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Abstract

In this paper we define a notion of relativization for higher order logic. We
then show that there is a higher order theory of Grothendieck topoi such that
all Grothendieck topoi relativizes to all models of set theory with choice.
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1. Introduction

One of the most important properties of first order logic is that the
satisfaction relation between formulas and models is absolute. That is, given
two standard set theoretic universes Vy and Vi, a model M, and a formula
¢ of first order logic where M, ¢ € Vi N Vy, we have (M = )" if and only
if (M = )", Unfortunately though when we move to the realm of higher
order logic we often have to leave behind absoluteness of the satisfaction
relation. This is because, unlike first order logic, higher order logic is able
to talk about the ambient set theoretic universe. Hence, if we change the
ambient set theoretic universe, we may change the models which satisfy a
given higher order formula.

In particular, given a model M and a higher order formula ¢ such that
(M = )" we often won’t have (M = )"' (where Vy; C V; are standard
models of set theory). But, for certain o, even if =(M |= ¢)"* there will be
models which contain M as a subset which do satisfy ¢ in V;. If there is a
smallest such model, M, it makes sense to consider M, as the “relativization
of M to Vi (as a model of ¢)”.

In this paper we will make precise this notion of relativization and show
that there is a second order theory G7T', whose models are exactly the de-
finable expansions of Grothendieck topoi, such that every model of G'T" has
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a relativization to every standard model of set theory (assuming the Axiom
of Choice). In the process we will also show that every model of the the-
ory of sites as well as every model of the theory of subcanonical sites has a
relativization to every model of set theory.

2. Outline

We begin this paper in Section 3 with a discussion of material needed to
understand our main results. In this section we introduce our background
model of set theory, review some basic notions from category theory, and
discuss what we mean by the relativization of a higher order model.

After we have introduced these concepts, we begin our study of the
relativization of Grothendieck topoi. Specifically we begin by looking at
sites. In Section 4 we show that both sites and subcanonical sites relativize.
In the process of doing this we introduce two important notions, that of
a weak site and that of an almost subcanonical weak site. These are the
absolute analogs of sites and subcanonical sites respectively.

Once we have the notion of an almost subcanonical weak site we move
onto the study of categories of sheaves. In Section 5 we define a higher order
theory whose sole model is equivalent to category of sheaves on a weak site.
We further show that this unique model relativizes. We then show that if two
almost subcanonical weak sites have equivalent categories of sheaves in one
standard model of set theory then they have equivalent categories of sheaves
in any model of set theory.

Finally, in Section 6, we expand the theory of Grothendieck topoi so
that each model records the almost subcanonical weak sites whose categories
of sheaves it is equivalent to. This will then allow us, using the Axiom of
Choice, to explicitly construct a relativization of a model of our expanded
theory of Grothendieck topoi.

3. Background
3.1. Set Theory

When one tries to do naive category theory in the language of sets and
classes one runs into a problem. This problem arises from the need not only
to deal with large categories (i.e. those which have a proper class of objects),
but also to deal with categories whose objects are large categories.

In what follows this issue will arise when we need to consider a certain



category of Grothendieck topoi in Theorem 6.4. Fortunately for us this cate-
gory of Grothendieck topoi will be definable over the universe and so a basic
theory of hyperclasses is all that will be needed. We present one such theory
now.

Definition 3.1. Let Lgr = {€,S,C} where S and C are constants and € is
a binary relation. Let ST be the theory

e (C,€,S8) = Bernays-Gdadel Set Theory ([6])

(Eztensionality) (VX,Y)[(Vu)u e X “ueY]| - X =Y

(Regularity) (VX)(X #0 — (3zr € X)X Nz =0)

(Definition of Class) (VX,Y)X €Y — X €C

(Hyperclass Comprehension) If ¢ is a formula where every quantifier
s bound by S, then

(VXy,... X0)@Y)Y ={z: ¢(z, Xq,..., X))}

We let STC be ST + S = “Global Aziom of Choice”.

We call the elements a model of ST hyperclasses, those elements which
are also elements of C classes, and those elements which are also elements of
S sets. We also define a powerset relation for any hyperclass = by P(x) =
{yeS:yCua}.

In order to prove our results in maximum generality we will also avoid
using arguments which require the Axiom of Choice whenever possible. How-
ever when a theorem does use the Axiom of Choice we will mark it with (*).

For the rest of this paper we will fix a model Set = ST and will assume
that all standard models are with respect to this background model of set
theory.

Definition 3.2. If Set = ST then a standard model is a triple of formulas
formula @p.(x, 2), oz, 2), 0s(y, 2) in Lsy along with a hyperclass A € Set
such that

({z € Set : ppe(w, A)}, €, {y € Set : ps(y, A)}, {y € Set : o(y, A)}) = ST



Definition 3.3. IfV is a standard model and ¢(x, A) is a formula of set the-
ory with A a hyperclass in'V then (o(z, A))V is the formula of set theory ob-
tained by uniformly bounding all quantifiers by V' (i.e. replacing (V)i (z,y)
with (Vz)x € V. — ¢(z,y) and replacing () (z,y) with (3x)z € V A
P(x,y)). We say (o(z, A))Y is the relativization of ¢(x, A) to V.

Before we continue, it is worth saying a few words about our system
of set theory ST. The specific axioms we have chosen are not important
beyond the fact that the collection of sets are a model of Zermelo-Fraenkel
Set Theory! (ZF) and that the classes and hyperclasses satisfy comprehension
for formulas with quantification restricted to sets. As such there are many
other versions of set theory, such as Zermelo-Fraenkel Set Theory with Atoms
([6]), Ackermann Set Theory ([1]), Feferman’s Set Theory ([5]) or variants of
algebraic set theory? ([7], [2]) for which an adequate hyperclass theory could
easily be developed and which would serve equally well as an underlying
foundation.

We will end this section with an important observation relating our set
theory to those mentioned above.

Proposition 3.4. ST is equiconsistent with ZF'.

Proof. First notice that the collection of sets and classes of ST satisfies
Bernay-Godel Set Theory and hence implies the consistency of ZF ([6]).
In the other direction it is known (see [5]) that the set theory ZF/s of [5] is
equiconsistent with ZF'. However if

(M, €,sM) = ZF/sNC =P(s) N H =P(C)

!There are two natural weakenings of ZF which one might consider. The first is Kripke-
Platek Set Theory (KP) ([4]) and the second is of Zermelo Set Theory (Z) ([10]). The
difficulty with KP is that it lacks a powerset axiom and as such there has no canonical way
to deal with the process of sheafification. On the other hand Z, while it has the powerset
axiom, does not have replacement. As such operations which may require definition by
induction through the ordinals (such as Definition 4.2) can not be carried out in Z.

2 Algebraic set theory has shown there is a close relationship between specific set theories
and specific theories of categories. Using the methods of algebraic set theory it has also
been shown ([3]) that the notion of sheaf and of sheafifcation makes sense in a much wider
context than that of ZF (such as in weak systems of intuitionistic set theory). However,
for the results of this paper the full strength of ZF is needed. As such while a foundation
based on algebraic set theory is possible, for the proofs in this paper one would need to
add sufficient axioms to ensure that the system could interpret (classical) ZF.
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then (H, €,s™,C) = ST. Hence the consistency of ZF implies the consis-
tency of ST. ]

3.2. Category Theory

In this section we will review some of the categorical definitions which
will be needed. For more information on the category theory in this section
the reader is referred to such standard texts as [8]. For more information on
the sheaf theoretic ideas presented in this section the reader is referred to
such standard works such as [9].

Definition 3.5. Let Lo = {Obj, Morph, Dom,Codom, Id} and let Theog(X)
be the formula which says

o X € obj(Mod(Lcat)) and X is a category.
e X | Obj(A) if and only A is an object of X.
e X |= Morph(f) if and only if f is a morphism of X.

e Dom,Codom : Morph — Obj are the domain and codomain maps
respectively.

o Id : Obj — Morph is the map which takes an object to its identity
morphism.

