12/19/2009, FINAL EXAM

Math 21a, Fall 2009
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e Start by printing your name in the above box and
check your section in the box to the left.

e Do not detach pages from this exam packet or un-
staple the packet.

e Please write neatly. Answers which are illegible
for the grader cannot be given credit.

e Show your work. Except for problems 1-3, we
need to see details of your computation.

e No notes, books, calculators, computers, or other
electronic aids can be allowed.

e You have 180 minutes time to complete your work.
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‘ Problem 1) Trugalse questions (20 points). No justifications are needed.

1) | T E The functions*’~ andx? + y® — y have the same critical points.

Solution:
The gradient of the first function &+’ times the gradient of the second.

2) | Tl F The linef(t) = (t?,t2,t2) hits the planex + y + z = 100 at a right angle.

Solution:
Yes, the normal vector to the plane is paralle{1ol, 1).

3) | T F The quadric® — 2y? + 72 = 5 is a one sheeted hyperboloid.

Solution:
It is stretched a bit in thg direction by a factorv2 and scaled by a factoys but otherwise, it
is a standard hyperboloid

The relationd x V| = |- V] is only possible if at least one of the vectairandv

4) T F is the zero vector.

Solution:
It is also possible if they are nonzero but form a 45 degreéeang

5) | T F The partial diferential equatiomi; + usu = Uy is called theBurger s equation.

Solution:
We should havel, at the right hand side to make it true

The curvature of the curvit) = (sin(2), cos(2)/ V2, cos(2)/ V2) att = 0 is
equal to the curvature of the curgft) = (0, cos(3), sin(3)) att = 0.

Solution:
Both are circles of radius 1 which have curvature 1.



T F The space curvi(t) = (sin(), t?, cost)) for t € [0, 10x] is located on a cylinder.

Solution:
We can check? + 22 = 1.

If a smooth functionf(x,y) has a global maximum, then it has a global mini-

8) T F mum.

Solution:
A counter example i$(x,y) = —x? — y2.

If L(x,Yy) is the linearization of (x,y) at (xo, Yo) andg(t) is the line tangent to the
9 | T F curver(t) at the point(ty) = S(to) = (X0, Yo) SO thatl’ '(to)| = |S(to)| = 1, then
|d/dtL(§(t))| = |d/dtf(r(t))| at the timet = t,.

Solution:

Locally, near k-0, yp) the linearizatiorL(x, y) is close to the functiori(x, y). The level surface

to f through &o, Yo) and the level surface df(x, y) have the same normal vecioe Vf = VL.

The vectors/ = S’(tg) andw = ' (to) are both normal to the same vector and so parallel. Since
they have the same length, eithee= W or Vv = —w. By the chain ruled/dtL(3(t)) = -V =

+A - W = +d/dtf(r(t)). The absolute values agree.

If Fis a gradient field and(t) is a flow line defined by’ ’(t) = F(F(t)), then the

10) |7 F line integralfo1 F - dr is either positive or zero.

Solution:
The power’(t) = F(F(t)) is positive and so is the integral.

The flux of the vector fieldF = V f through the surfacé(x,y,z) = x*+y*+2* = 1
11) | T F is positive if the surface is oriented so thratx 1, points in the direction of the
gradient off.

Solution:
If we parametrize the surface witifu, v), then the flux isffS V(i (u,v)) - (ry xry) dudv. The
integrand is positive by assumption.

If we extremize the functiorf(x,y) under the constraim(x,y) = 1, and the

12) | T F functions are the samk = g, all points on the constraint curve are extrema for
f.




Solution:
Every point on the curvg(x,y) = 1 is a solution to the Lagrange equations becauke Vg.

If a point (Xo, Yo) is @ minimum off (X, y) under the constrairg(x,y) = 1, then it
3) |7 F is also a local minimum of the functiof(x, y) without constraints.

Solution:
The gradient off does not have to be the zero vector.

