ASYMPTOTICS FOR NUMBER FIELDS AND CLASS GROUPS
MELANIE MATCHETT WOOD

ABSTRACT. This article is a exposition of some of the basic questions of arithmetic statistics
(counting number fields and distribution of class groups) aimed at readers new to the area.
Instead of a thorough treatment of the most general cases, it treats the simplest cases in
detailed way, with an emphasis on connections and perspectives that are well-known to
experts but absent from the literature.

1. COUNTING NUMBER FIELDS

We start by giving an introduction to some of the most basic questions of arithmetic
statistics. A number field K is a finite extension of fields K/Q. Associated to a number
field is an integer Disc X, its discriminant. (See your favorite algebraic number theory text,
or e.g. [Neu99, p. 15].) We have the following classical result

Theorem 1.1 (Hermite’s Theorem, see e.g. 111.2.16 in |?]). Given a positive real number X,
there are finitely many number fields K (up to isomorphism, or in a fized algebraic closure

Q of Q) with |Disc K| < X.

So the most basic question we can ask is how many are there? Let D(X) be the set of
isomorphism classes of number fields K such that | Disc K| < X.

Question 1.2. What are the asymptotics in X of
N(X) :=#D(X)?

Remark 1.3. One can ask a version of this question in which Q is replaced by any global
field, as well, and Disc K is replaced by the norm of the discriminant ideal.

It turns out that after seeing the heuristics in these talks and perhaps also looking at data,
one might conjecture

N(X) =cX 4+ o(X)
for some constant ¢ > 0, but we are a long way from a proof of such a statement.

Notation. Given real-valued functions f(X), g(X), and A(X) on some subset of R when
we write

f(X) = g(X) + O(h(X)),
we mean that there exists a ' such that for every X > 1 we have
[f(z) —g(2)] < CX.
Given such functions f(X), g(X), and h(X) when we write

f(X) = g(Xl) + o(h(X)),



we mean that for every real number € > 0, there exists an N such that for X > N, we have
|f(X) = g(X)] < eh(X).

When we have f(X) = g(X) 4+ o(h(X)) and also % = O(1), i.e. limx oo % = 1, then

we write
f(X) ~g(X)
to denote that f(X) and g(X) are asymptotically equivalent.

One can approach Question 1.2 by filtering the number fields by other invariants.

1.1. Galois group. Given a number field K of degree n-not necessarily Galois, with Galois
closure K over Q, we define (by a standard abuse of language) the Galois group of K, or
Gal(K), to be the permutation group given as the image of

Gal(K/Q) — S,

given by the action of the Galois group on the n homomorphisms of K into Q. For example if
K = Q(#), these n homomorphisms are given by mapping 6 to each of its n Galois conjugates
in Q. The Galois group is well-defined as a permutation group, i.e. up to relabeling the n
homomorphisms, or equivalently, conjugation in S,,. Two permutation groups in S, are
isomorphic if they are S,-conjugate.

Ezercise 1.4. Show that the Galois group of a number field is a transitive permutation group,
i.e. it has a single orbit on {1,2,...,n}.

Exercise 1.5. Show that if K is Galois, then its Galois group as defined above is isomorphic,
as a group, to the usual notation of Galois group.

So given a transitive permutation group I' C S, (i.e. a conjugacy class of subgroups of
Sy, each with a single orbit), we can ask the following.

Question 1.6. What are the asymptotics in X of
Np(X):=#{K € D(X) | Gal(K) ~T}?
(where Gal(K) ~ I' denotes an isomorphism of permutation groups).

Note that since I' determines n, any K with Gal(K') ~ I" is necessarily of degree n. Note
also that we count fields up to isomorphism, not as subfields of Q, so e.g. each isomorphism
class of non-Galois cubic field is counted once, not three times.

Remark 1.7. One can of course ask these questions, but it should be clear that in general
these questions are very hard (for example they contain the inverse Galois problem). In this
article we will discuss what one can do towards solving them in some cases.

Ezercise 1.8. For each permutation group I', determine how Np(X) differs from the similar
function that counts subfields of Q with Galois group I'.

Ezercise 1.9. For each permutation group I', determine how Np(X) differs from the similar
function that counts elements K of D(X) with a choice of isomorphism of Gal(K) to T
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1.2. Local Behavior. Given a place p of Q and a number field K, we can form K, :=
K ®q Q, (where Qx = R).

FEzercise 1.10. Prove that K, is an étale QQ, algebra, equivalently a direct sum of field exten-
sions of Q,,.

In particular, if p; are the places of K dividing p, then K, = €, K,,,. So in particular, we
see that the algebra K, contains the information of the splitting/ramification type of p. The
n homomorphisms K — Q extend to n homomorphisms K, — @p, and we have a map then
from the decomposition group Gal(Q,/Q,) C Gal(Q/Q) to I given by its actions on the n
homomorphisms. Let the image of this map be H, as a permutation group, we can define it
as Gal(K,), the Galois group of the étale algebra (by yet another abuse of language). Note
that H is the decomposition subgroup of Gal(K /Q) ~ T

We can also count number fields with a fixed local behavior.

Question 1.11. Let I' be a permutation group with sub-permutation group H and let M be
an étale K, algebra with Gal(M) ~ H. What are the asymptotics in X of

Nru(X) =#{K e D(X) | Gal(K) ~T',K, ~ M,Gal(K,) = H}?

Ezercise 1.12. 1 wrote Gal(K),) = H to denote that the isomorphism Gal(K) ~ I' should
induce an isomorphism of Gal(K,) onto the precise subgroup H of I, not just some other
subgroup isomorphic to H. Find a case where this would make a difference.

Question 1.11 then contains for example, the question of counting quadratic number fields
that are split completely at 7.

Exercise 1.13. Answer Question 1.11 for the question of counting quadratic number fields
that are split completely at 7. Can you extend your method to count non-Galois cubic
(I' = S3) fields split completely at 7?7 What makes this problem harder?

We can further refine Question 1.11 to ask for local conditions at a set of primes (either a
finite set of an infinite set).

Exercise 1.14. Answer this refinement for real quadratic fields split completely at 7. Answer
this refinement for real quadratic fields split completely at 7 and ramified at 3.

1.3. Independence. By dividing the answers to the above questions, we can ask what
proportion of number fields (with some Galois structure) have a certain local behavior. It is
natural to phrase this proportion as a probability and define

Ppisc (K with Gal(K) ~ T" has some local behavior)
~ lim #{K € D(X) | Gal(K) ~T', K has that local behavior}
XS0 #{K € D(X) | Gal(K) ~T} '

This might now remind us of the Chebotarev Density Theorem, which is of similar flavor.
That theorem tells us, for example, that if we fix a quadratic field K, then half of the primes
of Q split completely in K and half are inert. We could phrase that as above as a question
about a fixed field and a random prime. Note that the probability above is for a fixed prime
and a random field. One thing that makes this version much harder is that it is much harder

to enumerate the fields than the primes—with quadratic fields being an exception.
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Imagine we make a big chart, listing all the quadratic fields by (absolute value of their)
discriminant and all the primes, and marking which split (S), ramify (R), or are inert (I).

o= w2 e -

S
I
R
I
2

quad. fields / primes

Above we defined a notion of probability for a random field. Now we do the same for a
random prime. For a subset S of the primes, let

.. #{peS|p<P}
Pplp € 8) = Pl’grolo #{p prime | p < P}

The Chebotarev density theorem (or simply Dirchlet’s theorem on primes in arithmetic
progressions plus quadratic reciprocity) tells us that for each quadratic field K

P,(p prime, splits in K) =1/2
P,(p prime, inert in K) =1/2
P, (p prime, ramifies in K) = 0.

This says, in each row of the chart, if we go out far enough to the right, about half the
entries are S and have are I. If we ask for Pp;s(7 splits), that is asking in the 7th column of
the chart, as we look far enough up, what proportion of S’s do we get. We can do a simple
calculation to see that in Pp;e. there is a positive probability of ramification, in contrast to
the Chebotarev Density Theorem. So for example we have (as the result of a slightly more
complicated but classical calculation, like the exercise above)

Ppise (K with Gal(K) ~ Sy splits completely at 7) =7/16
Ppisc (K with Gal(K) =~ S, inert at 7) =7/16
Ppisc (K with Gal(K) ~ S, ramified at 7) =1/8.

If we condition on K being unramified, in this case we do obtain the “same probabilities” as
in the Chebotarev Density Theorem. We will see this in other cases below, and in generality
for abelian extensions in Theorem 9.1.

Note that Ppi. and P, are not probability measures in the usual sense (perhaps more
precisely they are “asymptotic probabilities”) because they are not always countably additive.
However, it is a useful piece of language here, because it lets us phrase the following important
question.

Question 1.15. For a finite set of distinct places, are probabilities of local behaviors inde-

pendent at those places?
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It is interesting to compare this to the Chebotarev version. Suppose we look in two rows
of the above chart. How often do we see

S vs. S vs. 1 vs. [
S I S I?

If the two rows were independent, then we would see each of these possibilities 1/4 of the
time, asymptotically. Indeed, we can see that is the case by applying the Chebotarev density
theorem to the composite of the two quadratic fields.

Exercise 1.16. Do that application of the Chebotarev density theorem.

More generally, the Chebotarev density theorem tells us that even if we included all Galois
number fields in our list on the left of our chart, two rows are independent if they correspond
to number fields K, L that do not contain a common subfield larger than Q. For example,
we have the following.

Proposition 1.17. Let K,L C Q be Galois number fields. Then for a random rational
prime p the events “p splits completely in K7 and “p splits completely in L are independent,
i.e.
P, (p splits completely in K)P,(p splits completely in L) =P,(p splits completely in K and L),
if and only of KN L =Q.
Proof. By the Chebotarev Density Theorem, for a Galois number field F' we have

P, (p splits completely in F) = [F: Q] .
We have, since K is Galois, [K : Q|[L : Q] = [KL : Q] if and only if K N L = Q. O

Exercise 1.18. Prove the analog of Proposition 1.17 for other local behaviors besides “splits
completely.”

If K and L are not Galois, the question of independence is more subtle (see, e.g. the notion
of Kronecker equivalence in [Kli98, Chapter 2|). If K,L do contain a common subfield
F' larger than Q, then it is easy to understand heuristically that the rows should not be
independent because they both have a dependence on local behaviors in F'. One can moreover
see that the common subfield exactly accounts for the dependence as in the following.

Proposition 1.19. Let K,L C Q be Galois number fields. Then for a random rational
prime p, conditional on p’s splitting type in K N L, the events “p splits completely in K7 and
“p splits completely in L” are independent, 1i.e.

P,(p splits completely in K|p splits completely in K N L)
‘P, (p splits completely in L|p splits completely in K N L)
= P,(p splits completely in K and L|p splits completely in K N L).
Proof. We have
P,(p splits completely in K|p splits completely in KN L) = [K : Q" '[K N L :Q),

and similarly for the other two conditional probabilities. Since K is Galois, [K : Q] '[KNL :
QIL:Q MKNL:Q]=[KL: Q] Y[KnNnL:Q. O
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We can prove the analogous fact for any local behaviors. So the dependence of two rows
for K and L is determined by whether K and L have a subfield in common. You can try
to imagine what the analog should be for primes. What should be analogous for primes, to
two fields containing a common subfield?

Exercise 1.20. What is the probability that a quadratic field is split completely at 37 at 57
at 3 and 57 is there independence? What more general statement along these lines can you
prove for quadratic fields?

2. COUNTING CLASS GROUPS

Similarly, we can ask what proportion of number fields have a certain class group behavior.
Here, even phrasing the right question in the most general case is complicated, so we will
start with the simplest case.

Question 2.1. Given an odd prime p and a finite abelian p-group G, what proportion of
imaginary quadratic number fields K, ordered by discriminant, have Cl(K), (denoting the
Sylow p-subgroup of the class group) isomorphic to G, i.e. what is the limit

iy P € DX) | Kimag quad, CUK), ~ G}
X—00 #{K € D(X) | Kimag quad}

if it exists?
The answer to this question is not known for any G.

Exercise 2.2. Let G be a finite abelian group. What are the asymptotics of the number of
imaginary quadratic number fields up to discriminant X with class group isomorphic to G?
Can you see why we restrict to the Sylow p-subgroup in Question 2.17

We can also ask for various averages of the class groups of number fields.

