
Introduction to Geometry and geometric analysis

Oliver Knill

This is an introduction into Geometry and geometric analysis, taught in the

fall term 1995 at Caltech. It introduces geometry on manifolds, tensor

analysis, pseudo Riemannian geometry. General relativity is used as a

guiding example in the last part. Exercises, midterm and final with solutions

as well as 4 appendices listing some results and definitions in real analysis,

geometry, measure theory and differential equations are located at the end of

the text. The material contains hardly anything which can not be found in

the union of the textbooks listed in the bibliography. In retrospect the

material appears a bit too condensed for a 9 week undergraduate course.
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Preliminaries

0.1 Introduction

What is geometry?
The partition of mathematics into topics is a matter of fashion and depends on the time
period. It is therefore not so easy to define what part of mathematics is geometry.

• The original meaning of geometry origins in the pre-Greek antiquity, where measure-
ment of the earth had priority. However, in ancient Greek, most mathematics was
considered geometry.

• Felix Klein’s Erlanger program proposed to classify mathematics and especially geom-
etry algebraically by group of isomorphisms. For example, conformal geometry is
left invariant under conformal transformations.

• Today, geometry is mainly used in the sense of differential topology, the study of
differentiable manifolds. Since differentiable manifolds can also be discrete, this does
not exclude finite geometries.

Geometry and other parts of Mathematics.
It is maybe useless to put boundaries in a specific mathematical field. Any major field of
mathematics influences the other major fields. An indication of this fact is that one could
take any ordered pair of the set of topics {”algebra”, ”geometry”, ”analysis”, ”probability
theory”,”number theory”} and form pairs like {geometric, analysis} which defines itself a
branch of mathematics like in the example ”geometric analysis” or analytic geometry.
There are other branches of geometry like Differential geometry, the study of Riemannian
manifolds, Algebraic geometry, the study of varieties=algebraic manifolds, Symplectic ge-
ometry, the study of symplectic manifolds, Geometry of Gauge fields, differential geometry
on fiber bundles, Spectral Geometry, the spectral theory of differential operators on a man-
ifold. Non-commutative Geometry, geometry on spaces with fractal dimensions, foliations
or discrete manifolds.

Why is geometry important?
Many classical physical theories can be described in a purely geometrical way. Examples
are classical mechanics, electromagnetism and other gauge field theories, general
relativity or the standard model in particle physics.

About this course
This course is the first part of an introduction into geometry and geometric analysis. It does
not rely on a specific book. The material treated in this term is covered quite well by the
books [16] and [1]. But careful, these two sources together add up to almost 2000 pages.
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We will build up differential calculus on manifolds, do some differential geometry and use
an introduction into general relativity as an application.

0.2 Some problems in geometry

We first look at a selected list of problems which belong to the realm of geometric analysis.
The list should give a glimpse onto the subject. It is not so important to understand the
problems now. You will encounter one or the other during the course or in the second or
third part of the course.

1) The Ham-Sandwich-Salad problem: 1 Given a sandwich made of bread, salad and
ham. Can you cut the sandwich into two pieces in such a way that both parts have the
same amount of ham and the same amount of bread and the same amount of salad? A
mathematical reformulation is: given three sets B,H, S ⊂ R3. Is there a plane in R3 such
that the volumes of H and B and S are the same on each side of the plane?

Remark: the solution of this problem is called the Stone-Tukey theorem and is a pleasant applica-
tion of the Borsuk-Ulam theorem, which says that for any continuous mapping f : S → R2 from
a sphere S to the plane, there is a point p in S such that f(p) = f(p∗), where p∗ is the antipode of p.

Example: The Borsuk-Ulam’s theorem implies for example that there exists always two antipodal
points on the earth which have both the same temperature and the same pressure.

Explanation. Let us explain, how the more abstract theorem of Borsuk-Ulam gives the solution
of the Ham-Sandwich-Salad problem: for any set X and any line l, there exists a point P (l, X)
which lies on l and such that the plane perpendicular to l through P (l, X) cuts X into two pieces
of the same volume. Define a map fX from the sphere S to R by defining fX(x) = |x−P (l(x),X)|,
where l(x) is the line through x and the origin. Clearly fX(x∗) = 2 − fX(x). Define now the map
g : S → R2 by g(x) = (fB(x) − fS(x), fH(x) − fS(x)). By Borsuk-Ulam, there exists a point p on
the sphere, such that g(p) = g(p∗). Since g(x) = −g(x∗) for all x, we have g(p) = 0. This however
assures that fB(p) = fH(p) = fH(p).

A proof of the Borsuk-Ulam theorem can be obtained using the notion of the degree of a continuous

map f from one manifold to an other manifold.

2) The annulus problem and the Schönflies problem: given two centered standard
balls B1, B2 in Rd of radius 1 and 2. The region between B1 and B2 is called an annulus.
The problem is to show: for a smooth embedding of a d-dimensional ball into a d-dimensional
ball, the region between these two regions is homeomorphic to the annulus. This has been
shown in dimensions d 6= 4.
The requirement of smoothness was important and we want to illustrate, why it can’t be
dropped: consider the Alexander horned sphere inside the ball in R3. Every closed
curve in a three dimensional annulus can be deformed to any other closed curve. This is not
true for the region between the horned sphere and the sphere: put a loop around one horn.
We can not take it out without breaking it. But the horned sphere is homeomorphic to the
three dimensional ball. However, this embedding is not smooth at accumulation points of

1I learned this problem as a high school student during an ”open door event” at the ETH Zürich. The
inspiring lecture for high school students who were shopping for a study discipline was given by Peter Henrici.
The lecture convinced me: ”math is it”.



0.2. SOME PROBLEMS IN GEOMETRY 5

the horns.
The Alexander horned sphere served as a counter example of the Schönflies problem: is
every (d − 1)-dimensional sphere which is embedded in Rn the boundary of an embedded
n dimensional disk? In dimension 2 this is true (theorem of Schönflies) and sharpens the
Jordan curve theorem.

3) The knot classification problem: A knot is an embedding of the circle in R3. This
means that it is a closed curve in space without selfintersections. Two knots are called
equivalent, if they can be deformed into each other. The problem to classify all knots is a
special case of the classification problem for three dimensional manifolds because the com-
plement of a knot is a three-dimensional manifold and these manifolds are homeomorphic
if and only if the knots are isomorphic. Maxwell and other scientists had constructed a
theory which suggested that elementary particles are made of knots. This motivated the
classification even if not much later, Maxwell’s idea was given up. The theory of knots has
now astonishing relations with topological quantum field theory.

4) Electromagnetic fields in curved space time. Consider a four dimensional manifold
M . An electromagnetic field on M is a two-form F on M . Without defining it properly
now, the field F is a skew-symmetric 4×4 matrix Fij = −Fji attached at each point m ∈ M
so that the entries of F depend smoothly on the point m. The field is required to satisfy
the Maxwell equations

∂Fij

∂xk
+

∂Fjk

∂xi
+ ∂Fki

∂xj
= 0. A class of such fields can be obtained as

Fij = dAij = ∂Ai

∂xj

∂Aj

∂xi
, where A = (A1, A2, A3, A4) is a vector potential: Ai(m) ∈ R depends

smoothly on m. Are they all? This problem is a cohomological problem. There exists a
group H2(M) called second cohomology group which is an invariant of the manifold.
Isomorphic manifolds have the same group. If this group is trivial, then all the fields F are
of the form F = dA. For the four-dimensional sphere S4 one has H2(S4) = 0. The same
is true for a smoothly contractible manifold. Consider now the manifold M = R4 \ Rt,
where Rt is the t axis (one of the four coordinate axis in R4). This is the place, where the
field F = dA a point charge given by the potential A(x) = (−1/|x|, 0, 0, 0) is defined. The
cohomology group H2(M) is one-dimensional and generated by ∗F , which is interpreted as
the charge of the source.

5) Fixed points of homeomorphisms and diffeomorphisms: How many fixed points
are there for a continuous map f : M →M or a homeomorphism of a manifold? Brower’s
fixed point theorem states that a continuous map from a closed disk to itself has at
least one fixed point. A theorem of Poincaré-Birkhoff which is relevant in Hamiltonian
mechanics says that an orientation-preserving homeomorphisms of an annulus which rotates
the boundaries in opposite directions has at least two fixed points. A theorem of Lefshetz
tells that any continuous map of the two sphere which is homotopic to the identity has at

least one fixed point. There are in general not more fixed points as the translation z 7→ z+1
on the Riemann sphere shows. Nikshin and Simon showed that a homeomorphisms of S2

homotopic to the identity which preserves the volume measure has at least two fixed points.
Lefshetz introduced also an invariant Λ(f) called the Lefshetz number for a continuous
map f from a manifold M to itself. If this number is not vanishing, then the map f has a
fixed point. By computing the Lefshetz number one concludes that every Riemann surface
of genus > 1 has a fixed point. There are area-preserving diffeomorphisms of the two-torus
T2, which have no fixed points (for example translations). However, every homeomorphism
of the two-dimensional torus which is homotopic to the identity, which leaves the volume
measure and the center of gravity invariant, has at least three fixed points. In many of these
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examples, global topological effects are important.

6) The generalized Poincaré conjecture: This conjecture, which is proven in dimen-
sions d ≥ 5 by Smale, states that every closed n-dimensional manifold which is homotopy
equivalent to the n-sphere is homeomorphic to the n-sphere.
The Poincaré conjecture itself states that every simply connected closed manifold of di-
mension 3 is homeomorphic to the three dimensional sphere. This question is still open.

7) Classification of Riemann surfaces. A Riemann surface M is a two dimensional
manifold such that coordinate changes on this manifold are holomorphic, when R2 is iden-
tified with C. A choice of an atlas is called a complex structure. If C is the set of these
structures and D is the set of orientation-preserving diffeomorphismson M homotopic to the
identity, then D acts on D and the quotient space C/D is called the Teichmüller space
of M . This space is a smooth finite-dimensional manifold. The problem to understand this
manifold is different from the topological classification problem of manifolds and a typical
question in geometry.

8) Can you hear the shape of a drum? On any Riemannian manifold M , there exists a
notion of a gradient and a notion of divergence. As in the Euclidean space, one can define
the Laplacian ∆f = div gradf . If M is compact, then ∆ has eigenvalues 0 ≤ λ1 ≤ λ2 . . .
which converge to infinity. An interesting problem is to find the set of isospectral manifolds
to a given manifold. An other problem is to find the set of metrics on M , which maximize
det(∆), where det is a regularized determinant. The question ”Can you hear ...” is due to M.
Kac and is formulated for manifolds with boundaries, where the Laplace-Beltrami operator is
taken with Dirichlet boundary conditions. There are now known two-dimensional isospectral
domains in the plane, but it is for example not known, whether there exist smooth isospectral
domains or convex isospectral domains in the plane.



Chapter 1

Manifolds

1.1 Definition of manifolds

Definition. A locally Euclidean space M of dimension n is a Hausdorff topological space,
for which each point x ∈ M has a neighborhood U , which is homeomorphic to an open
subset φ(U) of Rn. The pair (U, φ) is called a coordinate system or a chart.

Definition. A Ck atlas on a locally Euclidean space M is a collection F = {Ui, φi}i∈I of
charts such that

⋃

i∈I Ui = M , φij = φi ◦ φ−1
j is in Ck(φi(Uj ∩ Ui),R

n). An atlas is max-

imal, if it has the property that if (U, φ) is a chart such that φ ◦ φ−1
i and φi ◦ φ−1 are Ck

for all i ∈ I , then (U, φ) ∈ F .

Definition. Two atlases F and G are called equivalent if F ∪ G is an atlas. Given an
atlas A, the union of all atlases equivalent to A is a maximal and called the differentiable
structure generated by A.

Definition. A n-dimensional Ck-differentiable manifold is a pair (M,F), where M is
a n-dimensional second countable locally Euclidean space and where F is a differentiable
structure on M . A manifold is called smooth if it is a Ck-differentiable manifold for all
k > 0.

Remarks.
1) Given a manifold (M,F), the topology of M is recovered as follows: a set V ⊂ M is
open, if and only if φi(Ui ∩ V ) is open in Rn for all i ∈ I .

2) In some books, a manifold is defined as a subset of Rk, k ≥ n which looks locally like
Rn. We will see later that this is not a restriction of generality because every manifold is
actually embedded into a space Rk. This can be done with k = 2n+ 1 if M has dimension
n. The definition of a subset of Euclidean space has the advantage that less topology is
involved. It appears however not so natural and also does not work in infinite-dimensions.

3) We will always assume that the manifold is smooth. If the vector space Rn is replaced
by Cn and the coordinate changes are analytic, then, the differentiable structure is called
a complex structure. If the coordinate changes are only continuous and not differen-
tiable, we have a topological manifold. We will use the word manifold always in the sense

7
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smooth differentiable manifold.

4) A more general notion is a Banach manifold which is obtained by replacing Rn by an
arbitrary Banach space E (that is a vector space, which has a norm and such that every
Cauchy sequence has a limit). In this case, one drops the requirement of second countabil-
ity and replaces it with paracompactness (every open cover has a countable locally finite
refinement). If E is a Hilbert space (a Banach space, where the norm is given by a scalar
product), one calls M a Hilbert manifold. We will in this course not deal with such
infinite-dimensional manifolds.

We end this section with the definition of a manifold with boundary. We will not use
these objects however for a while.

Definition. The set Hn
j = {x ∈ Rn | xj ≥ 0} is called a j’th half space in Rn. It has the

boundary {xj = 0} and the interior {xj > 0}. We write simply Hn for Hn
1 .

The topology on Hn is given by the sets {U ∩Hn | U ∈ O}, where O is the topology in Rn.
Note that the boundary of Hn is not the topological boundary of Hn.

Definition. A locally Euclidean space with boundary M of dimension n is a Hausdorff
topological space, for which each point x ∈M has a neighborhood U which is either home-
omorphic to an open subset φ(U) of Rn or to an open subset φ(U) of Hn. A pair (U, φ) is
again called a chart or a chart with boundary.

Definition. A Ck atlas on a locally Euclidean space M with boundary is a collection
F = {Ui, φi}i∈I of charts and charts with boundary such that

⋃

i∈I Ui = M , φij = φi ◦ φ−1
j

is in Ck(φi(Uj∩Ui)), (where we require differentiability only at points which have a neighbor-
hood homeomorphic to an open set in Rn). The definition of maximality and differentiable
structure is the same as in the case of manifolds without boundary.

Definition. A n-dimensionalCk-differentiable manifold with boundary is a pair (M,F),
where M is a n-dimensional second countable locally Euclidean space with boundary and
where F is a Ck-differentiable structure on M . The definition of smoothness is the same as
before.

Definition. Let M be an n dimensional manifold, then the interior of M is defined as
the set of points, which have a neighborhood homeomorphic to an open subset of Rn, The
complement is called the boundary of M .

Remarks.

1) Note that the boundary of M is not the topological boundary of M . For example, if
M = {(x, y) ∈ R2 | 1 < (x2 + y2) ≤ 2} has the boundary {(x, y) ∈ R2 | (x2 + y2) = 2} while
the topological boundary contains this as well as {(x, y) ∈ R2 | (x2 + y2) = 1}.

2) It follows from the definition that the boundary of M is itself a (n − 1)- dimensional
manifold. An example to which we come in a moment: if M is the n-dimensional ball
M{x ∈ Rn | |x| ≤ 1}, then its boundary is the (n− 1)− dimensional sphere.
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1.2 Examples of manifolds

We give some examples of manifolds.

• Any discrete second countable topological space M is a 0-dimensional manifold.
The charts are given by ({x}, φx)x∈M , where φx(x) = 0. For example, every finite set
M can be made into a manifold.

• The standard differentiable structure F on M = Rd is the atlas generated by the
single chart (Rd, φ), where φ(x) = x. (M,F) is a manifold. By choosing a basis, every
finite dimensional real vector space M is a manifold. The differentiable structure is
independent of the algebraic basis.

• The d− sphere is the set M = Sd = {x ∈ Rd+1 | ||x||2 = x2
1 + x2

2 + . . . + x2
d+1 =

1} ⊂ Rd+1. Given the points n = (0, . . . , 0, 1) and s = (0, . . . , ,−1), the standard
differentiable structure F on Sd is generated by A = {(Sd\{n}, φn), (Sd\{s}, φs)},
where φn, φs are the stereographic projections from n or s to the d dimensional
equatorial plane {xd+1 = 0}. (Given P ∈ Sd, connect n with P and intersect this line
with {xn = 0}. This point is φn(P )).

• Let U be an open subset of a manifold (M,F = {(Ui, φi)}) and G = {(U ∩ Ui, φi|U ∩
Ui) | (Ui, φi) ∈ F}, then (U,G) is a manifold. For example, the set GL(n,R) ⊂ Rn2

, of
n×nmatrices, which are invertible is a manifold because the determinant is continuous
and therefore det−1(R \ {0}) is open in Rn2

.

• A Lie group G is a manifold which is also a group such that the map G × G →
G, (g, h) 7→ gh−1 is smooth (smoothness of maps from one manifold to an other will
be defined later). Examples are

Rn,C∗ = C \ {0}, S1,Tn, GL(n,R), SO(n,R), SU(n) .

We will see very soon, why the groups SO(n,R), SU(n) are manifolds.

• Given a Lie group G and a manifold M . If there exists for each g ∈ G a diffeomorphism
Tg on M , one says that M acts on M . A Lie group action is called transitive if for
all x, y ∈ M , there exists g ∈ G such that Tg(x) = y. A manifold M on which a Lie
group acts transitively is called a homogeneous space of the Lie group. An example
is any Lie group G itself because G acts onto itself by right multiplication Tgh = g ◦h.
An other example is the rotation group G = SO(3,R) of all orthogonal matrices with
determinant 1. It acts transitively on the manifold M = S2.

• A manifold E is called a fiber bundle over a manifold (M, (Ui, φi)), if there exists a
smooth surjective map π : E →M and diffeomorphisms ψi : π−1(Ui) → Ui×F , where
F is a manifold called the fiber. Aa Lie group G called structure group acts on F
by smooth diffeomorphisms. Furthermore, the coordinate changes

ψi ◦ ψ−1
j : (Uj ∩ Ui) × F → (Uj × Ui) × F

have the form (x, y) 7→ (x, Tij(x)y), where Tij(x) : F → F is an element of G and
Tij : Ui ∩ Uj → G is smooth.
If F = G and G acts on F by multiplication on the right, then E is called a principal
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bundle. If the fiber F is discrete, then the fiber bundle E is called a covering, if
F = Rn and G is a subgroup of GL(n,R), then E is called a vector bundle. If
E = M × F , then E is called trivial.

• Let (M1,F1), (M2,F2) be manifolds, then M = M1×M2,F = (Ui×Vj , φi×ψj)i∈I,j∈J

is a manifold called the product manifold.

• We will see that every one-dimensional connected manifold is diffeomorphic to
the circle S1 or R. One can also show (and we will not do that here) that every
two-dimensional compact connected orientable manifold is a ”sphere with handles”.

• A differentiable structure on a manifold is not necessarily unique. This problem is
difficult and we can only address it here informally: one knows that for n ≤ 3, every
manifold has exactly one differentiable structure. For n ≥ 5, there are only finitely
many different differentiable structures. Milnor has given a first example of a so called
exotic structure: he constructed on S7 different differentiable structures. It is known
that there are 28 different differentiable structures on the seven dimensional sphere
S7. An example of an exotic sphere is the Brieskorn-Sphere which is defined in C5

through the equations

z5
1 + z3

2 + z2
3 + z2

4 + z2
5 = 1,

5
∑

i=1

|zi|2 = 1 .

On Rn, there exist different differentiable structures if and only if n = 4. One even
knows that there are one-parameter families of differentiable structures on R4.

1.3 Diffeomorphisms

Definition. Given two manifolds M and N . A function f : M → N is called a Ck-map if
for all charts (Ui, φi) on M and all charts (Vi, ψi) on N , the functions φj ◦ f ◦ φ−1

i are in
Ck(φi(Ui ∩ f−1Vj),R

n). If there exists an inverse of f which is also a Ck map, then f is
called a Ck-diffeomorphism.
Definition. If a map f : M → N is a Ck-map for all k, then f is called smooth.
If f is a smooth diffeomorphism and the inverse of f is also smooth, then f is called a
smooth diffeomorphism.

Definition. If there exists a diffeomorphism from a manifold M to a manifold N , then M
and N are called diffeomorphic.

Lemma 1.3.1 Let M,N,P be smooth manifolds of dimension m,n, p. If f :
M → N and g : N → P are both Cr-maps , then also g ◦ f : M → P is a Cr

map.

Proof. The statement is a local statement. This means that we can take neighbor-
hood charts (U, φ), (V, ψ), (W, θ) of the points x ∈ M , f(x) ∈ N , g(f(x)) ∈ P satisfying
f(U) = V, g(V ) = W and check the statement there. By replacing f with f̃ = ψfφ−1

defined on Ũ = φ(U) ⊂ Rm and g with g̃ = θgθ−1 defined on Ṽ = ψ(V ) ⊂ Rn, we have to
check the statement for maps f̃ : Ũ ⊂ Rm → Ṽ ⊂ Rn, g̃ : Ṽ ⊂ Rn → W̃ ⊂ Rp, where we
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can use the chain rule D(g ◦ f)(x) = Dg(f(x)) ◦Df(x). The k’th derivative Dk(g ◦ f) is
inductively proven to be a sum of derivatives in g and f which are all of order ≤ k. 2

Corollary 1.3.2 To be diffeomorphic is an equivalence relation.

Proof. An equivalence relation has three properties: (i) reflexivity, (ii) symmetry and (iii)
transitivity:
(i) Id : M → M , Id(x) = x is a smooth diffeomorphism.
(ii) If f : M → N is a diffeomorphism, then f−1 : N →M is a diffeomorphism.
(iii) If f : M → N, g : N → O are diffeomorphisms, then g ◦ f : M → O is a diffeomorphism
by the above lemma. 2

A natural problem is to classify all n-dimensional manifolds, which means to find the set
of all equivalence classes of manifolds. A part of this problem is to classify all manifolds,
which are homeomorphic to a given manifold.

Definition. A manifold M of dimension m is called immersed in a manifold N of dimension
n ≥ m, if there exists a smooth map f : M → N , such that Df(x) has maximal rank n−m
for all x ∈ M (that is Df(x) is subjective). The map is then called an immersion of M
into N . An immersion is called an embedding, if M is diffeomorphic to f(M). In this
case, M is called a submanifold of N .

1.4 A lemma for constructing manifolds

Definition. LetM,N be manifolds of dimensionm ≥ n and let f : M → N be a smooth map.
A point x ∈M is called a critical point, if the rank of Df(x) is not n. The complement of
the set of critical points is called the set of regular points. The image of a critical point is
called a critical value. The complement of the set of critical values is the set of regular
values.
The following lemma allows to define manifolds easily. It is also useful in applications or
proofs.

Lemma 1.4.1 Let M and N be manifolds of dimension m ≥ n. Let f : M →
N be a smooth map. If y ∈ N is a regular value, then f−1(y) is a manifold of
dimension m− n in M .

Proof. Take a point x ∈ f−1(y). Since y is a regular value, the derivative Df(x) must map
Rm onto Rn, 1, and the kernel of Df(x) is a (m − n)-dimensional vector space. Take a
chart (U, φ) in M which contains x and a chart (V, ψ) in N which contains y. Defines the
smooth map

g = ψ ◦ f ◦ φ−1 : φ(U) ⊂ Rm → Rn .

1A better view is that D(f)(x) maps the tangent space TxM ∼ Rm onto the tangent space TyN ∼ Rn.
We will define the tangent space later
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Denote the kernel ofDg(x) byH and its orthogonal complement byH ′ so thatH⊕H ′ = Rm.
We know that H is (m − n)-dimensional. Choose the linear map L : Rm = H ⊕ H ′ →
Rm−n, (h, h′) 7→ h which is nonsingular on H and define F : φ(U) → Rn × Rm−n by
F (z) = (g(z), Lz) which has the derivative DF (u) = (Dg(u), Lu) and which is nonsin-
gular. By the inverse function theorem, a neighborhood φ(U) of φ(x) is mapped
by F diffeomorphically onto a neighborhood F (φ(U)) of F (φ(x)). We get so a chart
Ux = φ−1 ◦F−1(F (φ(U))∩{ψ(y)}×Rm−n) on f−1(y) which is mapped by φx = F ◦φ into
a (m−n)-dimensional space. Doing the same construction at any point x ∈M produces an
atlas for f−1(y) and shows that f−1(y) is a manifold. 2

Examples.

• The function f : Rm → R, f(x) =
∑m

i=1 x
2
i has the set of regular values R \ {0}. The

set f−1(1) is the unit sphere. The lemma assures that the sphere is a manifold.

• Take the m = k2-dimensional vector space M = M(k,R) of all real k × k matrices.
The determinant f : M → R, f(x) = det(x) which is a homogeneous polynomial of
degree k. Every summand in f(x) is a multiplication of k entries xσ(1) · · ·xσ(k) in xi

and det is therefore smooth. The derivative df(x) is the gradient ∂f(x)/(∂xij) which

is non-vanishing. This shows that Df(x) : Rk2 → R has a one dimensional range.
The above lemma assures that f−1(1) =: SL(k,R) is a (k2 −1)-dimensional manifold.
It would be more difficult to construct an explicit atlas for this manifold.

• The set M = {fi(x) = 0, {i = 1 . . . n−k}} ⊂ Rn is a manifold of dimension k if DF (x)
has rank n− k for all x ∈ Rn, where F (x) = (f1(x), . . . , fn−k(x)).

• A Riemann surface is a two-dimensional manifold defined to be a (complex one
dimensional) surface in C2 given by the equation f(z, w) = 0, where f : C2 → C is
an analytic function like for example a polynomial in z, w. The Riemann surface is
called nonsingular if Df(z, w) = (fz, fw) 6= 0 for all (z, w) ∈ Z2. The same proof
as in the real case shows that a nonsingular Riemann surface is a one-dimensional
complex manifold. For example, if z 7→ P (z) is polynomial without multiple roots,
then P ′(z) 6= 0 if P (z) = 0, so that Df(z, w) 6= 0 for all z, w if f(z, w) = w2 − P (z).
Such a surface is called a hyperelliptic curve.

1.5 The theorem of Sard

Definition. A subset A of Rn has measure zero, , if there exists for every ε > 0 a countable
open cover Ui of A such that the sum of the Euclidean volumes of Ui is less than ε. A subset
A of a finite-dimensional manifold M is of measure zero, if for each chart φ : U → Rn the
set φ(U ∩ A) has measure zero.

Remark. Because the coordinate changes φij between two charts are smooth, the property
of having measure zero is independent of the used chart: if Dφij ≤M on the closure of some
open set U and C is a cube in U , then the volume of φij(C) is less or equal to (M

√
n)n

times the volume of C so that φij(C) has measure zero if and only if C has measure zero.

Definition. Let f : M → N be a smooth map. A point x ∈M is called regular, if the linear
map Df(x) : Rm → Rn is surjective. A not regular point is called a critical point. The
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set of critical points is denoted by C. If x ∈ C, then f(x) is called a critical value. The
complement of the set of critical values is called the set of regular values. Note that the
image of the set of regular points is only a subset of the set of regular values!

Theorem 1.5.1 (Theorem of Sard) Let f : M → N be a smooth map be-
tween the m-dimensional manifold M and the n-dimensional manifold N . Then
the set of critical values of f has measure zero in N .

Proof. Because a manifold is by definition second countable, it suffices to prove the state-
ment if M is an open subset U of Rm and if f : U → Rn.

The proof goes by induction on the sum m + n of dimensions of M and N . Because the
claim is certainly true for m = 0 or n = 0, we can assume m,n ≥ 1.

Define the sets Ci = {x ∈ M | Djf(x) = 0, j = 1, . . . , i} and the set C = {x ∈
M | ranDf(x) < n} of critical points. For any k, there is the decomposition

C = (C \ C1) ∪ (C1 \ C2) ∪ . . . ∪ (Ck−1 \Ck) ∪ Ck .

The proof of the theorem has three steps:

(i) f(Ck) has measure zero if k is large enough.
(ii) f(C \ C1) has measure zero.
(iii) f(Cj \ Cj+1) has measure zero, where 1 ≤ j ≤ k − 1.

Proof of (i): Because k ≥ 1, we have kn ≥ n + k − 1. If k is large enough, then
also k ≥ m − n + 1 so that kn ≥ m. It is enough to show that for each closed cube
K :=

∏

i[ai, ai + e] ⊂ U , f(Ck ∩ K) has measure zero. Because Ck can be covered with
countably many such cubes, this will show that f(Ck) has measure zero. By Taylor’s theo-
rem, the compactness of the cube K and the definition of Ck , we have f(y) = f(x)+R(x, y),
with ||R(x, y)|| ≤M0 · ||y − x||k+1 for x ∈ Ck ∩K and y ∈ K, where M0 is some constant.

For l ∈ N subdivide the cube K into lm cubes of length e/l and choose any cube K ′ in this
subdivision which intersects Ck. Clearly, any two points x, y ∈ K ′ satisfy ||x−y|| ≤ √

me/l.
Therefore, f(K ′) ⊂ L, where L is a cube of length N0l

−(k+1), with N0 := 2M0(
√
ml/e)k+1.

The volume of L is Nn
0 l

−n(k+1). Since there are at most lm such cubes, the set f(Ck ∩K)
is contained in a union of cubes with total volume V ≤ Nnlm−n(k+1) → 0, l → ∞.

Proof of (ii): Decompose C \ C1 = {x ∈ U | 1 ≤ ranDf(x) < n} = K1 ∪ . . . ∪Kn−1, where
Kq = {x ∈ U | ranDf(x) = q}. It suffices to show that f(Kq) has measure zero for q ≤ m
because Kq = ∅ for q > m. We can find local coordinates in a neighborhood V of x ∈ Kq

such that V = V1 × V2 and so that f has the form (t, s) 7→ (t, η(t, s) with a smooth map
η : V1 × V2 → Rn−q. Then

Kq ∩ {{t} ∩ V2)} = {t} × {x ∈ V2 | Dsη(t, s) = 0} .

Because q ≥ 1, we see by induction that the set of critical values of η(t, ·) has measure zero.
By Fubini’s theorem, also f(Kq ∩ V ) has measure zero and since Kq can be covered by
countably many such V , this shows that f(Kq) has measure zero.
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Proof of (iii): Again, it is enough to show that every x ∈ Cj\Cj+1 has a neighborhood V such
that f(V ∩ (Cj \Cj+1)) has measure zero. Because some partial derivative of order j + 1 is
nonzero, we can assume D1w(x) 6= 0, where w(x) := (Di(1) . . .Di(j)f)(x) is a j’th derivative.
Define h : U → Rm by x = (x1, . . . , xm) 7→ h(x) = (w(x), x2 , . . . , xm). Because dh is non-
singular, there exists by the implicit function theorem a neighborhood V of x and an open
set W ⊂ Rm such that h : V → W is a smooth diffeomorphisms. Define A = Cj ∩ V and
A′ = h(A) and g = h−1. Consider the smooth function F : W → Rm, F (x) = f◦g(x). Define
W0 = {(x2, . . . xm) ∈ Rm−1 | (0, x2, . . . , xn) ∈ W} and F0 : W0 → Rm by F0(x2, . . . , xm) =
F (0, x2, . . . , xm). By induction, the set S = {(x2, . . . , xm) ∈ W0 | DF (0, x2, . . . , xm) = 0}
has measure zero. But A′ = h(Cj ∩ V ) ⊂ 0 × S because x ∈ A′, DF (x) = 0 and because
for x ∈ Cj ∩ V , h(x) = (w(x), x2, . . . , xm) = (0, x2, . . . , xm) and w is a j’th derivative of f .
Therefore f(Cj ∩ V ) = F (h(Cj ∩ V )) ⊂ F (0 × S) = F0(S) has measure zero. 2

Remark. Sard’s theorem is also true in the case, when f ∈ Ck with k ≥ m−n+1, k ≥ 1, but
we do not show this here. This smoothness assumption can however not be weakened any
more. Whitney first found a C1-function f : R2 → R which is not C2 and which contains
the interval [0, 2] among its critical values. A simpler example has been found by Grinberg:
let C be the standard Cantor set in [0, 1]. Then C + C = {x + y | x, y ∈ C} = [0, 2].
Construct a function g which is differentiable and which has C as its critical points. The
function f(x, y) = g(x) + g(y) has the set C + C = [0, 2] as the set of critical values.

Remark. The Theorem of Sard is wrong in infinite dimensions even in the smooth case. The
following example of Bonic,Douady and Kupka shows this: consider the infinite dimensional
manifold M = l2(N) = {x = (x1, x2, . . .) | ||x||2 =

∑∞
j=1 x

2
j/j

2 < ∞} and the smooth map

f : M → R, f(x) = (3x2
j − 2x3

j )/2
j which has the derivative Df(x)u =

∑

j 6(xj − x2
j )2

−juj

and satisfies Df(x) = 0 if and only if xj = 0 or xj = 1. But on this subset C = {x ∈
M | xj ∈ {0, 1} } ⊂M of critical points we have f(x) =

∑

j xj/2
j so that f restricted to C

takes all values in [0, 1].