If a vector fieldF(x, y) is a gradient field, then any line integral along any closed

14) |7 F ellipse is zero.

Solution:
This follows from the fundamental theorem of line integrals

15) | T F The flux of an irrotational vector field is zero through anyfaceS in space.

Solution:
It is only zero through anlosed surface but the surface does not need to be closed.

16) | T F The divergence of a gradient fiel(x, y, 2) = Vf(x,, 2) is everywhere zero.

Solution:
While the curl of gradient is zero and the divergence of a @dero, the divergence of a
gradient is the Laplacian df and not necessarily zero.

The line integral of the vector fielH(x,y,2) = (x,y, z) along a circle in thexy—

T F plane is zero.

Solution:
Yes, by the fundamental theorem of line integrals.

For any solidge, the moment of inertiaﬂfE x? + y? dxdydz is always larger than
18) | T 'F | the volume(ff. 1 dxdydzof E.




Solution:
For small solids, the moment of inertia is small, for largkdsy the moment of inertia is large.

The curvature of a parametrized curve satisfyfiti@t)| = 1 is bounded above by

19 | T F the lengthr 7’| of the acceleration.

Solution:
One can deduce this directly from the formula for curvataréx r /| < |F ”| in that case.
Actually, more is true, the curvature is in this case the termg the acceleration.

20 Given a vector field® = (P, Q, R), the directional derivative of di{(x, y, 2)) in
) | T F the directionv = (1,0, 0) iS Py + Qy + Ry

Solution:
Yes by definition divE(x, Y, 2)) = Py(X, Y, 2) + Qy(X,¥,2) + RA(X, Y, 2). The directional derivative
in the (1, 0, 0) direction is the partial derivative with respecttoWe use also Clairot.



‘ Problem 2) (6 points)

a) (6 points) Match the objects with their definitions

5 6

Enter 1-6| Object definition

r(t) = ((2 + cos(1@)) cost), (2 + cos(1@)) sin(t), sin(1Q))
lf(x’ Y, Z) = <_y’ X 2>

r(t, s) = ((2 + cos(@)) cost), (2 + cos@)) sin(t), sin(s))
X?y?7%> = 0

(x-1)/5=(y-2)/10=(z-1)/3

r(t) = (sin(t) + cos(3), cosf) + cos(R))

b) (4 points) Match the solids with the triple integrals:

Enter A-D | 3D integral computing volume
fOZn 07r/4 fol/ c05¢)p2 sin(¢) dpdqjdg
b Lol % sin) dpdgde

Jo L Jo #*sin@) dodgdo

b o s p*sin@) dodeds




Solution:
a)1,2,6,3,4,5
b) D,B,A,C

| Problem 3) (10 points)

a) (6 points) The surfaces are given either as a paraméobrzat implicitly. Match them. Each
surface matches one definition.

Enter A-F herg Function or parametrization

r(u, V) = (U, V2, UZ + V°)

r(u,v) = ((1 + sin(u)) cosg), (1 + sin()) sin(v), uy
42 +y -9 =1

X—9y>+4z2 =1
P(u,Vv) = (u,V, sin(u? + v))
4%+ 9y* =1

b) (4 points) If the blank box is replaced Bf (5, 6) the statement becomes true or false. De-
termine which case we have. The functibfx, y) is an arbitrary nice function like for exam-
ple f(x,y) = x—yx + y°. The curver(t), wherever it appears, parametrizes the level curve
f(x,y) = f(5,6) and has the property the0) = (5, 6).



