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Problem 1) TF questions (30 points)

Mark for each of the 20 questions the correct letter. No justifications are needed.

1) T F f(x, y) and g(x, y) = f(x2, y2) have the same critical points.

2) T F
If a function f(x, y) = ax + by has a critical point, then f(x, y) = 0 for all
(x, y).

3) T F fxyxyx = fyyxxx for f(x, y) = sin(cos(y + x14) + cos(x)).

4) T F
Given 2 arbitrary points in the plane, there is a function f(x, y) which has
these points as critical points and no other critical points.

5) T F
It is possible that for some unit vector u, the directional derivative Duf(x, y)
is zero even though the gradient ∇f(x, y) is nonzero.

6) T F If (x0, y0) is the maximum of f(x, y) on the disc x2+y2 ≤ 1 then x2

0
+y2

0
< 1.

7) T F
The linear approximation L(x, y, z) of the function f(x, y, z) = 3x+5y−7z
at (0, 0, 0) satisfies L(x, y, z) = f(x, y, z).

8) T F If f(x, y) = sin(x) + sin(y), then −
√

2 ≤ Duf(x, y) ≤
√

2.

9) T F
There are no functions f(x, y) for which every point on the unit circle is a
critical point.

10) T F

An absolute maximum (x0, y0) of f(x, y) is also an absolute maximum of
f(x, y) constrained to a curve g(x, y) = c that goes through the point
(x0, y0).

11) T F
If f(x, y) has two local maxima on the plane, then f must have a local
minimum on the plane.

12) T F The acceleration of the curve ~r(t) = (cos(t), sin(t), t) at time t = 0 is 1.

13) T F
There exists a function f(x, y) of two variables which has no critical points
at all.

14) T F If fx(x, y) = fy(x, y) = 0 for all (x, y) then f(x, y) = 0 for all (x, y) .

15) T F (0, 0) is a local maximum of the function f(x, y) = x2 − y2 + x4 + y4.

16) T F
If f(x, y) has a local maximum at the point (0, 0) with discriminant D > 0
then g(x, y) = f(x, y) − x4 + y3 has a local maximum at the point (0, 0)
too.

17) T F
The value of the function f(x, y) =

√
1 + 3x + 5y at (−0.002, 0.01) can by

linear approximation be estimated as 1 − (3/2) · 0.002 + (5/2) · 0.01.

18) T F
The gradient of f at a point (x0, y0, z0) is tangent to the level surface of f
which contains (x0, y0, z0).

19) T F If D~vf(1, 1) = 0 for all vectors ~v, then (1, 1) is a critical point of f(x, y).

20) T F The function u(x, t) = x3 + t3 satisfies the wave equation utt = uxx.

21) T F
Every critical point (x, y) of a function f(x, y) for which the discriminant
D is not zero is either a local maximum or a local minimum.



22) T F
The function f(x, y) = eyx2 sin(y2) satisfies the partial differential equation
fxxyyyxyy = 0.

23) T F
If (0, 0) is a critical point of f(x, y) and the discriminant D is zero but
fxx(0, 0) < 0 then (0, 0) can not be a local minimum.

24) T F
In the second derivative test, one can replace the condition D > 0, fxx > 0
with D > 0, fyy > 0 to check whether a point is a local minimum.

25) T F The gradient 〈2x, 2y〉 is perpendicular to the surface z = x2 + y2.

26) T F
If f(x, t) satisfies the Laplace equation fxx +ftt = 0 and simultaneously the
wave equation fxx = ftt, then f(x, t) = ax + bt + c.

27) T F
The function f(x, y) = (x4 − y4) has neither a local maximum nor a local
minimum at (0, 0).

28) T F
It is possible to find a function of two variables which has no maximum and
no minimum.

29) T F
The value of the function f(x, y) = exy at (0.001,−0.001) can by linear
approximation be estimated as −0.001.

30) T F
For any function f(x, y, z) and any unit vectors u, v, one has the identity
Du×vf(x, y, z) = Duf(x, y, z)Dvf(x, y, z).



Space for work



Problem 2) (10 points)

Match the parametric surfaces with their parameterization. No justification is needed.

I II

III IV

Enter I,II,III,IV here Parameterization
(u, v) 7→ (cos(u) sin(v), sin(u) sin(v), cos(v))
(u, v) 7→ (u − 1, v + 3, u + v)
(u, v) 7→ (u, v, 1− u2 − v2)
(u, v) 7→ (sin(v) cos(u), sin(v) sin(u), v)



Space for work



Problem 3) (10 points)

a) Show that for any differentiable function g(x), the function u(x, y) = g(x2 +y2) satisfies
the partial differential equation yux = xuy.

b) Assuming g′(5) 6= 0, let u be the function defined in a). Find the unit vector ~v in the
direction of maximal increase at the point (x, y) = (2, 1).



Space for work



Problem 4) (10 points)

Which point on the surface g(x, y, z) = 1

x
+ 1

y
+ 8

z
= 1 is closest to the origin?



Space for work



Problem 5) (10 points)

Find all extrema of the function f(x, y) = x3 + y3 − 3x − 12y + 20 on the plane and
characterize them. Do you find a absolute maximum or absolute minimum among them?



Space for work



Problem 6) (10 points)

Find all the critical points of f(x, y) = x5

5
− x2

2
+ y3

3
− y and indicate whether they are

local maxima, local minima or saddle points.



Space for work



Problem 7) (10 points)

Use the technique of linear approximation to estimate f(0.003,−0.0001, π/2 + 0.01) for

f(x, y, z) = cos(xy + z) + x + 2z .



Space for work



Problem 8) (10 points)

Find the equation ax + by + cz = d for the tangent plane to the level surface of

f(x, y, z) = cos(xy + z) + x + 2z

(same function as in last problem) which contains the point (0, 0, π/2).



Space for work



Problem 9) (10 points)

What is the shape of the triangle with angles α, β, γ for which

f(α, β, γ) = log (sin(α) sin(β) sin(γ))

is maximal?

α
β

γ



Space for work


