Completeness in Generalized Ultrametric Spaces

Nathanael Leedom Ackerman!

! Department of Mathematics, Harvard University,
One Ozford Street Cambridge, MA 02138

We analyze the relationship between four notions of completeness for I'-ultrametric spaces. The
notions we consider include Cauchy completeness, strong Cauchy completeness, spherical complete-
ness and injectivity. In the process we show that the category of I'-ultrametric spaces is equivalent
to the category of flabby separated presheaves on I'°P.

1. INTRODUCTION

I'-ultrametric spaces are spaces which satisfy all the axioms of an ultrametric space except that the distance
function takes values in a complete lattice I' instead of RZ%. T'-ultrametric spaces have been extensively
studied as a way to weaken the notion of an ultrametric space' while still providing enough structure to
be useful (see for example [17], [18], [8]). The many uses of I'-ultrametric spaces include being a valuable
context to study equivalence relations ([19]), trees ([2]), domain theory ([12]), and logic programming ([? |,
9], [21])-

The goal of this paper is to characterize the relationship between four important notions of completeness
for T-ultrametric spaces: spherical completeness, Cauchy completeness, strong Cauchy completeness? and
injectivity.

We begin in Section 2.1 by reviewing the definition of a I'-ultrametric space and of related notions such
as the closed ball functor, v-Cauchy nets and y-Cauchy functions. In Section 2.2 we review the definition
of spherical completeness and give two characterizations of spherical completeness in terms of y-Cauchy
nets. Finally in Section 2.3 we give the definition of Cauchy completeness, strong Cauchy completeness
and injectivity. We also give a characterization of strong Cauchy completeness in terms of the closed ball
functor, in terms of spherical completeness, as well as showing that the notion of strong Cauchy completeness
coincides with injectivity for I'-ultrametric spaces.

In Section 3 we will consider the notion of a completion of a I'-ultrametric space. In Section 3.1 we will show
that the category of I'-ultrametric spaces is equivalent to the category of skeletal symmetric I'°P-enriched
categories. We then use this equivalence to show that every I'-ultrametric space has a Cauchy completion.
In Section 3.2 we show not all T-ultrametric spaces have a strong Cauchy completions even though each
T-ultrametric space does have a minimal strong Cauchy complete extension. In the process we will show,
in Section 3.2.1, that the category of I'-ultrametric spaces is equivalent to the category of flabby separated
presheaves on 1'°P.

1.1. Background

In this paper we will work in a fixed background model of Zermelo-Frankael set theory. In general we will
not assume the axiom of choice unless necessary. If a result does use the axiom of choice we will mark it by
(*). All categories in this paper will be locally small. We will use the convention that when C is a category
with objects A and B, C[A, B] is the set of morphisms whose domain is A and whose codomain is B. We
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also abuse notation and say x € C' when z is an object of C'. The reader is referred to such standard texts
as [14] for general category theoretic notions, to [15] for sheaf theoretic notions, to [23] for enriched category
theoretic notions and to [8], [17] and [18] for T'-ultrametric space notions.

2. T-ULTRAMETRIC SPACES
2.1. T-Ultrametric Spaces

Definition 2.1. A partial order (T',<r) is a complete lattice if every subset of T’ has a supremum and
infimum. A complete lattice (T, <r) is an op-frame if it satisfies

o (Vo € ,ACT) & Vr (Ahea@) = Abcalz Ve a).

From here on we will refer to a complete lattice (I', <r) simply as I" when no confusion can arise. We will

refer to the least element, A" {7 : v € T'}, as Lr and the greatest element, \/' {7 : v € '}, as Tp. We will
also drop the subscripts and superscripts when they are clear from context. If I' is a complete lattice we
let T'°? be the complete lattice with the same underlying set as I' but with the order reversed. Note that
a complete lattice I' is an op-frame if and only if I'°? is a frame. In particular, if " is an op-frame then
(I'°P, <,p, \) can be viewed as a monodial category (which we will just refer to as I'°?). For the rest of the
paper, I' will always be an op-frame.

Definition 2.2. A I'-ultrametric space is a pair (M, dy;) where M is a set and dpy : M X M =T is a
function that satisfies:

o (Vz,y) du(z,y) = Lz =y.
o (Symmetry) (Vo,y € M) dy(z,y) = du(y, ).
e (Strong Triangle Inequality) (Vx,y,z € M) dy(z,y) V dp(y, 2) > dy(z, 2).

A non-expanding map between I'-ultrametric spaces (M,dy;) and (N,dy) is a function f : M — N
such that (Va,b € M) dn(f(a), f(b)) < du(a,b). An isometry is a map [ : (M,dy) — (N,dy) where
(Va,b € M) dn(f(a), f(b)) = dr(a,b).

It is easily checked that I'-ultrametric spaces and non-expanding maps form a category which we call
UMet(T"). Further, the isometries are the monomorphism in this category.

Definition 2.3. If (M,dy) is a T-ultrametric space then for each x € M and v € ' we define the (closed)
ball of radius v around x to be

BM(z,7) = {y : du(z,y) <}
We will omit mention of M when it is clear from context.
For the rest of the paper (M, dys) and (N, dy) will always be T-ultrametric spaces.
Lemma 2.4. Let
o {x;:iecI}CMand{y:iel} CT.
ca=A\{yi:i€l} and f=\{yi:iel}
o B ={;c; Bzi,vi).
If B # 0 then
(1) (Vi,j € D)B(x:, 8) = B(x;, B).
(2) (Vx € B)B = B(z,q).

Proof. Let z € B. To see (1) observe that € B(z;,v;) and « € B(z;,v;) so B(z;, ) = B(z, 8) = B(z;, ).

To see (2) let (g = \/{dm(x,y) : x,y € B}. As (Vi € I)x € B(z;,;) we have that B(x,v;) = B(xs, 7).
Hence (Vi € I)B C B(x,v;) and (g < ;. Therefore (5 < « and in particular B C B(z,«). But we also
have (Vi € I)B(z,a) C B(x,v;) and so B(z,«) C B. Therefore (2) holds. O



2.1.1. Closed Ball Functor

An important property of the collection of closed balls (of a fixed radius) of a generalized ultrametric
space is that they themselves form a generalized ultrametric space (although with a slightly different set of
distances).

