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Problem 1) True/False questions (20 points)

) | T F The projection vector projz(w) is parallel to 0.

Solution:
It is parallel to v.

2) T F Any parametrized surface S is a graph of a function f(z,y).

Solution:
A counter example is the sphere.

If the directional derivatives Dgz(f)(1,1) and Dgz(f)(1,1) are both 0 for
3) | T || F 7= (1,1)/v/2 and @ = (1, —1)/v/2, then (1, 1) is a critical point.

Solution:
Indeed V f(1,1) must be perpendicular to ¢ and @ and so be the zero vector.

The linearization L(x,y) of f(z,y) =z + y+ 4 at (0,0) satisfies L(z,y) =
H T F f(z,y).

Solution:
The linearization of any linear function at (0,0) is the function itself.

For any function f(x,y) of two variables, the line integral of the vector field
F =V f on alevel curve {f = ¢} is always zero.

Solution:
The gradient is perpendicular to the velocity vector.

If F is a vector field of unit vectors defined in 1 /2 < 224+ y? < 2 and Fis
tangent to the unit circle C, then [ F - dris either equal to 27 or —27.

Solution: . .
7 is parallel to F' so that F -7 is equal to 1 or —1.



If a curve C' intersects a surface S at a right angle, then at the point of
7) T F intersection, the tangent vector to the curve is parallel to the normal vector
of the surface.

Solution:
This is clear once you know what the question means.

The curvature of the curve 7(¢t) = (cos(3t),sin(6t)) at the point 7(0) is
8) | T F smaller than the curvature of the curve 7(t) = (cos(30t),sin(60¢)) at the
point 77(0).

Solution:
The curvature is independent of the parametrization of the curve.

At every point (z,y,z) on the hyperboloid 2% + 2y* — 2? = 1, the vector
(x,2y, —z) is normal to the hyperboloid.

Solution:
Look at the gradient. It is parallel to the vector.

10) | T || F The set {¢ = /2,0 = 7w} in spherical coordinates is the negative = axis.

Solution:
¢ = /2 forces us to be on the xy-plane. § = 7 is the negative x axis

The integral [ [Z™ [ p?sin®(¢) d¢ df dp is equal to the volume of the unit
ball.

Solution:
If sin?(¢) would be sin(¢), then it would be the integral in spherical coordinates.

Four points A, B,C, D are located in a single common plane if (B — A) -
L2) | F | (= A4)x (D—A)=0.

Solution:
This is the volume of the parallelepiped with corners A, B, C, D. If the volume is zero,
then the parallelepiped is flat and the points in a plane.



If a function f(z,y) has a local maximum at (0,0), then the discriminant

13) T F D is negative.

Solution:
False, we also can have D = 0 like for f(z,y) =1 — 2% — y*.

The integral [ fyl f(x,y) dx dy represents a double integral over a bounded

14) T F region in the plane.

Solution:
The integral is not properly defined. There can be no variable in the most outer integral.

15) T n The following identity is true: fo 2 22 dydx = fo fy /2 22 dx dy

Solution:
Make a picture and draw the triangle.

The mtegral N curl(F F) - dS over the surface S of a cube is zero for all vector
fields F.

Solution:
By the divergence theorem, this flux integral is equal to the triple integral of div(F ) over

the cube. But since div(curl(F)) = 0, this integral is zero.

A vector field F' defined on three space which is incompressible (div(£) = 0)
17y | T || F and irrotational (curl(F') = 0) can be written as F' = V f with Af = V2f =
0.

Solution:
Every gradient field F' = V f, for which A(f) = 0, is also incompressible.

If a vector field F is defined at all points of three-space except the origin,
18) | T || F and curl(F ) = 0 everywhere, then the line integral of F around the circle
22 + 3% = 1 in the xy-plane is equal to zero.




Solution: B
The circle is the boundary of a hemisphere which is contained in the region, where F' is
defined.

19 | T || F The identity curl(grad(div(F))) = 0 is true for all vector fields F(z, y, z).

