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What follows are lecture notes from graduate courses given at the University of Texas at Austin

in Fall, 2021 and at Harvard University in Fall, 2024. These notes are a bit rough in many places,

so use at your own risk!

The overarching theme is the Felix Klein dictum that places symmetry groups at the center of

geometry. I introduce this idea in Lecture 1 in the form of symmetry types in affine geometry.

Calculus on smooth manifolds is modeled on calculus in real affine spaces, and so too are geometric

structures on smooth manifolds. To get to geometric structures on manifolds we develop many ideas

that have great interest and application in their own right. The Table of Contents provides a detailed

outline of what is contained here. Observe that after preliminaries about flows, Lie derivatives,

distributions, and the Frobenius theorem, we introduce curvature in its classical context: curves

and surfaces in Euclidean 2- and 3-space. After that we turn to the general theory of connections

on principal bundles, eventually focusing on the intrinsic case: linear and affine connections. We

tell some basics about curvature in Riemannian geometry, and also introduce complex and Kähler

manifolds. Lectures 21–23 contain a proof1 of the Chern–Gauss–Bonnet theorem, and in the process

we expose basics about Chern–Weil and Chern–Simons forms.

I have appended homework exercises to these notes.

I welcome feedback of any kind.
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Lecture 1: Parallelism and geometric structures

We begin with the basic geometry of affine space. Affine geometry is the geometry of parallelism,

which is expressed by the simply transitive action of a vector space: the action of the vector space

on the affine space is called translation. We say that the affine space is a torsor over the vector

space. Smooth manifolds generally do not admit a global parallelism, but rather one can introduce

a structure of parallel transport along curves, as we will learn later in the course.

The second topic in this lecture is symmetry groups of vector and affine spaces. A vector space

has linear symmetries, whereas an affine space has affine symmetries. An affine map between affine

spaces is characterized by the property that its differential is constant (under translation), and this

leads to the definition of an affine symmetry of a fixed affine space. We introduce bases of vector

spaces and frames in an affine space (Definition 1.26). The spaces of bases and frames are torsors

over the linear and affine symmetry groups.

The final topic is symmetry types (Definition 1.37). This is one of the key ideas in the first part

of the course. A symmetry type is a Lie group over a general linear group. (We introduce Lie

groups systematically soon.) Felix Klein, in his Erlangen program (1.34), told that a particular

type of geometry is characterized by its symmetry group. A symmetry type encodes this idea.

A symmetry types leads to both a type of affine geometry—as we explain in this lecture—and

a type of geometry on smooth manifolds—which we explain in due course. Thus the orthogonal

group as a symmetry type determines both the Euclidean geometry of affine space and Riemannian

geometry of smooth manifolds. There are many, many species of geometric structures, some more

common than others. The centrality of symmetry groups in geometry—as emphasized by Klein

and subsequently by Cartan, Chern, Singer, Bott, . . .—guides our approach throughout the course.

We provide a brief appendix on group extensions for reference.

The notes on Multivariable Analysis and on Differential Topology contain more material about

affine spaces. At points in this lecture I use concepts from the theory of smooth manifolds, such as

fiber bundles, that you will find explained in the Differential Topology notes.

Affine geometry

Definition 1.1. Let V be a vector space. An affine space over V is a set A equipped with a simply

transitive action +: A× V → A of V .

We call V the tangent space to A. We do not assume that V is finite dimensional. See Figure 1.

Figure 1. An affine space A and its tangent space V
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(1.2) The ground field. In this class we mostly use real vector spaces, though occasionally we

encounter complex vector spaces. Affine geometry may be done over any field. If V is a finite

dimensional real vector space, then there is a unique topology on V for which the vector space

operations are continuous, and we can transport that topology to A. Then A has a standard

smooth structure and may be considered as a smooth manifold. Of course, this is backwards: a

smooth manifold is locally modeled on affine space, so we need to know about affine space first.

(1.3) Torsors. The simple transitivity of the translation action of V on A means given p, q ∈ A
there exists a unique ξ ∈ V such that q = p+ξ. We write ξ = q−p. We encounter simply transitive

actions often, and we use a standard term for them.

Definition 1.4. Let G be a group. A (left/right) torsor over G is a set T equipped with a simply

transitive (left/right) G-action. We call T a (left/right) G-torsor.

So an affine space is a torsor over a vector space. If G is a topological group, then a torsor over G

is assumed to be a topological space and the action is assumed continuous. Similarly, if G is a Lie

group, then a torsor over G is assumed to be a smooth manifold and the action is assumed smooth.

The group G with left/right multiplication is the “trivial” left/right G-torsor.

Suppose T is a right G-torsor. (This discussion works for left G-torsors as well.) A point t0 ∈ T
induces an isomorphism of right G-torsors

(1.5)
θt0 : G −→ T

g 7−→ t0g

If t1 ⊂ T and t1 = t0h for the uniquely determined h ∈ G, then θt1 ◦ θ
−1
t0

: G → G is left multipli-

cation by h−1, which is a self-map of the right G-torsor G. One thinks of a choice of t0 ∈ G as a

trivialization of T , and we have computed the change of trivialization in the diagram

(1.6)

T

G

θt0
??

// G

θt1
__

(1.7) Model spaces. Model geometries play an important role. Fix a dimension n ∈ Z≥0.

Definition 1.8.

(1) The standard n-dimensional vector space is

(1.9) Rn = {(ξ1, . . . , ξn) : ξi ∈ R}

equipped with its standard zero vector, vector addition, and scalar multiplication.

(2) The standard n-dimensional affine space is

(1.10) An = {(x1, . . . , xn) : xi ∈ R}

equipped with the standard translation action of Rn.
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(1.11) Weighted averages. Let A be an affine space, p0, . . . , pk ∈ A and λ0, . . . , λk ∈ R. Then if

λ0 + · · ·+ λk = 1 the point

(1.12) λipi = λ0p0 + . . . λkpk ∈ A

is well-defined. (Note the summation convention in (1.12).) A convex weighted average is one in

which 0 ≤ λi ≤ 1 for all i. A convex subset of an affine space is a subset that contains all of its

convex weighted averages.

(1.13) Affine maps and affine subspaces.

Definition 1.14. Let V,W be vector spaces and A,B affine spaces over V,W , respectively. A map

f : A→ B is affine if there exists a linear map T : V →W such that

(1.15) f(p+ ξ) = f(p) + Tξ, p ∈ A, ξ ∈ V.

In this case we write T = df . Alternatively, if V,W are finite dimensional (or equipped with Banach

space structures) we can say that a smooth map f : A→ B is affine iff its differential dfp : V →W

is independent of p. (Recall that in general the differential df of a differentiable map f : A→ B is

a continuous map df : A→ Hom(V,W ).)

Definition 1.16. Let A be an affine space with tangent space V . A subset A′ ⊂ A is an affine

subspace if there exists a linear subspace V ′ ⊂ V such that q′ − p′ ∈ V ′ for all p′, q′ ∈ V ′. We call

V ′ the tangent space to A′. Affine subspaces A′, A′′ ⊂ A are parallel if they have equal tangent

spaces. (If one is willing to say that affine subspaces of different dimensions are parallel, then one

should require that one tangent space is a subspace of the other.)

The subspace A′ is affine over V ′. Translation maps affine subspaces to affine subspaces: for

all ξ ∈ V , the subset A′ + ξ ⊂ A is an affine subspace with the same tangent space V ′ ⊂ V . We

say that A′ and A′ + ξ are parallel. A linear subspace V ′ ⊂ V defines a foliation of A by affine

subspaces with tangent space V ′; see Figure 2.

Figure 2. The foliation of affine subspaces with tangent space V ′ ⊂ V

Example 1.17 (geodesic motion). Parallelism leads to the notion of a geodesic motion. Recall

that a motion in an affine space A over V is a smooth map γ : I → A for an open interval I ⊂ R.

The velocity γ̇ : I → A is constant if and only if γ is the restriction of an affine map R→ A. This

holds iff the acceleration γ̈ : I → A vanishes. Motions with zero acceleration are geodesic motions

(or constant velocity motions). The range of the motion is a subset of an affine line. We will see

later that on a smooth manifold we only need parallelism along curves to define geodesic motion.
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Global parallelism

(1.18) Parallelism in affine space. As stated earlier, an affine space A has global parallelism. This

manifests in various ways. The structure of affine space—the simply transitive (translation) action

by a vector space V—is an expression of parallelism. Thus, for example if A′ ∈ A is an affine

subspace, and p ∈ A, then there is a unique affine subspace through p parallel to A′. This, of

course, is the famous parallel postulate of Euclid.

Figure 3. A constant (parallel) vector field on A

The translation action also leads to the notion of a constant or translationally invariant or parallel

vector field on an affine space A. In general, a vector field is a function A → V , and a constant

vector field is a constant function. So given a vector ξ ∈ V there is a constant vector field with

value ξ. (See Figure 3.) Also, a vector at any point of A extends uniquely to a constant vector

field.

(1.19) Global parallelism on smooth manifolds.

Definition 1.20. Let X be a smooth manifold. A (global) parallelism on X is a vector space V

and an isomorphism

(1.21)

X × V
∼= //

##

TX

}}
X

of vector bundles over X.

Thus a parallelism is a structure which identifies each tangent space TpX with a fixed vector space V .

An affine space carries a canonical parallelism in this sense. A smooth manifold is parallelizable if

a global parallelism exists. Typically global parallelisms do not exist. For example, the Hairy Ball

Theorem implies that S2 is not parallelizable. A classical theorem settles the question of which

spheres are parallelizable.

Theorem 1.22 (Kervaire, Bott–Milnor 1958). Suppose the sphere Sn is parallelizable. Then its

dimension satisfies n ∈ {0, 1, 3, 7}.

A Lie group is the marriage of a group and a smooth manifold, a ceremony we will perform soon in

an upcoming lecture. A Lie group G carries two canonical parallelisms via left and right translation;

if G is abelian, then these agree. A torsor over a Lie group also carries a canonical parallelism;
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the global parallelism of affine spaces is a special case. The spheres S0, S1, S3 admit Lie group

structures, but S7 does not.

Remark 1.23. Any smooth manifold admits a structure called a linear connection or covariant

derivative which allows us to define parallelism along curves. There are new phenomena of torsion,

curvature, and holonomy which do not appear in the global parallelism of affine space. This intrinsic

parallelism on smooth manifolds has an extrinsic generalization: connections on principal bundles.

Connections are a central focus of this course.

Linear and affine symmetries

Definition 1.24.

(1) Let V be a vector space. A linear symmetry of V is an invertible linear map T : V → V .

The group of linear symmetries of V is denoted Aut(V ).

(2) Let A be an affine space over V . An affine symmetry of A is an invertible affine map

f : A→ A. The group of affine symmetries of A is denoted Aut(A).

If V is finite dimensional (over R), then we can endow Aut(V ) and Aut(A) with the structure of a

Lie group.

The differential d is a group homomorphism that fits into the group extension

(1.25) 1 −→ V −→ Aut(A)
d−−→ Aut(V ) −→ 1

(Recall that the differential of an affine map is constant.) The kernel of d is the normal subgroup

of translations. The group extension (1.25) is split by a choice of point p0 ∈ A; the splitting

σp0 : Aut(V )→ Aut(A) maps a linear symmetry T to the unique affine symmetry that fixes p0 and

has differential T .

Bases and frames

The word choice is a bit fraught: for a vector space we might use ‘basis’ and ‘frame’ synonymously.

Definition 1.26.

(1) Let V be an n-dimensional real vector space. A basis of V is a linear isomorphism

(1.27) b : Rn −→ V.

The set of all bases of V is denoted B(V ).

(2) Let A be an n-dimensional real affine space. A frame in A is an affine isomorphism

(1.28) f : An −→ A.

The set of all frames in A is denoted B(A).
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Remark 1.29.

(1) Automorphisms of Rn act on the right on bases, and automorphism of V act on the left.

Both actions are simply transitive. The right and left torsor structures are indicated thus:

(1.30) Aut(V ) ⟲ B(V ) ⟲ GLnR

In a similar way we have the right and left torsors

(1.31) Aut(A) ⟲ B(A) ⟲ AffnR,

where AffnR = Aff(An) is the group of affine symmetries of An.

(2) My convention is that right group actions are structural and that left group actions are

geometric. Thus the left action in (1.30) is induced from the geometric action of Aut(V )

on V , and in (1.31) from the geometric action of Aut(A) on A. These are the natural

symmetries. The right actions are “internal”; they depend on the choice of frame or basis.

You might think of the left action as “active” and the right as “passive”. Example: there

is a right (internal) action on bases that exchanges the first and second basis elements.

(3) Both B(V ) and B(A) have natural smooth manifold structures, and the actions in (1.30)

and (1.31) are Lie group actions.

(4) Let 0 ∈ An denote the point (0, . . . , 0). The map

(1.32)
B(A) −→ A×B(V )

f 7−→ f(0), df0

is a diffeomorphism. Furthermore, the diffeomorphism is equivariant for the left V -action

and the right GLnR-action, and those actions commute. (What is the right GLnR-action

on B(A)? Its definition depends on the basepoint 0 ∈ An.)

im d R'l
7

7
7 7

& O
+

O

N -L
L

L L
an &.ma 19

im d
*

X
I

& & & H

i - 1
i i + 1

S S
· f

S (B(A)
↓it

-

A

Figure 4. The bundle of frames of the affine space A
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(5) The projection

(1.33)
π : B(A) −→ A

f 7−→ f(0)

is a fiber bundle of a special type: a principal GLnR-bundle. The total space B(A) carries

a right GLnR-action which commutes with π, and the fibers of π are right GLnR-torsors.

We identify the fiber of π over p ∈ A as the set of bases of TpA = V by sending f to its

differential df0 : Rn
∼=−−→ V .

We observe that π is the quotient map of the right GLnR-action on B(A).

A smooth manifold carries an analog of (1.33)—the bundle of frames or frame bundle—which

plays an important role in our study of differential geometry. However, on a general smooth

manifold we do not have the geometric left action of a group. On affine space the left V -action

on π encodes global parallelism. On a smooth manifold we will introduce a different notion of

parallelism on the total space of the frame bundle.

Geometric structures: symmetry types

To define a geometric structure we (1) specify a symmetry type on the model vector space Rn,

(2) extend to the model affine space An imposing translation invariance, and (3) use frames to

define a structure on a general n-dimensional affine space. As mentioned in the introduction to

this lecture, a symmetry type also defines a notion of geometric structure on smooth manifolds, an

idea we develop in due course.

(1.34) Erlangen program. Linear geometry is the study of invariants under linear symmetry. Such

concepts as basis, spanning subset, linear subspace are all examples of linear notions. In other words,

the set of all bases or of linear subspaces (of fixed dimension) in a vector space V is acted on by

the group Aut(V ). A similar statement can be made for affine geometry and affine symmetry. In a

similar vein, differential topology is the study of C∞ concepts. By contrast, Euclidean geometry is

the study of invariants under the Euclidean group of symmetries, which is a subgroup of the group

of affine symmetries. Whereas the notion of a triangle makes sense in both affine and Euclidean

geometry, the notion of the perimeter or of the area of a triangle is only defined in Euclidean

geometry. On the other hand, a triangle is not a C∞ concept, so it does not exist in differential

topology.

In 1872 Felix Klein introduced a dictum which characterizes different types of geometry by

their symmetry. A “small” interpretation of Klein’s Erlangen program in the case of affine ge-

ometry focuses on a single affine space A and tells that affine geometry on A is the study of

structures/properties/quantities of/in A which are invariant under the action of Aut(A) on A. A

“large” interpretation says that affine geometry is the study of the category of affine spaces and

affine maps between them. The notion of a symmetry type generates both of these interpretations.

Remark 1.35. A general principal is that a smaller symmetry group has more invariants, so in this

context a smaller symmetry group leads to richer geometry.
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(1.36) Symmetry types. Following (1.34) we define a linear geometric structure on Rn by a group

acting linearly on Rn.

Definition 1.37. An n-dimensional (linear) symmetry type is a pair (Gn, λn) in which Gn is a Lie

group and λn : Gn → GLnR is a homomorphism of Lie groups.

Roughly, (Gn, λn)-geometry is the study of structures/properties/quantities in Rn invariant under

the Gn-action. A symmetry type induces a canonical symmetry group of the model space An via

pullback of group extensions:

(1.38)

1 // Rn // Gn

λ̃n
��

// Gn //

λn
��

1

1 // Rn // AffnR // GLnR // 1

We call the pair (Gn, λ̃n) an affine symmetry type. Note that Rn ⊂ Gn is a normal subgroup.

The existence of a normal subgroup of translations is the statement that the affine symmetry type

includes translation invariance. Quotienting by the normal subgroup of translations passes in the

other direction from an affine symmetry type to a linear symmetry type. Also, a choice of p ∈ An

splits the group extension (1.38): sitting over Gn is the subgroup of Gn consisting of symmetries

that fix p. We use the canonical choice p = 0 = (0, . . . , 0), as in (1.32).

