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ABSTRACT. There are two quantaloids which can be constructed from a
frame I': T, the one object quantaloid with morphisms I', and R(T") the
quantaloid of relations on I'. We consider the relationship between CAT(T),
the category of skeletal symmetric categories enriched in T', and CAT(R(T")),
the category of skeletal symmetric categories enriched in R(I"). We give two
full and faithful functors from CAT(T') to CAT(R(T")) and show that there
compositions with the Cauchy completion functors are isomorphic. One of
these functors comes from the inclusion of quantaloids of T in R(T) and
the other comes from an equivalence of categories between CAT(T') and the

category of flabby separated presheaves on I'.

1. INTRODUCTION

Given a frame I' there are two quantaloids associated with I" which occur
naturally when studying quantaloid enriched categories. These are I, the one
object quantaloid where I'[*r, *5] = T, and the quantaolid R(T') of relations
on I' (when T is considered as a category).

Both CAT(T), the category of skeletal symmetric I-enriched categories,
and CAT(R(T")), the category of skeletal symmetric R(I')-enriched categories
have occurred naturally in other guises. In the case of T it is easy to see
that every skeletal symmetric -enriched category is also a I'°P-ultrametric
space (see [1] for a discussion of ['°P-ultrametric spaces and the connection to
categories enriched in T). In the case of R(T') it was shown in [11] that there
is an equivalence between the category of Cauchy complete skeletal symmetric
R(T")-enriched categories and the category of sheaves on T'.

The purpose of this paper is to study the relationship between CAT(T')
and CAT(R(I')). In Section 2 we will review the basics of categories enriched

Key words and phrases. Fnriched Categories, Flabby Separated Presheaves, Cauchy

Completions.
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in a quantaloid. In Section 3 we will show that there are two distinct full
and faithful functors from CAT(T) into CAT(R(T')). First there is the full
and faithful functor IN rr(r) Which comes from the full and faithful inclusion
of quantaloids from I' into R(I'). Then we will construct an equivalence Fr
between the category CAT(T') and the category Flab(T') of flabby separated
presheaves on I'. This, composed with the full and faithful functor Pr o flir :
Flab(I') — CAT(R(I")), gives us our second full and faithful functor from
CAT(T) into CAT(R(T)).

In Section 4 we will consider the relation of these full and faithful functors
to two different notions of completeness. We will show that the composition
of each of these full and faithful functors with the Cauchy completion functor
are isomorphic. Then we will show that the functor Pro flro FT restricts to an
equivalence between the full subcategory of injective objects in CAT(T') and
the full subcategory of injective objects in CAT(R(I)).

1.1. Diagram of Functors. As we are dealing with several categories and
several functors between them it will be useful to have a diagram containing

this information as a reference. This is not a commutative diagram.
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cCAT(T) cCAT(R(T)) <§— Sh(T)
T
cor | —H  |Icy CCr(r) = | ICrmy

ir

Sep(T')

Below are the expanded names of each of the categories along with the places
where they are defined:

e I': The restriction of I' to those elements less than or equal to 7
(Definition 2.10)

oI, K: The unitial quantal obtained from I' and I, respectively (Defi-
nition 2.3).

e R(I'), R(I'y): The quantaloid of relations on I' and I'; respectively
(Definition 2.5)

e CAT(T), CAT(T,), CAT(R(I")), CAT(R(T,)): Skeletal symmetric cat-
egories enriched in the quantaloids ', T, R(I') and R(T',) respectively.
(Definition 2.6)
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e cCAT(T), cCAT(R(I")): Cauchy complete skeletal symmetric categories
enriched in T’ and R(T) respectively. (Definition 2.14)

e Flab(I"): Flabby separated presheaves on I'. (Definition 3.10)

e Sep(I'): Separated presheaves on I'. (Definition 3.2)

e Sh(I"): Sheaves on I'. (Definition 3.2)

Below are the places where the functors are defined:

° ICF, ICR(r): Definition 2.14. CC’F, CCRrry: Lemma 2.15.

B : Definition 2.10. INF R(T Subsectlon 3.1. ]NR(F ),R(T): Subsec-
tlon 3 3.

INFR(F), IN R(r,),R(r): Lemma 2.8.

Pr: Definition 3.3. Qr: Lemma 3.7.

ar,ir: Definition 3.2. spr, flr: Lemma 3.11.

Fr: Definition 3.13. FLy: Subsection 3.3. Sr: Lemma 3.5.

Here is a list of the functor isomorphisms which are proved in this paper along

with the places where they are proved.

° ]NFR o]C'RF) o CCr(m) o]]VFR &~ JCr o CCr: Lemma 3.1.
e CCgyo Pr = Sroar: Lemma 3.6.

o CCgr(r) = Sroar o Qr: Corollary 3.8.

e [T is an equwalence of categories: Theorem 3.12.

o Fip, oB P INR(F ) r(r) © F'Lr: Lemma 3.21.

e CCgrryo INFR = CCr(ry o F'Ly: Theorem 4.1.

1.2. Background. In this paper we will work in a fixed background model,
SET, of Zermelo-Frankael set theory. We will also abuse notation and refer to
the category of sets and functions in our background model as SET (when no
confusion can arise). In general we will not assume the axiom of choice unless
it is necessary. If a result does use the axiom of choice we will mark it by (x).
For any set theoretic ideas which are not explicitly mentioned the reader is
referred to such standard works as [5].

