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The enhanced Rogers dilogarithm

Begin with power series defined for |z| † 1: ´ logp1 ´ zq “
8ÿ

n“1

zn

n

Li2pzq “
8ÿ

n“1

zn

n2
(Spence)

(analytically continue to Czr1,8q)

MT “ pCˆq2
pMT “ C2 universal pZ ˆ Zq cover of MT

M1
T “

 
pµ1, µ2q P MT : µ1 ` µ2 “ 1

(
(complex) curve in MT , MT « CP1zt0, 1,8u

pM1
T “

 
pu1, u2q P pMT : eu1 ` eu2 “ 1

(
Z ˆ Z cover of M1

T pu1, u2q fi›Ñ peu1 , eu2q
Zp1q “ 2⇡

?
´1Z Tate twist

Zp2q “ Zp1qb2 “ 4⇡2Z

Di↵erentiate the power series: dLi2pzq “ ´ logp1 ´ zq
z

dz “ ´u2 du1 “ ´ u2 du2
1 ´ e´u2

(z “ µ1) (meromorphic 1-form on the u2-line with simple
poles at Zp1q Ä C and residues in Zp1q)
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Rogers enhanced dilogarithm

R : pM1
T ›Ñ C{Zp2q

pu1, u2q fi›Ñ F pu2q ` u1u2
2

mod Zp2q
satisfies the di↵erential equation

dR “ u1du2 ´ u2du1
2
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pMT “ C2 “ tpu1, u2qu
pM1

T “
 

pu1, u2q P pMT : eu1 ` eu2 “ 1
(

‚ The Rogers enhanced dilogarithm R : pM1
T Ñ C{Zp2q is essentially the function

Li2pzq ` 1

2
logpzq logp1 ´ zq mod Zp2q

‚ It has known values at special z and satisfies several identities

‚ The most important is the 5-term identity

Rpu1, v1q ` ¨ ¨ ¨ ` Rpu5, v5q “ constant, vi “ ui´1 ` ui`1
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Volumes of Hyperbolic 3-Manifolds

⌃2 complete Riemannian hyperbolic (K⌃ “ ´1) with Areap⌃q † 8. Then (Gauss-Bonnet)
Areap⌃q “ ´2⇡Eulerp⌃q is a topological invariant.

M3 complete oriented Riemannian hyperbolic with Volp⌃q † 8 ùñ M is the interior of a
compact manifold with BM « ó

S1 ˆ S1. Then (Mostow) VolpMq is a topological invariant.

Jorgenssen-Thurston initiated detailed studies of this invariant:

‚  
VolpMq : M hyperbolic

(
is a well-ordered subset of R

‚ There is a finite set of hyperbolic M of fixed volume

Intuitively, VolpMq orders hyperbolic manifolds by complexity.
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Tetrahedra and Dilogarithms

� Ä H
3 ideal tetrahedron

Z0, Z1, Z2, Z3 P CP
1 vertices

z “ pZ0 ´ Z2qpZ1 ´ Z3q
pZ0 ´ Z3qpZ1 ´ Z2q

Volume Formula (Lobachevsky): Volp�q “ Dpzq
It was written in this form in work of Dupont-Sah and Neumann-Zagier:

D : CP1zt0, 1,8u ›Ñ R

Dpzq “ Im Li2pzq ` log |z| argp1 ´ zq,

Li2pzq “
8ÿ

n“1

zn

n2

is the Bloch-Wigner dilogarithm function

After Dehn surgeries on cusps, write hyperbolic M3 “ î
⌫
�pz⌫q and

VolpMq “
ÿ

⌫

Dpz⌫q
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Complex Chern-Simons invariant

Combine Levi-Civita connection and soldering form into a complex (Cartan) connection ⇥:

BSOpMq

SO3 $$

� � // P,

PSL2C~~
M

⇥ “ ⇥LC `
?

