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Abstract. In this paper we show that, assuming the existence of the-
ories with a nice metalanguage, there is a set Z, unbounded in ω1, such
that for every α ∈ Z there is a scattered sentence Sα ∈ Lω1,ω where the
quantifier rank of Sα is less than or equal to ω but the supremum of the
quantifier ranks of countable models of Sα is α.

1. Introduction

In this paper we study the possible quantifier rank spectra of sentences
of Lω1,ω under the assumption that a nice metalanguage exists. We show
that under these assumptions there is a set Z of ordinals unbounded in ω1

such that for each α ∈ Z there exists a scattered sentence Sα ∈ Lω1,ω with
quantifier rank less than or equal to ω but with quantifier rank spectrum
unbounded in α.

We begin in Section 2 by introducing the theory of infinitely branch-
ing trees. In Section 3 we then discuss some more elaborate tree structures.
These will include structures which allows us to compare the heights of trees
as well as what we call full trees.

In Section 4 we introduce the concept of base predicates and of archetypes.
We also discuss the fundamental properties which our structures satisfy. We
then describe a collection of archetypes on the theory of full trees.

In Section 5 we continue our discussion of archetypes on our theory of a
single tree and introduce the notion of a definable collection of archetypes.
We then prove various results concerning theories which have a definable
collection of archetypes and show that the collection of archetypes for the
theory of full trees satisfies all but two of the conditions needed to be a
definable collection. In this section we also discuss the connection between
our theories and a counterexample to Vaught’s Conjecture (this part will
require much stronger assumption than we make for the rest of the paper)

While the theory of trees is a very rich theory, in order to obtain our
results we need to “glue” two trees together. In Section 6 we introduce this
method of gluing and discuss pairs of archetypes and the conditions we want
these pairs of archetypes to satisfy.

In Section 7 we introduce the notion of a definable collection of pair of
archetypes and provide a method of constructing models of any theory which
has such a collection. In Section 8 we provide a method for bounding the
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quantifier rank of theories which have a definable collection of archetypes.
Finally in Section 9 we introduce our scattered sentences Sα and prove

the quantifier rank spectrum of Sα is cofinal in α.

1.1. Notation. We use lowercase letters {x, y, z, . . . } to represent elements
of a model or variables and lowercase bold letters {x,y, z, . . . } to represent
finite tuples of elements of a model or of variables. We also use lightface let-
ters to represent elements of their bold counterparts. For example xi would
be an element of x.

We will use commas to break up tuples into disjoint, possibly empty,
subtuples. Further, when a formula is expressed with arguments which are
variables it is assumed that all free variables of the formula are among those
shown. For example in ϕ(x,y) it is assumed that x ∩ y = ∅ and all free
variables of ϕ are among x ∪ y. We use (∃nx)ϕ(x,y) as a shorthand for
(∃x1, . . . ,xn)

∧
i≤n ϕ(xi,y) ∧ ∧

i6=j xi ∩ xj = ∅. We use (∃∞x)ϕ(x,y) as a
shorthand for

∧
i<ω(∃ix)ϕ(x,y).

If L ⊆ L′ are languages and M is an L′-structure then we define M |L to
be the restriction of M to an L structure. If U ∈ L′ is a unary relation we
define (∀Ux)ϕ(x) as (∀x)U(x) → ϕ(x) and (∃Ux)ϕ(x) as (∃x)U(x)∧ϕ(x). If
ϕ ∈ L∞,ω(L−{U}), ϕU is obtained by uniformly replacing (∀x) with (∀Ux)
and (∃x) with (∃Ux). We say UM |= ϕ ⇔ M |= ϕU .

We define the quantifier rank of a formula ϕ ∈ L∞,ω(L′) as the height
of the tree representing ϕ and we define the quantifier rank of a model as
the least quantifier rank of a complete formulas in L∞,ω which it satisfies
(see [2]). The quantifier rank spectrum of a formula ϕ ∈ L∞,ω(L) is the
set of quantifier ranks of its countable models. We assume that all models
mentioned in this paper are countable.

2. Theory of Trees

2.1. Background Trees. As with any structure which involves a partial
ordering, a choice must be made at the outset with regards to the direction
of the ordering symbol, “<1”. We have chosen a <1 b to mean a is further
from the root than b.

2.1.1. Theory TT .

Definition 2.1. Let LT = {r,<1} ∪ {leveln : n ∈ ω} where r is a constant,
leveln are unary relations, and <1 is a binary relation. We will write x <1 y
instead of <1 (x, y).

Definition 2.2. TT ∈ Lω1,ω(LT ), the theory of infinitely branching trees,
consists of the conjunction of the following LT sentences

• (∀x)level0(x) ↔ x = r
• (∀x, y)x <1 y → ∨

i∈ω leveli+1(x) ∧ leveli(y)
• (∀x, y, z)(x <1 y) ∧ (x <1 z) → y = z
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• (∀x)x 6= r → (∃y)x <1 y
• (∀y)(∃∞x)x <1 y

For the rest of this paper all theories will contain TT .
Notice TT implies that leveln(x) is equivalent to “there is a <1-chain of

length n from x to r” and hence is equivalent to “x is on the nth level of
the tree”.

Definition 2.3. Let ≤ be the transitive closure of <1.

x ≤ y ⇔
∨
n∈ω

(∃z0, z1, · · · , zn)(z0 = y) ∧ (zn = x)
∧

0≤i<n

zi+1 <1 zi

Also define x < y ⇔ x ≤ y ∧ x 6= y.

Definition 2.4. Let M |= TT . We call rM the root of M . If M |= leveln(x)
we say x is on level n (level(x) = n).

2.1.2. Closed Tuples.

Definition 2.5. Let M |= TT . We say x ⊂ M is closed if M |= (∀a ∈
x)(∀b)a <1 b → b ∈ x. We say M |= Closed(x) if x is closed.

Closed tuples are important because given any tuple we can find its closure
in a definable way. As such whenever we compare two tuples we are really
comparing their closures.

Definition 2.6. We define the closure of {a1, . . . , an} to be the smallest
closed set containing {a1, . . . , an} and we denote it {a1, . . . , an}.
2.2. Quantifier Rank.

Definition 2.7. Let LT ⊆ LK be a language and let M, N be LK structures
such that M, N |= TT . Then p : M → N is a Tree Partial Isomorphism if p
is a partial isomorphism from M to N and M |= Closed(dom(p)).

Definition 2.8. We say 〈Iγ : γ < α〉 is a Sequence of Tree Partial Isomor-
phisms from M to N if

• (∀γ < β < α)Iβ ⊆ Iγ .
• (∀γ < α)(∀p ∈ Iγ) p is a tree partial isomorphism from M to N .
• If β + 1 < α, p ∈ Iβ+1, a ∈ M and dom(p)∪ {a} is closed then there

is a b ∈ N such that p ∪ (a, b) ∈ Iβ

• If β +1 < α, p ∈ Iβ+1, b ∈ N and range(p)∪{b} is closed then there
is an a ∈ M such that p ∪ (a, b) ∈ Iβ

We call the last two conditions are tree back and forth property and if such
a sequence exists we say M ≡T

α N .

Theorem 2.9. Let I = 〈Ii : i < ω ∗α〉 be a sequence of tree partial isomor-
phisms from M and N . Then there is a sequence J = 〈Ji : i < α〉 of partial
isomorphisms from M to N
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Proof. Let s ∈ Jβ if and only (∃p ∈ Iω∗β)s ⊆ p. Then for each γ ≤ β < α,
Jβ ⊆ Jγ and if s ∈ Jβ, s is a partial isomorphism.

Next suppose we have s ∈ Jβ+1, s ⊆ p ∈ Iω∗(β+1), and a ∈ M .
If leveln(a) then a = {a = an, an−1, . . . , a0 = r} where leveli(ai) and
ai+1 <1 ai. Because p ∈ Iω∗β+n+1, we can find b ∈ N such that b = {b =
bn, bn−1, . . . , b0 = r} and p′ = p∪{(ai, bi) : i ≤ n} ∈ Iω∗β. So s∪ (a, b) ∈ Jβ.

We get the other direction (were we are given a b ∈ N and find an
a ∈ M) in exactly the same way. Hence J is a sequence of partial isomor-
phisms. ¤
Corollary 2.10. If M ≡T

ω∗α N then M ≡α N .

3. Other Trees

3.1. Subtrees.

Definition 3.1. Let LP = LT ∪ {P} where P is a unary relation.

Definition 3.2. Let Tsub(P ) ∈ Lω1,ω(LP ) be the conjunction of
• TT

• (∀x, y)P (y) ∧ y <1 x → P (x)
• (∀x)(∃∞y)y <1 x ∧ ¬P (y)

Definition 3.3. If M |= Tsub(P ) let PM = {x ∈ M : M |= P (x)}
Theorem 3.4. If (Tr,¹) is a countable tree (see [3] for a definition) then
there is a unique countable model M |= Tsub(P ) such that (PM ,≤) ∼=
(Tr,¹).

Proof. Because any element of M has infinitely many elements extending it
which don’t satisfy P . ¤

Having an infinite branching tree in the background doesn’t add any
structure to our models of trees. However having the background tree will
make the presentation of our results much nicer.

Definition 3.5. Let M |= Tsub(P ) and b ∈ M . We define the P -Height of
b (heightP (b)) recursively as follows.

• If M |= ¬P (b) then heightP (b) = −∞
• If M |= P (b) and (∀x <1 b)M |= ¬P (x) then heightP (b) = 0
• heightP (b) = sup{heightP (x) + 1 : x <1 b ∧ P (x)} if it is defined.
• heightP (b) = ∞ otherwise.

Definition 3.6. Let M |= Tsub(P ). We define the P -spectrum of M to be
SpecP (M) = {heightP (b) : b ∈ M}
Definition 3.7. Suppose M |= Tsub(P ) and suppose b = (b1, · · · , bn) ∈ M
is a tuple. We define P -Height Type of b to be the function htypeP (b) :
(x1, . . . , xn) → ω1 ∪ {−∞,∞} such that (∀i ≤ n)M |= htypeP (b)(xi) =
heightP (bi)
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There is one more concept we need before we go on. This is the idea of
a slant line. In the trees we will be interested in the Lω1,ω-type of an element
will be “approximately” determined by its P -height and level. Slant lines
are a tool which allow us to compare the complexity of elements which are
on different levels of a tree.

Definition 3.8. A function f : ω → ω1 ∪ {−∞,∞} is a slant line if for all
i ∈ ω

• f(i) > f(i + 1)
• If f(i) is a successor ordinal then f(i) = f(i + 1) + 1

Here we consider −∞ > −∞ and ∞ > ∞ and we let sl−∞, sl∞ be slant
lines which have the constant value of −∞,∞ respectively.

