fx(x, y), fy(x, y)) is orthogonal to the level curves
of f(x, y).

T F
When changing to cylindrical coordinates, one has to include an integration
factor ρ2 sin(φ).

T F The function u(x, t) = x2/2 + t solves the heat equation ut = uxx.

T F
The vector ~ru − ~rv is tangent to the surface parameterized by ~r(u, v) =
(x(u, v), y(u, v), z(u, v)).

T F Fubini’s theorem assures that
∫ 1

0

∫ x
0 f(x, y) dydx =

∫ 1
0

∫ y
0 f(x, y) dxdy.

T F
If (1, 1, 1) is a maximum of f under the constraints g(x, y, z) = c, h(x, y, z) = d,
and the Lagrange multipliers satisfy λ = 0, µ = 0, then (1, 1, 1) is a critical
point of f .

T F
If (0, 0) is a critical point of f(x, y) and the discriminant D vanishes but
fxx(0, 0) > 0 then (0, 0) can not be a local maximum.

T F
Let (x0, y0) be a saddle point of f(x, y). For any unit vector ~u there are points
arbitrarily close to (x0, y0) for which ∇f is parallel to ~u.
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Problem 2) (10 points)

Circle the interior of the boxes to match the formulas of the vectorfields with the corresponding
picture I,II,III or IV.

Vectorfield I II III IV

F (x, y) = (2y, x)

F (x, y) = (−x,−y)

F (x, y) = (3, 5)

F (x, y) = (y, 0)

I II

III IV

Problem 3) (10 points)

Use the technique of linear approximation to estimate f(log(2) + 0.001, 2 log(2) + 0.06) for
f(x, y) = e2x−y.
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Problem 4) (10 points)

a) Show that for any differentiable function g(x), the function u(x, y) = g(x2 + y2) satisfies the
partial differential equation yux = xuy.

b) Assuming g′(5) 6= 0, let u be the function defined in a). Find the direction of maximal
increase of u at the point (x, y) = (2, 1).

Problem 5) (10 points)

Which point on the surface g(x, y, z) = 1/x+ 1/y + 1/z = 1 is closest to the origin?

Problem 6) (10 points)

Find the maximal and minimal value of the function f(x, y) = 2x2 + xy+ y2− 7x on the plane
and characterize all extrema.

Problem 7) (10 points)

Find ∫ 1

0

∫ 1

y
x2exy dxdy .

Hint. Sketch the region and check the order of integration.

Problem 8) (10 points)

Integrate the function f(x, y, z) = z2 over the unit ball {x2 + y2 + z2 ≤ 1 }.

Problem 9) (10 points)

Find the surface area of the surface z = x2 − y2 + 1 that lies above the unit disk x2 + y2 ≤ 1
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