Question 2.3. Given an odd prime p, what are the limits, if they exist:

(1) lim ZKGD(X)Kimag quad‘Cl(K)/pCl(K)‘?
X—oo  #{K € D(X) | Kimag quad}

(average size of p-torsion)

k
(2) lim ZKED(X)Kimag quad |CZ(K)/pCl(K>| ?

k-th t _torsi
X—oo  #{K € D(X) | Kimag quad} ( moment of p-torsion)

(3) lim ZKGD(X)Kimag quad | Sur(C’l(K), A) ’ 2
X—o0o  #{K € D(X) | Kimag quad}

where A is a finite odd abelian group and Sur denotes surjections.

(A-th moment),

Note that the denominators here are examples of the kind of counting number field func-
tions we considered above (but in an example we can answer!).

Ezercise 2.4. If p = 2, what is the answer to Equation 1?7 (Hint: learn about genus theory
if you haven’t already.)



FEzercise 2.5. Can you relate the case A = (Z/pZ)™ of Equation 3 to Equation 27 (Hint:
first try the analog of Equation 3 for homomorphisms instead of surjections. Can you say
how many homomorphisms a finite abelian group G has to (Z/pZ)™ in terms of the size of
the p-torsion of G?7 Then use the fact that homomorphisms are all surjections on to their
image.)

One might hope that if you knew the answer to Question 2.1 for every GG, then you could
average over (G to obtain the answers to Question 2.3. However, one cannot switch the sum
over G with the limit in X without an argument, of which none has been suggested (if you
know one, let me know!).

Questions of the form (3) are the most natural to approach from a certain angle, and in
fact the A = 7Z /37 case (which is also the p = 3 case of (1)) is a theorem of Davenport and
Heilbronn that we will discuss.

3. RELATION BETWEEN COUNTING NUMBER FIELDS AND CLASS GROUPS STATISTICS

The questions discussed above, of counting number fields and averages for class groups,
are in fact deeply intertwined. We give the first example of their relationship. Let K be
an imaginary quadratic field. Then surjections from CI(K) to Z/3Z, by class field theory,
correspond to unramified Z/3Z-extensions L of K with an isomorphism Gal(L/K) ~ Z/3Z.
Also by class field theory, we can show that such an L is necessarily Galois over QQ, with
Galois group S3. So for each imaginary quadratic K, we have a bijection

Sur(Cl(K),Z/3Z) <> {L/K unramified, ¢ : Gal(L/K) ~ Z/3Z}
and all L appearing on the right are Galois over Q with Galois group 5.
Exercise 3.1. Show it.

Conversely, let L/Q be a S3 Galois sextic field (so with Galois group S3 C Sg via the
regular representation) with quadratic subfield K, such that K is imaginary, and L/K is
unramified. Then we have two corresponding surjections from CI(K) to Z/3Z. So, counting
surjections from CI(K) to Z/37Z for imaginary quadratic fields K, is the same (up to a
multiple of 2) as counting S3 cubic fields that are unramified over their quadratic subfields
(that are also imaginary). And since L/K is unramified | Disc L| = | Disc K|3. The condition
that the quadratic subfield of L is imaginary is a condition on L., and the condition that
L is unramified over its quadratic subfield is a condition on L, for every p.

So we see here how the class group average of (3) is related to a question of counting S3
Galois sextic number fields with local conditions (at all primes). This was first explained
by Hasse [Has30]. (In particular, we now see the numerator is a question of this flavor. We
already noted the denominator was a question of counting number fields.) We can further
translate the class group average to an even simpler question of counting number fields. A
Galois sextic Ss3-field corresponds to exactly one non-Galois cubic field, up to isomorphism
(of which it is the Galois closure). So the question of counting S3 C Sy sextic extensions is
equivalent to counting S5 cubic extensions. In general, it is delicate to relate the discriminant
of the non-Galois cubics and the discriminant of their Galois closure (we will discuss this
further below), but in this case, the local conditions we are imposing make the relationship
simple.
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Exercise 3.2. What are the different possible ramification types of a prime p in a non-Galois
cubic field K3? Can you tell from the ramification type whether the Galois closure Kj is
ramified over its quadratic subfield? How? If K3 is unramified over its quadratic subfield,
how are Disc Xg and Disc K3 related?

FEzercise 3.3. Can you tell from K3 ®g R if the quadratic subfield of K3 is imaginary? How?

Ezercise 3.4. Do the same translation of the class group average question (3) to a question
of counting number fields with local conditions for an arbitrary finite abelian group A.

This relationship to counting number fields is one reason that the A-moments of (3) are
a particularly nice class group statistic. (We will see another reason later.) See [Kli06] for
a more indepth discussion and results explaining the connections between asymptotics of
number fields and averages of class groups.

4. DIFFERENT COUNTING INVARIANTS

So far in this entire discussion we have ordered by discriminant, i.e. counted number fields
of discriminant up to X asymptotically in X. We could replace discriminant by other real
valued invariants and ask the same questions. We will see below how this can change the
answers, both quantitatively and qualitatively.

In fact, some of the questions we have already asked about counting number fields ordered
by discriminant can be seen as a question of counting other number fields ordered by a differ-
ent counting invariant. For example, the question of counting all S5 C Sg sextic extensions
by discriminant is equivalent to counting S3 cubic extensions by the discriminant of their
Galois closure, which without the local conditions imposed in the last chapter, is truly a
different counting invariant.

5. COHEN-LENSTRA HEURISTICS

We will discuss heuristics (conjectural answers) for the questions we have considered so
far, starting with the class group question. The Cohen-Lenstra heuristics start from the
observation that structures often occur in nature with frequency inversely proportional to
their number of automorphisms.

Fxercise 5.1. Consider a graph G on n vertices. Of the 2" graphs on n labeled vertices
(“nature”-you might imagine the vertices are n computers actually out there in the world, and

we are considering all possible network structures between them) how many are isomorphic
to G7

Exercise 5.2. Consider all multiplication tables on n elements aq, ..., a,, that satisfy the group
axioms. How many are isomorphic to a given group G of order n?

Exercise 5.3. Fix a degree n number field K. Consider all subfields of Q with degree n over
Q-how many of these are isomorphic to K?

Now that you are convinced of this principle, the idea of the Cohen-Lenstra heuristics is
that for odd p, the group CI(K), is a finite abelian p-group occurring in nature, that we
know nothing else about, so we will guess it is distributed in this same way. (For p = 2,
when K is imaginary quadratic, genus theory tells us something about the form of CI(K),,
or more precisely about Cl(K)2/2CI(K )y, but nothing about 2CI(K )y, so as suggested by
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Gerth we can make the same guess for 2C1(K)s.) Let G(n) be the set of all finite abelian
groups of order n.

Conjecture 5.4 (|[CL84|, p = 2 part from [Ger87a, Ger87b|). For any “reasonable” function
f on finite abelian groups we have

lim ZKED(X)K’imag quad|f(20l(K))| — lim Zl IZGEG #Aut() QG)
Xooo #{K € D(X) | Kimag quad} — n—oo 350 3" 0 q #Tt(G)‘

I expect that we should interpret this as saying not that both limits exist, but that either
both limits do not exist, or they both exist and are equal. Of course, everything hangs on
what “reasonable” means. Cohen and Lenstra [CL84] said that “reasonable” should probably
include all non-negative functions, but Poonen pointed out to me that it may not make sense
to include all non-negative functions as “reasonable”. See page 22 of [BKLj" 13| for one idea
of what one might include as “reasonable”. The main examples that Cohen and Lenstra in
[CL84| apply their conjecture to are f that only depend on the Sylow p-subgroups of G for
finitely many p (which most people think should be “reasonable”; [BKLj*13| agrees), and f
the characteristic function of cyclic groups (which is not in the class of “reasonable” functions
considered in [BKLjT13]).

Notably, Conjecture 5.4 is known for almost no non-trivial f. One exception is when
f = #Sur(—,Z/3Z), in which case Conjecture 5.4 is known by Davenport and Heilbronn’s
work |[DHT71] (discussed in depth below) on counting cubic fields (see Section 3 for the
connection to counting cubic fields). This result, of course, predates the conjecture. The
other exception is Fouvry and Kliiners results [FK06a, FK06b| that show Conjecture 5.4
when f = # Sur(—, (Z/2Z)*) or f is the indicator function of having a particular 2-rank,
confirming conjectures of Gerth |Ger87a, Ger87h|.

In order words, the class group average equals the Aut™' weighted group average.  We

define, if it exists,
_fG)
M(f) lim Zz 1 ZGEG #Aut(G)

n—oo 3 1ZG€G #Aut(G)

(the right-hand side of Conjecture 5.4).
It is useful to know (see exercises above or Section 8) that the denominator on the left
hand side of Conjecture 5.4 is ~ —X

FEzxercise 5.5. Show that

nh—>r{>loz Z #Aut -

i=1 GeEG(n

In particular, then, Conjecture 5.4 implies that each group G appears as a class group
of imaginary quadratic fields asymptotically 0% of the time. In fact, it was first shown by
Heilbronn [Hei34| that each group G appears as a class group of an imaginary quadratic field
only finitely many times.

Cohen and Lenstra in [CL84| compute the right-hand side of Conjecture 5.4 for many
interesting functions f (which is purely a problem in "finite group theory statistics" instead
of "arithmetic statistics"). If f is the indicator function of cyclic groups they show

M(f) ~ .977575.
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Given an odd prime p, if f is the indicator function for when p | #G, then
M(f)y=1-JJC=»,
i>1
and for p = 3 this is &~ .43987. Perhaps most striking is the following, which follows from
combining lemmas of [CL84] but is not highlighted by them.

Proposition 5.6. If A is a finite abelian group and f(G) = # Sur(G, A), then
M(f) = 1.

So the Cohen-Lenstra heuristics suggest that the expected number of surjections from an
imaginary quadratic class group to A is 1, regardless of the group A. We saw above, these
A-moments were related to questions of counting number fields, and now we see they have
particularly nice predicted values. (See also Ellenberg’s 2014 Arizona Winter School lectures
for more on the interpretation of these moments in the function field analog.)

Note that f(G) = # Sur(G, A) only depends on finitely many Sylow-p subgroups of G.
Let P be a finite set of primes, and let Gp be the sum of the Sylow p-subgroups of G for
p € P. Let Gp(n) be the set of finite abelian groups G of order n such that G = Gp.

Proposition 5.7 (|CL84|). Let P be a finite set of primes. Let f be a function depending
on only the Sylow-p subgmups of G for p € P. Then

7}5&2 2 #Aut =11 =r7 =

=1 GeGp(i peEP i>1
and 6
D e 2GeC () ) FAWE

Cp

M(f) =

Exercise 5.8. If F is the indicator function for groups that have cyclic Sylow 3-subgroup and
cyclic Sylow 5-subgroup, compute M (f).

5.1. Further class group heuristics. We have only discussed conjectures for class groups
of imaginary quadratic fields. There are conjectures for much more general situations. Cohen
and Lenstra [CL84| also formulate precise conjectures for real quadratic class groups, and
more generally for class groups of totally real number fields with some fixed abelian Galois
group. Cohen and Martinet [CM90| further extended these conjectures to arbitrary exten-
sions of an arbitrary global field. It is in general a subtle question for which primes p the
general form of the conjecture can be made for Cl(K), (e.g. all odd primes in the imaginary
quadratic case). See [CM94, Mal08, Mall0, Garl4, AM15] for work on this question, and
further modifications of the conjecture for p where the base field contains pth roots of unity.
In all of these cases, the conjectures are based on the same sort of principles as those above,
but are modified to take into account further information about the fields.

6. GALOIS PERMUTATION REPRESENTATIONS

In order to formulate the conjectures for counting number fields, it is useful to translate
from the language of number fields to Galois (permutation) representations. For a field F),
let Gr := Gal(F/F), the Galois group of a separable closure of F' (if charF = 0 then F

is equivalently an algebraic closure of F'). An étale F-algebra is a direct sum of finitely
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many finite separable field extensions of F. Two étale F-algebras are isomorphic if they are
isomorphic as algebras. The degree of an étale algebra is its dimension as an F-vector space,
or equivalently the sum of the degrees of the field extensions. Then given a permutation
representation, i.e. a continuous homomorphism

GF — Sn,

we can pick representatives a; € {1,...,n} of the orbits, and let H; = Stab(a;) C Gp. If
K; is the fixed field of H;, then we can form an étale F-algebra €, K;. Conversely, given
an étale F-algebra M = @, K;, where K;/F are finite, separable field extensions whose
degrees sum to n, we have an action of G on the n homomorphisms M — F, which gives a
permutation representation of Gr. We say two permutation representations are isomorphic
if they differ by relabeling the n elements, i.e. by conjugacy in 5,,.