Corollary 1.5.2 (Theorem of Brown) The set of regular values of a
smooth map f : M → N is everywhere dense in N .

Proof. Because the set of critical values has measure zero, it can not contain an open set.
2

1.6 Partition of Unity

Definition. Let M be a manifold. A partition of unity of M with respect to an open
cover {Uα}α∈A is a collection of smooth maps gα : M → R+ = {r ∈ R | r ≥ 0} with
supports supp(gα) ⊂ Uα satisfying

∑

α gα = 1.

Lemma 1.6.1 (A lemma in topology) If (X,O) is a locally compact Haus-
dorff second countable topological space, then (X,O) is paracompact.
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Proof. (i) There exists a countable basis C = {Ui} such that U i is compact.
Proof. By the property of second countability, there exists a countable basis B. By local
compactness and the Hausdorff property, the set C = {U ∈ B | U compact } is again a basis.

(ii) There exists a sequence Gi ∈ O such that Gi is a compact subset of Gi+1 and such that
⋃

i Gi = X .
Proof. Let C = {Ui} be a countable basis given in (i). Let G1 = U1 and inductively

Gk =
⋃jk

i=1 Ui, where jk the is the smallest number satisfying jk > jk−1 andGk−1 ⊂ ⋃jk

i=1 Ui.

(iii) X is paracompact.
Proof. Let {Uα}α∈A be an arbitrary open cover of X . The set Gi \ Gi−1 is compact and
contained in the open set Gi+1 \Gi−2. For each i ≥ 3, choose a finite subcover of the open
cover {Uα ∩ (Gi+1 \Gi−2}α∈A of the compact set G2. The union of all these finite covers is
a countable, locally finite refinement of the open cover {Uα}α∈A and consists of open sets
with compact closures. 2

Lemma 1.6.2 (A lemma in real analysis) Let C(r) = [0, r]d be the cube
of length r in Rd. There exists a non-negative smooth function fr : Rd → R
which is 1 on C(r) and 0 on the closure of the complement of C(2r).

Proof. By scaling, it is enough to prove this for r = 1.

(i) There exists a nonnegative smooth function h on R which is 1 on [−1, 1] and zero outside
(−2, 2).
Proof. Let q(t) = 1t>0e

−1/t, which is positive for t > 0 and smooth. Define g(t) =
q(t)/(q(t) + q(1 − t)) which is 1 for t ≥ 1 and 0 for t ≤ −1. Define h(t) = g(t+ 2)g(2 − t).

(ii) For x = (x1, . . . , xn), define f(x) = h(x1) · h(x2) · · ·h(xn). 2

Theorem 1.6.3 (Existence of a partition of unity) Given a manifold M
and an open cover Uα of M . Then there exists a partition of unity with respect
to Uα.

Proof. A manifold M is by definition a locally compact second countable Hausdorff space.
By the topological lemma, it is paracompact.

Let Gi the cover of M defined in the ”topological lemma” and set G0 = ∅. For x ∈ X , let
ix the largest integer such that x ∈ M \Gix

. Choose αx with x ∈ Uαx
, where {Uα} is the

fixed open cover of M . Let (V, φ) be a chart satisfying x ∈ V , V ⊂ Uαx
∩ (Gix+2 \Gix

) and
such that φ(V ) ⊂ Rn contains the closed cube C(r).

Define the smooth function hx(y) = 1V (y) · fr ◦φ(y), where fr is the function defined in the
”real analysis lemma” and 1V (y) is the characteristic function of V which is one if y ∈ V
and 0 if y /∈ V . The function hx takes the value 1 in some open neighborhood Wx of x and
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has a compact support which is contained in a set V ⊂ Uαx
∩ (Gix+2 − Gix

). For every
i ≥ 1, choose a finite set of points x ∈ M , whose corresponding neighborhoods Wx cover
the compact set Gi \Gi−1. Number the corresponding hx functions {hj}∞j=1. The supports
of hj form a locally finite family of subsets of M . Therefore g(x) =

∑

j hj(x) is a positive
finite smooth function on M . The functions gj = hj/h have the property that

∑

j gj = 1.
Define now gα to be identically zero if no hi has support in Uα and otherwise, let gα be the
sum of the gi with nonempty support in Uα. Then gα is a partition of unity with respect to
the cover Uα.
The support of gα is contained in Uα because the family of closed sets supp(gα) is locally
finite which implies that

⋃

i∈I supp(gi) is closed so that the support of gα is the union of
the gi which have nonempty support in Uα. 2

1.7 Whitney’s embedding theorem

Definition. A smooth map f : M → N is called an immersion, if Df(x) is injective
at each point x ∈ M . An immersion is called an embedding, if f : M → f(M) is a
homeomorphism.

Theorem 1.7.1 (Whitney’s embedding theorem) A compact manifold
of dimension n can be embedded in R2n+1.

Proof. (i) BecauseM is compact, we can find an atlas A = {(Ui, φi)}p
i=1 with a finite number

of charts. We choose the charts, so that φi(Ui) contains the disk Dn(2) = {x ∈ Rn | |x| ≤ 2}
and such that φ−1(Dn(1)) is still a cover of M . Take a smooth function λ which is 1 on
D2(1) = {x ∈ Rn | |x| ≤ 1} and 0 outside Dn(2). Let gi a partition of unity subordinate to
the cover φ−1

i (D(1)). Define the smooth map ψi : M → Rn by defining it to be λ(φi) · φi

on Ui and 0 else. Define F : M → Rnp+p by

F (x) = (ψ1(x), . . . , ψp(x), g1(x), . . . , gp(x)) .

• F is an immersion.
Proof. Given a point x ∈ M . It is contained in a support of one of the maps gi. The
map y 7→ ψi(y) maps a neighborhood V of x homeomorphically to its image ψ(V ) ⊂ Rn.
Because Dψ(x) = Dφ(x) is the identity Dψ(x) is injective.

• F is an embedding.
Proof. We have to show that F is injective. Given two points x, y ∈M . If gi(x) 6= gi(y) for
some y, then F (x) 6= F (y). Assume now gi(x) = gi(y) for all i. Let gi a function in the parti-
tion of unity, for which gi(x) = gi(y) 6= 0. (It is not possible that gi(x) = gi(y) = 0 for all i).
Then x, y are in the support of gi and so in φ−1

i (D1). Therefore ψ(x) = φ(x) 6= φ(y) = ψ(y)
so that then also F (x) 6= F (y). Because F is injective, it is a bijection onto its image and
because M is compact, the map F is a homeomorphisms from M to F (M) ⊂ Rq with
q = np+ p.

(ii) Let Sn be the n-dimensional sphere. In order to build an embedding of M in R2n+1,
we proceed inductively as follows to reduce the dimension. Assume M is embedded in Rq,
where q > 2n+ 1. The set of projections πy onto hyper-planes Hy ∼ Rq−1 in Rq is labeled
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by the sphere Sq−1 = {v | |v| = 1}.

• There exists a set of measure 1 of Sq−1 such that for v in this set, the projection π(v) :
M → Rq−1 is injective, that is

v 6= (x− y)/||x− y||, x, y ∈ M ⊂ Rq .

Proof. Consider the map σ : (M ×M \ ∆) → Sq−1 given by σ(x, y) = |x − y|/||x − y||,
where ∆ = {(x, x) | x ∈ M} is the diagonal in M ×M . If 2n < q − 1, then σ has by Sard’s
theorem an image of measure zero. A point v in the complement of the image of σ gives an
injective map πv.

• The exits a set of measure 1 in Sq−1 such that π(v) is an immersion.
Proof. Consider the compact manifoldM×Sn−1. Define the projection map ψ : M×Sn−1 ⊂
Rq × Sq−1 → Sq−1 as the projection onto the second coordinate which is in Sn−1 ⊂ Sq−1,
(we identify Sn−1 as a submanifold of Sq−1). Because dim(M × Sn−1) = n + (n − 1) =
2n − 1 < dim(Sq−1) = q − 1, we know by Sard’s theorem that the set of critical values of
ψ has measure zero. A regular value v gives an immersion πv because Dπ(x)u = π(u) has
then maximal rank. 2

1.8 Brower’s fixed point theorem

Lemma 1.8.1 Given a continuous map f : Rn → Rm of compact support.
For every ε > 0, there exists a smooth function fε : Rn → Rm of compact
support, such that supx∈Rn |fε(x) − f(x)| → 0 for ε→ 0.

Proof. Define for ε > 0 a smooth function χε : Rn → R with support in {|x| < ε} such that
∫

Rn χε(x) dx = 1 (see the lemma in real analysis proven in the section about the partition
of unity). Define

gε(x) = (χε ? f)(x) =

∫

Rn

χε(y)g(x− y) dy =

∫

Rn

χε(x+ z)g(z) dz

which is obviously smooth because Dkg(x) =
∫

Rn(Dkχε(x + z))g(z) dz. Because g has
compact support, there exists a constant C such that ||Dg(x)u|| ≤ C · ||u|| for all x ∈ Rn.
We get

||gε(x) − g(x)|| = ||
∫

Rn

χε(x + z)(g(z)− g(x)) dz||

≤
∫

Rn

χε(x + z)||g(z)− g(x)|| dz

≤ sup
x∈Rn,u∈Rn,||u||=1

||Dg(x)u||ε ≤ Cε .

2

Definition. The n-dimensional disk is the manifold with boundary {|x| ≤ 1} ⊂ Rn. It
has as the boundary the manifold Sn−1.
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Proposition 1.8.2 There exists no continuous map f : Dn → Sn−1 which is
the identity on the boundary Sn−1.

Proof. Assume such a function f exists.

(i) There exists then a smooth map g with the same properties.
Proof. The function

f̃(x) = f(x/|x|) = x/|x|, |x| ∈ [1/2, 1], f̃(x) = f(2x), |x| ∈ [0, 1/2]

is smooth in for |x| > 1/2. For ε < 1/8, define g(x) = χε ?f̃(x)/||χε ?f̃(x)|| for |x| < 3/4 and
g(x) = f̃(x) else. This is a smooth map which maps Dn to Sn−1 and which satisfies g(x) = x
on Sn−1. (Note that g(x) = f̃(x) for 3/4 < |x| < 7/8 because

∫

χε(y)(x− y)/|x| dy = x/|x|.
(ii) The theorem of Sard applied to the map M = int(Dn) → Sn−1 = N implies that there
exists a regular value y of g. The set g−1(y) is a one dimensional manifold V in M and a one
dimensional manifold with boundary in Dn because the boundary of V is the intersection
of V with Sn−1 which is nonempty (it contains y). Since Dn is compact, this manifold is
compact. From the classification of one dimensional manifolds (see the next appendix), it
must be diffeomorphic to [0, 1] and has on one side the boundary y ∈ Sn−1 and on the other
side a different point on the boundary Sn−1. Since f(z) = y and f(z) = z, we have z = y,
which is a contradiction. 2

Corollary 1.8.3 (Brower’s fixed point theorem) Every continuous map
f : Dn → Dn has a fixed point.

Proof. Assume f(x) 6= x for all x ∈ Dn. We can find then a continuous map g : Dn → Sn−1

which is the identity on the boundary and which is given by the point obtained by taking
the line connecting x and f(x) and intersecting it with Sn−1. By the previous proposition,
such a map does not exist. 2
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Fig. Proof of Brower’s fixed point theorem. Construct a retract g from Dn to Sn−1.
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1.9 Classification of one dimensional manifolds

Definition. Let M be a one dimensional manifold. A map I = (a, b) → M is called a
parameterization by arc-length if f maps I diffeomorphically onto an open subset U of
M and such that |Df(s)| = 1 for all s ∈ I .

Remark. Any given parameterization g : I → M can be changed to be a parameterization
by arc-length.

Proposition 1.9.1 a) Every one-dimensional connected manifold without
boundary is either diffeomorphic to the circle or diffeomorphic to the real line.

b) Every one dimensional connected manifold with boundary is diffeomorphic
to either the interval [0, 1) or the interval [0, 1].

Proof. a)
(i) Given two parameterizations f : I → M , g : J → M by arc length. Then the set
f(I) ∩ f(J) has at most two components.
Proof. The map g−1 ◦ f maps open sets in I onto open sets in J and D(f−1 ◦ g) = ±1
for all x ∈ I . The set Γ = {(s, t) ∈ I × J | f(s) = g(t)} is closed in I × J and made
up of line segments of slope ±1 which can’t end in the interior of I × J but extend to the
boundary. Because g−1f is injective and single valued, at most one of these line segments can
end at the four edges of the rectangle I×J . This assures that Γ has at most two components.

(ii) If f(I) ∩ g(J) has only one component, then it can be extended to a parameterization
of the union f(I) ∩ g(J).
If Γ is connected we can extend g−1 ◦ h to a linear map L : R → R. Now, f and g ◦L piece
together to yield the extension

F : I ∪ L−1(J) 7→ f(I) ∪ g(J) .

(iii) If f(I) ∩ g(J) has two components, then M is diffeomorphic to S1.
Proof. If Γ has two components, the two must have the same slope say 1. By translating
the interval J = (γ, β) if necessary, we may assume that γ = c and δ = d so that a < b ≤
c < d ≤ α < β. The required diffeomorphism h : S1 → M can now be constructed by
setting θ = 2πt/(α − a) and defining h : S1 → M by the formula h((cos(θ), sin(θ)) = f(t)
for t ∈ (a, d) and h((cos(θ, sin(θ))) = g(t) for t ∈ (c, β). Since h(S1) is compact and open in
M , it must be M .
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(iv) By Zorn’s lemma, any parameterization by arc-length can be extended to a parametri-
sation f : I →M which is maximal.

(v) If M is not diffeomorphic to S1, then the maximal parameterization is onto, in which
case M is diffeomorphic to (a, b) which is diffeomorphic to R.

b) Consider, now a connected one dimensional manifold M with boundary. The interior
int(M) of M is a one-dimensional connected manifold without boundary. It is by a) either
the circle or the real line. Because the circle is compact and has no boundary, it is excluded.
The only possibility is that int(M) is diffeomorphic to the real line which is diffeomorphic
to (0, 1) which can only be in two ways a subset of a manifold with boundary: adding one
point in which case M is diffeomorphic to (0, 1] or adding two points in which case M is
diffeomorphic to [0, 1]. 2



Chapter 2

Tensor analysis

2.1 General tensors

Definition. Let E be a linear space. The dual space E∗ of E is the set of all linear maps
f : E → R. It is a linear space with addition (f + g)(v) = f(v) + g(v) and multiplication
with real numbers (λf)(v) = λf(v).

Lemma 2.1.1 If E has finite dimensions, then the dual space E∗ has the same dimension
as E. If {ei} is a basis in E, then the set {ei}n

i=1 defined by ei(v) = vi, where v =
∑

i v
iei,

is a basis of E∗ called the dual basis.

Proof. (i) The set {ei}n
i=1 is linearly independent: if f =

∑

i fie
i = 0, then f(ej) =

∑

i fie
i(ej) = fj = 0 for all j so that f = 0. Therefore dim(E∗) ≥ dim(E) = n.

(ii) The set {ei}n
i=1 spans E∗. Let f : E → R be any linear functional, define fi = f(ei).

We claim that f =
∑

i fie
i. Given v =

∑

i v
iei ∈ E. We have f(v) =

∑

i v
if(ei) =

∑

i v
ifi.

On the other hand, also
∑

j fje
j(

∑

i v
iei) =

∑

j fjv
j because ej(ei) = δj

i . 2

Remark. The dual space of E∗ has a natural identification with E: given e ∈ E, define
e′ : E∗ → R by e′(f) = f(e). Because the map e 7→ e′ is injective and linear and by the
lemma, the dual space E∗∗ of E∗ has the same dimension as E∗ and so as E, it defines an
isomorphism from E to E∗∗.

Definition. Let E be a real finite dimensional vector space and let E∗ be the dual space of
E. For p, q ≥ 0, denote by T p

q (E) the set of all multi-linear maps

f : (E∗)p ×Eq → R,

They are called tensors of type (p, q). The set T (E) =
⋃∞

p,q=0 T
p
q (E) is the set of tensors.

Examples.

• If f : E = Rn → R is a smooth map, then the k’th derivative Dkf(x) is an element
in T 0

q (E).

21
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• If p = 1, q = 0, then T 1
0 (E) is the set of all linear maps from E∗ to R and so T 1

0 (E) =
E∗∗ ∼ E. It is a custom to write u ∈ E as

∑

i u
iei = uiei (leaving away the sum is

the Einstein notation which we will not use here). One says also, an element in T 1
0 (E)

is a contravariant vector.

• If p = 0, q = 1, then T 0
1 (E) is the set of linear maps from E to R and so T 0

1 (E) = E∗.
It is a custom to write v ∈ E∗ as v =

∑

i vie
i. An element in T 0

1 (E) is called a
covariant vector.

• The map g : E ×E → R, g(v, w) = v ·w where · is the scalar product defines a tensor
in T 0

2 (E). If one defines gij = g(ei, ej), then g =
∑

i,j gije
i ⊗ ej = gije

i ⊗ ej .

• Given a linear map A : E → E. Define the map E∗×E → R by (ei, ej) 7→ ai
j = ei ·Aej ,

where v · w is the standard dot product from E∗ × E to R. In components ,
a =

∑

i,j a
j
i e

i ⊗ ej . A linear map A on E defines so a tensor a ∈ T 1
1 (E).

Given u1, . . . , up ∈ E and v1, . . . , vq ∈ E∗, then

u1 ⊗ · · · ⊗ up ⊗ v1 ⊗ · · · ⊗ vq(x1, . . . , xp, y1, . . . , yq) := x1(u1) · · ·xp(up)v
1(y1) · · · vq(yq)

defines a tensor in T p
q (E).

Especially, if {ei}n
i=1 be a basis in E and if {ei}n

j=1 be the dual basis in E∗, then

ei1 ⊗ · · · ⊗ eip
⊗ ej1 ⊗ · · · ⊗ ejq

is a tensor in T p
q (E).

Notation. Given two index sets I = (i1, . . . , ip) and J = (j1, . . . , jq), we use short hand
notation eJ = ej1 ⊗ · · · ⊗ ejp ∈ T p

0 (E) and eI = ei1 ⊗ · · · ⊗ eiq
∈ T 0

q (E) as well as eJ
I =

eJ ⊗ eI ∈ T p
q (E).

Proposition 2.1.2 The tensors eI⊗eJ form a basis of T p
q (E). In other words,

the dimension of T p
q (E) is np+q and every f ∈ T p

q (E) can be written uniquely
as

f =
∑

J,I

f I
JeI ⊗ eJ .

The real numbers f I
J are called the components of f .

Proof. Define for J = (j1, . . . , jp) and I = (i1, . . . , iq)

f I
J = f(ei1 , . . . , eip , ej1 , . . . , ejq

) ∈ R .

A tensor f ∈ T p
q can be written as

f =
∑

i1,...,ip,j1,...,jq

f(ei1 , . . . , eip , ej1 , . . . , ejq
)ei1 ⊗ · · · ⊗ eip

⊗ ej1 ⊗ · · · ⊗ ejq =
∑

I,J

f I
JeI ⊗ eJ

so that the vectors eI ⊗ eJ span T p
q (E).

To show linear independence: assume f =
∑

I,J f
I
Je

J
I = 0. Take v = (ek1 , . . . , ekp , el1 . . . , elq ).

Then f(v) = fL
K = 0 for all K = (k1, . . . , kp), L = (l1, . . . , lq) and so that f = 0. 2
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Definition. The tensor product of two tensors f ∈ T p
q (E), g ∈ T r

s (E) is defined as the
tensor

f ⊗ g(u1, . . . , up, v1, . . . vr, up+1, . . . , up+q , vr+1 . . . vr+s) = f(u1, . . . , u
p+q)g(v1, . . . , vr+s)

in T p+r
q+s (E). Rewritten shortly, for u ∈ (E∗)p ×Eq, and v ∈ (E∗)r ×Es, then f ⊗ g(u, v) =

f(u)g(v).

Proposition 2.1.3 The tensor product is associative and bilinear.

Proof. (i) The bilinearity

(f + g) ⊗ h = f ⊗ h+ g ⊗ h, (λf) ⊗ g = λ(f ⊗ g) = f ⊗ (λg)

is obvious from the definition.

(ii) The tensor product is associative: Given f ∈ T p1
q1
, g ∈ T p2

q2
and h ∈ T p3

q3
. Given u ∈

(E∗)p1 ×Eq1 , v ∈ (E∗)p2 ×Eq2 and w ∈ (E∗)p3 ×Eq3 , then

f ⊗ (g ⊗ h)(u, v, w) = f(u)(g ⊗ h)(v, w) = f(u)g(v)h(w)

(f ⊗ g) ⊗ h(u, v, w) = (f ⊗ g)(u, v)h(w) = f(u)g(v)h(w) .

2

Definition. The direct product of all tensors is denoted by T (E) = ⊕p,qT
p
q (E). It forms a

graded algebra.

2.2 Antisymmetric tensors

Definition. Let Λq(E) be the subspace of T 0
q (E), consisting of tensors f such that f(x1, . . . xq)

is antisymmetric in x1, . . . xq ∈ E:

f(xσ(1), . . . , xσ(q)) = (−1)σf(x1, . . . , xq)

for all i, j = 1, . . . , q, where (−1)σ is the sign of the permutation σ. One denotes by Sn the
set of all permutations of the set {1, . . . , n}. The tensors in Λq(E) are called q-forms or
exterior q-forms.

Corollary 2.2.1 If E has dimension n then the space Λq(E) has dimension

(

n
q

)

= n!
(q!(n−q)!) .

Proof. We know that the set {eI = ei1 ⊗ ei2 ⊗ · · · ⊗ eiq | ij ∈ {1, . . . , n} } is a basis
in T 0

q (E). Given f ∈ Λq(E), then, for any permutation σ ∈ Sq , we have by definition

fI = (−1)σ(I)fσ(I) and fJ is determined from fσ(J), where σ permutes I = (i1, . . . , iq) into
iσ(1) < . . . < iσ(q). The subset {ei1 ⊗ ei2 ⊗ · · · ⊗ eiq | i1 < i2, . . . < iq} of the basis of T 0

q (E)
is therefore a basis for Λq(E).

The number of arrangements of q indices i1 < . . . < iq with ij ∈ {1, . . . , n} is

(

n
q

)

. 2
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Notation. An antisymmetric tensor can be written as

f =
∑

i1<...<iq

fi1,...,iq
ei1 ∧ . . . ∧ eiq ,

where ei1 ∧ . . . ∧ eiq are a sum of terms (−1)σeσ(i1) ∧ . . . ∧ eσ(iq), where σ runs over all
permutations of {1, . . . , n}.
Examples.

• q = 0. Λ0(E) is the set of maps from R0 = {0} to R and so R.

• q = 1. Every element in Λ1(E) can be written as f =
∑n

i=1 fie
i. Indeed Λ1(E) =

T 0
1 (E).

• q = 2. Every element in Λ2(E) can be written as f =
∑n

i<j fije
i ⊗ ej − ej ⊗ ei. We

write also f =
∑n

i<j fije
i ∧ ej for that.

Definition. Given α ∈ Λp(E) and β ∈ Λq(E), define α ∧ β ∈ Λp+q(E) by

α ∧ β(u1, . . . up+q) =
∑

σ∈S∗
n

(−1)σα(uσ(1), . . . , uσ(p))β(uσ(p+1), . . . , uσ(p+q)) ,

where the summation is taken over the set S∗
n of all permutations σ of the set {1, . . . , p+ q}

such that σ(1) < σ(2) < . . . < σ(p) and σ(p + 1) < . . . < σ(p + q). The product is called
wedge product or exterior multiplication on the exterior algebra or Grassmann alge-
bra or Fermionic algebra Λ(E) = ⊕∞

q=0Λ
q(E).

Remark. We have

p!q!α ∧ β(u1, . . . up+q) =
∑

σ∈Sn

(−1)σα(uσ(1), . . . , uσ(p))β(uσ(p+1), . . . , uσ(p+q)) .

Examples.

• Given two 1-forms f ∈ Λ1(E) and g ∈ Λ1(E), then

f ∧ g(u1, u2) = f(u1)g(u2) − f(u2)g(u1) .

• Given a 2-form f ∈ Λ2(E) and a 1-form g ∈ Λ1(E), then

(f ∧ g)(u1, u2, u3) = f(u1, u2)g(u3) + f(u2, u3)g(u1) − f(u1, u3)g(u2) .

• If f, g, h ∈ Λ1(E), then

f ∧ g ∧ h(u1, u2, u3) = f(u1)g(u2)h(u3) + f(u2)g(u3)h(u1) + f(u3)g(u1)h(u2)

−f(u2)g(u1)h(u3) − f(u3)g(u2)h(u1) − f(u1)g(u3)h(u2) .

This is the determinant of the matrix




f(u1) f(u2) f(u3)
g(u1) g(u2) g(u3)
h(u1) h(u2) h(u3)



 .
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In coordinates, we can rewrite the wedge product of α =
∑

I αIe
I , β =

∑

J βJe
J as

α ∧ β =
∑

I,J

αIβJe
I ∧ eJ =

∑

K=σ(IJ)

αIβJ(−1)σeK

where σ is the permutation which maps IJ = (i1, . . . ip, j1, . . . , jq) intoK = (k1, k2, . . . , kp+q),
with k1 < k2 < . . . < kp+q).

Examples.

• Given two one forms f =
∑n

i=1 fie
i and g =

∑n
j=1 gje

j , then

f ∧ g =
∑

i<j

(figj − gifj)e
i ∧ ej .

• E = R3. Given a 1-form f = f1e
1 + f2e

2 + f3e
3 ∈ Λ1(E) and a 2-form g = g12e

1 ∧
e2 + g13e

1 ∧ e3 + g23e
2 ∧ e3 ∈ Λ2(E), then

g ∧ f = (g12f3 + g23f1 − g13f2)e
1 ∧ e2 ∧ e3 .

Remark. In the literature, also definitions of the wedge product appear, which differ by
constants.

Proposition 2.2.2 (Λ(E) is a graded associative algebra) The wedge
product is associative, bilinear and satisfies α∧ β = (−1)qpβ ∧α if α ∈ Λq and
β ∈ Λp.

Proof. We can write

α ∧ β =
(p+ q)!

p!q!
A(α ⊗ β) ,

where A is the alternation mapping A : T 0
q (E) → Λq(E) defined by

Af =
1

q!

∑

σ∈Sq

(−1)σσf ,

where

σf(u1, . . . , uq) = f(uσ(1), uσ(2), . . . , uσ(q))

is a permutation in the set Sq of all permutations. The bilinearity and associativity follows
now from the bilinearity and associativity of the tensor product. The sign of the permutation
ρ : (1, . . . , q, q + 1, . . . , q + p) 7→ (q + 1, . . . , q + p, 1, . . . , q) is (−1)pq . With τ = σ ◦ ρ, we get

p!q! α ∧ β(u1, . . . , up+q) =
∑

σ∈Sn

(−1)σα(uσ(1), . . . , uσ(p))β(uσ(p+1), . . . , uσ(p+q))
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and so

p!q!β ∧ α(u1, . . . , up+q) =
∑

τ∈Sn

(−1)τβ(uτ(1), . . . , uτ(p))α(uτ(p+1), . . . , uτ(p+q))

=
∑

σ∈Sn

(−1)σ(−1)ρβ(uσ(p+1), . . . , uσ(q+p))α(uσ(1), . . . , uσ(p))

= (−1)ρp!q! α ∧ β(u1, . . . , up+q) .

2

2.3 Tangent space and tensor fields

Definition. Given a manifold M . A curve through x is a differentiable map γ : (−1, 1) →
M with γ(0) = x.

Definition. Two curves γ1, γ2 are called equivalent if D(γ1)(0) = D(γ2)(0). An equivalence
class of curves through x is called a tangent vector at x. The set of all tangent vectors
Y (x) = D(γ)(0) at x is denoted by TxM .

Lemma 2.3.1 If M has dimension n, then ψ : [γ] ∈ TxM 7→ Dγ(0)(1) ∈ Rn

is a bijection between TxM and Rn.

Proof. Denote by [γ] the equivalence class of a curve γ, that is the set of all curves γ ′,
which are equivalent to γ.
The map ψ is injective because two curves have the same image if and only if they are
equivalent.

To show that the map is surjective, choose a chart (U, φ) with x ∈ U . Given v ∈ Rn,
define the curve γi(t) = φ−1(φ(x) + tεv), where ε is so small that φ(x) + tεv ∈ φ(U) for all
t ∈ (−1, 1). By definition of the derivative, Dφi(0)1 = εv. Therefore, every v ∈ Rn is in the
image of ψ. 2

This bijection makes TxM to a vector space by defining [γ1] + [γ2] = ψ−1(ψ(γ1) + ψ(γ2))
and λ · [γ1] = ψ−1(λ · ψ(γ1)).

Every tangent vector Y = [γ] ∈ TxM defines a derivative of f ∈ C∞(M) along Y defined
by Y (f) = d

dtf(γ(t))|t=0. One uses also the notation Y (f) = Y.f = LXf . The possibility to
identify a tangent vector as a derivation motivates the next notation.

Notation. A basis in TxM is denoted by

ei =
∂

∂xi
.

The dual basis is denoted by
ei = dxi .
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The reason for this notation becomes clear in the next section.

Definition. TM =
⋃

x∈M TxM is called the tangent bundle of M . A vector field is a
function Y : M → TM such that the function x 7→ Yx(f) is smooth. The set of all vector
fields on M is denoted by Γ(TM).

Definition. The space T p
q (M) =

⋃

x∈M T p
q (TxM) is called a (p, q)-tensor bundle on M .

The set T 0
1 (M) is also called the cotangent bundle of M because T 0

1 (E) can be identified
with E∗. There is also a natural identification of T 1

0 (E) with E so that T 1
0 (M) is identified

with the tangent bundle.

Remark. If M is a n-dimensional manifold with atlas (Ui, φi), then the tangent bundle TM
becomes a manifold. It has the atlas (TUi, Tφi), where Tφi : TUi → Rn ×Rn is defined by
Tφi(x, [γ]) = (φi(x), D(φ ◦ γ)(0)) and where TUi is identified with Ui ×Rn.

Definition. A 1-form on M is a function α : M 7→ T 0
1 (M) such that α(x) ∈ T 0

1 (TxM) and
for any vector field Y , the function α(Y ) given by α(Y )(x) = α(x)(Y (x)) is in C∞(M).

Definition. A tensor field of type (p, q) on M is a function t : M → T p
q (M) such that

t(x) ∈ T p
q (TxM) and for any 1-forms α1, . . . , αp and vector fields Y1, . . . Yq on M , the func-

tion x 7→ t(α1(x), . . . , αp(x), Y1(x), . . . Yq(x)) is in C∞(M). The space of all (p, q)-tensor
fields is denoted by Γp

q(M) or Γ(T p
q M).

Example. Let M,N be two manifolds and let f : M → N be a smooth map, then Dkf is a
tensor field of type (0, k).

Definition. A k-form or k-differential form is a (0, k)-tensor field α such that α(x) ∈
Λk(TxM). The exterior multiplication is defined point-wise (α ∧ β)(x) = α(x) ∧ β(x).

It is useful to know, how differential forms transform under diffeomorphisms.

Definition. Let φ : M → N be a diffeomorphism and let α ∈ Λp(M) be a differential form
on N . Then

φ∗α(x)(u1, . . . , up) = α(φ(x))(Dφ(x)(u1), Dφ(x)(u2), . . . , Dφ(x)(up))

is a differential form on M called the pull-back of φ.

2.4 Exterior derivative

Definition. For f ∈ C∞(M) define the exterior derivative df(Y ) = Y (f) = Y.f . For
α ∈ Λp(M), define the exterior derivative dα as the (p+ 1)-form

dα =
∑

I

dαI ∧ dxI =
∑

I,i

∂αI

∂xi
dxi ∧ dxI .

The following proposition characterizes d uniquely as a ”local, degree one anti-derivation
satisfying d2 = 0”:



28 CHAPTER 2. TENSOR ANALYSIS

Proposition 2.4.1 (Properties of the exterior derivative)
(i) d is of degree 1, that is a map from Λp to Λp+1 and df(Y ) = Y (f) = Y.f .

(ii) d is an anti-derivation: it is linear and given α ∈ Λp and β ∈ Λq, then

d(α ∧ β) = dα ∧ β + (−1)pα ∧ dβ .

(iii)
d2 = d ◦ d = 0 .

(iv) d is local: d(α|U ) = dα|U , where α|U denotes the restriction of α to an
open set U ⊂M .

(v) d is the unique operation on Λ(M) with properties (i)-(iv).