All categories in this paper will be locally small. We will use the conven-
tion that when C' is a category with objects A and B, C[A, B] is the set of
morphisms whose domain is A and whose codomain is B.! We also let C, be
the collection of objects of C. The reader is referred to such standard texts

IThis will be consistent with our notation for enriched categories in Section 2.
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as [7] for general category theoretic notions, to [8] for general sheaf theoretic
notions and to [9] and [10] for information about quantaloids and categories
enriched in a quantaloid.

2. ENRICHED CATEGORIES

In this section we review some of the basic theory of categories enriched in

a quantaloid which we will use.

2.1. Quantaloids. In what follows we will be interested in quantaloid en-
riched categories where the quantaloids have specific properties.

Definition 2.1. We call a quantaloid ©Q symmetric if

e For each pair of objects X, Y € Q, Q[X,Y] = Q[X,Y].

e Foreach f € Q[X,Y] and g€ Q[Y,Z], gof=fogy.
If there s a frame I' and for all objects X,Y € Q, an injection ixy :
Q[X,Y] = T such that

° (VCL, be Q[X, Y]) Z.X’y<a /\Q b) = levy(a) Ar ’L.X7y(b).
[ (\V/CL < Q[X, Y])(Vb & Q[Y, Z])Z'X7z(a °%6) b) = iX’y((l) AT Z'Y,Z(b).

then we say Q is frame like.

All symmetric quantaloids in this paper will be small (i.e. the set of all
morphisms will be a set in SET).

Definition 2.2. A symmetric unitial quantale, O, is a symmetric quan-
taloid with only one object (which we denote g ).

Frames and frame like symmetric unitial quantales are essentially the same
things.

Definition 2.3. IfT' is a frame let T be the symmetric unitial quantale such
that T[xp,*p] =T and (Va,b €T) aob=aAb, and id,_ = Tr.
Lemma 2.4. For any frame like symmetric unitial quantale G, G[*xq, *¢] = G

(as quantaloids). For any frame ', T[xp, *5] = T.

Definition 2.5. The quantaloid of relations on I', R(I'), is the quantaloid

where:

e R, =T.
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o R(D)a,b] ={w el :w<aAnb}.

e R(I[a,b|(c,d) =Te,d] (in particular ¢ < d in R(T')[a,b] if and only if
c<dinl).

o [fae R(I)[a,b] and 5 € R(T')[b,c] then Boa =a A .

It is easy to see that R(I") is always frame like and symmetric. From here
on I' will always be a frame and Q will always be a symmetric quantaloid.

2.2. Quantaloid Enriched Categories. Our notation in this section is very
similar to that of [10]. In particular if Q is a symmetric quantaolid and A is a
Q-enriched category then A, is the collection of objects of A and py : A, — O,
is the the function which takes an object of A and returns its type, an object
of Q. For ¢ € Q, we will use the shorthand A,(q) = p,*(q).

Definition 2.6. Suppose Q is a symmetric quantaloid and A is a Q-enriched
category. If A satisfies
(Symmetry) Alz,y] = Aly, x] for all z,y € A,.

we say A 1s symmetric.

If A further satisfies
o Alz,y| ANAly, x] > id, <> x =y (whenever pa(x) = ¢ = pa(y)).

then we say A 1is skeletal.

We let CAT(Q) be the category of skeletal symmetric Q-enriched categories
and Q-functors. In this paper by a OQ-category we will always mean a skeletal
symmetric Q-enriched category.

The following straight forward lemmas will be useful later on.

Lemma 2.7. Suppose Qg and Oy are frame like symmetric quantaloids and
1 : Qy— Q9 is amap of quantaloids, i.e. a functor of the underlying categories
which preserves supreme. Then I induces a functor I - CAT(Qq) — CAT(Qy).
Further if I is injective I is imjective.

Proof. For each A € CAT(Qy):
e When a,b € A,, let a ~; bif I(pa(a)) = q¢ = I(pa(b)) and I(Ala,b]) >
id,.
hd j(A)o = Ao/ ~i
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® piuya) = I(pa(a)) for all a € A,.

o [(A)[a,b] = I(Ala,d]) for all a,b € A,,.
We also let I(f) = f for all Qy-functors f.

It is then easily checked that ~; is an equivalence relation, that I (A)]a,b] =
I(A)[d’, V'] whenever a ~; o’ and b ~; U/ and hence that I is a functor. Tt is

also easily checked that Iis injective when [ is injective. 0

If I is an inclusion functor (i.e. 1 : Qy C Q) then [ is also an inclusion
functor. In general though for an injective I we will only have that I is
isomorphic to an inclusion functor. However in this case we will still treat I
as an inclusion functor when no confusion can arise (i.e. we won'’t distinguish

between Qq-categories and their image under functors of the form I ).

Lemma 2.8. If I (as in Lemma 2.7) is injective, full and faithful then I has
a right adjoint, I*.

Proof. Let X be the collection of objects in the range of I. For a skeletal
symmetric Q;-category A we define the Qy-category

d j*(A)o = quX Ao(q). R

® piea (@) = pala) for all a € I*(A),.

o [*(A)[a,b] = Ala,b] for all a,b € I*(A),.
For a O-functor f: A — B we let I*(f) be the restriction of f to I*(A),.