Proposition 6.1. The above constructions gives a bijection between isomorphism classes of
permutation representations Gp — S, and isomorphism classes of degree n étale F-algebras.
In this bijection, transitive permutation representations correspond to field extensions of F.

Exercise 6.2. Proof the above proposition.

FEzercise 6.3. If we restrict Gg — S,, (corresponding to a field extension K/Q) to a decom-
position group Gg, — S,, show that K, is the é¢tale algebra corresponding to Gg, — Sy.

We will now consider the case when F' = Q. Fix a transitive permutation group I' C §,,.
We will be interested in counting p : Gg — I', whose corresponding field extension K has
| Disc K| < X. We define Disc p := | Disc K|. If we factor | Disc K| = [[, p;* with p; distinct
primes, then recall that the ideal (Disc K),/Q,,) = (p;)®. Further, it we write K, as a
direct sum of field extensions Kj then ([[; Disc K;/Q,,) = (Disc K),/Qy,).  For an étale

Q,-algebra M, we define d(M) to be the discriminant exponent so that (Disc M) = (p)?D).
If M corresponds to p, : Gg, — 5,, we define Disc p, = pdM),

For an étale Q,-algebra M associated to p : Gg, — S, recall that d(M) is the Artin
conductor of the composition of p with the permutation representation S,, — GL,(C). This

allows us to compute d(M). For example, we have the following.

Lemma 6.4. If M/Q, is a tame étale extension corresponding to p : Gg, = Sn, and y is
a generator of tame inertia (i.e. a generator of the quotient of the inertia subgroup by its
unique pro-p-Sylow subgroup) in Gg,, and c is the number of cycles in p(y), then

d(M)=n-—c.

FEzxercise 6.5. Prove this lemma.

7. TAUBERIAN THEOREM

Before we get to the conjectures about counting number fields, we will review an important
tool in asymptotic counting. We give an example of a Tauberian theorem, which can be found
as Corollary p. 121 of [Nar83).

Theorem 7.1. Let f(s) = ) -, a,n~° with a, > 0 be convergent for Rs > a > 0. Assume

that in the domain of convergence f(s) = g(s)(s —a)™™ + h(s) holds, where g(s),h(s) are
11



holomorphic functions in the closed half plane Rs > a, and g(a) # 0, and w > 0. Then

Z a, = 9(a) 2 (log )" "' + o(z*(log z)“ ).

Sk al’(w)

For example, if f(s) converges for R(s) > 1 and has a meromorphic continuation to
R(s) > 1 with a simple pole at s = 1 with residue r, then

Z a, =rX + o(X).
1<n<X

Upon seeing Theorem 7.1, you might think whenever you are counting something asymp-
totically, you should just make it into a Dirichlet series and study the pole behavior of the
function. However, it should be emphasized that in order to gain any traction with this
method one must produce an analytic continuation of f(s) beyond where the Dirichlet se-
ries converges. In general, producing such an analytic continuation can be as hard as any
question in mathematics (e.g. one defines the L function of an elliptic curve as a Dirichlet
series, and the analytic continuation is a consequence of the modularity theorem, used, for
example, in the proof of Fermat’s Last Theorem—and that’s a case where you have the benefit
of the Langlands program telling you where the analytic continuation should come from!).
Even if you produce an analytic continuation it may be very non-trivial to understand its
rightmost poles (e.g. this is the case when counting quintic number fields by discriminant).
Nonetheless, this is a tool that can help us understand some asymptotic counting questions,
and it gives us a framework for thinking about the questions that we can’t answer.

8. COUNTING ABELIAN NUMBER FIELDS

We will next apply our Tauberian theorem to count some abelian number fields. The
results in this section will be special cases of more general results which we will cite more
properly in the next section.

Let Jg be the idéle class group of Q, so

Jo = (H@Z) /Q"

where the product is over places p of Q, and the product is restricted so that an element of
Jo must have all but finitely many terms as units Z; in the local ring of integers.

We will first consider quadratic extensions. Though these can be approached more directly,
the advantage of our method is that it, with enough work, will generalize to any abelian
group. Class field theory tells us that the abelianization Géb is isomorphic, as a topological

group to the profinite completition j@, and in particular that continuous homomorphisms
Go — Z/2Z
correspond exactly to continuous homomorphisms
Jo = Z/27Z.
So, we will focus on maps ¢ : Jg — Z/27Z. Note that ¢ restricts to a map
o : |2 — 222,

p
12



where we use Z., to denote the positive real numbers. Moreover, we will see that any such
¢ extends to a unique ¢ : Jg — Z/27Z. Given ¢y, to define an extension we must define
o(1,...,1,p,1,...) (where the p is in the p place), and we see that the quotient by Q* forces

¢(17""1’p717"') :¢(p_17"'7p_1’17p_17"') :¢O(p_1’"'7p_171’p_17"')'
Similarly, for ¢(1,...,—1) (with a 1 in every finite place),

o(1,...,=1)=0o(—1,...,1) = ¢o(—1,...,1).
So we conclude that ¢ is determined by ¢o. Moreover, for any ¢y, we can check that the
above construction gives a well-defined ¢.

Moreover, we can compute Disc ¢ (defined to be the discriminant of the corresponding
Galois representation to S3) in terms of ¢y. In our map ¢ : Jy — Z/2Z, the image of the
decomposition group at p is the image of @ and the inertia group is the image of Z;. In
particular, since the discriminant (viewed as an Artin conductor) only depends on the inertia
group, we see that we can recover Disc ¢ from ¢y.

What are the maps Z; — Z/2Z? Since the kernel of the map Z; — (Z/pZ)* is pro-p, for
p odd, a map Z; — Z/27 must factor through (Z/pZ)* — Z/27Z. There are of course 2 such
maps, depending on whether a generator is sent to 1 or 0. When p = 2, a map Z} — Z/27Z
factors through

75— (ZJ8Z) ~7]2 X Z]2
(to conclude this, one must understand the structure of Z} as a profinite group). In particular,
there are four maps Z} — Z/27.

Given a map Z; — 7Z/27, how do we compute the discriminant? One approach is to
use the conductor-discriminant formula. This requires knowing the conductor of the map
Zy — /27, which is k where p* is minimal such that the map factors through (Z/p"Z)*.

Ezercise 8.1. Show that Disc p for the p : Q) — Z/2Z restricting to the Zy — Z /27 discussed
above are 1,p for odd p, and 1,22, 23,23 for p = 2.

So, if ay, is the number of continuous homomorphisms p : Gg — Z/2Z with Discp = n,

we have
fls)=> am™=1+2>+2.27%) J[ Q+p).

n>1 p odd prime

¢(s)

f(s) =h(s ,

o) = )5

where h(s) = (14272 +2-27%)/(1 +27°) and ((s) = >_,-;n"°. In particular, we can
apply Theorem 7.1. Since the residue of f(s) at s = 1is ((2)7! = 6/72, we have that

6
Nsy(X) ~ X

We note that

(There is a single non-surjective p : Gg — Z/2Z so this doesn’t affect the asymptotics.) So
we have counted, you might say the long way around, quadratic extensions by discriminant.
(Such a result is of course classical.)

An important feature of our approach is that it works more generally. Suppose we want
to count cyclic cubic fields (as was done by Cohn [Coh54] in the same way as we will do).

Each field corresponds to 2 surjective maps Gg — Z/3Z C S;. Let a,, be the number of
13



continuous homomorphisms p : Gg — Z/3Z with Disc p = n, then by a similar analysis to
the above we have

fls) =) amn®=(1+2-37") II (14 2p~%).

n>1 p=1 (mod 3) prime

We can show that the function f(s) has rightmost pole at s = 1/2, where it has a simple
pole. Let x be a Dirichlet character modulo 3 such that x(1) = 1 and x(2) = —1. Then note
that

I a+p> ] +xep™)

p prime, not 3 p prime, not 3
= I[I a+2 >+ II a-»*.
p=1 (mod 3) prime p=2 (mod 3) prime

By comparison to ((2s) and L(2s, x), the top has rightmost pole a simple pole at s = 1/2.
We can see that the bottom has the same pole behavior as f(s) to s = 1/2. We conclude
the result of Cohn [Cohb4]

1 . —4s —2s —1y-1/2
(4) Nzpscs(X) ~ 5 sigl;lﬂ(l +2-377) . 1_(1[3) | (1+2p77)C(25) X /7,
pE mo prime

where the limit in s is a constant.

Note here, the main input, after we have applied class field theory in the set-up above, is
to find appropriate L functions to compare our Dirichlet series with so that we can analyze
the pole behavior and get analytic continuation so as to apply Theorem 7.1. However, so far
we are counting all maps Gg — G, and when G is not Z/{¢ for some prime ¢, there will be
more than 1 non-surjective map to subtract. We will come back to this issue.

8.1. Local conditions. Let’s go back to considering p : Gg — Z/27Z. What if we wanted
to impose local conditions ¥ such that 3 was split completely? Taylor [Tay84| attributes the
question of the distribution of splitting types of a given prime in random G-extensions to
Frohlich, who was motivated by the work of Davenport and Heilbronn [DH71]. We discuss
work of Taylor |Tay84] and the author [Woo10| on this question below.

Since in the isomorphism G(‘SL ~ @E; of class field theory, we have that Frob, — p, this
is equivalent to counting p : Jgy — Z/2 such that p(1,3,1,...) = 0 (where the 3 is in the
Q3 place). Since we have that p(1,3,1,...) = p(3,1,3,...), we can check this just from the
maps from Z. Where does a local map x : Q5 — Z/2 send 3 when p is not 37 If x is trivial,
then x(3) = 1. If p is odd and x is not trivial, then y(p) = 0 if 3 is a square mod p and
Xx(p) = 1 if 3 is not a square mod p. Let ¥ be the Dirichlet character that is 1 on odd primes
p such that 3 is a square mod p and —1 on odd primes p such that 3 is not a square (which

exists and is of modulus 12 by quadratic reciprocity).
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Let b, be the number of continuous homomorphisms p : Gg — Z/2Z with Disc p = n and
sending (1,3,1,...) to 0. Then

= Z b,n"°

n>1

:% ((1+2—28+2-2-38) [ a+p+ra-2*0a+3* ] (1+\I/(p)p_5)>.

p odd prime p prime>5

The first term counts all p : Gg — Z/2Z with coefficient 1. The second counts p : Gg —
Z./2Z that send (3, 1,3,...) — 0 with coeflicient 1 and those that send (3,1,3,...) — 1 with
coefficient —1. (We have checked at p = 2 that the discriminant 22 map sends 3 + 1 and of
the two discriminant 2% maps, one sends 3 — 1 and one 3 + 0.) We will compare g to the

L-function
L(s,0) = [[ A =v(@p )"
p prime

We have that
1h C(s) 1k L(s, ¥)

g(S) = ( )C( ) 5 <S>L<28,‘I/)’
Loy

where k(s) is analytic on s > 1. Since

is holomorphic on s > 1, we have

16
Ng, »(X) ~ §—X

L(2s

We can go about this more systematically. Above, we essentially argued that
(II z;) x Ry = Jq.
p finite

However, let S be a finite set of places, then we also have

(H Q; x HZ;*;) /7% =~ Jg
peES pgS

where Z§ denotes S-units, i.e. integers in Z at all primes p ¢ S. (We let Z%, = 1.) So we
will let S be a finite set of places on which we want to make local specifications. We will
make a Dirichlet series counting maps Hpe s Qp X HpQS Z,, — G for abelian G, and then we
will use multisection (i.e. use the above trick with 1 and —1) to pull out the maps that are
trivial on Z%. First we have

Fg(8> = H Z p_d(l’p)s H Z p—d(pp)s :

peS \ pp:Qs—G pES \ppiZi—G

which counts all maps [ g Q) % [[,45Z, — G. Now, for simplicity, we will let G = Z/nZ.
Let A be a set of representatives for Z%/(Z%)". Let ¢ be a primitive nth root of unity. Note

that if p: [[,cs Qp X [[,45Z, — G, then

DI

aGA
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is 1 if p(Z%) = 0 and is 0 otherwise. So, we have

G 3 #A Z H Z Cpp(a)p_d(Pp)S H Z Cpp —d (pp)s

a€A \peS \ pp:Q;—G pgS \ ppiZ;—G

which counts all maps HpES@ X Hpgs » — G = Z/nZ that are trivial on Z§, or equiva-
lently, maps Joy — G = Z/nZ with this property. Now, if we have a local specific ¥ at places
p € S, we can form

(5) HG,E(S) = #—114 Z H Z Cﬂp d(ﬂp H Z gpp(a)p—d(pp)s :

acA | peS \ pp:Qp—G pgS \ pply—G
Ppezp
which counts all maps Jg — G = Z/nZ satisfying the local conditions ¥. We see now the
advantage of taking the full map from @Q; at the places where we want to specify. Now
imposing local conditions is just a matter of taking the terms we want from those factors.

