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Problem 1) True/False questions (20 points)

Mark for each of the 20 questions the correct letter. No justifications are needed.

1) T F The directional derivative Duf is a vector normal to a level surface of f .

2) T F At a critical point of a function f , the gradient vector has length 1.

3) T F
At a critical point (x, y) of a function f , the tangent plane to the graph of
f does not exist.

4) T F
For any point (x, y) which is not a critical point, there is a unit vector ~u for
which D~uf(x, y) is nonzero.

5) T F
If fxx(0, 0) = 0, D = fxxfyy − f 2

xy 6= 0, and ∇f(0, 0) = 〈0, 0〉, then (0, 0) is
a saddle point.

6) T F
A continuous function defined on the closed unit disc x2 + y2 ≤ 1 has an
absolute maximum inside the disc or on the boundary.

7) T F
The function f(x, y) = x2 − y2 has a neither a local maximum nor a local
minimum at (0, 0).

8) T F
If (x, y) is a maximum of f(x, y) under the constraint g(x, y) = 5 then it is
also a maximum of f(x, y) + g(x, y) under the constraint g(x, y) = 5.

9) T F
The functions f(x, y) and g(x, y) = (f(x, y))6 always have the same critical
points.

10) T F
For f(x, y, z) = x2 + y2 +2z2, the vector ∇f(1, 1, 1) is perpendicular to the
surface f(x, y, z) = 4 at the point (1, 1, 1).

11) T F
f(x, y) =

√
16− x2 − y2 has both an absolute maximum and an absolute

minimum on its domain of definition.

12) T F
If (x0, y0) is a critical point of f(x, y) and fxy(x0, y0) < 0, then (x0, y0) is a
saddle point of f .

13) T F

If (1, 1, 1) is a maximum of f under the constraints g(x, y, z) = c, h(x, y, z) =
d, and the Lagrange multipliers satisfy λ = 0, µ = 0, then (1, 1, 1) is a critical
point of f .

14) T F

Suppose f has a maximum value at a point P relative to the constraint
g = 0. If the Lagrange multiplier λ = 0, then P is also a critical point for
f without the constraint.

15) T F At a saddle point, all directional derivatives are zero.

16) T F
The minimum of f(x, y) under the constraint g(x, y) = 0 is always the same
as the maximum of g(x, y) under the constraint f(x, y) = 0.

17) T F At a local maximum (x0, y0) of f(x, y), one has fyy(x0, y0) ≤ 0.

18) T F
It is possible that f(x, y) attains a maximum under the constraint g(x, y) =
0 at a point, where ∇f 6= λ∇g.

19) T F
Any Lagrange problem which asks for an extremum of f(x, y) under a con-
straint g(x, y) = 0 has either a maximum or a minimum.

20) T F The function u(x, y) = sin(x+ y) satisfies the PDE uxx + uyy − 2uxy = 0.



Problem 2) (10 points) No justifications needed.

a) (4 points) Fill in the boxes. You do not need to give additional explanations.

Chain rule: d
dt
f(~r(t)) = · ~r ′(t)

Directional derivative Dv D〈2,3〉/
√
13f(1, 1) = ∇f(1, 1) ·

Linearization of f(x, y) at (1, 1) L(x, y) = +∇f(1, 1) · (x− 1, y − 1)
Equation of tangent line at (1, 1) ∇f(1, 1) · 〈x− 1, y − 1〉 =
Critical point (1, 1) of f ∇f(1, 1) =
Lagrange equations ∇f(x, y) = ∇g(x, y), g(x, y) = c.

Type I integral
∫ b
a

∫ d(x)
c(x) f(x, y) .

Type II integral
∫ d
c

∫ b(y)
a(y) f(x, y) .

Integration in polar coordinates
∫ b
a

∫ g(θ)
f(θ) f(r cos(θ), r sin(θ)) drdθ.

Area
∫ ∫

R dxdy
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b) (2 points) Circle the point at which the magnitude of the gradient vector ∇f is greatest.
Mark exactly one point. Justify your answer.

R S T U V W X Y

c) (2 points) Circle the points at which the partial derivative fx is strictly positive. Mark
any number of points on this question. Justify your answers.

R S T U V W X Y

d) (2 points) We know that the directional derivative in the direction (1, 1)/
√
2 is zero at

one of the following points. Which one? Mark exactly one point on this question.

R S T U V W X Y



Problem 3) (10 points)

a) Locate and classify all the critical points of

f(x, y) = 3y − y3 − 3x2y .

b) Where on the parameterized surface

~r(x, y) = 〈u, v, w〉 = 〈xy3, x2/2, 3y2/2〉

is the function g(u, v, w) = u − v − w extremal? To investigate this, find all the critical

points of the function f(x, y) = xy3 − x2

2
− 3y2

2
. For each critical point, specify whether it

is a local maximum, a local minimum or a saddle point and show how you know.

Problem 4) (10 points)

Evaluate the double integral ∫ 4

0

∫ y2

0

x4

4−√
x
dx dy .

Problem 5) (10 points)

a) (6 points) Find all critical points of f(x, y) = 3xey − e3y − x3 and classify them.

b) (4 points) Does the function have an absolute maximum or absolute minimum? Make
sure to justify also this answer.

Problem 6) (10 points)

We minimize the surface of a roof of height x and width 2x and length L =
√
2y if the

volume V (x, y) = x2
√
2y of the roof is fixed and equal to

√
2. In other words, you have to

minimize f(x, y) = 2x2 + 4xy under the constraint g(x, y) = x2y = 1. Solve the problem
with the Lagrange method.
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Problem 7) (10 points)

Find all the critical points of f(x, y) = x5

5
− x2

2
+ y3

3
− y and indicate whether they are

local maxima, local minima or saddle points.

Problem 8) (10 points)

The temperature distribution in a room is T (x, y, z) = x + y + z. On which point of the
parametrized surface

~r(s, t) = 〈x, y, z〉 = 〈s2 + t2, st, 2s− t〉
is the temperature extremal? Is it a maximum or a minimum?

0
1

2
3

-1

0

1

-2

0

2

-1

0

1

Problem 9) (10 points)



A region R in the xy-plane is given in polar coordinates
by r(θ) ≤ θ2 for θ ∈ [0, π]. You see the region in the
picture to the right. Evaluate the double integral

∫∫
R

cos(
√
x2 + y2)√

x2 + y2(π − (x2 + y2)1/4)
dx dy .

Problem 10) (10 points)

Suppose 2x + 3y + 2z = 9 is the tangent plane to the graph of z = f(x, y) at the point
(1, 1, 2).

a) Find the linear approximation of f(1.01, 0.98).
b) What is the gradient ∇f at (1, 1)?
c) What is the equation ax+ by = d of the tangent line at (1, 1)?