It is then immediate that I* is right adjoint to I where the counit is the
inclusion e : (I 0 I*(A)), C (A), and the unit 7, = idy. O

2.2.1. Symmetric Unitial Quantale Enriched Categories. It is easy to see that
if I' is a frame then CAT(T) is equivalent to the category of generalized ul-
trametric spaces and non-expanding maps where the distance function in the
generalized ultrametric spaces takes values in I' instead of R=? (for more on
this isomorphism see [1]). Motivated by this equivalence we introduce the
closed ball functor.

Definition 2.9. Suppose Q is a symmetric unitial quantale and A is a Q-
category. For a € A, and v € Q[xg, xg| we define the closed ball around a
of radius v to be the set BA(a,v) = {r € A, : Ala,r] > ~}.

We will omit superscripts on closed balls when it is clear which enriched
category the balls are in.
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Definition 2.10. Forye ' letI', ={( e ': { <~} and let Br r: T — 1“_7
be the map given by Br- () = C A 7.

Note that By 5 is a map of unitial quantals as Br- 5(V 4 @) = YAV cna =
\/aGA<a N ’7) = \/aGA Bﬁf(&).

Definition 2.11. If A is a T-category and v € T we let A, be the T, -category
such that

e (A),={B"z,7): €A}

o AJ[BYx,7), By, )] = Ala,y] Ay
If f: A — B is a map of I'-categories, let fy i A, — B, be such that

f(BYx,7)) = B®(f(x),7).

It is easy to check that in this situation A is an I',-category and f is a T,
functor. Further the map (-), is isomorphic to Br-r. We end with a lemma

on closed balls.

Lemma 2.12. Let
o {r;:iecl}CA,and {v;:ielI} CT.
ea=\{y:i€l} and 5= N{v:i€l}.
o B =c; B(xi,7)-

If B # (0 then

(1) (Vi,j € INB(w;, 8) = B(z;, ).
(2) (Vx € B)B = B(z, ).

Proof. Let x € B. To see (1) observe that z € B(x;,v;) and x € B(xj,7;) so
B(u:, ) = B(r, ) = Bz, B).

To see (2) let (g = N{A[z,y] : z,y € B}. As (Vi € )z € B(x;,y;) we
have B(x,v;) = B(x;,v:). Hence (Vi € I)B C B(z,;) and (g < ;. Therefore
(g < a and in particular B C B(z,«). But we also have (Vi € I)B(z,a) C
B(x,v;) and so B(x,a) C B. Therefore (2) holds. O

2.3. Cauchy Completeness in Quantaloid Enriched Categories.

2.3.1. Definitions.
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Definition 2.13. Suppose Q is a symmetric quantaloid and A is a symmetric
Q-enriched category. For q € Q we define a virtual g-element to be a
function @ with domain A, satisfying:

(a) (Vo € A,)p(x) € Qlg, pa()].

(b) (Va,y € Ao)A[z,y] o p(z) < @(y).

(c) (Vz,y € Ag)p(x) o ply) < Aly, z].

(d) Viyen, olx) = idy.
If ¢ is a virtual g-element, we say ¢ is realized if there is an element ¢ €
A,(q) such that (Y € A,)p(x) = Alg, z].

Definition 2.14. If Q is a frame like symmetric quantaloid and A is a Q-
category then A is Cauchy complete if every virtual element is realized. We
let cCAT(Q) be the full subcategory of CAT(Q) consisting of Cauchy complete
Q-categories with inclusion functor ICq : CAT(Q) — cCAT(Q).

The notion of a Cauchy complete category was first introduced by Lawvere
in [6] and has been extended to categories enriched in quantaloids (see [10]).
The general definition is that a Q-enriched category A is Cauchy complete if,
for every Q-enriched category B, every adjoint pair of distributors from B to
A comes from an actual Q-functor from B to A. As such it is worth taking a
moment to discuss why the general definition reduces to Definition 2.14 when
@ is frame like and symmetric and A is a O-category.

First observe that when considering Cauchy completeness it suffices to
restrict our attention to the case when B is of the form ¢, where ¢ is the Q-
category with a unique element * such that p;(*) = q and §[*, ] = id,.*> For
a proof see Proposition 7.1 of [10].

Now suppose (¢, @) is a pair of adjoint distributors from ¢ to A. We
know that A has a Cauchy completion which we can call A.. and that there is
an element ¢ € A..(q) such that (Vo € (Ax)o) wi(z) = A, 2] and ¢, (z) =
helz,d].

Because Q is frame like and symmetric it is immediate that Q satisfies
the modular law. In other words for all v, v, w € Q,,

(Va € Qlu, v])(VB € Qlv,w])(VT € Qu, w])T A (Boa) < Bo((foT)Aa)

2These are called Cauchy presheaves in [10].
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But then by [3] (the First Theorem of Section 3) we have that A.. is symmetric
and hence (Vx € A,)¢i(x) = p.(2).
We then have the following
e  is a virtual g-element of A if and only if (¢, ) is an adjoint pair of
distributors from ¢ to A.
e Every adjoint pair of distributors (¢, ¢,) : ¢ &= A is of the form (¢, @)
for a virtual g-element of A.
e A virtual element ¢ is realized if and only if the adjoint pair of distrib-
utors (¢, ) comes from a functor.
This implies that when Q is a frame like symmetric quantaloid and A is a Q-
category A is Cauchy complete in the sense of [10] if and only if it is Cauchy
complete in the sense of Definition 2.14. The following lemma therefore follows
from know facts about Cauchy complete categories.