FExercise 8.2. See that the above gives the same analytic functions for the question of counting
quadratic extensions split completely at 3.

Above we see that Hgx(s) is a sum of #A Euler products. In an ideal world, (*) the
rightmost pole would occur in exactly 1 of those Euler products (presumably the a = 1 term,
since we could hope the roots of unity help the other terms be smaller), and we would have an
analytic continuation beyond the line of that rightmost pole so we could apply Theorem 7.1.
If this were true, then the discriminant probability among all maps, not necessarily surjective,
Jo — G of any ¥ with specifications on a finite set of primes s would be

—d(pp)s
[Les Xpp0zscp=@er)
PpETp

Hpes pr:Q;»G p=dlen)s’

and in particular, because only one Euler product contributed to the asymptotic count we
would certainly have independence of probabilities of local behaviors at a finite set of places.

However, the world is not always ideal. It turns out (*) is true when G is abelian of prime
exponent, but is not true in general. Also, there is a distinction between the question above
and the question of counting number fields, which would correspond to surjective p. One
can use inclusion-exclusion to subtract out p with smaller image. In an ideal world, (**) the
Dirichlet series coming from the maps with smaller images would be holomorphic past the
rightmost pole of Hg. However, (**) is only true when G is abelian of prime exponent as
well. (See [Wool0] for the proofs of all of these claims.)

We always consider abelian groups in their regular permutation representation. When

= (Z/0)* for some prime ¢, then as we have said (but certainly not proven!) above,
one obtains an asymptotic for Ng and for Ngx for each set ¥ of local specifications with
restrictions only at finitely many primes. In particular, the probabilities of local conditions
at distinct primes are independent. The probabilities are simple values we can read off from
above.

Now we consider again an abelian G. If we impose local conditions that only depend on
the restriction p, : Z; — G (for example whether the map is ramified or unramified at p),
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then we can pick out the appropriate terms in the Dirichlet series

H Z p—d(Pp)s ,

p pp:Z;—>G

and again in this case show independence of such local conditions among all (not necessarily
surjective) p, : Zy — G. (Note we have not shown this here, one still has to do the analysis
of the Dirichlet series by comparison to appropriate L functions.)

Exercise 8.3. Let A be an event with positive probability not equal to 1. If £ and F' are
independent, independent given A and we have that P(F|A) # P(E) and P(F|A) # P(F),
then, given not-A, the events E and F' are not independent.

Using the exercise above, it is shown in [Woo010] that since ramification is independent, e.g.
in Z/{ extensions (for ¢ prime), and for maps p : Gg — Z7, then it cannot be independent in
Z/¢* extensions. (This requires, among other things, knowing that non-surjective p : Gg —
Z,J*Z occur with positive probability.) For example we have the following.

Proposition 8.4 (Proposition 1.4 of [Wool0|). Let p,qi, and g2 be primes with q; = 1
(mod p) fori=1,2. Then q, ramifying and q» ramifying in a random Z/p*Z-extension are
not (discriminant) independent.

One might hope to then simplify things by not considering G-extensions but rather all
maps Gg — G. Then, we wouldn’t have to subtract out non-surjective maps. In this
situation, for local conditions only depending on the map of the inertia subgroups, we do
indeed get independence of local behaviors and easy to read off probabilities. However, if we
consider all local conditions, then the other terms in the Equation (5) sum over a € A with
the same rightmost pole as the a = 1 term necessarily have an effect on the answer.

8.2. Grunwald-Wang. It follows from Wang’s [Wan50| counterexample to Grunwald’s
“Theorem” |Gru33| (this is a great story to read about if you don’t know it already), that
there is no Z/8 extension K of Q for which K5 is an unramified extension of Qy of degree 8.
However, there is certainly a local Galois representation po : Q3 — 7Z/8 that is unramified
and sends 2 +— 1. This local Galois representation does not come from a global Gg — Z/8,
and considering all Gg — Z/8 or just surjective Gg — Z/8 does not change a thing about
this fact. So, we realize that some term in the Equation (5) sum over a € A with the same
pole as the a = 1 term must in fact cancel that pole entirely.

Ezercise 8.5. Show there is no Z/8 extension K of Q for which K is an unramified extension
of Q, of degree 8.

FEzercise 8.6. When G = Z/8Z and ¥ is the restriction at 2 that Q5 — G be unramified and
surjective, write out the sum of Euler products for H s, and see the cancellation explicitly.

It can be completely classified when local Galois representations to abelian groups do
not occur as restrictions of global Galois representations (a convenient reference is [AT68,
Chapter 10]). Over Q, problems only occur at 2. However, the Wang counterexamples are
in fact the nicest possible behavior that occurs when the Equation (5) sum over a € A
has multiple terms with the same pole. In general, say for restrictions only at odd places,

there are still multiple terms that contribute to the sum, and the result is terrible looking
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probabilities, and lack of independence, whether one considers all Gg — G or just surjective
ones.

8.3. Counting by conductor. One can ask all the same questions for counting abelian
extensions, but instead of counting by discriminant, can count by conductor. The answers
to the questions above are much nicer in this situation. (In fact, in [Wool0] a notion of fair
counting function is introduced which includes conductor, and e.g. the product of ramified
primes, for which all the same qualitative results hold as for conductor.) When counting by
conductor, as in [Wool0], the terms from subtracting non-surjective maps do not have any
poles in the relevant region, so (**) is not a problem.

However, we know that some of the other terms in the Equation (5) sum a € A must
have the same rightmost pole as the a = 1 term, because counting by a different invariant is
never going to eliminate Wang’s counterexample. Amazingly, when counting by conductor,
while there are indeed multiple terms with the same rightmost pole, they all differ by simple
rational constants and can be combined simply. In a precise sense (described in [Woo10,
Section 1]), there are no obstructions to simple probabilities and independence other than
the completely classified Wang counterexamples. All of the local behaviors that do occur
from global extensions still occur with the same relative probabilities that one would expect
from their contribution to the a = 1 term of the Dirichlet series—just the ones that are
impossible occur with probability 0. When counting abelian extensions of QQ, since 2 is the
only place that has Wang counterexamples, there is independence of local behaviors when
counting by conductor.

Over other fields with multiple places dividing 2, there are sometimes local behaviors at
two different places that are both possible, but not possible together. (Again, these belong to
the completely classified Wang counterexamples.) So when Q is replaced one of these fields,
using any counting function for that field, independence has to fail. However, as described
explicitly below, when counting by conductor the simplest possible thing happens given this.
We can build a model from the Dirichlet series, and then restrict to what is possible, and
that gives the answer.

9. ABELIAN RESULTS

These asymptotics of Ng(X) for G abelian (G C S| in its regular representation) were
determined completely for abelian Galois groups by Maki [Mak85|. Maki [M&k93] also de-
termined the asymptotics of the number of extensions of Q with fixed abelian Galois group
and bounded conductor. Wright [Wri89] proved the analogous asymptotics for counting G-
extensions for a fixed abelian G by discriminant over any number field or function field (in
tame characteristic). Wright also showed that any local restrictions that occur at all (i.e. are
not Wang counter examples) occur with positive asymptotic probability. Wright, however,
noted that the probabilities seem quite complicated. Before the work of Méaki and Wright,
there were many papers that worked on these questions for specific abelian groups. See
[Wrig9] for an overview of this literature.

In [Wool0|, we give the asymptotics of the number of G-extensions with bounded con-
ductor (or any fair counting function) for a finite abelian group G over any number field.
We also give the constant in the asymptotic more explicitly than it appears in [M&k93]. In
[Wo010], we also completely determine the probabilities of local conditions when counting

G-extensions by conductor for some fixed abelian G. We also more carefully analyze the
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probabilities when counting by discriminant to prove that indeed they are as bad as Wright
suspected.

9.1. Some explicit results. If we count abelian number fields by their conductor (in the
sense of class field theory [Neu99, Chapter VI, 6.4]), we can define P,,,q analogously to our
definition of Ppi.. in Section 1 above.

Theorem 9.1 ([Wool0]). Let G be a finite abelian group in its reqular permutation repre-
sentation, and q be a fized rational prime (not 2 if |G| is even). Then for a random L with
Galois group G, a fired K with Galois group G, and a random rational prime p

Peona(q splits into r primes in L | ¢ unramified in L) = P,(p splits into r primes in K).

Taylor [Tay84] first proved the result of Theorem 9.1 in the special case that G = Z/nZ,
and assuming that 4 1 n. Wright [Wri89] proves an analog of Theorem 9.1 for discriminant
probability in the case that G = (Z/pZ)" for p prime, and for these G the discriminant is
a fixed power of the conductor, and thus discriminant probability is the same as conductor
probability. Theorem 9.1 relates the row probabilities to the column probabilities of the
sort of big chart we made in Section 1. In fact in [Wool0], the probabilities of all (ramified
or unramified) local behaviors are determined. Further it is shown |G| is even and p = 2
the probabilities of splitting types that ever occur in a random G-extension that occur in
the same proportions as they occur in the Chebotarev density theorem for a fixed extension
and random prime. Of course, there will always be the contrast, seen already for quadratic
extensions in Section 1, that for a fixed p and a random G-extension L, the prime p will
be ramified with positive probability, while for a fixed number field K a random prime q is
ramified with probability 0.

Further, in [Woo10] it is shown that these local probabilities for splitting in a random G
extension are independent for different primes.

Theorem 9.2 (|[Wool0|). Let G be a finite abelian group in its reqular permutation repre-
sentation. For any finite set S of places of Q and any choice of local Q,-algebras T, for
v €S, for a random L with Galois group G (counted by conductor), the events L ®qQ, ~ T,
are independent.

Wright [Wri89| showed that all Q,-algebras that ever occur as L ®g Q, for a number
field L with Galois group G occur with positive discriminant probability, but noted that
the probabilities are apparently very complicated. The discriminant probability analog of
Theorem 9.1 does not hold. If K is a fixed number field with Galois group Z/9Z and p a
random rational prime, then

1
P, (p splits completely in K) = g

However, we have the following.

Proposition 9.3 (|[Wool0]). Let ¢ =2, 3,5, 7, 11, or 13. Then for a random L with Galois
group 7./9Z,

Ppisc(q splits completely in L | ¢ unramified in L) <

Nl i
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The situation for abelian extensions and their local behaviors is quite interesting over a
base number field K other than Q. Wang counterexamples occur only at primes dividing
2, but now there can be more than one such prime, and so these examples affect even
independence. Given an abelian G, it is possible that the K -algebra T}, and the K -algebra
T!, both occur from global G-extensions, but never occur simultaneously. This suggests that
we should not expect T;, and T, to be independent events. However, given obstructions of
this sort, which were completely determined in [Wan50] (or see [AT68, Chapter 10]), we have
the best possible behavior of the local probabilities. This is described in detail in [Woo010,
Section 1], but roughly if you build a model where are local behaviors are predicted to have
their heuristic probabilities (see Section 10), and then restrict to the combinations of local
behaviors that ever occur, the model gives the correct predictions.

10. THE MALLE-BHARGAVA PRINCIPLE

Malle [Mal02, Mal04| has given a conjecture for Question 1.6 and Bhargava [BhalOb|
has given some heuristics (stated as a question-when do these heuristics apply?) for the
more refined Questions 1.11 that extend Malle’s original conjecture. However, there are
counterexamples to both the original conjecture (see Kliiners [Kli05]), and to Bhargava’s
more refined heuristics (e.g. some of the abelian counting results of [Woo08| above), so we
will refer to these conjectures/heuristics as a principle. (Though notably, there are not any
known counterexamples to the weaker form of Malle’s conjecture given in [Mal02| that says
Kr XYM < Np(X) < Kp XY+ for a specified constant a(I") and unspecified constants
Kr, Kr..) An important open question is to even make a good conjecture about when
exactly the principle should apply.