Trueg/False| Topic Statement

Linearization L(x,y) = f(5,6)+  ](Xx-5Yy-6)
Chain rule FPO)o=—71T7'(0)
Steepest descent f decreases at (6) most in the direction g ]
Estimation f(5+0.1,599)~ f(5,6)+ 1-(0.1,-0.01)
Directional derivative Dyf(5,6)= J-V,[V|=1
Level curve of f through (56) has the form——]«(x-5,y-6)=0
Vector projection of Vf(5,6) ontoVisV(V- [ ))/IV?
Tangent line of F(t) at (5 6) is parametrized biR(s) = (5, 6) + S|

Solution:

a) A,B,D,E,F,C

b) T, T,FRT,T,FT,F

| Problem 4) (10 points)

Two ice cream scoops given by spheres
X+y+(z+1P%=1

and
(x—12+ (-1 +(@z-2¢=1

are enclosed by a cylinder which is tangent to both spheres.
Find the equation of the cylinder.

Hint: consider the distance of a general poi/ 2) to the line passing through
the centers of the spheres.




Solution:

The lineL passes through the poims= (0,0, -1) andB = (1, 1, 2) which are connected by the

vectorV = (1, 1, —-3). The distance from a poift = (X, y, 2) to the line is given by

<X—O,y—O,Z+ 1>X<1, 1,_3>|

_ |
dR0 = 1,1, -3)|

The cross product in that formula
XY,z+1)x(1,1,3)=@8y-z-1,z2+1-3X,X-VY).
The equatiom(P, L) = 1 is equivalent tal(P, L)?> = 1 which is
By-z-1P+(z+1-3x%+(x-y)>=11.

lts fine to leave the result like this but one could write it
—6X + 10x? — 6y — 2xy + 10y? + 4z — 6xz — 6yz + 27° = 9|,

as

Problem 5) (10 points)

Find a parametrization

F(t) = (x(t), y(), Z(t))

the surface
X +y*—-z=0

at (-1, -1, 2) with thexy-plane.

for the line obtained by intersecting the tangent plare



Solution:
The gradient off is Vf(x,y,2 = (2x,2y,-1) and at the given poin¥f(-1,-1,2) =
(-2,-2,-1). The tangent plane is

—2X-2y-z2=2.

Forz = 0, we havex + y = -1,z = 0. While these two equations describe the line, we were
asked to compute a parametrization. It is most convenidatlyd by picking two points on
the line like ¢1,0,0) and (Q—1,0). The vector connecting these pointis—-1,0). The
parametrization of the line is

r(t) =(-1,0,0) + t(1,-1,0) .

The answer isr(t) = (t— 1, -t,0) |.

Problem 6) (10 points)

‘\ ¥ i S WO Tl Ul "
"-L b 1ty lIraII'IhQ“."’ f H
T /7 ) T AN L The vector field
:',"‘-._4_‘»‘ : ". ' Tyee a.‘...'-‘ 2
NN I A NN F(xy) = (P,Q) = (y(x* = 27), x(y* - 4y))
LA NN AR has the curl
an r .':‘A'J'J'r l"‘..'-
2N 7 R f(xy) = curl(F)(x y) = Qu(x.y) — Py(x.y) .
ph i b 1 Find and classify all critical points df by deciding whether
W AT LTI 1 6 RN they are local maxima, local minima or saddle points. Is
2P A I T there a global maximum or global minimum &6?
wpr Etior
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Solution:
We haveQ, = y* — 4y, P, = x* — 2x? so that we have to find the extrema of the function

f(xy) =y —4y— X' +2x° .

The gradient off is
V(X Yy) = (=43 + 4x, 4y° — 4) .
The critical points satisfy the two equations

A3 +4x =0
4P -4=0.

This leads toy = 1 andx = —1,0, 1 so that we have three critical points. To apply $heond
derivative test, we have to computé, = —12x* + 4 and the discriminar®d = ffy, — {3 =

(—12¢ + 4)(124).

Point | D | fy | Nature of critical point| local or global
(-1,1) | -96 | -8 | saddle neither max nor min
(0,1) |48 |4 | min local minimum
(1,1) |-96| -8 | saddle neither max nor min

There are no global maxima nor global minima because thetibm¢akes arbitrarily large
negative valueg = 0, X —» —oco and arbitrarily large values= 0,y — co.