Definition 2.5. Suppose (T, <r) is an op-frame and v € I'. We define (I',, <r_) where

o'y ={¢el:¢=r}

o (Ve,yel'y))z<r y<z<ry.
It is easy to check that I'y is an op-frame and for any A C T, ANA=AN"Aand V" A=V" A
Definition 2.6. Suppose v € I'. We define (M., dys,) where

o M, ={BM(z,y):2 € M}.

o dir, (BM(2,7), BY (y,7)) = du(z,y) V7.

If f: (M,dy) — (N,dn) is a map of U-ultrametric spaces, let f, : (M., dn,) — (Ny,dy,) be such that
F(BM(2,7)) = BN (f(2),7).

In Definition 2.6 the distance function is well defined because whenever z € BM(z,~), we have
da, (B(z,7), B(y,7)) = du(z,y) Vy = du(z,y) Vy = dur, (B(2,7), B(y,7))

with the middle equality following from the strong triangle inequality and the fact that dp(z,2) < 5. It
is then simple to check that (M,,dys,) is a I'y-ultrametric space. Further, if y € BM(z,+) then f(y) €

BY(f(z),7) (as f is non-expanding) and so f, is a well-defined non-expanding map of I',-ultrametric spaces
(that it is non-expanding follows from the fact that f is non-expanding).
The following lemma is then immediate.

Lemma 2.7. (-)y is a functor from UMet(I") to UMet(T,,).

We call () a closed ball functor.

2.1.2. Cauchy Functions and Nets

We now introduce v-Cauchy functions and -Cauchy nets (which are a special type of y-Cauchy function).
We can think of a y-Cauchy function as a (possibly filled) “hole” or “idealized point” whose size is that of a
ball of radius ~.

Definition 2.8. For v € T', a v-Cauchy function is a function t : A — M where
e ACT and NA=n~.
o (V7" € A) du(t(y),t(v")) <" VA"
We say a v-Cauchy function, t : A — M, converges to = (with x € M) if
(V¢ e A) du(z,t(¢)) < ¢
We refer to a Lp-Cauchy function as simply a Cauchy function.

Definition 2.9. For v € T, a y-Cauchy net® is a y-Cauchy function t : A — M such that (Vv',7" €
Ay Ny € A. We refer to a Lr-Cauchy net as simply a Cauchy net.

3 We can turn (M,dy) into a uniform space by considering the entourage generated by U, = {(z,¥) : dp(z,y) < a}. A map
t: A — M is then a Cauchy net in the uniform space sense if and only if it is a Cauchy net in the sense of Definition 2.9.



Notice
Lemma 2.10. For z,y € M the following are equivalent
(1) For all v-Cauchy functions t, t converges to x if and only if t converges to y.
(2) For all v-Cauchy nets t, t converges to x if and only if t converges to y.
(3) B(z,7) = B(y,7)-

Proof. (2) = (3) follows from the fact that if ¢, : {y} — M with ¢,(y) = x then t, is a y-Cauchy net and so
dy(z,y) <. (3) = (2) follows immediate from the definition of convergence of a 7-Cauchy net.
The proof that (1) < (3) is the same as that (2) < (3). O

Corollary 2.11. Suppose t is a Cauchy function. If t converges, then it converges to a unique point.

2.2.  Spherical Completeness

The notion of a spherically complete ultrametric space was first introduced by Ingleton in [10] in order to
study the Hanh-Banach theorem in non-Archimedean valued fields and has since found applications in many
areas, such as study of the p-adics (see [20]) and the study of fixed points (see [16]). The notion of spherical
completeness was extended to I'-ultrametric spaces, for arbitrary partial orders I', by Priess-Crampe and
Ribenboim ([16]). It is this notion which we will consider here.

Definition 2.12. (M,d),) is spherically complete if, for all infinite cardinals k, whenever
o {(v;i:i<rk}CTand{zr;:i<kx} CM.
o B(zy,7:) C Blzj, ;) if i > j.
then ;. B(wi, vi) # 0.
Lemma 2.13. Suppose (M, dyr) is spherically complete, x is a cardinal, and
e {v;:i<k}CTand{z;:i <k} C M.
o B(xi,vi) € Blxj,v;) if i > .
is a decreasing chain of closed balls. Then (Vx € (), B(xi,7:)) B(x, \jcp¥i) = Nicr Bl@i, vi).

Proof. This is an immediate consequence of Lemma 2.4. O

2.2.1. Cauchy Nets

There is a simple characterization of spherical completeness in terms of y-Cauchy nets.

Proposition 2.14 (*). (M,dy;) is spherically complete if and only if for all v € T every v-Cauchy net
converges.

Proof. Right implies Left:
Assume every v-Cauchy net in (M, dps) converges.

Suppose {z; : i <k} C M and {v; : i < k} CT are such that B(xz;,v;) C B(xj,v;) if i > j. If t(v;) = s,
then t is a A;_, 7:-Cauchy net and hence converges to a point x. For all i < x, dy(z, ;) = dpr (2, (7:)) < v
and hence z € B(x;,7vi). So x € (\,_,. B(xi,vi) # 0. Hence, as {x; : i < x} and {~; : i < K} were arbitrary,
(M,dpr) is spherically complete.

<K

Left implies Right:
Assume (M, dyy) is spherically complete.

Let t : A — M be a y-Cauchy net. We want to show that ¢ converges to a point. We well-order
A = (v; 1 i < k) and define B, by induction on « as follows:

(Base Case) By = B(t(v0),70)-



(Limit Case) Ba = (1;., Bj-
(Successor Case) Bo+1 = B(t(Va); Vo) N Ba-

Notice that if B, # () then B, is a ball (by Lemma 2.4). Also notice B, C By if a > o'. ;.. B; will
contain an element which ¢ converges to.

Claim 2.15. For all o < k and for all ( € A, B, N B(t(¢),¢) # 0.

