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Problem 1) True/False questions (20 points)

Mark for each of the 20 questions the correct letter. No justifications are needed.

If Vf(z,y) # (0,0) at a given point (zo, yo), there exists a unit vector u for
T F which Dgf(xq,yo) is zero.

Solution:
Take a vector which is tangent to the level curve. Because this vector is perpendicular to

the gradient, the directional derivative Dz f = V f - 4 is zero.

T || F If f,2(0,0) =0,D # 0, and Vf(0,0) = (0,0), then (0,0) is a saddle point.
Solution:
Because fo, = 0, we have D = f..f,, — f2, = —f2, which can not be positive. Because

D # 0, we must have D < 0. By the second derivative test, the critical point is a saddle
point.

The surface described in spherical coordinates by the equation pcos(¢) =
T F p*sin?(¢) is an elliptic paraboloid.

Solution:
The equation means in cylindrical coordinates z = r?. In Cartesian coordinates, this is

2= 2% +y>

T F The function f(x,t) = x + t satisfies the heat equation f; = f.,.

Solution:
ft =1 but fa:x = 0.

T || F f(z,y) = 32*y — y? is a solution of the Laplace equation f,, + f,, = 0.

Solution:
f:c:c + fyy = 0.



A smooth function defined on the closed unit disc 22+%? < 1 has an absolute
maximum in this disc (including the boundary).

Solution:
The maximum can be either in the interior or at the boundary.

A surface defined in cylindrical coordinates by the equation g(r, 0, z) = 0 is
always a surface of revolution.

Solution:
It is a surface of revolution if there is no 6 dependence.

The function f(z,y) = x* — y? has a neither a local maximum nor a local
minimum at (0, 0).

Solution:
It is a saddle point.

9 The functions f(z,y) and g(z,y) = (f(x,y))* always have the same critical
) T F points.
Solution:
The gradient of g is 4f3(x,y)Vf. So, the second function has critical points, where f
vanishes.

For f(z,y, z) = 2* +y* + 222, the vector V f(1,1,1) is perpendicular to the
10) T F surface f(z,y,z) = 4 at the point (1,1, 1).

Solution:
This is a basic property of gradients.

1) | T|| F If f(x,y) =cand f, # 0, then Z—; = fy(z,9)/ fo(z,y).

Solution:
This is a formula for implicit differentiation. It is almost right, but the sign is wrong.



12) T P f(z,y) = /16 — 22 — y? has both an absolute maximum and an absolute
minimum on its domain of definition.
Solution:

The domain of definition is the disc z? + y* < 16. The maximum 4 is in the center the
absolute minimum 0 at the boundary.

If (z0,y0) is a critical point of f(x,y) and fuy (2o, yo) < 0, then (z¢,yo) is a
13) T F saddle point of f.

Solution:
The discriminant D = f,, f,, — fﬁy can be positive. An example is f(z,y) = 1002? +
100y? — zy.

The vector 7,(u,v) of a parameterized surface (u,v) — (u,v) =
(x(u,v),y(u,v), z(u,v)) is always perpendicular to the surface.

Solution:
The vector is always tangent to the surface.

15) T F The directional derivative Dzf is a vector perpendicular to v.

Solution:
The directional derivative is a number, not a vector.

Suppose f has a maximum value at a point P relative to the constraint
16) T F g = 0. If the Lagrange multiplier A = 0, then P is also a critical point for
f without the constraint.

Solution:
The Lagrange equations tell that V f(z,y) = (0,0).

17) T F At a saddle point, all directional derivatives are zero.




Solution:
Because V f(x,y) = (0,0) at a saddle point, all directional derivatives Dyf = V f - ¥ are

Z€ro.
The minimum of f(z,y) under the constraint g(z,y) = 0 is always the same
18) | T F as the maximum of g(z,y) under the constraint f(z,y) = 0.
Solution:

This can not be true, because the first problem is the same if we replace g(z,y) with
2¢g(x,y), but this will change the value of the maximum of ¢ on the right hand side.

19 The function f(t,z,y) = ysin(z—t) satisfies the partial differential equation
) T F ftt:fxx+fyy'

Solution:
Indeed this is a solution. Note that f,, = 0 and f;; = f,,. The partial differential equation
is called two dimensional wave equation.