Remark 1.39. For some symmetry types (Gn, λn) there is a geometric structure on Rn whose group

of invariants is Gn ⊂ GLnR. This is true in Example 1.40 below: the orthogonal group On ⊂
GLnR is the subgroup of matrices that preserves the standard inner product. For any symmetry

type (Gn, λn), the invariants of Gn ⟲ Rn are important elements of the geometry. They may be

tensors of various types or other kinds of geometric objects. But one needn’t find a collection that

characterizes Gn. Rather, the symmetry type defines the geometry completely. Also, we neither

assume that λn is injective nor that λn is surjective. In particular, λn may have a nontrivial kernel

Kn ⊂ Gn, a normal subgroup of internal symmetries. One can imagine an “internal geometric

structure” whose symmetry group is Kn, and in affine space such an internal geometric structure

exists at each point and is acted on by translations; see Example 1.43 below. Traditionally, Cartan’s

notion of “G-structure” has λn injective, so no internal geometric structures. Notice that this

definition excludes Example 1.44.

Example 1.40 (Euclidean geometry). Let Gn = On be the orthogonal group and λn : On ↪→ GLnR

be the inclusion. This is the symmetry group of the standard positive definite inner product on Rn,

and linear orthogonal geometry is the study of linear invariants, such as the length of a vector,

the angle between two vectors, the volume of parallelepipeds of all dimensions, etc. The induced

standard affine symmetry group Gn in (1.38) is the Euclidean group, a subgroup of AffnR. It is

the symmetry group of Euclidean geometry in the standard affine space, including the traditional

rotations, reflections, and translations of Euclidean geometry.

Example 1.41 (oriented volume geometry). Let Gn = SLnR be the group of invertible n × n

matrices of determinant one, and let λn : SLnR ↪→ GLnR be the inclusion. The invariant in this

geometry is the signed volume of an n-dimensional parallelepiped.
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Example 1.42 (Lorentz geometry). This is formally similar to Example 1.40, but the positive

definite inner product is replaced by a standard nondegenerate symmetric bilinear form on Rn of

signature (1, n − 1). In this case Gn = O1,n−1 is the Lorentz group and again λn is the inclusion.

The induced affine symmetry group is a form of the Poincaré group. The symmetry type one

uses to define a general relativistic quantum field theory uses a subgroup of index two in Gn (that

preserves a time orientation).

Example 1.43 (internal symmetry). Let K be any Lie group and set Gn = GLnR × K with

λn projection onto the first factor. The induced affine symmetry group is Gn = AffnR×K. Think

of this as geometry on An equipped with some internal structure at each point which transforms

under the symmetry group K. For example, if K is cyclic of order two, this is the symmetry group

of the product bundle (covering) An × {0, 1} → An: the internal symmetry group K permutes the

fiber over each point of An.

Example 1.44 (spin geometry). The spin group Gn = Spinn is a double cover of the identity

component SOn ⊂ On, and that double cover map followed by the inclusion defines λn : Spinn →
GLnR. It is difficult to describe a structure on Rn whose precise symmetry group defines the spin

symmetry type.

Remark 1.45 (stable symmetry types). The symmetry types in the previous example can be defined

in all dimensions coherently, and implicitly that is what we understand when we say ‘Euclidean

geometry’ or ‘Lorentz geometry’. We define a stable symmetry type as follows. First, for each

n ∈ Z≥0 define an inclusion

(1.46)

GLnR −→ GLn+1R

A 7−→
(
1 0
0 A

)

A stable symmetry type is a collection {(Gn, λn)}n∈Z≥0 of symmetry types, one in each dimension,

and inclusions in : Gn ↪→ Gn+1 such that the diagram of group homomorphisms

(1.47)

Gn
� � in //

λn
��

Gn+1

λn+1

��
GLnR

� � // GLn+1R

commutes and is a pullback diagram. Note that the internal symmetry group Kn = kerλn is

independent of n up to an isomorphism determined by the data.

From symmetry types to vector and affine geometries

A symmetry type lets us define linear and affine geometric structures of that type on abstract

vector and affine spaces. The construction follows a basic theme: torsors control geometric struc-

tures. It is the geometric structures on affine spaces that we generalize later to geometric structures

on smooth manifolds.

We begin with an important general maneuver on torsors.
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(1.48) The mixing construction. Let λ : G→ G be a homomorphism of (Lie) groups, and suppose

T is a right G-torsor. Define the right G-torsor λ(T ) as the mixing construction

(1.49) λ(T ) = T ×G G = T ×G/ ∼

where the equivalence relation ∼ is

(1.50) (t, ḡ) ∼ (tg, λ(g)−1ḡ), t ∈ T, g ∈ G, ḡ ∈ G.

In other words, λ(T ) is the quotient of T ×G by the right G-action (t, ḡ)
g−→ (tg, λ(g)−1ḡ).

im d R'l
7

7
7 7

& O
+

O

N -L
L

L L
an &.ma 19

im d
*

X
I

& & & H

i - 1
i i + 1

S S T TxG

· f G & G

S (B(A)
F

↓it ↓ ↓

E
& t

x(T)·

p
A

Figure 5. The mixing construction

We invite the reader to visualize the mixing construction using Figure 5. We later encounter

this construction fiber-by-fiber in a fiber bundle of torsors, i.e., in a principal bundle.

Think through this construction in terms of trivializations (1.5) of the torsor T . Show that a

trivialization of T—a point t0 ∈ T—identifies λ(T ) with G. How does a change of trivialization

of T change this identification?

(1.51) Geometric structure on a vector space. Given a symmetry type (Gn, λn), we specify the

data of a geometric structure of type (Gn, λn) on an arbitrary n-dimensional vector space V .

Definition 1.52. Fix n ∈ Z≥0 and a symmetry type (Gn, λn). Let V be an n-dimensional vector

space. A (Gn, λn)-structure on V is a pair (BG(V ), ϕ) consisting of a right Gn-torsor BG(V ) and

an isomorphism ϕ : B(V )
∼=−−→ λn

(
BG(V )

)
of right GLnR-torsors.

In the case of Euclidean structure (Example 1.40) the data (BG(V ), ϕ) is equivalent to a choice

of positive definite inner product on V . In that case BG(V ) can be identified with the space of

orthonormal bases.
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(1.53) Geometric structure on an affine space. Here is the affine extension of Definition 1.52.

Definition 1.54. Fix a symmetry type (Gn, λn) and let (Gn, λ̃n) be the induced affine symmetry

type. Let A be an n-dimensional affine space. A (Gn, λ̃n)-structure on A is a pair
(
BG(A), ϕ̃

)

consisting of a right Gn-torsor BG(A) and an isomorphism ϕ̃ : B(A)
∼=−−→ λ̃n

(
BG(A)

)
of right AffnR-

torsors.

Remark 1.55. Recall Remark 1.29(5) in which we construct the principal bundle of frames of affine

space. Now, to a (Gn, λ̃n)-structure
(
BG(A), ϕ̃

)
on an affine space A, let

(1.56) πG : BG(A) −→ A

be the quotient map of the right Gn-action on BG(A). (This action uses the splitting described

immediately preceding Remark 1.39.) The map ϕ̃ associates to each point fG ∈ BG(A) a frame

based at the point πG(fG) ∈ A. The map πG is a principal Gn-bundle.

Example 1.57 (Euclidean structure). For the symmetry type in Example 1.40 we say an affine

space equipped with an On-structure is a Euclidean space. (We sometimes abbreviate ‘(Gn, λn)-

structure’ by ‘Gn-structure’ if λn is unmistakable.) In this case a point of BO(A) in the fiber

over p ∈ A is an orthonormal frame of the tangent space TpA = V , and (1.56) is called the bundle

of orthonormal frames.

Appendix: group extensions

We include this appendix for reference. We do not comment further on topology, but say once

and for all that for topological groups all group homomorphisms are assumed continuous, and for

Lie groups all group homomorphisms are assumed smooth.

Definition 1.58. A group extension is a sequence of group homomorphisms

(1.59) 1 −→ G′ i−−→ G
π−−→ G′′ −→ 1

that is exact in the sense that the kernel of any homomorphism equals the image of the preceding

homomorphism. We call G′ the kernel and G′′ the quotient.

Exactness at G′ implies that i is injective. The inclusion i identifies G′ with its image, which

is a subgroup of G. At G the exactness implies that π factors through an injective map of the

quotient group G/G′ into G′′, and exactness at G′′ implies that this is an isomorphism. We use it

to identify G′′ as this quotient.

There is a category of group extensions with fixed kernel and quotient.
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Definition 1.60. Let G′, G′′ be groups and Gτ1 , Gτ2 group extensions with kernel G′ and quo-

tient G′′. A morphism of group extensions Gτ1 , Gτ2 is a group homomorphism φ : Gτ1 → Gτ2 which

fits into the commutative diagram

(1.61) Gτ1

φ

��

''
1 // G′

77

''

G′′ // 1

Gτ2

77

As usual, φ is an isomorphism if there exists a homomorphism ψ : Gτ2 → Gτ1 of group extensions

so that the compositions ψ ◦ φ and φ ◦ ψ are identity maps, which is simply equivalent to the

condition that φ be an isomorphism of groups..

There is a notion of a trivialization of a group extension.

Definition 1.62. A splitting of the group extension (1.59) is a homomorphism j : G′′ → G such

that π ◦ j = idG′′ .

Not every group extension is split: for example, the cyclic group of order 4 is a nonsplit extension

of the cyclic group of order 2 by the cyclic group of order 2:

(1.63) 1 −→ Z/2Z −→ Z/4Z −→ Z/2Z −→ 1

Definition 1.64. Suppose (1.59) is a group extension and ρ′′ : G̃′′ → G′′ a group homomorphism.

Then there is a pullback group extension with kernel G′ and quotient G̃′′ which fits into the com-

mutative diagram

(1.65) 1 // G′ // G̃

ρ

��

π̃ // G̃′′ //

ρ′′

��

1

1 // G′ // G
π // G′′ // 1

It is defined by setting

(1.66) G̃ =
{
(g, γ̃′′) ∈ G× G̃′′ : π(g) = ρ′′(γ̃′′)

}
.
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Lecture 2: Flows and Lie derivatives

The material here relies on the fundamental theorem in the theory of ordinary differential equa-

tions; see Lectures 17 and 18 in the Multivariable Analysis notes. What is not proved there is

smooth dependence of the solution on parameters. You can find a proof in several texts, such as in

Arnold’s books on ordinary differential equations or in Introduction to Smooth Manifolds by John

Lee. The smooth dependence on initial conditions is used below in the construction of the flow of

a vector field. There are further readings posted on Canvas that contain examples and pictures

relevant to this lecture.

This is the first of several lectures that develop fundamental background material for our study

of geometric structures on smooth manifolds. The topics covered are flows of vector fields and Lie

derivatives, introduction to Lie groups, distributions and foliations, and the Frobenius theorem. In

this lecture we already encounter several important themes of the course.

A vector field on a smooth manifold gives rise to motion. One has single motions—integral

curves—for any initial point, and can assemble them together into a flow that moves sets of points.

Local flows always exist; the existence of a global flow depends on completeness properties of the

manifold and boundedness of the vector field. (We do not delve into these global questions here.)

The dichotomy local vs. global is one of several important themes in the course.

Another important dichotomy is intrinsic vs. extrinsic. Here we use flows to transport intrinsic

linear quantities—tensors—and then to differentiate them. This Lie derivative is an important

ingredient in differential calculus on smooth manifolds. We work out the Lie derivative of vector

fields, which leads to a Lie algebra structure on vector fields. In a subsequent lecture we work out

the Lie derivative of differential forms.

Finally, we interpret the Lie derivative of vector fields as a measure of the failure of commutativity

of the associated flows. This particular infinitesimal manifestation of a local phenomenon is another

important theme of the course: we will see curvature as a geometric manifestation of this general

link between commutativity of flows and Lie derivative. (Of course, the passage between local and

infinitesimal is the basic idea of differential calculus.)

Notation: The vector space of vector fields on a smooth manifold X (i.e., the space of smooth

sections of the tangent bundle TX → X) is denoted X(X). For a nonnegative integer q ∈ Z≥0,

the vector space of smooth differential q-forms on X is denoted ΩqX . In particular, the algebra of

smooth functions is denoted Ω0
X . We often use ‘n’ as the dimension of a smooth manifold without

a proper introduction.

Integral curves and flows

(2.1) Integral curves. The basic ordinary differential equation on a manifold is for a motion with

prescribed velocity.

Definition 2.2. Let X be a smooth manifold, let ξ be a vector field on X, and suppose (a, b) ⊂ R

is an open interval. Then a motion γ : (a, b)→ X is an integral curve of ξ if

(2.3) γ̇(t) = ξγ(t), t ∈ (a, b).
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Here and always we use the notation γ̇ = dγ/dt.

Rx X

Figure 6. An integral curve of a vector field

A globalized form of the fundamental theorem of ODEs is the existence and uniqueness of a

maximal integral curve with given initial value; see Figure 6.

Theorem 2.4. Let X be a smooth manifold, let ξ be a vector field on X, and fix x ∈ X. Then

there exists a unique maximal integral curve

(2.5) γx :
(
a(x), b(x)

)
−→ X

such that γx(0) = x. Furthermore, −∞ ≤ a(x) < 0 < b(x) ≤ +∞.

The maximality defines the functions a, b. Maximality and uniqueness mean that if δ : (c, d) → X

is any integral curve of ξ satisfying δ(0) = x, then a(x) ≤ c < 0 < d ≤ b(x) and δ = γx
∣∣
(c,d)

.

Definition 2.6. The vector field ξ is complete if a(x) = −∞ and b(x) = +∞ for all x ∈ X.

In other words, all integral curves of X exist for all time.

Remark 2.7.

(1) If X is compact, then every vector field on X is complete.

(2) The vector field x2 ∂/∂x on R is not complete. Nor is the vector field ∂/∂x on R ̸=0.

(2.8) Global and local flows. Fix a vector field ξ ∈ X(X). We consider simultaneously all maximal

integral curves of ξ and show (well, state) that they assemble into a flow.

Definition 2.9. A global flow φ : R×X → X on a smooth manifold X is a smooth function that

is also a homomorphism R→ Diff(X).

Here Diff(X) is the group of diffeomorphisms X → X. The diffeomorphism at t ∈ R is denoted φt,

i.e., for t ∈ R and x ∈ X we write φt(x) = φ(t, x). A complete vector field determines a global

flow, but a general vector field determines a flow defined on an open subset of R×X. Set

(2.10) Dt =
{
x ∈ X : t ∈

(
a(x), b(x)

)}
, t ∈ R,

and define

(2.11) φ(t, x) = φt(x) = γx(t), if x ∈ Dt.
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The following theorem, which is essentially Theorem 1.48 in Warner’s Foundations of Differentiable

Manifolds and Lie Groups, gives the main properties of Dt and φ. I defer to that reference for the

proof, assuming the fundamental theorem of ODE.

Theorem 2.12.

(1) Dt ⊂ X is open and
⋃
t>0Dt = X.

(2) φt : Dt → D−t is a diffeomorphism with inverse φ−t.

(3) For t1, t2 ∈ R, we have φ−1
t1

(Dt2) ∩ Dt1 ⊂ Dt1+t2 and φt2 ◦ φt1 = φt1+t2 on their common

domain. (The two domains are equal if t1, t2 have the same sign.)

(4) If U ⊂ X is an open subset and x ∈ U , then there exist ϵ ∈ R>0 and an open subset V ⊂ U
with x ∈ V such that φ

(
(−ϵ, ϵ)× V

)
⊂ U .

(5) There exists an open subset U ⊂ R × X and a smooth function pφ : U → X such that

{0} ×X ⊂ U and if (t, x) ∈ U then x ∈ Dt and pφ(t, x) = φt(x).

(6) If ξ is complete, then Dt = X for all t ∈ R and a global flow exists.

We use ‘φ’ in place of ‘pφ’. A local flow is the restriction of φ to a subset (−ϵ, ϵ) × V , as in (4).

It is the local flow that we use below to define the Lie derivative. The local flow is unique in the

sense that any two local flows agree on their common domain. We say that ξ is the generator of

the flow φ, or that ξ generates φ.

(2.13) The flow in local coordinates. We continue with a vector field ξ and the flow φ it generates.

Let (U ;x1, . . . , xn) be a chart, and write ξ = ξi ∂
∂xi

for the vector field in the local coordinates of

the chart. As in Theorem 2.12(4) choose ϵ > 0 and V ⊂ U such that if t ∈ (−ϵ, ϵ) and x ∈ V , then

φ(t, x) ∈ U . In the formulæ below the arguments t, x are implicitly restricted to (−ϵ, ϵ)×V . Write

(t;x) = (t;x1, . . . , xn) and

(2.14) φ(t, x) =
(
φ1(t;x), . . . , φn(t;x)

)
.

The elementary properties of the flow imply

(2.15)

φi(0, x) = xi

φ̇i(t;x) = ξiφ(t;x)

∂φi

∂xj

∣∣∣∣
t=0

= δij

∂2φi

∂xk∂xj

∣∣∣∣
t=0

= 0.

We abbreviate the second equation: φ̇i = ξi.