Problem 7) (10 points)

We want to minimize the volume of the union ofkphere

of radiusx and acube of side lengthy under the constraint
that the sum of the two surface areas is equal to 4. Find the
minimal value using the Lagrange method.

Remark: You do not have to show any derivations of the volunk surface

area of the sphere.



Solution:
We want to minimize the function

f(xy) = 4nx°/3+y?

under the constraint
g(x,y) = 4nx2 +6y° = 4.

The Lagrange equations are

A’ = A8nx

3y? 12y
4t + 6y = 4.

These equations have a solution with= 0 which is ,y) = (0, v2/3) and a solution with
y = 0 which is ,y) = (v/1/x, 0) and a solution, where bothandy are nonzero. To get this
solution, divide the first equation by the second, to géB8J#x?/y*> = (2/3)xx/y or 2x = y.
This givesx = (6 + n)™¥2 andy = 2(6 + n)"%2. This point is the minimum. The answer is

(x,y) = ((6+n)Y2,2(6+ 1)) |

Remark: this problem is inspired by the corresponding two dimeralipnoblem presented in the planar exam review. The 2D
problem in the plane has been described in the new book "Thedvtatical Mechanic: Using Physical Reasoning to Solve
Problems by Mark Levi, 2009". The book shows how the solutian be explained using physical reasoning. Both in the two
and three dimensional situation, the cube length is the shamethe diameter of the circle or sphere.

Remark. Some more work had been required here, if the formula for tinlase area of the sphere were not known. In that
case, one had to do the computatﬁﬁ 5 REsin(g) dgdg = 4nR2 andfoZH I OR,o2 sin(g)dodgds = 47R3/3.

Problem 8) (10 points)

A solid E in space is determined by the inequalities
0<z<9,

Z-X-y>4

and
Xy <1,

Find the volume of.



Solution:

\ A

Usecylindrical coordinates. It is crucial todraw the situ-
ation in therz-plane to read f the integration bounds: the
region is bounded from below by the hyperbolaidr? = 4

(a hyperbola in thez-plane) from above by the plarze= 9

(a horizontal line in thezplane) and to the side by the cylin-
derr = 1 (a vertical line in the rz-plane). The computation

is:
21 1 9
f f f rdzdrde
0 0 JVa+r2?

The final result is7(9 + 16/3 — 2- 5%2/3)|.

1

27rf r(©Q- Va+r2)dr
0

= m(9+16/3-2-5%2/3).

Problem 9) (10 points)

Solution:

A surfaceS is parametrized by
P(u, V) = e¥*(1, sin(v), cos{))

where
O<u< Vmuw<v<r.

Find its surface area.

We havelr, x ry| = V8ue2’. The integral

N 5
f f V8ue 2 dvdu
0 u?

becomes after awitch of variables (make a picture!)

The resultis(2r — 1+ e2)/(2V?2) .

T VW 5
f V8ue 2 dudv .
0 0

Problem 10) (10 points)




What is the line integrafC F - dr of the vector field

F(xy) = (1+y+2xy, Y + X%

along the boundarg of the planar “castle region” shown in the picture?
Each of the 5 windows is a unit square and the base of the deestle
length 9. The boundary consists of 6 curves which are alhtetk so
that the region is to the left.

Solution:

The curlQ, — Py of the vector field is constantl. The line integral is already given in the
correct orientation so that it is igreen’s theorem equal to the double integral of the curl over
the regionG. Since the castle has 819 — 8 = 64 "bricks”, the result is-area(G) = .

The castle by the way is a second step to a fractal constructidou can stack 8 such castles on each other to get
a new one, then rescale. In the limit, we geffractal a self similar structure, where ong81h of the castle is
similar to the castle itself. Because dividing things upoif® parts leads to 8 times more bricks, the dimension is
fractional 1 < log(8)/log(3) < 2, hence the name fractal. [The dimensionality formula appen the Star treck
movie, when young spock learns math.] Without the hole, iuldobe a 2D object because log(®g(3) = 2.