We call a category small if it has a set of objects and a set of morphisms.

Definition 3.6. Let SET be the category whose objects are sets in Set and
whose morphisms are functions in Set.

Definition 3.7. Let C' be a small category with F': C? — SET a presheaf
on C. An element of I is an element ofUAEObj(C) F(A). If f € C[A,B],x €
F(B) we will use the shorthand x|; for F(f)(z).

Definition 3.8. For any small category C let yo : C — SETC™ be the
Yoneda Embedding. i.e. yo(A) = Cl—, A] for all A € 0bj(C) and yo(f) =
C[—, f] for all f € morph(C).

Definition 3.9. Let C' be a small category and A € obj(C). A sieve S on
A is a subfunctor of C|—, A]. If S is a sieve on A and f : B — A then the
pullback of S along f is the sieve on B given by f*S(D) = {g € C|D, B] :
foge S}. If X C Cl—, A] we define Gengjepe(X) = {zof : x € X, dom(z) =
codom(f), f € morph(C)} to be the sieve generated by X.



3.8. Models

In this section we give our definition of a higher order model as well as
our definition of a map between higher order models. A higher order model
will consist of a class along with a collection of relations between tuples of
the class and tuples of subsets® of the class. These relations are what will be
preserved as we relativize our model to a larger standard model of set theory.

In particular, suppose we have some (possibly higher order) property of
tuples/subsets, R, which we want to be preserved (either by maps of our
models or in the relativization of our model). We can achieve this by adding
a predicate R'(—) to our language and adding an axiom to our theory saying
“R'(x) holds if and only if R holds of x”. (Notice though that this will not
necessarily mean that =R is preserved unless we explicitly add a relation R”
and an axiom R"(x) < —R(x)).

Definition 3.10. Suppose L = {=;,#;: j € {0,1}} U{R; : i € I} where R,
is a relation with arity m; + n; and =;, %; are binary relations. Mod(L) is
the category such that

e The objects of Mod(L) are sequences M = (M, P(M),=}",#}", RM)

) —j )
where

— =LA C M x M, =M #£Z1CP(M) x P(M) and RM C M™ x
P(M)™. We will use the shorthand M = Ri(a) for a € RM,
a=;b for =}" (a,b) and a %; b for ) (a,b).

— =, is an equivalence relation and a #; b < —(a =; b) for all
a,b € dom(=;).

— (Vm,m' e P(M))m =, m' < (YVa € M)(3b,t/ € M)(aem —be
m ANa=gb)AN(aem =V emha=l).

- ]fM ): /\kgmi ar =o bk N /\lgni Al = Bl then

M ): Ri(al, .. ,ami,Al, Ce ,An) — Ri(bl, .. 7bminly ce ,Bn)

o Suppose M = (M, P(M),=}",#, RM) and N = (N,P(N) =N, £}
, RNY. Further suppose f : M — N and f : P(M) — P(N) is defined
by f(X)={f(x):2z € X}. Then f € Mod(L)[M,N] if and only if

30ur definition will only consider subsets and not subclasses.



— Foralla€ M, b€ P(M) if M |= R;(a,b) then N |= R;(f[a], f[b]).*

— For alla,be M, if M = a =y b then N = f(a) = f(b) and if
M Ea#ybthen N = f(a) %o f(b).

— (Vm € P(M))(Ya € M)[(3b € M)a =" bAb e m] < [(F €
N)f(a) = ¥ AV € f(m)].

We call a model small if it’s underlying class is a set.

The astute reader will notice that while we have been talking about higher
order models, the structures which we have defined are only second order.
Restricting to the second order case does not in general limit our expressive
power as we can always add a new relation PS C M x P(M) with an axiom
which says “PS(a, A) implies a is a name for the set A”. By then considering
subsets of names we can represent third order structure in our second order
model. This procedure can be generalized to any ath-order structure we
want (for a set sized ordinal «).

It is also worth mentioning that while we want to think of elements of
our model as =-equivalence classes we can’t quite do this if our set theory
doesn’t satisfy the Axiom of Choice. The reason is that there may be a
map between the equivalence classes of models which doesn’t come from an
actual map of models (because we are unable to choose a representative of
our equivalence classes.)

Definition 3.11. Let Mod_(L) be the full subcategory of Mod(L) consisting
of those models M = Vx,y)r =gy —x =y

Lemma 3.12. There is a functor F' : Mod(L) — Mod—(L).
Proof. For each model M = (M, =}, #}, P(M), RM) let F(M) = (M/={'

,P(M) /=M = #, RM). For each « : M — N and a € M let F(a)(a) =
[a(a)]loy. It is then clear that F(M) € Mod=(L) (because RM is closed
under = and [P(M)/=}"] = P(M/=}")). Further each function F(a) is a
map between F(M) and F(N). O

Lemma 3.13. F' is full if the global axiom of choice holds.

4Here we use boldface to represent tuples and, if x = (zq,...,x,) is a tuple, then we
let g[x] = (g(x0), -, g(zn))



Proof. Suppose « : F(A) — F(B) € Mod_(L). For each x € F(B) choose
an element b, € x and let a*(a) = b, if and only if a([a]) = z. Then clearly
F(a*) = a. O

We will often associate a model with its underlying class and will think
of =; and #; as representing “equal” and “not equal”. As such we will omit
explicit mention of =; and #; as distinguished relations. We will also omit
the superscript from relations as well as the subscript from =;, #; when they
are clear from context.

Definition 3.14. If ¢(x,y) is a formula of set theory such that Set |=
o(x, A) — x € obj(Mod(L)) then let Mody(p(x, A)) be the full subcategory of
Mod(L) containing those objects M where Set |= (M, A).

So Mod (¢(z, A)) is the category of models which satisfy ¢(z, A).

3.4. Relativized Models

In this paper we will be interested in models which, as we change models
of set theory, have a smallest extension which satisfies a given formula.

Definition 3.15. Let ¢(x, A) be as in Definition 3.1/ and let M be in
obj(Mod(L)). We define Exp(p, M) to be the category whose objects are
those models N such that

e M C N and RM C RY for all relations.
o Set = p(N,A).

and whose morphism are those maps f € Mod(L)[N, P| such that f(m) =m
for allm € M.

Definition 3.16. Suppose, p(z, A), M, and Vy, Vi are such that
o Vo, Vi are standard models of ST with Vo C V.
o o(z,A) is a formula for the language L with A € V.
o Vo l= M € obj(Modg(p(x, A))).

If N is an object of (Exp(p, M))V*® such that

°The category Eap(p, M) can be described by a formula, 1 (z), of set theory. By
(Exzp(p, M))"* we mean the category described by "1 (z). Le. the category of models in
V1 which satisfy ¢ and contain M.



(1) For every object Q of (Exp(p, M) there is a map i : N — Q in
(Exp(ep, M))".

(2) Every endomorphism of N in (Exp(o, M) is an automorphism.
then we say that N is a relativization of M to Vi for p(x, A).

If M € Vy and N is a relativization of M to V; for p(z, A) then (1) ensures
that when @ is any model of ¢(z, A) in V; which contains M then () must

also contain a copy of N. So, N is a “minimal” extension of M to a model
of p(z, A) in V7.

Lemma 3.17. If M € Vi and Ny, N1 are relativizations of M to Vi for
o(z, A), then there is an isomorphism i : Ng = Ny which is constant on M.

Proof. Because Ny and Nj are relativizations of M there are maps ig : Ny —
Ny and 4y : Ny — Ny in (Ezp(p, M))"'. But, by condition (2) of Definition
3.16 this means that ig o 2; and #; o 7y are automorphisms and hence 75 and
71 must be isomorphisms. O

This lemma shows that not only is a relativization of M a “minimal” ex-
tension, but any two such minimal extensions must be isomorphic (although
there need not be a unique isomorphism). Thus a relativization of M for
o(z, A) is the unique “smallest” extension of M satisfying ¢(x, A).

In particular we have, as a special case of relativization, the following
lemma.