20) | T F At a local maximum (xg,yo) of f(z,y), one has f,,(xo,yo) < 0.

Solution:
Indeed, at a local maximum, f,, <0.

Problem 2) (10 points)

Match the parametric surfaces with their parameterization. No justifications are needed
in this problem.
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Enter LILIIL,IV here | Parameterization
(u,v) — (cos(u) sin(v), sin(u) sin(v), 5 cos(v))
(u,v) — (u? v u? — v?)
(u,v) — (cos(u) sin(v), sin(u) sin(v), 5 sin(v))
(u,v) — (u,v,u* — v*
(u,v) — (u,v, e"sn®)




Solution:

Enter LILIITLIV here | Parameterization

v (u,v) — (cos(u )bm(v),bm( )sin(v)/2, 5 cos(v))
11 (u,v) — (u?, 0% u? —v?

\Y% (u,v) — (cos(u )sm( ), sin(u) sin(v) /2, 5sin(v))
I (u,v) — (u, v, u? — v?)

111 (u,v) — (u,v, e"sin)

Problem 3) (10 points)

Consider the following differential equations:

A) Laplace equation fu, + fy,, =0
B) Wave equation f,, = fyy

C) Poisson equation f,, + f,, =4
D) Heat equation f, = fy,y

E) Transport equation f, = f,

Given the functions g(z,y) = sin(z + y) and h(z,y) = 2* + y*. Which of the partial
differential equations A,B,C,D,E do they satisfy?
Equation g is a solution | g is not a solution | A is a solution | h is not a solution
A)

EESE

Solution:
Equation g is a solution | g is not a solution | A is a solution | h is not a solution
A) X X

259%
e
e

Problem 4) (10 points)
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a) (4 points) Circle the point at which the magnitude of the gradient vector V f is greatest.
Mark exactly one point. Justify your answer.

(B[S[TU[V|W][X]Y]

b) (3 points) Circle the points at which the partial derivative f, is strictly positive. Mark
any number of points on this question. Justify your answers.

(RIS[T[U|VI[W]X[Y]

¢) (3 points) We know that the directional derivative in the direction (1,1)/+/2 is zero at
one of the following points. Which one? Mark exactly one point on this question.

(BIS[T[UVI[WI]X[Y]

Solution:

a) At the point Y the level curves are closest to each other indicating the steepest place
and so the largest gradient.

b) At the points V and Y, the function increases, if we go into the z direction. In the
other points, the function decreases, if we go into the x direction.

¢) In order to have a zero directional derivative, we need the gradient to be zero or
perpendicular into the direction ¢. This is the case at the point S.



Problem 5) (10 points)

Find all the critical points of the function f(z,y) = % + 72 —xy°.
For each critical point, specify if it is a local maximum, a local minimum or a saddle point

and show how you know.

Solution:

Vf(z,y) = (x—y3 3y — 3zy?). This is zero if 3y — 3y® = 0 or y(1 — y*) = 0 which means
y=0ory==£l. In the case y = 0, we have z = 0. In the case y = 1, we have x = 1, in
the case y = —1, we have x = —1. The critical points are (0,0), (1,1), (=1, —1).

The discriminant is fy fyy — gy = 3 — 6zy9y*. The entry f,, is 1 everywhere.
Applying the second derivative test gives

Critical point || (0,0) | (1,1) | (-1,-1)
Discriminant 3 -12 -12
fox I I I
Analysis min | saddle | saddle

Problem 6) (10 points)

A beach wind protection is manufactured as follows. There is a rectangular floor AC BD
of length a and width b. A pole of height ¢ is located at the corner C' and perpendicular
to the ground surface. The top point P of the pole forms with the corners A and C' one
triangle and with the corners B and C an other triangle. The total material has a fixed
area of g(a,b,c) = ab+ac/2+bc/2 = 12 square meters. For which dimensions a, b, ¢ is the
volume f(a,b,c) = abc/6 of the tetrahedral protected by this configuration maximal?




Solution:
The Lagrange equations are

be = MNb+c¢/2)

ac = MNa+c¢/2)

ab = Ma+0b)/2
ab+bc/2 +ac/2 = 12.