If f is a slant line then we say f < α (for an ordinal α) if f(i) < α for
all i ∈ ω

Definition 3.9. Let M |= Tsub(P )∧level(a) = level(b) = n. Let f be a slant
line. We say that a and b have the same P -height up to f (heightP (a)|f =
heightP (b)|f) if either

• heightP (a) = heightP (b) or
• heightP (a) ≥ f(n) and heightP (b) ≥ f(n)

Definition 3.10. Let M, N |= Tsub(P ), a = (a0, · · · , an) ∈ M,b = (b0, · · · , bn) ∈
N be closed tuples such that M |= ai <1 aj ⇔ N |= bi <1 bj for all i, j ≤ n
and let f be a slant line. We say that a,b have the same P -height type up
to f (htypeP (a)|f = htypeP (b)|f) if

(∀0 ≤ i ≤ n) heightP (ai)|f = heightP (bi)|f
Theorem 3.11. For all α ∈ ω1 there is a formula ϑ≤α (x) ∈ Lω1,ω(LP ) such
that

Tsub(P ) ` (∀x)ϑ≤α (x) ↔ α ≤ heightP (x)

and quantifier rank(ϑα(x)) = α

Proof. Let ϑ0(x) = P (x) and let ϑ≤β (x) ⇔ ∨
γ<β(∃y <1 x)ϑ≤γ (y) ¤

Definition 3.12. Let LP ⊆ LK and let TK ` Tsub(P ) and let X ⊆
{−∞,∞}∪ω1. We defineMX(TK) = {M : M |= TK , |M | = ω,SpecP (M) ⊆
X}. We will omit TK when it is clear from context.

3.2. Comparing Height.

Definition 3.13. Let LH = LP ∪ {H≤} where H≤ is a binary relation.
We define as shorthand H=(a, b) ⇔ H≤(a, b) ∧ H≤(b, a) and H<(a, b) ⇔
H≤(a, b) ∧ ¬H=(a, b).
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Definition 3.14. The theory THeight ∈ Lω1,ω(LH) is the conjunction of the
following:

Background Trees Tsub(P )
Linearity (∀x, y)H≤(x, y) ∨H≤(y, x)

Transitivity (∀x, y, z)[H≤(x, y) ∧H≤(y, z)] → H≤(x, z)
Tree Ordering (∀x, y, a)[a < x ∧ P (x) ∧H≤(x, y)] → H<(a, y)

Base Case (∀x, y)¬P (x) → H≤(x, y)

Theorem 3.15. If M |= THeight then
• M |= (∀a, b)H≤(a, b) ⇒ heightP (a) ≤ heightP (b)
• M |= (∀a, b) heightP (a) < heightP (b) ∧ heightP (a) 6= ∞→ H<(a, b).

Proof. This is by induction on the height of a. ¤
Theorem 3.16. For each α there is a formula ϕα(x, y) ∈ Lω1,ω(LP ) such
that whenever M |= THeight and SpecP (M) ⊆ {−∞} ∪ α, M |= ϕα(x, y) ↔
H≤(x, y)

Proof. This follows from Theorem 3.11 and Theorem 3.15. ¤
3.3. Full Trees. In order to construct a scattered theory of trees we need
to limit the number of models of our theory with a given spectrum. The
best possible limitation we could hope for would be to construct a theory
where a model is uniquely determined by its spectrum

In this section we define a theory of trees whose well-founded models
are determined by their spectrum. This will provide an example of a theory
which contains much of the structure we are studying (for single trees).

Definition 3.17. TFull ∈ Lω1,ω(LH), the theory of full trees, is the conjunc-
tion of the following:

Comparing Heights THeight

Fullness (∀x, y)H<(x, y) → (∃∞z)H=(x, z) ∧ z <1 y

If M |= TFull we say M |LP
is a full tree.

In full trees every element is extended by infinitely many elements of every
possible height.

Theorem 3.18. Suppose M |= TFull with a ∈ M . If β < heightP (a) then
M |= (∃∞b)b <1 a and heightP (b) = β.

Proof. If β < ∞ this follows from Theorem 3.15. If β = ∞ this follows
from the fact that (heightP (a) = ∞) ⇔ (the tree extending a in PM is ill-
founded) ⇔ ((∃∞b)b <1 a and the tree extending b in PM is ill-founded) ¤
Theorem 3.19. If M, N |= TFull(P ) and SpecP (M) = SpecP (N) then
M |LP

≡∞ N |LP
.

Proof. Let I = {p : p is a tree partial isomorphism in LP and p preserves
height}. I then satisfies the tree back and forth property because both M
and N are full. ¤
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Notice even if SpecP (M) = SpecP (N) and M,N |= TFull we do not in gen-
eral have M ≡∞ N . The reason is that on ill-founded branches H≤(x, y)
does not describe heights accurately. Rather on ill-founded branches H≤(x, y)
introduces an arbitrary linear order. So, for any countable model M |= TFull

with ∞ ∈ SpecP (M), there is a set of 2ω many countable models Mi where
Mi |= TFull, Mi 6∼= Mj if i 6= j but Mi|LP

∼= M |LP
.

Corollary 3.20. If M, N |= TFull and SpecP (M) = SpecP (N) = {−∞}∪α
then M ≡∞ N .

Proof. We know that M |LP
≡∞ N |LP

by Theorem 3.19. But by Theorem
3.16 we know that there is a formula ϕα ∈ Lω1,ω(LP ) which defines H≤ in
M and N . ¤

4. Collections

Before we introduce the structure we want to place on our trees it is worth
discussing “abstract structure” in general terms. In this section we will
discuss two types of “abstract structure”, collections of base predicates and
collections of archetypes.

4.1. Collections Base Predicates. The first type of abstract structure we
will want to discuss are collections of base predicates. A collection of base
predicates is a collection of relations which satisfy very basic homogeneity
and completeness conditions. These collections are important because even-
tually the structure we want our theory to satisfy can be framed in terms of
the existence of a collection of base predicates with some extra properties.

Definition 4.1. Let LT ⊂ LK be a language and TK ∈ Lω1,ω(LK). We say
BPK ⊆ LK − LT is a collection of base predicates for TK if TK satisfies the
following. (We omit mention of TK when it is clear from context)

(Truth on Base Predicates)
For all A ∈ BPK there is a complete quantifier free formula ϕA ∈ Lω1,ω(BPK∪
LT ) such that

TK ` (∀x)A(x) → ϕA(x)
(Uniqueness of Base Predicate)
For all A,A′ ∈ BPK , TK ` (∀x)A(x)∧A′(x) or TK ` (∀x)(¬A(x)∨¬A′(x))

(Closed Domains)
For all A ∈ BPK , TK ` (∀x)A(x) → Closed(x)

(Uniqueness of Domains)
For all A ∈ BPK , TK ` (∀x1, . . . , xn)A(x1, . . . , xn) → ∧

i6=j xi 6= xj

(Permutation of Domains)
For all A ∈ BPK with arity(A) = n and σ : n → n a bijection there is an
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Aσ ∈ BPK such that TK ` (∀x1, . . . , xn)A(x1, . . . , xn) ↔ Aσ(xσ(n), . . . , xσ(n))

(Completeness for Base Predicates)
TK ` (∀x)

∨
n∈ω(∃y1, . . . , yn)

∨
A∈BPK ,arity(A)=n+|x|A(x, y1, . . . , yn)

(Amalgamation for Base Predicates)
For all A,B, C ∈ BPK if TK ` (∀x,y)A(x,y) → C(y) and TK ` (∀y, z)B(y, z) →
C(y) then there exists a D ∈ BPK such that TK ` (∀x,y, z,w)D(x,y, z,w) →
(A(x,y) ∧B(y, z))

(Homogeneity for Base Predicates)
If A ∈ BPK and TK ` (∀x,y)A(x,y) → B(x) then TK ` (∀x)[B(x) →
(∃∞y)A(x,y)]

Notice that (Truth on Base Predicate), (Completeness for Base Predi-
cates) and (Homogeneity for Base Predicates) ensure that for any M,N |=
TK , M |BPK∪LT

≡∞ N |BPK∪LT
. So while a collection of base predicates does

ensure a certain amount of structure is present, that structure is in some
sense uniquely defined (although how that structure interacts with the rest
the language LK is not).

Definition 4.2. If BPK is a collection of base predicates for TK ∈ Lω1,ω(L)
then we define Th(BPK , TK) ∈ Lω1,ω(BPK ∪ LT ) to be the conjunction of

• (∀x)
∨

n∈ω(∃y1, . . . , yn)
∨

A∈BPK ,arity(A)=n+|x|A(x, y1, . . . , yn)
• (∀x)[B(x) → (∃∞y)A(x,y)] where A, B ∈ BPK and TK ` (∀x,y)A(x,y) →

B(x)
• (∀x)A(x) ↔ ϕA(x) for all A ∈ BPK

Theorem 4.3. Suppose BP is a collection of base predicates for T . If T ∗ ∈
Lω1,ω(L∗) where BP ∪ LT ⊆ L∗ and T ∗ ` Th(BP, T ) then Th(BP, T ) =
Th(BP, T ∗) and BP is a collection of base predicates for T ∗.

Proof. This is immediate from the definition of Th(BP, T ). ¤

4.1.1. Examples.

Definition 4.4. Let BPT = {Aϕ(x) : ϕ(x) ∈ Lω1,ω(LT ) is a complete
quantifier free formula and ` (∀x)ϕ(x) → Closed(x)}
Definition 4.5. Let TBP

T ∈ Lω1,ω(LT ∪ BPT ) be the conjunction of

• TT

• (∀x)Aϕ(x) ↔ ϕ(x) for each A ∈ BPT

Theorem 4.6. BPT is a collection of base predicates for TBP
T .

Proof. This is immediate from the definitions. ¤
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4.2. Collection of Archetypes. We now introduce our second “abstract
structure”, collections of archetypes. An archetype is nothing more than
an “abstract property” and so before we begin discussing characteristics we
want our archetypes to have, we must first introduce a method of talking
about them.

Definition 4.7. If M ⊆ {M |= TK : |M | ≤ ω} then define S(M) =⋃{SpecP (M) : M ∈M}
Definition 4.8. For the rest of this paper we fix a language LT ⊆ LK and a
theory TK ∈ L∞,ω(LK), and a collection of base predicates BPK ⊆ LK−LT

for TK . We also fix MK ⊆ {M |= TK : |M | ≤ ω}.
Definition 4.9. Suppose M ⊆ {M |= TK : |M | ≤ ω} and ϕ(x,y), ψ(y, z)
are “abstract properties” of elements of M. We say that ϕ(x,y) ForcesM
ψ(y, z) (ϕ(x,y) °MK

ψ(y, z)) if

(∀M ∈MK)(∀a,b, c ∈ M)M |= ϕ(a,b) ⇒ M |= ψ(b, c)

We say that the domain of ϕ(x,y) is x,y

Definition 4.10. We will use (ϕ(x,y) °K ψ(y, z)) as a shorthand for
(ϕ(x,y) °MK

ψ(y, z)). When X ⊆ {−∞,∞} ∪ ω1 we use °X as a short-
hand for °MX(TK) and if X = {−∞} ∪ α we will use °α as a shorthand for
°X .