´1 ✓

M hyperbolic ñ ⇥ flat

F
PSL2CpX;⇥q “ exp

`
VolpXq ` ?´1CSpXq

˘

Theorem: Let M be compact with boundary, P Ñ M be an SL2C-bundle with flat
connection ⇥ which is boundary unipotent. Suppose M “ î

⌫W⌫ is an ideal triangulation.
Then generically there exist z⌫ determined from the connection ⇥ such that

F
SL2CpM ;⇥q “

ÿ

W⌫

Lpz⌫q (˚)

These invariants and closely related topics have been extensively studied in works of
Dimofte, Dupont, Fock, Gabella, Garoufalidis, Goette, Goncharov, Meyerho↵, Neumann,
Sah, D. Thurston, Yang, Yoshida, Zagier, Zickert, . . .
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Our work

Prove

FSL2CpM ;⇥q “
ÿ

W⌫

Lpz⌫q (˚)

and refine it by applying:

(1) stratified abelianization

(2) invertible field theory

(3) new construction of L via abelian Chern-Simons theory

On a triangulated 2-manifold we similarly construct a line bundle over the character variety
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(1) Stratified abelianization

Dimension 1

`
A P SL2C

˘ ∼∼∼∼∼∼∼∼∼∼∼∼�holonomy `
E ›Ñ S1 rank 2 flat vector bundle

˘

A diagonalizable ùñ E “ ⇡˚L ⇡ : S1 > S1 ›Ñ S1

L ›Ñ S1 > S1 line bundle

A not diagonalizable ùñ PE ›Ñ S1 has a unique flat section
unique flat line subbundle L ›Ñ S1

Dimension 2

`
A1, A2 P SL2C, A1A2 “ A2A1

˘ ∼∼∼∼∼∼∼∼∼∼∼∼�holonomy

`
E ›Ñ S1 ˆ S1 rank 2 flat vector bundle

˘
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`
A1, A2 P SL2C, A1A2A

´1
1 A´1

2 �“ 1
˘ ∼∼∼∼∼∼∼∼∼∼∼∼�holonomy

`
E ›Ñ ⌃ “ S1 ˆ S1zD2 rank 2 flat vector bundle

˘

⌃ “ ⌃0 Y ⌃´1 Y ⌃´2 ideal triangulation: abelianize on ⌃0



K flat section of PE
ˇ̌
B⌃›Ñ B⌃

Parallel transport: two parallel sections Ki,Kj of PE
ˇ̌
Rpsq›Ñ Rpsq

⌃ “ ⌃0 Y ⌃´1 Y ⌃´2

Genericity assumption: these sections are distinct.

Abelianization: ⇡ : r⌃0 ›Ñ ⌃0 double cover
L ›Ñ r⌃0 line bundle
E

ˇ̌
⌃0

– ⇡˚L



Extend double cover over ⌃´1 to obtain ⇡ : r⌃•´1 ›Ñ ⌃•´1

Unipotent automorphism of E
ˇ̌
⌃´1

K1 ‘ K2 ›Ñ K1 ‘ K3

k1 ` k2 fi›Ñ k1 ` projK1
pk2q

projK1
: K2

K1›››Ñ K3

L ›Ñ r⌃•´1



Spectral networks

Lemma: (i) The double cover ⇡ is nontrivial on the link ` of ⌃´2

(ii) The holonomy of L around ⇡´1p`q is ´ id

Proof: (i)
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Spectral networks

Lemma: (i) The double cover ⇡ is nontrivial on the link ` of ⌃´2

(ii) The holonomy of L around ⇡´1p`q is ´ id

Spectral network: stratification data ⌃ “ ⌃0 Y ⌃´1 Y ⌃´2

branched double cover r⌃ ›Ñ ⌃
Walls: ⌃´1

Branch locus: ⌃´2

Abelianize E ›Ñ ⌃ o↵ ⌃´2: pushforward (⌃0), unipotent gluing (⌃´1)