Lemma 3.18. If N is an initial object of (Exp(p, M))V* then N is a rela-
tiwization of M to Vi for o(x, A)

4. Sites

Before we begin discussing relativizations of Grothendieck topoi it will be
useful to discuss relativizations of sites. We start this discussion by introduc-
ing the notions of a weak site and of an almost subcanonical weak site. These
are the absolute analogs of the notion of a site and of a subcanonical site
respectively. Next we show that all (small) sites and (small) subcanonical
sites relativize to all models of set theory (with respect to the appropriate
theory). It is worth pointing out, that even if we start with a subcanonical
site we may get different results we relativize it with respect to the theory
of sites and when we relativize it with respect to the theory of subcanonical
sites.



4.1. Weak Site

Definition 4.1. A weak site is a pair (C,Jc) where C' is a small category
and Jo is a function which takes objects of C' and returns a collection of
sieves such that, for any A € obj(C):

o (Identity) C[—, A] € Jo(A).
e (Base Change) If S € Jo(A) and f : B — A then f*S € Jo(B).
We call Jo(A) the covering sieves of A.

Definition 4.2. If (C,Jo) and (D, Jp) are weak sites and F: C — D is a
functor, then we say that F is a map of weak sites if (VS € Jo(A){F(f)ox :
fe€S,xe D} e Jp(F(A)).

Definition 4.3. A site is a weak site (C, J¢) satisfying

e (Local Character) Let S € Jo(A) and let T be any sieve on A. If
(VB € obj(C))(Vf € S(B)f*T € Jo(B) then T € Jo(A).

We want to think of a weak site as an absolute analog of a site in much
the same way as a basis for a topological space can be thought of as an
absolute analog of a topological space (i.e. there is a unique minimal way to
generate a topological space from a basis just as there is a unique minimal
way to generate a site from a weak site (as we will see in Definition 4.2)).

One important example of how this closure plays a role is the following
lemma.

Lemma 4.4. If (C, Jc) is a site and S,S" € Jo(A) then SN S’ € Jo(A)

Proof. First if f € SN S’ then so is f o x for any x. Hence SN S’ is a sieve
if S and S’ are. Also, for all f € S and all x we have fox € S. Soif f € S,
f*S" C f*S and hence f*(SNS’) = f*S" € Jo(A). So by (Local Character)
SNS e Jc(A) ]

Notice that this does not in general hold if (C, J¢) is just a weak site.
Many of the concepts related to sheaves and separated presheaves generalize
to the case of weak sites in the obvious way.

Definition 4.5. Let (C, Jo) be a weak site and F : C? — SET be a presheaf
on C. If A € obj(C) and S € Jo(A), a compatible collection of elements for
S is a collection ((a;,1) : i € S) such that
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o (Vi€ S(B)) a; € F(B)
L4 (Vll € C[B/, B])aioi/ = F(z’)(az)

If there is an a € F'(A) such that a|; = a; for all i € S then we say ((ai,1) :
i € S) covers a. A compatible collectin of elements for A is a compatible
collection of elements for some S € Jo(A).

Definition 4.6. Suppose X C C[—, A] and Gengjepe(X) € Jo(A). Then we
say ((ai,1) 11 € X) covers a if ((a;|f,i0 f) :io f € Gengieve(X)) is a cover
for a.

Definition 4.7. Suppose (C,Jc) is a weak site. A presheaf F : CP? —
SET is separated for (C, Jco) if every compatible collection of elements of F
covers at most one element of F. We let Sep(C, Jc) be the category whose
objects are separated presheaves for (C, Jo) and whose morphisms are natural
transformations.

Definition 4.8. Suppose (C, J¢o) is a weak site. A presheaf F : C? — SET
is a sheaf for (C, Je) if every compatible collection of elements of F covers
exactly one element F. We let Sheaf(C, Jo) be the category whose objects
are sheaves for (C, Jo) and whose morphisms are natural transformations.

The following are important facts concerning separated presheaves and
sheaves for weak sites. Their proofs, however, are routine (and are left to the
enthusiastic reader).

Lemma 4.9. Suppose (C, J¢) is a site, F is a separated presheaf for (C, Jc),
and S, 5" € Jo(A) with S C S'. If {(a;,i) : i € ), {((b;,i) : 1 € S") are
compatible collections of elements of F' such that (Vj € S)a; = b; then (Vj €
S’)aj == bj.

Definition 4.10. Suppose (C,Jo) is a weak site and F' is a presheaf for
(C,Je). We say X C U copicy F'(A) covers Fif for all A € obj(C') and for
all a € F(A) there exists ((a;,i) : i € S) such that

o ((a;,1):1€S) covers a
e (Vie S(B))(Fa:€ C[B,B'])(3be XNF(B))b|, = a;

We say that a subpresheaf G — F covers I if UAeobj(C) G(A) covers F.
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A set X covers F if every element of F' can be covered by restrictions of
elements of X. So in particular F' can be recovered from X (and the site).

Lemma 4.11. Suppose F is a separated presheaf for (C, Jo) and X covers F.
Then there is a smallest subpresheaf Fx C F such that X C e o0 F'(A)
and Fx covers F'.

Lemma 4.12. If (C, J¢) is a site and F C G C H are separated presheaves
for (C, Jo) such that F' covers G and G covers H then F covers H.

Notice this does not necessarily hold if (C, J¢) is only a weak site.

Lemma 4.13. Suppose (C, J¢) is a site, F' is a separated presheaf for (C, Jc),
and Fy, Fy are covers of F. Then G(A) = Fy(A) N Fi(A) is also a covering
presheaf for F.

Proof. By (Local Character) and Lemma 4.12 it suffices to prove that every
element of Fy(A) is covered by a collection of elements in Fy N Fy. Every
element a of [y is covered by a collection of elements, ((a;,7) : i € S), from
Fy (as Fy C F). But any cover of a must consist of restrictions of a. Hence
any cover must consist of elements of Fj. In particular we have the cover
((a;,1) : i € S) consists of elements of Fy N Fy. O

Now we introduce the important notion of being almost subcanonical.
This is the absolute analog of being subcanonical.

Definition 4.14. We say a site (C, Jo) is subcanonical if yo(A) is a sheaf
for all A € obj(C). We say (C,Jc) is almost subcanonical if yo(A) is a
separated presheaf for all A € obj(C').

Proposition 4.15. Suppose Vy, Vi are standard models of set theory with
Vo C Vi. Further suppose that (C, Je) € Vo and Vo = (C, Jo) is an almost
subcanonical weak site”. Then Vi |= 4(C, Jo) is an almost subcanonical weak
site”.

Proof. Suppose (in Vi) A € obj(C), f,g € yc(A)(B) and ((z;,4) : i € S)
with S € Jo(B) are such that both f and g are covered by ((x;,i) : i € S).
Then the same holds in V4 and hence f = ¢g. So (in Vi) (C, Je) is almost

subcanonical. O
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4.2. Relativized Sites
Definition 4.16. Let (C, J¢) be a weak site. Define J& on A € obj(C) as
follows

o J2(A) = Jc(A).
o JATY(A) = {T a sieve on A: (3S € Jo(A))(Vf € S(B))f*T € J&(B)}.

o JS(A) =Upey,, JO(A).

We define JE*P =, copp J& and if T € JERP(A) we say the degree of T is
the least ordinal o such that T € JE(A).

We can think of the structure (C, JORP) as the site we get when we close
the weak site (C, Jo) under local character.

Proposition 4.17. (C, J§%P) is a Site.

Proof. (Identity):
This is immediate because Jo C JORP.

(Local Character):

Let S € JORP(A) and let T be any sieve on A such that f*T € JORP(B) for
all f € S. We want to show T' € JQRP(A). If degree(S) = 0 then T € J&(A)
where o = sup{degree(f*T) : f € S}.