Lie derivative

Continue with a smooth manifold X, a vector field ξ ∈ X(X), and a local flow φ : U → X

generated by ξ. We use the flow to transport “objects” on X and so define a derivative at t = 0
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of a curve of transported objects. Without further data, any object intrinsically associated to the

tangent bundle so transports.

(2.16) Tensor fields. A formal definition: A tensor field is a section of a vector bundle associated

to the frame bundle of X. But since we have not yet constructed the frame bundle, we content

ourselves with an informal definition: A tensor field is a section of a vector bundle with is a tensor

product of tensor powers of the tangent and cotangent bundles. If only the tangent bundle is

involved, then the tensor field is covariant ; if only the cotangent bundle is involved, then the tensor

field is contravariant. A vector field is a covariant tensor field; a differential form is a contravariant

tensor field. If ω is a contravariant tensor field on X, and ψ : X ′ → X is any smooth map, then

the pullback ψ∗ω is a tensor field on X ′. If η is a covariant tensor field on X, and ψ : X → X ′′ is a

diffeomorphism, then the pushforward ψ∗η is a tensor field on X ′′. A tensor field that is mixed—

neither covariant nor contravariant—can be pulled back or pushed forward by a diffeomorphism.

(2.17) Differentiation along a flow. A modification of the following works for mixed tensor fields.

Definition 2.18. Let X be a smooth manifold, ξ ∈ X(X) a vector field on X, and φ : U → X a

local flow it generates. Let T be a tensor field on X that is covariant or contravariant. Then the

Lie derivative of T with respect to ξ is

(2.19) LξT =





d

dt

∣∣∣∣
t=0

(φ−t)∗T, T is covariant;

d

dt

∣∣∣∣
t=0

φ∗
tT, T is contravariant.

Intuitively, to compute LξT at x ∈ X we stand at X where as time t marches from −ϵ to ϵ we see

a motion in a vector space at x, the fiber of the appropriate vector bundle associated to the frame

bundle. It begins with upstream values of T , transported forward to x by the flow, and ends with

downstream values of T , transported backward to x. Figure 7 illustrates this in case T = η is a

vector field. Note that the transport of η by the flow generated by ξ cannot be computed simply

from the integral curve γx. (Visualize η at a point of X as a germ of a motion, and then transport

the motion germs using the flow φ.)

(2.20) Lie derivative of a function. A function f ∈ Ω0
X is a contravariant tensor field. (We use the

notation ‘ΩqX ’ for the vector space of smooth q-forms on the smooth manifold X.) Hence by (2.19),
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Figure 7. The Lie derivative of a vector field

for x ∈ X we compute

Lξf(x) =
d

dt

∣∣∣∣
t=0

φ∗
t f(x)

=
d

dt

∣∣∣∣
t=0

f
(
φt(x)

)

=
d

dt

∣∣∣∣
t=0

f
(
γx(t)

)

= (ξf)(x)

= dfx(ξ)

(2.21)

Therefore, the Lie derivative of a function is the directional derivative: Lξf = ξf .

In a future lecture we compute a formula for the Lie derivative of an arbitrary differential form.

(2.22) Lie derivative of a vector field. Compute in a local chart, as in (2.13).

Proposition 2.23. The Lie derivative of a vector field η = ηi
∂

∂xi
with respect to ξ = ξi

∂

∂xi
is

(2.24) Lξη =

(
ξi
∂ηj

∂xi
− ηi∂ξ

j

∂xi

)
∂

∂xj
.

Proof. Apply (2.19). First,

(2.25) (φ−t)∗η =
(
φ∗
t η
i
)(

(φ−t)∗
∂

∂xi

)
.

Evaluate the first factor in (2.25):

(2.26) φ∗
t η
i(x) = ηi

(
φ(t;x)

)
.
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For the second factor in (2.25), flow by φ−t the motion germ whose velocity is ∂/∂xi at the

point φ(t;x):

(
(φ−t)∗

∂

∂xi

)
(x) =

d

ds

∣∣∣∣
s=0

φ
(
−t;φ1(t;x), . . . , φi(t;x) + s, . . . , φn(t;x)

)

=
d

ds

∣∣∣∣
s=0

(
φj
(
−t;φ1(t;x), . . . , φi(t;x) + s, . . . , φn(t;x)

))

j

=
∂φj

∂xi
(
−t;φ(t;x)

) ∂

∂xj
.

(2.27)

Combine (2.19), (2.25), (2.26), and (2.27) to obtain

(Lξη)(x) =
d

dt

∣∣∣∣
t=0

{
ηi
(
φ(t;x)

)∂φj
∂xi

(
−t;φ(t;x)

) ∂

∂xj

}

=
∂ηi

∂xk
φ̇k
∂φj

∂xi
∂

∂xj

∣∣∣∣
t=0

− ηi∂φ̇
j

∂xi
∂

∂xj

∣∣∣∣
t=0

+
∂2φj

∂xk∂xi
φ̇k

∂

∂xj

∣∣∣∣
t=0

=
∂ηj

∂xi
ξk

∂

∂xi
− ηi∂ξ

j

∂xi
∂

∂xj
,

(2.28)

where we use (2.15) to pass to the last equation. Rearrange the indices to obtain (2.24). □

Lie derivatives and derivations

(2.29) Derivations. The following may be generalized to derivations on a module over a ring.

Definition 2.30. Let A be an algebra. A linear map D : A→ A is a derivation if

(2.31) D(fg) = (Df)g + f(Dg), f, g ∈ A.

If D1, D2 are derivations of A, then so is the commutator or Lie bracket

(2.32) [D1, D2] = D1 ◦D2 −D2 ◦D1.

A simple manipulation with (2.32) proves that the bracket endows the vector space of derivations

of A with the structure of a Lie algebra.

Definition 2.33. A Lie algebra
(
L, [−,−]

)
is a vector space L endowed with a bilinear operation

(2.34) [−,−] : L× L −→ L

which for all D1, D2, D3 ∈ L satisfies

[D1, D2] + [D2, D1] = 0(2.35)
[
D1, [D2, D3]

]
+
[
D3, [D1, D2]

]
+
[
D2, [D3, D1]

]
= 0(2.36)
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The Jacobi identity (2.36) can be written in alternative useful forms. For example, it is the

statement that the operation [D1,−] of left bracketing with D1 is a derivation:

(2.37)
[
D1, [D2, D3]

]
=
[
[D1, D2], D3

]
+
[
D2, [D1, D3]

]
.

Equivalently, right bracketing with D1 is a derivation. Another equivalent form of the Jacobi

identity is the map D 7→ [D,−] is a homomorphism of Lie algebras.

(2.38) Vector fields as derivations. Let ξ ∈ X(X) be a vector field on a smooth manifold X. Then

ξ defines a derivation on functions via directional derivative:

(2.39)
Dξ : Ω

0
X −→ Ω0

X

f 7−→ ξf

Conversely, every derivation on the algebra Ω0
X is directional derivative along a vector field.

Proposition 2.40. Let D : Ω0
X → Ω0

X be a derivation. Then there exists a vector field ξ ∈ X(X)

such that D = Dξ.

First we prove the following.

Lemma 2.41. Suppose h is a smooth real-valued function defined on a convex neighborhood U

of 0 ∈ An, and assume h(0) = 0. Then there exist smooth functions gi : U → R, i = 1, . . . , n, such

that

(2.42) h(x) = gi(x)x
i.

Furthermore,

(2.43) gi(0) =
∂h

∂xi
(0).

Proof. For any x ∈ U write

(2.44) h(x) =

∫ 1

0
dt

d

dt
h(tx) =

∫ 1

0
dt

∂h

∂xi
(tx)xi,

so set

(2.45) gi(x) =

∫ 1

0
dt

∂h

∂xi
(tx).

Equation (2.43) follows immediately from (2.45) upon setting x = 0. □
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Proof of Proposition 2.40. First, use the derivation property to show that D(1) = 0 and then

D applied to any constant function vanishes. Next, suppose f1, f2 are functions that agree in a

neighborhood U of a point x ∈ X. Then if ρ is a cutoff function—ρ(x) = 1 and ρ vanishes on

the complement of U—we have ρf1 = ρf2, and apply D to conclude that D(f1)(x) = D(f2)(x). It

follows that a derivation of Ω0
X gives rise to a derivation of Ω0

U for all open U ⊂ X. Furthermore,

a derivation of Ω0
X is determined by the collection of induced derivations on Ω0

U as U ranges over

an open cover of X.

Cover X by charts (U ;x1, . . . , xn) such that the image of U is a convex subset of An. Define the

vector field on U

(2.46) ξx = (Dxi)(x)
∂

∂xi
, x ∈ U.

We claim that the derivation D induces on Ω0
U is Dξ. Namely, fix x0 ∈ U and translate the

coordinates so that xi(x0) = 0 for all i. Identify U ⊂ X with its image in An, and so x0 ∈ X

with 0 ∈ An. Fix f ∈ Ω0
U . Then Lemma 2.41 produces functions gi ∈ Ω0

U such that

(2.47) f(x) = f(0) + gi(x)x
i

and gi(0) = ∂f/∂xi(0). Then

(2.48) Df(0) = D
(
f − f(0)

)
(0) = D(gix

i)(0) = (Dxi)(0)gi(0) = Dxi(0)
∂f

∂xi
(0) = (ξf)(0).

This proves that D = Dξ as derivations of Ω0
U , from which it follows that ξ patches to a global

vector field on X and D = Dξ as derivations of Ω
0
X . □

(2.49) The Lie derivative is the Lie bracket.

Proposition 2.50. Let X be a smooth manifold and let ξ, η ∈ X(X) be vector fields on X. Then

(2.51) [Dξ, Dη] = D
L
ξ
η
.

Proof. Compute in local coordinates using Proposition 2.23. For f ∈ Ω0
X we have

[Dξ, Dη]f = ξ(ηf)− η(ξf)

=

(
ξi

∂

∂xi

)(
ηj
∂f

∂xj

)
−
(
ηi

∂

∂xi

)(
ξj
∂f

∂xj

)

=

(
ξi
∂ηj

∂xi
− ηi∂ξ

j

∂xi

)
∂f

∂xj

= (Lξη)f

(2.52)

□
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Transport the commutator of derivations of Ω0
X to a Lie bracket on vector fields, using Proposi-

tion 2.40: for ξ, η ∈ X(X) characterize [ξ, η] ∈ X(X) by

(2.53) D[ξ,η] =
[
Dξ, Dη

]
.

Then Proposition 2.50 shows that

(2.54) Lξη = [ξ, η].

Corollary 2.55.
(
X(X), [−,−]

)
is a Lie algebra.

A geometric interpretation of the Lie derivative

9
+
YsC(Xi) 45921xd
-*
L

He
S

-

t

&

S

x X -

Yo G

Figure 8. The commutator of flows

Let ξ, η ∈ X(X) be vector fields on a smooth manifold X, and fix x0 ∈ X. We compute the

Lie derivative Lξη at x0 in terms of the commutator of the flows that ξ, η generate. Let φt, ψs be

local flows near x0 generated by ξ, η, and fix local coordinates x1, . . . , xn near x0. For sufficiently

small ϵ > 0 and t, s ∈ (−ϵ, ϵ), write the function

(2.56) (t, s) 7−→ ψ−sφ−tψsφt(x0)

as

(2.57) (t, s) 7−→ xi(t, s).

Proposition 2.58. We have

(2.59) Lξη(x0) =
∂2xi

∂t∂s

∂

∂xi

∣∣∣∣∣t=0
s=0

.



26 D. S. FREED

Proof. From (2.56) compute

(2.60)
∂xi

∂s

∂

∂xi

∣∣∣∣
s=0

= −η + (φ−t)∗η,

where the right hand side is evaluated at x0. Differentiate (2.60) in t at t = 0 to derive (2.59). □

Consider the diagonal motion derived from (2.56) as

(2.61) t 7−→ ψ−tφ−tψtφt(x0),

which we write as

(2.62) t 7−→ x̃i(t).

Corollary 2.63. We have

(2.64) Lξη(x0) =
1

2

d2x̃i

dt2
∂

∂xi

∣∣∣∣∣t=0
s=0

.

Lie brackets and smooth maps

In general, if φ : X ′ → X is a smooth map, and ξ′ ∈ X(X ′) is a vector field, then there is not

a vector field defined on X. For to define a putative pushforward at x ∈ X we would apply the

differential of φ to ξ′ at an inverse image point of x. But φ−1(x) may not be a singleton: if it is

empty, there is no value defined, and if its cardinality is ≥ 2 there may be multiple values defined.

Definition 2.65. Suppose φ : X ′ → X is a surjective map, ξ′ ∈ X(X ′), and ξ ∈ X(X). We say ξ′, ξ

are φ-related if φ∗(ξ
′
x′) = ξφ(x′) for all x

′ ∈ X ′.

Proposition 2.66. If ξ′1, ξ
′
2 are φ-related to ξ1, ξ2, respectively, then [ξ′1, ξ

′
2] is φ-related to [ξ1, ξ2].

Proof. ξ′i and ξi are φ-related iff for all f ∈ Ω0
X we have φ∗(ξif) = ξ′i(φ

∗f). If so, then

φ∗
(
[ξ1, ξ2]f

)
= φ∗(ξ1ξ2f − ξ2ξ1f)
= ξ′1φ

∗(ξ2f)− ξ′2φ∗(ξ1f)

= ξ′1ξ
′
2φ

∗f − ξ′2ξ′1φ∗f

= [ξ′1, ξ
′
2]φ

∗f.

(2.67)

It follows that [ξ′1, ξ
′
2] is φ-related to [ξ1, ξ2]. □
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Lecture 3: Introduction to Lie groups

As we said in (1.34), we organize geometric structures (after Klein) in terms of symmetry. In this

lecture we introduce symmetry groups in differential geometry: Lie groups. A group is a structure

on a set, and discrete groups play an important role in all of mathematics. In geometric situations

one often combines the group structure with a geometric structure: topological groups, algebraic

groups, group schemes, . . . Here we combine with a smooth manifold structure on the underlying

set to obtain the notion of a Lie group.

The smooth manifold that underlies a Lie group carries two global parallelisms, and we choose

the left parallelism as primary. We begin the lecture with some general remarks on manifolds

equipped with a global parallelism; see (1.19).

We then turn to the definition of a Lie group. The parallel (left invariant) vector fields are

closed under Lie bracket and comprise the Lie algebra associated to a Lie group. We give several

examples, including the “exceptional” Lie group G2. (There is a classification of compact simply

connected Lie groups that includes three infinite families and five exceptional groups; G2 is one of

the latter.)

The notion of a homomorphism of Lie groups (Definition 3.39) is evident, and by differentiation

a homomorphism of Lie groups induces a homomorphism of their Lie algebras. Remark 3.42 on the

converse sets up our discussion of distributions and the Frobenius theorem, which we take up in a

few lectures. One-parameter groups are a special and important class of homomorphisms. They

correspond to elements of the Lie algebra, and often are a useful way to work with such elements.

This leads to the exponential map from the Lie algebra to the Lie group.

We conclude the lecture by working out one parameter groups and the exponential map for

matrix groups.

In the next lecture we continue our introduction to Lie groups.

Parallelized manifolds

Let X be a smooth manifold equipped with a global parallelism (Definition 1.20). The struc-

ture (1.21) of the parallelism identifies each tangent space TxX with a fixed vector space V . This

provides an isomorphism

(3.1) X(X)
∼=−−→ Map(X,V ).

A vector field ξ ∈ X(X) is parallel if it corresponds to a constant function under (3.1). Observe

that a vector ξx ∈ TxX at any x ∈ X extends to a unique parallel vector field ξ ∈ X(X). Also,

given ξx there is a distinguished motion germ with initial position x and initial velocity ξx defined

by an integral curve of the parallel vector field ξ with initial position x. This is a constant velocity

motion (germ).

Remark 3.2. On a smooth manifold equipped with a global parallelism, the Lie bracket of parallel

vector fields is not necessarily parallel. However, for the special left and right parallelisms we define

below on a Lie group, the Lie bracket of parallel vector fields is parallel.
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The parallelism also induces an isomorphism

(3.3) Ω•(X)
∼=−−→ Map(X,

∧•V ∗),

and the parallel differential forms form a subalgebra

(3.4) Ω•
∥(X) ⊂ Ω•(X).

As in Remark 3.2, the subspace of parallel differential forms is not necessarily closed under d.

Basic concepts of Lie groups

(3.5) The definition. A mathematical marriage imposes compatibility constraints, here smooth-

ness of structure maps.

Definition 3.6. A Lie group is a set G endowed with the structures of a group and of a smooth

manifold. The multiplication and inversion maps

(3.7)
m : G×G −→ G

i : G −→ G

are required to be smooth.

Observe that a Lie group has a distinguished point, the identity element e ∈ G. Therefore, it has

a distinguished component, the identity component that contains e. Recall too Definition 2.33 of a

Lie algebra. We will soon see that attached to a Lie group G is a Lie algebra Lie(G).

A Lie group can act as symmetries on a smooth manifold.