Proof. Property (i) holds by definition.
To see (ii), we use the fact that the permutation iJ 7→ Ji has the sign (−1)p, if |J | = p.
Using the Leibniz rule, we get

d(αIdx
I ∧ βJdx

J ) = (
∑

i

∂αI

∂xi
βJ + αI

∂βJ

∂xi
)dxi ∧ dxI ∧ dxJ

= (
∑

i

∂αI

∂xi
dxi ∧ dxI ∧ βJ) + (−1)pαIdx

I ∧ (
∑

i

∂βJ

∂xi
dxi ∧ dxJ )

= dα ∧ β + (−1)pα ∧ dβ .

(iii)

d2αIdx
I =

∑

i,j

∂2

∂xi∂xj
αIdx

i ∧ dxj ∧ dxI

is vanishing because partial derivatives commute and dxi ∧ dxj anti-commute: if we inter-
change the indices i, j, the sum changes sign, but it is obviously the same sum.
(iv) is clear because taking derivatives is a local operation: ∂/∂xi(f(x)|U ) = ∂/∂xif(x)|U .
(v) Consider the 0-form f(x) = xi. From (ii), we know that ddf = d(dxi) = 0. By (i), we
have ddxI = 0 for any I = (i1, . . . , ip). From (i)-(iii), we know therefore that

d(αIdx
I ) = dαI ∧ dxI + αI ∧ d(dxI ) = (dαI ) ∧ dxI .

From the local property (iv), we can compute this in a local chart. From dαI (Y ) = Y (αI ),
we get dαI (∂/∂x

i) = (∂/(∂xi))αIdx
i and so (dαI)i = (∂/(∂xi))αI . If we plug in dαI =

∑

i(dαI )idx
i into the relation d(αIdx

I ) = (dαI)∧dxI , we get the definition at the beginning
of this section. 2

Reminder. Since α ∈ Λq(M) is a map from M to T 0
q (M), Dα(x) is a map from E to T 0

q (E),
that is Dα(x)(u) maps (u1, . . . , up) ∈ Ep to R.
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Corollary 2.4.2 Given α ∈ Λp(M), then

dα(u0, . . . , up) =

p
∑

j=0

(−1)jDα(x)(uj)(u0, . . . , ûj , . . . , up) ,

where ûj means that this entry has been left out.

Proof. This is an exercise. 2

2.5 Integration on manifolds

Definition. Let α = fdx1 ∧ dx2 ∧ . . . ∧ dxn be a n-form which is bounded on an open set
M ⊂ Rn. Define

∫

M
α =

∫

M
f(x) dx.

Recall the (Change of variables): if φ is a diffeomorphism from A ⊂ Rn to φ(A) ⊂ Rn.
Then

∫

φ(A)

f(x) dx =

∫

A

f(φ(x))| detDφ(x)| dx ,

where Dφ is the Jacobean of φ.

Definition. The set

∆n = {x ∈ Rn+1 |
n+1
∑

i=1

xi = 1, xi ≥ 0}

is called a simplex. We consider it also as a subset of Rn, the plane in Rn+1 spanned by
∆n. For n = 0, the convention is that ∆0 = {0}.

Examples. A one dimensional simplex is homeomorphic to a closed interval. A two dimen-
sional simplex is homeomorphic to a closed filled triangle, a three dimensional simplex is
homeomorphic to a closed filled tetrahedron which simplifies some proofs.

Remark. We take here the more convenient approach of homogeneous coordinates. A sim-
plex can also be defined directly as a subset of Rn. The advantage of considering the simplex
also as a subset of Rn+1 is that there is more symmetry in the coordinates.

Definition. Let M be a n dimensional manifold. A singular p-simplex or shortly p-
simplex σ is a map σ : ∆p → M which extends to a smooth diffeomorphism from a
neighborhood of ∆p ⊂ Rn into M . A 0-simplex is just a map from the point {0} to a point
in M .

Example. The change of variable formula at the beginning of this section can be reformulated
as

∫

φ(A)

ω =

∫

A

φ∗ω dx ,

because for a n-form ω, φ∗(ω)(x) = det(Dφ(x))ω(φ(x)).
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Definition. Let α be a p-form on M and σ a p-simplex. We can pull back the form α to a
neighborhood of Σp in Rn. Define the integration of the p-form on a p-simplex as

∫

σ

α =

∫

∆p

σ∗α .

2.6 Chains and boundaries

Definition. A p-chain in M is a finite linear combination c =
∑

i ciσi, where σi are p-
simplices and ci are real numbers.

Definition. The integral of a p-form α
∫

σ

α =

∫

∆p

σ∗α .

can be extended from simplices to chains by linearity:
∫

c

α =

∫

∑

i
ciσi

α =
∑

i

ci

∫

σi

α .

Definition. Define for i = 0, . . . , p+ 1 the maps kp
i : ∆p → ∆p+1 by

kp
i (x) = (x1, . . . , xi−1, 0, xi, . . . , xp), i ≥ 1 .

The sets kp
i (∆p) are called the faces of the simplex ∆p+1.

Definition. Given a manifold M and a p-simplex σ, we define the i’th face of σ to be
the (p − 1)-simplex σi = σ ◦ kp−1

i . The boundary of σ is defined as the (p − 1)-chain
δσ =

∑p
i=0(−1)iσi. The boundary map can linearly extended to all p-chains by

δ(
∑

j

ajσj) =

p
∑

i=0

∑

j

aj(−1)iσj
i .

Lemma 2.6.1 δ ◦ δ(c) = 0 for all chains c.

Proof. For if i ≤ j, then

kp+1
i ◦ kp

j (x) = kp+1
j+1 ◦ kp

i (x) = (x1, . . . , xi−1, 0, xi, . . . , xj−1, 0, xj , . . . , xp) .

With δσ =
∑p

i=0(−1)iσ ◦ kp−1
i , we get

δ ◦ δσ =

p−1
∑

j=0

p
∑

i=0

(−1)i+jσ ◦ kp−1
i ◦ kp−2

j

=
∑

j<i

(−1)i+jσ ◦ kp−1
i ◦ kp−2

j +
∑

i≤j

(−1)i+jσ ◦ kp−1
i ◦ kp−2

j

=
∑

j<i

(−1)i+jσ ◦ kp−1
i ◦ kp−2

j +
∑

i≤j

(−1)i+jσ ◦ kp−1
j+1 ◦ kp−2

i

=
∑

j<i

(−1)i+jσ ◦ kp−1
i ◦ kp−2

j +
∑

i<l

−(−1)i+lσ ◦ kp−1
l ◦ kp−2

i = 0

=
∑

j<i

(−1)i+jσ ◦ kp−1
i ◦ kp−2

j +
∑

j<i

−(−1)i+jσ ◦ kp−1
i ◦ kp−2

j = 0 .
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2

Preview. This fact leads to singular homology groups. If Sp is the vector space of all
singular chains on M , then Hp(M,R) = kerδp/imδp−1 is a vector space called the p’th
singular homology group of M with real coefficients. It turns out to be isomorphic to
the dual space of the de Rham cohomology groups.

2.7 Theorem of Stokes for chains

The following theorem is a generalization of the fundamental theorem of calculus, which
says

∫

δσ f =
∫

σ Df for a function on a one dimensional manifold. It also generalizes the
theorem of Green in the plane or the theorems of Stokes or Gauss in the three dimensional
space as you see partly in a homework.

Theorem 2.7.1 (Theorem of Stokes for chains) Let c be a p-chain on a
manifold M and let α be a (p − 1)-form on a neighborhood of c in M . Then
∫

c dα =
∫

δc α.

Proof. By linearity, it is enough to consider the case, where the p-chain consists of a single
p-simplex. The claim

∫

c
dα =

∫

δc
α is by definition of the integral equivalent to

∫

∆p

d(σ∗α) =

p
∑

i=0

(−1)i

∫

∆p−1

(σi)∗α . (2.1)

We can assume p ≥ 2, because for p = 1

∫ 1

0

dα(σ(t))(Dσ(t)) dt = α(σ(1)) − α(σ(0))

is the fundamental theorem of calculus. (See Week 6 homework set).

Consider x1, . . . , xp−1, which are coordinates of ∆p−1 because x0 = 1 − ∑p−1
i=0 x

i. In this

coordinates, the maps kp−1
i : ∆p−1 → ∆p are given by

kp−1
0 (x1, . . . , xp−1) = (1 −

p−1
∑

k=1

xk, x1, . . . , xp−1), i = 0

kp−1
i (x1, . . . , xp−1) = (x1, . . . , xi−1, 0, xi . . . xp−1), i 6= 0 .

The (p − 1)-form β = σ∗α defined in a neighborhood of ∆p can uniquely be written as

β =
∑p

j=1 βjdx
1 ∧ . . .∧ ˆdxj . . .∧dxp, where ˆdxj means that this factor has been taken away.

By linearity, we can assume that only one βj is not vanishing so that

β = βjdx
1 ∧ . . . ∧ ˆdxj ∧ . . . ∧ dxp

The left hand side of Equation (2.1) is therefore

(−1)j−1

∫

∆p

∂βj

∂xj
dx1 ∧ . . . ∧ dxp .
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Let y1, . . . , yp−1 be coordinates in the neighborhood of ∆p−1. The pull backs of β under the
boundary maps kp−1

i are

(kp−1
0 )∗β(y) = βj(1 −

p−1
∑

k=1

yk, y1, . . . , yp−1)dy1 ∧ . . . ∧ dyp−1 ,

(kp−1
i )∗β(y) = 0, i 6= j ,

(kp−1
i )∗β(y) = βj(y

1, . . . , yj−1, 0, yj , . . . , yp−1)dy1 ∧ . . . ∧ dyp−1 , i = j .

We have therefore to prove

∫

∆p

∂βj

∂xj
(x)dx1 . . . dxp = (−1)j−1

∫

∆p−1

βj(1 −
∑

k

yk, y1, . . . , yp−1)

− βj(y
1, . . . , yj−1, 0, yj+1, . . . yp−1)dy1 . . . dyp−1 .

The left hand side is

∫

∆p−1

(

∫ 1−
∑

k 6=j
xk

0

∂βj

∂xj
dxj)dx1 . . . ˆdxj . . . dxp

which is, after performing the inner integral, equal to

∫

∆p−1

βj(x
1, . . . , xj−1, 1 −

∑

k 6=j

xk , xj+1, . . . , xp)dx1 . . . ˆdxj . . . dxp

−
∫

∆p−1

βj(x
1, . . . , xj−1, 0, xj+1, . . . , xp)dx1 . . . ˆdxj . . . dxp .

In this expression, do in the first integral the change of variables

(x1, . . . , x̂j , . . . , xp) 7→ (y1, . . . , yp−1) = (x2, . . . , xj−1, 1 −
∑

k 6=j

xk, xj+1, . . . , xp), j 6= 2

(x1, . . . , x̂j , . . . , xp) 7→ (y1, . . . , yp−1) = (1 −
∑

k 6=2

xk, x3, . . . , xp), j = 2

which has the Jacobean determinant (−1)j−1 and in the second integral the change of
variables

(x1, . . . , x̂j , . . . , xp) 7→ (y1, . . . , yp−1) = (x1, . . . , xj−1, xj+1, . . . , xp)

which has the Jacobean determinant 1. We get

∫

∆p−1

(−1)j−1βj(1 −
p−1
∑

k=1

yk, y1, . . . , yp−1)dy1 . . . dyp−1

−
∫

∆p−1

βj(y
1, . . . , yj−1, 0, yj , . . . , yp−1))dy1 . . . dyp−1 ,

which is the right hand side of the equation in the box. 2
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2.8 Theorem of Stokes for oriented manifolds

Definition. A n-dimensional manifold M is called orientable, if there exists a nowhere
vanishing n-form on M .

Remark. Denote by φij : x 7→ y = φij(x) the coordinate transformations from two over-
lapping charts (Ui, φi) and (Vi, φj). The pull back of a n-form ω = dy1 ∧ . . . ∧ dyn is
φ∗ijdx

1 ∧ . . . ∧ dxn = detDφijω. A manifold is orientable, if and only there exists an atlas
{Ui, φi} of M for which all coordinate changes φij satisfy det(Dφij) > 0.

Definition. A subset D of M is called a regular domain, if for all points x ∈ δD ⊂ M ,
there exists a chart (U, φ) with x ∈ U such that φ(U ∩D) = φ(U) ∩ Hn, where Hn = {x ∈
Rn | x1 > 0} is the half space in Rn.

Remark. A regular domain D is just a n dimensional manifold with boundary inside the
manifold M .

Definition. A n-form ω has compact support, if the closure of the set, where ω is non-
vanishing, is compact.

Definition. Let ω be a n-form of compact support and let D be a regular domain in the
orientable manifold M . Define U0 = M \ (supp(ω)∩D). Cover the compact set supp(ω)∩D
with a finite cover {Ui}k

i=1. Assume, there exist simplices σi such that Ui ⊂ σi(∆
n) and

either σ(∆n) ⊂ int(D) or Ui = σ(V ∩ ∆n), where V ⊂ Rn is open and such that δ∆n ∩ V
is an open subset of a face which is mapped by σi into U ∩ δ(D). Let {gi}n

i=0 be a partition
of unity subordinate to the cover {Ui}n

i=0. Define

∫

D

ω =

k
∑

i=1

∫

σi

giω .

Lemma 2.8.1 The integral
∫

D ω does not depend on the chosen cover nor on
the chosen partition of unity.

Proof. Let {Vi}l
i=0 be an other such cover and h0, . . . , hl an other such partition of unity

and denote by τi the underlying simplices. We have
∑l

j=1 hj = 1 on supp(ω) ∩D because
h0 = 0 on supp(ω) ∩D. We get

k
∑

i=1

∫

σi

giω =
k

∑

i=1

∫

σi

l
∑

j=1

hjgiω =
∑

i,j

∫

σi

hjgiω .

Similarly we get
l

∑

j=1

∫

τj

hjω =
∑

i,j

∫

τj

hjgiω .

Since σ−1
i ◦ τj is an orientation -preserving diffeomorphism on an open possibly empty set

where it is defined and since supp(hjgiω) ∩ σi∆
n = supp(hjgiω) ∩ τj∆n, it follows that

∫

σi

(hjgiω) =

∫

∆n

detD(σi)hjgiω(σi)
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=

∫

∆n

detD(σi) detD(σ−1
i τj)hjgiω(τj)

=

∫

∆n

detD(τj)(hjgiω(τj)) =

∫

τj

(hjgiω) .

2

Theorem 2.8.2 (Theorem of Stokes for orientable manifolds) Let D
be a regular domain in an oriented n-dimensional manifold M and let ω be a
(n− 1)-form of compact support. Then

∫

δD

ω =

∫

D

dω .

Proof. Let g1, . . . , gk and σ1, . . . , σk be chosen as in the definition of integration. Since
∑k

i=1 gi = 1 on a neighborhood U of supp(ω) ∩D, we have d(
∑k

i=1 gi) = 0 on U and

k
∑

i=1

d(giω) =

k
∑

i=1

(dgi) ∧ ω +

k
∑

i=1

gidω = dω .

If σi is a n-simplex which mapped into the interior of D, then

∫

δσi

giω = 0 =

∫

δD

giω

because supp(gi)ω ⊂ intD. Assume now that σi is a n-simplex which has an image inter-
secting the boundary of D. In this case, giω is vanishing on the boundary of σi(∆

n) except
possibly at the n’th face σn

i . Now σn
i is an orientation-preserving regular (n− 1)-simplex in

δD if n is even and orientation-reversing if n is odd. It follows that

∫

δσi

giω = (−1)n

∫

σn
i

giω = (−1)n(−1)n

∫

δD

giω =

∫

δD

giω .

Using the Stokes theorem for chains, we conclude

∫

D

dω =
∑

i

∫

D

d(giω) =
∑

i

∫

σi

d(giω) =
∑

i

∫

δσi

giω =
∑

i

∫

δD

giω =

∫

δD

ω .

2

The theorem of Stokes already proven for chains and for orientable manifolds with orientable
boundary has different generalizations.

1) Stokes for non-orientable manifolds.
We would like to have for any n-dimensional manifold M and (n − 1)-form α the prop-

erty
∫

M
dα =

∫

δM
α. The later integral should more precisely be written as

∫

δM
i∗α, where

i : δM →M,x 7→ x is the embedding of δM into M . It is not possible to make sense of the
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integrals in a global way. One defines an orientable vector bundle M̃ over M and considers
so called twisted k-forms over M . The theorem of Stokes can so be defined also in non-
orientable situations like on a Moebius strip or Klein bottle. There is no indication that
space time is not orientable (you could make a tour in our universe and when you return, a
right glove had turned into a left glove).

2) Stokes for manifolds with piecewise smooth boundaries.
Manifolds with boundary can be generalized to manifolds with piecewise smooth bound-

aries. An example is the cube M = {|x| + |y| ≤ 1 ⊂ R2}. As long as the set of singular
points in the boundary, (that is points in which the coordinate maps φi fail to be smooth)
has measure zero, the theorem of Stokes stays true.
3) Stokes for Riemannian manifolds. We will discuss later this generalization. It is a
reformulation of Stokes for vector fields. In a ”curved” manifold, the identification of vectors
with 1-forms is space dependent.
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Chapter 3

Riemannian geometry

3.1 Metric tensor

Definition. Let E be a finite dimensional vector space. A metric tensor on E is a symmetric
tensor g ∈ T 0

2 (E), which is non-degenerate: that is

g(u, v) = 0, ∀v ∈ E ⇒ u = 0 .

Remark.
The symmetric tensor g is non-degenerate if and only if the map v 7→ g(v, ·) from E to E∗

is an isomorphism.
(This is no more true if E would be infinite dimensional. The above definition of degeneracy
is then called weakly non-degenerate and the property that v 7→ g(v, ·) from E to E∗ is
an isomorphism is called strongly non-degenerate).

Remark. Let ei be a basis in E. Let ui, vi be the coordinates of u, v, so that u =
∑

i u
iei

and v =
∑

i v
iei. Let gij be the coordinates of g defined by gij = g(ei, ej). Then

g(u, v) =
∑

ij giju
ivj . The symmetry implies that gij = gji. If we consider gij as a n × n

matrix, then the non-degeneracy is equivalent with the invertibility of the matrix g.

Definition. An orthonormal basis of E relative to g is a basis ei in E which satisfies
g(ei, ej) = ±1 for i = j and g(ei, ej) = 0 for i 6= j.

Remark. With respect to an orthonormal basis {ei}n
i=1, the metric tensor g is g =

∑

i,j cie
i⊗

ei, where ci = g(ei, ei) ∈ {−1, 1}.

Lemma 3.1.1 (Gramm-Schmidt) For every metric tensor g, there exists
an orthonormal basis relative to g.

Proof. Let ei any basis. Put fi = e1. Assume h1, . . . , hk is an orthogonal set already
constructed, define inductively

hk+1 = ek+1 −
k

∑

j=1

g(hj , ek+1)

g(hj , hj)
hj

37
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which is nonzero: (else e1, . . . , ek+1 would be linearly independent). We verify g(hk+1, hi) =
0 for i 6= k + 1:

g(hi, hk+1) = g(hi, ek+1) −
k

∑

j=1

g(hj , ek+1)

g(hj , hj)
g(hi, hj)

= g(hi, ek+1) − g(hi, ek+1) = 0 .

Like this, we get an orthogonal set h1, . . . , hk+1. The orthogonal basis fk = hk+1/
√

|g(hk+1, hk+1)|
satisfies g(fk+1, fk+1) = ±1 and is therefore also orthonormal. 2

Remark. Note that an orthonormal basis is not unique because we can replace the basis
{ei}n

i=1 with the basis {±ei}n
i=1.

Definition. Assume E is finite dimensional of dimension n. Let e1, . . . , en be an orthonormal
basis with respect to g and let e1, . . . , en be the dual basis. The tensor µ ∈ Λn(E) defined
by

µ = e1 ∧ e2 ∧ . . . ∧ en

is called the volume element of E with respect to g.

Lemma 3.1.2 There are only two volume elements on E with respect to a
given metric g.

Proof. Let e1, . . . , en be an orthonormal basis and µ the corresponding volume form. We
have by definition µ(e1, . . . , en) = 1, if e1, . . . , en) is a basis in E because

e1 ∧ . . . ∧ en =
∑

σ∈Sn

eσ(1) ⊗ . . .⊗ eσ(n) .

Any other basis f1, . . . , fn is obtained from e1, . . . , en by a orthogonal transformation fi =
Uei. If the determinant of U : E → E is 1, then the corresponding volume forms are the
same. (If fi = Uei is a change of the basis, then the corresponding volume forms satisfy
f1 ∧ ... ∧ fn = det(U)e1 ∧ ... ∧ en.)
If we had constructed µ with an orthogonal transformation U of determinant −1 like the
basis f1 = −e1, fi = ei, i = 2, . . . , n, then we had µ(f1, . . . , fn) = −1.) Because the only
ambiguity in the choice of the basis was the sign of the determinant of U , the volume element
is determined up to a sign. 2

Definition. A choice of the two possible volume elements in E is called an orientation in E.
If µ is a volume element in E and v1, . . . , vn is a basis, then it is called positively oriented,
if µ(v1, . . . , vn) = 1.

3.2 Hodge star operation

Notation. We write for
α =

∑

i1<i2...<iq

αi1,...,iq
ei1 ∧ . . . ∧ eiq
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also shortly α =
∑

I αIe
I , where I runs over all index sets I = {i1, . . . , iq} with i1 < i2, . . . <

iq .

Definition. Given α =
∑

I αIe
I , β =

∑

I βJe
J ∈ Λq(E), where {ei} is an orthonormal basis

with respect to the metric tensor g ∈ T 0
2 (E). Define gI =

∏

i∈I g(ei, ei) ∈ {−1, 1}. Define
also

g(α, β) =
∑

I

gIαIβI .

Examples.
1) Let α = α1e

1 + α2e
2 and β = β2e

1 + β2e
2. Then g(α, β) = α1β1g11 + α2β2g22.

2) Let α = e1 ∧ e2 and β = e1 ∧ e2. Then g(α, β) = g(e1, e1) · g(e2, e2).

Proposition 3.2.1 (Lifting of a metric to Λq(E).) A metric tensor g on
E induces a metric tensor on Λq(E) by g(α, β) =

∑

I gIαIβI .

Proof. g is obviously a symmetric tensor in T 0
2 (Λq(E)). The non-degeneracy follows from

the non-degeneracy of g on E: assume g(α, β) = 0 for all β. Then g(α, dxI ) = gIαI = 0 for
all I , so that αI = 0 for all I and so α = 0. 2

Example. Let e1, e2, . . . , en be an orthonormal basis in E. In this basis, we have g =
∑

i cie
i ⊗ ei, where ci ∈ {−1, 1}. Then

g(eI , eI) = g(ei1 ∧ · · · ∧ eiq , ei1 ∧ · · · ∧ eiq ) = ci1 . . . ciq

and g(eJ , eI) = 0 for I 6= J . So, eI is an orthonormal basis with respect to the metric g.
Definition. More generally, let g be a metric tensor on E and let h be a metric tensor on F .
Form a metric tensor gh on Λq(E,F ) as follows: if f1, . . . , fl is an orthonormal basis in F ,
then we can write α =

∑

i α
ifi, and β =

∑

j β
jfj and

gh(α, β) =
∑

I,i

higIα
i
Iβ

i
I ,

where hi = h(fi, fi) ∈ {−1, 1}. Again, this definition is independent on the basis chosen in
E and the basis chosen in F .

Proposition 3.2.2 (Existence of a Hodge operation) Assume E is a fi-
nite dimensional vector space of dimension n. Let g be a metric on E and ω a
volume element on E with respect to E. There exists a unique isomorphism

∗ : Λq(E) → Λn−q(E)

such that α ∧ ∗β = g(α, β)ω for all α, β ∈ Λq(E).

Proof. For γ ∈ Λn−q(E), define the linear map φγ : Λq(E) → R by

φγ(α)ω = α ∧ γ .
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This map is injective. A comparison of the dimension shows that it is an isomorphism.
Therefore, for all β ∈ Λq(E), there exists a unique γ ∈ Λn−q(E) such that φγ(α) = g(α, β).
Define ∗β to be this γ.

Uniqueness as well as existence of ∗ is best seen using coordinates. Let e1, . . . , en be an
orthonormal basis in E. Given eI = ei1 ∧ . . . ∧ eiq ∈ Λq(E). With ci = g(ei, ei), we have

∗eI = (ci1 · · · ciq
)(−1)σ(I,I′)eI′

,

where I ∪ I ′ = {1, . . . , n} and σ(I, I ′) is the permutation which brings I ∪ I ′ into {1, . . . , n},
with I = {i1, . . . , iq} with i1 < . . . < iq and I ′ = {i′1, . . . , i′q}. 2

Notation. If ei is an orthonormal basis with respect to g, then g =
∑

i,j cie
i ⊗ ei with

ci = g(ei, ei) as in the above proof. Define (−1)g =
∏n

i=1 ci.

Proposition 3.2.3 (Properties of the Hodge star operator) .

a) For α ∈ Λq(E)
∗ ∗ α = (−1)g(−1)q(n−q)α .

b) g(α, β) = (−1)gg(α∗, β∗).
c) ∗1 = ω, ∗ω = (−1)g.

Proof. a) Take α = eσ(q+1) ∧ . . . ∧ eσ(n). We know that ∗α = Ceσ(1) ∧ . . . ∧ eσ(q) for some
constant C. Because α ∧ ∗α = (−1)q(cσ(q+1) · · · cσ(n))ω

∗ eσ(1) ∧ · · · ∧ eσ(q) = cσ(1) . . . cσ(q)(−1)σeσ(q+1) ∧ · · · ∧ eσ(n) .

Therefore,

∗ ∗ eσ(1) ∧ · · · ∧ eσ(q) = (−1)q(n−q)(cσ(1) · · · cσ(n))((−1)σ)2eσ(1) ∧ · · · ∧ eσ(q)

= (−1)q(n−q)(−1)geσ(1) ∧ · · · ∧ eσ(q) .

b) Using a),

g(∗α, ∗β)ω = ∗α ∧ ∗ ∗ β = (−1)g(−1)q(n−q) ∗ α ∧ β = (−1)gβ ∧ ∗α = (−1)gg(α, β)ω .

c) follows directly from the definition and b). 2

Examples.
1) Let M = R3 and let g be the flat standard metric in M . Let e1, e2, e3 be the standard
basis in Λ1(R3). The 3-form ω = dx1 ∧ dx2 ∧ dx3 is the volume form on M associated to
g. Then ∗e1 = e2 ∧ e3, ∗e2 = e3 ∧ e1 = −e1 ∧ e3 and ∗e3 = −e1 ∧ e2 because in each case
ei ∧∗ei = ω. From the above proposition a), we see that ∗∗α = α so that ∗ is an involution.

2) Let M = R4 and g the Lorentz inner product, which is defined by g11 = −1, g22 =
g33 = g44 = 1 and gij = g(ei, ej) = 0 for i 6= j. The Hodge star operation from Λ1(R4) to
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Λ3(R4) is an involution and given by

∗e1 = −e2 ∧ e3 ∧ e4 ,
∗e2 = −e1 ∧ e3 ∧ e4 ,
∗e3 = e1 ∧ e2 ∧ e4 ,
∗e4 = −e1 ∧ e2 ∧ e3

because

e1 ∧ (∗e1) = −e1 ∧ e2 ∧ e3 ∧ e4 = g11ω

e2 ∧ (∗e2) = −e2 ∧ e1 ∧ e3 ∧ e4 = g22ω

e3 ∧ (∗e3) = e3 ∧ e1 ∧ e2 ∧ e4 = g33ω

e4 ∧ (∗e4) = −e4 ∧ e1 ∧ e2 ∧ e3 = g44ω .

The Hodge star operation from Λ2(R4 to Λ2(R4) satisfies ∗∗ = −1 and is given by

∗(e1 ∧ e2) = −e3 ∧ e4 ,
∗(e2 ∧ e3) = e1 ∧ e4 ,
∗(e1 ∧ e3) = e2 ∧ e4

because

(e1 ∧ e2) ∧ (−e3 ∧ e4) = −g11g22ω = ω

(e2 ∧ e3) ∧ (e1 ∧ e4) = g22g33ω = ω

(e1 ∧ e3) ∧ (e2 ∧ e4) = −g11g33ω = ω .

3.3 Riemannian manifolds

Definition. A metric tensor field g is a tensor field g ∈ T 0
2 (M) such that g(x) is a metric

tensor in T 0
2 (TxM). This means that there exist bilinear symmetric non-degenerate func-

tions gx(·, ·) : TxM × TxM → R, so that for all vector fields X,Y ∈ Γ(TM), the function
x 7→ g(x)(X(x), Y (x)) is smooth.

Definition. A pair (M, g), where M is a manifold and g is a metric tensor field on M , is
called a pseudo Riemannian manifold.

Definition. A pseudo Riemannian manifold (M, g) is called a Riemannian manifold, if
the metric tensor field g is positive definite, that is if g(x)(v, v) ≥ 0 for all v ∈ Tx(M).

Definition. Let M be a n-dimensional Pseudo Riemannian manifold. A smooth map
x → TMn, x 7→ e(x) = (e1(x), . . . , en(x)) such that for all x, the set {e1(x), . . . , en(x)} is
an orthonormal basis on Tx(M), is called an orthonormal frame field on M . Denote by
e1, . . . , en the dual basis of e1, . . . , en. The map x→ T ∗Mn, x 7→ e(x) = (e1(x), . . . , en(x)) is
called an orthonormal coframe field. It defines a volume form ω = e1∧. . .∧en ∈ Λn(M).

Remark. By Gramm-Schmidt orthonormalisation at each point x ∈ M , as seen in the last
section, a volume form exists in every chart U . Because coordinate changes φij from one
chart to an other chart have an orthogonal Jacobean Dφij , the determinant is ±1. If M is
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oriented, we can choose ω so that all coordinate changes φij satisfy det(Dφij) = 1. Such a
volume form ω is called the volume on M .

Definition. An orientation on an orientable manifold is an equivalence class of volume
forms, where µ1 ∼ µ2 if and only if there exists a function f > 0 such that µ1 = fµ2.

Lemma 3.3.1 Assume M is orientable. Then M is connected if and only if there exist exactly
two orientations on M .

Proof. Let µ and ν be two volume forms. Then µ = fν with f(x) 6= 0 for all x ∈ M .
Because M is connected, we have f−1((0,∞)) = M or f−1((−∞, 0)) = M so that either
f > 0 or f < 0 and µ, ν are equivalent.

If M is not connected and is a union of two disjoint manifolds M1,M2. Let µ be a volume
on M and denote by µi the restriction on Mi. Let ν be a volume on M which is µ1 on M1

and −µ2 on M2. Then, µ,−µ and ν,−ν are not equivalent. 2

We come now to some examples of Pseudo Riemannian manifolds. We use the notation to
denote by [gij ] the matrix which has the entry gij in the i’th row and the j’th column.

Examples.
1) (Flat three dimensional space in spherical coordinates). Let (M, g) be the flat
three dimenensional space. With respect to the standard basis e1, e2, e3, the metric g is
given by gij(x) = 1 if i = j and gij(x) = 0 if i 6= j.
Let r = x1, θ = x2, φ = x3 be the spherical coordinates in R3. A point in R3 can be written
as

x = r cos(φ) sin(θ)e1 + r sin(φ) sin(θ)e2 + r cos(θ))e3 .

Consider the three orthogonal basis vectors

er = ∂x/∂x1 = cos(φ) sin(θ)e1 + sin(φ) sin(θ)e2 + cos(θ)e3

eθ = ∂x/∂x3 = r cos(φ) cos(θ)e1 + r sin(φ) cos(θ)e2 − r sin(θ)e3 ,

eφ = ∂x/∂x2 = −r sin(φ) sin(θ)e1 + r cos(φ) sin(θ)e2 .

It is an exercise in a homework to show that with respect to this basis, the metric is given
by

[gij ](x) =





1 0 0
0 r2 0
0 0 r2 sin2(θ)



 .

2) (Flat Lorentz manifold) Take on the manifold M = R4 the metric

[gij ] =









−c2 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1









,

where c is the speed of light.
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3) (Schwarzschild manifold). Take on the manifold M = R4 \ {r = 0} the coordinates
t = x0, r = x1, θ = x2, φ = x3 (that is x1, x2, x3 are the polar coordinates in space and x0 is
the time coordinate. For m/r < 1, the Schwarzschild metric is given by

[gij ] =









−c2(1 − 2m/r) 0 0 0
0 (1 − 2m/r)−1 0 0
0 0 r2 0
0 0 0 r2 sin2(θ))









.

The Schwarzschild manifold is important in general relativity. It is a model for the space-
time in presence of a single massive object of mass M . (It is according to a theorem
of Birkhoff the only solutions of Einstein’s equations (see later) in the vacuum which
is spherically symmetric). The constant m is defined as m = GM/c2, where G is the
gravitational constant. (2m is called the Schwarzschild radius). The Schwarzschild model
is the basis for the known five tests of general relativity:

• the perihelion advance of planets,

• the bending of light near the sun

• the time delay in radar sounding of planets

• the spectral shift of light emanating a massive object

• or the precession of a gyroscope which is freely orbiting the earth.