Proof. We are going to prove this claim by induction on «. In what follows fix { € A.

Base Case: o = 1.

t(C A 70> € B(t(70)770) n B(t(C)7 C) 7£ 0.

Limit Case: « is a limit and the claim holds for all j < a.

Notice that B(t((),() N Ba = B(1((),¢) N Njca Bi = N;j<alBt(C),¢) N Bj]l. But for all j < «,
B(t(¢),¢) N B; # 0 by the inductive hypothesis. Further (B(t(¢),{) N B; : j < «) is a decreasing sequence
of balls. Hence M-, B(t(¢),¢) N Bj # 0 because (M, dyr) is spherically complete.

<o

Successor Case: o = o’ + 1 and the claim holds for .

B(t(¢), <) N Bar41 = B(t(C), €) N [B(t(Yar), Yar) N Ba]
= (B(t(¢),€) N B(t(7ar);Yar)) N Bar

But t({ Avar) € B(t(€), ) N B(t(v,),7,,) (as A is a directed set) and so B(t(¢),{) N B(t(v,),7,) = B(t(¢ A
Ya'), ¢ A Vo) by Lemma 2.4. So B( (0),{) N B, = B(t(C Avar), ¢ Avar) N B, and hence is non-empty by

the inductive hypothesis. O
In particular Claim 2.15 implies that (., Ba = Bx # (). Suppose z € Na<s Ba- Then for all v, € A,
x € B(t(Va),Ya) by construction and hence dps (¢ (%),l“) < Y. So t converges to .
As t was an arbitrary y-Cauchy net we are done. O

2.2.2. Space of Closed Balls

As we will see in this section, there is also a characterization of spherically complete I'-ultrametric spaces
in terms of Cauchy nets and the closed ball functor.

Proposition 2.16 (*). (M,dy) is spherically complete if and only if for all v € T', every Cauchy net in
(M., dnr,) converges.

Proof. Left implies Right:

Suppose (M, dys) is spherically complete, v € I' and A C T',. Let ¢t : A — M, be a Cauchy net in (M, dxz,)
with t(a) = B(t'(«),~) for some map ' : A — M. Then aV § > dy (t(a),t(B)) = du (' (), ¥ (B)) Vv >
dy(t' (@), t'(B)). So, as v = Lr, = A A, t' is a y-Cauchy net in (M, dyy).

By our assumption (M,dy;) was spherically complete and so, by Proposition 2.14, # must con-
verge to a point = with dy(x,t'(a)) < « for all @« € A. This then implies for all @ € A that
a=aVy>dy(z,t'(a)Vy=dy (B(z,v),t(x)). Hence t converges to B(x,v) € M,. As A was arbitrary,
all Cauchy nets in M, converge.

Right implies Left:
Suppose for all v € I' every Cauchy net in (M,,dys,) converges. Let A C T and ¢t : A — M be a y-Cauchy
net in (M, dys). By the definition of a y-Cauchy net we have that AA =~ = Lp .

Let t* : A — M, be given by t*(a) = B(t(a),7y). Then dp (t*(a),t*(8)) = du(t(a),t(5))
aV pBVy=aVpj. Hencet*is a Cauchy net in (M,,dys, ) and so “must converge to a point B(x,~y
then dps(t(a), z) < dp(t(a),z) Vy = da, (t* (), 2) < o and so t converges to .

In particular, since v € I and ¢t were arbitrary, every v-Cauchy net in (M, dys) converges and Proposition
2.14, (M, dyy) is spherically complete.

Vy <
). But



2.3. Cauchy Completeness

Definition 2.17. We say (M, dys) is Cauchy complete if every (L—)Cauchy function converges. We say
(M,dypr) is strongly Cauchy complete if for each v € T' every y-Cauchy function converges.

2.3.1. Pairwise and Spherical Completeness

We now characterize the relationship between spherical completeness and strong Cauchy completeness.

Definition 2.18. We say (M, dy;) is pairwise complete if for all x,y in M and for all v, in T

[B(x,72 V) = By, Y2 VY] = B(x,72) N B(y,v,) # 0.

The following lemma shows us in pairwise complete spaces it suffices to consider Cauchy nets for purposes
of completeness.

Lemma 2.19 (*). If (M,dy) is pairwise complete and t : A — M is a y-Cauchy function, then there is a
~v-Cauchy nett : A — M with AC A and t C t.

Proof. We define A, and ¢, by induction on «.
Base Case: a« = 0. Ag = A and tg = t.
Limit Case: « is a limit ordinal. A, = J,;., 4i and to = {J;_,, ti-
Successor Case: o = o’ + 1. We have two cases to deal with.
Case 1: t, is a y-Cauchy net.

Let A, = A, and t, = to.
Case 2: (Jap,a1 € Ap)ag ANar & Ay

By virtue of being a y-Cauchy function das(ta(ap),ta(a1)) < ao V a1 and so B(t,(ap),ap V a1) =
B(ta(a1),apVay). Hence, because our space is pairwise complete, there is an z € B(t,(ao), a0)NB(to(a1), a1).
Let A, = Aoy U{ap Aar} and t, =t U {(ap Aay,z)}.

Notice that for any b € A, we have

dar(z,t0(0) < dp(z,talan)) V da(ta(ao),ta(d)) < agViag Vb =agVb.

Similarly we have ds(z,t, (b)) < a1 Vb. Hence dp(z,ta (b)) < [ao V] Afar Vb = [ap Aai] Vb. So t, is a
~v-Cauchy function on A,.

Eventually this induction must stabilize. If « is the first point at which this happens, t, is a y-Cauchy net
and we can let A = A, and t = t,.
O

Theorem 2.20. (*) (M,dy;) is spherically complete and pairwise complete if and only if it is strongly
Cauchy complete.

Proof. Right implies Left:
Assume (M, dys) is strongly Cauchy complete.

As every y-Cauchy net is a y-Cauchy function, every ~-Cauchy net converges. Hence by Proposition 2.14
(M, dyr) is spherically complete.