Definition 3.8. Let G be a Lie group and let X be a smooth manifold. A (left/right) action of G

on X is a smooth map

(3.9)
L : G×X −→ X

R : X ×G −→ X

that satisfies the associativity law required of a group action: for g1, g2 ∈ G and x ∈ X, we have

(3.10)
L
(
g1, L(g2, x)

)
= L

(
g1g2, x

)

R
(
R(x, g1), g2

)
= R

(
x, g1g2

)

for a left action L and a right action R, respectively.

As usual, we write L(g, x) = g · x = gx and R(x, g) = x · g = xg.
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(3.11) Parallelisms on a Lie group. A Lie group G carries canonical left and right actions on itself

by left and right multiplication: for g, h ∈ G and x ∈ G define

(3.12)
Lg(x) = gx

Rh(x) = xh

The maps Lg, Rh : G → G are diffeomorphisms. Left multiplication and right multiplication com-

mute, so together define a left action of G × G on G: the pair (g, h) ∈ G × G maps x 7→ gxh−1.

The differentials of left and right multiplication each define a global parallelism that identifies each

tangent space with TeG. The left parallelism is

(3.13)
Lg : TeG −→ TgG

ξ 7−→ (Lg)∗ξ

and the right parallelism is

(3.14)
Rh : TeG −→ ThG

ξ 7−→ (Rh)∗ξ

Convention 3.15. We use ‘parallel’ to mean the left parallelism of a Lie group.

Remark 3.16. A parallel vector field ξ is also called ‘left-invariant’: it is invariant under left trans-

lation (3.13). Namely, ξ is parallel iff (Lg)∗ξ = ξ for all g ∈ G. In other words, ξ is Lg-related to

itself for all g ∈ G. Similarly, a differential form α is parallel iff L∗
gα = α for all g ∈ G.

Notation 3.17. The subspace of parallel vector fields is denoted g ⊂ X(G).

Evaluation at the identity is an isomorphism of vector spaces

(3.18) eve : g −→ TeG

(3.19) The Lie algebra of a Lie group. The space g of parallel vector fields has a Lie algebra

structure induced from the Lie bracket of vector fields.

Lemma 3.20. If ξ1, ξ2 ∈ g are parallel vector fields, then so too is their Lie bracket [ξ1, ξ2].

Proof. By Remark 3.16 each ξi is Lg-related to itself for all g ∈ G, hence by Proposition 2.66 this

also holds for [ξ1, ξ2]. Therefore, [ξ1, ξ2] is parallel. □

We use the isomorphism (3.18) to transport the Lie algebra structure on g, defined by Lie bracket

of vector fields, to the vector space TeG. This is often convenient. For example, if G = On is the

group of orthogonal n×n real matrices, then TeOn is the vector space of skew-symmetric n×n real

matrices. We compute the induced Lie bracket on matrices below in Proposition 3.70.
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Examples of Lie groups

Example 3.21 (discrete Lie groups). A finite or countable group is a 0-dimensional Lie group when

equipped with the discrete topology. (An uncountable discrete set is not a manifold: it violates

second countability.) The associated Lie algebra is the zero vector space equipped with the zero

bracket.

Example 3.22 (real vector spaces). A finite dimensional real vector space V is a Lie group. The

group law is vector addition and the manifold structure is as usual. A vector space is an abelian

Lie group; the group law is commutative.

Example 3.23 (circle group). Let T ⊂ C denote the set of complex numbers λ of unit norm:

λλ̄ = 1. Then T is a 1-dimensional Lie group; the group law is multiplication of complex numbers.

Regarding T ⊂ C, it is natural to identify Lie(T) ∼= T1T ∼=
√
−1R ⊂ C.

Example 3.24 (general linear group). Let V be a finite dimensional real vector space. Then

End(V ) is the vector space of linear maps A : V → V , and Aut(V ) ⊂ End(V ) is the open subset

of invertible linear maps P : V → V . The group Aut(V ) is a Lie group whose group law is

composition of automorphisms. Its dimension is (dimV )2. The tangent space at the identity is

canonically TidAut(V ) = End(V ). Note that End(V ) is an associative algebra under composition,

a structure we exploit. Quite generally, it is pleasant to compute in Lie groups that are subgroups

of associative algebras.

Observe that Aut(V ) has two parallelisms. First, the affine parallelism induced from End(V )

identifies each tangent space with End(V ). Second, as a Lie group Aut(V ) has the left par-

allelism (3.13). (Of course, it has a third parallelism—right parallelism—but we do not use

that.) These two parallelisms do not agree. Namely, if we use the affine parallelism to identify

TP Aut(V ) ∼= End(V ) for P ∈ Aut(V ), then the left parallelism is left composition by P :

(3.25)
(LP )∗ : TidAut(V ) ∼= End(V ) −→ End(V ) ∼= TP (V )

A 7−→ P ◦A

We compute the Lie bracket on TeAut(V ) ∼= End(V ) in (3.68) below.

If V = Rn, then End(Rn) =MnR is the algebra of n×n real matrices under matrix multiplication,

and Aut(Rn) = GLnR is the subgroup of invertible matrices.

Definition 3.26. A Lie group G is a matrix group if it is a Lie subgroup G ⊂ Aut(V ) of a general

linear group.

As we spell out in the next lecture, this means that G has a Lie group structure and the inclusion

map into the general linear group is a homomorphism of Lie groups (defined below).

Example 3.27 (matrix groups cut out by a bilinear form). Let V be a finite dimensional real

vector space and B : V × V → R a bilinear form. Define

(3.28) AutB(V ) = {P ∈ Aut(V ) : B(Pξ1, P ξ2) = B(ξ1, ξ2) for all ξ1, ξ2 ∈ V };
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it is a Lie subgroup of Aut(V ). The tangent space at id ∈ AutB(V ) is computed by differentiating

the equation in (3.28) in the variable P :

(3.29) EndB(V ) = {A ∈ End(V ) : B(Aξ1, ξ2) +B(ξ1, Aξ2) = 0 for all ξ1, ξ2 ∈ V }.

For each pair ξ1, ξ2 ∈ V the equation in (3.28) cuts out a closed set in Aut(V ), and hence AutB(V ) is

an intersection of closed sets so is a closed subgroup of Aut(V ). This alone is sufficient to prove that

AutB(V ) is a submanifold of Aut(V ) and that the induced manifold structure is compatible with

the multiplication. We explain the indicated theorem in the next lecture. If B is nondegenerate,

then for any A ∈ End(V ) define the adjoint operator A∗ ∈ End(V ) via the equation

(3.30) B(ξ1, Aξ2) = B(A∗ξ1, ξ2), ξ1, ξ2 ∈ V.

Then P ∈ Aut(V ) is in AutB(V ) iff P ∗P = id. One can prove that this equation defines a

submanifold, and from there that AutB(V ) is a Lie group.

For V = Rn this specializes to classical Lie subgroups of GLnR. Let e1, . . . , en be the standard

basis of Rn.

Example 3.31 (orthogonal groups). Let p, q ∈ {0, 1, . . . , n} satisfy p+ q = n. Define the bilinear

form Bp,q : Rn × Rn → R by

(3.32) Bp,q(ek, eℓ) =





+1, k = ℓ ≤ p;
−1, k = ℓ > p;

0, k ̸= ℓ.

Then B is symmetric and nondegenerate. The orthogonal group AutBp,q(R
n) is notated Op,q, and

in the definite case we write On,0 = O0,n = On.

An orthogonal matrix P satisfies detP = ±1. The orthogonal group is not connected; write

SOp,q ⊂ Op,q for the identity component, that is, the connected component that contains the identity

element. In the definite case, write SOn ⊂ On. This subgroup is called the special orthogonal group.

Your homework treats nondegenerate skew-symmetric forms.

Example 3.33 (Lie groups from complex vector spaces). A finite dimensional complex vector

space U has an underlying finite dimensional real vector space, so is a smooth manifold. Hence,

so too is Aut(U) ⊂ End(U), where now End(U) is the associative algebra of complex linear endo-

morphisms of U . For U = Cm we write Aut(U) = GLmC; it is the complex general linear group

of (real) dimension 2m2. By contrast with the real case in Example 3.31, there is only a single

isomorphism class of nondegenerate symmetric complex bilinear forms on Cm; the corresponding

group of symmetries is the complex orthogonal group OmC. There is a new possibility: hermitian

forms. Recall that a hermitian form on a complex vector space is a bilinear map2

(3.34) h : U × U −→ C,

2U is the complex conjugate vector space to U : the same real vector space with the complex conjugate action of
the complex scalars C.
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which is equivalent to a bilinear map UR × UR → C of the underlying real vector spaces that is

complex conjugate linear in the first variable and complex linear in the second variable. Symmetry

or skew-symmetry is the equation

(3.35) h(ξ̄1, ξ2) = ±h(ξ̄2, ξ1).

A symmetric hermitian form has a signature, just as in Example 3.31, leading for U = Cm to the

unitary groups Up,q, p+ q = m. In the definite case we write Um,0 = U0,m = Un

The next example is not defined by a bilinear form, but rather by a trilinear form.

Example 3.36 (An exceptional Lie group). Let V = R7 with its standard inner product and

standard (orthonormal) basis e1, . . . , e7. Denote the dual basis of V ∗ by e1, . . . , e7, and use the

notation eijk = ei ∧ ej ∧ ek ∈ ∧3V ∗. Introduce the 3-form ω ∈ ∧3V ∗ defined as

(3.37) ω = e123 + e145 + e167 + e246 − e257 − e347 − e356.

The exceptional (compact) Lie group G2 is

(3.38) G2 = {P ∈ SO7 : P
∗ω = ω}.

It has dimension 14.

Homomorphisms of Lie groups

The next definition is in keeping with the compatible marriage in Definition 3.6.

Definition 3.39. Let G′, G be Lie groups. A function ψ : G′ → G is a (Lie group) homomorphism

if it is a smooth map of manifolds and a homomorphism of groups.

Lemma 3.40. A Lie group homomorphism ψ : G′ → G induces a Lie algebra homomorphism

ψ̇ : g′ → g on parallel vector fields.

Proof. Let ξ′ ∈ g′ be a parallel vector field. Then for g′ ∈ G′ we have

ψ∗(ξ
′
g′) = ψ∗(Lg′)∗ξ

′
e′

= (ψ ◦ Lg′)∗ξ′e′
= (Lψ(g′) ◦ ψ)∗ξ′e′
= (Lψ(g′))∗ξe

(3.41)

where ξe = ψ∗ξ
′
e′ . It follows that ξ′ pushes forward to a vector field ξ on the image of ψ, and

that ξ is parallel on that image. Extend ξ to a parallel vector field on G, i.e., to an element of g.

Proposition 2.66 implies that the map ψ̇ : g′ → g is a Lie algebra homomorphism. Finally, observe

that under (3.18) the map ψ̇ is identified with the differential of ψ at the identity e′ ∈ G′. □
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Remark 3.42. Lemma 3.40 suggests the following question: Given a Lie algebra homomorphism

β : g′ → g, does there exist a Lie group homomorphism ψ : G′ → G such that ψ̇ = β? We address

this question by seeking the graph of ψ, which is a submanifold Γ ⊂ G′ ×G. The equation ψ̇ = β

is encoded by a distribution on G′ × G, that is, a subbundle of the tangent bundle such that the

restriction of this subbundle to Γ is the tangent bundle to Γ. Specifically, identify

(3.43) T(g′,g)(G
′ ×G) ∼= g′ ⊕ g

and then the graph of ψ̇ determines a subspace of (3.43). The local and global existence and

uniqueness of Γ—called an integral manifold of the distribution—is the subject of the Frobenius

theorem, which we take up in Lecture 5.

(3.44) One-parameter groups. Specialize to G′ = R. Then the distribution described in Re-

mark 3.42 is 1-dimensional, and the graph we seek is an integral curve of a vector field.

Definition 3.45. A one-parameter group in a Lie group G is a homomorphism γ : R→ G. We say

γ is generated by γ̇(0) = ξ ∈ g.

The following is an affirmative answer to the question in Remark 3.42 for G′ = R.

Theorem 3.46. Let ξ ∈ g be a parallel vector field on a Lie group G. Then ξ is complete.

Furthermore, the integral curve γξ : R → G of ξ with γξ(0) = e is a one-parameter group with

generator ξ.

A one-parameter group is a constant velocity motion: its velocity is parallel.

Remark 3.47. Note that Definition 3.45 and Theorem 3.46 combine to a bijection between the Lie

algebra g and one-parameter groups in G. Often these motions in G provide a geometric way

to work with an element of the Lie algebra of a Lie group, an idea we use often. In particular,

a one-parameter group and its translates provide distinguished motions that represent a tangent

vector on a Lie group.

Proof. Let γ : (−ϵ, ϵ) → G be a local integral curve of ξ with γ(0) = e. Suppose t1, t2 ∈ (−ϵ, ϵ)
satisfy t1 + t2 ∈ (−ϵ, ϵ). Then we claim

(3.48) γ(t1 + t2) = γ(t1)γ(t2).

To verify this, fix t1 and let γL, γR denote the left and right hand sides of (3.48) as functions

of t = t2. Then

(3.49) γ̇L(t) = γ̇(t1 + t) = ξγ(t1+t) = ξγL(t)

and

(3.50) γ̇R(t) = γ(t1)γ̇(t) = (Lγ(t1))∗ξγ(t) = ξγ(t1)γ(t) = ξγR(t).
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Furthermore, the initial positions are

(3.51) γL(0) = γ(t1) = γR(0).

Now (3.48) follows from the uniqueness statement in the fundamental theorem of ordinary differ-

ential equations.

Next, we prove that γ : (−ϵ, ϵ) → G extends to an integral curve γξ of ξ with domain R. For

any t ∈ R choose N ∈ Z>0 such that |t/N | < ϵ, and define

(3.52) γξ(t) = γ

(
t

N

)N
.

If also M ∈ Z>0 such that |t/M | < ϵ, then using (3.48) we have

(3.53) γ

(
t

M

)M
=

[
γ

(
t

NM

)N]M
=

[
γ

(
t

NM

)M]N
= γ

(
t

N

)N
.

This proves that (3.52) is well-defined. It follows from (3.48) that γξ is a homomorphism.

Finally, for any g ∈ G the map

(3.54)
R −→ G

t 7−→ g γξ(t)

is an integral curve of ξ with initial position g. This proves that ξ is a complete vector field. □

Remark 3.55. Notice that (3.54) implies that the flow generated by a parallel (left-invariant) vector

field is right multiplication by the integral curve through e ∈ G. Quite generally, signs and left

vs. right are tricky in differential geometry, so it is worth paying attention.

(3.56) The exponential map. The integral curves in Theorem 3.46 fit together into a map from

the Lie algebra g of a Lie group G to the Lie group. Namely, define the exponential map

(3.57)
exp: g −→ G

ξ 7−→ γξ(1)

Proposition 3.58. The exponential map (3.57) is smooth.

Proof. On g×G define the vector field ηξ,g = 0⊕ ξ; see Figure 9. It generates the flow

(3.59) φt
(
ξ, g
)
=
(
ξ, gγξ(t)

)
.

The fundamental theorem of ODE asserts that φ is a smooth function jointly in t, ξ, g. Hence so

too is exp: ξ 7→ π
(
φ1(ξ, e)

)
, where π : g×G→ G is projection. □

Remark 3.60. The device of passing to the universal example—in this case of a parallel vector field—

by introducing a parameter space—in this case g—is a powerful maneuver in many situations.
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Figure 9. The universal parallel vector field on a Lie group

Exponentials and Lie brackets for the general linear group

(3.61) The exponential. As in Example 3.24, let V be a finite dimensional real vector space.

Suppose A ∈ EndV . Define its exponential by a power series:

(3.62) eA = 1 +A+
A2

2!
+
A3

3!
+ · · ·

A finite truncation is defined algebraically. To define the infinite sum, introduce3 a norm on V and

prove that the sequence of partial sums is Cauchy. By easy manipulations with the partial sums,

and then by passage to the limit, you will prove that for t, t1, t2 ∈ R,

e(t1+t2)A = et1A ◦ et2A(3.63)

d

dt
etA = A ◦ etA = etA ◦A.(3.64)

The first equation implies that eA is invertible with inverse e−A. For endomorphisms A,B ∈
End(V ), if A and B commute then eA+B = eA ◦ eB; if they do not commute, then in general

eA+B ̸= eA ◦ eB.
In the sequel we drop the ‘◦’ symbol.

(3.65) The exponential map. Recall from (3.25) that the parallel vector field ξA on the general

linear group Aut(V ) with value A ∈ End(V ) ∼= TidAut(V ) has value PA ∈ End(V ) at P ∈ Aut(V ).

By (3.64) the integral curve of ξA with initial value P0 ∈ Aut(A) is

(3.66) Pt = P0e
tA.

In particular, the integral curve with initial value id is t 7→ etA. This implies the following.

3All norms are equivalent, so any works for this argument. You can find details of the arguments in this paragraph
in the notes on Multivariable Analysis, and you should work through this paragraph carefully if you have never seen
it before. This is an exhortation that applies universally in these notes.
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Proposition 3.67. For the general linear group Aut(V ), the exponential map (3.57) is the expo-

nential map (3.62).