(M, g) is a pseudo Riemannian manifold.

Definition. Given a Riemannian manifold (M, g) and let u be a vector in the tangent space
TxM . The length of u is defined as

√

g(x)(u, u) =

√

|
∑

ij

gijuiuj | .

A vector, which has zero length is called a null vector. One calls vectors u for which
∑

ij giju
iuj < 0 time like, vectors u with

∑

ij giju
iuj < 0 space like.

Examples. 1) Take example 2) from above. The vectors on the light cone

{u |
√

|g(u, u)| =
√

| − c2(u0)2 + (u1)2 + (u2)2 + (u3)2| = 0}

are the null vectors.
2) In a Lorentzian manifold (M, g) with [g] = Diag(−1, 1, 1, 1), the vector (1, 0, 0, 0) is time
like and for example (0, 1, 0, 0) is space like. Particles with space like velocity vectors have
velocity smaller than the speed of light, particles with time like velocity vectors have velocity
larger than the speed of light (tachions).

Definition. The angle θ between two non-null vectors u, v is defined as

cos(θ) = g(u, v)/(
√

g(u, u)
√

g(v, v)) .

Definition. Let γ : [a, b] → M be a curve on the Riemannian manifold M . The length of
the curve is defined by

∫ b

a

√

|g(γ(τ))(Dγ(τ)(1), Dγ(t)(τ))| dτ .
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Note thatDγ(τ) is a linear map from R to Rn and thatDγ(t)(1) is a vector in Rn ∼ Tγ(τ)M .

Question. Does every manifold allow to be a Riemannian manifold (g positive definite) or a
pseudo Riemannian manifold of a given signature?

Proposition 3.3.2 Given a manifold M . Then there exists a Riemannian metric g on M .

Proof. We have to show that there exists a tensor field g ∈ T 0
2 (M) which is symmetric,

non-degenerate and positive definite.

Let {Ui, φi} be an atlas for M and let gi be a partition of unity subordinate to the cover
Ui. Let q be a Riemannian metric on Rn. For example [q] = Diag(1, 1, 1 . . . , 1). Let
qi = φ∗i q be the pull back metrics on Ui. Define g(x) =

∑

i gi(x)qi(x). This is smooth and
positive definite because for x ∈M and u ∈ TxM , we have g(x)(u, u) =

∑

i giqi(u, u) > 0. 2

Remark. It is not always possible to build on a given manifold a metric of a given signature.
For example, on the sphere M = S2, there exists no Lorentzian metric, a metric of signature
(−1, 1) because we could otherwise find a vector field on the sphere, which is nowhere
vanishing. But this does not exist.

3.4 Theorem of Stokes for Riemannian manifolds

Definition. Assume (M, g) is an oriented Riemannian manifold with volume form ω. The
pointwise Hodge operation ∗ : Λk(TxM) → Λn−k(TxM) defines a map Λk(M) → Λn−k(M)
called the Hodge star operation on Λ(M).

Definition. Let M be an oriented Riemannian manifold with volume form ω. For a contin-
uous function f on M with compact support, define

∫

M

f :=

∫

M

∗f =

∫

M

fω

Notation. Let M be a Riemannian manifold. The metric g defines an isomorphism from
TxM to T ∗

xM . A common ”musical” notion for this isomorphism is

[ : TxM → T ∗
xM, ] : T ∗

xM → TxM

which comes from the fact that [ is index raising and ] is index lowering.

Recall. Given a vector field v ∈ Γ(TM). Define the function

div(v) = ∗d ∗ v[ .

Theorem 3.4.1 (Stokes for Riemannian manifolds) Given v ∈ Γ(TM)
of compact support and let D be a regular domain in M and n the outer normal
vector field on the boundary δD. Then

∫

D

div(v) =

∫

δD

g(v, n) .
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Proof. Using Stokes theorem, we get by definition of the integral and Stokes theorem for
oriented manifolds that

∫

D

div(v) =

∫

D

∗d ∗ v[ =

∫

D

d ∗ v[ =

∫

δD

∗v[

which reduces the claim to the identity

∫

δD

∗v[ =

∫

δD

g(v, n) .

Choose at a point in δD a chart so that n(x) = e1 is the outer unit normal vector. Let
e1, . . . , en be an orthonormal basis and let e1, . . . , en be the dual basis. Using a suitable
partition of unity, we can assume that v has its support in a chart U which is contained in
a simplex σ, such that σ1 is mapped into δD. With v[ =

∑

i vie
i, where vi = giiv

i, we get

∗v[ =
∑

i

v1,...,̂i,...,ne
1 ∧ . . . ∧ êi ∧ . . . ∧ en

=
∑

i

gii(−1)ivie
1 ∧ . . . ∧ êi ∧ . . . ∧ en

so that
∫

δD
∗v[ =

∫

σ1
det(Dσ1)g11v2,...,n. On the other hand, since g(v, n) = v1, we obtain

by the definition of the integration on δD also
∫

σ1
det(Dσ1)v1 =

∫

σ1
det(Dσ1)g11v2,...,n. 2

3.5 Interior product and Lie derivative

Definition. Let M be a manifold and X ∈ Γ(TM) a vector field on M . For α ∈ Λk+1(M) de-
fine the interior product (also called interior multiplication or contraction) is defined
as

iXα(X1, . . . , Xk) = α(X,X1, . . . , Xk) .

Reminder. Note that if αi are 1- forms, then

α1 ∧ . . . αn(X1, . . . Xn) = det(αi(Xj)) .

Lemma 3.5.1 (Properties of the interior product) The interior product
is an anti-derivation of degree −1.

Proof. We have to show that iX(α∧β) = (ixα)∧β+(−1)kα∧ (iXβ) if the degree of α is k.

The linearity is clear as well as the degree −1 property.

For proving the anti-derivation property, it is enough to show it for α, β which are decom-
posable as α = e1 ∧ . . . ∧ ek and so to verify

iX(e1 ∧ . . . ek) =
k

∑

i=1

(−1)i+1e1 ∧ . . . ∧ iX(ei) ∧ . . . ∧ ek .
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Apply both functions on (X2, . . . , Xk). We get on the left hand side with X1 = X

iX(e1 ∧ . . . ek)(X2, . . . , Xk) = det(ej(Xi))

and on the right hand side with X1 = X .

k
∑

i=1

∑

σ∈S(k−1)

(−1)σ(−1)i+1ei(X1)e
1(Xσ(1)) · · · ek(Xσ(k)

∑

σ∈S(k)

(−1)σe1(Xσ(1)) · · · ek(Xσ(k) .

2

Definition. A curve φt(x) defined on an interval [a, b] is called an integral curve of a vector
field X , if d

dtφt(x) = X(φt(x)).
Every differentiable vector field defines locally a set of diffeomorphism φt : U → φt(U) de-
fined for t ∈ [a, b] on the manifold.

Definition. Let X ∈ Γ(TM) be a vector field and let α ∈ Λk(M) be a k-form. Denote by φt

the flow defined by the vector field X . Define the new k-form

LXα(x) =
d

dt
(φ∗tα(x) − α(x))/t .

It is called the Lie derivative of α with respect to the vector field X .

Definition. Let X,Y be vector fields on M . Define the vector field [X,Y ] called Lie bracket
as

[X,Y ]y(f) = Xy(Y f) − Yy(Xf) .

Theorem 3.5.2 The Lie derivative has the following properties:
(i) LXf = X(f) for f ∈ Λ(M) = T 0

0 (M)
(ii) LX(Y ) − LY (X) = [X,Y ] for X ∈ Γ(TM)
(iii) LX is a derivation on Λ(M) which commutes with d.
(iv) The Cartan formula LX = iX ◦ d+ d ◦ iX holds.

3.6 Connections

Definition. A curve , φ : I → M, t 7→ φt is called an integral curve of a vector field X , if
d
dtφt(x) = X(φt(x)).
Every differentiable vector field defines so a set of diffeomorphism φt : U → φt(U) on M , if
|t| is small enough. This set of diffeomorphisms is also called a flow.
Definition. Let X ∈ Γ(TM) be a vector field. Denote by φt the flow defined by the vector
field X . Given an other vector field Y , define LXY (x) = d

dtY (φt(x))t=0. It is called the Lie
derivative of Y with respect to the vector field X .

Definition. Let X,Y be vector fields on M . Define the vector field [X,Y ] called Lie bracket
as

[X,Y ] = LXY − LYX .
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Remark. Write ∂i = ∂/∂xi. In local coordinates, X =
∑

iX
i∂i, Y =

∑

i Y
i∂i, we have

Z = [X,Y ] =
∑

i Z
i∂i with

Zi =

n
∑

j=1

Xj∂jY
i −

n
∑

j=1

Y j∂jX
i .

Definition. A connection on a manifoldM is a bilinear map ∇ : Γ(TM)×Γ(TM) → Γ(TM)
which satisfies

∇fX (Y ) = f∇X(Y ), ∇X(fY ) = (Xf)Y + f∇X(Y )

for all f ∈ C∞(M) and which has vanishing torsion

T (X,Y ) = ∇XY −∇YX − [X,Y ] = 0 .

Example. The canonical connection on Euclidean space is ∇XY = DY (X) =
∑

j X
j∂jY

i.

Definition. A connection on a pseudo Riemannian manifold (M, g) is called compatible
with the metric if for all vector fields X,Y, Z, the identity

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ)

holds. (This definition is motivated by the Leibniz rule.)

Theorem 3.6.1 (Fundamental theorem of Riemannian geometry)
On every pseudo Riemannian manifold (M, g), there exists a unique connection
∇ which is compatible with the metric.

Proof. Because ∇ is compatible with the metric, we obtain the three identities

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ) ,

Y g(Z,X) = g(∇Y Z,X) + g(Z,∇YX) ,

Zg(X,Y ) = g(∇ZX,Y ) + g(X,∇XY ) .

Adding the first two equalities and subtracting the third one and using that ∇ is torsion
free, this gives

2g(∇XY, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X,Y )

+ g([X,Y ], Z) − g([X,Z], Y ) − g([Y, Z], X)

which shows uniqueness. The right hand side is linear and is for fixed X,Y a tensor in Z. It
satisfies especially g(∇XY, fZ) = f(∇Y , Z) for all f ∈ C∞(M). The formula for g(∇XY, Z)
defines ∇X .

(i) ∇fX(Y ) = f∇X(Y ).
It is enough to show g(∇fX(Y ), Z) = g(f∇X(Y ), Z) for all vector fields Z. This is verified
by putting in the formula in the box.
(ii) ∇X(fY ) = (Xf)Y + f∇X(Y ).
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Also here, it is enough to show g(∇X(fY ), Z) = g((Xf)Y, Z)+ g(f∇X(Y ), Z) for all vector
fields Z which is verified by inserting the formula in the box.
(iii) ∇XY −∇YX − [X,Y ] = 0
Dito.
(iv) Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ).
Substitute the formula on the right hand side of 3.1. 2

Definition. The unique connection compatible with the Pseudo Riemannian metric is called
the Levi-Civita connection or canonical connection.

Definition. In a local coordinate system, take Xi = ∂i, gij = g(Xi, Xj), and [gij ] = [gij ]
−1,

so that g =
∑

ij gijdx
i ⊗ dxj . Use the short hand notation ∇i for ∇Xi

, define

Γi
jk =

∑

l

gilg(∇j∂k, ∂l) ,

the Christoffel symbols of the connection. Alternatively, the Christoffel symbols can be
defined by the relation

∇i∂j =
∑

k

Γk
ij∂k .

It is an exercise in Homework, to see that these two definitions are equivalent.
Remark. Because the vector fields ∂

∂xi commute, we have Γi
jk = Γi

kj .

Remarks.
1) The equality ∇fXY = f∇XY for f ∈ C∞(M) implies that for a given Y , ∇fX(Y )(x)
depends only on X(x). The connection can therefore by viewed as a family of bilinear maps
from TxM × Γ(TM) → TxM indexed by x ∈ M . However, ∇XY (x) depends not only on
Y (x) but also on its first derivative and is so not a tensor (see later).

Proposition 3.6.2 (The canonical connection in local coordinates) .
a) In a local coordinate system, we have with X =

∑

j X
j∂j and Y =

∑

k Y
k∂k,

∇XY =
∑

i





∑

j

Xj ∂Y
i

∂xj
+

∑

j,k

Γi
jkX

jY k





∂

∂xi

b)

2Γi
jk =

∑

l

gil(∂jgkl + ∂kglj − ∂lgjk) .

Proof. a) Because ∇ is bilinear in X,Y , we can assume X = X jδj , Y = Y iδi. From the
two properties in the definition of a connection, we get

∇XY = ∇Xjδj
(Y iδi) = Xj∇δj

(Y iδi)

= XjδjY
iδi +XjY i∇δj

(δi)

= XjδjY
iδi +XjY i

∑

k

Γk
ijδk
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= Xj ∂Y
i

∂xj
δi +

∑

k

Γk
ijX

jY iδk .

By taking linear combinations X =
∑

j X
jδj , Y =

∑

i Y
i∂i (or switching on the Einstein

convention), we get from this the formula we have to prove.
b) The boxed formula in the last proof together with the definition of the Christoffel symbols
gives together with [∂i, ∂j ] = 0 for all i, j

2Γjkl = 2g(∇∂j
∂k, ∂l) = ∂jgkl + ∂kglj − ∂lgjk .

The formula for Γi
jk =

∑

l g
ilΓjkl follows from that. 2

Examples.
1) Let M = Rn be equipped with a flat metric [gij ] = Diag(c1, . . . , cn). From the formula
for Γk

ij in local coordinates, we see that Γk
ij = 0 because δjgkl = δkglj = δlgjk = 0. This is

also true, if g is constant.

2) Let M = {(x, y) ∈ R2 | y > 0 } be the upper half plane and [gij ] = Diag(1/y2, 1/y2).
This Riemannian manifold is the Lobachevsky plane.
We compute

Γ2
11 = 1/y,Γ1

12 = Γ1
21 = Γ2

22 = −1/y .

All other coefficients are vanishing.

One of the main reasons for defining connections is the notion of parallelism and the fun-
damental concepts of geodesics and curvature to which we come in the following sections.

3.7 Covariant derivative

A connection defines a a derivative on tensors which has the property that it maps tensors
into tensors and replaces the partial derivative (which does not map tensors into tensors in
general).

Definition. Let X be a vector field on a manifold M with connection ∇. The linear map
∇X on Γ(TM) defines a linear map on the space of tensor fields Γ(T 0

1 (M)) (= differential
1-forms = covector fields) by

∇X t(Y ) = Xt(Y ) − t(∇XY ) .

Having defined the connection on 1-forms, we can define ∇X on tensors t ∈ T p
q (M) by

(∇X t)(Y
1, . . . , Y p, X1, . . . , Xq) = Xt(Y 1, . . . , Y p, X1, . . . , Xq)

−
p

∑

i=1

t(Y 1, . . . ,∇XY
i, . . . , Y p, X1, . . . , Xq)

−
q

∑

i=1

t(Y 1, . . . , . . . , Y p, X1, . . . ,∇XXi, . . . , Xq) ,

where Y 1, . . . , Y p are covector fields and X1, . . . , Xq are vector fields.
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Remark.
If t ∈ Γ(T p

q (M)) and s ∈ Γ(T p′

q′ (M)), then

∇X (t⊗ s) = (∇X t) ⊗ s+ (t⊗∇Xs) .

(see the exercise in Homework 8).

Example.
If M is equipped with a Riemannian metric g ∈ Γ(T 0

2 (M)) and ∇ is compatible with g, then
∇Xg = 0 because this equation is exactly paraphrasing that ∇ is compatible with the metric:

∇Xg(X1, X2) = Xg(X1, X2) − g(∇XX1, X2) − g(X1,∇XX2) = 0 .

Definition. The covariant derivative is the linear map from Γ(T p
q M) to Γ(T p

q+1M) defined
by

Dt(Y 1, . . . , Y p, X1, . . . , Xq, X) = ∇X t(Y
1, . . . , Y p, X1, . . . , Xq) .

Remark. A connection defines a differentiation on the space of all tensors similar as the
exterior derivative d did it on skew-symmetric tensors. The naive partial differentiation
would not lead to a tensor in general. Covariant differentiation is the right modification.

Notation. If the coordinates of t are t
j1,...,jp

i1,...,iq
, we write

t
j1,...,jp

i1,...,iq ;i = D∂it
j1,...,jp

i1,...,iq

for the coordinates of D∂i
t.

Examples.

1) The covariant derivative of a function f is f;i = ∂f
∂xi and is so identical to the partial

derivative.

2) We have seen in a Proposition of the last section, that if Y =
∑

Y j∂j is a vector field,
then

Y j
;i =

∂Y j

∂xi
+

∑

k

Γj
kiY

k .

If Γj
ki = 0, then this is partial differentiation with respect to the i’th coordinate.

3) If t =
∑

k tkdx
k is in Γ(T 0

1 (M)), then

tk;i =
∂tk
∂xi

−
∑

j

Γj
kitj .

Proof. By the definition at the beginning of this section,

tk;i = ∇it(∂k) =
∂tk
∂xi

− t(∇i∂k)

=
∂tk
∂xi

−
∑

j

Γj
kit(∂j)
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=
∂tk
∂xi

−
∑

j

Γj
kitj .

4) If t =
∑

k,l tkldx
k ⊗ dxl is in Γ(T 0

2 )(M), then

tkl;i =
∂tkl

∂xi
−

∑

j

Γj
kitjl −

∑

j

Γj
iltkj .

And it is clear, how this will be generalized to general tensors (see the exercise). For every
upper index, there will be a correction term with positive sign and for every lower index
there will be a correction term with negative sign.

3.8 Parallel transport

Definition. A vector field V is parallel transported along a vector field X , if ∇XV = 0.

Definition. A vector field along a curve c : I → M is a smooth curve X : I → TM in
the tangent bundle of M such that X(x) ∈ TxM . For example, the velocity field Dc(t) is
such a vector field.

Definition. The covariant derivative along a curve is a map on the space of all vector fields
along the curve c defined in a neighborhood U of x = c(t) by

∇cX = ∇Y X̃ ,

where X̃ is a vector field on U which is X when restricted to c(I) ∩ U and where Y is a
vector field on U which is Dc when restricted to c(I) ∩ U .

Notation. We write X(t) for a vector field on the curve c instead of X(c(t)).

Remark. From the properties of the connection, we have

∇c(fY )(t) = (
d

dt
f(c(t)))Y (t) + f(t)∇cY (t) .

Definition. A vector field X along a curve c is called parallel, if ∇cX = 0.

Proposition 3.8.1 (Parallel transport) Given a curve c : I → M and
given a vector v ∈ TxM where x = c(t0). There exists a unique parallel vector
field X along c such that X(t0) = v.

Proof. By splitting the interval I in small pieces, we can assume that c(I) is contained in a
single chart of M . In order to find the parallel vector field X(c(t)) = v(t) on the curve, one
has to solve the equation

∇cX = 0 =
d

dt
vk(t) +

∑

i,j

Γk
ijv

i(t)Dcj(t) .
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This is a differential equation of the form v̇ = Ft(v) in Rn with smooth function Ft : Rn →
Rn and has a solution for small t. 2

Definition. The parallel transport from c(0) to c(t) along a curve c in a Riemannian manifold
(M, g) is defined as the map

v(0) ∈ Tc(0)M 7→ v(t) ∈ Tc(t)M

by constructing a parallel vector field v(t) on c(t).

Proposition 3.8.2 The parallel transport defines an isometry from Tc(0)M to
Tc(t)(M). That is, if v(0), w(0) ∈ Tc(0)M are given, then g(c(t))(v(t), w(t)) =
g(c(0))(v(0), w(0)) and especially, angles between two vectors are preserved.

Proof. For any two vector fields X,Y on the curve

d

dt
g(X(t), Y (t)) = g(∇cX(t), Y (t)) + g(X(t),∇cY (t)) .

The right hand side vanishes if X(t), Y (t) are parallel transported vector fields on c because
then ∇cX = 0 and ∇cY = 0. 2

Remark. Parallel transport from one point x to an other point y in the manifold depends
in general on the path from x to y.

3.9 Geodesics

Definition. A curve c is called a geodesic, if its velocity vector field Dc on c is parallel.

Remark. The length of Dc(t) is constant because this is a property of parallel transport of
any vector field.

Proposition 3.9.1 Let c(t) be a geodesic in the Riemannian manifold (M, g).
In local coordinates, if c(t) = (c1(t), . . . , cn(t)), then

d2

dt2
ci +

∑

j,k

Γi
jk(c(t))ċj(t)ċk(t) = 0 .

Proof. This is the formula of the parallel transport of the vector v(t) = ċ(t). 2

Corollary 3.9.2 (Local existence of geodesics) Given a point x ∈ M and
v ∈ TxM , there exists an interval I = [−ε, ε] and a geodesic c : I → M , which
satisfies Dc(0) = v and c(0) = x.
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Proof. Also this result follows from the existence result of solutions of ordinary differential
equations. The differential equation

c̈i = −
∑

j,k

Γi
jk(c(t))ċj(t)ċk(t)

is of the form d/dt(c, d) = d(Ft(c, d) which can be rewritten as d
dtz(t) = G(z) using

z = (t, c, d). 2

The explicit solutions of the differential equations giving the geodesics can in general not be
found. Even on a sphere, the flow can be chaotic and come arbitrarily close to any point in
the sphere. Nevertheless, there are examples like the Lobachevsky plane, the sphere or the
plane, where the geodesics are known.

Examples.
1) On the flat plane (M, g), where [g]ij = Diag(1, 1), the geodesic flow is easy to find because
Γi

kl((x, y)) = 0 for all x ∈ M . The differential equations are therefore

ẍ = 0 , ÿ = 0 .

That is the geodesics are the straight lines.

2) On the Lobachevsky plane, with metric [g]ij = Diag(1/y2, 1/y2), we have already com-
puted the Christoffel symbols. This gives the differential equations

ẍ = −2ẋẏ

y
,

ÿ =
(ẋ2 − ẏ2)

y
.

One can show that the solutions of these differential equations are circles through (x, y)
which have in (x, y) the tangent direction (ẋ, ẏ) and which hit the line y = 0 in a right angle.

3) On the sphere, you compute the Christoffel symbols in the homework. It is already in
this simple situation convenient to make such computations with the computer.

Definition. A Riemannian manifold, for which a geodesic can be defined for all times t ∈ R
is called geodesically complete.

Remark. Not every manifold is complete. Take from any manifold a point away, then the
new manifold is not complete because there exists a geodesic moving into the point which
has been taken away.

Definition. Assume (M, g) is a geodesically complete manifold. Define the exponential
map from TM to M by (x, v) 7→ c(1), where c is a geodesic satisfying c(0) = x and
Dc(0) = v.

Remark. The reason for this name is that for SO(3), the tangent space at zero is a space
so(3) of skew symmetric matrices and that exp(0, v) = ev = 1 + v + v2/2! + v3/3! + . . . is
the usual exponential map.



54 CHAPTER 3. RIEMANNIAN GEOMETRY

Theorem 3.9.3 (Hopf-Rinow) Let (M, g) be a connected Riemannian man-
ifold. Then M is a complete metric space if and only if M is geodesically
complete. Then, every two points x, y ∈ M can be connected by geodesic. This
path minimizes the length between all paths from x to y.

The proof is quite lengthy and we skip it here. Note that the assumption was that the
manifold is Riemannian and not only Pseudo Riemannian.

3.10 Two dimensional hyperbolic geometry

We consider in this section an example of geodesics in the Lobachevsky plane (M, g), where
M is the upper half plane.

Definition. SL(2,R) is the set of real 2 × 2 matrices A =

(

a b
c d

)

with determinant

det(A) = ad− bc = 1.

Definition. Use complex coordinates z = x + iy, every element A ∈ SL(2,R) defines a
smooth map on M by the M”̈obius transformation

z 7→ az + b

cz + d
.

Such a map on C leaves the real line invariant and maps the upper half plane into itself.

In complex coordinates, every element in TzM is also given by a complex number and we
have g(z)(u, v) = uv/Im(z)2, where v is the complex conjugate of v.

Definition. A map φ : M → M of a Riemannian manifold M is called a isometry, if
φ∗g = g.

Lemma 3.10.1 A Möbius transformation φ : M →M given by A ∈ SL(2,R)
is an isometry.

Proof. We compute DA(z) = a(cz+d)−c(az+b)
(cz+d)2 = 1/(cz + d)2. and so

φ∗(z)g(u, v) = g(Az)(DAu,DAv) =
1

Im(Az)
uv(cz + d)−4 .

Using Im(Az) = Im(z)
(cz+d)2 , we have

φ∗(z)g(u, v) = Im(z)/(cz + d)2 = g(z)(u, v)

proving that φ is an isometry. 2



3.11. RIEMANNIAN CURVATURE 55

The length of a curve γ : I = [0, 1] →M, t 7→ x(t) + iy(t) is given by

L(γ) =

∫ 1

0

√

ẋ2 + ẏ2

y(t)
.

Corollary 3.10.2 If γ : I → M is a curve, then the length of γ is the same
as the length of γ(φ).

Lemma 3.10.3 Amoung all curves γ connecting two points x + ia and xib,
with b > a, the straight vertical line γ(t) = x+ ia+ t(b−a) has minimal length
among all curves γ connecting these two points.

Proof.

L(γ) =

∫ 1

0

√

ẋ2(t) + ẏ2(t)

y(t)
≥

∫ 1

0

ẏ(t)

y(t)
dt = log(b) − log(a) .

On the other hand, with γ0(t) = x+ ia+ t(b− a) we compute

L(γ0) = log(b) − log(a) .

2

Corollary 3.10.4 Given two points in M . The half circle through z1, z2 which
is orthogonal to the x axis is the geodesic passing through z1, z2.

Proof. Let φ be the Möbius transformation, which maps z1 and z2 into a point with same
real part. Because Möbius transformations preserve angles and circles and lines are special
circles, the inverse image of the line through φ(z1), φ(z2) is a circle which hits the real axis
in an right angle. Since φ is an isometry, this circle is the shortest path between these two
points. 2

3.11 Riemannian Curvature

Definition. The combination R(X,Y ) = ∇X∇Y −∇Y ∇X −∇[X,Y ] is called the curvature
of the connection. It defines the Riemann curvature tensor

K(X,Y, Z,W ) = g(R(X,Y )Z,W ) .

Recall. If a function t : Γ(T ∗M)p × Γ(TM)q → R is a tensor field, then the value of
t(Y 1, . . . , Y q, X1, . . . , Xp)(x) depends only on Y i(x) and Xk(x).

Definition. A function t : Γ(T ∗M)p × Γ(TM)q → R is C∞(M)- multi-linear if for all
f ∈ C∞(M),

t(Y 1, . . . , fY i, . . . , Y p, X1, . . . , Xq) = t(Y 1, . . . , Y i, . . . , Y p, X1, . . . , fXi, . . . , Xq)(3.1)

= ft(Y 1, . . . , Y p, X1, . . . , Xq) .
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Proposition 3.11.1 (Convenient criterion for tensorality) A map t :
Γ(T ∗M)p × Γ(TM)q → R is a tensor field if and only if it is C∞(M)-multi-
linear.

Proof. If t is C∞(M)-multi linear, then t(Y 1, . . . , Y p, X1, . . . , Xq)(x) depends only on
Xi(x), Y

i(x) because we can choose in formula 3.1 functions f with support in an arbitrary
small neighborhood of a point x ∈M . That is

t(Y 1, . . . , Y p, X1, . . . , Xq)(x) = t(x)(Y 1(x), . . . , Y p(x), X1(x), . . . , Xq(x)) .

If on the other hand t(Y 1, . . . , Y p, X1, . . . , Xq)(x) = t(x)(Y 1(x), . . . , Y p(x), X1(x), . . . , Xq(x))
is a tensor field, then 3.1 holds. 2

Examples.
a) The map (X,Y, Z) 7→ g(∇XY, Z) is not a tensor. It is C∞-linear in X and Z but not in
Y , because by a defining property of the connection

g(∇XfY, Z) = g(f∇XY, Z) + (X.f)g(Y, Z)

for all vector fields X,W .
b) The map X,Y 7→ g(X,Y ) is by definition a tensor. That is g(fX, Y ) = g(X, fY ) =
fg(X,Y ).
c) The map X,Y, Z 7→ g([X,Y ], Z) is not a tensor, because in general

g([X, fY ], Z) = g(LXfY − LfYX,Z) = X.fg(Y, Z) + fg(LXY, Z) − fg(LYX,Z)

6= fg(LXY, Z) − fg(LYX,Z) = fg([X,Y ], Z) .

As the name suggests:

Lemma 3.11.2 The Riemann curvature tensor K is a tensor.

Proof. We have to show that

fK(X,Y, Z,W ) = K(fX, Y, Z,W ) = K(X, fY, Z,W ) = K(X,Y, fZ,W ) = K(X,Y, Z, fW ) .

a) The equality fK(X,Y, Z,W ) = K(X,Y, Z, fW ) is true because g(X, fW ) = fg(X,W ).
b)

K(fX, Y, Z,W ) = g(∇fX∇Y Z,W ) − g(∇Y ∇fXZ,W ) − g(∇[fX,Y ]Z,W )

= g(f∇X∇Y Z,W ) − g(∇Y f∇XZ,W ) − g(∇f [X,Y ]−(Y.f)XZ,W )

= g(f∇X∇Y Z,W ) − g((Y.f)∇XZ,W ) − fg(∇Y ∇XZ,W )

−f∇[X,Y ]Z,W ) + (Y.f)g(∇XZ,W )

= f(∇X∇Y Z,W ) − fg(∇Y ∇XZ,W ) − fg(∇[X,Y ]Z,W )

= fK(X,Y, Z,W ) .

c) The proof of K(X, fY, Z,W ) = fK(X,Y, Z,W ) is the same as in b).
d) We haveK(X,Y, fZ,W ) = fK(X,Y, Z,W )+X.Y.f−Y.X.f−[X,Y ].f = fK(X,Y, Z,W )
since X.f = LXf and [X,Y ] was defined as LXLY − LY LX . 2
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In order to express K in local coordinates, take Xi = δ/δxi and define

Rijkl = K(Xi, Xj , Xk, Xl) .

(It is custom to take here the letter R and not K).
In the following theorem, we need the identity

Lemma 3.11.3 (The Jacobi identity)

[X, [Y, Z]] + [Y, [Z,X ]] + [Z, [X,Y ]] .

Proof. By definition, we have

L[X,Y ] = LXLY − LY LX

so that

L[X,[Y,Z]] = LXL[Y,Z] − L[Y,Z]LX

= LXLY LZ − LXLZLY − LY LZLX + LZLY LX

L[Y,[Z,X]] = LY L[Z,X] − L[Z,X]LY

= LY LZLX − LY LXLZ − LZLXLY + LXLZLY

L[Z,[X,Y ]] = LZL[X,Y ] − L[X,Y ]LZ

= LZLXLY − LZLY LX − LXLY LZ + LY LXLZ .

Adding up the right hand sides gives zero. 2

Definition. A vector space X with a bilinear multiplication X × X → X, a, b 7→ [a, b] is
called a Lie algebra if [a, b] = −[b, a] for all a, b ∈ X and [a, [b, c]]+ [b, [c, a]]+ [c, [a, b]] = 0.
Examples.
1) We have just seen, that the space Γ(TM) of all vector fields on a manifolds M is a Lie
algebra if [X,Y ] = LXLY − LY LX is the commutator.

2) The vector space M(n,R) of all n × n matrices is a Lie algebra with multiplication
[a, b] 7→ ab− ba.

Remark. Lie algebras are important in subjects like particle physics, the theory of Lie
groups or in dynamical systems.

Theorem 3.11.4 (First Bianchi identity and other symmetries of K.)
a) R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0 (Bianchi identity)

b) K(X,Y, Z,W ) = −K(Y,X,Z,W ), K(X,Y,W,Z) = −K(X,Y, Z,W ).

c) K(X,Y, Z,W ) = K(Z,W,X, Y ).
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Proof. a) Adding the three lines

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

R(Y, Z)X = ∇Y ∇ZX −∇Z∇Y X −∇[Y,Z]X

R(Z,X)Y = ∇Z∇XY −∇X∇ZY −∇[Z,X]Y

gives on the right hand side

∇X(∇Y Z−∇ZY )+∇Y (∇ZX−∇XZ)+∇Z(∇XY −∇YX)−∇[X,Y ]Z−∇[Y,Z]X−∇[Z,X]Y .

This is, because the connection is torsion free,

∇X [Y, Z] + ∇Y [Z,X ] + ∇Z [X,Y ] −∇[X,Y ]Z −∇[Y,Z]X −∇[Z,X]Y

and again because the connection is torsion free

[X, [Y, Z]] + [Y, [Z,X ]] + [Z, [X,Y ]] .