Definition 4.11. Let ATK = AT(TK , BPK ,MK) be a collection of “ab-
stract properties” of elements of models of TK . We say that ATK is a
Collection of Archetypes (for TK , BPK and MK) if it satisfies the follow-
ing. (We omit mention of TK , BPK and MK when they are clear from the
context)

(Truth on Atomic Formulas)
For all φ ∈ ATK , φ(x), φ(y) °K (∀ quantifier free formula θ ∈ Lω1,ω(LK))[θ(x) ↔
θ(y)]

(Completeness of Archetypes)
For all σ, τ ∈ ATK , if (∃M ∈MK)M |= (∃a,b)σ(a)∧τ(a,b) then τ(x,y) °K

σ(x)

(Existence of Empty Archetypes)
There exists ϕ ∈ ATK such that for all M ∈MK , M |= ϕ and dom(ϕ) = ∅

(Trivial Amalgamation)
For each σ, τ ∈ ATK there exists a Trivialσ,τ (r,x,y) ∈ ATK such that

• σ(r,x) ∧ τ(r,y) °K (∃∞z)Trivialσ,τ (r,x,y, z)
(recall that r is the root of the tree)
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(Base Predicates Imply Archetypes)
For all A ∈ BPK , A(x) °K (∃σ ∈ ATK)σ(x)

(Archetypes imply Base Predicates)
For all σ ∈ ATK there is an A ∈ BPK such that σ(x) °K A(x)

Lemma 4.12. For all φ ∈ AT

φ(x) °K (∀y)
∨
n∈ω

(∃z1, · · · , zn)
∨

ψ(x,y,z1,...,zn)°Kφ(x)

ψ(x,y, z0, · · · , zn)

Proof. This follows from (Extension to Base Predicates) and (Base Predi-
cates Imply Archetypes). ¤

We eventually want our archetypes to be generalizations of actual L∞,ω

types so we will want an archetype to completely determine all necessary
properties of its domain. However, while working with as much generality
as we are in this section it is hard to pin down exactly what this would
mean. As such the requirements on a collection of archetypes are there to
capture as much as can be said without knowing substantially more about
our theory.

Definition 4.13. For the rest of this paper we will fix a collection of
archetypes ATK for TK , BPK and MK .

4.3. Full Trees.

Definition 4.14. Lets consider a collections of archetypes on TFull∪TBP
T =

T ′Full.

Definition 4.15. Let ATFull = {(f, Aϕ)(x) : (∃M |= T ′Full)M |= (∃a)(f =
htypeP (a)) ∧ ϕ(a) ∧ Closed(a) (where Aϕ ∈ BPT )}. If ψ(x) = (f, Aϕ) ∈
ATFull then

• When B ∈ Lω1,ω(LH ∪ BPT ) is quantifier free, ψ(x) °{−∞,∞}∪ω1

B(x) if and only if ` (∀x)ϕ(x) → B(x)
• ψ(x) °{−∞,∞}∪ω1

htype(x) = f

It is not hard to see that this is a collection of archetypes for Tfull, BPT and
Mω1∪{−∞,∞}(TFull).

5. Definable Collection of Archetypes

Having a collection of archetypes is only a start. We need some way to
relate our archetypes to our language and, more specifically, to our base
predicates. First though we need another piece of structure which we call
“Extra Information”. This is a way of getting out of an archetypes more
information than just the levels and heights of the elements of its domains.
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5.1. Extra Information.

Definition 5.1. Let Y be a countable set not previously mentioned. We
say EI = 〈(EIK ,≺EI), eiK , ϕEI : ϕ ∈ ATK〉 is Extra Information (For
ATK ,BPK , and MK) if

• EIK ⊆ S(MK)× Y ∪ {∅}
• ≺K is a partial quasi-order on EIK
• eiK : MK ∪ATK → Powerset(EIK)
• For all ϕ ∈ ATK , ϕEI : dom(ϕ) → EIK

and EIK satisfy the following properties

Archetypes

• For all ϕ ∈ ATK , eiK(ϕ) = range(ϕEI)
• (∀ϕ ∈ ATK)ϕ(x) °K heightP (x) = α ⇔ (∃y ∈ Y )ϕEI(x) = (α, y)
• If M ∈MK , φ ∈ ATK , then M |= (∃x)φ(x) ⇔ eiK(φ) ⊆ eiK(M).

Models
• (∀M ∈MK)eiK(M) is linearly quasi-ordered by ≺EI

• (∀M ∈MK)(∀x, y ∈ EIK)x ≺EI y ∧ y ∈ eiK(M) → x ∈ eiK(M)
• (∀M ∈MK)(∃(α, y) ∈ EIK)eiK(M) = {x : x ≺EI (α, y)}
• (∀(α, y) ∈ EIK)(∃M ∈MK)eiK(M) = {x : x ≺EI (α, y)}

Order
• If (ω∗α+n, x), (ω∗β+m, y) ≺EI z and β < α then (ω∗β+m, y) ≺EI

(ω ∗ α + n, x) and (ω ∗ α + n, x) 6≺EI (ω ∗ β + m, y)

Up until now the only properties of elements which we have discussed
are their height and their level. However, as our theories become increasingly
complicated it is not always the case that the height and level of an element
completely determine its L∞,ω-type. Extra Information gives us a way to
talk about other properties elements of our models might have.

Definition 5.2. Let σ, τ ∈ ATK . We say that σ and τ are compatible (σ‖τ)
if (∃M ∈MK)eiK(σ) ∪ eiK(τ) ⊆ eiK(M).

In what follows we discuss many different ways in which archetypes can
be combined. However, it will not always make sense for two archetypes to
exist at the same time. As such, when considering different ways to combine
archetypes, we only want to assume facts about sets of archetypes which can
all co-exist in the same model.

Definition 5.3. Let σ(x1, . . . , xn), τ(x1, . . . , xn) ∈ AT and let sl be a slant
line. We say that σ and τ are the same up to a slant line sl (σ|sl = τ |sl) if

• σ(x1, . . . , xn), τ(y1, . . . , yn) °K A(x1, . . . , xn) ↔ A(y1, . . . , yn) for all
quantifier free formulas A ∈ Lω1,ω(LK).

and for all i ≤ n either
• σEI(xi) = τEI(xi) or
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• σ(x1, . . . , xn), τ(y1, . . . , yn) °K heightP (xi) ≥ sl(level(xi)) and heightP (yi) ≥
sl(level(yi))

We define eiK(σ|sl) = {(α, y) : (∃x ∈ dom(σ))σEI(x) = (α, y) and σ(x) °K

α = heightP (x) < sl(level(x))}
Intuitively two elements which are on different levels of a tree contain the
same information about the spectrum of their model if they are on the same
slant line. So two archetypes σ and τ are the same up to a slant line sl
if they give the same answers to questions which only require information
below sl.

Theorem 5.4. For the rest of this paper we fix Extra Information EIK =
〈(EIK ,≺EI), eiK , ϕEI : ϕ ∈ ATK〉 for ATK ,BPK and MK .

5.2. Definable Collection of Archetypes.

Definition 5.5. We say ATK is a Definable Collection of Archetypes (with
respect to TK ,BPK , EIK and MK) if it satisfies

(Prediction)
For all σ, τ ∈ ATK with τ(x,y) °K σ(x) there is an ητ (a) such that

• (∀M ∈MK) M |= (∃x,y)τ(x,y) ⇒ M |= (∃a)η(a)
and there is a Aσ,τ (x,y,w, z,a) ∈ BPK such that

• TK ` (∀x,y,w, z,a)Aσ,τ (x,y,w, z,a) → Aη(a,x, z) (where
Trivialητ ,σ(a,x, z) °K Aη(a,x, z) and Aη ∈ BPK)

• Trivialητ ,σ(a,x, z) ∧Aσ,τ (x,y,w, z,a) °K τ(x,y)
(Prediction Up To A Slant Line)
For all σ, σ′, τ ∈ ATK such that τ(x,y) °K σ(x), σ′‖τ and σ|sl = σ′|sl there
is an ητ |sl(a) where

• (∀M ∈MK)eiK(τ |sl) ∪ eiK(σ′) ⊆ eiK(M) ⇒ eiK(ητ |sl) ⊆ eiK(M)
and there is a base predicate Aσ|sl,τ |sl(x,y,w, z,a) such that

• TK ` Aσ|sl,τ |sl(x,y,w, z,a) → Aη(a,x, z) (where Trivialητ |sl,σ
′(a,x, z) °K

Aη(a,x, z) and Aη ∈ BPK)
• Trivialητ |sl,σ

′(a,x, z)∧Aσ|sl,τ |sl(x,y,w, z,a) °K (∃τ ′ ∈ ATK)τ ′(x,y)∧
τ ′|sl = τ |sl.

(Truth on Height)
For all φ ∈ ATK , φ(x), φ(y) °K htype(x) = htype(y)

(Prediction) and (Prediction Up To A Slant Line) are the most important
conditions considered in this section (and the only two conditions not sat-
isfied by ATFull). These conditions are what connect our archetypes to our
language. They allow us to pass information from the archetypes down to
the base predicates.

We don’t want our base predicates to be able to tell us anything explic-
itly about the height of our elements (because we want every base predicate
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to be realized in every model). But, the base predicates can give us in-
formation about the relative heights of two elements (in some way). So in
the statement of prediction we can think of ητ as some archetype disjoint
from σ but with elements whose heights are the same as those in τ . Then
Aσ,τ (x,y,w, z,a) is the base predicate which says “look at the tuple a and
use it as a guide for what the heights of the tuple y should be”.

As we will see, (Prediction) allow us to show that a model is determined
by the archetypes it realizes. (Prediction Up To A Slant Line) though, while
similar to (Prediction), will be used to show that any two models which re-
alize similar archetypes are in fact similar. This will allow us to get a lower
bound on the quantifier rank of our models.

Definition 5.6. For the rest of this paper we will assume that ATK is a
definable collection of archetypes (for BPK , EIK and MK).