We now explain the principle, following [BhalOb| (similar, but not identical, heuristic
reasoning is given by [Mal04]). Let I' C S,, be a permutation group. For each place p of Q,
let ¥, be a set of continuous homomorphisms Gg, — I'. Let ¥ be the collection of these X,.
If ¥, is all the maps G, — I for all but finitely many p we say ¥ is nice. (We may want to
call other ¥ nice as well.) We define a Dirchlet series as an Euler product over places p

DF,E(S) = 01“ H # Z (DiSC pp)—s

ppEXp

for some as yet unspecified constant Cr, where the product is over all places p of Q. Let

Drx(s) = anl dpn ™.
For nice ¥, the principle predicts that the asymptotics of

#{p: Gg — I' | I surjective, Discp < X, p, € X, for all p}

in X are the same as the asymptotics of

in X. (Equivalently, it predicts that the limit of their ratios is 1.)  Perhaps stated another
way, the principle would suggest that Dry(s) and a Dirichlet series counting surjective

Gg — I' by discriminant would have the same rightmost pole and residue at that pole and
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analytic continuation just beyond the pole, so that the previous version of the principle
would follow from Theorem 7.1.

10.1. Local factors. To begin to digest this principle, we will consider a single local factor
1
#I

Finitely many factors have p|#I" (these are the terms where the local extension might be
wild), but we see that these finitely many factors cannot introduce any poles to Dr x(s). So
we expect the important analytic behavior of Drx(s) to be present in just the tame factors,
and for the rest of this subsection we assume p 1 #I.

Let @, be the maximal tame extension of Q,, and Gbp = Gal(Q}/Q,) be the tame
quotient of the absolute Galois group of Q,. Let F' be the free group on z and y with the
relation

(Disc p,)~*.

ppEXp

Let F be the profinite completion of F'. Then we have an isomorphism
F~Gl i’

where y goes to a topological generator of the inertia subgroup, and = goes to Frob (see, e.g.
[INSWO00, Theorem 7.5.2|). Given ay € T', let ¢(y) be the number of orbits of y on {1,...,n},

and let d(y) =n — c(y). So
3 (Disep) "= Yy

PpEXp z,yel’
xyx~l=yP

Given y € T, how many z are there in ' such that zyz~! = y?? If y and y” are conjugate

then there are #I'/#{conj. class of y}. If y and y? are not conjugate, then there are no such
x. Let ~ denote “is conjugate to.” Then we have

. B #I —d
. . (y)s
Z ( 1SC pp) yzg; #{Conj_ ClaSS Of y}p

PpEXp

y~yP
We can see why we must include the factor 1/#I" to get a reasonable principle. From the
y = 1 term, the above sum has constant term #I', and so the 1/#I factor is necessary so

that we could even have a chance of the product over p converging in some right half-plane.
Let I', be the set of conjugacy classes of I' of the form [y] such that y ~ yP. So

o5 2 Disep) o= 30 o

PpEXp [y]ely

Note that we always have plenty of primes p = 1 (mod #I'), so that every y ~ y*, and I,
is simply the set of conjugacy classes of I'. A nice special case is when I' = S,,. For p > n,
we have y ~ y? for every y € S, so for every tame prime p in this case I', is simply the set
of conjugacy classes of I'.

Computing these locals factors in the wild cases is much more complicated, and some

interesting phenomena arise (see [BhalOb, Ked07, Woo08, WY15]).
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10.2. Malle’s conjecture. This computation of the local factors leads to Malle’s conjecture
[Mal04, Mal02]| that
Np(X) ~ Kp XYM (log X)*M)

for some constant Kr and a = minyer (13 d(y) and where b(I') can also be given explicitly.
Kliiners [K1i05] has given a counterexample when I' = C30Cy, where the value of b(I') is too
small, or said another way, there are more extensions than the conjecture predicts by a log X
factor. Turkelli, by analogy with heuristics on the function field side, has given a “corrected”
version of Malle’s conjecture that takes into account Kliiners counterexample |[Tur08] to give
a different prediction for the log factor.

The weak conjecture of Malle [Mal02] says Kr X2 < Np(X) < K XY+ for some
constants Kr, Kt .. There are no known counterexamples to this conjecture, and it is known
in a wide variety of cases (see below).

10.3. Independence and local behaviors. The principle suggests that when counting
extensions with Galois group I', for any finite set of places, local conditions at those places
should be independent. We can see this from the mechanics of how the Tauberian Theorem
applies. Changing a finite number of the factors in the Euler product for Dr 5 just changes
the constant in the asymptotic by the product of the ratios of the new factors over the old
factors, all evaluated at the rightmost pole.

More precisely, let a(I') be as above. Recall, the definition of Dr x(s) above as an Euler
product built as a heuristic model for the Dirichlet series counting extensions with Galois
group I' and local behaviors ..

Ezercise 10.1. Show that Drx(s) converges in R(s) > 1/a(I).
Exercise 10.2. Show that Drx(1/a(T")) does not converge.

So, if there is a meromorphic continuation past £(s) > 1/a(I"), we expect a pole at 1/a(T").
(To show more precisely that such a pole had to exist, we could find lim,_,+1 /@) Dr,n(s).)
So, supposing that Drx has a meromorphic continuation to R(s) > 1/a(I") (which one can
actually show for every I'), if Dr is the Dirichlet series where all local behaviors are allowed
with coefficients d,,, and ¥ makes specifications at a finite set S of places, and Dry has
coefficients d(X),,, then we have

1 . “1/a

lim 25:1 d(X)n 7 #T prezp<DlsC Pp) 1/a(l)
=n= " /= — T , —
Xmvoo 27)1(:1 dn, pes #T ZPP5GQP—>F(DISC pp) 1/a(T)

FEzercise 10.3. Show this (assuming a continuation to f(s) > 1/a(I") with no other poles
except at 1/a(T)).

So we see the probabilities of local behaviors at different places would be independent and
given by relatively simple fractions (with all the principles/assumptions above).

10.4. When the principle holds. It is an important open question to even make a good
guess as to when the above principle holds. The work of Méki [M#k85| (and also Wright
[Wrig9]) shows that Malle’s conjecture holds when I is abelian in its regular representation,
i.e. the order of magnitude is right when counting all I' extensions. Moreover, Wright shows
that the order of magnitude is right for any local condition that is not a Wang counterexample

(in which case the principle’s prediction must be wrong since the actual count is 0). However,
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we saw above that [Woo10| shows that the general principle fails when I' is not abelian with
prime exponent because the independence of local conditions fails. (But all can be recovered
if one counts by conductor instead of discriminant!) Somewhat orthogonal to the focus of the
principle above, but also interesting, is work of Cohen, Diaz y Diaz, and Oliver [CDyDO02b]
that finds the constant Kt very explicitly when I is cyclic of prime degree.

For I' = S3, it is a theorem of Davenport and Heilbronn [DH71|, that we will discuss below,
that the entire principle holds. Moreover, when I' = S5 C Sg via the regular representation
(i.e. counting Galois sextic S3 fields) Bhargava and the author [BWO0S8| have shown that the
entire principle holds.

For I' = S4, S5, theorems of Bhargava [Bha05, BhalOb| show that the entire principle
holds. For I' = D, C S, Cohen, Diaz y Diaz, and Oliver [CDyDO02a| have shown that
Malle’s conjecture holds, but the evidence suggests that the entire principle does not hold.
(In fact, Cohen [Coh03| counts D, extensions with local conditions at infinity, from which it
could probably be seen explicitly that the entire principle does not hold.) Given the above
story with abelian I', perhaps the right question is how can we count extensions so that the
principle holds, and in [Woo08| a different way of counting D4 extensions is suggested for
which the principle might hold. Kliiners [Kli12] has shown that Malle’s conjecture holds for
groups C5 ! H, under mild assumptions on the count of H-extensions.

As mentioned above, for some groups even Malle’s conjecture fails. (See |KI1i05] and
[Tur08].) However, the weak conjecture of Malle is proven in many cases and has no known
counterexamples. Besides those mentioned above it is also known for nilpotent groups in
their regular representation by Kliiners and Malle [KMO04].

10.5. Other base fields. Of course, in these questions we could replace Q with any number
field or function field. As suggested by Bhargava [BhalOb|, the principle above could be
formulated over any global field, and in particular it refines Malle’s conjecture [Mal04, Mal02]
which is stated over an arbitrary number field. Of the work above, [Wri89] is over any number
field or function field of tame characteristic and [Wool0, CDyDOO02b, Klii12, KM04| are over
any number field. Also when I' = Z/¢Z and the base field is a rational function field, the
counting has been done in [BDF*15], and in particular cases relevant to the application at
hand there it is shown that the full principle with local conditions also holds. The work
[DH71| has been generalized to any number field or function field of tame characteristic by
Datskovsky and Wright in [DW86], and the result of [BW08] is given over any number field.
As far as the current author is aware, the results [Bha05, BhalOb, CDyDO02a| are known
only over Q.

11. DAVENPORT-HEILBRONN

In this section, we will discuss how to answer Question 1.6 for I' = S3, i.e. to count non-
Galois cubic number fields. This is originally a result of Davenport and Heilbronn [DHT71].
Since we know from Cohn [Coh54| (see Equation (4)) that

Nzj3(X) ~ eX*?
and the results of Davenport and Heilbronn [DH71] will say that

Ng, (X) ~ X,
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we may equally well consider counting all cubic number fields. We will outline a modern
proof (largely following [BST13|) of this statement, which has the same main ideas as the
original proof, but with improvements and simplifications. There is an excellent exposition of
such a modern proof in Section 2-5 and 8 of the paper of Bhargava, Shankar, and Tsimerman
[BST13| (which, in the other sections, proves a secondary term for this asymptotic count—
see also [TT13] where the secondary term is proven with very different methods). So in
these notes we will mostly emphasize aspects that are complementary to what is given in
that exposition, and might be best read along with [BST13|. There is also a do-it-yourself
exposition of the proof in the Arizona Winter School 2014 problem set, as a series of problems
that should complement this article nicely.

11.1. The parametrization. We begin by considering cubic rings, which are commutative
rings whose underlying additive groups structure is isomorphic to Z3 (equivalently, locally
free rank 3 Z-algebras, or a finite, flat degree 3 cover of SpecZ). We will be able to count
cubic rings, and then we will specialize to cubic rings that are domains and maximal. The
maximal cubic domains correspond exactly to the rings of integers in cubic number fields.
We give a parametrization of cubic rings originally due to Delone and Faddeev [DF64| (and
refined by Gan, Gross, and Savin [GGS02]).
Let R be a cubic ring.

Exercise 11.1. Show that 1 generates a direct summand of R.
Let 1, W, T be a Z basis of R. Since
WT =q+rW + sT,

for some q,r,s € Z, we can take w = W — s and § =T — r and have 1,w, 0 a Z basis of R
with wf € Z. We call such a basis a normalized basis. Next, we write down a multiplication
table for a normalized basis:

wh =n
(6) w? =m — bw + af
62 = 0 — dw + ¢#,

where n,m,{,a,b,c,d € 7Z. However, not all values of n,m, ¢, a,b, c,d are possible.

Ezercise 11.2. Show that the associative law exactly corresponds to the equations
(7) n=—ad m=ac (= —bd.

That means that not only is Equation 7 necessarily true for any cubic ring R with nor-
malized basis 1,w, 6, but also if we have a free rank 3 Z-module with generators 1,w, 6,
we can put a commutative, associative multiplication structure on the module using Equa-
tions (6) and (7). So rank 3 rings with a choice of normalized basis are parametrized by
Z* using (a,b,c,d). We can package an element (a,b,c,d) € Z* as a binary cubic form
ax® + bx*y + cxy® + dy?, and thereby such forms parametrize rank 3 rings with a choice
of normalized basis. Given a form f, let R; be the associated cubic ring with a choice of
normalized basis. One important fact is that the construction above preserves discriminants

(see [GGS02] or any of the other references on this parametrization).
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Ezercise 11.3. Find a binary cubic form associated to Z[+/2]. Find another one (using a
different choice of basis). Find a binary cubic form associated to Z[i] & Z (with component-
wise multiplication). Find a binary cubic form associated to Z @& Z @ Z. What cubic ring is
associated to the zero form?

A choice of normalized basis of R is equivalent to a choice of Z basis of R/7Z. The action
of GLy(Z) on bases of R/Z gives a GLy(Z) action on Z*, such that the orbits are in bijection
with cubic rings as given above. Because of the normalization, this action is slightly annoying
to work out by hand, though perhaps not so bad to at least see it is linear. The action turns
out to be (almost) the 4 dimensional representation of GLy(Z) on binary cubic forms. Let
f(z,y) = ax® 4+ bx*y +cxy® + dy>. Let g € GLy(Z). Then we can let GLy(Z) act on binary
cubic forms via

1
where (z,y)g is the multiplication of a row vector by a matrix on the right. This action
exactly translates into the action on the parameters (a, b, ¢, d) of cubic rings given by action
on the choice of basis of R/Z. There are several ways to see this more intuitively, we will
see one later. So, we will face the problem of counting GLs(Z) classes of binary cubic forms,
with the action given in Equation (8).