The Jacobi identity assures that this is vanishing.

b) The first identity is clear from the definition of R. From the compatibility of the connec-
tion with the metric, we get

g(∇X∇Y Z,W ) = Xg(∇Y Z,W ) − g(∇Y Z,∇XW )

= XY g(Z,W ) −Xg(Z,∇YW )

− Y g(Z,∇XW ) + g(Z,∇Y ∇XW ) ,

g(∇Y ∇XZ,W ) = Y g(∇XZ,W ) − g(∇XZ,∇YW )

= Y Xg(Z,W )− Y g(Z,∇XW )

− Xg(Z,∇YW ) + g(Z,∇X∇Y W ) ,

g(∇[X,Y ]Z,W ) = (XY − Y X)g(Z,W ) − g(Z,∇[X,Y ]W ) .

We see that g(R(X,Y )Z,W ) = −g(Z,R(X,Y )W ) which establishes the second identity.

c) Take Xi so that Rijkl = K(Xi, Xj , Xk, Xl).

Rijkl = −Rjkil −Rkijl (a)

= Rjkli +Rkilj (b)

= −Rklji −Rljki −Rilkj −Rlkij (a)

= Rklij +Rljik +Riljk +Rklij (b)

= 2Rklij −Rjilk (a)

= 2Rklij −Rijkl (b)

which gives Rijkl = Rklij . 2

Definition. If P is a two dimensional plane in TxM and v, w are a basis in P , the expression

K(v, w) =
K(x)(v, w, v, w)

g(v[ ∧ w[, v[ ∧ w[)
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is called the sectional curvature at x in the plane P . (It can be interpreted as half the
scalar curvature of the surface obtained by taking all geodesics starting at x in directions
of the plane P . The value of K(v, w) is independent of the basis. If at every point, the
sectional curvature is constant, then the manifold is has constant curvature.

Remark. If v, w is an orthonormal basis in the plane P ⊂ TxM , then

K(v, w) = K(v, w, v, w)/(g(v, v)g(w,w)) = ±K(v, w, v, w) .

In the Riemannian case, when g is positive definite, then g(v, v) = g(w,w) = 1 if v, w
are orthonormal in P so that then the sectional curvature is given from the Riemannian
curvature by K(v, w) = K(v, w, v, w.
We will introduce in the next section the scalar curvature S(x) at a point x. It is a number
and related to the sectional curvature by S(x) =

∑

i6=j K(ei, ej), where e1, . . . , en is an
orthonormal basis at x.

3.12 Ricci tensor and scalar curvature

Let us first compute the Riemann curvature tensor in coordinates using Xi = δ/δxi.

Define Rk,m,n,j = R(Xk, Xm, Xn, Xj), so that

R(Xk, Xm)Xn =
∑

j

Rj
kmnXj =

∑

j

Rj
nkm .

(The second expression is often used also and is the same like the middle expression because
of the symmetry of R).

Lemma 3.12.1 (Riemann curvature in coordinates)

Ri
kmn = ∂mΓi

kn − ∂nΓi
km +

∑

j

Γj
knΓi

jm −
∑

j

Γj
kmΓi

jn .

Proof. This is a straightforward calculation using ∇Xm
Xk =

∑

j Γj
mkXj and [Xk, Xl] = 0.

To make the proof more transparent, let Γm be the matrix with entries [Γm]jk = Γj
km. Like

this, the connection can be written more comfortably as ∇m = ∂m + Γm. For any m,n, let
Rmn be the symmetric matrix with entries Ri

kmn. The above equation is now the matrix
equality

Rmn = ∂mΓn − ∂nΓm + ΓmΓn − ΓmΓn .

But the left hand side was defined as

∇m∇n −∇n∇m = [∇m,∇n]

= [∂m + Γm, ∂n + Γn]

= ∂mΓn − ∂nΓn + ΓnΓm − ΓmΓn .

(Note that in a product of two matrices, the matrix, with which one multiplies first is stand-
ing to the right). 2
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Definition. Let (M, g) be a Riemannian manifold. The Ricci tensor in T 0
2 (M) is in local

coordinates defined as
Ricciik =

∑

j

Rj
ijk .

Note. There are different sign combinations which appearing in the literature for the cur-
vature and the Ricci tensor! For the scalar curvature, there is no disagreement. The sphere
should have scalar curvature +1.

Definition. If A : TM → TM is a linear map, then the trace of A is defined as trace(A(x)) =
∑

iA
i
i(x), where Aei =

∑

j A
j
i ej for a basis ei in TxM . This trace is independent of the basis

because the trace of a matrix is basis independent (it is a coefficient of the characteristic
polynomial which has this property).

Remark. The Ricci tensorRicci(X,Y )(x) can in a coordinate-free way be defined as the trace
of the map v 7→ R(X(x), v)Y (x), where R = ∇X∇Y −∇Y ∇X −∇[X,Y ], Γ(TM) → Γ(TM)
was defined at the beginning of the last section.

Proposition 3.12.2 The Ricci tensor is a symmetric tensor field in
Γ(T 0

2 (M)).

Proof. The trace of a tensor field is again a tensor field. The symmetry follows from the
symmetry of the Riemannian tensor: use Bianchi’s first identity and the anti-symmetry of
Rijkl = −Rjikl to obtain

Ricciik =
∑

j

Rj
ijk

= −
∑

j

Rj
jki −

∑

j

Rj
kij

= 0−
∑

j

Rj
kij

=
∑

j

Rj
kji = Ricciki .

2

Definition.
The scalar curvature Scal(x) of M at a point x is defined as the trace of the Ricci tensor:

Scal(x) =
∑

i

Ricciii(x) =
∑

i,j

gijRicciij ; .

Note. In some textbooks, the definition of Ricci is multiplied with a factor 1/(n − 1) and
the definition of Scal is multiplied with a factor 1/n(n− 1).

Reminder. Given two vectors v, w in the tangent space TxM , the sectional curvature
K(x)(v, w) was defined as

K(x)(v, w) =
R(v, w, v, w)

g(v[ ∧ w[, g(v[ ∧ w[)
,
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where g denotes also the metric lifted to Λ2(M). If e1, . . . , en is an orthonormal basis in
TxM , then this simplifies to

K(x)(ei, ej) = R(ei, ej , ei, ej)/(cicj)

where ci = gii ∈ {−1, 1}.

Remarks.
1) If the metric is positive definite (Riemannian case) and {ei} is an orthonormal basis at
TxM , then

Scal(x) =
∑

i,j

R(ei, ej , ei, ej) ,

because Scal(x) =
∑

i,j g
iigjjR(ei, ej , ei, ej) and gii = 1 for a positive definite metric.

2) If the manifold (M, g) has constant sectional curvature K, positive definite g and dimen-
sion n, we have

Ricci = (n− 1)Kg , Scal = n(n− 1)K .

Proof. By definition of the sectional curvature, we have using an orthonormal basis ei at
TxM

Kcicj = R(ei, ej , ei, ej) .

Summing over i gives, since R(ej , ej , ej , ej) = 0

K(
∑

i6=j

ci)gjj = Riccijj .

The left hand side is K(n− 1)gjj if the metric g is positive definite. Taking again the trace
gives

K(n− 1)
∑

j

gjjg
jj =

∑

j

Riccijj = Scal .

That is

K(n− 1)n = Scal .

3) If g is multiplied with a factor λ ∈ R, that is if g′ = λg, then the Riemann curvature
tensors of g and g′ are related by

R′ = λ · R
and so

Ricci′ = Ricci

Scal′ = λ−1Scal .

Example. Consider the sphere again. Using the notation at the beginning of this section,
we compute

Γ1 =

(

0 0
0 cot(θ)

)

Γ2 =

(

0 cot(θ)
− cos(θ) sin(θ) 0

)

.
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Since R11 = R12 = 0, we have only to determine the matrix R12 = −R21 and it is

R12 =

(

0 − cot(θ)2

cos(θ)−2 0

)

.

We get

[Ricciij ] =

(

1 0
0 sin(θ)2

)

= [gij ]

and so

[Ricciji ] =

(

1 0
0 1

)

and R =
∑

i Ricciii = 2.

3.13 The second Bianchi identity

There exists an other identity for the curvature, which is very useful for example in general
relativity:

Proposition 3.13.1 (Second Bianchi identity)

∇XR(Y, Z, V,W ) + ∇Y R(Z,X, V,W ) + ∇ZR(X,Y, V,W ) = 0 .

Proof. We prove the identity in operator form, that is

∇XR(Y, Z) + ∇YR(Z,X) + ∇ZR(X,Y ) = 0 .

From the definition of the covariant derivative, we have

∇XR(Y, Z) = [∇X , R(Y, Z)] −R(∇XY, Z) −R(Y,∇XZ) .

Plug in the definition of R(Y, Z) = [∇Y ,∇Z ] −∇[Y,Z], to get

∇XR(Y, Z) = [∇X , [∇Y ,∇Z ]] − [∇X ,∇[Y,Z]] −R(∇XY, Z) −R(Y,∇XZ)

= [∇Z , [∇Y ,∇Z ]] +R(X, [Y, Z]) −∇[X,[Y,Z]] −R(∇XY, Z) −R(Y,∇XZ) .

(In the last step, we used [∇X ,∇[Y,Z]] = R(X, [Y, Z]) −∇[X,[Y,Z]] = 0.) When summing up
three such terms obtained by cyclic permutation of X,Y, Z, the terms involving ∇ disappear
because of the Jacobi identity. Using that ∇ is torsion free: ∇XY −∇Y X = [X,Y ], we see
that also the terms involving R disappear. 2

Remark. In coordinates, the second Bianchi identity is

Rl
ijk;m +Rl

jmk;i +Rl
mik;j = 0 .

If we write the Riemann tensor in matrix form [Rij ]
l
k = Rl

ijk , then this can be rewritten as

Rij;m +Rjm;i +Rmi;j = 0 .
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In order to give a more intuitive notion of the Bianchi identity, we introduce now normal
coordinates.

Appendix. Natural coordinates near a point x ∈ M can often simplify the computations
and proofs. These coordinates are called normal coordinates or geodesic coordinates
or Riemannian coordinates.

Proposition 3.13.2 (Existence of normal coordinates) Let (M, g) be a
pseudo Riemannian manifold and x ∈ M . There exists a coordinate system
near x such that gij(x) = Diag(c1, . . . , cn) with ci ∈ {−1, 1} and Γk

ij(x) = 0.

Proof. Take a coordinate system, such that x = 0. Define in a neighborhood of x the map

φ(x) = x+
1

2
∇xx ,

or in coordinates

φ(x)i = xi +
∑

j,k

1

2
Γi

jk(0)xjxk .

We compute

(Dφ(x)u)i = ui +
∑

j,k

Γi
jk(0)xkuj

and especially Dφ(0)u = u. Furthermore,

(D2φ(x)(u, v))i =
∑

j,k

Γi
jk(0)ukuj ,

so that (D2φ(0))l
jk = Γl

jk(0). Because in the coordinates φ(x), the Christoffel symbols are

Γl′

j′k′ =
∑

j,k,l

Γl
jkDφ

k′

k Dφ
j
j′Dφ

l
l′ −

∑

j,k

D2φl′

jkDφ
j
j′Dφ

k
k′

and Dφj
i = δj

i at the point x = 0, we have

Γl′

j′k′ = 0 .

(The formula for the transformation of the Christoffel symbols follows from the axioms of
the connection in coordinates ∇Xi

Xj =
∑

k Γk
ijXk:

∇∑

i
Ai

i′
Xi

∑

j

Aj
j′Xj =

∑

k′

Γk′

i′j′

∑

k

Ak
k′Xk .

The left hand side is
∑

i

Ai
i′

∑

j,k

Aj
j′Γ

k
ijXk +

∑

i,j,k

Ai
i′A

j
j′iXj

where Aj
j′i = ∂iA

j
j′ , so that

Γk′

i′j′ =
∑

i,j,k

Ai
i′A

j
j′A

k′

k Γk
ij +

∑

k

Ak
j′i′A

k′

k .
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Using

0 = ∂i′(
∑

k

Ak
j′A

k′

k ) =
∑

k

(Ak
j′i′A

k′

k +Ak
j′A

k′

ki′ ) ,

we have
∑

k

Ak
j′i′A

k′

k = −
∑

k

Ak
j′A

k′

ki′ = −
∑

ij

Ak′

ijA
i′

i A
j′

j .

This gives the identity

Γk′

i′j′ =
∑

i,j,k

Ai
i′A

j
j′A

k′

k Γk
ij −

∑

ij

Ak′

ijA
i′

i A
j′

j

we have used above.) 2

Remark. One of the main advantages of these normal coordinates is, that at a given point,
the covariant derivative becomes the usual partial derivative.

We give now a more intuitive view (”proof”) of the second Bianchi identity which also shows,
why physicists consider general relativity as a gauge field theory: consider a little cube in
the manifold M . The cube is attached at x ∈ M and has the sides δxk , δxl and δxm located
at some point x ∈M . Given a vector U j ∈ TxM , a parallel transport around the δxk − δxl

plaquette attached to x gives a change of the vector U by an amount

δU i = Ri
kljA

jδxkδxl .

The sum of the parallel transports around this plaquette Pkl(x) and the parallel plaquette
Pkl(x + δxm) is

δU i =
∂Ri

klj

∂xm
Ajδxkδxlδxm .

If we sum up all parallel transports around the cube, then each parallel transport around
an edge has been added twice with opposite sign. That is

∂Ri
klj

∂xm
+
∂Ri

lmj

∂xk
+
∂Ri

mkj

∂xl
= 0 .

Because we have used normal coordinates, this is the Bianchi identity.

3.14 General relativity

History. Einstein and the mathematician Grossmann realized between 1909 and 1913 that
the metric of space-time seems to depend on the amount of matter in the region in question.
(The letter g for the metric stands for gravity).

Definition. For defining the energy momentum tensor of matter, one considers matter
as a fluid with velocity vector field u = dx/dτ ∈ Γ(TM), (where τ is the proper time) and
pressure field p ∈ C∞(M) and density ρ ∈ C∞(M) is defined as

T ij = (ρ+ p/c2)uiuj − pgij ,
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where c is the speed of light. One requires from physical conservation laws (momentum,
mass and energy) that

T kj
;k = 0 .

Example. If the mass distribution with density ρ and pressure p does not depend on time,
then

[T ij ] = −Diag(c2ρ, p, p, p) .

History. During 1914-1915, Einstein made several attempts to find the correct relationship
between the metric tensor and matter. The guess

gij = κT ij

did not reduce to the Newtonian limit and was therefore discarded. Einstein published a
guess

Rij = κT ij

was rejected because
∑

k R
ik
;k 6= 0. In the same year, Einstein modified the equation to

Gij = Rij − 1

2
Rgij = κT ij .

Definition. This equation is now called Einstein’s field equation. The left hand side is a
symmetric tensor called the Einstein tensor.
The fact that Gij

;j = 0 follows from the second Bianchi identity and the symmetries of the
curvature tensor: contract

Rl
ijk;m +Rl

jmk;i +Rl
mik;j = 0

over j and l to get

Ricciik;m − Ricciim;k +
∑

j

Rj
mik;j = 0

Now raise i and contract with k to get

Scal;m −
∑

k

Riccikm;k −
∑

j

Riccijm;j = 0

which gives

Scal;m − 2
∑

k

Riccikm;k = 0 .

A manifold, for which the Ricci tensor is a multiple of the Riemann tensor is called a Ein-
stein manifold. A special case is Ricci = 0, which correspond to vacuum solutions of the
Einstein equations. In a homework, you have verified that the Schwarzschild manifold is an
example of such an Einstein manifold.

Remark. The Einstein field equations can be seen as the equations saying that g is a critical
point of the Hilbert action functional g 7→

∫

M
R(g) dµ(g) where µ is the natural volume

form associated to g and R(g) is the scalar curvature. Hilbert showed (also in 1915) that
the condition ∂/∂gφ = 0 leads to the Einstein equations.
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A final remark. General relativity is for the mathematician a special case of (Pseudo) Rie-
mannian geometry, in which many interesting problems need further research:

• Solving the Einstein equations. This problem is a problem in partial differential equa-
tions. Given the energy momentum tensor of matter T on a manifold M , the problem is
to find a metric g, which satisfies the Einstein equations. As the above remark tells, this
is also a problem in the calculus of variations, because one has to find a critical point of a
functional. There are simple situations like a rotating binary system, where one still has not
yet found the solutions.

• Conceptional problems in general relativity. General relativity deals either with the
problem of finding the metric g from the energy momentum tensor T or with the problem of
finding geodesic curves in a given Lorentzian manifold (M, g). It is most of the time a fair
simplification to disregard the influence the gravitation of the test particle (which is moving
on the geodesics). This is similar to other classical theories:

• in classical mechanics, where one treats the evolution of a multi-particle system like
the solar system approximatively and through perturbation approaches.

• in quantum mechanics, quantum mechanical multi-particle systems are also treated
perturbatively (even the Helium atom can not yet been solved completely without sim-
plifications). Quantum mechanical many body problem lead even under simplifications
to very difficult problems.

• in electro magnetism, one either deals with a given current j and solves the Maxwell
equations dF = 0, d∗F = j, to get the fields F . Or one deals with a given field F and
finds the solution of a charged test particle. In the second problem, one disregards the
field given by the test particle.

Coming back to general relativity: the problem of two massive bodies ”two body problem”
is not even an issue of the theory treated so far but one can nevertheless treat the
problem perturbatively. Assume, the metric g is given, then each of the two bodies should
move on geodesics of (M, g). Their motion defines an energy momentum tensor T in space-
time M which then defines the metric g through the Einstein equations. But where do we
begin? Since we do not know the metric, we do not know the motion of the two bodies and
can not determine the energy momentum tensor. A physicist who deals with this problem
either fixes the orbits of the bodies in a Newtonian approximation (maybe with corrections
due to gravitational radiation) and tries then to solve the Einstein equations G(g) = T ,
where T is now given. Even this problem is unsolved (see previous problem). The full
problem is even harder and not part of the theory treated so far.
• Finding special solutions of the Einstein equations with interesting topology.
Popular are worm holes (Einstein-Rosen 1935, Wheeler 1955, Morris-Thorne 1988), com-
pact regions G in a Lorentzian manifold (M, g), which have a topological simple boundary
(that is δG is diffeomorphic to a sphere S3) but for which the interior of G has a nontrivial
topology (that is int(G) is not simply connected). Such solutions can have intriguing prop-
erties like the existence of closed time-like curves. These are called ”time machines”. It was
once considered by Einstein and Rosen that elementary particles are just special solutions of
the Einstein equations and mathematically similar to little black holes. This is a reasonable
attempt because one knows ”no hair theorem” that a black hole is determined by its mass,
charge and angular momentum. This idea is nevertheless discarded because elementary
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particles like the neutrino behave as if they were points.

The recent new interest in worm hole (Morris-Thorne 1988) appeared because it became
reasonable to have worm holes, which are ”traversable”, in the sense that there are no event
horizons. The approach was to take an interesting geometry (M, g), compute the Einstein
tensor G and look, whether it is reasonable to have a energy momentum tensor T which
satisfies the G = T .

• Geodesic flow. The geodesic flow on a given Riemannian manifold is a Hamiltonian
system which is interesting from the dynamical system point of view. It is known for a
long time already, that such a dynamical system can be ”chaotic” if the curvature R(x) is
strictly negative for all points in the manifold. Mathematicians have also found that there
are metrics on other manifold like the sphere for which the flow is ”chaotic”.

• Physics in the Planck scale. The laws of general relativity break down in the Planck
scale similar as the laws of classical mechanics have in the small to be replaced by classical
quantum mechanics or field theories are replaced by quantum field theories. The problem
is that the experimental investigation of this region is not yet possible. Mathematics helps
to develop and test new ideas. The impossibility to remove ideas through experiments has
lead to many interesting approaches.
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Chapter 4

Exercises with solutions

4.1 Week 1

Ma109a, O. Knill, September 1995

Week 1

Due: Friday, October 6, 1995

Topics: Manifolds, Diffeomorphisms

Only the problems with a star (*) have to be done. If you have time, look also at the rest
of the problems.

1) (*) Topic: Manifolds. Show that the n dimensional torus Tn = S1×. . .×S1 is a manifold.
Construct an explicit atlas. Hint: Use that Tn is a product manifold.

2) (*) Topic: Manifolds. Show that the k-dimensional sphere can not be made into a
manifold where the differential structure is generated by an atlas with a single chart.
Hint: Sk is compact.

3) Topic: Manifolds. Show that the set {(x, y) ∈ R2 | xy = a} is a manifold if and only if
a 6= 0. Construct an explicit atlas in the case a 6= 0.

4) (*) Topic: Manifolds. A real 2n× 2n matrix A is called symplectic, if ATJA = J , where

J =

(

0 1
−1 0

)

. (The n× n matrix 1 is the identity matrix and the n× n matrix 0 is

the matrix with all zeros.) Show that the set of symplectic 2× 2 matrices coincides with
SL(2,R) and is a manifold.

5) Topic Manifolds. The Möbius strip is the open set M = {(φ, t) | φ ∈ [0, 2π], t ∈ (−1, 1)}
in the plane, where the identification (0, t) ∼ (2π,−t), ∀t ∈ (−1, 1) is done on the bound-
ary. Give an atlas, which makes M to a manifold.

6) (*) Topic: Diffeomorphisms. Given the map f : R3 → R2 given by f(x1, x2, x3) =
(sin(x1)x

3
2x3, x

2
3x

2
1). Compute Dkf(x) for k = 1, 2, 3 and state explicitly, from where to

where the map Dkf(x) goes. Write the Taylor expansion of f at 0 up to order 3.

69
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7) Topic: Diffeomorphisms. Show that the manifold Rk is diffeomomorphic to the mani-
fold Sk \ {P}, where P is a point on the sphere Sk. Give an explicit formula for the
diffeomorphism in the case k = 1.

8) (*) Topic: Diffeomorphisms. Show that a smooth bijective map needs not to be a
diffeomorphism. Hint: Give an example f : R → R.

9) Topic: Diffeomorphisms. Let M,F be manifolds. Show that the projection π : M ×F →
M,π(x, y) = x is a smooth map.

10) Topic: Diffeomorphisms. Let M1,M2, N1,M2 be manifolds. Show that if M1 is dif-
feomorphic to N1 and M2 is diffeomorphic to N2, then M1 × M2 is diffeomorphic to
N1 ×N2.

Ma109a, O. Knill, October 1995

Week 1 (Solutions)

Topics: Manifolds, Diffeomorphisms

1) (*) Topic: Manifolds. Each of the one-dimensional tori S1 is a manifold with the atlas
(U1, φ1), (U2, φ2), where the φ1, φ2 are the stereographic projections from the north and
south pole. The torus Tn is the set Tn = {x = (x1, x2, . . . , xn) | xi ∈ S1}. We
construct an atlas on Tn by taking for each finite sequence I = (i1, . . . , in) the open set

UI = U
(1)
i1

×U (2)
i2

× . . .×U (n)
in

and the map φI (x) = (φ
(1)
i1

(x1), φ
(2)
i2

(x2), . . . , φ
(n)
in

(xn)) from
UI ⊂ Tn to Rn.

2) (*) Topic: Manifolds. Assume Sn has exactly one chart (U, φ). Then U = Sn is compact.
Because φ is continuous, φ(U) ⊂ Rn is compact. Because φ−1 is continuous from φ(U)
to U , the set φ(U) is also open. The only open and closed set in Rn is the empty set.
This is not possible: because Sn is not empty, it is not possible that φ : Sn → ∅ is a
bijection.

3) (*) Topic: Manifolds. The condition AT JA = J is equivalent to ac− bd = det(A) = 1.

The set of symplectic 2 × 2 matrices is therefore the set of SL(2,R) of 2 × 2 matrices
with determinant 1. Consider the manifold M(2,R) of all real 2 × 2 matrices. Since
it is a finite dimensional vector space, it is trivially a manifold. Consider the map
f : M → R, f(A) = det(A), f(a, b, c, d) = ac − bd. The map f has the derivative
Df(A)u = (c,−d, a,−b) ·u which is a linear map from R4 ∼M(2,R) to R. The rank of
this map is maximal 1 if and only if Df(x) does not vanish or equivalently, if A is not
zero. Because f−1(1) does not contain the zero matrix, 1 is a regular point. The lemma
in the course shows that SL(2,R) = f−1(1) is a 3-dimensional manifold.

4) (*) Topic: Diffeomorphisms. Write f(x) = f(x1, x2, x3) = (sin(x1)x
3
2x3, x

2
3x

2
1) = (f1(x), f2(x)).

a) The first derivative is a linear map from R3 to R2. We write Di for ∂/∂xi.

Df(x)u = (D1f1(x)u1 +D2f1u2 +D3f1u3, D1f2(x)u1 +D2f2u2 +D3f2u3)

= (cos(x1)x
3
2x3u1 + sin(x1)3x

2
2x3u2 + sin(x1)x

3
2u3, 2x1x

2
3u1 + 2x3x

2
1u3) .
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b) The second derivative is a bilinear map from R3 ×R3 to R2. We can write D2f(x) =
(D2f1(x), D

2f2(x)).

D2f1(x)(u
(1), u(2)) = − sin(x1)x

3
2x3u

(1)
1 u

(2)
1 + sin(x1)6x2x3u

(1)
2 u

(2)
2

+ cos(x1)3x
2
2x3(u

(1)
1 u

(2)
2 + u

(1)
2 u

(2)
1 )

+ cos(x1)x
3
2(u

(1)
1 u

(2)
3 + u

(1)
3 u

(2)
1 )

+ sin(x1)3x
2
2(u

(1)
2 u

(2)
3 + u

(1)
3 u

(2)
2 ) .

D2f2(x)(u
(1), u(2)) = 2x2

3u
(1)
1 u

(2)
1 + 2x2

1u
(1)
3 u

(2)
3 + 4x1x3(u

(1)
1 u

(2)
3 + u

(1)
3 u

(2)
1 ) .

c) The third derivative D3(x) is a multilinear map from R3 ×R3 ×R3 to R2. Again, we
decompose D3f(x) = (D3f1(x), D

3f2(x)) and since I have to type everything in TEX, I
give only the first part:

D3f1(x)(u
(1), u(2), u(3)) = − cos(x1)x

2
2x3u

(1)
1 u

(2)
1 u

(3)
1 + sin(x1)6x3u

(1)
2 u

(2)
2 u

(2)
2

+ − sin(x1)3x
2
2x3(u

(1)
1 u

(2)
2 u

(3)
1 + u

(1)
2 u

(2)
1 u

(3)
1 + u

(1)
1 u

(2)
1 u

(3)
2 )

+ cos(x1)6x2x3(u
(1)
1 u

(2)
2 u

(3)
2 + u

(1)
2 u

(2)
1 u

(3)
2 + u

(1)
2 u

(2)
2 u

(3)
1 )

− sin(x1)x
3
2(u

(1)
1 u

(2)
1 u

(3)
3 + u

(1)
1 u

(2)
3 u

(3)
1 + u

(1)
3 u

(2)
1 u

(3)
1 )

+ sin(x1)6x2(u
(1)
2 u

(2)
2 u

(3)
3 + u

(1)
2 u

(2)
3 u

(3)
2 + u

(1)
3 u

(2)
2 u

(3)
2 )

+ cos(x1)3x
2
2(u

(1)
1 u

(2)
2 u

(3)
3 + u

(1)
1 u

(2)
3 u

(3)
2 + · · · + u

(1)
3 u

(2)
2 u

(3)
1 ) .

For the Taylor expansion at x = 0, we get with Df(0)(u) = (0, 0), D2f(0)(u(1), u(2)) =
(0, 0), D3f(0)(u(1), u(2), u(3)) = (0, 0) the expansion

f(0 + y) = 0 +Df(0)y +
D2f(0)

2!
(y, y) +

D3(f(0))

3!
(y, y, y) +R(0, y)(y, y, y, y)

= R(0, y)(y, y, y, y) ,

where ||R(0, y)(y, y, y, y)|| ≤ C||y||4 for some constant C.

5) (*) Topic: Diffeomorphisms. The map x 7→ x3 is bijective from R to R. However, the
inverse g(x) = x 7→ sign(x)|x|1/3 is not differentiable at zero, because limx→0 |Dg(x)| →
∞.

4.2 Week 2

Week 2
Due: Friday, October 13, 1995

Topics: Compactness, Embedding and immersion, Theorems of Sard and
Whitney

1) (*) Topic: Critical points, regular points, critical values, regular values.
What is the set of critical points, critical values, regular points and regular values of the
following maps:
a) f : R2 → R2, f(x, y) = (x2, 2xy),
b) f : R2 → R, f(x, y) = (x2 + y2)2,
c) f : R4 → R, f(x) = 1,
d) f : R3 → R3, f(x) = x.
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2) (*) Topic: Immersions, Embedding.
a) Give an example which shows that an injective immersion does not need to be an
embedding.
b) Prove that an injective immersion of a compact manifold is an embedding.
c) Give an example of an immersion of the circle in the plane, which is not an embedding.

3) Topic: Compactness.
A theorem of Tychonov states that a product of compact sets is compact. Prove
the following special case of this theorem. If (X1, d1), . . . , (Xn, dn) are compact metric
spaces, then the product space (X1 × . . .×Xn, d) with the metric d(x, y) =

∑

i d(xi, yi)
is compact too.
Hint. A metric space (X, d) is compact, if and only if every sequence xn in X has an
accumulation point x: for every ε > 0, there exists n, such that d(xn, x) < ε.

4) (*) Topic: Compactness.
We have shown in class that a manifold is paracompact, a property which allowed us to
construct a partition of unity. However, not all manifolds are compact. Which of the
following manifolds are compact and why:
a) M = Rn, n > 0,
b) M = Sn, the n-dimensional sphere.
c) M = SL(2,R) = {A | 2 × 2 matrices with determinant 1}
d) M = SO(3,R) = {A | orthogonal 3 × 3 matrices with determinant 1 },
e) M = Tn = S1 × . . .× S1, the n-dimensional torus.
Hint. You can use the fact that a subset A of Rk is compact if and only if it both
bounded (it is contained in a ball of finite radius) and closed (the complement is open).

5) Topic: Measure zero sets.
Show that the set of rational numbers has measure zero in the set of real numbers.

6) Topic: Theorem of Sard.
Prove that the set of critical values of a smooth function f : R → R has measure zero.
In class, we have constructed the devil staircase function g(x), which has the Cantor
set C ⊂ [0, 1] as the set of critical values. Show that the function f(x, y) = g(x) + g(y)
from R2 → R has the set [0, 2] as the set of critical values.
Hint. You have to verify that C + C = [0, 2].

7) (*) Topic: Theorem of Sard.
Show that a k-dimensional plane in Rn has measure zero if k < n.

8) (*) Topic: Theorem of Sard.
A manifold M is called simply connected, if every closed smooth curve t 7→ γ(t) in
M can be continuously deformed to a point: For each γ, there exists a continuous map
F : S1× [0, 1] →M and a point P ∈M such that (t, 0) 7→ F (t, 0) = γ(t) and F (t, 1) = P ,
for all t ∈ S1. Show that Sk is simply connected if k ≥ 2.
Hint. A closed curve in Sk is given by a smooth map f : S1 → Sk. Use Sard to find a
point, P ∈ Sk, P /∈ f(S1) and use then stereographic projection.

9) Topic: Partition of Unity.
Construct an explicit partition of unity of the circle S1 with two functions g1, g2. Hint:
Construct first (see the lemma in real analysis) an explicit partition of unity of R with
infinitely many functions hi such that hi(x+2π) = hi+2 for all i. Construct then the set
of functions gi : S1 → R by gi((cos(φ), sin(φ)) := hi(φ) which satisfy gi(x) = gi+2(x).
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10) Topic: Theorem of Whitney, Immersion.
The Klein bottle is a two dimensional compact manifold obtained by identifying the
boundaries of a cylinder in opposite direction. It can be realized as the square [0, 1]×[0, 1],
with the following identifications of points (0, t) ∼ (1, 1 − t), t ∈ [0, 1], (s, 0) ∼ (s, 1), s ∈
[0, 1]. Draw an immersion of the Klein bottle in R3 and argue (do not prove), why it is
not possible to embed it in R3. Show with Whitney’s theorem that one can embed the
Klein bottle in R5. Can you embed it in R4?

Week 2 (Solutions)

Due: Friday, October 13, 1995

1) (*) a) f : R2 → R2, f(x, y) = (x2, 2xy),

Df(x)(u) = (2xu1 + 0u2, 2yu1 + 2xu2) = Au ,

with

A =

(

2x 0
2y 2x

)

.

A point x is a critical point if and only if A is not surjective which is equivalent that the
determinant 4x2 is vanishing and so x = 0. So, C = {x = 0}. The set of critical values
is {(0, 0)}. The complement is the set of regular values.
b) f : R2 → R, f(x, y) = (x2 + y2)2,

Df(x)(u) = (2(x2 + y2)2xu1, 2(x2 + y2)2yu2)

A point is a critical point if and only if Df(x) : R2 → R is not surjective which is
equivalent that (2(x2 + y2)2x, 2(x2 + y2)2y) = (0, 0) or (x, y) = (0, 0). The set of critical
values is {f(0, 0)} = {0}.
c) f : R4 → R, f(x) = 1
Because Df(x) = 0, every point is a critical point and the image {1} is the set of critical
values.
d) f : R3 → R3, f(x) = x. Since Df(x)u = u, there are no critical points and no critical
values.