5.3. Results.

Theorem 5.7. Suppose σ(x), τ(x,y) ∈ ATK , τ(x,y) °K σ(x) and eiK(τ) ⊆
eiK(M). Then M |= (∀x)σ(x) → (∃∞y)τ(x,y)

Proof. This follows immediately from (Prediction) and (Homogeneity of
Base Predicates) ¤
Definition 5.8. Define ATYPE(M) = {φ ∈ ATK : eiK(φ) ⊆ eiK(M)}

If M,N ∈MK and sl is a slant line, we say ATYPE(M)|sl = ATYPE(N)|sl
if

(∀φ ∈ ATYPE(M))(∃ψ ∈ ATYPE(N))(φ|sl = ψ|sl)
and

(∀ψ ∈ ATYPE(N))(∃φ ∈ ATYPE(M))(φ|sl = ψ|sl)
Lemma 5.9. (∀φ ∈ AT)φ ∈ ATYPE(M) ⇔ M |= (∃x)φ(x)

Proof. This follows from our definition of EIK . ¤
Theorem 5.10. If M, N ∈MK and ATYPE(M) = ATYPE(N) then M ∼=
N .

Proof. First notice that as M and N are countable it suffices to show that
M ≡∞ N .

Definition 5.11. Let I(M,N) = {f : M → N s.t.
• f is a tree partial isomorphism
• There exists σf ∈ ATK and a ∈ M,b ∈ N such that M |= σf (dom(f),a),

N |= σf (range(f),b)

We need to show that I(M, N) ⊆ I(M,N) satisfies the tree back and
forth condition. Let f ∈ I(M, N), a ∈ M such that dom(f) ∪ {a} is closed.

Let σ′ ∈ AT be such that M |= σ′(dom(f), a,a′) with a ⊆ a′ (which
we know must exist by Lemma 4.12). Then we have by (Completeness
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of Archetypes) that σ′(x, a,a′) °K σf (x,a). So by Theorem 5.7 N |=
(∃b,b′)σ′(range(f), b,b′) and hence f ∪ (a, b) ∈ I(M,N).

The case where we are given a b ∈ N and we need to find an a ∈ M is
done analogously. Hence I(M, N) has the tree back and forth property and
M ≡T∞ N . So M ≡∞ N . ¤
Theorem 5.10 shows that models in MK are determined by the “types of
archetypes” they realize.

Corollary 5.12. If M,N ∈MK and eiK(M) = eiK(N) then M ∼= N .

Theorem 5.13. |S(MK)| ≤ |MK | ≤ max{ω, |S(MK)|}
Proof. First notice that |{eiK(M) : M ∈ MK}| = |EIK | by the condi-
tions on extra information. Further, by Corollary 5.12 if eiK(M) = eiK(N)
then M ∼= N , so |MK | = |EIK |. Because |Y | ≤ ω (in the definition of
Extra Information) we know that |S(MK)| ≤ |EIK | ≤ |S(MK) × Y | ≤
max{ω, |S(MK)|}. ¤
Theorem 5.14. If eiK(M) ⊆ eiK(N) and sl is a slant line with sl < ω∗γ ⊂
SpecP (M) then ATYPE(M)|sl = ATYPE(N)|sl
Proof. First notice that ATYPE(M) ⊆ ATYPE(N). So it suffices to show
that for every ϕ ∈ ATYPE(N) there is a ψ ∈ ATYPE(M) such that ψ|sl =
ϕ|sl.

Let ∅̂ ∈ ATK be such that dom(∅̂) = ∅ and eiK(∅̂) ⊆ eiK(M). Then
ϕ(x) °K ∅̂. Now by the Other conditions on extra information we know
that for all φ ∈ ATYPE(N) eiK(φ|sl) ⊆ eiK(M). So, by (Prediction up to
a Slant Line) we then know there is a ψ satisfying eiK(ψ) ⊆ eiK(M) and
ψ|sl = ϕ|sl. ¤
Theorem 5.15. If M, N ∈MK , eiK(M) ⊆ eiK(N) and ω∗γ ⊂ SpecP (M) ⊆
SpecP (N) then M ≡T

ω∗γ N

Proof. We need to define a sequence of partial tree isomorphisms from M
to N of length at least ω ∗ γ.

Definition 5.16. Define Iζ(M, N) = Iζ as follows:
Iω∗ζ+n = {f : M → Ns.t.

• f is a tree partial isomorphism
• There exists a slant line sl, σf , τf ∈ ATK and a ∈ M,b ∈ N such

that
– sl < ω ∗ (ζ + 1) and sl(|dom(f)|+ n) ≥ ω ∗ ζ}
– M |= σf (dom(f),a), N |= τf (range(f),b)
– σf |sl = τf |sl

We need to show that 〈Iµ : µ < ω ∗ γ〉 satisfies the tree back and forth
property. Let ω ∗ ζ + n + 1 < ω ∗ γ and let f ∈ Iω∗ζ+n+1, b ∈ N such that
range(f) ∪ {b} is closed.

Let σ′ ∈ AT be such that N |= τ ′(range(f), b,b′) with b ⊆ b′ and
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τ ′(x, a,a′) °K τf (x,a). We know τ ′||σf by assumption so (Prediction up
to a Slant Line) tells us there is an archetype ητ ′|sl and a base predicate
Aτ |sl,τ ′|sl such that whenever

(∗) M |= Trivialητ ′|sl,σf
(c, dom(f),a,d) ∧Aτ |sl,τ ′|sl(dom(f), a,a′, c,d, e)

then M |= σ′(dom(f), a,a′) for some σ′ ∈ ATK where a ⊆ a′ and τ ′|sl =
σ′|sl.

But we also know eiK(τ ′|sl) ∪ eiK(σf ) ⊆ M by Theorem 5.14 and so
M |= (∃∞c)ητ ′|sl(c). Hence M |= (∃c,d)Trivialητ ′|sl(c),σf

(c, dom(f),a,d)
and by (Homogeneity of Base Predicates) M satisfies (∗) for some a,a′, c,d
and e. So if we let a be as above then g = f ∪ (a, b) ∈ Iω∗η+n (because
sl(|dom(f)|+ n + 1) = sl(|dom(g)|+ n).

We do the case where we are given a ∈ M and we find b ∈ N analo-
gously. Hence we have proved that 〈Iµ : µ < ω ∗ γ〉 has the tree back and
forth property and M ≡T

ω∗γ N . ¤
Theorem 5.17. If ω ∗ γ ∈ SpecP (M) then the quantifier rank of M is at
least γ (qr(M) ≥ γ)

Proof. For all β < γ there is a σβ ∈ ATK such that
• σβ(x) °K (∃x)ω ∗ β ≤ heightP (x) < ω ∗ (β + 1)
• M |= (∃x)σβ(x)

By the definition of Extra Information there must be a (ω ∗ β + n, y) ∈
eiK(M). Let Mβ be the model such that eiK(Mβ) = {i ∈ EIK : i ≺K

(ω ∗ β + n, y)}. Then by Theorem 5.15 Mβ ≡T
ω∗β M so M ≡β Mβ and

qr(M) > β (as Mβ 6= M). But as β was arbitrary we have qr(M) ≥ γ. ¤
5.4. Existence of Definable Collections of Archetypes and Vaught’s
Conjecture. Notice that if X ⊆ X ′ ⊆ ω1 ∪ {−∞,∞} then any defin-
able collection of archetypes up to MX′(T ) yields a definable collection of
archetypes up to MX(T ) by restricting (EIK ,≺EI) to {(α, y) : α ∈ X}.
So, as X gets larger, the statement “there exists a definable collection of
archetypes for MX(T )” becomes stronger. Hence the strongest statement
we can make of this form is “there exists a definable collection of archetypes
for Mω1∪{−∞,∞}(T ) (for some T )”. This statement is significantly stronger
what we will need for two reasons.

First, it assumes that there is a single definable collection of archetypes
which works for all {−∞} ∪ α. But as we will see, to construct our scat-
tered sentence Sα we will only need a theory with a definable collection
of archetypes up to {−∞} ∪ α and we will not care what the models look
like that have larger spectra. Hence we do not require a single collection of
archetypes for all {−∞} ∪ α.

Second, the existence of a definable collection of archetypes for an MX

where ∞ ∈ X is a very strong assumption. Much of the work in studying
trees as they relate to Vaught’s conjecture comes from trying to deal with
the ill-founded branches.
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In what follows we will develop a method that will allow us to ignore
ill-founded branches all together. However the cost will be a strict upper
bound on our quantifier rank.

Theorem 5.18. Suppose T has a definable collection of archetypes for
M{−∞,∞}∪ω1

(T ). Then T has ω1 many countable models.

Proof. We know that every countable model M must have SpecP (M) ⊆
{−∞,∞} ∪ ω1 and hence be in M{−∞,∞}∪ω1

(T ). By Theorem 5.13 we
know that T has |{−∞,∞} ∪ ω1| = ω1 many countable models. ¤
The central argument of the proposed counterexample of Robin Knight
[4] is (essentially) a construction of a definable collection of archetypes for
{−∞,∞}∪ ω1 (that these condition follow from slight modifications to the
theory Θ in [4] is proved in [1]).

5.5. Full Trees.

5.5.1. Extra Information.

Definition 5.19. Define EIFull = 〈(EIFull,≺Full), eiFull, ϕ
EI : ϕ ∈ ATFull〉

as follows
• EIFull = {(α, n) : α ∈ {−∞} ∪ ω1, n ∈ ω}
• (β, m) ≺EI (α, n) ⇔ β + m ≤ α + n (where ∞ + n = ∞ and
−∞+ n = −∞ for all n ∈ ω).

• ϕEI(x) = (α, n) such that ϕ(x) °K heightP (x) = α and level(x) = n.
• eiK(M) = {(α, n) : (∃a ∈ M)heightP (a) = α, level(a) = n}.

Theorem 5.20. EIFull is extra information for TFull(P ) forM{−∞}∪ω1
(TFull)

Proof. The only conditions which aren’t self evident are those in Models.
To see that these are satisfied notice that if M |= (∃a)heightP (a) = α and
level(a) = n then for all β < α such that β + m ≤ α + n (with m > n),
M |= (∃b < a)heightP (b) = β and level(b) = m. ¤
Notice here, for the first time, we actually need that our trees are full (and
not just that we can compare heights). Also notice that EIFull is not ex-
tra information up to M{−∞,∞}∪ω1

(TFull). This is because eiK(M) only
determines M |LP

, and M |LP
only determines M if ∞ 6∈ SpecP (M).