2d spectral networks were introduced by Gaiotto-Moore-Neitzke in their study of
supersymmetric 4-dimensional gauge theories. They have motivated many mathematical
constructions and conjectures: hyperkähler geometry, enumerative invariants, asymptotic
analysis of complex ODE.
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3d Spectral networks

Standard SN on 2-simplex �2

4 copies on BW3

Take “cone” 3d SN onW3

Link L of singularity at center



Holonomies and cross-ratio

Double cover ⇡ : rL ›Ñ L branched at 4 points. rL – 2-torus

Lemma: Holonomies of L ›Ñ rL are z and 1 ´ z for some z P Czt0, 1u.

K0
projK2››››››Ñ K1

projK3››››››Ñ K0

k0 fi›Ñ 1

�
k0

k0 “ k2 ` k1

k0 “ k3 ` �k1

1

�
“ pk0 ^ k2qpk1 ^ k3q

pk0 ^ k3qpk1 ^ k2q
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Abelianization on M3

M “ î
⌫
W⌫ ideal triangulation

M 1 “ î
⌫

`
W⌫zB✏p0q

˘

⇡ : ÄM 1 ›Ñ M 1 branched double cover

B ÄM 1 “ ó
⌫

pS1 ˆ S1q Y BM ˆ t0, 1u

Flat SL2C-bundle E Ñ M is abelianized to Cˆ-bundle L Ñ ÄM 1

Abelianization: pushforward ` unipotent gluing
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(2) Invertible field theories

1-dimensional warmup: G “ Cˆ

!p⇥q represents c1

FCˆpS1;⇥q holonomy of ⇥ around circle

FCˆpr0, 1s;⇥q parallel transport

FCˆppt;⇥q complex line



P ›Ñ M a principal SL2C-bundle with connection ⇥: invariants from c2 P H
4pBSL2Cq

Primary invariant: M
4 closed:

≥
M c2pP q P Z

Secondary invariant: X
3 closed:

≥
X qc2p⇥q

⌘p⇥q “ 1

8⇡2
trace

ˆ
⇥ ^ ⌦ ´ 1

6
⇥ ^ r⇥ ^ ⇥s

˙
P ⌦3pP ;Cq

If s : X ›Ñ P is a section,

FSL2CpX;⇥q “ exp

ˆ
2⇡i

ª

X
s

˚
⌘p⇥q

˙
P Cˆ
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Di↵erential cohomology

qH4pBrGq //

✏✏

⌦4
clpBrGq

✏✏

H
4pBrG;Zq // H4pBrG;Rq

G “ SL2C



Abelianization

G “ SL2C

T “ Cˆ “
"ˆ

� 0
0 �

´1

˙*

H “
"ˆ

� 0
0 �

´1

˙*
Y

"ˆ
0 µ

´µ
´1 0

˙*

BT

p
✏✏

BH
r //

q

✏✏

BG

B/µ
2

Proposition: p˚c2 “ ´2r˚
c2 in H

4pBH;Zq

Introduce new cohomology theory: HZ ›Ñ E ›Ñ ⌃´2
HZ{2Z

Proposition: p˚� “ ´r
˚
c2 ` q

˚
↵ in E

4pBHq
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Abelianization

Global:

rX //

⇡

✏✏

BrCˆ

p

✏✏
X // BrH

r // BrSL2C

Stratified:

rX•´3a
//

⇡

✏✏

BrCˆ

p

✏✏
X•´3a

//
� _

✏✏

BrH
r // BrSL2C

X

44
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(3) New construction of dilog via abelian Chern-Simons