2) (*) Topic: Immersions, Embeddings.
a) Take the map f from M = (0, 1) to N = R2 given by f(t) = (sin(2πt),− sin(4πt)).
You can produce plots with Mathematica.

The image of this map is a figure eight, a compact set, which can not be homeomorphic
to the set (0, 1) which is not compact.

b) An injective immersion of a compact manifold M in a manifold N is an embedding:
Proof. We know that Df(x) is injective at all points and that f is injective and that the
image f(M) is compact. We have to show that f−1 is continuous.

Given a sequence yn → y, with yn = f(xn), y = f(x) ∈ f(M). By the inverse function
theorem, there exists a neighborhood U of x such that f : U → f(U) is a diffeomorphism.
By the injectivity of f , the compact set K = f(M \ U) does not contain x and there
exists a neighborhood V of y, which is disjoint from f(M \U). Therefore, if yn ∈ V , then
f−1(yn) ∈ U . Take now a sequence of neighborhoods Uk ⊂ U of x with

⋂

k Uk = {x}.
Denote by Vk the corresponding neighborhoods of y which have empty intersection with
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f(M \Uk). Given any k. For large enough n, yn ∈ Vk so that xn ∈ Uk. This shows that
xn → x.

c) Take any closed curve f : S1 → R2 which has a self-intersection.

3) (*) Topic: Compactness.
a) M = Rn, n > 0, not compact because not bounded.
b) M = Sn, the n-dimensional sphere. Is bounded and closed: for any x /∈ Sn, ||x|| 6= 1,
the open set {y ∈ Rn||y − x|| < (1 − ||x||)/2 is also not in Sn which shows that the
complement of Sn is open.
c) M = SL(2,R) = {A | 2 × 2 matrices with determinant 1} is not bounded. Since the
sequence xn = Diag(n, n−1) ∈ SL(2,R) has no accumulation point, the manifold M is
not compact.
d) M = SO(3,R) = {A | orthogonal 3 × 3 matrices with determinant 1 } is bounded
since |Aij | ≤ 1 and closed: if AAT 6= 1, then also BBT 6= 1 for B near enough to A.
e) M = Tn = S1 × . . . × S1, the n-dimensional torus. is compact since S1 is compact
and the theorem of Tychonov says that the product of compact spaces is compact.

4) (*) Topic: Theorem of Sard.
To see that the k-dimensional plane in Rn has measure zero if k < n, write it as an image
of a smooth map f : Rk → Rn given by f(x1, . . . , xk) = P +

∑

i xiei, where P is a point
in the plane and ei are k linearly independent vectors in the plane. Every point x ∈ Rk

is a critical point because Df(x) has only a k-dimensional range. Therefore, f(Rk) is
the set of critical values. The theorem of Sard tells that this set has measure zero.

5) (*) Topic: Theorem of Sard.
Given a closed smooth curve t 7→ γ(t). This is a map from S1 to Sk. Every point
in S1 is a critical point and the curve f(S1) has by Sard measure zero in Sk. There
exists therefore a point Q ∈ Sk which is not in the curve. Consider the stereographic
projection φQ from this point which is a smooth diffeomorphism from Sk \ {Q} to Rk.
Consider the map F (s, t) = φQ(1 − s)φ−1

Q γ(t). For s = 0, F (0, t) = γt and for s = 1,

F (1, t) = φ−1
P (0) = Q. We have proven that γ is contractible.

4.3 Week 3

Ma109a, O. Knill, October 1995

Week 3
Due: Friday, October 20, 1995

Topics: Tensors, Forms, Tensor product, Exterior product

1) Topic: Tensors.
Given three vectors v1,v2,v3 in E = R3. Show that (v1, v2, v3) → det(V ) is a tensor,
where V is a 3× 3 matrix with rows vi. Verify that it is an antisymmetric tensor and so
a form.

2) (*) Topic: Tensors.
a) Given a tensor f ∈ T 1

0 (E). Let f i be the components with respect to a basis {ei}n
i=1

so that f =
∑

i f
iei. Assume ẽi = Aei is an other basis in E, where the coordinate
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change is given by a linear invertible map A : E → E. Compute the components f̃k of
the tensor f in the basis {ẽi}n

i=1.
b) Let f be a tensor in T 0

1 (Rn) having the components fi with respect to a basis {ei}n
i=1

so that f =
∑n

i=1 fie
i, where ei is the dual basis. Compute the components f̃k of the

tensor f in the same basis {ẽi}n
i=1 as in a).

3) (*) Topic: Tensors.
a) Given a tensor f ∈ T 2

0 (E). Let f ij be the components with respect to a basis {ei}n
i=1

so that f =
∑n

i,j=1 f
ijei⊗ej . Assume ẽi = Aei is an other basis, where A is an invertible

linear map E → E. Compute the components f̃kl of the tensor f in the basis {ẽi}n
i=1.

b) Let f be a tensor in T 0
2 (Rn) having the components fij with respect to a basis {ei}n

i=1,

so that f =
∑

i fije
i ⊗ ej , where ei is the dual basis. Compute the components f̃kl of

the tensor f in the same basis {ẽi}n
i=1 as in a).

c) Let f be a tensor in T 1
1 (Rn) having the components f j

i with respect to a basis {ei}n
i=1

so that f =
∑n

i,j=1 f
j
i e

i ⊗ ej , where ei is the dual basis. Compute the components f̃ l
k of

the tensor f in the same basis {ẽi}n
i=1 as in a).

4) Topic: Tensors.
Formulate and prove the general transformation rule for a tensor f ∈ T p

q (E) as done in
the last two questions.

5) Topic: Forms.
Let E = Rn. Show that Λp(E) is isomorphic to Λn−p(E) by giving an explicit isomor-
phism.

6) Topic: Tensor product .
Give an example which shows that the tensor product is not commutative.

7) (*) Topic: Tensor product .
Let E be the 3-dimensional vector space. Given the two tensors f = f 1e1+f2e2+f3e3 =
e1 + 2e2 + 3e3, g = g1e1 + g2e2 + g3e3 = 4e1 + 5e2 + e3 ∈ T 1

0 (E). Compute f ⊗ g.

8) (*) Topic: Exterior product.
a) E = Rn, n ≥ 3. Let α ∈ Λ2(E) and β ∈ Λ1(E). Compute α ∧ β(u1, u2, u3).
b) Let E = Rn. Show that for α ∈ Λ3(E), α ∧ α = 0. Give an example β ∈ Λ2(E) for
which β ∧ β 6= 0.

9) (*) Topic: Exterior product.
Given α1, . . . , αn ∈ Λ1(E). Let {ei}n

i=1 be a basis in E. Define the matrix Ai
j = αi(ej).

Verify

(α1 ∧ α2 . . . ∧ αn)(e1, . . . , en) = det(A) .

10) Topic: Exterior product.
Show that in general, not every q-form can be written as an exterior product f1 ∧ f2 ∧
. . . ∧ fq of 1-forms.

Week 3 (Solutions)

Topics: Tensors, Forms, Tensor product, Exterior product
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1) (*) Topic: Tensors.
We have seen that if the basis transforms as ẽi = Aei, then the dual basis transforms as
ẽk = Bek =

∑

j B
k
j e

j , where B = (AT )−1.

a)

f̃k = f(ẽk) = f(Bek) = f(
∑

i

Bk
i e

i) =
∑

i

Bk
i f(ei) =

∑

i

Bk
i f

i .

b)

f̃k = f(ẽk) = f(Aek) = f(
∑

i

Ai
kei) =

∑

i

Ai
keif(ei) =

∑

i

Ai
kfi .

2) (*) Topic: Tensors.
a)

f̃kl = f(ẽk, ẽl) = f(Bek, Bel) = f(
∑

i

Bk
i e

i,
∑

j

Bl
je

j) =
∑

i,j

Bk
i B

l
jf(ei, ej) =

∑

i,j

Bk
i B

l
jf

ij .

b)

f̃kl = f(ẽk, ẽl) = f(Aek, Ael) = f(
∑

i

Ai
kei,

∑

j

Aj
l ej) =

∑

i,j

Ai
kA

j
l f(ei, ej) =

∑

i,j

Ai
kA

j
l fij .

c)

f̃k
l = f(ẽk, ẽl) = f(Bek, Ael) = f(

∑

i

Bk
i e

i,
∑

j

Aj
l ej) =

∑

i,j

Bk
i A

j
l f(ei, ej) =

∑

i,j

Bk
i A

j
l f

i
j .

3) (*) Topic: Tensor product . Use the bilinearity of the tensor product to compute

f ⊗ g = (e1 + 2e2 + 3e3) ⊗ (4e1 + 5e2 + e3)

= 4e1 ⊗ e1 + 5e1 ⊗ e2 + e1 ⊗ e3

+ 8e2 ⊗ e1 + 10e2 ⊗ e2 + 2e2 ⊗ e3

+ 12e3 ⊗ e1 + 15e3 ⊗ e2 + 3e3 ⊗ e3 .

4) (*) Topic: Exterior product.
a) E = Rn, n ≥ 3. Write α =

∑

i<j αije
i ∧ ej and β =

∑

k αke
k.

α ∧ β(u1, u2, u3) = α(u1, u2)β(u3) − α(u1, u3)β(u2) + α(u2, u3)β(u1) .

b) From α ∧ α = (−1)9α ∧ α = −α ∧ α follows α ∧ α = 0. Take α = e1 ∧ e2 + e3 ∧ e4.
Then α ∧ α = 2(e1 ∧ e2 ∧ e3 ∧ e4) 6= 0.

5) (*) Topic: Exterior product.

(α1 ∧ α2 . . . ∧ αn)(e1, . . . , en) = det(A)
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is proven by induction with n using the development of the determinant with respect to
the n’th row. Let β = α1 ∧ α2 . . . ∧ αn−1. Then by induction

β ∧ αn(e1, . . . , en−1) =
∑

σ

(−1)σβ(eσ(1), . . . , eσ(n−1))α
n(eσ(n))

=
∑

i

∑

σ,σ(n)=i

(−1)σβ(eσ(1), . . . , eσ(n−1))A
n
i

=
∑

i

(−1)n+i det(A(n,i))An
i = det(A) ,

where A(n,i) is the matrix obtained from An
i by deleting the n’th row and the i’th column.

4.4 Week 4: Midterm

Ma109a, O. Knill, October 1995

Midterm

Due: Friday, October 27, 1995

Topics: Manifolds (Chapter 1), Tensors (Chapter 2, Sections 1-4)

Material: Open book: there are no restrictions for using materials. All books, notes
and homework can be used. It is only required that everybody makes the midterm
by himself/herself.

Time: 4 hours in one sitting. No credit for work done in overtime.

Form: Please use a blue book or write on good new paper, which is stapled well
together, before turning it in.

Due: Return the paper to the Mailbox of the TA Yue Lei, by 12:00 AM, Friday,
October 27, 1995. Note that there is then still no class. Class starts the Monday 30.
October again.

Points: there are 6 problems with a total of 150 points. The number for each problem
and subproblem is indicated. Note that there are no long computations involved in
this midterm.
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1) Topic: Manifolds (30 points)
a) (10 points) Show that the n-dimensional torus Tn and the n-dimensional sphere Sn

are diffeomorphic if and only if n = 1. Hint. You can use without giving a proof that Tn

is not simply connected, that is, there are closed curves in Tn which can not be deformed
to a point.
b) (10 points) Show that Tn is not diffeomorphic to Rn.
c) (10 points) Show that Tk is not diffeomorphic to Tn for k < n. Hint. Find an
embedding f : Tk → Tn and use the theorem of Sard.

2) Topic: Manifolds. (Total 20 points)
Consider SU(2), the set of all complex 2 × 2 matrices A such that ATA = 1. More
precisely, we define for (a, b, c, d) ∈ R4, the matrix

A(a, b, c, d) =

(

a+ ib c+ id
−c+ id a− ib

)

and define
SU(2) = {(a, b, c, d) ∈ R4 | AT A = 1, A = A(a, b, c, d) }

where AT is the transpose of A and A is the complex conjugate of A.
a) (10 points) Prove that SU(2) is a manifold by identifying it as the set f−1(h) where
f : R4 → R is smooth and where h ∈ R is a regular value for f .
b) (10 points) Prove that SU(2) is diffeomorphic to S3.

3) Topic: Manifolds (Total 30 points)
Let N be a n-dimensional manifold and let M be the manifold N ×Rn. Given a smooth
map H : M → R, x = (q, p) 7→ H(q, p). The differential equations

q̇ =
∂

∂p
H(q, p), ṗ = − ∂

∂q
H(q, p),

describe a so called Hamiltonian system on M . (Our solar system is an example of
such a system). Because

d

dt
H(q(t), p(t)) =

∂

∂q
H(q, p)q̇ +

∂

∂p
H(q, p)ṗ

=
∂

∂q
H(q, p)

∂

∂p
H(q, p) − ∂

∂p
H(q, p)

∂

∂q
H(q, p) = 0 ,

the energy surface Sh := {x = (q, p) ∈ M | H(q, p) = h} ⊂ M is left invariant by the
dynamics. Knowing the topology of the set Sh is an important first step to understand
the dynamics.

a) (10 points) Show that Sh is a manifold if there is no point (q, p) ∈ Sn for which
(q̇, ṗ) = (0, 0).

From now on work in the special case, where M is the cylinder M = T1 × R, where
T1 = R/(2πZ) is the one dimensional circle obtained by identifying points q, q+ 2kπ on
R for k ∈ Z. The smooth map H : M → R,

H(q, p) =
p2

2m
+ g · sin(q)
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is the energy function of the pendulum, m is the mass of the pendulum and g is the
gravitation constant.

b) (10 points) For which energy values h ∈ R is the energy surface Sh a manifold?

c) (10 points) For which energy values h ∈ R is Sh a connected manifold?
(A manifold M is called connected, if any two points can be connected by a path, that
is if for any pair of points x, y ∈ M , there exists a smooth curve γ : R → M satisfying
γ(0) = x and γ(1) = y).

4) Topic: Immersion, Embedding (Total 30 points)
Determine from each of the following maps from M = (0, 2π) to N = R2 whether they
are immersions, embedding or nothing from both. Prove your claims.

a) (10 points) t ∈ (0, 2π) 7→ (cos(2t), sin(2t)).
b) (10 points) t ∈ (0, 2π) 7→ (cos(3t), sin(5t)).
c) (10 points) t ∈ (0, 2π) 7→ (cos(2t), cos(3t)).

5) Topic: Linear Tensors, Tensor product, Exterior product. (Total 20 points).
Let E = R3

a) (10 points) Compute the tensor product g ⊗ h of the tensors

g = g13e1 ⊗ e3 + g31e3 ⊗ e1 ∈ T 2
0 (E) ,

h = h12e
1 ⊗ e2 + h11e

1 ⊗ e1 ∈ T 0
2 (E) .

b) (10 points) Compute the exterior product of two tensors f = dx1 ∧ dx2 ∈ Λ2(E), g =
2dx2 ∧ dx3 ∈ Λ2(E).

6) Topic: Exterior derivative. (Total 20 points).
Let M be our universe, that is a four dimensional manifold. Given a 1-form A ∈ Λ1(M)

A(x) = A1(x)dx
1 +A2(x)dx

2 +A3(x)dx
3 +A4(x)dx

4

on M . (The 1-forms on M are describing an electromagnetic vector potential).
a) (10 points) Compute the exterior derivative F = dA =

∑

i<j Fij(x)dx
i ∧ dxj . (The

2-form F = dA ∈ Λ2(M) describes an electromagnetic field).
b) (10 points) Compute the exterior derivative dF of the 2-form F . (The equation you
get is one group of the Maxwell equations).

Ma109a, O. Knill, October 1995

Midterm (Solutions)

1) Topic: Manifolds (30 points)
a) (10 points) If n = 1, then T1 = S1 by definition because Tn was defined as the
product S1 × S1 × . . .× S1.
We have shown in an exercise that Sn is simply connected for n ≥ 2. However, Tn is
not simply connected. If two manifolds are diffeomorphic, then one manifold is simply
connected if and only if the other manifold is simply connected.
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b) (10 points) Tn is compact while Rn is not compact. If two manifolds are diffeomorphic,
then either both are compact or both are not compact.
c) (10 points) Assume there f : Tk → Tn is a diffeomorphism. Every point x ∈ Tk is a
critical point because Df(x) is not surjective (it has rank k). The theorem of Sard tells
that the image has measure zero in Tn. It can therefore not be surjective.

2) Topic: Manifolds. (Total 20 points)
a) (10 points) The condition ATA = 1 is equivalent to a2 + b2 + c2 + d2 = 1. Define
therefore f(a, b, c, d) = a2 + b2 + c2 + d2. Then SU(2) can be identified with the subset
f−1(h) of R4. A point (q, r, s, t) ∈ R4 is a regular point if Df(q, r, s, t) = (2q, 2r, 2s, 2t)
is not vanishing. This is the case if and only if q2 + r2 + s2 + t2 6= 0. Every h 6= 0 is
therefore a regular value and especially h = 1. By the lemma proven in class, the set
SU(2) is a real manifold.
b) (10 points) The diffeomorphism between SU(2) and S3 is given by the identification

between 2 × 2 matrices and R4, that is by the already in a) used map

(

a b
c d

)

7→
(a, b, c, d) ∈ R4.

3) Topic: Manifolds (Total 30 points)
Note that the ”if and only” claim is not true. The energy surface can be a manifold
either with smaller dimension as in question b) below.

a) (10 points) There is no point (q, p) ∈ Sh for which

(q̇, ṗ) = (
∂

∂p
H(q, p),− ∂

∂q
H(q, p)) = (0, 0)

if and only if (q, p) is a regular point for the Hamiltonian H . Because Sh = H−1(h), we
know by the lemma proven in class that Sh is a manifold if h is a regular value.

b) (10 points) By a), Sh is a n − 1 dimensional manifold if (2p, cos(q)) 6= (0, 0) that
is if (q, p) is disjoint from the two sets S−g, Sg which pass through the two points
(π/2, 0), (3π/2, 0). The first set is consisting of a point, the second set is the set {p2/2 +
g sin(q) = g} which is not a manifold (it is not locally Euclidean near the point (0, 0)).

c) (10 points) For h > g, the manifold Sh contains a circle above the line p = 0 and
a circle below p = 0. It is therefore not connected. For −g < h < g, the manifold Sh

is a circle and so connected. (Physically, in the first situation h > g, where the energy
is large, the pendulum rotates around its center either in one direction or in the other
direction. In the second situation, the pendulum has not enough energy to turn around
and oscillates. In the situation h = −g, the pendulum is at rest and can not move.)

4) Topic: Immersion, Embedding (Total 30 points)
a) (10 points) f(t) = (cos(2t), sin(2t)) is an immersion because

Df(t)(u) = 2(− sin(2t)u, cos(2t)u) 6= (0, 0) .

It is not an embedding, because the map f is not injective: f(t) = f(t+ π).

b) (10 points) t ∈ (0, 2π) 7→ (cos(3t), sin(5t)) is an immersion because (−3 sin(3t), 5 cos(5t)) 6=
0. It is not an embedding because the map is not injective: f(π/6) = f(5π/6).
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c) (10 points) t ∈ (0, 2π) 7→ (cos(2t), cos(3t)) is neither an immersion nor an embedding,
Df(t) = (0, 0) for t = 0 and we have therefore no immersion. A map which is no
immersion can also not be an embedding.

5) Topic: Linear Tensors, Tensor product, Exterior product. (Total 20 points).
a) (10 points)

(g13e1 ⊗ e3 + g31e3 ⊗ e1 ⊗ (h12e
1 ⊗ e2 + h11e

1 ⊗ e1)

= g13h12e1 ⊗ e3 ⊗ e1 ⊗ e2 + g13h11e1 ⊗ e3 ⊗ e1 ⊗ e1

+ g31h12e3 ⊗ e1 ⊗ e1 ⊗ e2 + g31h11e3 ⊗ e1 ⊗ e1 ⊗ e1

b) (10 points) The exterior product of two tensors f = dx1 ∧ dx2 ∈ Λ2(E), g = 2dx2 ∧
dx3 ∈ Λ2(E) is vanishing because dx2 ∧ dx2 = 0.

6) Topic: Exterior derivative. (Total 20 points).

a) (10 points) F = dA =
∑

i<j Fij(x)dx
j ∧dxi. By definition Fij(x) = (∂Ai(x)

∂xj − ∂Aj(x)
∂xi ).

This means

F =
∂A2(x)

∂x1
− ∂A1(x)

∂x2
dx1 ∧ dx2 +

∂A3(x)

∂x1
− ∂A1(x)

∂x3
dx1 ∧ dx3

+
∂A4(x)

∂x1
− ∂A1(x)

∂x4
dx1 ∧ dx4 +

∂A3(x)

∂x2
− ∂A2(x)

∂x3
dx2 ∧ dx3

+
∂A4(x)

∂x2
− ∂A2(x)

∂x4
dx2 ∧ dx4 +

∂A4(x)

∂x3
− ∂A3(x)

∂x4
dx3 ∧ dx4 .

b) (10 points) Since d2 = 0, we have dF = d2A = 0. (If we write −E1 = F12,−E2 =
F13,−E3 = F14 (electric field) and and B1 = F34,−B2 = F24, B

3 = F23 (magnetic
field), then dF = 0 is equivalent to the two Maxwell equations curl(E) + d

dtB = 0 and
div(B) = 0, where curl and div are with respect to the space coordinates x2, x3, x4 and
where we wrote t = x1 for the time coordinate.)

4.5 Week 5

Ma109a, O. Knill, October 1995

Week 5
Due: Friday, November 3, 1995

Topics: Vector fields, Tensor fields, differential form, exterior derivative

1) (*) Topic: Tensor fields, Riemannian metric
Let M be a manifold and let g ∈ T 0

2 (M) be a tensor field on M which is symmet-
ric g(x)(u, v) = g(x)(v, u), ∀u, v ∈ TxM and non-degenerate: g(x)(u, u) ≥ 0 and
g(x)(u, u) = 0 if and only if u = 0. The pair (M, g) is called a Riemannian mani-
fold. On a Riemannian manifold, one can find an isomorphism between the cotangent
bundle T ∗M = T 0

1 (M) and the tangent bundle TM = T 1
0 (M) by defining v[(x)(u) =

g(x)(v(x), u). This is called lowering of indices. The inverse map is denoted by
v 7→ v] and is called raising of indices. Verify that w = v[ satisfies in coordinates
wi(x) =

∑

j gij(x)v
i(x) and that v = w] satisfies in coordinates vi(x) =

∑

j g
ij(x)wj (x),

where the matrix B(x) = gij(x) is the inverse matrix of A(x) = gij(x).
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2) (*) Topic: Vector fields, Gradient field.
LetM = S2 be the two dimensional sphere S = {x2

1+x
2
2+x

2
3 = 1}. Let f : M → R be the

function f(x) = x3. Let Y be a vector field on M given by Y (x) = grad(f)[(x) = df(x)
and [ is defined as in question 1) with respect to the metric gij = δij . Let φt be
the flow defined by this vector field: that is t 7→ φt(x) is a curve through x so that
d/dtφt(x) = Y (φt(x)). Show that for all x ∈ M , there exists y ∈ M with φt(x) → y for
t → ∞. Hint. Consider the function t 7→ f(φt(x)) from R → R and prove that it is
monotone. (Such a function is called a Liapunov function. [?]

3) (*) Topic: Exterior derivative.
Let M = R3 and f ∈ Λ0(M) be given by f(x, y, z) = x2 + 3y3z. Compute the 1-form
g = df ∈ Λ1(M) and the 2-form dg ∈ Λ2(M).

4) (*) Topic: Exterior derivative.
Let f(x) = f1(x)dx

1 +f2(x)dx
2 +f3(x)dx

3 be a 1- form on a three dimensional manifold.
Compute g = df .

5) (*) Topic: Exterior derivative.
This is a proof of a Corollary in the notes:
Define

d̃α(u0, . . . , up) =

p
∑

j=0

(−1)jDα(x)(uj )(u0, . . . , ûj , . . . , up) .

Show
(i) d̃α ∈ Λp+1(M) if α ∈ Λp(M). That is verify that d̃(α)(x) is an antisymmetric tensor
for x ∈M .
(ii) Verify that d̃ is an anti-derivation: for α ∈ Λp(M) and β ∈ Λq(M), one has

d̃(α ∧ β) = d̃α ∧ β + (−1)pα ∧ d̃β .

(iii) Verify (d̃ ◦ d̃)α = 0.
(iv) Show that d̃ is local.
(v) Conclude d̃α = dα, where d is the exterior derivative.

Ma109a, O. Knill, November 1995

Week 5 (Solutions)
1) (*) Topic: Tensor fields, Riemannian metric

a) In order to rewrite v[(x)(u) = g(x)(v(x), u) in coordinates, write u =
∑

i u
iei and

v(x) =
∑

i v
i(x)ei, g(x) =

∑

i,j gij(x)e
i ⊗ ej and v[(x) =

∑

i v
[
i (x)e

i. We get

∑

j

v[
j(x)u

j =
∑

j

v[
j(x)e

i(
∑

i

uiei)

= v[(x)u = g(x)(v(x), u) =
∑

i,j

gij(x)v
i(x)uj

=
∑

j

(
∑

i

gij(x)v
i(x))uj

and so v[
j =

∑

i gij(x)v
i(x).

b) Write the relation v[
j =

∑

i gij(x)v
i(x) as v[ = [g]v, we get by inversion the other

relation v = [g]−1v[. In coordinates, vi(x) =
∑

j g
ij(x)wj(x).
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2) (*) Topic: Vector fields, Gradient field.
Consider the function t 7→ f(φt(x)) from R → R. The derivative d

dtf(φt(x)) is by the
chain rule

∑

i

(
∂

∂xi
f)(φt(x))φ̇

i
t(x) = df(φt(x))(Y (φt(x))) = df(φt(x))(df

](φt(x)))

=
∑

i,j

gij(x)df
i(φt(x))df

j(φt(x)) =
∑

i

df i(φt(x))
2 ≥ 0 .

(The special form of the tensor g was not important. We needed only g(v, v) > 0 for
v 6= 0.)
Since d

dtf(φt(x)) > 0, f(φt) is monotonically increasing until the maximal value f(φt) = 1
is reached. That is y = (0, 0, 1) ∈M is the north pole.

Remark. The above calculation shows, it does not matter, what form the metric has. For
any gradient flow, from which we have just seen an example, the function f is always
monotone. One can use this flow in order to find local maxima or critical points of a
functional f .

3) (*) Topic: Exterior derivative.
Given f(x, y, z) = x2 + 3y3z. We have g(x, y, z) = 2xdx1 + 3y2dx2 + 3y3dx3 and so
dg(x, y, z) = 0.

4) (*) Topic: Exterior derivative.

df(x) = (
∂f2
∂x1

− ∂f1
∂x2

)dx1 ∧ dx2 + (
∂f3
∂x1

− ∂f1
∂x3

)dx1 ∧ dx3 + (
∂f3
∂x2

− ∂f2
∂x3

)dx2 ∧ dx3 .

5) (*) Topic: Exterior derivative.
(i) d̃ is clearly a multilinear tensor field in Γ(T 0

q (M)). In order to show that it is a
differential form, we have to verify the anti-symmetry:

d̃α(x)(uσ(0), . . . , uσ(p)) = (−1)σd̃α(x)(u0, . . . , up) .

That is, we have to show that dα(x)(u0, u1, . . . , uk, uk+1, . . . , up) = −dα(x)(u0, u1, . . . , uk+1, uk, . . . , up)
for any choice k < k + 1, because any permutation can be written as a product of such
permutations. Write

d̃α(x)(u0, . . . , up) =

p
∑

j 6=k,k+1

(−1)jDα(x)(uj)(u0, . . . , ûj , . . . , up)

+ (−1)kDα(x)(uj)(u0, . . . , ûk, . . . , up)

+ (−1)k+1Dα(x)(uj)(u0, . . . , ûk+1, . . . , up) .

The last two summands change sign, when k and k + 1 are interchanged. The first sum
∑p

j 6=k,k+1(. . .) on the right hand side changes sign, when k, k + 1 are interchanged, be-
cause α was antisymmetric.

(ii) The claim

d̃(α ∧ β) = d̃α ∧ β + (−1)pα ∧ d̃β .
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is proven by putting in the definition for d̃ and the formula for the wedge product you
verified in an earlier homework: use the notation S∗

p+q+1 for the set of permutations σ
satisfying σ(0) < . . . < σ(p) and σ(p + 1) < . . . < σ(p + q) and S∗∗

p+q+1 for the set of
permutations σ satisfying σ(1) < . . . < σ(p) and σ(0) < σ(p + 1) < . . . < σ(p + q).
Adding the right hand sides of the two equations

(d̃α)∧β(u0, . . . , up+q) =

p
∑

j=1

∑

σ∈S∗
p+q+1

(−1)j(−1)σDα(uj)(uσ(0), . . . , ûj , . . . , uσ(p))β(uσ(p+1), . . . , uσ(p+q)) .

(−1)p(α ∧ d̃β)(u0, . . . , up+q) =
∑

σ∈S∗∗
p+q+1

(−1)σα(uσ(1), . . . , uσ(p))

(

q
∑

j=1

(−1)p+jDβ(uj)(uσ(0), uσ(p+1), . . . , ûσ(p+j), . . . , uσ(p+q))) .

gives the right hand side of the equation

d̃(α ∧ β)(u0, . . . , up+q) =
∑

σ∈S∗
p+q+1

p
∑

j=1

(−1)σ(−1)jDα(uj)(uσ(0), . . . , uσ(p))β(uσ(p+1), . . . uσ(p+q))

+
∑

σ∈S∗∗
p+q+1

p+q
∑

j=p+1

(−1)σ(−1)jα(uσ(1), . . . , uσ(p+1))Dβ(uj)(uσ(0), uσ(p+1), . . . , ûj , . . . , uσ(p+q)) .

(iii)

(d̃ ◦ d̃)α(x)(u0, . . . , up+1) =

p+1
∑

i6=j

(−1)i+jD2α(x)(ui, uj)(u0, . . . , ûi, . . . , ûj , . . . , up+1)

=
∑

j<i

(−1)i+jD2α(x)(ui, uj)(u0, . . . , ûi, . . . , ûj , . . . , up+1)

+
∑

i<j

(−1)i+j−1D2α(x)(ui, uj)(u0, . . . , ûi, . . . , ûj , . . . , up+1) = 0 .

(iv) d̃ is local because the derivative D is local and a sum of local functions is local.

(v) From the theorem in the notes, we know that d̃α = dα, where d is the exterior
derivative.

4.6 Week 6

Ma109a, O. Knill, November 1995

Week 6
Due: Friday, November 10, 1995

Topics: Integration of forms, Theorem of Stokes, closed and exact forms
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1) (*) Topic: Integration
Consider the 1-form

α = α1dx
1 + α2dx

2 = ((x1)2 + 7x2)dx1 + (−x1 + x2 sin((x2)5))dx2

on the manifold M = R2. Compute the integral
∫

c
α over the 1-chain c = 2σ1 +3σ2−σ3,

where the simplices σi are defined as

σ1 : ∆1 = [0, 1] →M, σ1(t) = (t, 0)

σ2 : ∆1 = [0, 1] →M, σ2(t) = (1 − t, t)

σ3 : ∆1 = [0, 1] →M, σ3(t) = (0, 1 − t) .

2) (*) Topic: Exact and closed forms, Theorem of Stokes.
A p-form α is called closed, if dα = 0. It is called exact, if α = dβ for some (p−1)-form
β.
a) Show that the 1-form

α = α1dx
1 + α2dx

2 = (2x1 + x2 cos(x1x2))dx1 + (x1 cos(x1x2)) dx2

is closed.
b) Show that α is exact, by finding a 0-form β such that α = dβ.
c) Let c be the chain c = σ1 +σ2 +σ3 where the σi are as in problem 1. Show that there
exists a 2-chain b such that c = δb.
d) Compute

∫

c
α over the chain c = σ1 + σ2 + σ3 defined in c) and where α is the one

form α = α1dx
1 = x2dx1.

Note: In the whole question, expressions like x2 mean coordinates x =
∑

i x
iei and not

exponents.

3) ( ) Topic: De Rham cohomology (Preparation for material coming later in
class).
a) Verify that the set of closed p-forms is a vector space in Λp(M).

b) Verify that the set of exact p-forms is a vector space in Λp(M).
c) Verify that the set of exact p-forms is a vector space in the set of closed p-forms.
d) Consider in the set of closed forms the equivalence relation α ∼ β ⇔ α + γ = β, for
an exact p-form γ. Verify that the set of equivalence classes forms a vector space. (This
vector space is denoted by Hp(M,R) = {closed forms}/{exact forms} and it is called
the p-th de Rham cohomology group).