Lemma 2.15. The inclusion functor ICq has a left adjoint C'Cyg.

In particular, if A is a Q-category and A.. = ICg o CCg(A) then
o If g € Q, then A..(q) = {p: ¢ is a virtual g-element}.
o Ifa € A..(q) and b € A..(p) then A.[a,b] = \/{a(x)ob(x): x € A,}.

(see [10] Proposition 7.7 for a proof).

3. T-CATEGORIES AND R(I")-CATEGORIES

3.1. Inclusion of T in R(T'). Notice that there is an inclusion of quantaloids
INF Ry : T — R(I") where INg gy (*r) = Tr and INggr) is the identity on
['[%p, *5].

Lemma 3.1. The two functors I/]\V%R(F) o ICRryo CCRr) OﬁvﬁR(r) and ICro
CCr (from CAT(T) to CAT(T)) are isomorphic.

Proof. Suppose A € CAT(T) and let A* = I/]\V%R(F) o ICg(ry o CCgr(r) ©
I/]\VF,R(F)<A)- Then A} = {¢ : ¢ is a virtual Tp-element of [/]\ViR(F)(A)}-
Further for ¢, v € A} we also have A*[p, Y] = \/{p(z) A(z) : x € A}
However ¢ is a virtual Tp-element of I/]\Vf,R(I‘) (A) if and only if ¢ is a
virtual sp-element of A. Hence A} = CCr(A), and the identity is an isomor-
phism of [-categories between A* and CCr(A).
Lastly, notice that for any I'-functor f : A — B and any a € A,,
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fla) = [/]\V%R(F) 0 ICkry o CCrr © I/]\ViR(F)(f)(a) = ICroCCr(f)(a). Hence

I/]\V%R(F) o ICrr)oCCRry© ﬁVf’R(F) (f) = ICroCCr(f) as T-functors (because
the domain is the Cauchy completion of A).

We therefore have I/]\V%R(I‘) o ICg(ry o CCrry © [/]\Vf,R(F) = JCroCCr as

functors. O

Lemma 3.1 tells us that if we start with a I-category, then transform it into

a R(I")-category, take the Cauchy completion (in CAT(R(I"))) and then return

to CAT(T) we get the same result as just taking the Cauchy completion in
CAT(T).

3.2. Separated Presheaves and Sheaves.

Definition 3.2. Let Sh(I") be the category of sheaves on T, let Sep(I") be the full
subcategory of separated presheaves, let ip : Sep(I') — Sh(I") be the inclusion
functor and let ar : Sh(I') — Sep(I") be the sheafification functor.

Definition 3.3. Suppose X is a separated presheaf on T'. We let Pr(X) be
the R(T")-category where

o Pr(X)o=Uer{(z,7) 2 € X(7)}.
o Pr(X)[(a,va), (b, )] = V{y €T :a|, =b|,}* for all a,b € Pr(X).
Further if f : X =Y is a map in Sep(T) we let Pr(f)({a, 7)) = (f,(a),7).*

The following are then immediate from the literature (specifically [2] and
[11])
Lemma 3.4. Pr is a full and faithful functor from Sep(T") into CAT(R(T)).

Lemma 3.5. Sy = CCgry o Proir is an equivalence of categories between
SWT) and cCAT(R(T)).
Lemma 3.6. CCR(F) o Pp = Sp oar.

In particular, a separated presheaf on I' is a sheaf if and only if it’s image

under FPr is Cauchy complete.
Lemma 3.7. P has a left adjoint Qr with Qr o Pr = idgeyr).

31f X is a presheaf on T, v, € T with v < 4/, and z € X (7) then x|, = X (i )(z) €
X (7), i.e. the restriction of = to ~.
4f f: X — Y is a map of presheaves on I then f, : X(v) — Y (v) is the 4 component.
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Proof. For each A € CAT(R(I")) and v € I" let X, = {(z,7) : v € A,((),( >
v} and let Qr(A)(vy) = X,/ ~, where (x,7) ~, (y,7) if and only if Az, y] >
7P If (z,7) € Qr(A) and o/ < v we let (z,7)|, = (x,7'). It is then easily
checked that Qr(A) is a presheaf.

Now if (z,~) and (y,v) are both covered by a compatible collection of
elements {((z,,n),n) : n € I C I'} then \/I = 7. But this means that
(@, My = (zg.m) = (y,7)|, for all n € I. Hence Afz,y] > n for all n € I
and A[z,y] > \/ I = . But this implies that (z,7v) ~, (y,7) and hence they
belong to the same equivalence class of Qr(A). In particular this implies that
Qr(A) is separated.

Next for f : A — C we define Qr(A)(f)((z,7)) = ((f(x),v)). It is im-
mediate that Qr(A)(f) : Qr(A) — Qr(C) is a map of separated presheaves.
Hence Qr : CAT(R(I")) — Sep(I") is a functor.

Now for the counit and unit. For X € Sep(I') welet ex : QroPr(X) — X
be the map where (Vz € X(7))(ex),({{x,7),7)) = x. For a R(I')-category A
we let 74 1 A — Pr o Qr(A) be the map where (Vo € A,)na(z) = ((x,7), 7).