Solution: B
Already curl(grad(f)) = 0.

If F = curl(G), where G = (e, 5%z siny), then div(F(z,y, 2)) > 0 for all

200 | THE] (24,2

Solution:

—

div(curl(£)) = 0.



Problem 2) (10 points)

Match the equations with the space curves. No justifications are needed.
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Enter LILIIL,IV here | Equation
F(t) - <t27 t3 - tv t)

r(t) = (1 = [t |t = [t = 1. ©)
7(t) = (2sin(5t), cos(11t), t)
7(t) = (tsin(1/t),t| cos(1/t)|,t)




Solution:

Enter LILIIT,IV here | Equation

11 r(t) = (2,13 — t,1)

111 r(t) = (L= t]], [t =t = 1]],¢)
I 7(t) = (2sin(5t), cos(11t), t)
v 7(t) = (tsin(1/t), t| cos(1/t)|, )

Problem 3) (10 points)

Match the equations with the objects. No justifications are needed.

s
LI
SRS F 7
LTS
L,
L
(27777

\Y VI VII VIII




Enter LILIILIV,V,VI,VILVIII here

Equation

7(s,t) = ((2 4 cos(s)) cos(t), (2 + cos(s)) sin(t), sin(s))

7(t) = (cos(3t), sin(5t))

Pyt -2 =1

—

F(x,y,z) = <—y,x, 1>

Py 2 <Lyt <222 >0

z=flz,y) =2 -y

glo,y)=a*—y* =1

—

F([L’,y) = <—y,x>

Solution:

Enter LILIILIV,V,VLVILVIII here

Equation

II 7(s,t) = ((2 4 cos(s)) cos(t), (2 + cos(s)) sin(t), sin(s))
VIII 7(t) = (cos(3t), sin(5t))

vV 2?4yt -2 =1

[ ﬁ(x,y,z) - <—y,x,1)

VI 2+ P+ 2 <127+ P <222 >0

v = fley) =2 —y

VII gz, y) =2 —y? =1

111 F(z,y) = (=y, )

Problem 4) (10 points)

a) Find an equation for the plane ¥
() = (£t ).

passing through the points 7(0),7(1),7(2), where

b) Find the distance between the point 7(—1) and the plane ¥ found in a).




Solution:

a) r(0) = (0,0,0),7(1) = (1,1,1),7(2) = (4,16,2). The normal vector is n = (a,b,c) =
(1,1,1) x (4,16,2) = (—14,2,12). The plane has the equation az + by + cz = d, where d
is obtained from plugging in one of the points. The answer is ‘ —14x + 2y + 122 = 0. ‘

b) @ = (0,0,0) is a point on the plane. The point P = 7(—1) = (1,1, —1) has distance

|PQ -7l /|7 = (1,1, —1) - (=14, 2,12)|//196 + 4 + 144 = 24/+/344 | from the plane.

Problem 5) (10 points)

A vector field F(z,y) in the plane is given by F(z,y) = (z245,y2—1). Find all the critical
points of |F'(z,y)| and classify them. At which point or points is |F'(z,y)| minimal?

Solution:

Instead of extremizing the length, we can instead extremize the square of the length. This
has the advantage of not involving square roots.

Extremize f(z,y) = x* + 102? + 25 + y* — 2y*> + 1. The gradient is Vf(z,y) = (42® +
20z, 4y® — 4y) = (4x(2? + 5),4y(y* — 1)). We have Vf(z,y) = (0,0) for the critical
points (0,—1), (0,0), and (0,1). We have f,, = 20 at all three points and D(0,0) =
—80, D(0,4+1) = 160. The point (0,0) is a saddle point and the two critical points
(0,1), (0, —1) are the global minima.

Problem 6) (10 points)

A house is situated at the point (0,0) in the middle of a mountainous region. The altitude
at each point (z,y) is given by the equation f(z,y) = 42*y+y>. There is a pathway in the
shape of an ellipse around the house, on which the (z,y) coordinates satisfy 222 + y* = 6.
Find the highest and lowest points in the closed region bounded by the path.