(3.68) The Lie bracket. Let A,B ∈ End(V ) generate parallel vector fields ξA, ξB, and let φ be the

flow generated by ξA. Then LξAξB at id is

d

dt

∣∣∣∣
t=0

(φ−t)∗ξB(id) =
d

dt

∣∣∣∣
t=0

etABe−tA

= AB −BA.
(3.69)

In the first line we use that the flow generated by ξA is right multiplication by etA—see (3.66)—and

that the value of ξB at etA is etAB—see (3.25). This computation implies the following.

Proposition 3.70. For the general linear group Aut(V ), the Lie bracket on the Lie algebra End(V )

is the commutator [A,B] = AB −BA.

Observe that we use (3.18) to identify the Lie algebra with End(V ), and we use the associative

algebra structure of End(V ) to define the commutator.

Remark 3.71. Any associative algebra determines a Lie algebra whose Lie bracket is the commu-

tator.
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Lecture 4: More on Lie groups

We continue our introduction to Lie groups, and we also develop a few general aspects of the

calculus of differential forms.

We begin with a discussion of Lie subgroups of a Lie group. A Lie subgroup need not be closed

in the topology of the Lie group. A powerful general theorem asserts that a closed subgroup of a

Lie group is itself a Lie group. We state, but do not prove that theorem.

The next topic is the adjoint action of a Lie group on itself and on its Lie algebra. This is

essentially conjugation in various forms; it measures the deviation of a Lie group from abelianness.

For matrix groups the action is precisely conjugation.

We then make a digression to conclude a topic left over from Lecture 2, namely Lie derivatives

of differential forms. In this section and in the remainder of the lecture, we introduce a few

formulas (4.39), (4.48), (4.49), (4.69), (4.83) that are so fundamental in Differential Geometry that

I recommend you memorize them. The section on Lie derivatives has six commutator formulas

(4.30), (4.35), (4.39), (4.42), (4.43), (4.44) that are basic to the calculus of differential forms.

With this in hand, we introduce a tautological vector-valued 1-form on a Lie group: the Maurer–

Cartan form. It satisfies the Maurer–Cartan equation (4.69), the basic structure equation on a

Lie group. Variations of this equation will be central in our geometric discussions, for example of

curvature. The form (4.81), (4.83) this equation takes on a matrix group will also recur later.

Lie subgroups

(4.1) One-parameter subgroups on a torus. A one-parameter subgroup of the vector group R2 is

a homomorphism γ̃ : R→ R2, i.e., a linear map γ̃(t) = (at, bt) for some a, b ∈ R. Let G = R2/Z2 be

the quotient by the subgroup of vectors with integer coefficients. Then G is an abelian Lie group

whose underlying manifold is diffeomorphic to a 2-torus. Let π : R2 → G be the quotient map.

Then γ = π ◦ γ̃ is a one-parameter subgroup of G. If b/a is rational, then γ is not injective, but

factors through an injective Lie group homomorphism R/LZ → G for some L ∈ Z. The image

in G is a closed submanifold diffeomorphic to S1, and it is a subgroup as well; we summarize this

combination as a closed subgroup. If b/a is irrational, then γ is an injective immersion with dense

image in G; it is not an embedding. See Figure 10 for a crude picture. The image of γ is a subgroup

of G, but it is not a submanifold.

(4.2) Definitions and basic theorems. The examples in (4.1) motivate the following.

Definition 4.3. Let G be a Lie group. A Lie subgroup i : G′ → G is an injective homomorphism

of Lie groups. It is a closed subgroup if i(G′) ⊂ G is closed.

The differential of an injective Lie group homomorphism is an injective homomorphism of Lie

algebras, so in particular an injective Lie group homomorphism is an injective immersion. We state

the following without proof.

Theorem 4.4.
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Figure 10. The skew line on the torus

(1) Let i : G′ → G be a Lie subgroup. Then i(G′) ⊂ G is closed iff i is an embedding.

(2) A closed subgroup of a Lie group is a Lie subgroup.

The second assertion states that if a subset G′ ⊂ G is a subgroup in the group structure and is

closed in the topology, then G′ is a submanifold and the group operations on G′ are smooth. The

proofs of these assertions are not immediate; see Warner.

Remark 4.5. Theorem 4.4(2) is powerful, as pointed out in Example 3.27 for instance.

The adjoint action

(4.6) The nonlinear action of G by conjugation. Define the left action (Definition 3.8) of G on G

by conjugation:

(4.7) ADg(x) = gxg−1, g, x ∈ G.

The orbit of x ∈ G under conjugation is the conjugacy class of x, which is a closed submanifold

of G. The stabilizer of x ∈ G is the centralizer Z(x) ⊂ G, which is a closed subgroup and hence,

by Theorem 4.4(2), is a Lie subgroup.

(4.8) The linear action of G on its Lie algebra. Let ξ ∈ g be a parallel vector field on G. Then

we check that the differential of ADg maps ξ to a parallel vector field using the canonical motion

(germ) with velocity ξ:

(4.9) ADg(xe
tξ) = gxetξg−1 = (gxg−1)(getξg−1).

This linear action of G on its Lie algebra of parallel vector fields is denoted

(4.10) Ad: G −→ Aut(g).
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It is a canonical linear representation of G, the adjoint representation. Note that Aut(g) is a Lie

group (Example 3.24), and (4.10) is a Lie group homomorphism. Under the identification (3.18)

of g with TeG we have Adg = d(ADg)e. Furthermore, linear transformations in the image of the

adjoint representation preserve the Lie bracket:

(4.11) Adg[ξ, η] = [Adg ξ,Adg η], g ∈ G, ξ, η ∈ g.

In other words, we can read ‘Aut(g)’ not just as linear automorphisms, but as automorphisms which

preserve the Lie algebra structure. This follows from a computation with the flows generated by ξ, η

(see Proposition 2.58 and Remark 3.55), which we evaluate at e ∈ G:

(4.12)
∂2

∂t∂s

∣∣∣∣
t=0
s=0

ADg(e
tξesηe−tξe−sη) =

∂2

∂t∂s

∣∣∣∣
t=0
s=0

(getξg−1)(gesηg−1)(ge−tξg−1)(ge−sηg−1).

(4.13) The infinitesimal linear action of g on g. By Lemma 3.40 the Lie group homomorphism (4.10)

induces a Lie algebra homomorphism

(4.14) ad: g −→ End(g).

This is the infinitesimal adjoint representation of the Lie algebra g. Furthermore, adξ, ξ ∈ g, acts

as a derivation on g, which follows by differentiating (4.11) in g:

(4.15) adξ[η, ζ] = [adξ(η), ζ] + [η, adξ(ζ)].

In fact, we can compute the adjoint action explicitly.

Proposition 4.16. For ξ, η ∈ g we have

(4.17) adξ(η) = [ξ, η].

Proof. As in (4.12) we compute at e ∈ G and for g ∈ G write

(4.18) Adg(η)(e) =
d

ds

∣∣∣∣
s=0

gesηg−1.

Hence

(4.19) adξ(η)(e) =
d

ds

∣∣∣∣
s=0

d

dt

∣∣∣∣
t=0

etξesηe−tξ.

Since the flow φt generated by ξ is right multiplication by etξ, the expression on the right hand

side of (4.19) is4 d
dt

∣∣
t=0

(φ−t)∗(η), which by (2.19) is (Lξη)(e). Conclude with (2.54). □

Remark 4.20. Under the identification (4.17), equation (4.15) is a form of the Jacobi identity (2.36)

for the Lie bracket.

4The value of the parallel vector field η at φt(e) = etξ is d
ds

∣∣
s=0

etξesη.
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(4.21) Adjoint action for matrix groups. Suppose G is a matrix group, which means that G ⊂
Aut(V ) for some finite dimensional real vector space V . In that case the Lie algebra g ⊂ End(V ) is

a subset of endomorphisms, after identifying it with the tangent space to G at the identity e = idV .

Then from (4.9) with x = e we deduce that

(4.22) AdP (A) = PAP−1, P ∈ G, A ∈ g.

In other words, the adjoint action is precisely conjugation for matrix groups.

The Lie derivative on differential forms

(4.23) Derivations on graded algebras. We begin with the Z-graded variation of (2.29).

Definition 4.24. Let A =
⊕

q∈ZA
q be a Z-graded algebra. A homogeneous map D : A → A of

degree k is s derivation if

(4.25) D(αβ) = (Dα)β + (−1)kqα(Dβ), α ∈ Aq, β ∈ A.

If D1, D2 are derivations of degrees k1, k2, respectively, then

(4.26) [D1, D2] = D1 ◦D2 − (−1)k1k2D2 ◦D1

is a derivation of degree k1 + k2.

Remark 4.27.

(1) In (4.25) and (4.26) we use the Koszul sign rule, which loosely imposes a sign (−1)pq which
commuting objects of degrees p and q in a Z-graded algebra.

(2) The commutator (4.26) (with sign) endows the vector space Der(A) of derivations of A with

the structure of a Z-graded Lie algebra. As an exercise, write this Z-graded variation of

Definition 2.33. You’ll need to apply the Koszul sign rule carefully and consistently.

Example 4.28 (Derivations on differential forms). Let X be a smooth manifold and let A = Ω•
X

be the Z-graded algebra of differential forms. The Cartan differential d : Ω•
X → Ω•+1

X is a derivation

of degree +1. For any vector field ξ ∈ X(X), the Lie derivative Lξ is a derivation of degree 0. To

verify this, let φt be the flow generated by ξ, differentiate

(4.29) φ∗
t (α ∧ β) = φ∗

tα ∧ φ∗
tβ, α, β ∈ Ω•

X

in t, and apply (2.19). Furthermore,

(4.30) [d,Lξ] = 0

follows by differentiating

(4.31) φ∗
tdα = dφ∗

tα, α ∈ Ω•
X ,

in t.
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(4.32) Interior product (contraction). Interior product is an algebraic operation on differential

forms: it acts pointwise. There is no differentiation; by contrast, the derivations d and Lξ act as

first order differential operators. Hence we treat contraction algebraically.

Let V be a vector space.5 For ξ ∈ V we give three equivalent characterizations of the derivation

(4.33) ιξ :
∧•V ∗ −→ ∧•−1V ∗

as follows:

(1) ιξ is dual to left exterior multiplication ϵξ :
∧•V → ∧•+1V .

(2) ιξ is a derivation of degree −1 and ιξ : V
∗ → R is evaluation on ξ.

(3) If we identify α ∈ ∧qV ∗ with alternating q-linear functionals on V , then

(4.34) (ιξα)(ξ1, . . . , ξq−1) = α(ξ, ξ1, . . . , ξq−1), ξ1, . . . , ξq−1 ∈ V.

This last equation tells that ιξ is the operation “plug ξ into the first slot”. All three characterizations

are useful in practice. It is easy to verify

(4.35) [ιξ, ιη] = 0, ξ, η ∈ V.

For example, this is dual to the (graded) commutativity of exterior multiplication using character-

ization (1). Take ξ = η in (4.35) to deduce

(4.36) (ιξ)
2 =

1

2
[ιξ, ιξ] = 0.

Let X be a smooth manifold. Define the interior product ιξ : Ω
•
X → Ω•−1

X on differential forms

pointwise as interior product on the exterior algebra of the cotangent space.

(4.37) The Cartan6 formula. Now we can compute the Lie derivative on differential forms, a

formula you should know so well that you could recite it in your sleep.

Theorem 4.38. Let ξ ∈ X(X) be a vector field on X. Then

(4.39) Lξ = [d, ιξ] = dιξ + ιξd.

Proof. Both Lξ and [d, ιξ] are degree 0 derivations of Ω•
X , both commute with d, and they agree on

functions Ω0
X ; see (4.26), (4.29), and (2.21). Any differential form is locally a sum of terms of the

form f0 df1 ∧ · · · ∧ dfq, where f0, f1, . . . , fq ∈ Ω0
X . The result follows. □

5We needn’t assume the ground field is R, nor that V is finite dimensional.
6This is Henri Cartan, son of Élie.
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Remark 4.40. The derivations of interior product, Lie derivative, and Cartan d endow

(4.41) X(X)⊕ X(X)⊕ R

with the structure of a Z-graded Lie algebra, where the degrees of the summands are −1, 0,+1.

An element η ∈ X(X) in the first summand acts on Ω•
X as ιη. An element ξ ∈ X(X) in the second

summand acts on Ω•
X as Lξ. A real number a ∈ R acts on Ω•

X as a times Cartan d. The bracketing

relations are (4.30), (4.35), (4.39), and

[d, d] = 0(4.42)

[Lξ, ιη] = ι[ξ,η](4.43)

[Lξ,Lη] = L[ξ,η](4.44)

Remark 4.45. This Z-graded Lie algebra encodes what is needed to compute in first order differential

calculus. If one supplements with integration over the fibers of a fiber bundle, and the bracket of

that operation with the operations in (4.41), then one has almost all one needs to compute many

formulas in calculus. (One needs integration over fiber bundles whose fibers are manifolds with

boundary. . . and then eventually manifolds with corners. . . ).

(4.46) Two basic formulas. The following formulas should also inhabit your dreams.

Proposition 4.47. Let X be a smooth manifold, let α, β ∈ Ω1
X be 1-forms, and ξ, η ∈ X(X) be

vector fields. Then

dα(ξ, η) = ξα(η)− ηα(ξ)− α([ξ, η])(4.48)

(α ∧ β)(ξ, η) = α(ξ)β(η)− α(η)β(ξ)(4.49)

Proof. For (4.48), compute using the commutation relations of (4.41):

dα(ξ, η) = ιηιξdα

= ιη(Lξα− dιξα)
= Lξιηα− ι[ξ,η]α− ιηdιξα
= ξα(η)− α([ξ, η])− ηα(ξ).

(4.50)

The proof of (4.49) is similar:

(α ∧ β)(ξ, η) = ιηιξ(α ∧ β)
= ιη(ιξα ∧ β − α ∧ ιξβ)
= (ιξα)(ιηβ)− (ιηα)(ιξβ)

= α(ξ)β(η)− α(η)β(ξ).

(4.51)

□
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Differential forms on Lie groups

(4.52) Parallel forms and Lie algebra cohomology. Let G be a Lie group. The global parallelism

by left translation determines a subalgebra Ω•
∥(G) ⊂ Ω•(G) of parallel differential forms.

Lemma 4.53. Ω•
∥(G) is closed under d.

Recall that this is not true for a general global parallelism on a smooth manifold.

Proof. A differential form α ∈ Ω•
•G lies in Ω•

∥(G) iff L∗
gα = α for all g ∈ G. The lemma follows

since L∗
g ◦ d = d ◦ L∗

g. □

Evaluation at the identity gives an isomorphism of Z-graded algebras

(4.54) Ω•
∥(G)

eve−−−→ ∧•
g∗.

Use it to transfer d to a differential on
∧•

g∗. The resulting differential graded algebra, the

Chevalley–Eilenberg complex, defines the Lie algebra cohomology of g and can be generalized to

Lie algebras which do not arise as Lie algebras of a Lie group, as well as to Lie algebras over more

general fields.

(4.55) Vector-valued differential forms. Let X be a smooth manifold and W a real vector space.

Definition 4.56. The Z-graded vector space Ω•
X(W ) =

∧•(X;W ) of W -valued differential forms

is the space of smooth sections of the vector bundle over X whose fiber at x ∈ X is
∧•T ∗

xX ⊗W .

For W = Rm an element of Ω•
X(W ) is a column vector of differential forms on X. Pointwise

exterior multiplication gives Ω•
X(W ) the structure of a Z-graded module over Ω•

X . Furthermore,

the differential d acts on Ω•
X(W ) compatibly with the module structure:

(4.57) d(α ∧ σ) = dα ∧ σ + (−1)qα ∧ dσ, α ∈ ΩqX , σ ∈ Ω•
X(W ).

In fact, (4.57) can be used to define d on Ω•
X(W ): first let σ = w be a constant function in Ω0

X(W ),

in which case define d(αw) = (dα)w, and then extend to Ω•
X(W ) by the Leibniz rule (4.57). We

say that Ω•
X(W ) is a differential graded module over the differential graded algebra Ω•

X .

Remark 4.58. We will generalize to differential forms valued in a vector bundle W → X. Then we

need an additional structure—a covariant derivative onW → X—to define a first-order differential

operator of degree +1 on Ω•
X(W ). In that case the square is not necessarily zero; it is the curvature.

(4.59) The Maurer–Cartan form. There is a tautological vector-valued 1-form on a Lie group G.

Definition 4.60. Let G be a Lie group. The Maurer–Cartan form θ ∈ Ω1
G(g) assigns to ξx ∈ TxG,

x ∈ G, the parallel vector field ξ ∈ g whose value at x is ξx.
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It follows immediately from the definition that θ is parallel:

(4.61) (L∗
gθ)x(ξx) = θgx

(
(Lg)∗ξx

)
= ξ = θx(ξx), g, x ∈ G, ξx ∈ TxX,

since the parallel vector field ξ which extends ξx has value (Lg)∗ξx at gx ∈ G. The tautological

nature of θ is brought out by applying the isomorphism (4.54): the image of θ under

(4.62) Ω1
∥(G; g)

eve−−−→ g∗ ⊗ g ∼= End(g)

is the identity endomorphism idg.