It is then easily checked that € and 7 are the counit and unit of an ad-
junction Qr 4 Pr and that ¢ is a natural isomorphism witnessing Qr o Pr =
idSep(p). L]

Corollary 3.8. CCR(F) = SF oar o QF-
We end this section with a lemma which will be important later on.

Lemma 3.9. Suppose X is a separated I presheaf, A = Pr(X) and v € T.
Then
(a) (Y2 € A,)(32, € Ag(pn (@) AV)ALE, 23] = pa(z) = pa(x) Ay Purther
Ty 1S unique.
(b) If X is flabby then (Vx € A,)(Jy € A(T))Alz,y] = paly) (y may not
be unique).
(c) Forallz,z' € A,, if v is a virtual y-element in A then Alx, 2’| Ap(z") =
Alz, 2’| A p(z).
(d) For all x € A,, if ¢ is a virtual ~y-element of A and x., is such that
Alz,z)] = palz,) = pa(z) Ay then o(z) = p(z,).

®Note it is immediate from (Transitivity) that ~ is an equivalence relation.
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Proof. Parts (a) and (b) follow immediately from the properties of presheaves
and flabby presheaves. (c) follows immediately from properties of virtual ele-
ments. (d) holds because p(z.,) = ¢(z) A pa(zy) = @(x) A pa(z) Ay. But by
construction ¢(z) < pa(z) Ay so o(z) = (). O

3.3. Flabby Presheaves.

Definition 3.10. We let Flab(T") be the full subcategory Sep(I") whose objects
are the flabby separated presheaves. We let FlabSh(T") to be the full subcategory
of SKT') whose objects are flabby sheaves.

Flab(I") is a reflexive subcategory of Sep(I').

Lemma 3.11. The inclusion map spr : Flab(I') — Sep(T") has a right adjoint
flr : Sep(I') — Flab(I")

Proof. For any separated presheaf X let fir(X)(v) = {a € X(v) : (T €
X(T))bly = a}. For any map o : X = Y and any z € X(7) let fipr(a)(z) =
a(z) (i.e. fir(a) is the restriction of o to flp(X)). It is then easily checked
that flr is a right adjoint to the inclusion map spr. 0

It is worth pointing out that fir does not restrict to a functor between Sh(I")
and FlabSh(I"). The reason is that it is possible to have a flabby sheaf X and
a compatible collection ((a;,7;) : i € I) of elements of X where \/'{v; : i €
I}t < T and for each a; there is an a] € X(T) such that af|,, = a;, but where
there is no a € X(T) such that al,, = a; for all i € I.

Theorem 3.12. There is an equivalence of categories between Flab(I') and

CAT(T).
Proof. We define maps Gr : Flab(I') — CAT(T') and Fy : CAT(T') — Flab(T")

which form an equivalence of categories.

We begin by defining the functor Fr.

Definition 3.13. IfA € CAT(T) then we define Fr(A)(v) = A, and B(a,~)
B(a,~v*) for all v* < .

If A,C € CAT(T) and f : A — C is a D-functor then for all B(a,v) €
Fr(A)(7) let Fr(f),(B(a,7)) = B(f(a),7)-

Claim 3.14. If A € CAT(T) then Fr(A) € Flab(T).

’Y*
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Proof. First, in order to show F1-(A) is a presheaf, we need to check that re-
striction is well defined. Suppose B(a,v) = B(b,7v) € Fr(A)(y), v* < v and
x € B(a,v*) (ie. Alz,a] > ~v*). Ala,b] > v > ~*, so Alz,b] > Alz,a] A
Ala,b] > v* Ay = v* and therefore x € B(b,~v*). Hence B(a,v*) = B(b,7*)
and restriction is well defined.

To see that Fr(A) is flabby notice that if B(a,~y) € Fr(A)(v) then B(a, T) =
{a} € Fo(A)(T) and {a}l, = B(a, )

Finally, to see F1-(A) is separated, suppose v = \/
Fr(A)(N;) : i € I} issuch that B(zs, Ai)[xan; = B(xi, MiAN;) = B(xj, MiAA;) =
B(wj, Aj)|ann,- Further suppose B(x,7), B(y,7) € Fr(A)(y) are both compat-
ible with B (to show they must be equal). Then B(z,7)|,, = Bz, \;) =
B(z;, ;). Hence x € B(z;,\;) for all i and = € (,c; B(z;, A;). But by
Lemma 2.12 B(z,7v) = (;e; B(zi, Ai). By a similar argument we also have
B(y,7) = Nie; B(zi, Ai) and so B(z,7) = B(y,7). Hence Fr(A) is sepa-
rated. U

icl )\z and B = {B([Ez, >‘z> -

Claim 3.15. If f : A — C is a [-functor then Fr(f) : Fr(A) — Fr(C) is a
map of flabby separated presheaves.

Proof. First we need to show that Fr(f),(B*(a,v)) doesn’t depend on our
choice of a. Suppose B4(a, ) = B%(b,v) and x € B¢(f(a),7). Then C[f(a), f(b)] >
Ala,b) > 5 and Clz, f(@)] > 7. So Cla, f(B)] > Cla, ()] A CTLf(a), F(B)] > 7

and z € BE(f(b),~). Hence we have Fr(f),(B*(a,7)) = Fr(f),(B*(b,7)).