Similarly suppose ,y € M,v,,7y € I' and B(x,7: V) = B(Y, 7= Vvy). If t(72) = x and t(y,) = y then ¢
is a v, A 7y-Cauchy function and so must converge to a point a. But then ds(a,z) < v, and das(a,y) < vy
so a € B(x,v;) N B(y,vy). Hence, as x,y, Vs, 7y, were arbitrary (M, dys) is pairwise complete.

Left implies Right:
Assume (M, dys) is spherically complete and pairwise complete.

Let £ and A be as in Lemma 2.19. If  converges to a point x then so does t. But f is a v-Cauchy net
and (M, dyy) is spherically complete. So by Proposition 2.14 ¢ converges and hence ¢ converges. So, as t was
arbitrary, (M, dys) is strongly Cauchy complete. O




Even though all strongly Cauchy complete spaces are spherically complete it is not necessarily the case
that all spherically complete spaces are strongly Cauchy complete. In particular these two notions coincide
if and only if I" is linearly ordered.

Lemma 2.21. If T is linearly ordered then every I'-ultrametric space is pairwise complete.

Proof. Suppose I is linearly ordered. Now let =,y € M and v,,7v, € I with B(z,v,: V V) = B(¥, 7 V 1y)-
We can then assume, without loss of generality, that v, <, (as I is linearly ordered). But then B(z,v,) =
B(y,7y) and so B(z,7v,) € B(y,7y). Hence B(z,v,) N B(y,vy) = B(z,v,) # 0. So (M,dy) is pairwise
complete. 0

Lemma 2.22. The following are equivalent:
(a) T is linearly ordered.
(b) Every spherically complete T'-ultrametric space is strongly Cauchy complete.

Proof. (a) implies (b) follows immediately from Theorem 2.20 and Lemma 2.21.

To see —(a) implies —(b) suppose 79,71 € I' where 790 £ 71 and 91 € 9. Let M = {x,y,z} be the
space where dys(x,2) = Y0, dy(y, 2) = 71 and dpys(x,y) = 0 V y1. (M, dpr) is spherically complete as any
finite space is spherically complete. But (M, dys) is not pairwise complete as B(x,v1) N B(y,v) = 0 and
B(xz,v V1) =B(y,7 V1) =M. So, by Theorem 2.20, (M, d),) is not strongly Cauchy complete. O

In particular, if 79 Ay1 = L then (M, dps) in Lemma 2.22 is spherically complete but not Cauchy complete.
We also have:

Corollary 2.23. The following are equivalent:
(a) T is linearly ordered.
(b) Every T-ultrametric space is pairwise complete.
There are also spaces which are Cauchy complete and not spherically complete.

Example 2.24. Notice that (w+w +1)°? is an op-frame and that 2*7* can be made into an (w+w + 1)°P-
ultrametric space by letting dowvo (z,y) = AT Um cw w411 2|m® = ylm}-

The way 2°7% is made into a (w + w + 1)°P-ultrametric space is analogous to the way 2 is made into an
(normal) ultrametric space. By a similar argument, it is clear that 2“7 is strongly Cauchy complete (which
is equivalent to being spherically complete as w + w + 1 is linearly ordered).

Now let E = {x € 2°7 : (In € w) z(n) = 0} C 2. Suppose ¢ = (z; : i € A) is a Cauchy function
in B with A C (w+w+1)°? and /\(w+w+1)op A = Lwtwt1)or = w+w. Then x converges to a unique

point ' € 291w As /\(w+w+1)op A = w + w there must be an o € A with o > w. But 2’|, = z4|w and by
construction of E, if v, € E then {y € E : yl, = zalo} = {y € 291 1 y|, = z4|u}. So 2’ € E and E is
Cauchy complete.

Consider the sequence (x; : i € w) where x;(i + 1) = 0 and otherwise x;(n) =1 forn € w+w — {i + 1}.
Let c; : i — 2 be the function which takes the constant value 1. Then (Vi < j < w)dow+w (2, ;) =1+1>1
as x;|; = z;|; = ¢;. Hence (x; : 1 € w) is an w-Cauchy net.

Now suppose (z; : i € w) converges to ¥’ € 2“7 (we know such an z’ ezists as 2“T% is spherically
complete). Then x'(n) =z, (n) =1 for alln € w and ' ¢ E. So (z; : i € w) does not converge in E and E
is mot spherically complete.

4 This is the supremum with the normal ordering of w + w + 1.
5 | is the function x restricted to domain m.



2.8.2.  Space of Closed Balls

We have the following characterization of strong Cauchy completeness in terms of Cauchy completeness
and the closed ball functor. Notice that this proposition is very similar to Proposition 2.16.

Proposition 2.25 (*). (M,dy) is strongly Cauchy complete if and only if for all v € T, every Cauchy
function in (M., dyr,) converges.

Proof. First notice if (M, dys) is pairwise complete then for all v € T', (M., dyy, ) is also pairwise complete.

Left implies Right:
Assume (M, dyy) is strongly Cauchy complete.

By Theorem 2.20 (M, dys) is both spherically complete and pairwise complete.

Suppose t : A — M, is a Cauchy function and let £ : A — M., be the Cauchy net in Lemma 2.19. As
(M, dyr) is spherically complete we know by Proposition 2.16 that every Cauchy net in (M., dy, ) converges
and hence t converges. But by the definition of ¢, if £ converges to x so does t. So every Cauchy function in
(M., dnr,) converges and (M., dyy,) is Cauchy complete.

Right implies Left:
Assume for all v € I" every Cauchy function in (M, dys, ) converges.

Let ACT and ¢t : A — M be a v-Cauchy function in (M, dys). By the definition of a v-Cauchy function
we have AA=~vy= lr,.

Let t* : A — M, be given by t*(a) = B(t(«),v). Then dps (t* (), t*(B)) = dar(t(a), t(B))Vy < aVBVy =
aV B and t* is a Cauchy function in (M,,dys, ). By assumption we therefore have that t* converges to a
point B(z,v) € M,. But dy(t(a),z) < dy(t(a),z) Vy = dar, (t* (o), 2) < a. So t converges to x. Since
v € T" was arbitrary this implies that (M, dys) is strongly Cauchy complete. O

2.3.8. Injective Objects

An injective object in a category is one where every partial map into the injective object can be extended
to a total map. Injectivity is a type of completeness which has applications in areas ranging from sheaf
cohomology to Banach space theory to the theory of modules over a ring (to name just a few).