An important feature of the parametrization is that in fact many important properties of
the cubic ring can be read off from the associated binary cubic form. One way to see this is
to understand that the parametrization is more general than what is written above over Z.
We will in fact see that it is far more general.

Let B be a commutative ring (which will replace Z). A cubic B-algebra is a commutative
B-algebra which is locally free rank 3 as a B-module. (There are two common notions of
locally free, an algebraic one where “locally” means at localizations at prime ideals, and a
geometric one where “locally” means in Zariski opens of Spec B, but the rank 3 condition
ensures that these two notions are the same in this case.) If R is a cubic B-algebra, then
Spec R is a finite, flat, degree 3 cover of Spec B, and conversely, every finite, flat degree 3
cover is Spec R for a cubic algebra R. Similarly, for any scheme S, we can define a cubic cover
of S to be a finite, flat, degree 3 cover of S, or equivalently a locally free rank 3 Og-algebra
(which we call a cubic Og-algebra).

Over a scheme S, we define a binary cubic form to be a locally free rank 2 Og-module V'
(i.e. a rank 2 vector bundle on S) and a global section f € H°(S,Sym®V ® A?V*), where
all tensors and exterior powers are over Og and for an Og-module W, we write W* for the
dual Og module Hom(W, Og). (These might be more properly called “twisted” binary cubic
forms because of the twist by the locally free rank 1 A2V*, but they are the only ones we
will talk about, so we will leave out the “twisted.”) Over a ring B then (applying the above
definition in the case S = Spec B), we see that a binary cubic form is a locally-free rank 2
B-module V, and an element f € Sym® V ® A?V*. An isomorphism of binary cubic forms is
given by an isomorphism V — V' that takes f — f’.

Given a binary cubic form (V, f) over S, we can construct a cubic cover of S as follows.
This construction is due to Deligne [Del| (see [Woollc, Sections 2.3,2.4,3| for a generalization
of this construction from binary cubic forms to binary n-ic forms for any n). Let P(V) =

ProjSymV,som: P(V) — Sis a P! bundle over S. If f is not a zero divisor, then f cuts out
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a codimension 1 subscheme Sy C P(V'). Then 7.(Og,) is a locally-free rank 3 O,-algebra.
This construction does not work when f is identically the 0 form.
Let O(k) denote the usual sheaf of P(V). We then have a complex of sheaves

Cr0(-3)@r A2V Lo,

(in degrees —1 and 0). If f is not a zero-divisor, then the map above is injective, so this
complex is quasi-isomorphic to

0—=0/f(O(=3)@7* A2 V),
and the term on the right is just Og,. The hypercohomology
HORW* (Cf)

has a product given by the product on the complex (which is a Koszul complex so has that
natural product) and inherits the structure of a cubic O-algebra (see [Woollc, Sections
2.4,3| for more details on this structure, and this entire construction). When f is not a
zero-divisor, by the quasi-isomorphism above, we see that this agrees with 7.(Os, ).

Theorem 11.4 (Theorem 2.4 of [Woollc|). When V is a free Og-module (e.g. this is always
the case when B is a P.I.D. and S = Spec B), this geometric/hypercohomological construc-
tion of a cubic Og-algebra from a binary cubic form (OF*, f) agrees with Ry constructed
from Equations (6) and (7) above.

We restrict to V' a free Og-module only because that is the case for which the first con-
struction is defined.

Theorem 11.5 ( Corollary 4.7 of [Woollc|). Given a scheme S, the geometric/hypercohomological
construction above gives an isomorphism of categories between the category of binary cubic
forms over S (where the morphisms are isomorphisms) and the category of cubic Og-algebras
(where the morphisms are isomorphisms). Thus, over a scheme S, the construction gives a
bijection between isomorphism classes of cubic algebras and isomorphism classes of binary
cubic forms. If a cubic algebra R corresponds to a binary cubic form (V) f), then as Og-
modules, we have R/Og ~ V*. The functor described above from binary cubic forms to cubic
Os-algebras commutes with base change in S.

(See also [Poo08| which proves an isomorphism of categories using a rigidification by a
choice of basis and the construction from Equations (6) and (7) above.)

We will now unpack some of the features of this result. Let B be a principal ideal domain.
Then the only choice of a locally free rank 2 B-module V is V = B2, and we will take
generators x and y. Let x*,y* be the associated dual basis of V* = Hom(V, B). Then
Sym® V is a free rank 4 B-module generated by 2?, 2%y, 232, 3°. The element 2* A y* gives
an isomorphism B ~ A2V*. So then a binary cubic form over B is a choice a, b, c,d € B for

(az® + br*y + cxy® + dy®) @ (z* A y¥).

However, since we had to pick a basis x,y of B, the choice of a, b, ¢, d is only well-defined up
to the GLy(B) action on z,y.

Exercise 11.6. When B is a PID, show that this notion of isomorphism classes of binary
cubic forms over B agrees with the notion of GLy(B) classes of binary cubic forms that was
given above over Z (but could be just as well interpreted over B).
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Exercise 11.7. Suppose B is the ring of integers of a number field but is not a PID. Show
that our notion of isomorphism classes of binary cubic forms over B does not agree with the
notion of GLy(B) classes of binary cubic forms given that was given above over Z (but could
be just as well interpreted over B).

The twist by A2V* may look somewhat irrelevant, especially if one is working only over
Z, where the determinant of an element in GLo(Z) can only be 1. Even over B, for A\ € B*
the matrix A/ multiplies each of a,b,c,d by A. (In particular, this remark shows that the
GLy(B) classes of binary cubic forms over B would be the same even if we didn’t take the
twisted action.)  However, it is actually quite important. ~ Without the twist, the GLy
action on the form does not agree with the GLs action of the choice of basis of R/B. This
agreement is important because we will need to use the fact that the automorphism groups
of corresponding objects agree, which comes from the equivalence of categories statement
above or can be seen more concretely from the fact that the GL, actions agree.

For any integer ¢, over a general base scheme S, for f € H°(S,Sym® V ® (A?V)) one can
make a cubic algebra via an analog of the above construction [Woolle, p. 219]|. (Note that
since (A?V)™! = (A?V)* the above construction is the case ¢ = —1.) This always gives a
functor from (¢-twisted) binary cubic forms to cubic algebras over S that commutes with
base change [Woollc, p. 219]. However only in the cases ¢ = —1 and ¢ = —2 is this functor
an isomorphism of categories. For other ¢, even over S = P! one can see that not all cubic
algebras arise (see the last paragraph of page 227 of [Woollc]).

Over a field K, we see that a non-zero binary cubic form f just cuts out a degree 3
subscheme of P}.. If a # 0 (and if the form is non-zero we can always change basis so that
this is the case unless K = Fy), then the cubic K-algebra is K[a]/(ac® + ba? + ca + d).

FEzercise 11.8. Show that this agrees with each of the above constructions (the construction
originally given over Z in terms of the multiplication table, and the geometric description
involving the global functions on the scheme cut out by the form).

From this, using the base change from Z to Q, it follows, over Z, that the cubic ring Ry
(associated to f) is a domain if and only if f is irreducible (over Q). In this case, we call f
irreducible, and otherwise we call it reducible. We have that f is irreducible if and only if Ry
is an order in a cubic number field. The number field then is given by the dehomogenized
version of the binary cubic form.

We can use the base change from Z to Z, to understand which forms associated to orders
in cubic fields are associated to orders maximal at p (meaning they have index relatively
prime to p in the maximal order). In fact, maximality at p is determined by the class of
the form modulo p?. See [BST13, Lemma 13| for more details on this.

One can, in fact, see more explicitly what the geometric construction gives over Z (base
change from Z to Z, also simplifies matters in understanding this, see also [Woollc, Sec-
tion2]). If f is non-zero, then it cuts out a 1 dimensional subscheme S; of P}. If for some
prime p, we have pla, b, c,d, then Sy has a vertical fiber over p, and in particular, Sy is
not finite, flat degree 3 over Z. However, the global functions H°(S/, Os,) are still a cubic
ring, and this is the associated cubic ring Ry. So Spec Ry is a finite, flat, degree 3 cover (in
particular, we have gotten rid of the vertical fibers). We have a map Sy — Spec Ry, in which

Spec Ry is the universal affine variety that S; maps to. Over p, the scheme Spec Ry has a
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singularity that cannot be embedded in P}. If (a,b, ¢,d) = 1, we call the form primitive, and
then in fact Sy is affine and is the cubic cover of SpecZ associated to f.

We can use base change from Z to Z/pZ to see that R;/p is the cubic ring given by
reducing f modulo p. Over Z/pZ, there are not so many options for f up to isomorphism.
It either is 0, has three distinct roots over Z/pZ, has 1 single root over Z/pZ, has 1 double
roots and 1 single root over Z/pZ, or has 1 triple root over Z/Z, and in each of these cases
we can read off the cubic algebra from the analysis for a general field K above. So in the
case when Ry is a maximal order, this lets us read off R;/p and thus the splitting type of p
in R; from the splitting of f modulo p.

The parametrization of cubic rings given above seems so simple, that at first glance one
might think that one could parametrize all rank n rings this way. However, things get much
more complicated quickly. As mentioned above, the construction of a rank n ring from a
binary n-ic form works for all n [Woollc|, but for n > 3 not all rings are obtained this way.
The paper [Woollc| proves that the rings obtained this way are the ones with certain special

kinds of ideal classes. For more reading on parametrizations of rings and ideal classes in rings,
see [Bha04b, BhaO4a, BhaO4c, BhaO8, Woollb, Woolla, Woollc, Wool2, Wool4, EW11].

11.2. Fundamental domain. Let V7 be the space of binary cubic forms over Z (in the first
sense, so Vz = Z*), and V& be the space of binary cubic forms over R. Let F be a fundamental
domain for the action of GLy(Z) on binary cubic forms. Let Fx be the intersection of F' with
{v|| Disc(v)| < X}. Given the above parametrization, we would like to count GLy(Z) orbits
of V7 of discriminant up to X, with additional conditions we will come back to later. This is
the same as counting lattice points of V7 in Fy, asymptotically in X. To solve this problem,
we will use geometry of numbers techniques. From the beginning, we should note that F'y
is not expanding homogeneously in X. The | Disc(v)| < X boundaries are homogeneously
expanding, but the boundaries of F' are not expanding as X grows. So the geometry of
numbers is more complicated than the first examples ones sees in number theory.

Davenport [Davbl| writes down explicit equations for a fundamental domain F' using
Hermite’s reduction theory of binary cubic forms. Let

9) A=0*—3ac, B=bc—9ad, andC =c*— 3bd.
Then the points in F' are those satisfying
—A<B<A<Cor0<B<A=C.

These are fairly simple quadratic inequalities defining F'. Davenport uses this fundamental
domain to (successfully) count binary cubic forms, and eventually, with Heilbronn [DHT71],
to count cubic fields. However, we are going to use the approach of Bhargava [Bha05| (in
his work counting quartic fields) to find a different fundamental domain.

Let F be Gauss’s fundamental domain for GLy(Z)\ GL2(R). We can write

F={ndk\|ne N(d),deA ke KN\eA}

where

N’(d):{(i 1):n€l/(a')}, A’:{(t_l t):tg%/\/é}, A:{(/\ A);A>o},

and K is as usual the (compact) real special orthogonal group SO5(R); here v(a’) is the

union of either one or two subintervals of [—2, 1] depending only on the value of a’ € A’

T 202
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Furthermore, if o’ is such that ¢ > 1, then v(a’) = [—3,3]. (There is an unfortunate
coincidence that a is the first coefficient of our binary cubic form and &’ a diagonal matrix.
This however is consistent with the literature, except for when the literature calls them both
a.)

To recognize this fundamental domain as something we all know and love (the fundamental
domain for SLy(Z) on the upper half plane), consider the action on shapes of lattices in C,
realized as elements of the upper half-plane H. (So 7 in the upper half-plane corresponds to

the shape of the lattice Z @ 7Z.) Let GL3 (R) be the elements of positive discriminant.

Ezercise 11.9. Show that a fundamental domain for SLy(Z)\ GL3 (R) gives a fundamental do-
main for GLy(Z)\ GLy(R). Conversely, show that a fundamental domain for GLy(Z)\ GL2(R)
that is contained in GLj (R) gives a fundamental domain for SLy(Z)\ GLj (R).