Next we need to show Fr(f) is a natural transformation, i.e. if A < then
Fr(f)a(B(a7)x) = (Fr(f)5(B*(a,7)))|x. But we have Fr(f)A(B*(a,7)[x) =
Fr(f)a(B%(a,A)) = BS(f(a),A) = B(f(a),7)|x = (Fr(f)1(B*(a,)))lr. So
Fr(f) is a natural transformation from F1-(A) to Fr(C). O

Now we define our functor Gr.

Definition 3.16. If A € Flab(I") let Gr(A), = A(T) and

Gr(A)a,b] = \/{y:al, =1bl,}.

If A,C € Flab(T") and f : A = C is a map of presheaves then Gr(f) = fr :
A(T) = C(T).

Claim 3.17. If A is a flabby separated presheaf on T then Gr(A) is a T-
category.
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Proof. To see Gr(A) is a symmetric T-enriched category let a,b,c € A(T)
with Gr(A)[a,b] > v and Gr(A)[b,¢] > 7. Then a|l, = b, = ¢, and
hence Gr(A)[a,c] > ~. In particular this means Gr(A)[a, ] > Gr(A)[a,b] A
Gr(A)[b, c] and Gr(A) satisfies transitivity. Symmetry and reflexivity are im-
mediate hence Gr(A) is a T-enriched category.

Next notice a|ap(ayap = bler(a)ey because {(aly,v) : v < Gr(A)[a,b]} is
a compatible collection of elements covering both a|c( (A)[a,p] and blar(a) Aay- In
particular this means if Gr(A)[a,b] = T then a = a|t = bt = b. So Gr(A4) is

skeletal and hence a I'-category.

O

Claim 3.18. If A,C € Flab(T") and f : A = C is a map of presheaves then
Gr(f) : Gr(A) — Gr(C) is a T-functor.

Proof. Fix a,b € A(T) and let ( = Gr(A)[a,b]. Then a|, = bl and so

fr(a)le = fe(ale) = fe(ble) = fr(b)|c and hence ¢ = Gr(A)a, b] < Gr(C)[f(a), f(b)].
0

We now show that FI and Gt form an equivalence of categories.

Claim 3.19. There is a natural isomorphism n : F' o G = id gy such that
(Vz € A(T))na({z}) = x when A € Flab(T').

Proof. For all a,b € A(T), al, = b|, if and only if Gr(A)[a,b] > ~ if and only
if BYr@W(a,y) = B*@(b,7). So the maps na(B“W(a,7)) = al, is a well
defined and injective natural transformation. Further, because A is flabby, 14
is also surjective and hence an isomorphism for all ~.

To show that 74 is a natural isomorphism we need to show for any
map f € Flab(I')[A,C] we have nc o Fr(Gr(f)) = fona. Now (Vax €
A(T)na({x}) = z, and (Vz € C(T))nc({z}) = x. Further we have (Vx €
A(T)) Br(Gr(f)r({e}) = {f+(@)}. So (50 0 B(Gr(F)T = (f 0 na)r. But,
because A is a flabby presheaf this implies that n¢ o Fr(Gr(f)) = f o na.

Hence 7 : Fr o Gr = idpan(r) is a natural isomorphism. O

Claim 3.20. There is a natural isomorphism € : idgypr) = G o F.

Proof. If A" = G(F(A)) then A = {{a} : a € A,} and for all a,b € A,
A'{a} {b}] = V{v : B*(a,7) = B*(b,7)} = Ala,]. Hence the map e,(a) =
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{a} is an isomorphism of I-categories. It is also follows immediately that
€ i ideary = F o G is a natural isomorphism. O

Hence Fr and Gt are equivalences of categories. O

In what follows it will be useful to use the short hand F' Ly = ProsproFr. In
other words F' Ly is the map which takes a ['-category, turns it into a separated
presheaf, and then turns that separated presheaf into a R(I")-category.

We also let I Ny yr) : R(I'y) = R(I") be the inclusion of quantaloids.

Lemma 3.21. The two functors FLr, o éﬁf and [/]\V;(Fv),R(F) o FLr (from
CAT(T) to CAT(R(T,))) are isomorphic.

Proof. For any A € CAT(T) let K* = FLr (A,) € CAT(R(I';)) and let
HA = I/]\V;(FW%R(F) o FLr(A). Then K* is the R(T',)-category where

(YA < Y)(E*)o(A) = {B(d’,)\) : d = B(a,v),a € A,}.

and (VB(2/, t,), B(y/, 1) € (K),) KA B(2/, t2), By, 1)) = V{C : B(B(2/, 12),() =
/ r

B(B(y', 1), )} =V {¢: B(x,¢) = By, ()}

We also have H* is the R(T,)-category where

(VA <) (H,(A) = {B"(z,A) 12 € A,}

and (Va,y € (H*),)H [z, y] = V{(: B(z,() = B(y, ()}

Hence the R(T',)-functor ay : H* — K* given by a(B(z,u)) = B(B(z,7),u)
is an isomorphism. It is also immediate that « is in fact a natural isomor-

phism. 0]

We can think of this result as saying that the functor F'Lr, which maps I'-
categories to R(I")-categories and factors through the equivalence with flabby
presheaves on I', commutes with the restriction maps of enriched categories
that is induced by the surjection of I' onto I'.