Injective metric spaces were first introduced in [1] under the name of “hyperconvex spaces”. Injective
objects in the category of [0, co)-ultrametric spaces were first studied in [3] under the name of “ultrametrically
injective spaces”. In [3] it was shown that injectivity was equivalent to spherical completeness for [0, 00)-
ultrametric spaces. In this section we extend this result and show that for an arbitrary I'-ultrametric space
injectivity is equivalent to strong Cauchy completeness.

In what follows if C'is a category we let Inj(C') be the full subcategory of C' consisting of injective objects
in C.

Theorem 2.26 (*). (M,dys) is injective in the category of T-ultrametric spaces if and only if (M,dyr) is
strongly Cauchy complete.

Proof. Left implies Right

Suppose f : A — M is a y-Cauchy function. If v € A it is immediate that f converges (to f()). So we
assume vy € A. Define (A’,d /) where A’ = AU{~} and da/(a,b) =aVbifa#b (and da/(a,a) = L). We
will show (A’,da) is a T-ultrametric space.

Symmetry of (A’,d/) is immediate. Next notice that if any of z,y,z € A’ are equal then da/ (z,2) <
da(x,y)Vdar(y,z). So to show (A’,d /) satisfies the strong triangle inequality it suffices to consider unique
x,y,z € A’. But then (Va,y,z € A)da (z,2) =xzVz<(xVz)Vy=(xVy)V(z2Vy) =da(z,y)Vda(y,z).
Hence (A’,d ) satisfies the strong triangle inequality and (A’, d4/) is a T-ultrametric space.

Next notice that dps(f(a), f(b)) < aVb = da(a,b) for all a,b € A and hence f is a non-expanding map from
(A,das) to (M,dpr). Now because (M, dyy) is injective there is a g : A’ — M such that (Va € A)g(a) = f(a).
Hence da(g(7), f(a)) < da(y,a) =vVa=aforall a € Aand so g(v) realizes f.

In particular, as f was an arbitrary 7-Cauchy function this means that (M,dys) is strongly Cauchy
complete.

Right implies Left




Assume (M, dyy) is strongly Cauchy complete. Let (D,dp) be a I-ultrametric space with C' C D and let
f:C — M be a non-expanding map. We need to show that there is a g : D — M which is non-expanding
and which agrees with f on C.

By induction it suffices to consider the case where D = C' U {*}. Let v = A{dp(c,*) : ¢ € C}. There is
then a set ACT and amap t: A — C such that:

e A={dp(c,*):ce C}.
o (V¢ € A)dp(t(¢),*) = ¢.

In particular ¢ is a y-Cauchy function on D and so f ot is a v-Cauchy function on (M,dys). Hence, as
(M, dyr) is strongly Cauchy complete, f ot must be realized by an element a. Let g = f U {(*,a)}.

All that is left is to show that g is a non-expanding map. Choose ¢ € C with ¢ = dp(c,*). Then
dar(g(c), g(x)) = dar(f(c),a) < dar(f(c), f((C))) Ve (f(¢(C)),a) < dp(c, t(¢))V( < [dD(a*)VdD(*vt(C))]&]/

¢ =(=dp(e,*). So g is a non-expanding map and, as f was arbitrary, (M, dyy) is injective.

3. COMPLETIONS

In this section we consider the notion of a minimal complete extension of a I'-ultrametric space for the
various notions of completeness we have studied. In what follows let **** be one of these notions of com-
pleteness.

Definition 3.1. The ****_completion of a I'-ultrametric space M is an isometry cypq : M — MFC such
that

o M¢° is a ****_complete I'-ultrametric space.

o Whenever o : M — N with N a ****-complete T'-ultrametric space there is a unigue map o' : M¢ = N
such that « = o/ o cpg.

The following is a well known fact about such completions.

Definition 3.2. Let *UMet(T') be the full subcategory of UMet(T') consisting of the ****-complete T -
ultrametric spaces and let IN : *UMet(I') — UMet(T") be the inclusion functor. Then the following are
equivalent

e IN has a left adjoint where the unit is a monic natural transformation.

EFHK_

e Fvery I'-ultrametric space has a completion.

As we will see in Section 3.1 every I-ultrametric space will have a Cauchy completion. However, in general,
a D-ultrametric space may not have a strong Cauchy completion and so we will need a weaker notion of
“minimal complete extensions” which we will discuss in Section 3.2.

3.1. Cauchy Completions

For any op-frame I'; I'P is a frame and hence I'? = (I'°P, A, T) can be viewed as a monodial category.
In particular we can consider the category CAT(I'°?) of skeletal symmetric I'°P-enriched categories and T'"°P-
functors (see [23] for more on enriched categories). We call an object of CAT(I'°?) a I'°P-category. The
following is immediate from the definitions.

Proposition 3.3. There is an isomorphism of categories Er : CAT(I'°P) = UMet(T') : Ur.

Proof. Given a I'-ultrametric space (M, dys) we let Up(M,dyr) be the I'P-category A where A, = M and
Ala,b] = dps(a,b). We also let Up(f) = f for any non-expanding map f.

If A is a T'°P-category we let Er(A) be the I-ultrametric space (M, dys) where M = A, and djs(a,b) =
Ala,b]. We also let Er(f) = f for any I'*P-function.

It is immediate that Ep o Ur = idymer(ry and Ur o Er = idgaT(ror)- O
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Proposition 3.3 is a generalization of the fact shown in [13] that the category of (generalized) metric
spaces is equivalent to the category of RZ%-enriched categories. In [13] Lawvere gives a characterization of
Cauchy completeness in terms of distributors, i.e. that an enriched category X is Cauchy complete if and
only if every adjoint pair of distributors from Y to X arises from an enriched functor from Y to X (see
[23] for a more general characterization of Cauchy completeness in enriched categories). We will now give a
characterization of Cauchy completeness for skeletal symmetric I'°P-enriched categories.