Assume that the conclusion in (Local Character) holds if degree(S) < «
and let degree(S) = o+ 1. Then there is an R € Jo(A) such that (Vf €
R(B))f*S € J&(B). Now if f € R then f*T is a sieve on dom(f) and
f*S € J&(dom(f)). But (Vg € f*S)fog € S and g*f*T = (f o g)*T.
So g*f*T € JORP(dom(g)). Hence by the inductive assumption, f*T €
JORP (dom(f)) for all f € R, and by the definition of JORP, T € JORP(A).
So (C, JORP) satisfies (Local Character).

(Change of Base):
Let g: D — A and T € JSRP(A). If degree(T) = 0 then ¢*T € JORP(D)
because Jo C JERP.

Assume the conclusion in (Change of Base) holds if degree(7T) < «
and let degree(T) = a + 1. Then there is a cover S € Jo(A) such that
(Vf e S(B))f'T € J&B). Now g*S € Ja(B). So (Yh € g*S(D))goh € S(D)
and (g o h)*T = h*(¢*T) € J&(D). Hence g*T € J,1(B). So (C, JORP) sat-
isfies (Change of Base). O
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As we will see (C, JORP) is not only a site, but the smallest site containing
(C, Jo).

Corollary 4.18. If (C, J¢) is a weak site then so is (C, Jg) for alla < ORD.

Definition 4.19. Let Lyys = Lo U{Cov(x,y)} where Cov(z,y) is a binary
relation, and Thys(X) be the formula which says

® ]fC = X‘LCat then Thcat<C).
e Cou(S,A) = SeP(X) and Ae X.

o [fwelet S € Jo(A) be a short hand for Cov(S, A) then (C,Jco) is a
weak site.

We will consider all weak sites (C, Jo) as models of the language Ly s using
the interpretation of Cov(S,A) « S € Jo(A).

Definition 4.20. Let Lgye = Lws and let Thgye(X) be the formula which
says

e Thys(X).

o IfC =X]|L., and S € J(A) is a short hand for Cov(S, A) then (C, J¢)
s a site.

So T'hg;se is the higher order theory of sites. Next we want to show that
every site relativizes for Thg;e.

Proposition 4.21. If (C,Jo) is a weak site then (C,J%P) is an initial
object in Exp(Thsite, (C, Jc)).

Proof. By Proposition 4.17 (C, JS®P) = Thgi.. However, if (D, Jp) is an
object in Exp(Thgite, (C, Jo)) then C'is a subcategory of D and Jo C Jp. So
the (unique) map from (C, JORP) into (D, Jp) mapping C' to itself is a map of
weak sites. Hence (C, JORP) is an initial object in Exp(Ths;., (C, Jo)). O

Corollary 4.22. If Vo C Vi are standard models of set theory with Vy =
“C,Jc) | Thsie” then (C, JEEPYWi is the relativization of (C, Jo) to Vi for

ThSite
Not surprisingly the connection between (C, Jo) and (C, JORP) extends

to their separated presheaves and sheaves.
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Proposition 4.23. Suppose F is a presheaf on C'. Then
(a) F is separated for (C,Jo) if and only if F is separated for (C, JGEP).
(b) F is a sheaf for (C,Jc) if and only if F is a sheaf for (C, JGEP).

Proof. Part (a):
First it is clear that if F' is separated for (C, J9RP) then F is separated for
(C, Jc) as JC Q JgRD.

For the other direction let’s assume, to get a contradiction, that F'
is separated for (C,Jo) but not separated for (C, JE®P). Then there is a
((a;,1) : i € S) with S € JORP(A) and there are @y, a; € F(A) such that @
and a@; are covered by ((a;,7) : i € S). Assume that S has minimal degree of
a+ 1 such that the above is true (it can’t have degree 0 as F' is separated for
(C,Jo) = (C,J2)). Then there is a T € Jo(A) such that for all f € T(B),
f*S € J&(B). So in particular ag|; = a1|; for all f € T as ayls, a1|; are both
covered by ((afe,1) : 4 € f*S) and f*S has degree less than o + 1. But we
also have @y, a; are covered by ((aolf, f) : f € T) (because it is a compatible
collection) and hence @y = @, as T has degree 0.

Part (b):
First it is clear that if F is a sheaf for (C, JORP) then F is also a sheaf for
(O, JC), as JC - JCQRD.

For the other direction assume, to get a contradiction, that F'is a sheaf
for (C,Jo) but not a sheaf for (C,JORP). By Part (a) we know that F
is separated for (C, JG®P). So there must be a collection ((a;,i) : i € S)
with S € JERP(A) which is compatible but which doesn’t cover any element
of F. Let S have minimal degree of o + 1 such that the above is true (it
can’t have degree 0 as F is a sheaf for (C,Jo) = (C,J2)). Then there is
a T € Jo(A) such that for all f € T(B), f*S € J&(B). So in particular
{(afoglg,9) : g € f*S), with S € JERP(A), is a compatible collection of ele-
ments for all f € T" and hence must cover an element a; € F'(dom(f)) by the
inductive hypothesis. But the collection ((ay, f) : f € T') is also compatible
and hence must cover an element a € A also by the inductive hypothesis.
And, as this a must also be covered by ((a;,7) : i € S) by construction, we
have our contradiction. ]

Corollary 4.24. If (C, J¢) is an almost subcanonical weak site then so is

(C, JE™P).
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Corollary 4.25. If (C, J¢) is a weak site then Sep(C, Jo) = Sep(C, JERD)
and Sheaf(C, Jo) = Sheaf(C, JQEP).

Corollary 4.26. There is a functor a : Sep(C, Jc) — Sheaf(C, Jco) such
that if © : Sheaf(C,Jo) — Sep(C, Jc) is the inclusion functor then % is
right adjoint to a and the unit v : lgepc,jo) = @o 1 is such that for all
F € obj(Sep(C, Jo)) and all A € 0bj(C), (tr)a is the identity on its domain.
We call a the sheafification functor.

Obviously it is possible to define a sheafification functor on any presheaves
and not just those which are separated. However the point of Corollary 4.26
is that we are defining sheafification in such a way that there is an inclusion
map from the presheaf into the sheaf which is the identity on its domain.
In order for this to happen though our presheaf must be separated to start
with.

4.8. Subcanonical Sites

We saw in the previous section that every site relativizes. However often
we will want to consider sites which are subcanoinical. As such in this section
we will show that every subcanonical site relativizes as a subcanonical site
(which may result in a different site than its relativization merely as a site).

Lemma 4.27. Suppose (C, Jc) is an almost subcanonical weak site. Then
(VS € JERP(A)) S covers yo(A).

Proof. Suppose x € yo(A)(B) and S € JORP(A). Then x € C[B, A] and
x*S is a cover of B. Hence ((zo1i,i) : i € *S) C S is a compatible collection
of elements which cover z. So S is a covering subsheaf for yo(A) (as z was
arbitrary). O

Theorem 4.28. Let Thsuwcan(X) = Thgie(X) U{X is a subcanonical site}.
Then for any almost subcanonical site (C, Jo),% Exp(Thsucan, (C, Jc)) has
an initial object.

Proof. First we need to show that (X)X € obj(Exzp(Thsuwcan, (C, Jc))).
Define X’ = (C, Jg) such that

6If we don’t require our site to be almost subcanonical then there will non-equal =-
equivalence classes which are covered by the same cover. So, in any subcanonical extension
those =-equivalence classes would have to be identified. But, because both = and # are
relations in our models we can’t identify distinct =-equivalence classes in extensions.
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o 0bj(C) = 0bj(C)

e C[A,B] = {{(b;,i) : i € S) such that S € Jo(A) and (Vi € S)b; :
dom(i) — B,boj =bjoj}/ =

o ((bjyi):ie8)=((l,i):i€9) if and only if b, =¥} for all i € SN S".

Notice that in order to completely determine a map in C[A, B] we need to
determine where it sends (in yz(B)) each element of a cover S C y=(A). So
a map in C[A, B] is an equivalence class of matching families from y=(B) for
a sieve S € Jo(A).