Lemma 3.22 (*). If A’ € Flab(T") and A = Pr o spr(A’) then the following
are equivalent
(1) Ewvery virtual v-element of A z'f\rfalized.
(2) Every virtual Ty, -element of IN gy Ry (A) is realized.
Proof. (1) implies (2):
Suppose ¢ is a virtual Tp_-element of [/]\V*R(Fv),R(F) (A). For x € A, let p*(z) =
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@(a') where 2’ is the unique element of A,(y A pa(z)) such that Alz,z'] =
v A pa(x) (we know one exists as A comes from a presheaf). It is then easily
checked that ¢* is a virtual y-element of A and hence realized (by assump-
tion) by an element a € A,(y). But as A,(y) = ]/]\V;{(FW),R(F) (A)o(Tr,), a also
realizes .

(2) implies (1):
Suppose ¢ is a virtual y-element of A and ¢’ is its restriction to IN ;(Fv)’R(F) (A).
It is then easily checked that ¢’ satisfies conditions (a), (b) and (¢) of Definition
2.13.

As A is the image of a flabby presheaf, for every x € A, there is an
x* € A,(Tr) such that Alz, x*] = pp(z). Further, for every y € A,(Tr) there
is an y© € A,(7y) such that Aly,y™| = . Hence

y<yA\He@) iz e A} =\/{pl@) Ay:a e A}
= Vo) nya’ € A(Tr)} = \/He@) A AL, (2) ] : 2 € Ao(Tr)}
< \VA{e((@)) 12’ € A(Tr)} < \/{eW) : v € Ao()}

= \V{e) 1y € [N iy (B)o( T, )}

with the second equality following from Lemma 3.9.

So ¢’ satisfies (d) of Definition 2.13 and hence is a virtual Tp_-element of
IN ;(Fw),R(F) (A). In particular, because we assume (2) holds, ¢’ is realized by
an element a € (ﬁV;(Fy),R(P) (A)o(Tr,) = As(7).

All that is left is to show that a realizes ¢ as well. Suppose x € A, and
let ., be the unique element of A,(pa(x) A) such that Az, x| = pa(x) Ay =
pa(z,) (we know one exists by Lemma 3.9). By Lemma 3.9 (d) ¢(z,) =
o(x). But Alz,,a] > Alx,,z] A Alz,a] = Alx,a] A pa(z) Ay = Alz,a] (as
Alz,a] < pa(z) A pa(a) = pa(z) Ay). Further Az, a] > Alz,, a] A Alz,, 2] =
Az, a] A pa(xy) = Alz,, al. Hence Alz,a] = Alz,,a] = p(z,) = p(x).

In particular a realizes ¢ and we are done. 0

Corollary 3.23 (*). If A € CAT(T) then the following are equivalent

(1) Every virtual y-element of FLy(A) is realized.
(2) Every virtual Tr. -element of FL,((A),) is realized.
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Proof. This follows immediately from Lemma 3.21 and Lemma 3.22. O

4. COMPLETENESS

In this section we consider two different notions of completeness in enriched
categories, Cauchy completeness and Injectivity.

4.1. Cauchy Completeness. We have defined two functors, OCR(F)OﬁV T.R(D)
and CCR(ryo F Ly, which take I'-categories and return Cauchy complete R(I')-
categories. It turns out that these functors are isomorphic.

Theorem 4.1 (*). The two functors CCrry o ﬁnyR(F) and CCprry o FLp
(from CAT(T) to cCAT(R(T))) are isomorphic.

Proof. Suppose A € CAT(T) and let A° = INgrr(A) and A" = FLp(A). We
want to show that CCrr)(A°) =2 CCrr)(A*).

Suppose ¢ is a virtual A-element of A° (for A € T"). We define a virtual
A-element ¢*(x) of A* as follows. For any € A% let 2’ € A%(Tr) be such that
A*[z,2'] = pp~(x) (we know such exists as A* is the image of a flabby sheaf
under Pr). Then ¢*(x) = p(2') A pa=(z).

Notice that this is well defined because if " € A%(Tr) with A*[z”, z] =
pax(x) then Az’ 2"] > pa«(z) and by Lemma 3.9 (c) p(2') A pa~(x) = (") A
pa(). It is then immediate that ¢* is a virtual A-element of A*.

Next, for A € I', suppose 1 is a virtual A-element of A*. Let ¢°(x) = ¢(x)
for all x € A = AX(Tr). It is then immediate that ¢° is a virtual A-element
of A°.

Claim 4.2. (i) (+)° and (-)* are inverse operations.

(ii) If a,b € CCR(F) (AO)O then OCR(F) (AO)[G, b] = CCR(F) (A*)[a*, b*].

(iii) If a,b € CCR(F)(A*)O then CCR(F) (A*)[a, b] = CCR(F)(AO)[CLO, bo]
Proof. (i): That ((-)*)° is the identity follows from the fact that A*(Tr) = A?.
That ( (7’ )* is the identity follows from the fact that for all z € A} there is an
' € (A*),(Tr) such that A*[x, 2] = pp«(x), and hence p(z') A pp= () = p(2)
(by Lemma 3.9 (c)). But as 2’ € A%(Tr) we have (¢°)*(2') = p(z’) and hence

(%) () = (¢°)"(@") A palz) = (') A pa() = o(2).
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(i): Because (A*),(Tr) = (A°), we have
COrry(A")[a", "] = \/{a"(z) AV (2) - = € AL}
= \/{a (@) A b () - 2 € AY(Tr)}

= \/{a(a:’) Ab(Z')  x € AS}
— CCrry(A%) o,

with the second equality following from Lemma 3.9.