4) (*) Topic: Theorem of Green in the plane.
Given a vector field v = v1e1 + v2e2 = x1e1 + (x2 + x1)e2 in the plane M = R2

equipped with the flat metric gij(x) = δij (see Week 5 homework). By index lowering,
we can associate to v the 1-form α = v[, given by α(x) = α1(x)dx

1 + α2(x)dx
2, where

αi(x) =
∑

j gij(x)v
j (x) = vi(x).

a) Compute dα.
b) Let c by the 2-chain c = σ, where σ is the simplex

σ : ∆2 = {x = (x0, x1, x2) ∈ R3 | x0 + x1 + x2 = 1, xi ≥ 0} → R2

given by σ(x) = (x1, x2). Compute
∫

c

dα .

c) Compute
∫

δc
α directly.

d) Compute
∫

δc
α with the theorem of Stokes using b).
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5) (*) Topic: Gradient, Divergence, Curl.
Recall. Let v = (v1, v2, v3) be a vector field in R3. We associate with this vector field a 1-
form α by index lowering as in the previous problem: α = v[ = α1dx

1 + α2dx2 + α3dx
3.

Definition. To any 1-form β = β1dx
1 + β2dx

2 + β3dx
3 we can associate the 2-form

∗β = β3dx
1 ∧ dx2 + β1dx

2 ∧ dx3 − β2dx
1 ∧ dx3. Denote also the inverse operation with

∗ so that ∗ ∗ α = α.
Definition. The curl(v) of a vector field v is defined as a vector field w which satisfies

w[ = ∗dv[ .

Definition. The divergence div(v) of a vector field v is defined as the function div(v) =
∗d ∗ v[.
Definition. Given a function f on R3, define the gradient field as the vector field
grad(f) = df ].
a) Verify that div curl(v) = 0.
b) Verify that curl grad(f) = 0.

6) (*) Topic: Fundamental theorem of calculus, Stokes, Divergence theorem.
a) Let σ be a 1-simplex in R3 and let α be a 0-form in R3. Let g be the tensor in T 0

2 (R3)
as in the last problem. Use the theorem of Stokes to verify

∫ 1

0

gradb(f)(σ(t)))(Dσ(t)) dt = f(σ(1)) − f(σ(0)) .

Hint. In Calculus, a 1-simplex σ is a curve γ and one writes
∫ 1

0
grad(f)(γ(t) · γ′(t) dt for

the line integral on the left hand side, where v · w is the scalar product between vectors
which is in our case more accurately replaced by g(v, w).
b) Let σ be a 2-simplex in R3 and α be a 1-form in R3. Use the theorem of Stokes to
verify the theorem of Stokes in R3, that is

∫

σ(∆2) curl(v) =
∫

δσ(∆2) v dO.

Hint. Associate to α a vector field v and to the 2-form dα a vector field w = curl(v).
Identify the integral of the 2-form dα over a 2-chain as a surface integral of curl(v)
through the surface σ(∆2), so that the theorem of Stokes becomes the usual theorem of
Stokes in R3.
c) Let σ be a 3-simplex in R3 and α a 2-form in R3. Use the theorem of Stokes to verify
the divergence theorem

∫

δσ
v =

∫

σ
div(v).

Hint. Associate to α a vector field v and to the 3-form dα the function div(v), so that
the relation

∫

σ dα =
∫

dσ α becomes the divergence theorem.

Ma109a, O. Knill, November 1995

Week 6 (Solutions)

The aim of this homework was to let you see that the integration of k-forms on k dimensional
chains is a generalization of line integrals, surface integrals, volume integrals you know from
calculus and that the theorems of Green, Stokes, Gauss are generalized by the theorem of
Stokes for chains. The integration in calculus is not satisfactory. For example, in three
dimensions, too many spaces are identified: the space of vectors, the space of one-forms, the
space of two-forms all have three dimensions. Historically, it is a bad accident that the lan-
guage of differential forms (Cartan calculus) was invented only in this century, partly forced
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by the fact that general relativity needed a theorem of Stokes also in four dimensional space.

1) Since many of you asked questions about this problem, there is here a (maybe too) de-
tailed solution:

The integration of a 1-form α over a 1-simplex σ : ∆ →M was defined as
∫

σ α =
∫

∆ σ
∗α,

which is an integral of a 1-form over a subset of R which is just usual integration over
∆ = [0, 1] ⊂ R. Given σ(t) = (x(t), y(t)), then the pull-back (σ∗α)(t)(u) was defined as
α(σ(t))(Dσ(t)u) for any u ∈ Tt∆. Note that A(t) = Dσ(t) : R → R2 is given by the 1 × 2

matrix

(

ẋ(t)
ẏ(t)

)

. To get the pull-back of α(x) = α1(x)dx
1 +α2(x)dx

2 and σ∗α(t) = β(t) dt

in coordinates, use dx1(e2) = 0 and dx2(e1) = 0 and dx1(e1) = 1 and dx2(e2) = 1 to get

β(t)(u) = α(σ(t))(A(t)u)

= α1(σ(t))dx1(A(t)u) + α2(σ(t))dx2(A(t)u)

= α1(σ(t))dx1((A(t)u)1e1 + (A(t)u)2e2) + α2(σ(t))dx2((A(t)u)1e1 + (A(t)u)2e2)

= α1(σ(t))((A(t)u)1) + α2(σ(t))((A(t)u)2)

= [α1(σ(t))ẋ(t) + α2(σ(t))ẏ(t)]u .

We obtain therefore
∫

σ

α =

∫ 1

0

α1(σ(t))ẋ(t) + α2(σ(t))ẏ(t) dt ,

which is the usual integral of a curve σ : ∆ = [0, 1] → R2 from calculus. We get Dσ1(t) =
(

1
0

)

and Dσ2(t) =

(

−1
1

)

and Dσ3(t) =

(

0
−1

)

. Therefore

∫

σ1

α =

∫ 1

0

α1(σ(t)) · 1 + α2(σ(t)) · 0 dt =

∫ 1

0

t2 dt =
t3

3
|10 =

1

3
.

∫

σ2

α =

∫ 1

0

α1(σ(t)) · (−1) + α2(σ(t)) · 1 dt

= −
∫ 1

0

(−t)2 + 7t2 dt+

∫ 1

0

(−t) + t sin(t5) dt

= −1

3
− 7

2
− 1

2
+

∫ 1

0

t sin(t5) dt

= −13

3
+

∫ 1

0

t sin(t5) dt .

∫

σ3

α =

∫ 1

0

−α2(σ(t)) dt = −
∫ 1

0

(1 − t) sin((1 − t)5) dt

so that (one integral can not be solved elementarily (a property of most integrals))

∫

c

α = 2
1

3
+ 3[−13

3
+

∫ 1

0

t sin(t5) dt] +

∫ 1

0

(1 − t) sin((1 − t)5) dt

= −37

3
+ 4

∫ 1

0

t sin(t5) dt .
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The integral can be written as a series: 1/7 − 1/102 + 1/3240− 1/186480 . . . by making a
Taylor expansion and integrating each term.
2)

dα =
∂

∂x2
(2x1 + x2 cos(x1x2))dx2 ∧ dx1 +

∂

∂x1
(x1 cos(x1x2)) dx1 ∧ dx2

= [cos(x1x2) − x1x2 sin(x1x2)]dx2 ∧ dx1

+[cos(x1x2) − x1x2 sin(x1x2)]dx1 ∧ dx2

= 0 .

b) β = (x1)2 + x1x2 cos(x1x2) satisfies α = dβ so that α is exact.

c) Let b be the simplex b : ∆2 = {(x0, x2, x2) | x0 +x1 +x2 = 0, x0, x1, x2 ≥ 0} → R2. From
the definition of the boundary we have δb = c = σ1 + σ2 + σ3. (It is here more convenient
to describe ∆2 in homogeneous coordinates.)
d) Use Stokes

∫

c

α =

∫

b

dα = −
∫

b

1dx1 ∧ dx2 = −
∫

b

1 = −1

2
,

because
∫

b 1 = 1/2 is the area of the triangle b(∆2).

4) a)

dα = (
∂v2(x)

∂x1
− ∂v1(x)

∂x2
)dx1 ∧ dx2 .

b) Consider σ : ∆2 → σ(∆2). By definition,
∫

c

dα =

∫

∆2

σ∗dα .

In order to compute this integral, let U be the triangle U = σ(∆2) ⊂ R2. Define a map
φ : U → ∆2 as the inverse of σ. Then

∫

∆2

σ∗dα =

∫

U

φ∗σ∗dα =

∫

U

dα =

∫

U

(
∂v2(x)

∂x1
− ∂v1(x)

∂x2
)dx1dx2 ,

because
∫

U
f(x)dx1 ∧ dx2 =

∫

U
f(x)dx.

c) δc is a sum of one-dimensional simplices σ1 + σ2 + σ3 and we can associate to it a path
γ in the plane. By problem 1), integration of a 1-form α over such a simplex is the line
integral of the vector field x 7→ v(x) = α[(x) over the path γ

∫

δc

α =

∫

γ

v ds .

d) Using Stokes, we get
∫

δc

α =

∫

c

dα

The left hand side is by c) the line integral
∫

γ
v(γ(t)) · γ̇(t) dt, where γ is the boundary of

the region c(∆2) ⊂ R2. The right hand side is by b)
∫

U

(
∂v2(x)

∂x1
− ∂v1(x)

∂x2
)dx1dx2 .

5) By definition
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curl(v) = (∗dv[)] .

div(v) = ∗d ∗ v[

grad(f) = (df)]

a) We compute, using ∗ ∗ α = (−1)p(3−p)α = α and dd = 0 and ]−1 = [

div curl(v) = ∗d ∗ ∗dv[ = ∗ddv[ .

b)
curl grad(f) = (∗ddf)] = 0 .

6) See also Abraham-Marsden-Ratiu p. 504-510. The translation between the different lan-
guages is the following: (it is convenient to take the following three boxes as definitions of
the line integral, surface integral or volume integral):

The line integral of a vector field v over a curve γ is

∫

γ

v · ds =

∫

σ

v[ ,

where σ(t) = γ(t) is the one dimensional simplex. The right hand side is the
integral of a one-form over a one simplex.

The surface integral of a vector field v through a surface S is

∫

S

v · dO =

∫

S

(∗vb) =

∫

σ

(∗vb) ,

where σ : ∆2 → R3 is the simplex associated to the surface. The right hand
side is an integral of a two-form over a two dimensional simplex.

The volume integral of a function field f over a region G in R3 is

∫

G

f dV =

∫

σ

∗f ,

where σ is the simplex associated with the region G. The right hand side is an
integral of a three-form over a three dimensional simplex.

a) The fundamental theorem of calculus is obtained from the Stokes for forms (identify the
curve γ with a one dimensional simplex σ)

∫

γ

grad(f) ds =

∫

σ

grad(f)
[

=

∫

σ

(df ])[

=

∫

σ

df =

∫

δσ

f

= f(σ(1)) − f(σ(0)) .
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b) Similarly, the theorem of Stokes is obtained from the theorem of Stokes for forms: (identify
the surface S with a two dimensional simplex σ)

∫

S

curl(v) · dO =

∫

σ

∗(curl(v))[

=

∫

σ

∗(∗d(v[))

=

∫

σ

d(v[)

=

∫

δσ

v[

=

∫

δS

v ds .

c) Also the theorem of Gauss is obtained from the theorem of Stokes for forms: (identify
the region G with a three dimensional simplex σ)

∫

G

div(v) dV =

∫

σ

∗div(v)

=

∫

σ

∗ ∗ d ∗ v[

=

∫

σ

d ∗ v[

=

∫

δσ

∗v[

=

∫

δG

v · dO .

4.7 Week 7

Ma109a, O. Knill, November 1995

Week 7

Due: Friday, November 17, 1995

Topics: Riemannian manifolds, change of metric under transformations, Hodge
star operation

1) (*) Topic: Flat manifold in spherical coordinates
a) Compute the coordinates of the metric tensor in R3 in spherical coordinates (r, θ, φ).
Hint: You have to verify that

[gij ](x) =





1 0 0
0 r2 0
0 0 r2 sin2(θ)



 .

b) Let φ : S2 = {||x|| = 1} → R3 be the inclusion φ(x) = x. Compute the pull-back
metric φ∗g on S2.
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2) ( ) Topic: Schwarzschild metric
Let (M, g) be the Schwarzschild manifold. That is M = {x = (t, r, θ, φ) | r 6= 2m} and

[gij ] =









−(1 − 2m/r) 0 0 0
0 (1 − 2m/r)−1 0 0
0 0 r2 0
0 0 0 r2 sin2(θ))









.

(We assume here c = 1). Find the lengths of the following vectors u = u(x), v = v(x), w =
w(x) in the tangent space TxM and the angles between them: u = (1, 0, 0, 0), v =
(0, 1, 0, 0), w = (1, (1 − 2m/r), 0, 0).

3) (*) Topic: Lorentz transformations
Verify that the linear transformations u 7→ Au (Lorenz boost) and u 7→ Bu (Rotation)
given by

A =









cosh(φ) sinh(φ) 0 0
sinh(φ) cosh(φ) 0 0

0 0 1 0
0 0 0 1









, B =









1 0 0 0
0 cos(φ) sin(φ) 0
0 − sin(φ) cos(φ) 0
0 0 0 1









,

are preserving the length of a vector in the Lorenz manifold (M, g), where M = R4 and
[g] = Diag(−1, 1, 1, 1).

4) (*) Topic: Eddington-Finkelstein metric, Black holes I
Let (M, g) be the Schwarzschild manifold from problem 1). It describes the metric of

space-time near a star or a planet of mass m̃. If you look at the metric tensor g, then
it blows up at r = 2m = 2G · m̃/c2 = 2Gm̃, the Schwarzschild radius. If we want to
see, what happens, when the star is smaller than the Schwarzschild radius, we need to
introduce a new coordinate system. Define the map φ : R4 → R4 by

φ(t, r, θ, φ) = (v, r, θ, φ)

where

v = t+ r + 2m log | r
2m

− 1| .

Verify that the push-forward metric h = φ∗g is given by

[hij ] =









−(1 − 2m
r ) 1 0 0

1 0 0 0
0 0 r2 0
0 0 0 r2 sin2(θ))









.

It is called Eddington-Finkelstein metric and is only singular at r = 0.

5) (*) Topic: Light can not escape black holes
If we restrict the Schwarzschild manifold (M,h) with a subspace {φ = const1, ψ =
const2}, we get the manifold N . Let φ : N → M be the embedding. Verify that the
pull-back φ∗h of the Eddington-Finkelstein metric h is

[kij ] = [φ∗hij ] =

(

−(1 − 2m
r ) 1

1 0

)

.
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Given a point x in the pseudo Riemannian manifold (N, k). The set of null vectors in
TxN is called the light cone at x. This name comes from the fact that a radially moving
photon, which is described by a path τ 7→ γ(τ) in N , satisfies always Dγ(τ) in the light
cone.
a) Verify that the light cone at a point x = (v, r) in N is given by the union of

Lin(t, r) = {λ · (0, 1) | λ ∈ R} ⊂ TxN,

Lout(t, r) = {λ · (2/(1− 2m

r
), 1) | λ ∈ R} ⊂ TxN .

b) Given a world line τ 7→ γ(τ) of an incoming photon, that is γ satisfies Dγ(τ) ∈
Lin(x). Verify that v(τ) = A is constant.
c) Given a world line τ 7→ γ(τ) = (v(τ), r(τ)) of an out-going photon defined by the
property that Dγ(τ) ∈ Lout. Verify that v(τ) = 2r(τ) + 4m log |r(τ)− 2m|+B for some
constant B.
d) Use b), c) to verify the following picture. An incoming radially falling incoming photon
can enter from the region r > 2m into the region r < 2m and reach the singularity r = 0.
An outgoing photon which is in the region r < 2m at some time t0, stays in the region
r < 2m for time t > t0. An out-going photon which is in the region r > 2m at time t0
escapes to infinity. In other words, light is trapped inside a black hole.

6) (*) Topic: Hodge star operation, Maxwell equations
Consider the Lorenz manifold M = R4 with the metric [gij ] = Diag(−1, 1, 1, 1).

F (x) = −E1(x)dx1 ∧ dx2 −E2(x)dx1 ∧ dx3 −E3(x)dx1 ∧ dx4

+ B3(x)dx2 ∧ dx3 −B2(x)dx2 ∧ dx4 +B1(x)dx3 ∧ dx4

be a 2-form on the Lorenz manifold (M, g), where the electric field E(x) = (E1(x), E2(x), E3(x))
and magnetic field B(x) = (B1(x), B2(x), B3(x)) are given. We have verified already in
the midterm, that dF = 0 follows from F = dA. With (t, y1, y2, y3) = (x1, x2, x3, x4),
the equation dF = 0 is equivalent to the first group of Maxwell equations

div(B) = 0

curl(E) = −∂B/∂t ,

where div and curl are with respect to the space coordinates y = (y1, y2, y3).
a) Define d∗α = ∗d ∗ α. Verify that d∗ is a map from Λp(M) to Λp−1(M) which satisfies
d∗ ◦ d∗ = 0.
b) Given the electromagnetic field tensor F ∈ Λ2(M) as above. Compute d∗F .
c) Let j(x) = j1(x)dx

1+j2(x)dx
2+j3(x)dx

3+j4(x)dx
4 = ρ(x)dx1+i1(x)dx2+i2(x)dx3+

i3(x)dx4 be a 1-form describing the scalar field ρ(x) (time dependent charge) and three
dimensional vector field i = (i1, i2, i3) (time dependent current). Verify that d∗F = j is
equivalent to the second group of Maxwell equations

div(E) = ρ

curl(B) − ∂E/∂t = i .
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Ma109a, O. Knill, November 1995

Week 7 (Solutions)

1) We have g = Φ∗h, where h is the flat metric on R3 and where

Φ(y) = Φ(r, θ, φ) =





r cos(φ) cos(θ)
r sin(φ) cos(θ)

r sin(θ)



 .

By definition, Φ∗h(x)(u, v) = h(Φ(x))(DΦu,DΦv) so that gij is the standard scalar product
of the i’th row ei in DΦ with the j’th row ej in DΦ (see the notes for ei). That is

[gij ](x) = h(ei(x) · ej(x)) = [gij ](x) =





1 0 0
0 r2 0
0 0 r2 sin2(θ)



 .

b) We have Φ(φ, θ) = (1, φ, θ) and so

DΦ =





0 0
1 0
0 1



 .

We get DΦ(φ, θ)(u1, u2) = (0, u1, u2) and for i = 1, 2,

[Φ∗g(x)]ij = g(1, φ, θ)(DΦ(x)ei, DΦ(x)ej)

= [g(1, φ, θ)]ij

=

(

1 0
0 1 sin2(θ)

)

.

3) Given a vector u = (u1, . . . , u4) in TxM . Its length in the Lorentz metric is

||u|| =
√

−(u1)2 + (u2)2 + (u3)2 + (u4)2 .

We have

Au =









cosh(φ)u1 + sinh(φ)u2

sinh(φ)u1 + cosh(φ)u2

u3

u4









,

and

Bu =









u1

cos(φ)u2 + sin(φ)u3

− sin(φ)u2 + cos(φ)u3

u4









,

Using the identity cosh2(φ) − sinh2(φ) = 1 we get

||Au||2 = − cosh2(φ)(u1)2−sinh2(φ)(u2)2+sinh2(φ)(u1)2+cosh2(φ)(u2)2+(u3)2+(u4)2 = ||u||2 .

Using the identity cos2(φ) + sin2(φ) = 1, we have

||Bu||2 = −(u1)2+cos2(φ)(u2)2 +sin2(φ)(u3)2+sin2(φ)(u2)2 +cos2(φ)(u3)2+(u4)2 = ||u||2 .
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4) The derivative of φ(x) = φ(t, r, θ, φ) = (t+ r + 2m log | r
2m − 1|, r, θ, φ) is

A(x) = Dφ(x) =









1 1 + 1/( r
2m − 1) 0 0

0 1 0 0
0 0 1 0
0 0 0 1









.

If B = (A−1)T , then the push-forward metric h = φ∗g is defined by h(y)(u, v) = h(φ−1x)(Bu,Bv).
That is, in coordinates: hkl =

∑

i,j B
i
kB

j
l gij , where g is the Schwarzschild metric. This gives

[hij ] =









−(1 − 2m
r ) 1 0 0

1 0 0 0
0 0 r2 0
0 0 0 r2 sin2(θ))









.

5) Let φ : N →M be the embedding of N in M . Then Dφ is a constant 2× 4 matrix

A = Dφ(x) =









1 0
0 1
0 0
0 0









.

That is Au sets the last two coordinates of u to zero.
We have (φ∗h)(u, v) = h(Au,Av) and so

[kij ] = [φ∗hij ] =

(

−(1 − 2m
r ) 1

1 0

)

.

a) Given a point x = (v, r) in N , the light cone at x is the set of vectors (u,w) such that

k((u,w), (u,w)) = (1 − 2m

r
)u2 + 2uw = u((1 − 2m

r
) + 2w) = 0 .

That is, either u = 0, which gives

Lin(t, r) = {λ · (0, 1) | λ ∈ R} ⊂ TxN

or if u 6= 0, 2w = (1 − 2m
r )u, that is

Lout(t, r) = {λ · (2/(1− 2m

r
), 1)}

b) If Dγ(τ) = (u, v) ∈ (0, λR), then u = v̇ = 0 and v(τ) is constant.
c) If v(τ) = 2r(τ) + 4m log |r(τ) − 2m| +B, then

dv(τ)

dτ
= 2

dr(τ)

dτ
+

4m

(r(τ) − 2m

dr(τ)

(dτ)
.

That is u = 2v + 4m/(r − 2m)w and so (u,w) ∈ Lout.
d) We have to analyze the two vector fields, one of the incoming and one of the outgoing
photon. The incoming photon satisfies v = const and r decreases constantly. The vector field
of the outgoing photon is becoming vertical at the Schwarzschild radius and does therefore
not cross it. The best is to make a picture (you can find it in almost any book about general
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relativity for example: J.Foster, J.D. Nightingale ”A short course in general relativity”, p.
155.

6) a) d∗α = ∗d ∗ ∗d ∗ α = ± ∗ dd ∗ α = 0 follows from dd = 0.
b) From

F (x) = −E1(x)dx1 ∧ dx2 −E2(x)dx1 ∧ dx3 −E3(x)dx1 ∧ dx4

+ B3(x)dx2 ∧ dx3 −B2(x)dx2 ∧ dx4 +B1(x)dx3 ∧ dx4

we get (write also ei = dxi)

∗(e1 ∧ e2) = −e3 ∧ e4 , ∗e3 ∧ e4 = (e1 ∧ e2)
∗(e2 ∧ e3) = e1 ∧ e4 , ∗e1 ∧ e4 = −(e2 ∧ e3)
∗(e1 ∧ e3) = e2 ∧ e4 , ∗e2 ∧ e4 = −(e1 ∧ e3)

(note that ∗ ∗ α = −α for a 2-form in the Lorenz metric)

∗F (x) = E1dx3 ∧ dx4 −E2(x)dx2 ∧ dx4 +E3(x)dx2 ∧ dx3

+ B3(x)dx1 ∧ dx4 −B2(x)dx1 ∧ dx3 +B1(x)dx1 ∧ dx2 .

c) Using ∗ ∗ α = α for a 1 form, we get (write also ei = dxi

e1 = −∗e2 ∧ e3 ∧ e4 ,
e2 = −∗e1 ∧ e3 ∧ e4 ,
e3 = ∗e1 ∧ e2 ∧ e4 ,
e4 = −∗e1 ∧ e2 ∧ e3

and so

∗d ∗ F = (−∂2E1 − ∂3E2 − ∂4E3)dx
1

+(−∂1E1 + ∂3B3 − ∂4B2)dx
2

+(−∂1E2 + ∂4B2 − ∂2B4)dx
3

+(−∂1E3 + ∂2B4 − ∂3B3)dx
4

so that by comparison of coefficients, d∗F = j = (−ρ, i1, i2, i3) = (ρ, i1, i2, i3)
[ is indeed the

second group of Maxwell equations:

div(E) = ρ

curl(B) − ∂E/∂t = i .
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4.8 Week 8

Week 8 (Last homework)
Due: Monday, November 27, 1995 (after thanksgiving)

Topics: Riemannian manifolds, connections, geodesics, curvature Einstein
equations

1) (*) Topic: Christoffel symbols
We have defined the Christoffel symbols on a Riemannian manifold (M, g) by Γi

jk =
∑

l g
ilg(∇j∂k, ∂l). Suppose, we define Γ̃ by ∇i∂j =

∑

k Γ̃k
ij∂k. Prove that Γk

ij = Γ̃k
ij .

2) ( ) Topic: Christoffel symbols.
Compute the Christoffel symbols for the two dimensional manifold (M, g), where M is
the two dimensional sphere and where g is the metric in the week 7 homework.

3) (*) Topic: Connection

Verify that if t ∈ Γ(T p
q (M)) and s ∈ Γ(T p′

q′ (M)), then

∇X (t⊗ s) = (∇X t) ⊗ s+ t⊗ (∇Xs) .

4) (*) Topic: Covariant derivative
Write down the general formula for the covariant derivative in coordinates

t
j1,...,jp

i1,i2,...,iq ;i

using the last question. Hint. Use

(t⊗ u)
j1,...,jp,l1,...,ls
i1,...,iq ,k1,...,kr

= t
j1,...,jp

i1,...,iq
ul1,...,ls

k1,...,kr

and use induction in p and in q.

5) ( ) Topic: Covariant derivative
Verify

gij;k = 0

and from that Ricci’s theorem
gij
;k = 0 .

6) (*) Topic: Einstein equations, Curvature.
Let (M, g) be a pseudo Riemannian manifold. Let Ricci ∈ Γ(T 0

2 (M)) be the Ricci tensor
in (M, g) and let R be the scalar curvature. One defines the Einstein tensor

G = Ricci − 1

2
Rg .

The Einstein equation of general relativity is

G = 8πT ,

where T is the energy-momentum tensor of matter. If T = 0 (vacuum), the vacuum
Einstein equation is G = 0.

Show that G = 0 is equivalent to Ricci = 0 if the manifold has dimension 4.
Hint. For Ricci = 0 ⇒ G = 0 we give no hint. For the other way, write G = 0 in
coordinates Ricciij = 1/2Rgij = 0, raise one coordinate Ricciji = 1/2Rδj

i , and form the
trace of this equation.
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7) (*) Schwarzschild metric. (This exercise needs either patience, that is hours of calcu-
lation (with the risk of making a mistake), or a trick of special normal coordinates still
with nasty calculation (again with the risk of doing a mistake), or a symbolic Mathemat-
ica computation which takes a few seconds. Since I chose the third possibility myself,
I can lean you my Mathematica source code, which you can find on my Web page or
below. To get the credit for this problem, you have to print out the intermediate results,
Mathematica gives for the Christoffel symbols and for the Curvature tensor).

Problem. Verify that the Schwarzschild metric g in R4 satisfies the vacuum Einstein
equation. That is, compute

2Γi
jk =

∑

l

gil(∂jgkl + ∂kglj − ∂lgjk) .

and then
Ri

kmn = ∂mΓi
kn − ∂nΓi

km +
∑

j

Γj
knΓi

jm −
∑

j

Γj
kmΓi

jn

and finally

Ricciik =
∑

j

Rj
jik

and (using the last problem) verify that G = 0.

Hint. Use Mathematica on a Macintosh, PC or Sun or Next workstation and run the
following few lines. Identify first from each variable, what it does and whether it is
deduced correctly from the formulas you have in the text. I simple method to get
also the intermediate results on a Unix machine is to load down the program, store
it as ”schwarzschild.m” on your computer and type in ”math < schwarzschild.m >
results”. In ”results”, you find all the necessary information. Clean this file by editing
the mess (removing unnecessary lines and labeling essential things) and print it out
”lpr results and attach it to your paper.

8) ( ) Kerr-Newman metric. If you like letting a computer do proofs for you, take for
example the Kerr-Newman metric (see for example the new and nice book of Ciufolini
and Wheeler ”Gravitation and Inertia” p.41) and verify that it satisfies the Einstein
equations by modifying the above program.

Ma109a, O. Knill, November 1995

Week 8 (Solutions)

1) Replacing ∇j∂k =
∑

m Γ̃m
jk∂m in Γi

jk =
∑

l g
ilg(∇j∂k, ∂l), using the linearity of g and the

definition g(∂k, ∂l) = gkl as well as
∑

l g
ilgkl = δi

k gives

Γi
jk =

∑

l

gilΓ̃m
jkg(∂m, ∂l)

=
∑

l,m

Γ̃l
jkg

ilgkl

=
∑

m

Γ̃l
jkδ

i
k

= Γ̃i
jk .
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3) By the definition of the covariant derivative

∇X(t⊗ s)(Y 1, . . . , Y p+p′

, X1, . . . , Xq+q′) = X.(t⊗ s)(Y 1, . . . , Y p+p′

, X1, . . . , Xq+q′)

−
p+p′

∑

i=1

(t⊗ s)(Y 1, . . . ,∇XY
i, . . . , Y p+p′

, X1, . . . , Xq+q′ )

−
q+q′

∑

j=1

(t⊗ s)(Y 1, . . . , Y p+p′

, X1, . . . ,∇XXj , . . .Xq+q′ ) .

We split up each of the two sums into two sums and use the definition of the tensor product
and the Leibniz rule X.(f · g) = (X.f) · g + f · (X.g) to get

∇X(t⊗ s)(· · ·) = (X.t(Y 1, . . . , Y p+p′

))s(X1, . . . , Xq+q′)

+t(Y 1, . . . , Y p+p′

))(X.s(X1, . . . , Xq+q′)

−
p

∑

i=1

t(Y 1, . . . ,∇XY
i, . . . , Y p, X1, . . . , Xq)s(Y

p+1, . . . , Y p+p′

, X1, . . . , Xq+q′ )

−
p+p′

∑

i=p+1

t(Y 1, . . . , Y p, X1, . . . , Xq)s(Y
p+1 . . . ,∇XY

i, . . . , Y p+p′

, X1, . . . , Xq+q′)

−
q

∑

j=1

t(Y 1, . . . , Y p, X1, . . . ,∇XXj , . . . , Xq)s(Y
p+1 . . . , Y p+p′

, X1, . . . , Xq+q′)

−
q+q′

∑

j=p+1

t(Y 1, . . . , Y p, X1, . . . , Xq)s(Y
p+1, . . . , Y p+p′

, X1, . . . ,∇XXj , . . . , Xq+q′) .

The first expression plus the first sum plus the third sum are

(∇X t)(Y
1, . . . , Y p, X1, . . . , Xq)s(Y

p+1, . . . , Y p+p′

, Xq+1, . . .Xq+q′ ) .

The second expression together with the second and fourth sum are

t(Y 1, . . . , Y p, X1, . . . , Xq)∇Xs(Y
p+1, . . . , Y p+p′

, Xq+1, . . . Xq+q′) .

4) In order to prove the formula

t
j1...jp

i1...iq ;i =
∂

∂xi
t
j1...jp

i1...iq

+
∑

l

Γj1
il t

l...jp

i1...iq
+ . . .+

∑

l

Γj1
il t

j1...l
i1...iq

−
∑

l

Γl
ii1 t

j1...jp

l...iq
− . . .−

∑

l

Γl
iiq
t
j1...jp

i1...l ,

we assume that it is known for tensors of the form T p
q and deduce from it the claim for

tensors of the form T p+1
q and T p

q+1. We use also the formulas for p = 1, q = 0: (see a
proposition in the text)

uj
;i =

∂

∂xi
uj +

∑

l

Γj
ilu

l
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and for p = 0, q = 1 (from the definition)

uj;i =
∂

∂xi
uj −

∑

l

Γl
jiul .

Since every tensor t of the form T p+1
q can be written as a sum of tensors of the form s⊗ u,

where u ∈ T 1
0 and s ∈ T p

q , we can assume without loss of generality that t = s⊗ u. Since

t
j1...jp+1

i1...iq
= s

j1...jp

i1...iq
ujp+1

we get by Leibnitz
t
j1...jp+1

i1...iq ;i = s
j1...jp

i1...iq ;iu
jp+1 + s

j1...jp

i1...iq
u

jp+1

;i .

Plugging in the induction assumption for s and the known formula for u gives the claim for
T p+1

q . Similarly, one can show the other induction step.

6) Assume first Ricci = 0. Since the scalar curvature is a trace of the Ricci tensor, we have
also Scal = 0 and so also the Einstein tensor G = 0.
For the other direction, if G = 0, then we have (by the hint)

Ricciij =
1

2
Rgij .

Raising one coordinate (multiply with gjk and sum over j) gives

Ricciki =
1

2
Rδk

i .

If we take the trace, we get on the left hand side the scalar curvature R and on the right
hand side 1

2R · 4 = 2R. This equality R = 2R is only possible if R = 0. But R = 0 and
G = 0 together imply by definition of G that Ricci = 0.