Definition 3.4. We define a virtual element of (M, dy;) to be a function v: M — T satisfying:
(a) (Va,y € M) dy(z,y) Vo(z) = v(y).
(b) (Vz,y € M) v(z) Voly) = du(z,y).
(c) /\J:EM v(z) = L.
We say v is realized if there is an element m € M such that
(Ve € M) v(x) = dp(m, x).

We have the following relationships between Cauchy completeness (in the enriched category sense) and
virtual elements.

Lemma 3.5. The following are equivalent:
o Every virtual element of (M, dyy) is realized.
e Ur(M,dys) is Cauchy complete (as a T°P-enriched category).

Proof. Let *r be a one point I-ultrametric space (any two of which are isomorphic). By results in [4] the
Cauchy completion of Ur(M,dy) is symmetric as Up(M, dpy) is symmetric. Therefore every adjoint pair of
distributors (¢, @) : Ur(xr) = Ur(M,dys) is of the form (¢, ). But it is immediate from the definition
of virtual element that (¢, ) : Ur(xr) = Ur(M,dy) is an adjoint pair of distributors if and only if ¢ is a
virtual element of (M,dys). It is also immediate that ¢ is realized by a point x if and only if (¢, ) arises
from the I'°P-functor & : Ur(*r) — Upr(M,dps) which takes a constant value of x.

We therefore have that every virtual element of (M, dys) is realized if and only if every adjoint pair of
distributors (¢, ) : Ur(*r) = Ur(M, dys) arises from a T'°P-functor. But this holds if and only if every pair
of distributors (¢, ¢,) : X = Ur(M, dys) arises from a I'°P-functor from X to Ur(M,dy) i.e. if and only if
Ur(M,dyr) is Cauchy complete. O

There is also a close relationship between virtual elements and Cauchy functions.

Definition 3.6 (*). Ift: A — M is a Cauchy function define v; by vi(m) = \,c 4 du(t(a),m)Va. If v is
a virtual element and A, = range(v) then define t,, : A, — M such that v(t,(a)) = a for all a € A,.

Lemma 3.7 (*). Suppose t: A — M is a Cauchy function and v is a virtual element

(1) vy is a virtual element.

(i) vy is realized by x if and only if t converges to x.
(i) t, is a Cauchy function.
(iv) t, converges to x if and only if v is realized by x.
(v) v, =v.

Proof. (i):
Condition (a) from Definition 3.4 follows because for any x,y € M we have dps(z,y) V ve(z) = dy(x,y) V
[Aaeadar(t(a),x) Val = Apeadu(t(a),z) VaVdu(z,y) 2 Aoeadu(ta),y) Va=uvy).
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Condition (b) of Definition 3.4 follows because for any x,y € M,

[/\ dp(t(a), ) \/a] Vv [/\ da(t(a),y) \/a]

acA a€A

A [da(t(a),2) v dar(ta), y)] V [aV

v () V v (y)

a,a’ €A

= N ldu(t(a),2) Vdu(ta), y)] v [du(t(a),ta’) VaVa]
a,a’€A

> /\ dy(z,y)VaVva =dy(z,y)V /\ aVa
a,a’ €A a,a’€A

=dp(z,y)V /\a\//\a—dey)

acA a’€A

where the third equality follows from the fact that ¢ is a Cauchy function. Condition (c) of Definition 3.4
follows from the fact that

xeM a€A,xeM
< /\ dy(t(a),t(a’)) VaVvad /\ ava =
a,a’ €A a,a’ €A

If ¢t converges to x and m € M then

= A du(tla),m)va< N dy(t(a),z)Vdy(m,z)Va
acA a€A

=dpy(m,x) Vv /\dM z)Va<dy(m,z)V /\a:dM(m,x).
acA a€A

In particular v(z) = L. But then vy(m) = vi(x) V og(m) > dpr(z, m). So vi(m) = dp(x, m).
Finally, note that if a’ € A then v (t(a')) = A,ca dm(t(a),t(a’))Va < Njcpd Va=a'V \,cp0=0d.
So if x realizes v; then for any a € A, dy(t(a),z) < vi(t(a)) V vi(z) < a. Hence t converges to x.

(iii):
First note by Definition 3.4 (¢) A A, = L. Now
(Va,a' € Ay) dyr(ty(a),ty(a’)) <v(ty(a)) Vo(t,(a)) =aVvd.

Hence t, is a Cauchy function.

(v):

For m € M we have that v, (m) = /\aeAvt du(to(a),m) V.a < Ayeq, v(to(a)) Vo(m) Va =
Naca, v(m) Va = v(m)V \,cp, @ = v(m). But we also have by Definition 3.4 (a) that for a € A,,
v(m) < duy(ty(a),m) Vo(t,(a)) = du(te(a),m) Va. Sov(m) < A,ca, du(to(a),m)Va = v (a). Hence

UV = U¢,-
(iv):
This follows (ii) and (v). O
Corollary 3.8. For any I'-ultametric space (M, dys) the following are equivalent:
e Fvery Cauchy function converges.

e Fvery virtual element is realized.

Let cCAT(T°?) be the full subcategory of CAT(I'°P) consisting of the Cauchy complete T'°P-enriched
categories and let cUMet(I") be the full subcategory of UMet(T") consisting of Cauchy complete I'-ultrametric
spaces. We then have
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Proposition 3.9 (*). The isomorphisms Er : CAT(T'°P) = UMet(T") : Ur (from Proposition 3.3) restricts
to isomorphisms of categories Er : cCAT(I'°P) = c¢UMet(T') : Ur.

Proof. This is immediate from Corollary 3.8 and Lemma 3.5. O
In particular this implies that every I'-ultrametric space has a Cauchy completion.
Proposition 3.10. If INy : cUMet(T') — UMet(T') is the identity functor then INr has a left adjoint.