We could solve the exam problem at any stage. At stagéhere are B bricks and the line integral would be8".

| Problem 11) (10 points)

Compute the line integral of the vector field
F(x Y, 2) = (cos), 2 + cosf), & + X(y* + 2))
along the curve(t) = (t, cost), sin(t)) with 0 < t < 3.

Hint: you might want to find a splif = G + H and compute
line integrals ofG andH separately.




Solution:

The vector field is the sum of a gradient figd= (cos), 2 + cosg), €% = Vf with f(x,y,2) =
sin(x) + 2x + sin(y) + € and the resH = (0, 0, x(y2 + Z2)). We have

fﬁ.d*r:fcz.dhfﬁ.d?
C C C

Thefirstline integral is by thundamental theorem of lineintegrals f (37, —1,0)-f(0,1,0) =
—4 + 2sin(1). The second line integral can be computed direatye( thaty?> + 22 = 1 on the

curve)

3
f F(P(t) - P/ () dt
0

3
f (0,0,t) - (1, —sin(t), cost)) dt
0

3
f tcost) dt
0

tsing)|3" - fgﬂ sin(t) dt
0

= 0+cosf)ly =-2.

The sum of the two integrals|is6 — 2 sin(1)|.

Problem 12) (10 points)

A biker in the Harvard Hemenway gym pedals. Assume
that the force of a foot is

F =(0,0,x° - X + 12+ sin@)

and that one of the feet moves on a p&h: rt) =
(2 cosf), 0, 2 sint)). How much work

fclf-dr*

is done by this foot, when pedaling 10 times which means
0<t<20n?



Solution:
By Stokestheorem, the line integral from 0 to2is equal to the flux of the curl df through any
surface which ha€ as a boundary. We take the simplest surfasehich the disc parametrized
by r(u, v) = <u, 0, v) which has the normal vecta}; x r, = (1,0,0) - (0,0,1) = (0,-1,0). The
curl of the vector field is

curl(F)(x, Y, 2) = (0, —3x% + 2x,0) .

The flux of the curl is is

f f (0, =3u? + 2u, 0) - (0, -1, 0) dudv = f f 3u® — 2u dudv .
w2+v2<4 u2+v2<4

This double integral is best computed in polar coordinates cosf), v = r sin(g) leading to
21 2
f f [3r2cog(6) — 2r cos@)]r drdd = n(3-2*/4)=12r .
0 0

Peddaling 10 rounds leads to the wptR0r .

Problem 13) (10 points)

X-Rays have intensity and direction and are given by a vec-
tor field

F(x,Y,2) = (Z,sin@ +y+Z", z+ cosky) + siny)) .

A tonsil is given in spherical coordinates as< ¢. Find
the flux of the X-Ray fieldF through the surface = ¢

of the tonsil. The surface is oriented with normal vectors
pointing outside.Remark: The flux is the amount dbnizing radiation
absorbed by the tissue. This X-ray exposure is measured umihGray which
corresponds to the radiation amount to deposgule of energy in 1kilogram

of matter and corresponds to about R@n. A typical dental X-ray is reported

to lead to about one tenth to one half of a Rem.




Solution:

The divergence of the vector field is constant 2. The flux tghotine tonsil surface is therefore
by the divergence theorem 2 times the volume of the tonsiis ¥élume integral is best done
in spherical coordinates:

27 T T
Zf f fb sin(@)p? sin(p) dpdgds = 47rf ¢°sin(@) do .
0 0 0 0

This integral needs integration by parts:

2 Volume(tonsil)

4_;[_¢3 cosp)[; + fo 342 cosp) o]
- T -3 [ sine2s do

= 4_;[n3+6¢cos@)g—6 fo i cos@) dg]
_ 4_§(n3-6n).

The computation could be simplified a bit by switching theawradf integration (for the triangle
in the ¢, p plane) requiring less integration by parts. The resultiis é}”—(ﬂ3 — 6m) |




