5/2/2003, POLAR INTEGRATION Math 21a, O. Knill

Homework: Section 12.3: 10, 14, 22, Section 12.4: 10, 12‘

THINGS TO KEEP IN MIND.

e Double integrals can often be evaluated
through iterated integrals

"Integrals have layers”

e [ [ 1 dxdy is the area of the region R.

° ffR x,y) dxdy is the volume of the solid
having the graph of f as the "roof” and the R
in the z — y plane as the floor.

TYPES OF REGIONS.
ffRfdA:fbfcf (x,y) dydx rectangle.
[ g fdA= f ng((;))f (x,y) dydx type I region.

J g fdA= f fh2((yy)) f(x,y) dzdy type II region.
A general region, we try to cut it into pieces, where each piece is a Type I or Type II region.

O X 1)

Rectangle Type 1 Type I1 To cut

PROBLEM. Consider the type II integral

1 yt/3
/ / ydzdy = / / y dxdy .
R 0 J2arcsin(y)/m

Draw the region R, write the integral as a type I integral and evaluate the later.

2 arcsin(y)

Solution. The curves z = and z = y'/3 bounding the region are identical to the curves y = sin(7x/2)

and y = 23

The region is bounded by these two curves:

The corresponding type I integral is fol f;;,n(m/Z) y dydz = fol sin(mx/2)?/2 — 25/2 du.

POLAR COORDINATES. For many regions, it is better to use polar coordinates for integration:

[ Jg flx,y) dedy = [ [}, f(r,0)r drdd




EXAMPLE. The area of the disc {#%+y? < 1} can be computed by treating the region as a type I region and do-
ing the integral with x = sin(u), dx = cos(u)du: fjl ff% 1 dydx = fil 2V1 — 22 dx = ffT/jQ 2 cos?(u) du =

m. It is easier to do that integral in polar coordinates:

27 1
/ / rdrdd =2mr? )25 =7 .
o Jo

WHERE DOES THE FACTOR ”r” COME FROM?

A small rectangle with dimensions H
dfdr in the (r,0) plane is mapped by

T:(r0)

—

(rcos(#),rsin(0)) to a sector segment
in the (z,y) plane. It has approxi-
mately the area rdfdr. It is small for
small r.

ROSES. We can now integrate over type I or type II regions in the (6,r) plane. Examples are roses:
{(0,7) 10 <r < f(0)} where f(0) is a periodic function of 6.

The region R in the § — r coordinates is a type The region R in the x —y coordinates is neither
I region a type I nor a type II region.

EXAMPLE. Find the area of the region {(0,7(9)) | r(8) < | cos(36)] }.

27 pcos(30) 27 2
//ydxdy:/ / rdrdﬁz/ Md&zwﬂ
R o Jo 0 2

EXAMPLE. Integrate f(z,y) = y+/x2 + y? over the semi annulus R = {(z,y) | 1 < 2% +y? <4,y >0 }.

2 T 2 ™ (24 _ 14) ™
/ / rsin(@)rr dodr = / 7“3/ sin(0) dfdr = 7/ sin(f) df = 15/2
1 Jo 1 0 4 0

For integration problems, where the region is part of an annulus, or if you
see function with terms 22 + y2 try to use polar coordinates x = rcos(f),y =
7 sin(6).

Solution.