So we consider the action of GL3 (R) on the upper half-plane H given by

Dr+C
(4)or =20

for 7 € H. (This is the conjugate of the usual action by (9}).) We see that A is in the
kernel of this action. In the quotient GL3 (R)/A, the group K is the stabilizer of i € H. (If
we consider not just shapes of lattices up to homothety, but actual lattices, then the lattices
are equivalent to binary quadratic forms, and the GL3 (R)-action can be lifted in the obvious
way. The binary quadratic form 2% + y? corresponds to the square lattice shape, which is
represented by the point ¢ € H. Then Stabgy+ g (z? + y*) = SO2(R) = K.) So, we have
that Foi = {naoi|n € N'(a),a’ € A’'}. This is the familiar fundamental domain for the
action of SLy(Z) on H.

The matrix a’ € A’ scales points in the upper-half plane by 2. The group N'(a’) translates
points in the upper-half plane to the left and right by at most 1/2 in each direction. So
naoi = t* + n. Now we see that the inequalities defining N’(a’) and A’ look familiar from
our usual fundamental domain for SLy(Z) on the upper half-plane.

The action of GLs(R) on V7 has 2 4-dimensional orbits, corresponding to the cubic rings
R3 and R @ C. These cover all the points of V; with non-zero discriminant. Let V* be the
orbit where the points have positive discriminant (corresponding to R?) and V'~ be the orbit
where the points have negative discriminant (corresponding to R @& C). Let v € V~. Then,
roughly, the idea is that Fov is a fundamental domain for the action of GLy(Z) on V—. We
can do everything similarly for V', so for now we will restrict our attention to V.

The presence of stabilizers means that Fv is not a fundamental domain, but rather a
“multi-fundamental domain.” More precisely, we consider Fv as the multiset {fv | f € F}.

FEzercise 11.10. For « € V,;, show that the number of times an element of GLy(Z)x appears
in Fu is

# StabGL2 (R) X

# StabGL2(Z) x

We note that for z € V;,, we have Stabgp,w) r = Autr(R®C) = Z/2Z. Also, Stabgr,z) *
are the automorphisms of the corresponding cubic ring, which will be trivial if the ring is
a domain (in V'~ there are no cyclic cubic fields), and will be Z/2Z if the cubic ring is a

subring of K & Q for an imaginary quadratic field Q. So Fv covers all the points we are
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interested in twice, which is just as good as a fundamental domain (as long as we divide by
2 in the end).
Let Rx(v) = FvN{w |1 < |Disc(w)| < X}.

11.3. Geometry of numbers. To count points in this very problem, Davenport [Dav51|
proved a general result on counting points in regions defined by polynomial inequalities. Let
R be a region in R™ and let N(R) be the number of lattice points in R. We would like to
say

N(R) ~ Vol(R),
and the real content of such a statement is an estimate for the error

|IN(R) — Vol(R)|.

We will now imagine what can contribute to such an error. In 2 dimensions, clearly, the
perimeter of R is closely tied to this error. Consider a square that is N + € by M + €. It
may have as many as (N + 1)(M + 1) or as few as NM lattice points, compared to its area
which is near NM. Considering a 1/N x 1/N box, which may have 1 or 0 points, we see we
need a 1 in the error as well. In fact in two dimensions

IN(R) = Vol(R)| < 4(L + 1),

where L is the length of the boundary of R.

In R™, a similar construction with a box shows that the volumes of the projections onto
R"! by dropping a coordinate are related to the error |[N(R) — Vol(R)|. A box which is
approximately Ny X --- x N, will have volume N; ... N, but could have N; --- N,, points or
could have

Ny---N,+Ny---N,

points. However, these n — 1 dimensional projections are not enough. Consider a 1/N x
1/N x N box. This may have as few as 0 points or as many as N. However the 2-dimensional
projections have size 1,1,1/N?, so are not large enough to account for this discrepancy,
even allowing for constant factors. However, there is a 1-dimensional projection of size N.
Davenport shows that these volumes of projections are indeed enough to bound the error.

Lemma 11.11 ([Dav51|). Let R be a closed, bounded region in R™ defined by k polynomials
of degree at most d, and let h = kd/2. Then

n—1
[N(R) = Vol(R)| < Y A" ™Ry,
m=0
where R,, is the sum of the m-dimensional volumes of the projections of R onto any of the
coordinate spaces obtained by forgetting some n — m coordinates, and Ry = 1.

We also write this as
IN(R) — Vol(R)| = O(Vol(Proj(R)), 1),

where the constant in the big O notation depends on the dimension n of R and the number
and maximum degree of the defining inequalities. The notation Proj(R) is supposed to

denote all the projections, and we write the 1 as not to forget the 0-dimensional projection.
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11.4. Averaging. One advantage of taking a fundamental domain Fv as we have done above
(instead of Davenport’s explicit F') is that this generalizes more easily to finding fundamental
domains in more complicated situations, such as those Bhargava encounters when counting
quartic and quintic fields [Bha05, BhalOb]. Another advantage is we can use an averaging
technique due to Bhargava (in [Bha05], where he counts quartic fields) which significantly
improves the geometry of numbers results. (Yet another advantage is that it will be simpler
to compute the volume of our fundamental domain.)

The idea of averaging is that Fv is a fundamental domain for any choice of v, so in fact we
have many fundamental domains. Now since they are all fundamental domains, the number
of lattice points in Rx (v) does not depend on v (for v € V7). So we will average over many
such v, and obtain the same count as in one Fuv.

At first, it might seem counterintuitive that this can help. The key is that the answer is
the same, but we have more tools to estimate the averaged number of points. It sometimes
helps to first think about a discrete averaging scenario. Image a fundamental domain for
the action of Z on R? by addition in the y coordinate, and we would like to count lattice
points with |z| < X, asymptotically in X (and we are ignoring constant factors). This is like
counting lattice points in a 1 X X box, so the volume is order X, but there is a projection of
size X. We cannot get a useful result from Davenport’s geometry of numbers Lemma 11.11
in this case, so we have to use more information. Given the volume of the box and the size
of its projections, it could have as many as 0 points or as many as X (up to constants).
Suppose instead we take X fundamental domains, all stacked on top of each other to form a
X x X box. Now, the fact that they make a nice box exactly (e.g. each was, say, closed on
the bottom and open on the top, and they perfectly fit together) essentially comes from the
fact that they are fundamental domains. So we get X?+O(X) points in our X fundamental
domains, and so X + O(1) in a single fundamental domain. We could not have gotten an
error term this small without using the fact that our region was a fundamental domain.

Now continuous averaging can be even more powerful. We will average over v in some
bounded compact region B. You should think of B as a ball. So for each v € B, we get some
number of lattice points in Rx(v) = Fv N {w | 1 < |Disc(w)| < X}. We could average this
over v in B according to any measure we choose on B, and the answer would be the same
(the same as the number of lattice points in a single fundamental domain), but the measure
we choose will affect whether we can find said answer.

For each v € B, we are counting lattice points in Fv N {w | 1 < |Disc(w)| < X} and then
we are adding up (integrating) over v. Intuitively, it is not hard to imagine this is related
to counting lattice points in ¢B N {w | 1 < |Disc(w)| < X} for each g € F. To actually
change variables from an integral over v € B to an integral over g € F is somewhat delicate
(see problem 62 in the problem set), and in particular in order to end up with a reasonable
measure on g € JF for integrating with respect to, we need to have carefully chosen our
measure on v € B. We will take the measure on v € B to be the pushforward of the Haar
measure on GLy(R), and the result is that we need to average the number of points in gB
over g € F with respect to Haar measure on F.

The question that remains is what the ¢B look like and if they are easy to count points
in. Write g € F as g = na’kA. We are interested in na’kAB. First it is useful to understand
what ¢ does to the discriminant, and how X is involved. The matrix A multiplies each of
a,b,c,d by )\, and thus scales the discriminant by A\*.
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Exercise 11.12. Show that the actions of n,d’, k do not change the discriminant of a binary
cubic form.

We can, for example, pick our B so that all the discriminants of points v € B are between
1 and 2. Since we would only like to count lattice points with absolute discriminant between
1 and X, that means \ is ranging between 2—4 and X4, or up to multiplicative constants
between 1 and X%, Once A > X'/4, there are no points in ¢B of discriminant < X. This
is the main place that X comes in to play.

Now A just scales our ball B, so in particular does not change its shape, so AB is a
good shape for geometry of numbers. We have Vol(AB) is of order A* (up to multiplicative
constants, that depend on B) and the largest projection is O(A\?).

Now for k, we can just pick a B that is fixed by K so that kB = B for each k € K. (For
this it is important that K is compact. If we had chosen a B that was not fixed by K, we
could just average it over K to obtain a choice that was fixed by K.)

The element o’ € A’ will stretch our ball B by different amounts in different directions.
We have that

a o (a,b,c,d) = (t%a,t71b, tc, t3d).

This is exactly the kind of thing that can make a terrible region for geometry of numbers.
Suppose ¢ is some large number Y. Then we have that a’B is a region of volume Vol(a'B) =
Vol(B). However, the projection onto the d coordinate is order of magnitude Y3, which is
much bigger than the volume (as, say, we take Y larger and larger). It turns out that this
reflects a reality about the shape of our fundamental domains Fv that we can’t get around
by averaging. They have a long, skinny cusp around a = 0.

What saves us here is that the forms with a = 0 correspond to cubic rings that are not
domains (as we saw above). So we don’t want to count points with ¢ = 0 in the end. So,
instead of counting points in Rx(v) = FvN{w | 1 < |Disc(w)| < X}, we will intersect that
region with |a| > 1 and count points there.

Before we keep going with the geometry of numbers, we want to point out an issue. All of
our fundamental domains contained the same number of points, because they all correspond
to orbits of something (counted with 1/# Stab weight). However, when we add the condition
la| > 1 this is no longer true. The fundamental domains intersected with |a| > 1 may now
include different numbers of reducible orbits (we only got rid of reducible forms when we
eliminated the case a = 0). In the end we will be able to deal with this—we were going to
have to get rid of reducible forms anyway at some point.

Now, let C' be the maximum |a| for any form in B. So we have that in a’kAB, the maximum
23 coefficient is t3\C.

Exercise 11.13. Show that the action of n does not change the a coordinate.

Thus, we only need to consider g with A < X4 and ¢ so that C\/t3 > 1. This means
that ¢ cannot get too large, and so a’ does not make our region too stretched out.

11.5. Counting lattice points after a lower triangular transformation. Now we come
to n. A method of the author [Woo06| allows one to completely generally ignore lower
triangular transformations when applying Davenport’s geometry of numbers Lemma 11.11
(even if the lower triangular transformations are not bounded). Let’s first consider a simple

example. Suppose you have a roughly X by X region H (so it has around X? lattice points,
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with O(X) error). Now we apply a shear mapping s that sends a point with coordinate
(z,y) — (x,y + X%x). So the sheared region s(H) has the same volume X? as H, but now
the projection onto the second coordinate is size X3, so we can’t use Davenport’s geometry
of numbers lemma to count points in this region.

However, since a slice for each x coordinate was just shifted up in the plane, we can see
that each slice of s(H) has almost the same number of lattice points as H (differing by at
most 1). In fact, if we merely translate a region R in R™ to t(R) since we don’t change the
volume or the size of the projections, we can only change the number of lattice points from
R to t(R) by O(Proj(R) + 1).

More generally we have the following. Recall for a region F in R" we let N(F) be the
number of points in Z™" N E.

Theorem 11.14 (|[Woo06]). If E is a semi-algebraic region of R™ and T is an upper (or
lower) triangular linear transformation of R™ with ones along the diagonal, then

IN(E) — N (T(E))| = O(Vol Proj E + 1),

where Vol Proj E' denotes the volume of the largest (in volume) projection of E onto any
proper coordinate hyperplane (of any dimension < n). The constant in the O notation
depends only on n and the degree of the semi-algebraic region.

Proof. Write T' =t o - -- o ty, where ¢; is a linear transformation that fixes the value of z;
for j # 7, and for a point P we have x;(T(P)) = x; + \i—1@i—1 + Ni—oTi—o + -+ - + M\ 21.

Lemma 11.15. For any semi-algebraic region E of R™
IN(E) = N(T(E))| = O (N Proj E),

where N Proj(E) is the number of Z" points in the projection of E onto a proper coordinate
hyperplane that has the most lattice points. The constant in the O notation depends on n
and the degree of E.