That = is an equivalence relation follows immediately from Lemma 4.4
and Lemma 4.9.

If ((b;,3) : i € S) € C[A, B] and ((d;,i) : i € S") € C[B, D] we define
((dj,7):j€S)o((biyi):1€S)=((dy,i):i€S5") where S”" = {i: b, € §'}.
In order to show that this definition makes sense, we first need to show that
((dy,,4) : i € S") € C[A, D]. Or, more specifically, that S” € Jo(A). But we
know that for all i € S, i*S" = {a:ioa € 5"} ={a : bjon € 5} ={a:
bjoae S} =bS" € Jo(dom(b;)). Hence S” € Jo(A) by (Local Character).

To show that composition is well defined we need to show that compo-
sition is closed under =. It suffices to show that if Sp C S, Sj C S’ then
(dusi) € SU) = ((dsg) : j € Sp)o((bni) i € So) = {(d;]) : j €
Sy o ((bi,1) i€ Sy = {((dy,,7) : 1 €S"). But it is clear that SJ C S” by con-
struction and hence Sj N S” = S{. So ((dy,, 1) : 1 € S) = ((dp,,1) : i € S).

We have shown that C is a well defined category. In general though we
don’t have C' C C. But what we do have is a injective function f : C' — C
where f is the identity on objects and f(a) = ((a01i,4) : i € C]—,dom(a)]).
Further f(aof) = ((aofoi,i) i € C[—,dom(co f)]) = f(a)o f(5). Hence
f is a functor. Further if f(a) = f(3) then there is a covering sieve S on
dom(a) = dom(f) such that (Vi € S)awoi = o4 and hence f(a) covers «
and . But then as (C, J¢) is almost subcanonical o« = (3. So f is injective
(up to =).

If we let X = (X' —image(f))UC then we have an isomorphism between
X and X’ which is the identity on (X’ —image(f)) and f on C. We define
composition on X so as to make this an isomorphism of categories.

All that remains is to define the collection of covering sieves. To simplify
notation we will work with X’ and define the covering sieves on X to be those
which are the images of covering sieves on X’ under the isomorphism.
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Definition 4.29. For a map f= ((fi,i) : i € T) we say f € fif there is
an i € T such that f = f;. For a sieve S we say S € Je(A) if and only if
S={b:(Fbe S)b e b} € Jo(A).

Given a sieve S on C we will often want to consider the sieve it generates
in C. As such we will let S5 = {fox: fe S,xeC}.
Claim 4.30. If {(g;,7) : j € S) € C[A,B] and i € S(D) then {(g;,j) : j €
S)oi=g;.

Proof. Leti= f(i) = ((ica, i), € C[—, D]). We know that ((g;,7) : j € S)o
i ={(gi,1) : 1 € SYoi = ((Gioa, ) 110 € S) = ((gioa,a) : v € i*S) =¢g; O

Corollary 4.31. If S is a sieve on (C, J5) then S = SN morph(C).

Claim 4.32. If ((gj,j) : j € S) € C[A,B] and i € C[B, D] thenio ((g;,]) :
j€S)=((iog;,j):j€S).

Proof. Leti= f(i) = ((ioa,i),a € C[—, D]). We know that io ((g;,j) : j €
S)=io((g;,4):j€8) =((ieg;,j) : g; € C[=, D)) = ((iog;,j) : j € 5) D
Claim 4.33. If S € J5(A) and S C S’ then S’ € JA.

Proof. We have S C §" and S € Jo(A) and so S” € JoA (because (C, J¢) is
a site). O

Claim 4.34. (C, Jg) is a site.

Proof. 1t is clear that J& satisfies (Identity).
Suppose S € Jz(B) and T is a sieve on B such that T € Jz(dom(f)) for

all f € S and hence £7 € Jo(dom(f)). If f € S then f*T ={g: fog ¢ T}.
Butwealsohavef*T:{(gl:i€W>'f <g2:z‘€W> ET}z{(gl: ]

) (fogz.z€W> ET} 801fg€f*Tthenfog€Tandg€f T. Hence
f*T C f*T and so fr T € Jo(A). But then, because (C,J¢) satisfies (Local
Character) we have T € Jo(B) and hence T' € Jx(B). So (C,Jg) satisfies
(Local Character).
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Suppose S € J5(B) and let f = (f; : i € T) € C[A, B]. Then for all
ieT,
(FS) = {g:iogefS)
= {g € morph(C):iog e S}
{g € morph(C) : foiog e S}
= {g € morph(C): fog € S}
18
But f7S € Jo(dom(f;)) because S € Jg(B) and hence S € Jo(B). So
i*(f*S) € Jo(dom(7)) for all ¢ € T. Hence, by (Local Character) we have

—

S € Jo(dom(f)) and therefore fS € Jz(B). So (C,J5) satisfies (Base
Change) and hence is a site. ]

Claim 4.35. (C, Jz) is a subcanonical site.

Proof. First notice that if 8 = ((G;,1) : i € S"),y = {(yi,i) : i € §") €
C[B, A] are such that B|; = v, for all j € S (with S € Jz) then the same
holds for all j € S. So in particular for all j € SN S N S” B; = 7. So,
because C'is almost subcanonical, we have that §; = ~; for all j € S'NS” as
B, and ~y; are both covered by ((3; 0i,7) : ¢ € 7*S). Hence B =7. So yx(A)
is a separated presheaf (and (C, .J5) is almost subcanonical).

Suppose S € Jz(B) and ((a;,7) : i € S) is a compatible collection
of elements in yz(A). Then ((a;,4),i € S) is a compatible collection and
Se Jc<B)

If i € S(D;) then o; € ye(A)(D;) and hence o; : D; — A. Now if
j € C[Dy, D;] and k = ioj then oy = ai|; = ayioj. Butif oy = (fi, =n €T})
then a; 0 j = (fijon : n € j*1;). So (Vn € 7T, N T;) fx.n = fijon Further,
if T = (kon:n €Ty) then T is a sieve and for all i € S T; C i*T, and so
i*T € Jo(D;) and hence, by (Local Character), T € Ja(B).

So, if a = ((fym,kon) : kon € T) then a € yz(A)(B) and a|; = ;.
Hence yz(A) is a sheaf and (C, Jz) is subcanonical. O

Claim 4.36. (C, J&) is an initial object of Exp(Thsubcan, (C, Jo)).

Proof. It S € Jz(A) and ((f;,i) : i € S') € S(B) then for each i € 5
((fi,i) i € 8 oi = f; and hence Sz C S. So in particular site on C
containing Jo must contain Jg because if S € Jz(A) and S C S’ then
S" e Jz(A). O
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Corollary 4.37. If V; C Vl_a,re standard models of set theory and Vy =
“C,Jec) = Thsuwcan” then (C, Jz) is the relativization of (C, Jo) to Vi for
ThSuchm

Corollary 4.38. For any almost subcanonical weak site (C, Jc) the category
Exp(Thsucan, (C, Jc)) has an initial object.

Proof. This is because if (C, J¢) is an almost subcanonical weak site then
(C, JEBRP) is an almost subcanonical site such that for any site (D, Jp) con-
taining (C, Jo) there is a unique map (C, J®P) into (D, Jp). O

Notice that this proof only works if our site is almost subcanonical to start
with. Otherwise in the sheafification process we have to make different maps
become the same and hence we loose preservation of “not equals”. And, if
we don’t require preservation of not equals, there are other ways we could
turn (C, J¢) into a subcanonical site (e.g. we could collapse all morphisms
and turn the resulting partial order into a subcanonical site. This might be
minimal (depending on J¢) because even though we have added new elements
to the = relation we might be able to get away with adding fewer new covers
than we otherwise could).

Definition 4.39. Suppose (C, Jc) and (D, Jp) are weak sites. We say that
F :C — D is an equivalence of sites for of (C,Jc) and (D, Jp) if

e [ is an equivalence of categories.

e For all A € obj(C) and for all sieves S on A, S € Jo(A) < FI[S] €
Jp(F(A)) where FIS]|={F(f)og: f€S,g€ morph(D)} is the sieve
generated by F[S) = {F(f): f € S}.

