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Problem 1) True/False questions (20 points), no justifications needed
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Every function f(z,y) of two variables has either a global minimum or a
global maximum.

The linearization of the function f(z,y) = e”™¥ at (0,0) is L(z,y) = 1 +
x + 3y.

The function f(z,vy,2) = 22 cos(z) + x3y?*z + (y — 2)3y° satisfies the partial
differential equation fyyq.q0y = 12.

If xe* = y?z, then 0z/0x = € /(y? — xe?).
The function cos(z?) cos(y?) has a local maximum at (0, 0).

The value of the double integral [y /4 021'3 cos(y) dxdy is the same as
(Ji «® dx) (Jg" cos(y) dy).
The gradient of f(x,y) is always tangent to the level curves of f.

If f(x,y,2) = © — 2y + z, then the largest possible directional derivative
Dz f at any point in space is v/6.

fol fol (2? +9?) dady = fol fol r3 drdf.

It is possible that the directional derivative Dyzf is positive for all unit
vectors v.

Using linearization of f(x,y) = zy we can estimate f(0.999,1.01) ~ 1 —
0.001 4 0.01 = 1.009.

Given a curve 7(t) on a surface g(z,y, 2) = —1, then 4¢(7(t)) < 0.
If f(x,y) has alocal minimum at (0, 0) then it is possible that f,,(0,0) > 0.

The function f(z,y) = —2% — 22° — 3® has a local minimum at (0, 0).

If 7(t) is a curve in space and f is a function of three variables, then
Sf(7(t)) = 0 for t = 0 implies that 7(0) is a critical point of f(z,y, 2).

Let a, b, ¢ be the number of saddle points, maxima and minima of a function
f(z,y). Then a < b+ c.

If f(x,y) is a nonzero function of two variables and R is a region, then
[ Jr f(z,y) dzdy is the volume under the graph of f and therefore a positive

value.
We extremize f(z,y) under the constraint g(x,y) = ¢ and obtain a solution

(xo,y0). If the Lagrange multiplier A is positive, then the solution is a

minimum.
The tangent plane to a surface f(x,y, z) = 1 intersects the surface in exactly

one point.

Let ¢ be a vector of length 1 in space. Given a function f(z,y,z) of three
variables. If (zg,yo, 20) is a critical point of f, then it is a critical point of
9(x,y,2) = Dy f(2,y, 2).



Problem 2) (10 points)

a) (6 points) Match the regions with the corresponding double integrals

Enter a,b,c,d,e or f | Integral of f(x,y) || Enter a,b,c,d,e or f | Integral of f(z,y)
Jo 157 £(w,y) dyda Jo T flw,y) dyde
Iy fo‘/g f(z,y) dxdy fo f(ll—x)2 f(z,y) dydx
Jo Jp £ (w.y) dady Jo J§Lo (o y) dyda

b) (4 points) Match the PDE’s with the names. No justifications are needed.

Enter A,B,C,D here | PDE Enter A,B,C,D here | PDE
Jaw = —fyy Jaw = Jyy
fm = fy fﬂc = fyy

| A) Wave equation | B) Heat equation | C) Transport equation | D) Laplace equation




Problem 3) (10 points)

a) (3 points) Find and classify all the critical points of f(z,y) = xy — z on the plane.

b) (2 points) Decide whether an absolute maximum or an absolute minimum of f exists
on the plane R?.

¢) (3 points) Use the method of Lagrange multipliers to find the maximum and minimum
of f on the boundary x? + 4y? = 12 of the elliptical region G : 2% + 4y? < 12.

d) (2 points) Find the absolute maximum and absolute minimum of f on the region G
given in c).

Problem 4) (10 points)

Find the cylindrical basket which is open on the top has has the largest volume for fixed
area 7. If  is the radius and y is the height, we have to extremize f(x,y) = mz?y under
the constraint g(z,y) = 2rxy + ma? = 7. Use the method of Lagrange multipliers.

Problem 5) (10 points)

The Pac-Man region R is bounded by the lines y = z,y = —z and the unit circle. The

number
- [ Jrx dxdy
[ fp L dady
defines the point C' = (a,0) called center of mass of the region. Find it.



Problem 6) (10 points)

a) (b points) Find the tangent plane to the surface \/zyz = 60 at (z,y, z) = (100, 36, 1).

b) (5 points) Estimate 1/100.1 * 36.1 * 0.999 using linear approximation. Here, for clarity
reasons, we use * for the usual multiplication for numbers.

Problem 7) (10 points)

Oliver got a diagmagnetic kit, where strong magnets produce a force field in which pyrolytic
graphic flots. The gravitational field produces a well of the form f(x,y) = x*+y3—22%2—3y.
Find all critical points of this function and classify them. Is there a global minimum?
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Right picture credit: Wikipedia.

Problem 8) (10 points)

Let f(z,y) = ay.



a) (2 points) Find the direction of maximal increase at the point (1,1).
b) (3 points) Find the directional derivative at (1,1) in the direction (3/5,4/5).

¢) (2 points) The curve 7(t) = (v/2sin(t),v/2cos(t)) passes through the point (1,1) at
some time to. Find <4 f(7(t)) at time to directly.

d) (3 points) Find < f(7(t)) at time ¢, using the multivariable chain rule.

Problem 9) (10 points)

Integrate the function
y -1
@) = 53—
yl/3 — yi/a

on the finite region bounded by the curves y = 2% and y = 2%,

Problem 10) (10 points)

The main building of a mill has a cone shaped roof and
cylindrical walls. If the cylinder has radius r, the height
of the side wall is A and the height of the roof is h, then
the volume is

V(h,r) = 7r*h + hrr?/3 = (47 /3) hr?
and assume the cost of the building is
A(h,r) = 7r® + 2nrh + 72r* = 7(3r + 2rh)

which is the area of the ground plus the area of the
wall plus 27rh, the cost for the roof. For fixed volume
V(h,r) = 4 /3, minimize the cost A(h,r) using the La-
grange multiplier method.