Proof. This follows from Proposition 3.3, Proposition 3.9, and the fact, shown in [4] that the Cauchy com-
pletion functor for I'°P-enriched categories takes skeletal symmetric I'°P-categories to skeletal symmetric
T'°P-categories. O

3.2. Strong Cauchy Completions

As we saw in Section 3.1, every I'-ultrametric space has a Cauchy completion. However it is not the case
that every I'-ultrametric space has a strong Cauchy completion.

Lemma 3.11. There is a (w + w + 1)-ultrametric space which does not have a strong Cauchy completion.

Proof. Recall the definition of E C 2“7% from Example 2.24. Suppose to get a contradiction that E had a
strong Cauchy completion, i.e. a strongly Cauchy complete (w + w + 1)-ultrametric space s(E) along with
an inclusion ig : E — s(E) satisfying Definition 3.1.

As 2¢F% ig strongly Cauchy complete and E C 2% there is a subset £* C 247 with E* = s(E). Now
notice that if C; € 2¢T“ is the constant function 1, then E U {C}} is strongly Cauchy complete. Hence as
E C E* C EU{C,} we must have that E* = EU {C}}.

But there are many different injections from E* into 2“7 which are constant on E and hence the map
s: E — 2% doesn’t factor through the inclusion of E in E* in a unique way. O

Even though there is no strong Cauchy completion functor there is still always a minimal strongly Cauchy
complete extension.

3.2.1. Flabby Separated Presheaves

In order to show that each I'-ultrametric space has a minimal strongly Cauchy complete extension we first
to show that the category of I'-ultrametric spaces is equivalent to the category of flabby separated presheaves
on I'°?. To do this we will simultaneously deal with both (I', <) and (I'°?, <,,). So, to avoid confusion, for
the rest of this section, <, vV, A, L, etc. will always refer to the ordering in T'.

The following notation will be useful:

e Flab(I'°P): The category of flabby separated presheaves on I'°P.
e Sep(I'°P): The category of separated presheaves on I'°P.

e ip : Flab(I'°P) — Sep(I'°?) is the inclusion functor.

Note Flab(T'°P) is a reflexive subcategory of Sep(I'°P).
Theorem 3.12. There is an equivalence of categories between Flab(T'°P) and UMet(T).

Proof. We define maps Gr : Flab(I'?) — UMet(I") and Fr : UMet(I") — Flab(I'°?) which form an equiva-
lence of categories.
We begin by defining the functor Fr.

Definition 3.13. If (M,dy) € UMet(T") then we define Fr(M,dn)(v) = (M, dn,) and B(a,7)
B(a,~*) for all v* > ~.

If (M,dy),(N,dn) € UMet(T') and f : (M,dy) — (N,dn) is a non-ezpanding map then for all
BM(a,~) € Fr(M,du)(y) let Fr(f),(BY (a,7)) = BY(f(a),)-

Claim 3.14. If (M,dy) € UMet(T) then Fr(M,dy) € Flab(T°P).

yr =
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Proof. First, in order to show Fr(M,dys) is a presheaf, we need to check that restriction is well defined.
Suppose B(a,vy) = B(b,7) € Fr(M,dy)(7), v > v and = € B(a,v*) (i.e. dy(z,a) <~*). dyp(a,b) < <
~v*, so dy(x,b) < dp(z,a) Vdy(a,b) < vV vy =~* and therefore x € B(b,v*). Hence B(a,v*) = B(b,v*)
and restriction is well defined.

To see that Fr(M,dys) is flabby notice that if B(a,y) € Fr(M,dy)(vy) then B(a,Ll) = {a} €
Fr(M,dy)(L) and {a}|, = B(a,7).

Finally, to see Fr-(M,dys) is separated, suppose v = A\;.; A; and B = {B(x;, \;) € Fr(M,dpr)(Ni) 2 i € 1}
is such that B(x;, Ai)|x,va, = Blxi, \i V ;) = B(x;, A\ V Aj) = B(zj,Aj)[a,va,. Further suppose
B(z,v),B(y,y) € Fr(M,da)(y) are both compatible with B (to show they must be equal). Then
B(z,v)|n, = B(z,A\i) = B(w;,\;). Hence z € B(x,\;) for all i and = € [),c; B(zi,Ai). But by
Lemma 2.4 B(z,7) = (;c; B(%i, Ai). By a similar argument we also have B(y,v) = [\;c; B(wi, \;) and
so B(z,v) = B(y, ). Hence Fr(M,dyy) is separated. O

Claim 3.15. If f: (M,dn) — (N, dn) is a non-expanding map then Fr(f) : Fr(M,dy) — Fr(N,dn) is a
map of flabby separated presheaves.

Proof. First we need to show that Fr(f),(B™(a,v)) doesn’t depend on our choice of a. Suppose
BM(a,y) = BM(b,v) and 2 € BY(f(a),7). Then dn(f(a), f(b)) < dun(a,b) < v and dy(z, f(a)) < 7.
So dn(x, f(b)) < dn(z, f(a))Vdn(f(a), f(b)) <~ and x € BN(f(b),). Hence we have Fp(f).y(BM(a,v)) =

Fr(f)+(BY (b,7))-
Next we need to show Fr(f) is a natural transformation, i.e. if A > v then Fr(f)x(BM(a,7)[)) =
(Fr(f)~(BM(a,v)))|x. But we have

Fr(f)x(BM(a,7)|x) = Fr(f)x(BM(a,\)) = BV (f(a),\)
= BY(f(a),7)|x = (Fr(f)+(B™(a,7)))|x-

So Fr(f) is a natural transformation from Fr(M, dys) to Fr(NV,dn). O

Now we define our functor Gr.

Definition 3.16. If A € Flab(T'°P) let Gr(A)(A(L),da, ) and where

b) = /\{’Y taly =0bly}

If A,C € Flab(I'°?) and f : A= C is a map of presheaves then Gr(f) = fL : A(L) = C(L).
Claim 3.17. If A is a flabby separated presheaf on T then Gr(A) is a T-ultrametric space.

Proof. To see Gr(A) is a T-ultrametric space let a,b,¢c € A(L) with d, (a,b) < v and d, (b,c¢) < . Then
aly = bly = ¢|y and hence d (a,c) < . In particular this means d, (a,¢) < dy(a,b) V di(b,c) and Gr(A)
satisfies the strong triangle inequality. Symmetry is immediate.