—_

Dividing the first to the second equation leads to a = b. Dividing the second to the third
equation gives ¢ = 2b. Substituting a and ¢ gives b* + b* + b* = 12 or b = 2. Therefore
a=2,b=2 c¢=4is the optimal configuration. The maximal volume is f(2,2,4) = 8/3.

Problem 7) (10 points)

A spaceship approaches its base B = (0,0, —7/2) along the path

r(t) = (sin®(t), 1 — cos(t), —m/2 — t).
The base is protected by a force shield given by the equation x® + 2y? + 2% /7% = 3. At
time ¢ = —m /2, the spaceship passes through the shield.

a) (5 points) At that time, does the ship pass through the shield at a right angle to the
shield?

b) (5 points) The force shield is generated by a power station located at the point (0,0, 0).
In the moment when the spaceship is passing through the shield, what is the rate of change
of the distance from the spaceship to the power station?



Solution:

a) At the time ¢t = —7/2, the spaceship is located at (1,1,0). The velocity vector of
the spaceship is (2sin(t) cos(t),sin(t), —1). At the time ¢t = —x /2, the velocity vector is
v =(0,—1,-1).

For f(z,y,z) = x® + 2y? + z*/7?, the gradient is Vf = (2x,4y,2z/7?). At the point
(1,1,0), the gradient vector is the vector 77 = (2,4, 0), which is therefore perpendicular
to the force shield at that point.

The spaceship passes through the shield at a right angle to the shield if and only if the
velocity vector v = (0, —1, —1) is parallel to the normal vector n = (2,4, 0). These vectors
are clearly not parallel, so the spaceship does not pass through the shield at a right angle.
b) The distance from the origin is d(z,y,z) = Va?+ y?>+ z2. The gradient of the
distance function is Vd = (x,y, z)/v/2? + y?> + 22. At the point (1,1,0), this vector is
(1/4/2,1/4/2,0). The rate at which the distance is changing is the dot product of the
gradient with the velocity vector of the spaceship by the chain rule. This is

Vd -7 = (1/v/2,1/v/2,0)- (0, -1, 1) = —1/V2..

Problem 8) (10 points)

Given the function

fla,y) = /105 — 222 — 342 .

a) (4 points) Use the technique of linear approximation at the point (1,1) to estimate



£(1.01,0.9).

b) (3 points) Find a unit vector pointing in the direction at (1,1) where the function
decreases fastest.

¢) (3 points) Find the tangent line to the curve /105 — 222 — 3y? = 10 at the point (1, 1).

Solution:

a) L(z,y) = f(1,1) + fo(1, ) (z = 20) + f,(1, D)y — yo)-

f(1,1) =10

folz,y) = =2z/ f(z,y), fy(x>y) = =3y/f(z,y). a= fu(1,1) = —1/5

b= f,(1,1) = =3/10

L(1.01,0.9) = 10 — 1/5-0.01 +3/10 - 0.1 = 10 — 0.002 + 0.03 = [ 10.028].

b) The direction in which the function decreases fastest is to —V f/||V f|| which is

(2.3)/V13]

¢) The tangent line has the form 2z + 3y = d, where d can be obtained by plugging in the

point (1,1) which is d = 5. The equation of the tangent line is |2x + 3y = 5|.

Problem 9) (10 points)

Let S be the surface of revolution for which the distance r to the z-axis is g(z) = €*.

a) (3 points) Find a parameterization of S.
b) (3 points) Find an implicit equation f(z,y,z) = ¢ which describes this surface.

¢) (4 points) Find the tangent plane to S at the point (—e,0,1).

Solution:

a) 7(r,0) = (e* cos(0), e* sin(h), z).

b) r = ¢€* translates into g(z,y,2) = 2* + y* — e¢* = 0. This is an implicit equation
describing the surface.

¢) The gradient of g is Vg(z,y,2) = (2x,2y,—2¢?*). The gradient of g at the point
(—e,0,1) is (—2¢,0, —2¢%). The tangent plane has the equation —2ex — 2e*y = d. We
find the value of d by plugging in (z,y,2) = (—e,0,1). It is d = 2¢?. So, the equation is

—2ex — 2e%z = 2¢%2 — 2¢? = (. The final result can be written as is .