(#ii): Notice

with the third equality following from the fact that for any x € A, if 2/
A*(Tr) with Alz,2'] = pa(z) then a(x) A b(z) = a(z’) A b(x') A pa(x)
a(x) A b(x).

This gives us an isomorphism between ay : CCrry(A°) — CCgrr)(A¥)

CIA m

which is constant on A,,.

If h : A — B is a Ifunctor then ag o [CCrr) o FLr(h)] and [CCrry o
INgrry(h)] o as are two maps in cCAT(R(I")) from CCrry o FLr(A) to
CCRr(ryo I Nz gr)(B) which agree on I Nz g (A). Hence as COrryo F'Lr(A) is
a Cauchy completion of INg g (A) (by Claim 4.2) we must have agoCCgr(r)o
FLr(h) = CCrry o INtgr(h) o as. But this is exactly the condition that
(aa)accar(m) is a natural transformation. So (aa)aecare) is @ natural isomor-
phism between the functors CCg(r) o IN= T R(T and CCgrryo FLr. O

In particular we now have the following characterization of when a I-
category is Cauchy complete.

Lemma 4.3 (*). If A € CAT(T) then the following are equivalent:
(1) A is Cauchy complete.
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(2) Every virtual Tr-element of I/]\VRR(F) (A) is realized.
(3) Ewvery virtual Tr-element of FLr(A) is realized.

Proof. (1) is equivalent to (2):
It is easily checked that ¢ is a virtual T element of IN rr(r)(A) if and only

if it is also a virtual *r element of A.

(2) is equivalent to (3):

Using the notation of Proposition 4.1 a virtual Tp-element ¢ of IN R (A)
is realized if and only if ¢* is realized and a virtual Tr-element ¢ of F'Lr(A)
is realized if and only if ¢° is realized. Hence as (-)* and (-)° are inverses (by
Claim 4.2) (2) is equivalent to (3). O

4.2. Injectivity. An injective object in a category is one where every partial
map into the injective object can be extended to a total map. Injectivity
is a type of completeness which has applications in areas raging from sheaf
cohomology to Banach space theory to the theory of modules over a ring (to
name just a few). For a category C' we let Inj(C') be the full subcategory of C'
containing the injective objects.

Lemma 4.4. The injective objects of Sep(I') are exactly the flabby sheaves.

Proof. See [4]. O

Because spr : Flab(I') — Sep(I') is full and faithful the following lemma is
not difficult (for a complete proof see, for example, [1]).

Lemma 4.5. spr, flr restrict to equivalences of categories between Inj(Sep(T'))
and Inj(Flab(T)).

Finally, we have

Lemma 4.6. Pr and Qr restrict to equivalences of categories between Inj(Sep(I))
and Inj(CAT(R(T))).

Proof. Let Q% be the restriction of Qr to Inj(CAT(R(T"))) and let P be the
restriction of Pr to Inj(Sep(I')).

Claim 4.7. Pl o Q} = idpjcar(rry)-
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Proof. Assume A € Inj(CAT(R(I"))). Then ny : A — Pr o Qr(A) is a monic
and so the identity map idy : A — A must extend (along 74) to a map
a : ProQr(A) — A. But, because of how Qr is defined,  must be an
isomorphism.

Now suppose f : X — Qr(A) and f: X — Y is a monic (with XY €
Sep(T")). Then Pr(f) : Pr(X) — ProQr(A) and Pr(B) : Pr(X) — Pr(Y)
is a monic. But Pr o Qr(A) = A and hence is injective. So there is a map
f*: Pr(Y) = ProQr(A) such that f*o Pr(8) = Pr(f). But QroPr = idgep(r)
and so by applying Qr to both sides we see there is a g : Y — Qr(A) such
that go f = f. Hence Qr(A) is an injective object in Sep(I)).

In particular, because Pr o Qr(A) = A for any injective A we have P} o
Q = idmjcatrry)) (as Pl o Q} are well defined). O
Claim 4.8. Q% ] Plz = id[nj(gep(p)).

Proof. Suppose X € Sep(I') is an injective object and f : A — Pp(X) and
g : A — Bis a monic (with A/B € CAT(R(I"))). Then Qr(f) : Qr(A) —
Qr o Pr(X) and Qr(5) : Qr(A) — Qr(B) is a monic. But Qr o Pr(X) = X
and hence is injective. So there is a map f*: Qr(B) — Qr o Pr(X) such that

froQr(B) = Qr(f).
Let n : idcarrr)) — Pr o Qr be the unit of the adjunction Pr 4 Qr. So

7 is a natural monomorphism. But by applying Pr to both sides above we get
meo f =[ProQr(f)]ona = Pr(f*)o[ProQr(B)]ons = Pr(f*)omnso . But as
7p is a monic, it is an isometry and so as functions f = Pr(f*) ongo 5. Hence
Pr(f*) o np witness the injectivity of Pp(X).

In particular, because Qr o Pr = idsepr this implies that Q} o P =
idmj(sep(ry) (as Qf o P are well defined). O
O

Corollary 4.9. F Ly restricts to an equivalence of categories between Inj( CAT(T))
and Inj(CAT(R(I"))).

Proof. This follows immediately from Lemma 4.5 and Lemma 4.6. 0J
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