Proof. We induct on the number of terms ¢; in 7". First, we assume 7" = t;. For a given
set of ¢; € Z, we consider the line L = {z; = ¢; : j # i}. The region RN L is a union of
intervals on the line. Since T" only affects the coordinate x;, we have that T" preserves L and
T(E)YNL =T(ENL). The transformation 7" just translates the intervals of R N L along
L. Since an interval of length ¢ has between ¢ — 1 and ¢ + 1 integral points, the difference
IN(ENL)—N(T(E)NL)| is at most twice the number of intervals of EN L, which is bounded
by the degree of E. It remains to estimate the number of choices of ¢; (for all j # i) such
that £'N L is non-empty. This is exactly the number of lattice points in the projection of F
onto x; = 0, which is O (N Proj E).

Assuming the inductive hypothesis, we write T'=t,0---oty and T =t,_10---oty. We
have

N(E) = N(T(E)) = N(E) = N(T'(E)) + N(I"(E)) = N(ty o T'(E)),

and by the inductive hypothesis, we have
(10) IN(E) = N(T'(E))] < O (N Proj E).
By our work above, for the case £ = 1 we have

IN(T'(E)) = N(tx 0 T/gf))\ <O (N(T'(E)),



where T"(E)y, is the projection of 7"(E) onto the hyperplane cut out by z; = 0. For a point
P, the values of x;(T'(P)) for i # k do not depend on x(P), we have that T"(E)y is just 7"
applied to the projection Ej of E onto the hyperplane x; = 0. Thus,

(11) IN(T'(E)) = N(te o T'(E))| < O (N (T'(Ey))) -
By the inductive hypothesis, we have
(12) N(T'(Ey)) - N(Ey) < O (N Proj F).
Thus combining Equations (10), (11), and (12), we have
IN(E) — N (T(E))| < O(N Proj E + N(E) + N Proj Ey),

proving the lemma. (Though at each step of the induction, the constants in the O notation
might grow, they are bounded in terms of n). Note that if E has infinitely many lattice
points, then so does some projection of £ onto a coordinate hyperplane. O

The number of points in the projection E’ of E onto some proper coordinate plane is
Vol E' + O(Proj E’ + 1). Since every projection of E’ onto a proper coordinate hyperplane
is also a projection of F, we have that [N(E) — N (T(E))| = O(Proj E + 1), as desired. O

Though this general result is often quoted, in some cases, including our problem at hand
(counting binary cubic forms), one can use a simpler argument that involves the specific lower
triangular transformation and the shape of the region it is being applied to (see Exercise 46
in the problem set). In any case, we conclude that we only need to estimate the size of the
projections of a’kAB in order to bound the error between the number of lattice points in gB
and the volume of gB.

11.6. Estimating the projections. We have that a’'kAB = a’\kB = a’\B. We have
a'Xo(a,b,c,d) = (M 3a, b, e, M3d),

and A, t are bounded below by constants. Also, recall from the end of Section 11.4, we had
A= O(X'%) and t = O(A\'/3). So we can bound the volume of each of the projections
of a’kAB, using the fact that B is fixed. For example, the projection onto the last three
coordinates has size O(At™1 - At - A\t?) = O(A3t?). The projection onto the last coordinate is
size O(At?), but this is O(N\3t3) since ) is bounded below by a constant. Similarly, we can
bound each of the lower dimensional projections and conclude

Vol Proj(a’kAB) = O(N°t?).
We then integrate over the Haar measure dg (see Problem 6.4 on the problem set for the

determination of the Haar measure). We have (where the below ignores constant factors in
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all inequalities)

/ Vol Proj(a'kAB)dg < ONH N3 d)\dtdndk
geF,gBN{1<| Disc(—)|<X }N{|a|>1}#0 gEF,I<KALSX /4 1<t<A\L/3

/ O()\Q)d)\dtdndk
gEF,1<ASX /4 1<t<AL/3

O\"®)d\dndk

/(n,a',k,x)ef,lg,\gxw
= / O(X%/®)dndk.
neN’' keK

The final integral is O(X°/%) because we have that N’ and K are compact and fixed (where
N’ is the union of all the N'(a'), i.e. N’ = N'(a’) for a value of a’ with t > 1).

11.7. Putting the count together. To put all the pieces together, we need to also compute
the (average over g) volumes of our gB’s, which we can do by reversing the change of variables
we did above and instead computing volumes of fundamental domains Fv. For this, we can
use a well-known calculation of the volume of F. The average volume is order of X, and so
the error term O(X?/%) above is indeed small enough.

Also, our count now includes some reducible binary cubic forms (but not all of them since
we cut out the @ = 0 forms in each fundamental domain). First of all, notice that it we had
included all of them, it would have contributed to our main term. For each quadratic field
K with | Disc(K)| < X, we have a cubic ring R which is the maximal order in K & Q, and
has | Disc(R)| < X. So if we counted all classes of reducible binary cubic forms, we would
be seeing the reducible ones contribute to our main term (as Ng,(X) ~ ¢X). (This perhaps
would not be so bad, because we have an exact main term for Ng,(X).) However, it turns
out that by discarding the a = 0 forms, we have thrown out 100% (asymptotically in X) of
the reducible forms (though the precise number we have thrown out in Fv can depend a bit
on v). See Problems 69 and 70 in the problem set or Lemma 21 of [BST13].

11.8. Sieving for maximal rings. So far, we have outlined the proof of counting classes
of binary cubic forms that correspond to orders in cubic fields. The final step to count cubic
fields is to sieve for maximal orders. We discussed above that maximality at p of the cubic
ring can be given by a condition on the form modulo p?. One can compute [BST13, Lemma
19] the proportion p(U,) of binary cubic forms modulo p that correspond to cubic rings that
are maximal at p. One then can do all the above counting, but instead of using integral
binary cubic forms, only using ones with “maximal” reductions modulo p?. One would get
the main term multiplied by p(U,), and the same error term with the constant in the error
term now depending on p. For finitely many primes, one can sieve like this, but for infinitely
many primes, the constant in the error term could in theory go off to infinity. One needs a
uniform error bound to sieve at infinitely many primes.

This is a sieve in the spirit of the sieve for squarefree integers that is discussed in Poonen’s
Arizona Winter School 2014 lectures and in Problems 53-55 of the problem set, but the error
bounds one needs as input are more sophisticated. (The sieve itself is carried out in Problem
78 of the problem set, but assuming the required input bound-see [BST13, Section 8.2] for

the required bound.) One can finally obtain the following result of Davenport and Heilbronn.
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Theorem 11.16. We have
1

Ng,(X) ~ —X.

If instead, we sieve for cubic rings that are not only maximal at p but also not totally
ramified at p, we are counting 2-torsion in class groups of cubic fields (see Section 3). One
final result of Davenport and Heilbronn [DH71] is

ZKED(X)K imag quad |CZ(K)/3CZ(K)|

lim —

X—o0o  #{K € D(X) | K imag quad}

We will see a sieve like that is necessary for either of these cases in the next section.

12. COUNTING GALOIS S; SEXTICS

In this section, we outline a result from [BWO0§| giving the asymptotics of Ng,cs,(X),
where S3 is acting via its regular representation. As discussed above, this gives another
example of counting fields by an invariant other than their discriminant. It will also show
the kind of sieve that is necessary to sieve for even maximal cubic rings in Davenport and
Heilbronn’s result above. We are counting non-Galois cubic fields by the discriminant of
their Galois closure. Degree 6 number fields with Galois group S3 C Sg are called S3-sextic
fields, and they are Galois over (. We are able to obtain an exact asymptotic in this case.

1 .
Theorem 12.1 ([BWO08]). We have Ng,cg,(X) ~ <§ Hcp> X3,
p

where the product is over primes, ¢, = (1 +p~t + p™¥3)(1 —p™t) for p # 3, and c3 =
G+zm+zs)—3)

Theorem 12.1 was also obtained (independently) by Belabas-Fouvry [BBP10| as a result
of a deeper study of S3-sextic fields. To compare with Davenport and Heilbronn’s theorem

NS3<X) ~ %(?))X,

we may write ﬁ = Hp(l +pt+p )1 —ph).

Any Ssz-sextic field K contains a unique (up to conjugation) non-Galois cubic subfield K.
Conversely, any non-Galois cubic field K3 has a unique Galois closure Kg, which is an Ss-
sextic field. Let K3 and K¢ be such for the rest of the section. Let v,(n) denote the exponent
of the largest power of p that divides n. If K3 is nowhere totally or wildly ramified, then
d(Kg) = d(K3)3. If this were always the case, then the asymptotics of N (X, S3(6)) would
follow immediately from Theorem 11.16. However, at a tame rational prime p, the possible
ramification types in K3 are p3p and p3, and v,(d(K3)) is 1 and 2 in these cases, respectively.
These give, respectively, splitting types pip303 and p3ps in K, and hence v,(d(Kg)) is 3
and 4 in these cases, respectively. We call primes p of the second type overramified in Kj
(or Kg).

If tamely overramified primes exist, then evidently d(K3)® # d(Kg). To prove Theo-
rem 12.1, we define transitional discriminants dy (Kg) for Kg that “correct” d(K3)? to d(Kg)

at the primes less than Y:
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Definition. Let dy (Kjg) be the positive integer such that

vp(d(Kg)) if pis aprime <Y
vp(d(K3)?) if pis a prime > Y’

vp(dy (K¢)) = {

In fact, a stronger version of Theorem 11.16 is true, and is proven with essentially the
same methods. For an integer m, let ¢,, be the map that takes binary cubic forms with
integer coefficients to binary cubic forms with coefficients in Z/mZ, via reduction of the
coefficients modulo m. For each of finitely many rational primes p;, let us specify a set >2; of
étale cubic Q,-algebras and let ¥} be the corresponding set of maximal Z,,-orders. For some
m = [, p}", there are sets U and S of binary cubic forms with coefficients in Z/mZ such
that ¢ 1(U) is the set of forms which correspond to rings which are maximal at all p; and
¢, 1(9) is the set of forms which correspond to rings which are maximal at all p; and whose
pi-adic completions are in ¥;. We define the relative density of {¥;}; to be #S/#U. By
the Chinese Remainder Theorem, this relative density is simply the product of the relative
pi-adic densities of the individual ¥;, defined as above in the case that {p;}; has one element.
The strengthened version of Theorem 11.16 we require is that
(13)
#{K € F(S3) | d(K) < X and K®Q,, € %; for all i} ~ (relative density of {EZ}Z)%@
(For further details on this strengthened Theorem 11.16, see [DH71, Section 5| or [BST13,
Theorem 31].) Since dy (Kj) only differs from d(K3)? at finitely many primes, we can compute
the asymptotics of Ny (X) := #{ K | dy(Ks) < X} directly from such a strengthened version
of Theorem 11.16.

In [BWO08] we compute these relative densities and obtain

Ny(X) CoCs3 H 1 —|—p_1 + p_4/3 1

I = .
Xooo X138 (1—273)(1—39) T+pt+p2 3¢03)

3<p<Y

Taking the limit in Y, we obtain

: . Ny(X)  cacs 14+ptyp3
(4 L T o) | S
12.1. Proof of Theorem 12.1. We now compute the asymptotics of N(X) := Ng,cs,(X).

Note that for Y > 3, we have Ny(X) < N(X) and thus
o Ny(X) L N(X)
< .
(5) R P U =
To obtain an upper bound, let M (n, X) = #{ K3 overramified at all primes p|n, d(K3) <
X}. From [BF10, Lemma 3.3|, we know M(n,X) = O(n ?"X). If K is an S3-sextic
field with d(Ks) < X, and n is the product of the primes where Kg is overramified, then
d(K3) < en?3 X3 for some finite absolute constant ¢ given by the behavior of the finitely
many 2-adic and 3-adic cubic algebras (in fact, we may take ¢ = 36). Thus,
X1/3
n4/3+te

N(X) < Ny(X) + ) M(n,en® X3 < Ny(X) +d )
n>Y n>Y
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for some constant d. Taking limits in X, we obtain

. N(X) . Ny(X) 1
limsup ~75" < lim —7e” +d;—n4/3+e,

and then taking limits in Y, we conclude

. N(X) . . Ny(X)
1o s e < i s

= lim lim M
X1/3 Y —o00 X—o0 X1/3

Equations (15) and (16) combine to prove )}im , which together
—00

with Equation (14) proves Theorem 12.1.

In [BWOS, Section 5|, we give an interpretation of the constants ¢, above, which are exactly
as predicted by the Malle-Bhargava principle discussed above. Further the work in [BWO0§]
shows that the Malle-Bhargava principle holds in full generality, with local behaviors, in the
case G = S3 C Sg.
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