Solution:

The gradient of f is Vf = (8zy,42® + 3y?).
From the second equation, the only critical point
for the function without constraints is * = y =
0. At this critical point, the function f has value
0. If g(a,y) = 22% + y?, then Vg = (4x,2y).
(0,0) is a critical point with f(0,0) = 0.
For local maxima and minima on the ellipse, the equa-
tion Vf = AVg must hold, so

(8xy,42* + 3y°) = (4o, 2y\).

Equating the first coordinates gives 8ry = 4x\, so
=0 or A =2y. In the first case, y> = 6, so y = +/6.
Therefore the function f has value +64/6 in this
case. Otherwise, A = 2y, and so equating the second
coordinates, 2y\ = 2y - 2y = 4y? = 42% + 3y?. Hence
y? = 42%. At this point, one can work out y = +2z.
In any event, 22? + y? = 622, so 62> = 6. Therefore
xr =41 and y = £2.

In conclusion, there are 6 con-
straint extrema on the boundary
(07 \/é)v (07 _\/6)7 (1v 2)7 (1v _2)v (_1v 2)7 (_17 _2)

The maximal value of f is 416 and obtained at
the points (1,2) and (—1,2)| The minimal value of f

is obtained at |the points (1, —2) and (—1, —2).

Problem 7) (10 points)

We are given a function f(z,y) with 2 = rcos(f) and y = rsin(#) as well as the following

data points. Evaluate % at the point r =2, 6 = 7.
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Solution:
The first derivative is

af Ofﬁx 0f0y

90 0r 00 9y 00
= —rsindf, +rcosbf,

So when you take the 2nd derivative you have to use the product rule and the chain rule.
The product rule gives you the derivative:

2
% = —rcosff, —rsm@ (fx) r81n9fy+rcosé’ (fy)
The chain rule is used to find:
0 _ Ofy 0x 8f$8y_ :
%(fw) =5, 90" o foz * (—7sind) + fo, * (rcosf)
Ofy0x  0f, 0y _ ,
(fy) ax 89+ 8y 89_fy1'*( TSIH@)—‘—fyy*(TCOSQ)
So then plugglng these in you get:
F 7 ind ind 0 ind 0 ind
Pgr — Teos fo —rsin€(fo, * (—rsind) + fu, * (rcos@)) — rsin@f, +rcos0(fy, * (—rsind) + f,

—rcosff, +r*sin®Of,, — r*sinfcosff,, —rsinff, — r’sin6cosff,, +r’cos’f,,
= —rcosOf, —rsinff, +r’sin®0f,, — 2r’sin6 cos 0 f,, + r* cos®> 0 f,,

The point r = 2,0 = 7/2 is in Cartesian coordinates the (x,y) = (0,2), so that we have to
look at the first column of the table to look up the derivatives of f. Because cos(mw/2) = 0,
two terms of the above formula vanish and the answer is

0> o°f

sgr = Mar(0.2) = 2£,(0,2) =24 —4 =20

Problem 8) (10 points)

a) (4 points) Where does the tangent plane at (1,1,1) to the surface z = €Y intersect
the 2z axis?

b) (4 points) Estimate f(x,y,2z) = 1+ log(l + = + 2y + 2) + 2v/1 + z at the point
(0.02, —0.001, 0.01).

c) (2 points) f(z,y,z) = 0 defines z as a function g(z,y) of x and y. Find the partial
derivative g,(x,y) at the point (z,y) = (0,0).