5.5.2. Results.

Theorem 5.21. If τ, σ ∈ ATFull and τ(x,y) °ω1 σ(x) then σ(x) °ω1

(∃∞y)τ(x,y)

Proof. This follows immediately from the definition of ATFull. ¤
Theorem 5.22. For all M, N ∈ M{−∞}∪ω1

(TFull) such that |M | = |N | =
ω,

eiK(M) ⊆ eiK(N) ⇔ SpecP (M) ⊆ SpecP (N)

Proof. This follows immediately from the definition of EIFull. ¤
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Theorem 5.23. ATFull satisfies (Truth on Height)

Proof. Immediate. ¤

6. Pairs of Archetypes

Now that we have introduced our theory of a single tree we want to consider
a theory of two trees. We will do this in very much the same way.

6.1. Gluing Copies of Tsub(P ).

Definition 6.1. Let LP (2) = {P0, P1} ∪ LT where P0 and P1 are unary
relations.

Definition 6.2. Let Tsub(P0, P1) ∈ L∞,ω(LP (2)) be the theory containing
• Tsub(Pi) for each i ∈ {0, 1}
• (∀x)P0(x) → P1(x)

So if M |= Tsub(P0, P1) then PM
0 ⊆ PM

1 .

Theorem 6.3. If M |= Tsub(P0, P1) then

(∀a ∈ M)heightP0
(a) ≤ heightP1

(a)

Proof. This follows from the fact that PM
0 is a subtree of PM

1 . ¤

Corollary 6.4. If M |= Tsub(P0, P1) and∞ 6∈ SpecP1
(M) then SpecP0

(M) ⊆
SpecP1

(M)

Proof. This follows immediately from Theorem 6.3. ¤

Definition 6.5. Let LK(2) = LT ∪ {(K, i) : i ∈ {0, 1},K ∈ LK − LT } and
let [LK ]i = LT ∪ {(K, i) : K ∈ LK − LT } for i ∈ {0, 1}. If M is a model of
LK(2) define [M ]i = M |[LK ]i . We say [M ]i is the model at level i. We will
also write Ki for (K, i) when no confusion can arise.

Definition 6.6. Let TK(2) ∈ Lω1,ω(LK(2)) be the conjunction of the fol-
lowing

• Tsub(P0, P1)
• TK in [LK ]0 and TK in [LK ]1

6.2. Collection of Pairs of Archetypes. When we move from the con-
text of a single tree to a pair of trees we also want to move from a single
archetypes to a pair of archetypes. However to do this we need another piece
of structure. We need a way to tell when one pair of archetypes is valid as
an extension of another.

Specifically we may have two pairs 〈τ0(x,y), τ1(x,y)〉 and 〈σ0(x), σ1(x)〉
where τi(x,y) °K σi(x) for i ∈ {0, 1}, but 〈τ0(x,y), τ1(x,y)〉 is not a valid
extension of 〈σ0(x), σ1(x)〉. We will denote the fact that 〈τ0(x,y), τ1(x,y)〉 is
a valid extension of 〈σ0(x), σ1(x)〉 by writing 〈τ0(x,y), τ1(x,y)〉C〈σ0(x), σ1(x)〉.
For notational convenience we will denote the pair 〈σ0(x), σ1(x)〉 by 〈σi〉(x).
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Definition 6.7. We say (2−ATK , C) is a Collection of Pairs of Archetypes
(for ATK) if the following hold.

(Pairs of Archetypes)
If 〈σi〉 ∈ 2−AT then σi ∈ AT for i ∈ {0, 1}.

(Restriction of Arity for Consistent Pairs of Archetypes)
If 〈τi〉, 〈σi〉 ∈ 2−ATK , 〈τi〉(x,y, z)C 〈σi〉(x) and for i ∈ {0, 1} τi(x,y, z) °K

ηi(x,y) then

• 〈ηi〉 ∈ 2−ATK

• 〈τi〉(x,y, z) C 〈ηi〉(x,y) and 〈ηi〉(x,y) C 〈σi〉(x)

(Consistency of C)
If 〈φi〉, 〈ψi〉 ∈ 2 − ATK and 〈φi〉(x,y) C 〈ψi〉(x) then for for i ∈ {0, 1}
φi(x,y) °K ψi(x).

(Transitivity of C)
If 〈φi〉, 〈ψi〉, 〈ζi〉 ∈ 2−ATK , 〈ζi〉(x,y, z)C 〈φi〉(x,y) and 〈φi〉(x,y)C 〈ψi〉(x)
then 〈ζi〉(x,y, z) C 〈ψi〉(x)

(Consistency of Height)
If 〈φi〉 ∈ 2−ATK then

φ0(x1, . . . , xn), φ1(y1, . . . , yn) °K

∧

i≤n

heightP (xi) ≤ heightP (yi)

(Empty Archetypes)

If ∅̂ ∈ ATK is an archetype with dom(∅̂) = ∅ then 〈∅̂i〉 = 〈∅̂, ∅̂〉 ∈ 2 − ATK

and for all 〈σi〉 ∈ 2−ATK , 〈σi〉(x) C 〈∅̂i〉

(Extension of 0-Archetypes)
Suppose 〈σi〉 ∈ 2 − ATK and τ1(x,y) °K σ1(x). Then there exists 〈ηi〉 ∈
2−AT such that

• η1(x,y, z) °K τ1(x,y)
• 〈ηi〉(x,y, z) C 〈σi〉(x)
• (∀M ∈MK)eiK(τ1) ⊆ M ⇔ eiK(η1) ⊆ eiK(M)
• (∀M ∈MK)eiK(σ0) ⊆ M ⇔ eiK(η0) ⊆ eiK(M)

(Extension of 1-Archetypes)
Suppose 〈σi〉 ∈ 2 − ATK and τ0(x,y) °K σ0(x). Then there exists 〈ηi〉 ∈
2−AT such that

• η0(x,y, z) °K τ0(x,y)
• 〈ηi〉(x,y, z) C 〈σi〉(x)
• (∀M ∈MK)eiK(τ0) ⊆ M ⇔ eiK(η0) ⊆ eiK(M)
• (∀M ∈MK)eiK(τ0) ∪ eiK(σ1) ⊆ M ⇒ eiK(η1) ⊆ eiK(M)
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Definition 6.8. If M is a model of LK(2) and 〈σi〉 ∈ 2 − AT we say
M |= 〈σi〉(x) if [M ]0 |= σ0(x) and [M ]1 |= σ1(x).

The conditions on a collection of pairs of archetypes guarantee that C
is a partial order on the pairs of archetypes which respect height. They also
(almost) guarantee that given any pair of archetypes and an extension of
one archetype in the pair we can find an extension of the pair which also
extends the other archetype and is realized in every model the original pair
was realized in.

The one exception to this is (Extension of 1-Heights). This condition
only guarantees an extension if there is a single model M which realizes
all archetypes involved. This will be a common feature of several of our
assumptions when dealing with multiple trees. This is because in order to
glue two trees together with the properties we need there has to be some
form of compatibility between their elements.

Definition 6.9. For the rest of the paper let (2− ATK ,C) be a collection
of pairs of archetypes for TK .

6.3. Examples.

Definition 6.10. Let 2−ATFull = {(σ0, σ1) : σ0, σ1 ∈ ATFull, |dom(σ0)| =
|dom(σ1)| and σ0(x), σ1(y) °ω1 heightP (xi) ≤ heightP (yi)}.

Further let (τ0, τ1)(x,y) C (σ0, σ1)(x) if and only if τ0(x,y) °K σ0(x) and
τ1(x,y) °K σ1(x)

Theorem 6.11. (2 − ATFull, C) is a collection of pairs of archetypes (for
ATFull)

Proof. This is immediate from the definition. ¤

Notice that this doesn’t use anything about TFull and ATFull except that
ATFull was a collection of archetypes for TFull and that (∀σ, τ ∈ ATFull) σ‖τ .

7. Definable Collection of Pairs of Archetypes

Just as we needed a way to relate our archetypes to our language we need a
way to relate our pairs of archetypes to our language.

7.1. Definable Collections of Pairs of Archetypes.

Definition 7.1. For the rest of this paper let LK(2) ⊆ L2
K be a language

with BP2
K ⊆ L2

K − LK(2) and let T 2
K ∈ Lω1,ω(L2

K) be such that
• T 2

K ` TK(2)
• BP2

K is a collection of base predicates for T 2
K

Definition 7.2. Let M2
K = {M |= T 2

K : [M ]0, [M ]1 ∈ MK}. We will use
ϕ(x,y) °2

K ψ(y,x) as a shorthand for ϕ(x,y) °M2
K

ψ(y,x).
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Definition 7.3. Let AT2
K = {[〈σi〉, C] : (∃M ∈ M2

K)M |= (∃x)〈σi〉(x) ∧
C(x), where 〈σi〉 ∈ 2−AT and C ∈ BP2

K}.

If [〈σi〉, C], [〈τi〉, D] ∈ AT2
K we say [〈τi〉, D](x,y) J [〈σi〉, C](x) if 〈τi〉(x,y)C

〈σi〉(x) and T 2
K ` (∀x,y)D(x,y) → C(x).

If M ∈M2
K then M |= [〈σi〉, C](a) ⇔ M |= 〈σi〉(a) ∧ C(a)

Definition 7.4. We say AT2
K is a Definable Collection of Pairs of Archetypes

(with respect to BP2
K , EIK ,MK and (2− ATK , C)) for T 2

K if the following
hold.

(Collection of Archetypes)
AT2

K is a collection of archetypes with respect to BP2
K (see Definition 4.11).