(4.63) The wedge-bracket. For any smooth manifold X, define the wedge-bracket

(4.64) [− ∧−] : Ω•
X(g)× Ω•

X(g) −→ Ω•
X(g)

on g-valued differential forms by simultaneously executing wedge product and Lie bracket:

(4.65) [αξ ∧ βη] = (α ∧ β)[ξ, η], α, β ∈ Ω•
X , ξ, η ∈ g.

This suffices, since the general element of Ω•
X(g) is locally a sum of forms of this type. The Koszul

sign in the wedge product and the skew-symmetry of the Lie bracket combine to yield

(4.66) [σ ∧ τ ] = −(−1)pq [τ ∧ σ], σ ∈ ΩpX(g), τ ∈ ΩqX(g).

Notice in particular that the wedge-bracket is symmetric on g-valued 1-forms.

(4.67) The Maurer–Cartan equation. This is also known as the structure equation of a Lie group.7

Theorem 4.68. The Maurer–Cartan form θ ∈ Ω1
G(g) satisfies

(4.69) dθ +
1

2
[θ ∧ θ] = 0.

Proof. Apply Proposition 4.47. Fix parallel vector fields ξ, η ∈ g. Then (4.48) yields

dθ(ξ, η) = ξθ(η)− ηθ(ξ)− θ([ξ, η])
= −θ([ξ, η])
= −[ξ, η]

(4.70)

because the pairing of a parallel 1-form with a parallel vector field is a parallel function, i.e., a

constant function. Also, by (4.49) we have

1

2
[θ ∧ θ](ξ, η) = 1

2

(
[θ(ξ), θ(η)]− [θ(η), θ(ξ)]

)

= [ξ, η].
(4.71)

Combine (4.70) and (4.71) to obtain (4.69). □

7This is the fourth formula of this lecture that is worthy of special memorization.
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(4.72) Maurer–Cartan in a basis. Let ξ1, . . . , ξm be a basis of g = X∥(G), and let θ1, . . . , θm be

the dual basis of g∗ = Ω•
∥(X). The structure constants cijk ∈ R of g relative to this basis encode

the Lie bracket:

(4.73) [ξj , ξk] = cijkξ
i, i ∈ {1, . . . ,m}.

The Maurer–Cartan form (Definition 4.60) is

(4.74) θ = θiξi,

and we compute

(4.75) [θ ∧ θ] = [θjξj ∧ θkξk] = (θj ∧ θk)[ξj , ξk] = cijkθ
j ∧ θkξi.

The Maurer–Cartan equation (4.69) in this basis is a system of m equations:

(4.76) dθi +
1

2
cijkθ

j ∧ θk = 0, i ∈ {1, . . . ,m}.

(4.77) Maurer–Cartan on a matrix group. Consider the matrix group G = GLnR. There is a

tautological matrix-valued function

(4.78) g : GLnR −→MnR,

which is simply the inclusion of GLnR into the vector space of n×n real matrices. It is precisely this

function (4.78) which justifies the moniker ‘matrix group’. It follows directly from Definition 4.60

and (3.25) that the Maurer–Cartan form on GLnR is

(4.79) Θ = g−1dg,

which is an n × n matrix of 1-forms on GLnR. (The capitalized notation ‘Θ’ is intentional.) The

right hand side uses matrix multiplication. The Maurer–Cartan equation in matrix form follows

directly by differentiation:

(4.80) dΘ = −g−1dg g−1 ∧ dg = −Θ ∧Θ,

or in the form we will use it

(4.81) dΘ+Θ ∧Θ = 0.
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Write the matrix Θ of 1-forms in terms of scalar 1-forms

(4.82) Θ =
(
Θi
j

)
, Θi

j ∈ Ω1
GLnR.

Then (4.81) expands to n2 equations, another entry for your rapidly expanding mathematical

memory bank:

(4.83) dΘi
j +Θi

k ∧Θk
j = 0, i, j ∈ {1, . . . , n}.

We will use these structure equations often.
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Lecture 5: The local Frobenius theorem

In this lecture we discuss the local version of the Frobenius theorem and the integrability condi-

tion which pertains. In the next lecture we turn to global aspects and applications.

We begin with line fields, which to each point of a smooth manifold assign a 1-dimensional

subspace of the tangent space. These are closely related to vector fields—an assignment of a vector

in the tangent space rather than a line—and in place of a motion that integrates a vector field we

have an integral manifold whose tangents are the line fields. These always exist. A distribution is

a higher dimensional analog: a subbundle of the tangent bundle of any rank. If the rank is at least

two, then there is an integrability condition for the existence of integral manifolds: the vanishing of

the Frobenius tensor. This obstruction to integrability is the basis of curvature, which is a central

theme of the course.

Next, we turn to local normal forms for a nonzero vector field and then for a finite set of linearly

independent vector fields that mutually commute in the sense that their pairwise Lie brackets

vanish. We apply this to prove the local Frobenius Theorem 5.41.

Line fields

(5.1) Recollection. Let X be a smooth manifold. We recall the notions of an injective immersion

and of a submanifold. (Some authors use ‘submanifold’ for the former; we reserve the term for a

subset of a smooth manifold which is locally diffeomorphic to a standard normal form.)

Figure 11. An injective immersion which is not an embedding; a submanifold

Definition 5.2.

(1) A smooth injective map f : Y → X is an injective immersion if dfy is injective for all y ∈ Y .

(2) A subset Z ⊂ X is a submanifold if every point z ∈ Z belongs to a chart (U ;x1, . . . , xn)

such that Z ∩ U = {xk+1 = · · · = xn = 0} for some 0 ≤ k ≤ n.

Theorem 5.3. The image f(Y ) ⊂ X of an injective immersion f : Y → X is a submanifold iff

f factors through a homeomorphism Y → f(Y ) (in which f(Y ) has the subspace topology).

An injective immersion which satisfies this condition is called an embedding. The left side of

Figure 11 illustrates an injective immersion which is not an embedding: the subspace topology

on f(Y ) pulls back via f to a topology on Y which is coarser than the given topology. Theorem 5.3

is Theorem 7.1 in the Differential Topology notes, and I defer to that reference for the proof.
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(5.4) Vector fields and line fields. A vector field ξ ∈ X(X) on a smooth manifold X induces an

ordinary differential equation (2.3) whose solutions are called integral curves. Recall that there

is local and global existence and uniqueness (Theorem 2.4). An integral curve is a function with

domain an interval in R, i.e., a motion in X. Now we switch our focus to the image of the motion—

a subset of X—and its tangent lines. Suppose L ⊂ TX is a line subbundle of the tangent bundle

of X. We seek an injective immersion f : Y → X of a connected 1-manifold Y such that

(5.5) f∗(TyY ) = Lf(y), y ∈ Y.

This is the analog of (2.3) for a line field, and is called an integral manifold of L.

Remark 5.6. The existence of a line field on X imposes a topological constraint: the Euler number

of X must vanish. For example, S2 does not admit a line field.

A section of L → X is a vector field. At least locally we can find a nonzero section ξ. Then

an integral curve of ξ is an injective immersion that satisfies (5.5). By this device we can parlay

the local and global theory of integral curves into theorems about integral manifolds for line fields.

But we resist in favor of a general theory for higher rank distributions.

Figure 12. A line field on the Möbius band

Example 5.7 (A line field with no nonzero global section). Figure 12 illustrates a line field on the

Möbius band which has the property that every global section has a zero.

Figure 13. A parallel line field on the 2-torus

Example 5.8 (Line fields on the 2-torus). The standard affine plane A2 has an action of the

vector group R2 by translation. The countable discrete subgroup Z2 ⊂ R2 acts freely (and properly

discontinuously). The quotient X = A2/Z2 inherits the structure of a smooth manifold; it is
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diffeomorphic to a 2-torus. The global parallelism of affine space descends to a global parallelism

of X. A parallel line field is determined by a 1-dimensional subspace of R2, for example

(5.9) L(a) = {(ξ1, ξ2) ∈ R2 : ξ2 = aξ1}, a ∈ R.

The integral manifolds of the resulting parallel line field on A2 are affine lines, and there is an

unique integral manifold through each point; see Figure 13. Upon descent to the 2-torus X, the

picture depends strongly on whether a ∈ R is rational or irrational. If a is rational, then L(a) ∩ Z2

is an infinite cyclic group, each integral line in A2 parallel to L(a) is fixed by translations in this

subgroup, and the integral manifolds in A2 descend to integral manifolds in X, each of which is

a submanifold diffeomorphic to a circle. If a is irrational, then translation by L(a) acts freely on

each integral manifold in X, and each integral manifold is dense and is the image of an injective

immersion, but it is not a submanifold. If U ⊂ X is the image of a ball in A2 of radius < 1/2, then

the intersection of each integral manifold with U has countably many components.

Distributions and the Frobenius tensor

We begin with the definition of a higher dimensional line field.

Definition 5.10. Let X be a smooth manifold.

(1) A distribution is a vector subbundle E ⊂ TX of the tangent bundle.

(2) An injective immersion f : Y ↪→ X is an integral manifold of E if

(5.11) f∗(TyY ) = Ef(y), y ∈ Y.

(3) A vector field ξ ∈ X(X) belongs to E if ξx ∈ Ex for all x ∈ X.

(4) E is integrable (or involutive) if whenever ξ and η belong to E, then so too does [ξ, η].

So a vector field ξ belongs to E iff the map ξ : X → TX factors through the inclusion E ↪→ TX:

(5.12)

E TX

X
ξ

There are different standard notations for the vector subspace of vector fields that belong to E:

(5.13) Γ(E) = ΓX(E) = C∞
X (E) = Ω0

X(E) = {ξ ∈ X(X) : ξ belongs to E}.

The following lemma allows us to reexpress Definition 5.10(4) as the vanishing of a tensor.

Lemma 5.14. The map

(5.15)
Γ(E)× Γ(E) −→ Γ(TX/E)

ξ , η 7−→ [ξ, η] (mod E)

is linear over functions.
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See (19.11) in the Differential Topology notes for the concept of “linear over functions”, especially

Proposition 19.16 for the relationship to tensors.

Proof. Let ξ, η ∈ Γ(E) and f, g ∈ Ω0
X . Then

(5.16) [fξ, gη] = fg[ξ, η] + f(ξg)η − g(ηf)ξ.

Hence

(5.17) [fξ, gη] (mod E) = fg [ξ, η] (mod E),

as desired. □

Definition 5.18. Let E ⊂ TX be a distribution on a smooth manifold X. The Frobenius tensor

of E is

(5.19)
ϕE : E × E −→ TX/E

ξx , ηx 7−→ [ξ, η]x (mod E),

where ξ, η ∈ X(X) are vector fields that extend ξx, ηx.

Remark 5.20.

(1) E is integrable iff ϕE vanishes.

(2) The Frobenius tensor ϕE is a section of

(5.21)
∧2E∗ ⊗ TX/E −→ X.

The following example gives some insight into the partial differential equations that underlie

the geometric condition (5.11) for an integral manifold, and the integrability condition Defini-

tion 5.10(4), or equivalently the vanishing of the Frobenius tensor (5.19).

Figure 14. A distribution on A2 × R whose integral manifold is a graph
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Example 5.22. Let P,Q : A2 → R be smooth functions, and ℓ(x,y) : R
2 → R the linear function

defined by the matrix ( P (x,y) Q(x,y) ). Let E be the distribution on A2
x,y×Rz whose value at (x, y, z)

is the graph of the linear function ℓ(x,y); it is translationally invariant in the z-direction. Then E has

a global basis of vector fields

(5.23)
ξ =

∂

∂x
+ P

∂

∂z

η =
∂

∂y
+Q

∂

∂z

If f : A2 → R is a smooth function, and Γ(f) ⊂ A2 ×R is its graph, then T(x,y,f(x,y))Γ(f) has basis

(5.24)

∂

∂x
+
∂f

∂x

∂

∂z
∂

∂y
+
∂f

∂y

∂

∂z

Hence the condition (5.11) that Γ(f) be an integral manifold is the system of PDEs (partial differ-

ential equations)

(5.25)

∂f

∂x
= P

∂f

∂y
= Q

These are familiar equations. Any C2 solution f , much less any C∞ solution, must have mixed

second partials that are equal:

(5.26)
∂2f

∂y∂x
=

∂2f

∂x∂y
.

Combining (5.26) and (5.25) we deduce the integrability condition

(5.27)
∂P

∂y
=
∂Q

∂x
.

This familiar integrability condition for (5.26) is in fact the integrability condition for the distribu-

tion E. In fact, for the vector fields (5.23) belonging to E we compute

(5.28) [ξ, η] =

(
∂Q

∂x
− ∂P

∂y

)
∂

∂z
,

and so [ξ, η] (mod E) = 0 iff (5.27) holds. It is not too difficult to see that this is true iff ϕE = 0.
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Remark 5.29. The integrability condition in Definition 5.10(4) is a geometric form of “mixed partials

commute”. Recall that the condition d2 = 0 for the Cartan differential on the de Rham complex

is another version of “mixed partials commute”. The Frobenius tensor measures the failure of this

condition for a distribution. This will manifest as curvature, as we will see.

Remark 5.30. The distribution E in Example 5.22 is the kernel of the 1-form

(5.31) θ = P dx+Qdy − dz.

We compute

(5.32) dθ =

(
∂Q

∂x
− ∂P

∂y

)
dx ∧ dy,

from that we deduce that θ∧dθ = 0 iff (5.27) holds. Quite generally, the condition θ∧dθ = 0 is the

integrability condition for a codimension one distribution, and there is a generalization in terms of

differential forms for a distribution of any rank.

Figure 15. A piecewise smooth integral curve of a nonintegrable distribution

Example 5.33 (A nonintegrable distribution). Take the special case of the distribution E in

Example 5.22 with P = 0 and Q = x, so the vector fields (5.23) are

(5.34)
ξ =

∂

∂x

η =
∂

∂y
+ x

∂

∂z

We claim there is a piecewise smooth path in A2×R that begins at (0, 0, 0), ends at any given (x0, y0, z0),

and has velocity in the distribution E. It is illustrated in Figure 15. Here is an explicit path:

(1) Follow ξ to (1, 0, 0).
(2) Follow η to (1, z0, z0).
(3) Follow −ξ to (0, z0, z0).
(4) Follow ±η to (0, y0, z0).
(5) Follow ±ξ to (x0, y0, z0).
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If E admitted an integral surface S through (0, 0, 0), then any piecewise smooth integral curve C

of E which contains (0, 0, 0) would lie in S, since at any smooth c ∈ C we have TcC ⊂ E = TcS.

So the fact that we can connect (0, 0, 0) to any (x0, y0, z0) indicates that there is no such integral

surface, and is consistent with the fact that E is nonintegrable.

Special coordinate systems

As a preliminary to the local Frobenius theorem, we prove two results that allow us to locally

specify coordinate vector fields of a chart. Put differently, we prove a local normal form for a set

of linearly independent vector fields of cardinality ≤ n under an commutativity condition.

(5.35) Normal form for a single nonzero vector field.

Proposition 5.36. Let X be a smooth manifold of dimension n, ξ ∈ X(X) a vector field, p ∈ X a

point, and suppose ξp ̸= 0. Then there exists a chart (U ;x1, . . . , xn) about p such that ∂
∂x1

= ξ.

The chart (U ;x1, . . . , xn) is illustrated in Figure 16.

Figure 16. Straightening out a single vector field

Proof. Let φt be a local flow of ξ near p, and choose a standard chart (V ; y1, . . . , yn) about p such

that the local flow maps a ball about p into V on some time interval (−δ, δ) (this is always true);
yi(p) = 0, i = 1, . . . , n; and ∂

∂y1

∣∣
p
= ξp. Define

(5.37)
F : U −→ X

(x1, . . . , xn) 7−→ φx1(0, x
2, . . . , xn)

where we use the y-coordinate system on X and U ⊂ An is an open neighborhood of (0, . . . , 0) ∈ An

on which the map is defined and for which F (U) ⊂ V . Then dF(0,...,0) is invertible—in fact,

d(y ◦ F )(0,...,0) = idRn so by the inverse function theorem we can invert F in a neighborhood of the

origin. This gives the desired standard chart: in x-coordinates the flow is φt : (x
1, x2, . . . , xn) →

(x1 + t, x2, . . . , xn). □
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(5.38) Normal form for a set of commuting vector fields. The next result generalizes Proposi-

tion 5.36 to a set of linearly independent vector fields.

Proposition 5.39. Now suppose ξ1, . . . , ξk ∈ X(X) with {ξ1
∣∣
p
, . . . , ξk

∣∣
p
} ⊂ TpX linearly indepen-

dent. Then there exists a chart (U ;x1, . . . , xn) about p with ∂
∂xi

= ξi, i = 1, . . . , k, iff [ξi, ξj ] = 0

for all 1 ≤ i, j ≤ k.

The commutativity of the vector fields—the vanishing of Lie brackets—is a necessary and sufficient

condition for the local normal form.