7) If you were running the program, you obtained first the coefficients for the Christoffel
symbols Γijk , then the coefficients of the Christoffel symbols Γk

ij , then Riemann curvature

tensor Ri
jkl and finally the Ricci tensor Ricciik which vanishes after the simplification com-

mand.
Ma109a, O. Knill, December 1, 1995

Final

Due: Wednesday, December 6, 1995

Topics: Manifolds, Tensor analysis and Riemannian geometry

Material: There is no restriction in the use of material. All books, notes or homework
can be used. It is only required that everybody makes the final by himself/herself.

Time: 4 hours in one sitting. No credit for work done in overtime.

Form: Please use a blue book or write on good new paper, which is stapled together,
before turning it in. If possible, use a new page for a new problem.
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Due: Return the paper to the mail box of the TA Yue Lei, by 12:00 AM noon,
Wednesday, December 6, 1995.

Points: there are 8 problems each giving 20 points. The points in each subproblem are
distributed equaly. That is if the problem has 4 subproblems, each of the subproblems
gives maximal 5 points, if the problem has 2 subproblems, then each subproblem gives
maximal 10 points.

1) Topic: Manifolds (20 points)
Put a cross, wherever a manifold matches with a certain property. Add this page (or
better the table only) physically to your paper (glue, tape or staple). To simplify the
grading, please do not copy by hand the table again.

In this question, you have exceptionally not to give proofs, nor to justify your answer.
Reminder: a manifold is simply connected if every closed curve can be contracted to a
point. (The precice definition is in the 2. Week homework). To the notation used in the
table: given two sets A,B, then A\B = {x ∈ A | x /∈ B}. Sn = {x ∈ Rn+1 | ∑

i x
2
i = 1}

denotes the n-dimensional sphere, Tn, the n-dimensional torus, M is here the two-
dimensional Moebius strip M = {(x, y) ∈ R2 | (x, y) ∈ [0, 1] × (0, 1)}/ ∼, where ∼ is
the identification (0, y) ∼ (1, 1− y) of the ”left” boundary with the ”right” boundary.

Manifold compact orientable connected simply connected

S1

S2

T2

R2

R \ {0}
R2 \ {(0, 0)}
S2 \ {P = (0, 0, 1)}
M
M ×R
S1 ×R

2) Topic: Manifolds, Pseudo Riemannian manifold (20 Points)
Let G = {A ∈ M(2,R) | g(Av,Aw) = g(v, w), ∀v, w ∈ R2} be the set of all linear isome-

tries of the Pseudo-Riemannian manifold (R2, g), where [g] =

(

−1 0
0 1

)

.

a) Determine G as a subset of all real 2 × 2 matrices M(2,R).
b) Prove that G is a manifold and determine whether it is compact or not, connected or
not.

Let H = {B ∈ M(2,R) | h(Bv,Bw) = h(v, w), ∀v, w ∈ R2} be the set of all linear

isometries of the Riemannian manifold (R2, h), where [h] =

(

1 0
0 1

)

.

c) Determine H as a subset of all real 2× 2 matrices M(2,R).
d) Prove that H is a manifold and determine whether it is compact or not, connected or
not.
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3) Topic: Tensors (20 Points)
Let (M, g) be the standard Lorentz manifold, that is M = R4 and [g] = Diag(−1, 1, 1, 1).
Let F be the electro-magnetic field tensor as in Homework 8, that is

F (x) = −E1(x)dx1 ∧ dx2 −E2(x)dx1 ∧ dx3 −E3(x)dx1 ∧ dx4

+ B3(x)dx2 ∧ dx3 − B2(x)dx2 ∧ dx4 +B1(x)dx3 ∧ dx4 .

Show by computing it, that F ∧ (∗F )(x) only depends on the Euclidean lengths ||B(x)||
and ||E(x)|| of the magnetic rsp. electric field (the Euclidean length of a three dimensional
vector x is ||x||2 = x2

1 + x2
2 + x2

3).
Hint: in Homework 7 you have computed already

∗F (x) = E1dx3 ∧ dx4 −E2(x)dx2 ∧ dx4 +E3(x)dx2 ∧ dx3

+ B3(x)dx1 ∧ dx4 +B2(x)dx1 ∧ dx3 +B1(x)dx1 ∧ dx2 .

Background information: The integral
∫

M
F ∧ ∗F is called the action integral of the

electromagnetic field.

4) Topic: Tensors, Riemannian manifold (20 Points)
a) Let (M, g) be a Riemannian manifold (g is positive definite). For which dimensions n
of the manifold M does ∗ : Λk(M) → Λn−k(M) satisfy ∗ ∗ α = α?
b) Let d be the exterior derivative: Λk(M) → Λk+1(M) and d∗ = ∗d∗. The linear
operator L : Λk(M) 7→ Λk(M) defined by

L = dd∗ + d∗d

is called the Laplace Beltrami operator. Verify that L = (d+ d∗)2.
c) A 2-form F on a 4-dimensional Pseudo Riemannian manifold is called self-dual if
F = ∗F . Verify that any self-dual 2-form is a solution of the vaccuum Maxwell
equations dF = 0, d∗F = 0.
d) A k-form α, which satisfies Lα = 0 is called harmonic, where L is the Laplace-
Beltrami operator. Show that a self-dual 2-form F on a 4 dimensional pseudo Riemannian
manifold is harmonic.

5) Topic: Tensors, exterior derivative, Integration, Stokes (20 Points)
Let F be a 2-form on a four dimensional manifold (M, g) given by F = dA, where
A ∈ Λ1(M) is a 1-form. If F is the electromagnetic field, then A is called a vector
potential and F is the field generated by A.
a) Given any f ∈ C∞(M). Show that the gauge transformed 1-form A+ df generates
the same electro magnetic field as A. Verify further that if d∗A = 0 (Lorentz gauge),
then the Maxwell equations dF = 0, d∗F = j implies

LA = j ,

where L = dd∗ + d∗d is the Laplace-Beltrami operator from above.
Background information: if [g] = Diag[−1, 1, 1, 1], d∗A = 0, and j = 0, then each

coordintate of A satisfies the wave equation d2

dt2Ai = ∆Ai and explains why light
consists of waves from a classical point of view.
b) Given a current j in the Maxwell equations dF = 0, d∗F = j. Show that

d∗j = 0 .
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c) If j == (−ρ, i) = (−ρ, i1, i2, i3), verify that d∗j = 0 is equivalent to the continuity
equation

ρ̇ = div(i) ,

where div is the three dimensional divergence you know from calculus.
Background information: this property means charge conservation.
d) Let G be a four dimensional regular domain in M with three dimensional smooth
boundary δG. Verify that the integral of the 3-form ∗j over δG is vanishing: that is
prove that

∫

δG

∗j = 0 .

6) Connection (20 points)
We have seen that t̃(X,Y, Z) = g(∇XY,W ) is not a tensor. (X,Y, Z denote vector fields
on M). Assume, we have on a manifold M two connections ∇,∇′ (which need not
to be compatible with any metric g on M). Prove that t(X,Y, Z) := g(∇X (Y ),W ) −
g(∇′

X(Y ),W ) is a tensor.

Hint. Use the criterium for tensorality in the text.

7) Riemannian manifolds, Curvature (20 Points)
a) Give an example of two Riemannian manifolds (M, g), (N, h) such that there exists a
diffeomorphism φ : M → N but such that the scalar curvatures satisfy R(x) < 1 for all
x ∈M and R(y) > 2 for all y ∈ N .
b) A diffeomorphism φ : (M, g) → (N, h) is called an isometric diffeomorphism if
the metric tensor g is the pull-back of h, that is if φ∗(h) = g. Two Pseudo Riemannian
manifolds are called isometric if there exists an isometric diffeomorphism from (M, g)
to (N, h). Show that beeing isometric is an equivalence relation on the set of Riemannian
manifolds.

8) Topic: General questions (20 points)
True or false? Also here, like in the first problem we do not need a proof nor a reference
for the answer. Please fill out the box below and add it physically to your paper (for
example, cut the table away and glue it to your paper).

a) A finite dimensional manifold is always paracompact.
b) A finite dimensional manifold is always locally compact.
c) The product of two connected manifolds is connected.
d) An embedding φ : M → N is always injective.
e) Let φ : M → N be a smooth map between to manifolds. Every critical value y ∈ N
is the image of a critical point.
f) Any compact five dimensional manifold can be embedded in R12.
g) The set of all vector fields on a compact manifold is a finite dimensional vector space.
h) Any smooth function can be developed into a convergent Taylor series.
i) If the curvature of a two dimensional manifold M is vanishing everywhere, then M is
diffeomorphic to the plane.
j) In coordinates, the Riemann curvature tensor satisfies Rijkl = Rlkji for all i, j, k, l.
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a) b) c) d) e) f) g) h) i) j)

Put a cross, where true

Ma109a, O. Knill, December 1, 1995

Final (Solutions)

1)

Manifold compact orientable connected simply connected

S1 x x x
S2 x x x x
T2 x x x
R2 x x x
R \ {0} x x
R2 \ {(0, 0)} x x
S2 \ {P = (0, 0, 1)} x x x
M x
M ×R x
S1 ×R x x

2) Let G = {A ∈ M(2,R) | g(Av,Aw) = g(v, w), ∀v, w ∈ R2} be the set of all linear

isometries of the Pseudo-Riemannian manifold (R2, g), where [g] =

(

−1 0
0 1

)

.

a)

G = {A =

(

a b
c d

)

| a2 − c2 = 1, b2 − d2 = 1, a2 − d2 =, b2 − c2 = 0}

is the set of Lorentz boosts. To see that G is a manifold, consider the map f : M(2,R) →
R3, A 7→ a2 − c2 − 1, a2 − d2, b2 − c2. G is a manifold, because 0 is a regular value. To see
that, check that Df(x) is surjective for x ∈ G.
b) The manifold is diffeomorphic to two copies of R write it as a hyperbola in R2. It is not
compact, It is not connected.
c) H = {A ∈ M(2,R) | ATA = 1} is the set of orthgonal matrices.
d) It is a compact manifold, not connected since there are two components, one with deter-
minant 1 and one with determinant −1.

3) F ∧ (∗F )(x) = ||B(x)||2 − ||E(x)||2.

4) a) We know the formula ∗ ∗ α = (−1)g(−1)k(n−k)α, if α is a k-form. Since g is positive
definite, we have (−1)g = 1. (−1)k(n−k) = 1 is true if k is even or if n− k is even. This is
always true, if n is even.
b) Because d2 = (d∗)2 = 1, we haver L = dd∗ + d∗d = (d+ d∗)2.
c) If F = ∗F , then d∗F = ∗dF = 0.
d) LF = (dd∗F + d∗dF ) = 0 + 0 = 0.

5) a) Given any f ∈ C∞(M), we have d(A + df) = dA + ddf = dA + 0 = F . The equation
dF = 0, d∗F = j implies

LA = dd∗A+ d∗dA = d∗dA = d∗F = j ,
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b) From d∗F = j, we get
d∗j = d∗d∗F = 0 .

c) Given j = (−ρ, i) = (−ρ, i1, i2, i3). Computing

d∗j = 0 =
∂

∂x1
j1 +

∂

∂x2
j2 +

∂

∂x3
j3 +

∂

∂x4
j4

is
ρ̇ = div(i) .

d) By Stokes and d∗j = 0, we have

∫

δG

∗j =

∫

G

d ∗ j =

∫

G

∗d∗j = 0 .

6) t(X,Y, Z) := g(∇X(Y ), Z) − g(∇′
X(Y ), Z) if and only if

t(fX, Y, Z) = f(tX, Y, Z), t(X, fY, Z) = ft(X,Y, Z), t(X,Y, fZ) = ft(X,Y, Z) .

The first equality is true by an axiom of the connections. The third equality is true be-
cause g is a tensor. For the second equality, we computed in the text g(∇X (fY ), Z) =
fg(∇XY, Z) + (X.f)g(Y, Z). The second summand is not depending on the connection and
g(∇X(fY ), Z) − g(∇′

X(fY ), Z) = fg(∇XY, Z) − fg(∇′
XY, Z) = t(X,Y, Z).

7) a) Take (M, g) the sphere of radius 1/10 and for (N, h) the sphere with radius 10. These
two manifolds are diffeomorphic by the diffeomorphism φ(x) = 100x. R(x) = 1/5 < 1 for
all x ∈M and R(y) = 5 > 2 for all y ∈ N .
b) Reflexivity: (M, g) is isometric isomorphic to (M, g) by taking the identity map.
Transitivity: (M, g) ∼ (N, h) ∼ (K, i), then (M, g) ∼ (K, i). c) Symmetry: take φ−1.

8) a) A finite dimensional manifold is always paracompact.
b) A finite dimensional manifold is always locally compact.
c) The product of two connected manifolds is connected.
d) An embedding φ : M → N is always injective.
e) Let φ : M → N be a smooth map between to manifolds. Every critical value y ∈ N is
the image of a critical point.
f) Any compact five dimensional manifold can be embedded in R12.
g) The set of all vector fields on a compact manifold is a finite dimensional vector space.
h) Any smooth function can be developed into a convergent Taylor series.
i) If the curvature of a two dimensional manifold M is vanishing everywhere, then M is
diffeomorphic to the plane.
j) In coordinates, the Riemann curvature tensor satisfies Rijkl = Rlkji for all i, j, k, l.

a) b) c) d) e) f) g) h) i) j)

Put a cross, where true X X X X X X X

Remarks. The set of all vector fields on a manifold is an important example of an infinite
dimensional vector space.
There exist functions f which are infinitely often differentiable at 0 but for which the Taylor
series do not converge at 0. An example is given by Borel. Take a smooth function f which
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is constant 1 on [−1/2, 1/2] and which is vanishing outside [−1, 1]. For any sequence cn the
function

u(x) =
∞
∑

n=0

f(
2x

||cn||
)
xn

n!
cn

converges for all x ∈ R and is infinitely often differentiable everywhere. The n’th derivative
at zero is u(n)(0) = cn. If cn = n!nn, then the Taylor series

∑

n u
(n)(0)/n!tn =

∑

n n
ntn

obviously does not converge. Example of a flat manifold with vanishing curvature is the
cylinder or the torus. Both are not diffeomorphic to the plane.
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Chapter 5

Appendices

In the appendices, we add definitions and results from other topics like topology, measure
theory, linear algebra, real analysis or differential equations.

5.1 Topology

Definition. A topological space (X,O) is a set X and a collection O of subsets of X with Topological space

the following properties: O is closed under finite intersections and arbitrary unions and and
∅, X ∈ Ω.

Notion. The sets in O are called open sets. The complement of an open set is called Open set

closed. For an arbitrary set A in X , denote by A its closure, the intersection of all closed Closed set

sets which contain A. Denote also with int(A) the interior of A, that is the union of all Closure of a set

open subsets of A. Given a point x ∈ X . A set V which contains U ∈ O with x ∈ U is also Interior

called a neighborhood of x. Neighborhood

Examples.
1) If d is a metric on a set X , (this means that d is a function from X × X → [0,∞) Metric space

satisfying d(x, y) = d(y, x), d(x, y) = 0 ⇔ x = y and d(x, z) ≤ d(x, y) + d(y, z)), then
O = {U ⊂ X | ∀x ∈ X, ∃r > 0, Br(x) = {y | d(x, y) < r} ⊂ U} is a topology. Every metric
space (X, d) defines a topological space.
2) If O is the set of all subsets of X , then (X,O) is called a discrete topological space. Discrete topological space

3) If O = {X, ∅}, then (X,O) is called the trivial topology. Trivial topological space

Definition. Let (X,O), (Y,P) be topological spaces. A map f : X → Y is called contin-
uous, if f−1(U) ∈ O for all U ∈ P. If f is continuous, bijective (one to one and onto) Continuous map

and if f−1 is also continuous, then f is called a homeomorphism. A map f : X → R is Homeomorphism

often called a function. The support of a function f is the closure of the set f−1(R\{0}). Support of a function

Example. If (X, d), (Y, δ) are metric spaces, then f is continuous if and only if d(xn, x) → 0
implies δ(f(xn), f(x)) → 0.

Definition. A topological space (X,O) is called Hausdorff, if for two different points Hausdorff space

x, y ∈ X , there exist disjoint sets U, V ∈ O with x ∈ U and y ∈ V .

Example. Every metric space is a Hausdorff space because two points x, y are separated by

107
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Br(x), Br(y) if r < d(x, y)/3.

Definition. A basis B of a topological space (X,O) is a subset of O such that every U ∈ OBasis

can be written as a union of elements in B.

Example. Given a metric space (X, d), then B = {Br(x) | x ∈ X, r > 0} is a basis.

Definition. A topological space (X,O) is called second countable if the topology has a
countable basis.

Second countable

Example. Every metric space (X, d) such that X contains a countable dense set is second
countable. Especially, (Rn, d(x, y) = ||x− y||) is second countable.

Definition. A set of sets U ⊂ O is called an open cover if
⋃

U∈U U = X . If U and V areOpen cover

open covers and V ⊂ U , then V is called a subcover of U . A set of subsets U ⊂ O is calledSubcover

locally finite, if every point has a neighborhood U , such that O ∩U is a finite set of sets.Locally finite

Definition. A topological space (X,O) is called compact if every open cover has a finiteCompact

subcover.

Examples. A metric space (X, d) is compact if every sequence xn in X has an accumulation
point in X . A subset in Rn is compact if and only if it is bounded and closed. If (Xi,Oi),
for i = 1, 2 are compact topological spaces, then the product space is compact too.

Definition. A topological space (X,O) is called locally compact if every point has aLocally compact

neighborhood, which is contained in a compact set.

Example. Rn is locally compact but not compact.

Definition. A topological space (X,O) is called paracompact if every open cover has aParacompact

countable, locally finite subcover.

Definition. A subset A of a topological space (X,O) is called dense if every U ∈ O containsDense set

an element of A.

5.2 Measure theory

Definition. A is a σ- algebra if A is a set of subsets of Ω satisfyingSigma algebra

Ω ∈ A,
A ∈ A → Ac ∈ A,
An ∈ A ⇒ ⋃

n∈N
An ∈ A

The pair (Ω,A) is called a measure space.
Measure space

Definition. µ : A → R is a measure ifMeasure

µ(A) ∈ [0,∞] ∀A ∈ A,
An ∈ A disjoint ⇒ µ(

⋃

nAn) =
∑

n µ(An) (σ-additivity)
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The measure is called finite if µ(Ω) < ∞. In this case, it can be normalized to be aFinite measure

probability measure µ(Ω) = 1.

Example. Let Ω be a bounded closed subset of Rn and let A be the smallest σ-algebra A
called Borel σ-algebra which contains all open sets in Ω. There exists a measure µ on Ω
such that µ(

∏n
i=1[ai, bi]) =

∏d
i=1(bi − ai) for all cubes

∏n
i=1[ai, bi] ⊂ Ω. This measure is

called the Lebesgue measure.
Lebesgue measure

Definition. A map f from one measure space (Ω,A) to an other measure space (∆,B) is
called measurable if f−1(B) ∈ A for all B ∈ B. Especially, if ∆ ⊂ R and B is the Borel Measurable map

σ-algebra on R, then f is called a bounded measurable map.

Definition. Denote by S the set of measurable maps which take finitely many values: S =
{f =

∑n
i=1 αi · 1Ai

with αi ∈ R} Define for f ∈ S the integral Integral

∫

Ω

f dµ :=
∑

a∈f(Ω)

a · µ{X = a} .

For a general bounded measurable map f : Ω → R+, we define the integral
∫

Ω

f dµ = sup
g∈S

∫

Ω

g dµ .

For a general function f define
∫

f =
∫

f+ −
∫

f−, where f+(x) = max(f(x), 0) and
f−(x) = −(−f)+(x).

Definition. Given two measure spaces (Ω1,A1), i = 1, 2 with finite measures µi. Define
on Ω × Ω2 the σ-algebra A as the smallest σ-algebra which contains all sets A1 × A2 with
Ai ∈ Ai. There exists on (Ω,A) a finite measure µ = µ1 ⊗ µ2 which satisfies µ(A1 ×A2) =
µ1(A1) × µ2(A2). It is called the product measure. Product measure

Theorem of Fubini: Let f be a bounded measurable map on (Ω = Ω1 ×Ω2,A1 ×A2). Then
∫

Ω

f dµ =

∫

Ω1

f(x, y) dµ1(x) dµ2(y)

5.3 Linear algebra

Definition. Let E be a finite dimensional vector space and let E∗ be the dual space. The
scalar product between a vector v ∈ E∗ and a vector w ∈ E is a map from E∗ × E → R
defined as v · w = v(w). It is also called dot product Scalar product

Dot productProperty. In coordinates, the scalar product is given as follows. If v =
∑

vie
i, where

vi = v(ei) and w =
∑

j w
jej with wj = ej(w), then

v · w = v(w) =
∑

i,j

viw
jei(ej) =

∑

j

vjw
j .

Definition. Given a basis {ei} in E and the dual basis ei ∈ E∗. A linear map A : E → E
defines a matrix Aj

i = ej · Aei, where Ai
j is the entry in the i’th row and j’th column. Matrix

Property. In coordinates,

(Av)j =
∑

i

Aj
i v

i ,
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because ej · Aei = Aj
i and by linearity ej · Av = ej · A∑

i v
iei =

∑

i A
j
i v

i. We have also

Aei =

n
∑

j=1

Aj
i ej ,

because for each ek, the left hand side is ek · Aei = Ak
i , while the right hand side is ek ·

∑n
j=1A

j
i ej =

∑n
j=1 A

j
i e

k · ej = Ak
i .

Definition. If A : E → E is a linear map, then the adjoint map AT : E∗ → E∗ is defined
by the relation v ·Aw = AT v · w.Adjoint map

Property. This means (AT v)j = AT v · ej = v ·Aej =
∑

i vie
i · Aej =

∑

i A
i
jvi.

Lemma 5.3.1 (Transformation of the dual basis) Let ei be a basis in E
and let ẽi = Aei be an other basis, where A is an invertible map. Then
(AT )−1ej is the dual basis of the basis ẽj .

Proof. Let B : E∗ → E∗ be the linear map in E∗ such that Bej = ẽj is the dual basis. We
have

δj
i = ẽj · ẽi = Bej ·Aei = ATBej · ei .

Therefore ATBej = ej for all j so that ATB is the identity and B = (AT )−1. 2

Using this lemma, coordinate transformations of any tensor can be computed. Let us solve
Problem 2a) of Week 3:

We have seen that if the basis transforms as ẽi = Aei, then the dual basis transforms as
ẽk = BT ek =

∑

j B
k
j e

j , where B = A−1.

f̃k = f(ẽk) = f(BT ek) = f(
∑

i

Bk
i e

i) =
∑

i

Bk
i f(ei) =

∑

i

Bk
i f

i .

Remark. We compute here the tensor in a new basis, that is we move to a basis, which
corresponds to a pull-back of the tensor:Pull-back of a tensor

A∗f(e1, . . . , ep, e1, . . . , eq) = f(A−1e1, . . . , A−1eq , Ae1, . . . , Aeq) .

This is different from push-forward , the tensor with a map A : E → E which is definedPush-forward

as

A∗f(e1, . . . ep, e1, . . . , eq) = f(AT e1, . . . , AT eq, A−1e1, . . . , A
−1eq) .

Definition. Let E be a n dimensional vector space and M(n,R) the algebra of n×n matrices.
For A ∈ M(n,R), the determinant is defined asDeterminant

det(A) =
∑

σ∈Sn

(−1)σA1,σ(i) · · · An,σ(n) ,
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where σ runs over all n! permutations in the group Sn of all permutations of n elements and
where (−1)σ is the sign of the permutation. (We wrote here Aij instead of Ai

j).

Properties of the determinant are: det(AB) = det(A) det(B), which implies for invertible A,
det(A−1) = det(A)−1 det(1) = 1. If λi are the eigenvalues of A, then det(A) =

∏n
i=1 λi. If

det(A) 6= 0, then A is invertible and A−1 = Ad(A)(detA)−1, where Ad(A)T
ij = (−1)i+jAîĵ ,

where Aîĵ is the matrix obtained from A by deleting the i’th row and j’th column. This
formula for the inverse is equivalent to the development det(A)δjk =

∑n
i=1AdjiAik , where

j is arbitrary.

Definition. Let A : E → F be a linear map from a vector space E to a vector space F .
The kernel of A is the set {v ∈ E | Av = 0}. The image or range of A is the set
{Av ∈ F | v ∈ E}.

5.4 Real analysis

Definition. Given a map f : Rn → Rm. Denote by Df(x) the linear map Df(x)h =
limε→0 f(x + εh) − f(x))/ε from Rn to Rm if the limit exists for each h ∈ Rn. It is called
the derivative or rate of change of A. Derivative

Notation. Given a basis in Rn and Rm, we write f(x) = f(x1, . . . , xn) = (f1(x), . . . fm(x)).
Then Df , the Jacobian of f is a m× n matrix defined by Jacobian









∂1f1 . . . ∂nf1
· ·
· ·

∂1fm . . . ∂nfn









,

where we wrote ∂i as a short hand for ∂/(∂xi).

Important properties:

The chain rule: D(f ◦ g)(x) = Df(g(x))Dg(x).

Chain rule

The inverse function theorem ifDf(x) is an isomorphism, then
f is a local diffeomorphism at x: there exists a neighborhood U
of x, such that f : U → f(U) is a diffeomorphism.

Inverse function theorem

Definition. A map f : U ⊂ Rm → Rn is called differentiable in U , if Df(x) exists for all Differentiable map

x ∈ U . Denote by Df the map U ×Rm → Rn given by Df(x, u) = Df(x)u. If this map is
continuous, we say it is continuously differentiable and we write f ∈ C1(U,Rn). If the
map Df : U × Rm, (x, u) → Df(x)u is continuously differentiable, then f is defined to be
in C2(U,Rn). Inductively, if Dk−1

x f : U × (Rm)k → Rn is continuously differentiable, then
we write f ∈ Ck(U,Rn). If f ∈ Ck(U,Rn) for all k, then f is called smooth. Smooth map

The k’th derivative of a function f : Rm → Rn is defined as follows: for vectors u(i) = k-th derivative

(u
(i)
1 , . . . , u

(i)
m ) ∈ Rm and f(x) = (f1(x), . . . , fn(x)),
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Dkf(x)(u(1), . . . , u(k))l =
m

∑

i1,i2,...,ik=1

∂

∂xi1

∂

∂xi2

. . .
∂

∂xik

fl(x)u
(1)
i1
. . . u

(k)
ik

, l = 1, . . . , n .

Note that Dkf(x) is linear in each of the coordinates u(j) and so a multilinear map fromMultilinear map

(Rm)k = Rm ×Rm . . .×Rm → Rn. Sometimes, you will encounter the notation Di = ∂
∂xi

.

Example. Given a map f : Rm → R, then Df(x) = (∂1f, . . . , ∂mf) is the gradient and

D2f(x) =









∂1∂1f . . . ∂m∂1f
· ·
· ·

∂1∂nf . . . ∂m∂nf









in the sense that D2f(x)(u, v) = (uT , D2f(x)v), where (·, ·) is the scalar product (here Rm

is identified with its dual space (Rm)∗ by u 7→ uT . See the linear algebra appendix for the
notion of the scalar product)

If f : Rm → Rn is k times differentiable at x, then, for small enough h ∈ Rm, Taylor’s
theorem holds:Taylor’s theorem

f(x+ h) = f(x) +Df(x)h+
D2f(x)

2!
(h, h) + . . .+

Dkf(x)

k!
(h, . . . , h) +R(x, h)(h, h, . . . , h) ,

where R(x, u) is a ”rest term” which satisfies R(x, 0) = 0 and can explicitly be given:

R(x, u) =

∫ 1

0

(1 − t)k−1

(k − 1)!
(Dkf(x+ tu) −Dkf(x)) dt .

Remark. The notion of derivative is in some books done as follows: denote by L1(Rm,Rn)
the set of all linear maps from Rm → Rn. Define inductively Lk(Rm,Rn) = L1(Rm, Lk−1(Rm,Rn),
which is the space of all multilinear maps from Rm × . . . × Rm → Rn. Given a function
f : U ⊂ Rm → Rn, then Dkf is a function from U to Lk(Rm,Rn) defined inductively by
Dkf = D(Dk−1f).

5.5 Differential equations

Definition. Let (X, d) be a metric space. A map φ : X → X is called a contraction, ifContraction

there exists λ < 1 such that d(φ(x), φ(y)) ≤ λ · d(x, y) for all x, y ∈ X . The constant λ is
called a contractivity factor of φ.Banach’s fixed point theorem

Banch fixed point theorem

[Banach’s fixed point theorem]
A contraction φ in a complete metric space has exactly one fixed point in X .
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Proof. (i) By induction, one shows that for any pair x, y ∈ X

d(φn(x), φn(y)) ≤ λn · d(x, y) .

(ii) Using the triangle inequality, we get for all x ∈ X ,

d(x, φnx) ≤
n−1
∑

k=0

d(φkx, φk+1x) ≤
n−1
∑

k=0

λkd(x, φ(x)) ≤ 1

1 − λ
· d(x0, x1) .

(iii) For all x ∈ X , xn = φn(x) is a Cauchy sequence and has by completeness of X a limit
x̃. Indeed, by (i),(ii),

d(xn, xn+k) ≤ λn · d(x, xk) ≤ λn · 1

1 − λ
· d(x, x1) .

(iv) The limit x̃ does not depend on x: assume there are two limits x̃, ỹ. They are both
invariant under φ and satisfy

d(x̃, ỹ) = d(φ(x̃), φ(ỹ)) ≤ λ · d(x̃, ỹ) .

This is only possible if x̃ = ỹ. 2

Notation. Let X be a Banach space (a complete normed vector space and especially a com- Banach space

plete metric space with metric d(x, y) = ||x− y||) and I an interval in R. Denote by Br(x)
the ball {y ∈ X | ||x− y|| < r} around x of radius r in the space X . Ball in a Banach space

Let X = Br(x0) ⊂ X and assume φ is a differentiable map X → X . If for all
x ∈ X , ||Dφ(x)|| ≤ |λ| < 1 and

||φ(x0) − x0|| ≤ (1 − λ) · r

then φ has exactly one fixed point in X .

Proof. The condition ||x − x0|| < r implies that

||φ(x) − x0|| ≤ ||φ(x) − φ(x0)|| + ||φ(x0) − x0|| ≤ λr + (1 − λ)r = r .

The map φ maps therefore the ball X into itself. Banach’s fixed point theorem applied to
the complete metric space X and the contraction φ implies the result. 2

Definition. Let f be a mapping I × X → X . A differentiable mapping u : J → X of an
open ball J ⊂ I in X is called a solution of the differential equation Solution of differential equation

ẋ = f(t, x)

if we have for all t ∈ J the relation

u̇(t) = f(t, u(t)) .
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[Cauchy-Picard Existence theorem]
Let f : I × X → X be continuous in the first coordinate and differentiable in
the second.
For every (t0, x0) ∈ I × X , there exists an open interval J ⊂ I with midpoint
t0, such that on J , there exists exactly one solution of the differential equation
ẋ = f(t, x).

Proof. There exists an interval J(t0, a) = (t0 − a, t0 + a) ⊂ I and a ball B(x0, b), such that

M = sup{||f(t, x)|| | (t, x) ∈ J(t0, a) ×B(x0, b)}
as well as

k = sup{ ||f(t, x1) − f(t, x2)||
||x1 − x2||

| (t, x1), (t, x2) ∈ J(t0, a) ×B(x0, b), x1 6= x2}

are finite. Define for r < a the Banach space

X r = C(J(t0, r),X ) = {y : J(t0, r) → X , y continuous}
with norm

||y|| = sup
t∈J(t0,r)

||y(t)||

Let Vr,b be the open ball in X r with radius b around the constant mapping t 7→ x0. For
every y ∈ Vr,b we define

φ(y) : t 7→ x0 +

∫ t

t0

f(s, y(s))ds

which is again an element in X r. We prove now, that for r small enough, φ is a contraction.
A fixed point of φ is then a solution of the differential equation ẋ = f(t, x), which exists on
J = Jr(t0). For two points y1, y2 ∈ Vr, we have by assumption

||f(s, y1(s)) − f(s, y2(s))|| ≤ k · ||y1(s) − y2(s)|| ≤ k · ||y1 − y2||
for every s ∈ Jr. Thus, we have

||φ(y1) − φ(y2)|| = ||
∫ t

t0

f(s, y1(s)) − f(s, y2(s)) ds||

≤
∫ t

t0

||f(s, y1(s)) − f(s, y2(s))|| ds

≤ kr · ||y1 − y2|| .
On the other hand, we have for every s ∈ J r

||f(s, y(s))|| ≤M

and so

||φ(x0) − x0|| = ||
∫ t

t0

f(s, x0(s)) ds|| ≤
∫ t

t0

||f(s, x0(s))|| ds ≤M · r .

We can apply the above lemma, if kr < 1 and Mr < b(1 − kr). This is the case, if
r < b/(M + kb). By choosing r small enough, we can get the contraction rate as small as
we wish. 2

To obtain solutions which exist for all time (global solutions), further requirements are
necessary.
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