(Minimality)
If [〈σi〉, C] ∈ AT2

K then (∃M ∈M2
K)M |= (∃a)[〈σi〉, C](a)

(Extra Information on Levels)
For all M ∈M2

K , if eiK(σi) ⊆ EI([M ]i) i ∈ {0, 1} and [〈σi〉, C] ∈ AT2
K then

M |= (∃a)[〈σi〉, C](a)

(Amalgamation for Pairs of Archetypes)
For each [〈φi〉, A], [〈ψi〉, B], [〈ζi〉, C] ∈ AT2

K if

• [〈φi〉, A](x,y) J [〈ζi〉, C](y)
• [〈ψi〉, B](y, z) J [〈ζi〉, C](y)
• (∃M ∈MK)eiK(ψ0) ∪ eiK(ψ1) ∪ eiK(φ0) ∪ eiK(φ1) ⊆ eiK(M)

then there is a [〈ηi〉, D] ∈ AT2
K such that

• [〈ηi〉, E](x,y, z,w) J [〈φi〉, A](x,y)
• [〈ηi〉, E](x,y, z,w) J [〈ψi〉, B](y, z)
• (∀M ∈MK)eiK(φ0) ∪ eiK(ψ0) ⊂ eiK(M) ⇒ eiK(η0) ⊆ eiK(M)
• (∀M ∈MK)eiK(φ1) ∪ eiK(ψ1) ⊂ eiK(M) ⇒ eiK(η1) ⊆ eiK(M)

(Extension of Base Predicates)
Let [〈σi〉, C] ∈ AT2

K and suppose 〈τi〉(x,y) C 〈σi〉(x). Then there is a
D ∈ BP2

K such that [〈τi〉, D] ∈ AT2
K and [〈τi〉, D] J [〈σi〉, C]

(Prediction For Pairs)
For all [〈σi〉, C], [〈τi〉, D] ∈ AT2

K such that [〈τi〉, D](x,y) J [〈σi〉, C](x) there
is an [〈ηi〉, E] ∈ AT2

K such that

• (∃x,y)[〈τi〉, D](x,y) °2
K (∃a)[〈ηi〉, E](a)

and there is a base predicate A[〈σi〉,C],[〈τi〉,D](x,y,w, z,a) ∈ BP2
K such that
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• T 2
K ` (∀x,y,w, z,a)A[〈σi〉,C],[〈τi〉,D](x,y,w, z,a) → Aη(a,x, z) (where

Trivial[〈ηi〉,E],[〈σi〉,C](a,x, z) °2
K Aη(a,x, z) and Aη ∈ BP2

K)
• Trivial[〈ηi〉,E],[〈σi〉,C](a,x, z)∧A[〈σi〉,C],[〈τi〉,D](x,y,w, z,a) °2

K [〈τi〉, D](x,y)

(Prediction Up To A Slant Line For Pairs)
For all [〈σi〉, C], [〈σ′i〉, C], [〈τi〉, D] ∈ AT2

K such that

• [〈τi〉, D](x,y) J [〈σi〉, C](x)
• σ1(x) = σ′1(x)
• σ0|sl = σ′0|sl
• (∃S ∈MK)eiK(σ0)∪eiK(σ1)∪eiK(σ′0)∪eiK(σ′1)∪eiK(τ0)∪eiK(τ1)⊆ S

and for all M ∈M2
K there is an [〈ηM

i 〉, EM ] such that

• (∀S ∈MK)eiK(τ1) ⊆ eiK(S) ⇒ eiK(η1) ⊆ eiK(S)
• (∀S ∈MK)eiK(τ0|sl) ∪ eiK(σ′0) ⊆ eiK(S) ⇒ eiK(η0) ⊆ eiK(S)

and a base predicate AM
[〈σi〉,C],[〈τi〉,D],sl(x,y,w, z,a) ∈ BP2

K such that

• T 2
K ` (∀x,y,w, z,a)AM

[〈σi〉,C],[〈τi〉,D],sl(x,y,w, z,a) → Aη(a,x, z) (where
Trivial[〈ηM

i 〉,EM ],[〈σ′i〉,C](a,x, z) °2
K AM

η (a,x, z) and AM
η ∈ BP2

K)
• M |= (∀a,w,x,y, z)Trivial[〈ηM

i 〉,EM ],[〈σi〉,C](a,x, z)∧
AM

(〈σi〉,C),(〈τi〉,D)(x,y,w, z,a) → (∃τ ′0 ∈ ATK)[〈τ ′0, τ1〉, D](x,y)
and τ ′0|sl = τ0|sl

(Local Truth)
Suppose M is a model of L2

K such that

• M |= TK(2)
• M |= Th(BP2

K , T 2
K)

• eiK([M ]0) ⊆ eiK([M ]1)
• There exists f : M<ω → AT2

K ∪ {∅} such that
– (∀x)(∃y)f(x,y) 6= ∅
– If f(x) = [〈σi〉, C] then

∗ M |= C(x)
∗ σi(x) °K heightP (x) = α ⇔ [M ]i |= heightP (x) = α

– If f(x) 6= ∅ and f(x,y) 6= ∅ then f(x,y)(x,y) J f(x)(x)
– If [〈τi〉, D](x,y) J f(x)(x) and eiK(τi) ⊆ eiK([M ]i) for i ∈
{0, 1} then (∃∞y)f(x,y) = [〈τi〉, D]

Then M |= T 2
K and (∀x)f(x) 6= ∅ ⇒ M |= f(x)(x)

Just as in the case of a single tree the role of (Prediction For Pairs) will
ensure that two models with the same basic properties (in this case having
their component trees being isomorphic) are in fact isomorphic.

In a similar manner to the case of a single tree (Prediction Up To A
Slant Line For Pairs) will let us tell when two models are equivalent up to
a given quantifier rank. However, for reasons which will become obvious in
Section 8, we only want to look at restrictions to slant lines on the level 0
model.
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But, just as in the case of a single tree, in order to actually use (Predic-
tion Up To A Slant Line For Pairs) to get a lower bound on the quan-
tifier ranks of a model, we need there to be enough models which are
similar to it. In the case of a single tree the property of extra infor-
mation which said “given any (α, y) ∈ EI there is a model M such that
eiK(M) = {x : x ≺K (α, y)}” is what guarantees the existence of the models
we need. In the case of pairs of trees we need (Local Truth), (Extension of
Base Predicates), (Extension of Pairs of Archetypes), and (Amalgamation).

Of these (Local Truth) is the condition which is least clear on first
reading. We can think of (Local Truth) as saying that if we build a “term
model” assigning archetypes to tuples and using the J relation to tell what
the extensions are, then we get an actual model of our theory T 2

K . In Section
7.2 this is exactly what we will do.

7.2. Construction of Models. In this section we use (Local Truth) to
explicitly construct models of T 2

K . These models will be used in Section 7.3
to give a lower bound on the quantifier rank of the models we are interested
in. First though we need a definition.

Definition 7.5. If [〈µi〉, B], [〈σi〉, C], [〈τi〉, D], [〈ηi〉, E] ∈ AT2
K are such that

• [〈ηi〉, E](x,y, z,w) J [〈σi〉, C](x,y) J [〈µi〉, B](y)
• [〈ηi〉, E](x,y, z,w) J [〈τi〉, C](y, z) J [〈µi〉, B](y)
• (∀M ∈MK)eiK(σ0) ∪ eiK(τ0) ⊆ eiK(M) ⇔ eiK(η0) ⊆ eiK(M)
• (∀M ∈MK)eiK(σ1) ∪ eiK(τ1) ⊆ eiK(M) ⇔ eiK(η1) ⊆ eiK(M)

then we say [〈ηi〉, E] is an amalgamation of [〈σi〉, C] and [〈τi〉, D] around
[〈µi〉, B]

Theorem 7.6. If M0,M1 ⊆MK with eiK(M0) ⊆ eiK(M1) then there exists
a model M∗ |= T 2

K such that [M∗]i ∼= Mi.

Proof. We construct our model M∗ in stages. At stage n we construct
sequences an ∈ M0 and bn ∈ M1, bijections fn : xn → an, gn : xn → bn for
some xn ∈ ω, and [〈σn

i 〉, Cn] ∈ AT2
K such that

• fn−1 ⊂ fn and gn−1 ⊂ gn

• ⋃
n∈ω an = M0 and

⋃
n∈ω bn = M1

• M0 |= σn
0 (an) and M1 |= σn

1 (bn)
• [〈σn

i , Cn〉](x,y) J [〈σn−1
i 〉, Cn−1](x)

Further we do this in a way such that for all [〈τi〉, D], [〈ζi〉, E] ∈ AT2
K with

• [〈τi〉, D](x,y) J [〈ζi〉, E](x)
• eiK(τ0) ⊆ eiK(M0)
• eiK(τ1) ⊆ eiK(M1)

M∗ |= (∀a)[〈ηi〉, E](a) → (∃∞b)[〈τi〉, D](a,b)
This will give us bijections f : ω → M0 and g : ω → M1. We then

define our model M∗ as follows
• The underlying set of M∗ = ω
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• For all τ ∈ ATK and x ⊂ ω, M∗ |= τ(x) in [LK ]0 if and only if
M0 |= τ(f [x])

• For all τ ∈ ATK and x ⊂ ω, M∗ |= τ(x) in [LK ]1 if and only if
M1 |= τ(g[x])

• For all B ∈ BPK and x ⊂ ω, M∗ |= B(x) if and only if there is an
n ∈ ω such that x ⊆ xn and T 2

K ` (∀xn)Cn(xn) → B(x)
A model M∗ built this way will satisfy the conditions of (Local Truth) with
the function h(xn) = [〈σn

i 〉, Cn] and h(a) = ∅ if a 6∈ {xi : i ∈ ω}. Hence M∗

will be a model of T 2
K .

All that is left is to construct our fn, gn and [〈σn
i 〉, Cn]. First let

〈m0
i : i ∈ ω〉 be an enumeration of M0, and let 〈m1

i : i ∈ ω〉 be an enu-
meration of M1. Let Υ = 〈[〈τ j

i 〉, Dj ] : j ∈ ω〉 be an enumeration of elements
of AT2

K such that eiK(τ j
0 ) ⊂ eiK(M0) and eiK(τ j

1 ) ⊂ eiK(M1).

Definition 7.7. Let 〈(Aj,k, Uj,k, Sj,k) : j < ω〉 be a (countably redundant)
enumeration of all triples such that

• Sj,k, Uj,k, Aj,k ∈ Υ
• Uj,k(x,y) J Sj,k(y)
• [〈τk

i 〉, Dk](y, z) J Sj,k(y)
• Aj,k(x,y, z,w) is an amalgamation of [〈τk

i 〉, Dk] and Uj,k around Si,j

Notice that by (Amalgamation of Pairs of Archetypes) and (Extension of
Base Predicates) this is non-empty for every k ∈ ω, and because |AT| ∪
|BP2

K | = ω it is countable.

Stage -1:
Let f−1 = g−1 = ∅. And let dom(〈σ−1

i 〉) = ∅. Let x−1 = y−1 = ∅

Stage 3n:
Let [〈σ3n−1

i 〉, C3n−1〉] = [〈τk
i 〉, Dk]. So An,k is an amalgamation of [〈σ3n−1

i 〉, C3n−1〉]
with Un,k around Sn,k. Let [〈σ3n

i 〉, C3n〉] = An,k.
We then know by Theorem 5.7 and the fact that M0 |= σ3n−1

0 (a3n−1)
and M1 |= σ3n−1

1 (b3n−1) that there are a3n,b3n such that a3n−1 ⊆ a3n,
b3n−1 ⊆ b3n, M0 |= σ3n

0 (a3n) and M1 |= σ3n
1 (b3n). Let f3n and g3n be

any maps from |a3n| = |b3n| agreeing with f3n−1 and g3n−1 and such that
M0 |= σ3n

0 (f3n[a3n]) and M1 |= σ3n
1 (g3n[b3n]).