Proof. If the chart exists, then [ξi, ξj ] is a Lie bracket of coordinate vector fields, hence vanishes.8

Conversely, suppose the pairwise Lie brackets vanish. Let φ
(i)
t , i = 1, . . . , k, be local flows of the ξi,

and let (V ; y1, . . . , yn) be a standard chart such that ∂
∂yi

∣∣
p
= ξi

∣∣
p
. Define

(5.40)
F : U −→ X

(x1, . . . , xn) 7−→ φkxk · · ·φ
(1)
x1

(0, . . . , 0, xk+1, . . . , xn)

as in (5.37), for an appropriate domain U ⊂ An. Use the fact that the flows commute (Proposi-

tion 2.58) to compute d(y ◦F )(0,...,0) = idRn and that, after inverting F , the resulting x-coordinates

satisfy ∂
∂xi

= ξi. □

The local Frobenius theorem

The main theorem in this lecture is a local normal form—a straightening—for an integrable

distribution.

Theorem 5.41. Let X be a smooth manifold of dimension n and E ⊂ TX a distribution of rank k.

(1) E is integrable iff for all p ∈ X there exists a chart (U ;x1, . . . , xn) about p such that in U

we have

(5.42) E = span

{
∂

∂x1
, . . . ,

∂

∂xk

}
.

(2) If so, then any connected integral manifold f : Y → U of E has image contained in a

submanifold of the form {xm = cm}m=k+1,...,n for some ck+1, . . . , cn ∈ R.

Proof. If E has the form (5.42), then since coordinate vector fields commute it follows that E is

integrable. Conversely, suppose that E is integrable. Fix p ∈ X and choose local coordinates

y1, . . . , yn about p so that

(5.43) Ep = span

{
∂

∂y1

∣∣∣∣
p

, . . . ,
∂

∂yk

∣∣∣∣
p

}
.
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Figure 17. The local normal form of an integrable distribution and a connected
integral manifold

Figure 18. A local integrable distribution straightened at a single point

Use these coordinates to transfer to a local problem in An; see Figure 18. Let π : An → Ak be affine

projection onto the first k coordinates along the last (n− k) coordinates. Choose a neighborhood

of p such that π∗ : Rn → Rk restricts to an isomorphism on E. Define vector fields ξ1, . . . , ξk
that belong to E and project via π∗ to the coordinate vector fields ∂

∂y1
, . . . , ∂

∂yk
on Ak. Then

for 1 ≤ i, j ≤ n, the Lie bracket [ξi, ξj ] is π-related to
[
∂
∂yi
, ∂
∂yj

]
= 0, and since by integrability

[ξi, ξj ] belongs to E, we conclude that [ξi, ξj ] = 0. Now apply Proposition 5.39 to obtain the desired

standard chart in (1).

For (2), suppose that f : Y → U is an integral manifold. Then d(f∗xm) = f∗(dxm) = 0 for

m = k + 1, . . . , n, since E is defined by the simultaneous vanishing of dxk+1, . . . , dxn. It follows

that f∗xm is constant, m = k + 1, . . . , n, since Y is connected. □

Definition 5.44. Let X be a smooth manifold of dimension n and E ⊂ TX an integrable distri-

bution of rank k. A chart (U ;x1, . . . , xn) that satisfies (5.42) is an E-coordinate system. For any

ck+1, . . . , cn ∈ R, the subset {xm = cm}m=k+1,...,n ⊂ U is a slice.

8This is another instance of the equality of mixed partials.
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Lecture 6: Foliations and the global Frobenius theorem

For a vector field on a manifold there is a local existence and uniqueness theorem for integral

curves (with given initial condition), as well as a global existence and uniqueness theorem for

maximal integral curves. For a distribution we write the theorems for all initial conditions at once.

Theorem 5.41 is the local version: a local normal form for a distribution. In this lecture we turn

to the global version, which is a foliation on a smooth manifold.

We begin with the definition of a foliation: a partition of a smooth manifold into a union of

images of injective immersions. The union is not arbitrary; there is a local model. Hence the study

of foliations is a study of global phenomena. We give some examples of foliations, including the

Reeb foliation of the solid torus and of the 3-sphere. We encourage the reader to have fun thinking

through the geometry of these examples.

The main result (Theorem 6.22) is that an integrable distribution integrates to a foliation. The

proof begins with the local Theorem 5.41 and then uses a global equivalence relation to define

the global partition of the manifold into leaves. A useful corollary (Theorem 6.25) asserts that a

smooth map into a foliated manifold whose image is contained in a single leaf is a smooth map into

that leaf.

Foliations

(6.1) Definition of a foliation. Let X be a smooth manifold

Definition 6.2. A k-dimensional foliation F on X is a set fα : Yα ↪→ X, α ∈ A, of injective

immersions such that (i) dimYα = k; (ii) Yα is connected; (iii) the images Fα := fα(Yα) partition X:

(6.3) X =
⊔

α∈A

Fα;

and (iv) about each p ∈ X there exists a chart (U ;x1, . . . , xn) such that Fα ∩U is a union of slices

{xi = ci}i=k+1,...,n for some ck+1, . . . , cn ∈ R. Each Fα is called a leaf of the foliation, and a chart

in (iv) is an F-coordinate system.

Since Yα is second countable, so too is f−1
α (U) ⊂ Yα. It follows that f−1

α (U) has countably many

components, hence the intersection in (iv) is contained in a union of at most countably many slices.

An F-coordinate system is depicted in Figure 19.

Remark 6.4. It is convenient to assume that an F-coordinate system (U ;x1, . . . , xn) is cubic in the

sense that the image x(U) ⊂ An is an open cube whose sides are aligned with the axes. In that

case each slice is a connected subset of U .

(6.5) Examples. We give several examples to illustrate some possible behaviors.
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Figure 19. An F-coordinate system and slices of a leaf

Example 6.6 (Foliations of the 2-torus). Example 5.8 illustrates parallel 1-dimensional foliations

of the 2-torus A2/Z2. For rational a ∈ Q in (5.9) the corresponding foliation is by submanifolds

diffeomorphic to a circle. In this case the F-coordinate systems in Definition 6.2(iv) may be chosen

so that each leaf cuts through the chart in zero or one slices. On the other hand, for irrational

a ∈ R \ Q the foliation is by images of injective immersions of affine lines whose images are not

submanifolds. Each leaf cuts through any F-coordinate system in countably many slices.

Example 6.7 (Fiber bundles). Let π : X → S be a fiber bundle (Definition 8.24 of the Differential

Topology notes). Then X is foliated by the fibers:

(6.8) F =
⊔

s∈S

Xs, Xs = π−1(s).

Furthermore, each leaf (fiber) is a submanifold of X. Note in this case the leaf space S is a smooth

manifold. The foliation in Example 6.6 has this form for rational a: the leaf space is diffeomorphic

to a circle, and the torus appears as the total space of a circle bundle over the circle. For irrational a

the leaf space is not a smooth manifold. (It is not even a Hausdorff topological space.)

Figure 20. Foliation of a surjective submersion
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Example 6.9 (Surjective submersions). A surjective submersion π : X → S need not be a fiber

bundle, and still it defines a foliation of X by submanifolds: the fibers of π. An example is

(6.10)
π : A2

x,y −→ R

(x, y) 7−→ (1− x2)ey

Some fibers are illustrated in Figure 20.

Example 6.11 (Reeb foliation). Consider Figure 21, which illustrates a foliation of a closed strip

in an affine plane. It is the portion of Figure 20 with −1 ≤ x ≤ 1. The black lines are x = ±1.
Imagine this x, y-plane as sitting in 3-space and revolve about the vertical blue line x = 0. You

obtain a foliation of a solid cylinder in which the boundary cylinder is a leaf and each other leaf

is diffeomorphic to an affine plane. Each leaf is a submanifold. Now observe that the foliations of

the strip and of the solid cylinder are invariant under translation y 7→ y+ c for any c ∈ R. Restrict

to c ∈ Z and take the quotient. The quotient of this Z-action on the strip is an annulus, and now

the foliation has leaves the two boundary circles together with images of affine lines under injective

immersions that are not embeddings. The quotient of the Z-action on the solid cylinder is a solid

torus, and now the leaves of the foliation are the boundary torus and the images of affine planes

under injective immersions that are not embeddings. This is the Reeb foliation of the solid torus.

Figure 21. The proto-Reeb foliation

We can parlay this into a foliation of S3 as follows. Present S3 as the union of two solid tori

along a 2-torus by writing

(6.12) S3 = {(z1, z2) ∈ C2 : |z1|2 + |z2|2 = 1}.

The solid tori are { |z1| ≤ |z2| } and { |z1| ≥ |z2| } which intersect in the 2-torus { |z1| = |z2| =
1/
√
2 }. Now transport the Reeb foliation of the solid torus above to these two solid tori. The

foliations glue to a foliation of S3, which can be smoothed. The result is also known as the Reeb

foliation.

Example 6.13 (Another construction of the Reeb foliation). Define

(6.14) X̃ = {(x, y, z) ∈ A3 : z ≥ 0} \ {(0, 0, 0)}.
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Figure 22. The solid torus as a quotient of upper half space minus the origin

Note that X̃ is a 3-manifold with boundary. Fix q ∈ (0, 1). Set X = X̃/qZ to be the quotient of X̃

by the action of the infinite cyclic group of homotheties of A3 centered at (0, 0, 0) with scale a power

of q; see Figure 22. Consider first ∂X̃ ≈ A2 \ {(0, 0)}. A fundamental domain of the action is the

annulus whose boundary circles have radii 1 and q, and under the action those boundary circles

are identified. Hence the quotient is a 2-torus. Now the entire quotient X = X̃/qZ is a 3-manifold

with boundary a 2-torus, and I leave as a visualization exercise proving that X is diffeomorphic to

a solid 3-dimensional torus.9 Now let F̃ be the foliation of X̃ by horizontal planes z = c, c ∈ R≥0.

(We remove the origin.) There is a quotient foliation F of X. The leaf {z = 0} of F̃ descends to

the leaf ∂X of F diffeomorphic to a 2-torus. The homotheties acts freely on the leaf space of F̃
minus the leaf {z = 0}, so each other leaf of F is diffeomorphic to an affine plane. The claim is

that F is diffeomorphic to the Reeb foliation of Example 6.11.

(6.15) Codimension one foliations. If a connected closed manifold X admits a codimension one

foliation F , then it is not difficult to see that the Euler number Euler(X) must vanish. (It is useful

to use the tangent bundle TF , defined shortly.) Thus, for example, even dimensional spheres do

not admit a codimensional one foliation. Thurston proved the converse statement.

Theorem 6.16 (Thurston). A connected closed smooth manifold X admits a codimension one

foliation iff Euler(X) = 0.

The global Frobenius theorem

(6.17) The tangent bundle to a foliation. Let X be a smooth manifold and suppose F is a foliation

on X.

Definition 6.18. The tangent bundle TF → X to F is

(6.19)
⊔

p∈X

TpFα(p) → X, p ∈ Fα(p).

9You might first consider the x, z-plane (restricting to z ≥ 0). You can also consider the rays emanating from the
origin in that plane, and then revolution about the nonnegative z-axis. In addition, you can consider the foliation

of X̃ by rays emanating from the origin, and see what happens to that foliation in the quotient.
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In (6.19) we write A for the index set of the foliation (the leaf set) and α : X → A for the function

that assigns to each p ∈ X its leaf.

Lemma 6.20. TF → X is a vector bundle. Furthermore, the distribution TF is integrable.

Proof. Local triviality and integrability follow from the existence of local F-coordinate systems

(Definition 6.2(iv)). □

(6.21) Global Frobenius theorem. The theorem asserts that every integrable distribution is the

tangent bundle to a foliation.

Theorem 6.22. Let X be a smooth manifold and E ⊂ TX an integrable distribution.

(1) There exists a foliation F such that E = TF .
(2) Each leaf of F is a maximal connected integral manifold of E.

(3) Points p0, p1 ∈ X lie in the same leaf of F iff there exists a piecewise smooth motion in X

from p0 to p1 whose velocity vectors lie in E.

E
( %-:) XnUr) "YoVen]

Figure 23. A sequence of slices in some Fα

Proof. Apply Theorem 5.41 and second countability of X to cover X by a (finite or countable)

sequence (Ur;x1r , . . . , x
n
r ), r = 1, 2, . . . , of E-coordinate systems, which we assume are cubic in the

sense of Remark 6.4. Observe that if S ⊂ Ur is a slice, then for t ̸= r the intersection S ∩ Ut is
empty or is a finite or countable union of slices of Ut. Define an equivalence relation ∼ on X that

sets p ∈ Sr ⊂ Ur equivalent to q ∈ St ⊂ Ut iff there exist r0, . . . , rℓ ∈ Z>0 and slices Sri ⊂ Uri such
that r0 = r, rℓ = t, Sr0 = Sr, Srℓ = St, and Sri−1 ∩ Sri ̸= ∅ for all 1 ≤ i ≤ ℓ. Then we claim that

the equivalence classes

(6.23) X =
⊔

α∈A

Fα

of ∼ are the leaves of a foliation F . Let Y be an equivalence class. Then each p ∈ Y lies in a slice

Sr ∈ Ur in one of the chosen E-coordinate systems. If rankE = k, then use the first k coordinates in
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that chart as coordinates on Sr ⊂ Y . In this way we simultaneously topologize Y and construct an

atlas. Coordinate charts have C∞ overlaps since the E-coordinate systems do. The topology on Y

is clearly locally Euclidean and path connected, hence is connected. It is also second countable:

there are at most countably many sequences Ur0 , . . . , Urℓ , and if p ∈ Sr0 ⊂ Ur0 , then there are at

most countably many sequences Sr0 , . . . , Srℓ in which10 Sri−1 ∩ Sri ̸= ∅, hence in all there are at

most countably many slices that appear in Y . The inclusion Y ↪→ X is smooth and is an injective

immersion. The E-coordinate systems are F-coordinate systems, and this proves that (6.23) is a

foliation. The local form shows E = TF , which completes the proof of (1).

Since TF = E, each leaf Fα is an integral manifold of E. If f : Y ↪→ X is any (connected)

integral manifold, then by Theorem 5.41(2) locally its image lies in a slice of an E-coordinate

system (Ur;x
1
r , . . . , x

n
r ). Any p, q ∈ f(Y ) can be joined by a piecewise smooth path, and along that

path we can find a finite sequence of slices Sr0 , . . . , Srℓ as in the definition of ∼. In other words,

p ∼ q. This proves f(Y ) ⊂ Fα for some α, which is the maximality claimed in (2).

If p0, p1 ∈ X lie in the same leaf of F , then from the definition of ∼ we construct a smooth

motion from p0 to p1 which lies in the slices that connect the points. The velocity vectors are in E.

Conversely, given such a motion the velocity vectors lie in E = TF , which means that if p0 ∈ Fα,
then locally the motion lies in Fα, from which it globally lies in Fα. □

(6.24) Maps into a leaf. We sometimes encounter a smooth map whose codomain has a foliation

and the map factors through the inclusion of a leaf. In that situation we would like to know that

the factored map is smooth. This is not true in general for a map that factors through an injective

immersion—see Figure 24—but it is true if that injective immersion is the leaf of a foliation.

Figure 24. A map that factors through an injective immersion but the factored
map is not continuous

Theorem 6.25. Let X be a smooth manifold equipped with a foliation F , and suppose Z is a

smooth manifold and φ : Z → X is a smooth map. Assume there is a leaf of F , the image Fα of

10A slice in one chart Ur intersects at most countably many slices in any Us by the argument following Defini-
tion 6.2.
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an injective immersion fα : Yα ↪→ X, and a map φ′ : Z → Yα such that φ = fα ◦ φ′:

(6.26)

Z
φ //

φ′

""

X

Yα
?�

fα

OO

Then φ′ is smooth.

Proof. Fix z ∈ Z and let p = φ(z). Choose an E-coordinate system (U ;x1, . . . , xn) about p from

the sequence in the proof of Theorem 6.22, and choose the slice S ⊂ U such that p ∈ S. The

inverse image φ−1(U) ⊂ Z is open; let V ⊂ Z be the component of φ−1(U) that contains z. Then

φ(V ) ⊂ U is connected, p ∈ φ(V ), hence by the factorization (6.26) we conclude that φ(V ) lies in

the component of Fα∩U that contains p. But from the first part of the proof of Theorem 6.22, that

component is S. (The intersection Fα ∩ U is a countable union of slices.) Now x1, . . . , xk are local

coordinates on S (assuming rankE = k), and since φ is smooth, so too is the local representation

(x1, . . . , xk) ◦ φ of φ′. □
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Lecture 7: Maps into a Lie group

In this lecture we study solutions f : X → G of a first order partial differential equation (PDE)

for a map f from a smooth manifold X to a Lie group G. The PDE (or system of PDEs) is specified

by a Lie algebra-valued 1-form ω ∈ Ω1
X(g); the PDE is the equation ω = f∗(θ), where θ ∈ Ω1

G(g)

is the Maurer–Cartan form. There is an integrability condition—a consequence of “mixed partials

commute”—which is the Maurer–Cartan equation for ω. Certainly this is a necessary condition for

a solution f , since the Maurer–Cartan equation holds for θ. The existence and uniqueness result

is Theorem 7.8.