Lemma 4.40. If E : C — D is an equivalence of sites for (C,Jc) and
(D, Jp) and E': D — C'is a functor such that Eo E' ~ 1p and E'o E ~ 1¢
then E' is an equivalence of sites for (D, Jp) and (C, J¢).

Proof. Immediate. ]

Proposition 4.41. Suppose (C,J¢) and (D, Jp) are almost subcanonical
weak sites with (C, Jz) and (D, Jg) the corresponding initial objects of the
categories Exp(Thsucan, (C,Jo)) and Exp(Thsuywcan, (D, Jp)) respectively.
If £ : C — D is an equivalence of sites then E extends to an equivalence of
sites E : C — D. Where E({(ay,i) : i € S)) = ((E(a;) 0 g, E(i) 0o g) : i €
S,g € D).
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Proof. This follows immediately from the definition of (C, Jz) and (D, J5).
[l

Definition 4.42. Suppose (C,Jc) is a almost subcanonical weak site. Let
(C, Je) be the full subcategory of Sheaf(C, Jo) whose objects are {a(yc(A)) :
A € obj(C)}.

Lemma 4.43. Suppose (C, Jc) is an almost subcanonical site with (C, J)
the corresponding initial element of Exp(Thsuwcan, (C, Jc)). Then (C, Jeo) is
isomorphic to (C, J&). Further, under this isomorphism epimorphic families
are ezactly those families which come from covers in Jg.

Proof. We now define a functor E : (C,Jo) — (C,Jg) as follows. For

a(yc(A)) € obj((C, Jo)) let E(a(yc(A))) = A. 1f - a(ye(A)) — a(yo(B))
then, because yc(A) and yo(B) are separated

(35 € Je(A)(Vi € S(D))f(i) € yo(B)(D).

Let B(f) = [(f(),1) i€ S). -

Notice that if S € Jo(A) and b = [((b;, i) : i € S)] € C[A, B] then,
because S covers a(yc(A)), there is a unique b:a(yc(A)) — a(yc(B)) such
that b = b; for all i € S. So, by construction, we have E(b) = b and E is
surjective.

Next suppose f,g : a(yc(A)) — a(yo(B)) and E(f) = E(g). 1t E(f) =
[((f(@),4) : i € S)] and E(g) = [((9(4),7) : i € S')] then we have (Vi €
SNSf(i) = g(i) and so E(f) = E(g). Hence E is injective, and therefore
an isomorphism of categories. B B

Further it is clear that S € Jz(A) if and only if S € Jo(A) (where S is
as in Definition 4.29). Now by Lemma 4.27 any S € Jo(A) covers yo(A) and
hence covers a(yc(A)) (and therefore is an epimorphic family). Similarly,
given any epimorphic family S’ covering a(yc(A)), S"Nyc(A) € Jo(A). So
we have S € J5(A) if and only if S € Jo(A) if and only if E7Y[9] is an
epimorphic family in (C, J¢). ]

Proposition 4.44. Suppose (C, Jc) is an almost subcanonical weak sites with
(C, Jz) the initial element of Exp(Thsucan, (C; Jc)). Then Sheaf(C, Jc) is
isomorphic to Sheaf(C, Jz).

Proof. If X € obj(Sheaf(C, Jz)) let E(X)(A) = X(A) for all A € obj(C) =
obj(C)andif f: B — Alet E(X)(f) : E(X)(A) — E(X)(B) be the function

21



—

f: X(A) — X(B) for all f € C[B, A]. Further if a« € Sheaf(C, J5)[X,Y]
let E(a)s = ay for all A € obj(C). We then have E : Sheaf(C, Jz)
Sheaf(C, J¢) is a functor.

If X € obj(Sheaf(C, Jo)) let F(X)(A) = X(A) for all A € obj(C)
obj(C) and if f: B — Alet F(X)({(fi,i):i € T)): F(X)(A) — F(X)(B
be the function such that for all b € F(X)(B), F(X)({(fi,i) : i € T))(a
is the unique element covered by (X(f;)(a) : @ € T). Further if a €
Sheaf(C, Jo)[X,Y] let F(a)s = ay4 for all A € obj(C). We then have
F : Sheaf(C, Jo) — Sheaf(C, Jz) is a functor.

Further it is immediate that EoF" = idsheat(c,Jc) and FoE = idgpeagc,s)-

\_/\_/

Proposition 4.45. Suppose (C, Jo) and (D, Jp) are equivalent weak sites.
Then Sheaf(C, Jo) and Sheaf(D, Jp) are equivalent categories.

Proof. Immediate. O]
Corollary 4.46. If (C, Jc) is an almost subcanonical weak site let

e (Cy, Jc,) = initial element in (Exp(Thsuwcan, (C, Jc)))"°

o (G5, Je,) = nitial element in (Exp(Thsuwcan, (Co, Je,))""-

e (Cy,Jc,) = initial element in (Exp(Thsuwcan, (C; Jo)))V
then Vi = Sheaf(Cy, Jo,) ~ Sheaf(Cy, Jo,) ~ Sheaf(C\, Jc,).

5. Sheaves on a Site

5.1. Sh(z,{(C, Jc))

In this section we want to explicitly construct a category equivalent to
the category of sheaves on a weak site (C, Jo) and show that the category
relativizes. Ideally we would like to consider the (class sized) model which is
the category of all sheaves on a site. Unfortunately though the notion of being
a sheaf is not absolute and so this model would not relativize. Instead we
consider a category equivalent to the category of sheaves on a weak site but
whose objects are actually separated presheaves (a notion which is absolute).

Definition 5.1. Let Sh(x, (C, Jc)) be the formula which says
x = (Obj, Morph, Dom,Codom, Id, =, #)

and

22



(a) (C,Jc) is a weak site (here (C,J¢) is treated as a parameter).

(b) Thea(z|Le,,)-

(c) Obj = {F : C — SET such that F is a separated presheaf for
(C, Je)}-

(d i) Morph = {(D,d,R,r,F): D,d,R,r € Sep, F' : d = r, F is a natural

transformation, d,r cover D, R respectively in (C, JS%P)}.

(d ii) dom((D,d,R,r,F)) = D and codom({D,d,R,r,F)) = R. We will
often refer to (D, d, R,r, F) simply as F.

(d i) (X,d,R,r,F)o(D,d,X,r",G)=(D,G'[r]nd,R,r, F o G)
(e) If X € Obj then Id(X) = (X, X, X, X, idy).
(fi) (VF,G € Obj)F =G if and only if F = G.
(f ii) For all (Dp,dp, Rp,rp, F),(Dg,dg, Rg,r¢, G) € Morph,
(Dp,dp, Rp,rp, F) = (Dg,dg, Rg,ra, G)
if and only if
— Dp = D¢g and Rr = Rg
— Vz edrpndg)F(z) = G(x)

There are a few points in Definition 5.1 worth highlighting. First lets
fix a model Sh(C, J¢) of Sh(z, (C, Jc)). First, despite having objects which
are only separated presheaves we will see that Sh(C, Jo) is equivalent to
Sheaf(C, J¢o). If A € Sh(C, Jc) then we want to think of A as a stand in
for a(A) and if f : A — B is a map in Sh(C, J¢) then we want to think of
f as a stand in for a(f) : a(A) — a(B). To see why this is the case notice
that any map ¢ : a(A) — a(B) is determined by where it sends A. However,
it is not necessarily the case that such a g will send all elements of A to B.
All we know is that there is a subset a C A which generates A and which is
sent, by a, to a subset of B. It is this idea which motivates the definition of
a map in Sh(C, Jg).