Stage 3n+1:
Let s be the least such that m0

s 6∈ a3n. Let η ∈ AT be such that M0 |=
η(a3n,m0

s, c). We know by (Extensions to 1-Height) that there is a 〈σ3n+1
i 〉(x,y,w, z)C

〈σ3n
i 〉(x) with eiK(σ3n+1

0 ) ⊆ eiK(M0), eiK(σ3n+1
1 ) ⊆ eiK(M1) and σ3n+1

0 (x,y,w, z) °K

η(x,y,w). Now let e be such that M0 |= σ3n+1
1 (a3n,m0

s, c, e) and let
b,d, f be such that M1 |= σ3n+1

1 (b3n, b,d, f) (which exist by Theorem 5.7).
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Let a3n+1 = a3nm0
sce, b3n+1 = b3nbdf and let f3n+1 and g3n+1 be bi-

jections from |a3n+1| = |b3n+1| extending f3n and g3n such that M0 |=
σ3n+1

0 (f3n+1[a3n+1]) and M1 |= σ3n+1
1 (g3n+1[b3n+1]). Finally let C3n+1 ∈

BP2
K be such that [〈σ3n+1

i 〉, C3n+1](x,y,w, z) J [〈σ3n
i 〉, C3n](x) (which we

know must exist by (Extension of Base Predicates)).

Stage 3n+2:
Let s be the least such that m1

s 6∈ b3n+1. Let η ∈ AT be such that
M1 |= η(b3n+1,m

1
s,d). We know by (Extensions to 0-Height) that there is

a 〈σ3n+2
i 〉(x, y,w, z)C 〈σ3n+1

i 〉(x) with eiK(σ3n+2
0 ) ⊆ eiK(M0), eiK(σ3n+2

1 ) ⊆
eiK(M1) and σ3n+1

1 (x,y,w, z) °K η(x,y,w). Now let f be such that M1 |=
σ3n+2

1 (b3n+1,m
1
s,d, f) and let a, c, e be such that M0 |= σ3n+2

0 (a3n+1, a, c, e)
(which exist by Theorem 5.7). Let a3n+2 = a3n+1ace, b3n+2 = b3n+1m

1
sdf

and let f3n+2 and g3n+2 be bijections from |a3n+2| = |b3n+2| extending f3n+1

and g3n+1 such that M0 |= σ3n+2
0 (f3n+2[a3n+2]) and M1 |= σ3n+2

1 (g3n+2[b3n+2]).
Finally let C3n+2 ∈ BP2

K be such that [〈σ3n+2
i 〉, C3n+2](x, y,w, z) J [〈σ3n+1

i 〉, C3n+1](x)
(which we know must exist by (Extension of Base Predicates)).

So our construction is done! f and g are bijections by steps 3n + 1
and 3n + 2 and whenever [〈τi〉, D](x,y) J [〈ηi〉, E](x), eiK(τ0) ⊆ EI(M0)
and eiK(τ1) ⊆ EI(M1), then M∗ |= (∀a)[〈ηi〉, E](a) → (∃∞b)[〈τi〉, D](a,b)
(this was taken care of in Steps 3n).

¤

7.3. Results.

Theorem 7.8. Suppose

• [〈σi〉, C](x), [〈τi〉, D](x,y) ∈ AT2
K

• [〈τi〉, D](x,y) J [〈σi〉, C](x)
• eiK(τi) ⊆ eiK([M ]i)

Then M |= (∀x)[〈σi〉, C](x) → (∃∞y)[〈τi〉, D](x,y).

Proof. We know by assumption and (Extra Information on Levels) that
M |= (∃a,b)[〈τi〉, D](a,b). The result then follows from (Prediction For
Pairs) and (Homogeneity of Base Predicates) ¤

Theorem 7.9. If M,N ∈M2
K and Mi

∼= Ni then M ∼= N .

Proof. First notice that as M and N are countable it suffices to show that
M ≡∞ N .

Definition 7.10. Define I(M, N) = {f : M → N s.t.

• f is a tree partial isomorphism
• There exists [〈σf

i 〉, C] ∈ AT2
K and a ∈ M,b ∈ N such that M |=

[〈σf
i 〉, C](dom(f),a), N |= [〈σf

i 〉, C](range(f),b)}
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We need to show that I(M, N) ⊆ I(M,N) has the tree back and forth
property. Let f ∈ I(M, N), a ∈ M such that dom(f) ∪ {a} is closed. Let
[〈σ′i〉, D] ∈ AT be such that M |= [〈σ′i〉, D](dom(f), a,a′) with a ⊆ a′ (we
know such exists because AT2

K is a collection of archetypes). We there-
fore have by (Completeness for Archetypes) (for AT2

K) and (Restriction of
Arity for Consistent Pairs of Archetypes) [〈σ′i〉, D](x, y,y′) J [〈σf

i 〉, C](x,y)
(where y ⊆ y′). We know by Theorem 7.8 that N |= (∃b,b′)[〈σ′i〉, D](range(f), b,b′).
So f ∪ (a, b) ∈ I(M, N).

We do the case where we are given a b ∈ N and we find an a ∈ M anal-
ogously and hence have proved that I(M, N) has tree the back and forth
property. So M ≡T∞ N and hence M ≡∞ N . ¤
This theorem will give an us upper bound on the number of models of our
theory.

Corollary 7.11. |M2
K | ≤ |MK ×MK | ≤ max{ω, |S(MK)|}

Theorem 7.12. Suppose M, N ∈M2
K such that

• M1
∼= N1

• eiK(M0) ∪ eiK(N0) ⊆ eiK(M1)
• ATY PE(M0)|sl = ATY PE(N0)|sl

Then M ≡T
ω∗γ N .

Proof. We need to define a sequence of partial tree isomorphisms from M
to N of length at least ω ∗ γ.

Definition 7.13. Define Iζ(M, N) = Iζ as follows:
Iω∗ζ+n = {f : M → N s.t.

• f is a tree partial isomorphism
• There exists a slant line sl, σf , τf ∈ ATK and a ∈ M,b ∈ N such

that
– sl < ω ∗ (ζ + 1) and sl(|dom(f)|+ n) ≥ ω ∗ ζ}
– M |= [〈σf

i 〉, C](dom(f),a), N |= [〈τ f
i 〉, C](range(f),b)

– σf
1 = τ f

1

– σf
0 |sl = τ f

0 |sl
We want to show that 〈Iµ : µ < ω ∗ γ〉 satisfies the tree back and forth

property. Let ω ∗ ζ + n + 1 < ω ∗ γ and let f ∈ Iω∗ζ+n+1, a ∈ M such that
dom(f) ∪ {a} is closed.

Let [〈σ′i〉, C ′] ∈ AT be such that M |= [〈σ′i〉, C ′](dom(f), a,a′) with
a ⊆ a′ and [〈σ′i〉, C ′](x, a,a′) J [〈σf

i 〉, C](x,a). We know by (Prediction Up
To A Slant Line For Pairs) that there is an [〈ηN

i 〉, EN ] ∈ AT2
K and a base

predicate AN
[〈σi〉,C],[〈τi〉,D],sl such that

(∗) N |= Trivial
[〈ηN

i 〉,EN ],[〈τf
i 〉,C]

(c, range(f),b,d)∧AN
[〈σi〉,C],[〈τi〉,D],sl(range(f),b, b, c,d, e)

then N |= [〈τ ′i〉, C ′](range(f), b,b′) for some element [〈τi〉, D] ∈ AT2
K such

that τ ′1 = σ′1 and τ ′0|sl = σ′0|sl.
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But we also know N |= (∃c)[〈ηN
i 〉, EN ](c) by our assumptions on M and

N and (Extra Information on Levels). So N |= (∃c,d)Trivial
[〈ηM

i 〉,EM ],[〈τf
i 〉,C]

(c, range(f),b,d).
Hence by (Homogeneity of Base Predicates) N satisfies (∗). So if we let b
be as above then g = f ∪ (a, b) ∈ Iω∗η+n (because sl(|dom(f)| + n + 1) =
sl(|dom(g)|+ n)).

We do the case where we are given b ∈ N and we need to find a ∈ M
analogously and hence have proved that 〈Iµ : µ < ω ∗ γ〉 has the tree back
and forth property and M ≡T

ω∗γ N . ¤
Notice that 〈Iµ : µ < ω ∗ γ〉 has the added property that if p ∈ ⋃

µ∈ω∗γ Iµ

then (∀a ∈ dom(p))heightP1
(a) = heightP1

(p(a)). This will be important in
Section 8.2.

Corollary 7.14. If M ∈ M2
K , eiK([M ]0) ⊆ eiK([M ]1) and SpecP0

(M) =
{−∞} ∪ ω ∗ α + n then qr(M) ≥ α.

Proof. This is immediate from Theorem 7.12 and Theorem 7.6. ¤
7.4. Full Trees.

Definition 7.15. Let L2
Full = LFull(2)∪{H i,j

≤ : i, j ∈ {0, 1}} where H i,j
≤ are

binary relations. We define as shorthand H i,j
= (a, b) ⇔ H i,j

≤ (a, b) ∧Hj,i
≤ (b, a)

and H i,j
< (a, b) ⇔ H i,j

≤ (a, b) ∧ ¬H i,j
= (a, b).

Definition 7.16. T 2
Full ∈ Lω1,ω(L2

Full), the theory of 2-full trees is the con-
junction of the following (for i, j, k ∈ {0, 1}):

Full Components TFull(2)
Agreement With THeight (∀x, y)H i,i

≤ (x, y) ↔ (H≤, i)(x, y) (i.e. H≤ in [LK ]i)
(∀x, y)H i,j

≤ (x, y) ↔ [(∃b)Hj,j
≤ (b, y) ∧H i,j

= (x, b)]
Linearity (∀x, y)H i,j

≤ (x, y) ∨Hj,i
≤ (y, x)

Transitivity (∀x, y, z)[H i,j
≤ (x, y) ∧Hj,k

≤ (y, z)] → H i,k
≤ (x, z)

Tree Ordering (∀x, y, a)[a < x ∧ Pi(x) ∧H i,j
≤ (x, y)] → H i,j

< (a, y)
Base Case (∀x, y)¬Pi(x) → H i,j

≤ (x, y)
2-Fullness (∀x, y0, y1)

∧
i∈{0,1}H i,i

< (yi, x) ∧H0,1
≤ (y0, y1) →

(∃∞z)
∧

i∈{0,1}H i,i
= (yi, z) ∧ z <1 x

Theorem 7.17. If M |= T 2
Full then for all i, j ∈ {0, 1}

• M |= (∀a, b)H i,j
≤ (a, b) ⇒ heightPi

(a) ≤ heightPj
(b)

• M |= (∀a, b) heightPi
(a) ≤ heightPj

(b)∧heightPi
(a) 6= ∞→ H i,j

≤ (a, b).