Solution:

a) The tangent plane has the equation ax + by + cz = d, where (a,b,¢) = Vg(1,1,1),
where g(z,y,z) = z — e Y. Because Vg(z,y,z) = (—e* ¥, e* ¥ 1), we have Vg(1,1,1) =
(—=1,1,1). The plane has the equation —z 4+ y + z = d. The number d can be obtained
by plugging in the point (1,1,1). Therefore the plane is —x + y + z = 1. This plane
intersects the z axes at .

b) The linearization of 1 + log(1 + = + 2y + z) + 2v/1+ z at (0,0,0) is L(z,y,2) =
34z + 2y + 22. Now L(0.02,—0.001,0.01) = 3+ 0.02 — 2- 0.001 + 2 % 0.01 [= 3.038]

¢) The implicit computation formula is g.(z,y) = —f.(z,y, 2)/f.(z,y, z). We have f, =
(1/(14+2+2y+2)+1/v/1+ 2) and f, = 1/(1+2+2y+2) so that g,(0,0) = —1/(v/1 + z+1).
The value of z would have to be computed numerically.

Problem 9) (10 points)

For each of the following quantities, set up a double or triple integral using any coordinate
system you like. You do not have to evaluate the integrals, but the bounds of each single
integral must be specified explicitly.

1. (3 points) The volume of the tetrahedron with vertices (0,0,0), (3,0,0), (0,3,0) and
(0,0,3).

2. (4 points) The surface area of the piece of the paraboloid z = x? + y? lying in the
region z = 2% + y?, where 0 < z < 1.

3. (3 points) The volume of the solid bounded by the planes z = —1, z = 1 and the
one-sheeted hyperboloid 22 + y? — 22 = 1.



Solution:
(1) The tetrahedron is bounded by the zy,yz, zz-planes and the plane z = 3 — z — y.
The triple integral would be: [? [27* [37"7Y dz dy dx. Evaluating the inner integral

Js Jo 7 (3 = x = y) dyda.
(2) The parameterization 7(r,0) = (r cos(6), rsin(f), r?) gives

|7 x 7| = [{cos(R),sin(f),2r) x (—rsin(),r cos(6),0)|
= |( —2r%cos(#), —2r*sin(f),r)| = \/m
The surface area integral is [ [} v/ 47“4 + r2dr df or [y [E7/4rt + 12 df dr.

Parameterization 7(z,y) = ( =, y, > +y* ) gives

7o x 7yl = |(1,0,22 ) x (0,1,2y )| = {2z, =2y, 1)| = \/42® + 4> + 1,
and the integral [', f”\/— VAL + 4y? + 1 dxdy or [ fvl » VAT F 42+ 1dydz.

(3) Using cylindrical coordinates, the integral is [', [V'" f r dfdr dz which is

2m - f_lfov 2% rdr dz. If the order of integration is changed, then - still in cylindrical

coordinates - we have
1,1 V2,1
27r(// rdz dr +2/ / rdz dr)
0/-1 1 VrZo1

When using spherical coordinates, one would have to split up the integral into two parts
and setting up the integral is harder.

Problem 10) (10 points)

A region R in the zy-plane is given in polar coordinates
by r(0) < 0 for § € [0,7]. You see the region in the
picture to the right. Evaluate the double integral

/ cos(v/2% + y?) dz d R
RV PR




Solution:
The region becomes a triangle in polar coordinates. Setting up the integral with dA =
drdf does not work. The integral [ [/ COS(T srdrdf can not be solved. We have to change

T7F 7‘

=l

Evaluating the inner integral gives [; cos(r) dr = @

the order of integration:

Problem 11) (10 points)

A car drives up a freeway ramp C' which is parametrized by
7(t) = (cos(t),2sin(t),t), 0<t<3m.

a) (3 points) Set up an integral which gives the length of the ramp. You do need not need
to evaluate it.

b) (3 points) Find the unit tangent vector T' to the curve at the point where ¢ = 0.

c¢) (4 points) Suppose the wind pattern in the area is such that the wind exerts a force

F = <4:c ,¥,0) on the car at the position (x,y,z). What is the total work gain as the
drives up the ramp? In other words, what is the line integral [ F' dr.