Proposition 5.2. Set = (3x)Sh(z, (C, Jc))
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Proof. Obj and Morph exist as classes in Set and are uniquely defined.
As such it suffices to show that the = is an equivalence relation and sat-
isfies conditions of Definition 3.10. First notice that if (D, dp, R,rp, F) =
<D, dg, R, rag, G> then <a(D), dF, a(R), rp, F> = <D, dF, RF, rr, F) Further
the unique map from a(D) to a(R) induced by F' is the same as the map
induced by G, so (Dg,dp, Rp,7r, F) = (Dg,dg, Rg, ¢, G) if and only if the
natural transformations they induce from a(D) to a(R) are identical.

In particular this means = is an equivalence relation. It is then easy to
check the other conditions of Definition 3.10. m

Lemma 5.3. Set = (Vz,y)Sh(z, (C, Jo)) A Sh(y, (C,Jo)) — x =y.

Proof. Because all relations are definable by formulas of set theory which do
not mention each other. O

Definition 5.4. If Set = Sh(z,(C, Jc)) then we use Sh(C, Jc) as a short-
hand for x.

Proposition 5.5. Sh(C, Jo) is equivalent to Sheaf(C, JEED)

Proof. Let E(A) = a(A) if A is a separated presheaf. Now if f = (D, d, R,r, F')
then there is a unique map f : a(D) — a(R) such that f restricted to d is
F' (this follows from the fact that d covers a(D) and r covers a(R)). If
we let E(f) = f then £ : Sh(C,Jc) — Sheaf(C, JO®P) is a functor. Let
i be the map Sheaf(C, JQ®P) — Sh(C, Jc) given by i(A) = A if A €
obj(Sheaf(C, JORP)) and i(a) = (dom(a), dom(c), codom(c), codom(a), )
if & € morph(Sheaf(C, JORP)).

If welet ng : io E(A) — A be (a(A),A,a(A), A,idy) then n, is an
isomorphism and 7 is a natural transformation. Similarly if we let €4 :
Eoi(A) — x be ids then €4 is an isomorphism and ¢ is a natural transfor-
mation. In particular we have E and i are equivalences of categories (up to
=). O

Corollary 5.6. Suppose A, B € obj(Sh(C, J¢)). Then (3o € Sh(C, Jc))[A, B] «
is an isomorphism if and only if (3o’ € Sheaf(C, JEP)a(A), a(B)]) o is
an isomorphism.

For the rest of this paper let Vy, Vi |= ST be standard models with V5 C V}
and let (C, J¢o) be an almost subcanonical weak site in Vj.

Lemma 5.7. Suppose (C,Jg) = (C,JZEPYo. Then Vi = (C,JIEP) =
(©. J9D)]
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Proof. Because Jo C Jz, JORP C JgRD C (JORP)ORD = JERD, N

Lemma 5.8. If F' is a separated presheaf for (C,Jc) in Vo then F is a
separated presheaf for (C, Jo) in Vi.

Proof. F' is a separated presheaf for (C,J¢) if and only if F is a sepa-
rated presheaf for (C, JGRP)Y if and only if F is a separated presheaf for

(C. I, 0
Proposition 5.9. If Vj = Sh(x, (C, Jc)) then V1 = (Jy)Sh(y, (C, Jo)) Ax C
)

Proof. We see that Obj* C ObjY by Lemma 5.8. Also if F' is a separated
presheaf then d € V, is a covering set for F' in Vg if and only if d is a
covering set for F' in V;. Hence Morph® C MorphY, =*C=Y, and Z*C#Y.
Sox Cy O]

Corollary 5.10. If Vi = Sh(x,(C, Jc)) then Vi = Exp(Sh(z, (C, Jc)), x)
has an initial object.

5.2. Limits and Colimits

In this section we will show that colimits and finite limits of Sh(C, J¢)
relativize.

Proposition 5.11. Suppose K is a diagram in Sh(C, Jo)"°.

(a) If CoLim € Sh(C, Jo)*0 is a colimit cocone of K in Vi then CoLim is
a colimit cone of K in Sh(C, Jo)".

(b) If K is finite and Lim is a limit cone of K in Sh(C,Jc)"0 then Lim
is a limit cone of K in Sh(C, Jo)".

Proof. Part (a):

CoLim is a colimit of K in Sh(C,Jo)"* if and only if Vy &= a(CoLim) is
a colimit cone of a’[K] ” (by Proposition 5.5 and the fact that a preserves
colimits). And similarly CoLim is a colimit of K in Sh(C, Jo)"" if and only
if Vi = a(CoLim) is a limit cone of a”[K]. The result then follows from the
fact that V) = a(a(CoLim)'?) is isomorphic to a(CoLim).

Part (b):

This is done in an identical way. O

"a”[K] is the cone obtained by applying a to K pointwise.
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Of course this doesn’t mean that whenever CoLim € Sh(C,Jz)"* and
Vi = CoLim is a colimit of K that we also have Vj = CoLim is a colimit of
K.

Corollary 5.12. Suppose (G C obj(Sh(C, Jo)))'°. If Vi |= “G is a generating
set for Sh(C, Jc)” then Vi |= G is a generating set for Sh(C, J¢)”.

Proof. We have yc(A) is a colimit, in Vp, of elements of G. Hence yc(A) is
a colimit of elements of G in Vi. So, as in V} all objects of Sh(C, Jo) are
colimits of elements of {yc(A) : A € obj(C)}, in Vi all objects are colimits
of elements of G.

And, because Sh(C, Jo) is a Grothendieck Topos, this implies that G is
a generating set for Sh(C, Jo) (in V4). O

What this corollary shows is that being a generating set is upwards ab-
solute. However, it is not in general downwards absolute.

5.3. Generating Sets

In this section we will show one of the key results of the paper. We will
show that if two almost subcanonical weak sites have equivalent categories
of sheaves in one standard model of set theory then they have equivalent
categories of sheaves in all larger models of set theory. This will be crucial
when we define our theory of Grothendieck topoi.

Definition 5.13. Let G C 0bj(Sh(C, Jc)). Define (@, Jg) to be the site
where

o G is the full subcategory of Sh(C, Jc) with objects G.
o S € Js(A) if and only if S is an epimorphic family in Sh(C, Jo).

Proposition 5.14. Let Vy = “(C, Je) is an almost subcanonical weak site”
and let C = {yc(A) : A € obj(C)}. If Vo = C C D C obj(Sh(C, Je)) then
Vi = Sh((C, J5)*0) is equivalent to Sh((D, J5)'?)

Proof. First notice by Corollary 4.46 V; = Sh(C, Jo) ~ Sh((C, Jz)"). To
simplify notation we will use (C, J¢) instead of (6, Jz)"0. Also notice that
Vi E (C,J¢) and (lA), J5)" are almost subcanonical by Proposition 4.15.
Working in V; let G = Sh(C, J¢) and let H = Sh((D, J5)").

In this proof we will have the same separated presheaves occurring in
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several different categories. As such it is worth fixing some notation to deal
with this. If D C obj(Sh(C, Jo)") then D C obj(Sh(C, Jo)"*) = obj(G) as
well (because as sets obj(Sh(C, Jo)"?) C obj(Sh(C, Jo)"*)). When we wish
to refer to D as a subset of obj(Sh(C, Jo)**) we will call it Dg.

In addition, there is a Yoneda embedding of every object of D into
Sh((D, Jp)"*)"* = obj(H). So it will be useful to let Dy = {y5(d) : d €
D} C obj(H).

Now by Proposition 5.5 11 = Sh(C, Jg) is equivalent to Sh(C, J» 5) which
is equivalent to S h(Dg, J5) (because C is a generating set for S h(C J&) so is
Dg). Also by Corollary 5.12 then V; ): H is equivalent to Sh(DH, J52.)- So

in particular to show that V; = Sh(DH, J5;.) is equivalent to Sh(Dg, J5z)
it suffices to show H is equivalent to G. Or it suffices to show Vi |= (3E)E :
(l/)z;, ;) — (DH, J5..) where E is an isomorphism of sites.