Proof. This is by an induction on heightPi
(a) (in a similar way to the proof

of Theorem 3.15) ¤
Theorem 7.18. Suppose M |= T 2

Full with a ∈ M . If β0 < heightP0
(a),

β1 < heightP1
(a) and β0 ≤ β1 then M |= (∃∞b)b <1 a, heightP0

(b) = β0 and
heightP1

(b) = β1
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Proof. If β0, β1 < ∞ then this follows from Theorem 7.17. If β0 = ∞ or
β1 = ∞ this follows from the fact that (∀β)β < ∞ and Theorem 7.17. ¤

Definition 7.19. Let AT2
Full = {[〈σi〉, C] : 〈σi〉 ∈ 2−ATFull, C ∈ BPT and

(∃M |= T 2
Full, |M | = ω)M |= (∃a)[〈σi〉, C](a)}.

Theorem 7.20. AT2
Full satisfies all the conditions of a definable collection

of pairs of archetypes (with respect to BPT , EIFull, and (2 − ATFull, C))
except for (Prediction For Pairs) and (Prediction Up To A Slant Line For
Pairs).

Proof. All the conditions but (Local Truth) are obvious. (Local Truth)
follows from the fact that 〈τi〉(x,y) C 〈σi〉(x) whenever τ0(x,y) °ω1 σ0(x),
τ1(x,y) °ω1 σ1(x), and τ0(a1, . . . , an), τ1(b1, . . . , bn) °ω1

∧
i≤n heightP (ai) ≤

heightP (bi). So, any function f : M<ω → AT2
Full with the properties of

(Local Truth) must actually be an assignment of pairs of archetypes. ¤

Theorem 7.21. Let M, N |= T 2
Full such that

• ∞ 6∈ SpecP0
(M) ∪ SpecP1

(M) ∪ SpecP0
(N) ∪ SpecP1

(N).
• [M ]0 ≡∞ [N ]0 and [M ]1 ≡∞ [N ]1

Then M ≡∞ N

Proof. Let I(M, N) = {p : p is a tree partial isomorphism from M to N
which preserves height in [LP ]0 and [LP ]1}. We see that I(M, N) ⊆ I(M, N)
has the tree back and forth property by Theorem 7.18 and the fact that there
is a single formula ϕi,j(x, y) ∈ Lω1,ω(L2

Full) which defines H i,j
≤ in M and N

(see Theorem 3.16). ¤

The difficulty with using T 2
Full as the basis for out scattered theories doesn’t

come from the fact that there are too few or too many models with the
appropriate spectra, but rather that our method of gluing models together
will collapse their quantifier ranks.

8. Scattered Theories

We are now ready to introduce our method of bounding the height of
our models and of eliminating models with ill-founded branches from our
theories. We do this by gluing two trees together in such a way as to fix the
spectrum of the larger tree.

8.1. Theory.

Definition 8.1. Let
• M ∈MK such that ∞ 6∈ SpecP (M).
• LQ(M) = {〈ci : i ∈ M〉, Qtree, QM} where the ci are constants and

Qtree, QM are unary relations.
• LK(M) = L2

K∪LQ(M)∪{(H≤, 1)}. (We will write H≤ for (H≤, 1)).
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Definition 8.2. Let T 2
K(M) be the conjunction of the following LK(M)

sentences:
QM :

• (∀x)QM(x) ↔ ¬Qtree(x) ∨ x = r
• (∀x)QM(x) ↔ ∨

a∈M x = ca

• For all φ ∈ L∞,ω([LH ]1), QM |= φ(ca1 , . . . can) iff M |= φ(a1, . . . an)
Disjointness:

• (∀x,y)Qtree(x) ∧ QM (y) ∧ |y| > 0 ∧ r 6∈ y → ¬U(x,y) where U is
any relation not in [LH ]1.

LH :
• (∀x)(∃c)Qtree(x) → QM(c) ∧H≤(x, c)
• (∀c)(∃x)QM(c) → Qtree(x) ∧H≤(c, x)

Other Axioms:
• Qtree |= T 2

K

In Section 6.1 we saw how to combine two trees in such a way that the smaller
one is a subtree of the larger one. However, we still have the problem that
our archetypes only work with models with certain spectra and so we need
some way to limit the models we are considering. The theory T 2

K(M) is
there to fix this problem. Specifically, in T 2

K(M) we fix the spectrum of the
larger tree and thereby also bounding the spectrum of the smaller subtree.
By doing this we find that we no longer have to worry about models of T 2

K
with spectra we don’t want to consider (like those with ∞ in their spectra.)

Definition 8.3. If M |= T 2
K(M) we define MQ = {x : M |= Qtree(x)}|L2

K

8.2. Results.

Theorem 8.4. Suppose M |= T 2
K and SpecP ([M ]1) = Spec(M). Then there

is a unique model M∗ |= T 2
K(M) such that (M∗)Q ∼= M .

Proof. This follows immediately from the fact that there is a unique expan-
sion of [MQ]1 to LH , that {x : M∗ |= QM (x)} ∼= M|LH

, and the Disjointness
axiom. ¤
Theorem 8.5. Suppose

• M,N |= T 2
K(M)

• 〈Iγ : γ < α〉 is a sequence of tree partial isomorphisms from MQ to
NQ

• (∀p ∈ ⋃
γ<α Iγ)(∀x ∈ dom(p))heightP1

(x) = heightP1
(p(x))

then M ≡T
α N

Proof. Let IM be the set of all tree partial isomorphisms from (QM)M to
(QM)N . IM ⊆ IM has the tree back and forth property since T 2

K(M) `
(∀x)QM(x) → there is a constant c such that c = x.

Let Iγ = {q : (∃p ∈ Iγ)(∃p′ ∈ IM )q = p ∪ p′}. 〈Iγ : γ < α〉 has the tree
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back and forth property because 〈Iγ : γ < α〉 and IM ⊆ IM do. Further
each element of

⋃
γ<α I is also a tree partial isomorphism on L2

K(M) by the
Disjointness axiom and our conditions on 〈Iγ : γ < α〉. ¤

Note that this theorem works for any T 2
K ` Tsup(P0, P1) and doesn’t use any

assumptions on archetypes.

Corollary 8.6. If M,N |= T 2
K(M) and [MQ]1 ∼= [NQ]1 and ω ∗ γ ⊂

SpecP ([MQ]0) ∩ SpecP ([NQ]0) then M ≡T
ω∗γ N

Proof. By Theorem 7.12 we know MQ ≡T
ω∗γ NQ and further the sequence

of tree partial isomorphisms used to witness this satisfies the conditions in
Theorem 8.5. So by Theorem 8.5, M ≡T

ω∗γ N ¤

Corollary 8.7. If M |= T 2
K(M), eiK([MQ]0) ⊆ eiK([MQ]1) and ω ∗ γ ⊂

SpecP ([MQ]0) then qr(M) ≥ γ.

Proof. This follows from Corollary 8.6 and the construction in Theorem
7.6. ¤

Theorem 8.8. If M, N |= T 2
K(M) and [MQ]i ≡∞ [NQ]i for i ∈ {0, 1} then

then M ≡∞ N

Proof. We know by Theorem 7.9 that MQ ≡∞ NQ. So this follows from
Theorem 8.4. ¤

Corollary 8.9. If M |= TK
2 (M) then the qr(M) ≤ max{qr([M ]0), qr([M ]1)}.

8.3. Full Trees.

Theorem 8.10. LetM∈Mω1 and suppose M, N |= T 2
Full(M). If M ≡T

ω N
then M ∼= N .

Proof. Suppose that 〈In : n ∈ ω〉 is a sequence of tree partial isomor-
phisms from M to N . Let {−∞} ∪ α = SpecP0

(MQ) and let {−∞} ∪ β =
SpecP0

(NQ). For each γ ∈ α let xγ ∈M be such that M |= height(xγ) = γ.
By 2-fullness there is an a ∈ M such that M |= H0,1

= (a, a) ∧ H1,1
= (a, cxγ ).

Hence by assumption there must be a b ∈ N such that N |= H0,1
= (b, b) ∧

H1,1
= (b, cxγ ). But by Theorem 7.17 this implies that heightP0

(b) = γ and so,
as γ was arbitrary we get SpecP0

(NQ) ⊆ SpecP0
(MQ). We get the other

inclusion in the same manner and so SpecP0
(MQ) = SpecP0

(NQ).
We also have SpecP1

(MQ) = SpecP1
(NQ) = SpecP (M), and so by

Corollary 3.20 we have [MQ]i ∼= [NQ]i for i ∈ {0, 1}. But this implies
MQ ∼= NQ by 7.21 and the fact that M and N are countable.

So, by Theorem 8.5 applied to T 2
Full we have M ∼= N . ¤

This shows that in the theory of 2-full trees our method of gluing collapses
the quantifier ranks of our models.
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9. Main Results

We are now ready to put all of these results together. Our main assumption
will be the following.

Assumption
• For all α ∈ ω1 there is a theory Tα such that

– Tα has a definable collection of pairs archetypes ATα forMα(Tα)
– (∃M ∈Mα(Tα))α ⊆ SpecP (M)

• For all α ∈ ω1 there is a theory T 2
α where

– T 2
α ` Tα(2)

– T 2
α has a definable collection of archetypes with respect to ATα

– qr(T 2
α) ≤ ω

Under these assumption we have the following theorem

Theorem 9.1. There is a set Z ⊆ ω1 such that
• Z is unbounded in ω1

• For all α ∈ Z there is an Sα ∈ Lω1,ω such that
– qr(Sα) ≤ ω
– The supremum of the quantifier rank spectrum of Sα is α.
– Sα is scattered with countably may models.

Proof. Let Z∗ = {(α, T 2
β (M)) : M ∈ Mβ(Tβ) and the supremum of the

quantifier rank spectrum of T 2
β (M) = α}. We then let Z = {α : (∃T ∈

Lω1,ω)(α, T ) ∈ Z∗} and Sα be such that (α, Sα) ∈ Z∗.
For each α ∈ Z we know by Corollary 7.11 that Sα is scattered with

countably many models and further, by our assumptions and Definition 8.2,
it is clear that qr(Sα) ≤ ω for each α.

Let ω ∗ β ∈ ω1. We then know that there is a model M ∈Mω∗β(Tω∗β)
such that ω ∗ β ⊆ SpecP (M). Now we know that there is a model M2 of
T 2

ω∗β such that [M2]0 ∼= [M2]1 ∼= M by the construction in Theorem 7.6.
Let N be the unique expansion of M2 to a model of T 2

ω∗β(M). Then by
Corollary 8.7 qr(N) ≥ β. So the supremum of the quantifier rank spectrum
of T 2

ω∗β(M) is greater than or equal to β. Hence Z is unbounded in ω1. ¤
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