MT “ pCˆq2 moduli space of flat Cˆ-connections on 2-torus T “ R2{Z2 (✓1, ✓2)

pMT “ C2 flat connections on trivial (product) Cˆ-bundle over T

moduli space of flat Cˆ-connections with nonflat trivialization over T/htpy

‚ Universal Cˆ-connection over pMT ,MT :

pMT ˆ T ˆ Cˆ ⇢̂ // pMT ˆ T
t̂0

oo

t̂˚
0 ⌘̂ “ ´u1 d✓

1 ´ u2 d✓
2 P ⌦1

pMT ˆT
pCq

‚ Descend to ⇢ : Q ›Ñ MT ˆ T with connection ⌘

‚ Curvature: ⌦p⌘q “ ´dµ1

µ1
^ d✓1 ´ dµ2

µ2
^ d✓2
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Application of spin Chern-Simons

M1
T “

 
pµ1, µ2q P MT : µ1 ` µ2 “ 1

(

pM1
T “

 
pu1, u2q P pMT : eu1 ` eu2 “ 1

(

p✏1q˚Q1
⇢̂1

{{

✏˚Q
⇢̂

}}
pM1

T ˆ T

t̂1
0

;;

✏1

✏✏

� � // pMT ˆ T

t̂0

==

✏

✏✏

Q1
⇢1

zz

Q
⇢

||

M1
T ˆ T �

�
// MT ˆ T

„„„„„„ S „„„„„B

pe1q˚L1

}}

e˚L

��
pM1

T

p⌧ 1
0

==

e1

✏✏

pe1q˚⌧ 1
==

� � // pMT

p⌧0

??

e

✏✏

L1

||

L

��

M1
T

⌧ 1
<<

� � // MT

Proposition: : L1 ›Ñ M1
T is flat with trivial holonomy
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� � // pMT

p⌧0

??

e

✏✏

L1

||

L

~~
M1

T

⌧ 1
<<

� � // MT

Define a function on pM1
T as the ratio of two sections:

' “ p⌧ 1
0

pe1q˚⌧ 1 :
pM1

T ›Ñ Cˆ

The formula for the connection form implies

d'

'
“ 1

4⇡
?´1

pu1du2 ´ u2du1q

Define L : pM1
T Ñ C{Zp2q by ' “ exp

ˆ
L

2⇡
?´1

˙
, so dL “ u1du2 ´ u2du1

2

Theorem: L “ R up to a constant
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Application of spin Chern-Simons to prove 5-term identity

Theorem: The sum Lpu1, v1q ` ¨ ¨ ¨ ` Lpu5, v5q is independent of pui, viq P pM1
T , i P Z{5Z,

which satisfy
vi “ ui´1 ` ui`1 for all i

Remark: Write zi “ eui , so 1 ´ zi “ zi´1zi`1. There is a connected complex
2-manifold M1

X of solutions

x ,
1 ´ x

1 ´ xy
,

1 ´ y

1 ´ xy
, y , 1 ´ xy

parametrized by x, y P C satisfying xy ‰ 0, x ‰ 1, y ‰ 1, and xy ‰ 1.
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Proof sketch: Let X be the compact spin 3-manifold with boundary formed from S3 by
removing a tubular neighborhood of the 5-component link

BX « T >5 and the restriction of a flat connnection on X to the boundary satisfies

vi “ ui´1 ` ui`1 for all i

MX moduli space of flat Cˆ-connections on X

pMX moduli space of flat Cˆ-connections with nonflat trivialization over X/htpy
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ppr1q˚ppL1q⇥5

yy

ppL1q⇥5

||

pM1
X

e1
X

✏✏

pr1
// p pM1

T q5
pp⌧0q⇥5

<<

pe1
T q5

✏✏

pr1q˚pL1q⇥5

yy

pL1q⇥5

||

M1
X

S

99

r1
// pM1

T q5
p⌧ 1q⇥5

<<

‚ The section S is flat (covariant derivative = integral of 1
2 ! ^ ! vanishes)

‚ Choose flat section ⌧ 1 so S “ pr1q˚“
p⌧ 1q⇥5

‰
(unique up to 5th root of unity)

‚ Pullbacks of S and pp⌧0q⇥5 to pM1
X agree ùñ pp⌧0{⌧ 1q⇥5 “ 1 (exp of 5-term identity)