We Wlll construct "E explicitly. First notice that there are injective maps
Fg: (D, J5)% — (Dg,J =) and Fp : (D, Jp)"o — (DH,J -) which are iso-
morphisms on objects. The map Fpy coming from the fact that by Corollary
4.46 (DH, J/\)V1 is an initial object in Exp(Thsucan, (D, J5 )VO) The map
Fg coming from the fact that Sh(C, Jc)" C Sh(C, Jo)** (by Proposition 5.9
). Lastly notice that these maps are maps of sites and not just categorles as
any cover in (D, J )"0 is also a cover in the other categories, (Dg, J5;) and
(DH, J5;.), under these maps

If X € obJ(DG) let B(X) = Fy(F; (X)) and if Y € obj(Dy) let
E’(Y) Fo(F;(Y)). Then E, E' are inverses functions on the objects of
Dg, Dn u respectively because Fg, Fiy are bijections on objects.

For each A € obj(D) let Covg(A) = {Fs(f) : f € C[X, A], X € obj(C)}
and let Covg(A) ={Fu(f): f € C[X,A],X € obj(C)}. Then Covg(A) is a
covering set for Fz(A) because {f : f € C[X, A], X € obj(C)} is a covering
set of A and F(A) is a sheafification of A. Similarly Covgy(A) is a covering
set of Fi(A) because {yp(f) : f € C[X,A],X € obj(C)} is a covering set
of ys(A) and Fy(A) is a sheafification of y5(A). Further (VA € obj(D))(3
isomorphism i : Covg(A) ~ Covy (A) such that i(f) = yz(f).

If o € DelFa(A), Fo(B)] let E(a) € Dy[E(Fs(A)), E(Fg(B))] be the
unique map such that E(a)(i(f)) = i(a(f)) for all f € Covg(A). Similarly
if o/ € Dy[Fy(A), Fy(B)] let E'(o/) € Dy[E' (Fu(A)), E'(Fi(B))] be the
unique map such that E'(/)(i 7' (f)) = i *(a(f)) for all f € Covg(A). Tt is
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then clear that E, E’ are functors and inverses of each other. Hence FE is an
isomorphism.

All that is left is to show that J5- = Jp,- However we know that
S € Jp,(A) if and only if the map ¢g : H{yDG(dom(f)) :fesSt— Aisan
epimorphism if and only if there are covering sets X; C Cov(yp,(dom(f)))
and X4 C Cov(A) such that if X is the coproduct of the the X;’s then X4
is in the image of X. But this holds if and only if the same holds once F is
applied. O

Theorem 5.15. Suppose (C, Jo) and (D, Jp) are almost subcanonical weak
sites such that Vo = Sh(C,J¢) is equivalent to Sh(D,Jp). Then Vi =
Sh(C, Jeo) is equivalent to Sh(D, Jp)

Proof. First notice by Corollary 4.46 we can assume without loss of general-
ity that (C,Jo) and (D, Jp) are subcanonical sites in V4 (and hence almost
subcanonical in ;).

By assumption there are maps, such that Vo = Ec : Sh(C,Jo) —
Sh(D, Jp) and Ep : Sh(D, Jp) — Sh(C, Jo) are equivalences of categories.
Let (C, Je) be the full subcategory of Sh(C, Jo)"® whose objects are {yc(A) :
A € obj(C)}U{Ep(yc(B)) : B € obj(D)} and whose covering sieves are epi-
morphic families. Similarly let (D, Jp) be the full subcategory of Sh(D, Jp)*®
whose objects are {yp(A) : A € obj(D)} U{Ec(yp(B)) : B € obj(C)} and
whose covering sieves are epimorphic families. Because E¢, Ep are equiva-
lences of categories, they restrict an equivalences of sites between (C, J¢) and
(D, Jp).

Hence by Proposition 4.45 we have V; = Sh(C, J¢) ~ Sh(D, Jp). But
we also have by Proposition 5.14 that Vi | Sh(C,Jc) ~ Sh(C, J¢) and

6. Grothendieck Toposes

In this section we will give a theory whose models are exactly (a definable
expansion of ) the Grothendieck topoi. Further every model of this theory has
a relativization to every standard model of set theory (satisfying the Axiom
of Choice).

Definition 6.1. Let G be a Grothendieck Topos. We say that (C, Jc) is a
generating site for G if

e U C G and C is a set.
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o Jo consists of epimorphic families in C.
e G is equivalent to Sh(C, Jg).

Definition 6.2. Let Lyyp0 = Leoa U {GS} where GS is unary relations on
the power set of the model. Let GT(x) be the formula which says

o 1|1, has a set of generators.

e Sums in x|, are disjoint.

o All equivalence relations in x|r.,, are effective.

e GS(g) if and only if g C x is a generating site for x.

The first three of these conditions are Giraud’s azioms for a Grothendieck
Topos ([9]), and the last is there to tell us which categories of sheaves our
topos should be equivalent to.

Proposition 6.3. Suppose Vo = GT(G). Then (obj(Exp(GT,G)))"* is non-
empty.

Proof. We know that Vj = (3(C, Jo))Ee : G ~ Sh(C, Jo). Working in V; let
I : 0bj(G)Uobj(Sh(C, Jc)) — obj(Sh(C, Jo)) where I|gnc,1,) is the identity
and I|¢ is Ec. We then let

e 0bj(G’) = obj(G) Uobj(Sh(C, Jc))

o G'IX.Y]={(x,y,[): f€ShC, Jc), f: I(x) — I(y)} where (z,y, f)o
(y,2,9) = (z,2,90 f).

G’ is then clearly equivalent to G' and there is a full and faithful injection I’ :
G — G’ such that I'|opjc) = idg and if f € G[X,Y] then I'(f) = (X, Y, f).

Now G’ isn’t an extension of G because we don’t have G as a subset of
G'. But if we define H = (G’ —image(1')) UG with the obvious composition
of morphisms then H is an extension of G (with respect to L¢g) and there
is an isomorphism between H and G’.

So all that is left is to show that (H = GS(g,J,))"* whenever (G |
GS(g,J,))". Now (G | GS(g,J,))" if and only if (G ~ Sh(g, J,))"°. But
by Theorem 5.15 we have (H ~ Sh(C,Jc) ~ Sh(g,J,))"* because V, =
Sh(C,Jo) ~ Sh(g,J,). Hence (H | GS(g,J,))"*. So (obj(Exp(GT,G)))"*
is non-empty. [
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Theorem 6.4 (*). If Vi = Axiom of Choice then (Exp(GT,G))"* has a
object which has no non-trivial automorphisms and which maps into every
other object® (and hence G has a relativization to Vi for GT).

Proof. Working in V; let Skel(C, Jc) be a skeletal subcategory of Sh(C, J¢)
(which we know exists as V; satisfies the axiom of choice). Let H’ be the
full subcategory of H (from Proposition 6.3 whose objects are either from G
or are from Skel(C, J¢) and not isomorphic to any objects in G. H' is then
equivalent to H which is equivalent to Sh(C, J¢).

As H’ is equivalent to H, any generating site in H also is a generating
set in H' (under the equivalence) and so the inclusion map from G into H’
preserves generating sites. So, (H' € Exp(GT,G))".

By Theorem 5.15 if (T € Exp(GT, G))"" then T is equivalent to Sh(C, J¢)
(in V4). But if T is any such category containing G as a subcategory, then
there must be a unique injection from H’ into T taking G to itself. Hence
H' is an initial element of (Exp(GT, G)"). O

We will end with a conjecture:

Conjecture 6.5. [f GT*(x) is the Leg formula which says, x satisfies Gi-
raud’s axioms for a Grothendieck Topos then all models of GT* have a rel-
ativization to all standard models of set theory with the Aziom of Choice.
Further the relativization of a model of GT is isomorphic (in Log) to its
relativization as a model of GT*.

In other words if we remove the condition that our Grothendieck Topos
preserve generating sites then we still have that all Grothendieck Topoi rel-
ativize and they all relativize to the same categories (i.e. if G ~ Sh(C, J¢)
in Vp then G' ~ Sh(C, J¢) in Vi (where G’ is the relativization)).
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