Next notice for any a,b € A(L), alq, (a,p) = bla, (ap) because {(al,,v) : v < di(a,b)} is a compatible
collection of elements covering both alq, (4,5) and blq, (4,5)- In particular this means if d; (a,b) = L then
a=al|l;, =b|; =b. So Gr(A4) is a [-ultrametric space. O

Claim 3.18. If A,C € Flab(T'°?) and f : A= C is a map of presheaves then Gr(f) : Gr(4) — Gr(C) is a
non-expanding map.

Proof. Fix a,b € A(T) and let ¢
(a

di(a,b). Then al¢c = bl¢ and so fi (a)l¢ = felalc) = fe(ble) = fL ()¢
and hence ¢ = dJ (a,b) > de, (f(a), f(b

), f(b))- O
We now show that FT and Gt form an equivalence of categories.

Claim 3.19. There is a natural isomorphism 1 : Fr o Gr = idpyprery sSuch that (Vo € A(L))na({z}) =z
when A € Flab(T'°P).
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Proof. For all a,b € A(L), a|, = b|, if and only if d, (a,b) < v if and only if Bt (a,) = B (p, ).
So the maps 174(B% (Y (a,v)) = a|, is a well defined and injective natural transformation. Further, because
A is flabby, n4 is also surjective and hence an isomorphism for all ~.

To show that 74 is a natural isomorphism we need to show for any map f € Flab(I'°P)[A, C] we have
nc o Fr(Gr(f)) = fona. Now (Vx € A(L))na({z}) = =, and (Vx € C(L))nc({x}) = x. Further we have

(Vo € A(L)) Fr(Gr(f))L({z}) = {fL(2)}. So (nc o Fr(Gr(f)))L = (fona)L. But, because A is a flabby
presheaf this implies that ne o Fr(Gr(f)) = fona.
Hence 7 : FT o Gt = idpiap(rer) is @ natural isomorphism. O

Claim 3.20. There is a natural isomorphism ¢ : idyareyry = Gr o Fr.

Proof. It (M',dpp) = Gr(Fr(M,dyy)) then M’ = {{a} : a € M} and for all a,b € M, dpp ({a},{b}) = N{v:
BM(a,v) = BM(b,v)} = dar(a,b). Hence the map (ar,4,,)(a) = {a} is an isomorphism of T-ultrametric
spaces. It also follows immediately that € : idymee(r) = FT o Gr is a natural isomorphism. O

Hence Fr and Gr are equivalences of categories. O

3.2.2.  Injective Hull

An injective hull of an object is a minimal injective object containing it. Injective hulls occur in many
areas of mathematics. Examples include the Dedekind-MacNeille completion of a partial order as well as
the algebraic closure of a field.

Injective hulls were first discovered in the category of metric spaces by Isabell in 1964 ([11]). The concept
was then rediscovered in 1984 by Dress ([7]) and again by Chrobak and Larmore in 1994 ([5]). In [3] injective
hulls in the category of [0, co)-ultrametric spaces were studied and it was shown that every [0, co)-ultrametric
space has an injective hull.®

In this section we show that every I'-ultrametric space has an injective hull.

Definition 3.21. Suppose C is a category and A € C. An injective hull” for A is a monic e : A — I
where

(i) I is injective.

(ii) If k : A — I' is a monomorphism with I' injective, there is a monomorphism k' : I — I' such that
K oe=k.

By Theorem 2.26 we know that a I'-ultrametric space is injective if and only if it is strongly Cauchy
complete. So an injective hull of a I'-ultrametric space is a minimal extension of the I'-ultrametric space
which is strongly Cauchy complete.

Proposition 3.22 (*). For each I'-ultrametric space (M, dy;) there is an injective hull eps : (M, dyr) — Ing.

Proof. By by Theorem 3.12 it suffices to show that every object of Flab(I'°?) has an injective hull.
Claim 3.23 (*). For every object F of Flab(T'°?) the following are equivalent.

(1) F is injective in Flab(T°P).
(2) ir(F) is injective in Sep(I'°P).

Proof. Tt is immediate that (2) implies (1). To see that (1) implies (2) we need some notation. If A is a
separated presheaf on I' let A* be the flabby separated presheaf such that:

e A*(V) = UUgv AU) x {U} x{V}.
e If U <V and (z,W,V) € A*(V) then (x, W,V)|y = (x|luaw,U AW,U) € A*(U)

6 These were called “Ultrametrically injective envelopes”.
7 An injective hull is sometimes referred to as an injective envelope.
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Ifm:A— Bletm*: A* — B* be the map where m*((z, W, V)) = (m(z), W, V) if (x, W, V) € Uy A*(V).
Notice that if m is a monic so is m*. Let eq : A — A* be the map such that es(a) = ea({a,V,V)) for all
a € A(V). It 12is immediate that e4 is a monic and that eg om =m* oey.

Now suppose F is injective in Flab(I'°?), we have a map f : A — ip(F) in Sep(I'°?) and a monomorphism
m:A— Bin Sep(T'°?). For U € T and a € A(U) let a, € F(T) be such that a.|y = f(a). We can always
find such a a, because F is flabby. Let f* : A*(T) — F(T) be such that if a € A(U) then f*({a,U, T)) = a*.
As A* is flabby any map from A* is determined by where it takes A*(T) and so f* can be extended to a
unique map f* : A* — F. It is also easy to see that f*oey = f. Because F is injective, there is a map
h : B* — F such that hog* = f*. But then we also have hog=hog*oey = f*oes = f. We therefore
have F is injective in Sep(I'°?) and we are done with the proof of the claim. O

We also have

Claim 3.24. The injective objects of Sep(I'°P) are ezxactly the flabby sheaves and every object of Sep(I'°P)
has an injective hull.

Proof. See [6]. O

So, because Flab(I'°?) is a full subcategory of Sep(I'°?) and the injective objects in Flab(I'°?) are exactly

those which are injective in Sep(I'°?) we have that every object in Flab(I'°?) has an injective hull. O
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