Solution:
a) 7'(t) = (—sin(t),2cos(t), 1) and |'| = \/sinz(t) + 4 cos?(t) + 1. The integral is

3T
/ \/sin2(t) + 4 cos?(t) + 1 dt .
0

/gﬂ \/2 + 3cos?(t) dt

b) T(t) = 7'(t) /|7 (t)] = (—sin(t), 2 cos(t /\/sm )+ 4cos?(t) + 1. At t =0, we have
T(t) = (0,2,1)/V/5.

c¢) The line integral is [" F(7(t)) - 7 '(t) dt. Note that F is a gradient field with po-
tential function f(z,y,z) = 423/3 + 3?/2 so that the line integral is f(7(37)) — f(7(0)
by the fundamental theorem of line integrals. Now f(7(37)) = f(—1,0,37) = —4/3 and
f(7(0)) = f(1,0,0) = 4/3, so that the result is | —8/3|.




Problem 12) (10 points)

Suppose F is an irrotational vector field in the plane (that is, its curl is everywhere zero)
that is not defined at the origin O = (0,0). Suppose the line integral of F along the path
p from A to B is 5 and the line integral of F along the path ¢ from A to B is —4. Find
the line integral of F along the following three paths:

a) (3 points) The path a from A to B going clockwise below the origin.
b) (4 points) The closed path b encircling the origin in a clockwise direction.

¢) (3 points) The closed path ¢ starting at A and ending in A without encircling the origin.

Solution:

a) The result is the same for the path a and the path ¢q. The vector field is conservative in
the lower half plane. The result is . b) The line integral is the same as the difference
of the line integral along ¢ and the line integral along p which is —4 —5 = . The path
q — p encircles the origin in the same direction than the path b. Because the curl is 0 in
the region enclosed by these two curves, Greens theorem assures that the line integrals
are the same. B

c¢) The vector field F' is conservative in the right half plane. By the fundamental theorem
of line integrals or using the closed loop property, the result is @



Problem 13) (10 points)

Let S be the surface which bounds the region enclosed by the paraboloid z = 2 +y? -1
and the zy plane. Let F be the vector field F(x,y, z) = (x + ™) 2 —y).

a) (5 points) Find the flux of F through the surface S.

b) (5 points) Find the flux of F through the part of the surface S that belongs to the
paraboloid, oriented so that the normal vector points downwards.

Solution:

a) The flux out of the whole surface can be determined by the Divergence Theorem. The
flux over the whole surface is the integral of the divergence over the solid region it encloses.
The divergence of the vector field is 1. So the flux is the volume of the solid region, namely
the integral [, 1 — 22 — y? dydz over the unit disc D. Converting to polar coordinates,
this is [77 fo(L—rH)rdrdf = 5" [y r—r®drdd = [{7L -1 df = [7"1d)=Z. So the

2

flux out of the whole surface is |7 /2]|.

b) There the outward unit normal vector to the top surface which is k, so the flux is

/D—ydA:/02ﬂ/01—rsin9rdrd9:/02n—%sin9d9=0-

Therefore the flux out of the "roof” D is @ The flux through the "floor” the paraboloid
part is 7/2 — 0 = |7/2|.

Problem 14) (10 points)

Let F' be the vector field F(x,y, z) = (4z + cos(cos z), y2, z + 2).

a) (4 points) Let C' be the curve given by the parameterization 7(t) = (cost,0,sint), for
0 <t <2m. Find the line integral of F' along C'.

b) (6 points) Let S be the hemisphere of the unit sphere defined by y < 0. Find the flux
of the curl of F' out of S. In other words, find

//Scurl(ﬁ)-dg.

For part b), the surface S is oriented so that the normal vector has a positive y-component.



Solution:

a) The curl of the vector field is (2,3,0). The parameterization describes the circle
2?2+ 2% =1, where y = 0. The curve starts at (1,0,0) and rotates towards back towards
(0,0,1). By Stokes theorem, the line integral can be computed as the flux of curl(F)
through the unit disk D in the zz plane which has the normal vector r, X r, = —j and
curl(F)(z,y, z) - (ry X r,) = —3. The flux is

// —3drdz= —3m.
D

b) The boundary of S is the curve C, oriented differently as in part a). Therefore, the
answer is 37 by | Stokes theorem |. Note that the sign is different because the orientation
of the curve C' and the surface S do not match.