We give a first application of this theorem internal to the theory of Lie groups. Namely, we prove

in Theorem 7.27 that a homomorphism of Lie algebras of Lie groups integrates to a homomorphism

of Lie groups, assuming the domain is simply connected. More geometric applications will follow

shortly, but many replace the codomain Lie group by a torsor, so in the second part of this lecture

we resume the study of torsors that we touched on in Lecture 1.

Main theorem

(7.1) The differential. Let G be a Lie group and let θ ∈ Ω1
G(g) be its parallel (left-invariant)

Maurer–Cartan form (Definition 4.60). Recall that θ satisfies the Maurer–Cartan equation

(7.2) dθ +
1

2
[θ ∧ θ] = 0.

Now suppose X is a smooth manifold and f : X → G is a smooth map.

Lemma 7.3. The differential df may be identified with f∗(θ) ∈ Ω1
X(g).

Proof. The global parallelism on G is implemented by the Maurer–Cartan form, so the composition

identifies the differential

(7.4) TxX
dfx−−−→ Tf(x)G

θf(x)−−−−→ g, x ∈ X,

as a g-valued 1-form at x, which we claim is f∗(θ)x. Namely, if ξx ∈ TxX, then

□(7.5) f∗(θ)x(ξx) = θf(x)
(
dfx(ξx)

)
.

The Maurer–Cartan equation (7.2) implies that ω = f∗(θ) satisfies

(7.6) 0 = f∗
(
dθ +

1

2
[θ ∧ θ]

)
= dω +

1

2
[ω ∧ ω].

Equation (7.6) is a necessary condition on ω for a solution f to the equation ω = f∗(θ) to exist.
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(7.7) Existence and uniqueness. The main theorem tells that we can solve for f with specified

differential ω as long as ω satisfies the integrability condition (7.6).

Theorem 7.8. Let X be a smooth manifold, let G be a Lie group, and let θ ∈ Ω1
G(g) be the

Maurer–Cartan form on G.

(1) Suppose f1, f2 : X → G are smooth maps, f∗1 (θ) = f∗2 (θ), and X is connected. Then there

exists g ∈ G such that

(7.9) f2 = Lg ◦ f1,

where Lg : G→ G is left multiplication by g.

(2) Suppose ω ∈ Ω1
X(g) satisfies

(7.10) dω +
1

2
[ω ∧ ω] = 0.

Then if X is simply connected, there exists f : X → G such that

(7.11) f∗(θ) = ω.

The uniqueness (1) holds for X connected, whereas the existence (2) is for X simply connected.

Both hold locally, i.e., on “small” simply connected open subsets of X (that can play the role of ‘X’

in the theorem). We abbreviate (7.9) to the equation f2 = gf1.

(7.12) A vector group. The simplest case is the Lie group G = R under addition; the Lie algebra

is g = R with zero Lie bracket. The Maurer–Cartan form on Rx is the parallel 1-form dx. If

f : X → R is a smooth function, then f∗(dx) = df ∈ Ω1
X . The uniqueness (1) asserts that if

df1 = df2, then f2 = f1 + c for some c ∈ R, which follows since d(f2 − f1) = 0, hence is locally

constant, hence by connectivity of X is constant. The proof of (1) below is a generalization of this

argument. The existence (2) reduces to the claim that if ω ∈ Ω1
X is a closed 1-form (dω = 0), and

if X is simply connected, then ω is exact. This is a familiar local statement: the Poincaré lemma.

The global statement requires more argument, which we give more generally in the proof below.

Use a basis to generalize to G = V for V a finite dimensional real vector space.

(7.13) Computations with the Maurer–Cartan form. Recall from (4.77) that for a matrix group G

we have θ = g−1dg, where g is the matrix-valued function on G that identifies G as a matrix group.

For an arbitrary Lie group we may compute as if we are in a matrix group and then rewrite the

result without that assumption. For example, to prove the uniqueness statement Theorem 7.8(1)

set F = f2f
−1
1 : X → G and compute

F ∗(θ) = F−1dF = (f1f
−1
2 ) d(f2f

−1
1 )

= (f1f
−1
2 )(df2f

−1
1 − f2f

−1
1 df1f

−1
1 )

= f1f
∗
2 (θ)f

−1
1 − f1f

∗
1 (θ)f

−1
1

= Adf1
(
f∗2 (θ)− f∗1 (θ)

)
.

(7.14)
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The equation takes place in Ω1
X(g). In the last expression, the algebraic operator Adf1 operates

pointwise on
(
f∗2 (θ) − f∗1 (θ)

)
∈ Ω1

X(g). This last expression makes sense on any Lie group G; it

needn’t be a matrix group. We claim that the equality of the first and last expressions in (7.14)

holds for any Lie group. The manipulations that lead to this equality can be justified in a few

ways. If G embeds in a matrix group G̃, then we interpret (7.14) in the ambient group G̃. This

works for all compact Lie groups, though the proof that G embeds in a matrix group is not easy

(Peter-Weyl theorem). A universally applicable argument breaks down the computation into the

pullback of θ under multiplication and inversion. Namely, for

(7.15)
m : G×G −→ G

i : G −→ G

we have

(7.16)
(m∗θ)(g1,g2) = Adg−1

2
π∗1θ + π∗2θ

(i∗θ)g = Adg−1 θ

where πi : G×G→ G, i = 1, 2, are the projections onto the factors. I leave the verification of (7.16)

and its application to (7.14) to a homework problem.

(7.17) The proof. We return to the main theorem.

Proof of Theorem 7.8. For the uniqueness statement (1) set F = f2f
−1
1 : X → G. Then F ∗(θ) = 0

by (7.14) and the hypothesis f∗1 (θ) = f∗2 (θ). It follows from Lemma 7.3 that dF = 0, hence F is

locally constant. Since X is connected, F is constant.

For the existence statement (2), we construct the function f , identified with its graph11 Γ(f) ⊂
X × G, as the maximal integral manifold of a distribution E ⊂ T (X × G) that encodes the first

order differential equation (7.11). For (x, g) ∈ X ×G identify

(7.18) T(x,g)(X ×G) ∼= TxX ⊕ TgG ∼= TxX ⊕ g.

Now define the distribution E ⊂ T (X ×G) by

(7.19) E(x,g) = Γ(ωx), (x, g) ∈ X ×G,

where Γ(ωx) ⊂ TxX ⊕ g is the graph of the linear function ωx. Notice that E is invariant under

left multiplication in G: the right hand side of (7.19) does not depend on g ∈ G, and the last

identification in (7.18) is left-invariant. Alternatively, define Θ ∈ Ω1
X×G(g) as

(7.20) Θ = π∗1ω − π∗2θ,
11Recall that a function X → G is a relation on X×G that satisfies an extra condition. In other words, a function

is its graph.
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where π1, π2 are the projections

(7.21)

X ×G π2 //

π1
��

G

X

Then E is the kernel of Θ. Note

L∗
gΘ = L∗

gπ
∗
1ω − L∗

gπ
∗
2θ

= π∗1ω − π∗2L∗
gθ

= π∗1ω − π∗2θ
= Θ

(7.22)

Figure 25. A vector field ξ + ω(ξ) in the distribution E

We claim that E is integrable. A vector field ξ ∈ X(X) gives rise to a vector field ξ + ω(ξ)

on X ×G that belongs to the distribution E, as in Figure 25. This vector field is invariant under

left multiplication on G. If ξ, η ∈ X(X) we claim that on X ×G we have

(7.23) [ξ, ω(η)] = ξω(η).

The left hand side is the Lie bracket on X × G of the horizontal vector field ξ and the vertical

vector field ω(η). The right hand side is the vertical vector field whose value on {x} × G is the

parallel vector field on G with value the directional derivative of the function ω(η) : X → g in the

direction ξx. To prove (7.23), let φt be a local flow on X generated by ξ, and as well the induced

flow on X ×G that is the identity on the G factor. Then

(7.24) [ξ, ω(η)] =
d

dt

∣∣∣∣
t=0

(φ−t)∗ω(η).
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Since the flow does not move the points of G, the right hand side of (7.24) reduces to the definition

of the directional derivative, which proves (7.23). Now compute

[ξ + ω(ξ), η + ω(η)] = [ξ, η] + [ξ, ω(η)]− [η, ω(ξ)] + [ω(ξ), ω(η)]

= [ξ, η] + ξω(η)− ηω(ξ) + [ω(ξ), ω(η)]

= [ξ, η] + ω
(
[ξ, η]

)
+ dω(ξ, η) + [ω(ξ), ω(η)]

= [ξ, η] + ω
(
[ξ, η]

)
+ dω(ξ, η) +

1

2
[ω ∧ ω](ξ, η)

= [ξ, η] + ω
(
[ξ, η]

)
.

(7.25)

In the second equation we apply (7.23), in the third we apply (4.48), in the penultimate we ap-

ply (4.49), and in the last we apply the integrability condition (7.10). This proves that sections

of E are closed under Lie bracket, so E is integrable.

An integral manifold Γ0 of E is locally the graph of the function f : U → G for an open set U ⊂ X,

since the differential of the projection π : X × G → X is an isomorphism restricted to E. More

precisely, cutting down Γ0 if necessary we have that π1
∣∣
Γ0

: Γ0 → X is invertible with inverse s : U →
Γ0 ↪→ X ×G a local section of π1. Then f = π2 ◦ s. Compute

(7.26) f∗(θ) = s∗π∗2θ = s∗(−Θ+ π∗1ω) = s∗π∗1(ω) = ω

since the restriction of Θ to Γ0 ⊂ X ×G vanishes. (The tangent distribution E is the kernel of Θ.)

In other words, integral manifolds of E satisfy (7.11).

Figure 26. A maximal integral manifold of E

Fix (x0, g0) ∈ X × G. The global Frobenius Theorem 6.22 gives a maximal integral manifold

Γ ⊂ X × G through (x0, g0), as depicted in Example 1.44. The projection π = π2
∣∣
Γ
: Γ → X is

a local diffeomorphism, since the differential is an isomorphism, hence for all x ∈ X in the image

π(Γ) ⊂ X there is a local inverse U → Γ for some neighborhood U ⊂ X of x. Suppose that

local inverse maps x to g ∈ G. Since E is invariant under left translations in G, if (x, g′) ∈ Γ for

some g′ ∈ G, then composition with left multiplication by g′g−1 maps a local inverse with x 7→ g

to a local inverse with x 7→ g′. It follows that U is evenly covered by π. Also, π is an open map

since it is a local diffeomorphism, hence π(Γ) ⊂ X is open.
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We claim the image π(Γ) ⊂ X is also closed. Namely, suppose x0 ∈ X is a limit point of the

image. Then we claim that there exists a neighborhood U of x0 such that π−1
1 (U) ⊂ X × G is

foliated by integral manifolds of E. Certainly there is an integral manifold through every point

of π−1
1 (x0), but for general distributions we do not have uniformity to conclude that there is a

neighborhood U of x0 to which each integral manifold maps surjectively by π1. In this case the

distribution is invariant under left multiplication on G, and this gives the desired uniformity: the

image of any integral manifold under left translation is another integral manifold. Now since x0 is

a limit point of π(Γ) it follows that one of these integral manifolds Γ′ intersects Γ nontrivially. The

maximality of Γ then implies that Γ′ ⊂ Γ, and therefore x0 ∈ π(Γ). This proves that π(Γ) ⊂ X is

closed. Since X is connected, it follows that π is surjective.

Since π evenly covers its image, it is a covering map. And sinceX is assumed simply connected, it

now follows that π is a diffeomorphism. Now define f = π2◦π−1, where π2 : Γ→ G is the restriction

of projection X ×G→ G. Then (7.26) shows that f satisfies the differential equation (7.11). This

concludes the proof of existence. □

Lie group homomorphisms

Our first application of Theorem 7.8 is internal to the theory of Lie groups; see Remark 3.42.

Theorem 7.27. Let G be a Lie group and let G′ be a simply connected Lie group. Suppose ψ̇ : g′ → g

is a homomorphism of their Lie algebras. Then there exists a unique Lie group homomorphism

ψ : G′ → G whose differential is ψ̇.

Proof. Let θG, θG′ denote the Maurer–Cartan 1-forms on G,G′, respectively, and let e′, e be the

respective identity elements. Set ω = ψ̇(θG′) ∈ Ω1
G′(g). Theorem 7.8 produces a unique smooth

map ψ : G′ → G such that

(7.28)
ψ∗(θG) = ψ̇(θG′)

ψ(e′) = e

We claim ψ is a homomorphism, which is equivalent to

(7.29) ψ ◦ Lg′ = Lψ(g′) ◦ ψ, g′ ∈ G′

as maps G′ → G for all choices of g′. Observe that both sides Ψ of (7.29) satisfy

(7.30)
Ψ∗(θG) = ψ̇(θG′)

Ψ(e′) = ψ(g′),

and therefore are equal by the uniqueness Theorem 7.8(1). □
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Right G-torsors

(7.31) Recollection. We repeat Definition 1.4, but now in the smooth category.

Definition 7.32. Let G be a Lie group. A right G-torsor is a smooth manifold P equipped with

a smooth simply transitive right G-action P ×G→ P .

The simple transitivity is equivalent to the invertibility of the map P × G → P × P whose first

component is projection and whose section is the action.

Example 7.33 (The trivial right G-torsor). The Lie group acts on itself by right multiplication,

and that action is simply transitive. Denote this canonical right G-torsor as GG.

(7.34) Transport of structure. We reprise (1.5) and (1.6). Let P be a right G-torsor. Then any

p ∈ P determines an isomorphism of right G-torsors (cf. (1.5) and (1.6))

(7.35)
ψp : GG −→ P

g 7−→ pg

Hence any two right G-torsors are isomorphic, though not canonically so. The overlap between two

parametrizations is the composition in the diagram

(7.36)

P

G

ψp

??

// G

ψph

__

where h ∈ G. This composition is easily computed to be the left multiplication Lh−1 : G → G. In

other words, a right G-torsor is identified with GG up to a left multiplication on G. It follows that

the result of transporting a (left) parallel tensor on G to P via ψp is independent of p ∈ P .

Remark 7.37. Recall that a smooth structure on a topological manifold is an atlas of C∞-compatible

charts. The C∞-compatibility means that C∞ objects and concepts in affine space transport

unambiguously to smooth manifolds. The principle here is the same.

(7.38) Vector fields on P . Let ζ ∈ g be a parallel (left-invariant) vector field on G. By transport

of structure (7.34) it determines a vector field pζ on P . Using the identification of the Lie algebra g

as the set of one-parameter subgroups of G (Theorem 3.46), we give a useful formula for the vector

field pζ:

(7.39) pζp =
d

dt

∣∣∣∣
t=0

petζ , p ∈ P.
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Remark 7.40. Since left and right multiplication on G commute, the parallelism defined by right

multiplication is left invariant, so transports to a parallelism on a right G-torsor P . More simply,

a simply transitive group action on a manifold gives rise to a parallelism, and the right action of G

on P is simply transitive. The vector field pζ is not right parallel on P . Namely, for p ∈ P , h ∈ G,

(7.41) pζph =
d

dt

∣∣∣∣
t=0

phetζ =
d

dt

∣∣∣∣
t=0

p
(
hetζh−1

)
h = (Rh)∗({Adh ζ)p,

where Rh : P → P is the action of h and Adh is the adjoint action of h ∈ G on the Lie algebra g.

Remark 7.42. A right G-torsor is a left torsor for the action of its automorphism group AutG(P ),

which we define in the next lecture, and that action induces a (left) parallelism on P . The vector

field pζ is parallel with respect to that parallelism.

(7.43) The Maurer–Cartan form on P . The Maurer–Cartan form θ ∈ Ω1
G(g) is (left) parallel, so

transports to a 1-form θP ∈ Ω1
P (g) that we call the Maurer–Cartan form on P . The Maurer–Cartan

equation transports to the equation

(7.44) dθP +
1

2
[θP ∧ θP ] = 0 in Ω2

P (g).

Lemma 7.45. Fix ζ ∈ g and let pζ ∈ X(P ) denote the corresponding vector field on P . Then

(7.46) θP (pζ) = ζ.

The right hand side of (7.46) is a constant g-valued function on P .

Proof. For p ∈ P we see from (7.35) and (7.39) that d(ψp)(ζ) = pζ. Then (θP )(pζ) = θ(ζ) = ζ. □

Examples of right G-torsors

We have encountered some of these examples earlier.

Example 7.47 (Affine space). Let V be a finite dimensional real vector space, which we regard as

a Lie group under vector addition. Then a right V -torsor is an affine space over V (Definition 1.1).

Example 7.48 (Torsors in homogeneous manifolds). Let G̃ be a Lie group and suppose G̃ acts

transitively on a smooth manifold X via a left action. Fix x ∈ X and let G = Stabx ⊂ G̃ be the

closed Lie subgroup of elements that fix x. Then for any x′ ∈ X define the right G-torsor

(7.49) Px′ = {γ̃ ∈ G̃ : γ̃x = x′}.

Note that Px′ is a left G-coset in G̃.

As a particular example, let G̃ = O2 be the orthogonal group and X = {x, x′} a set of cardinal-

ity 2. Let g ∈ O2 act as the idX if det(g) = +1 and as the nontrivial permutation if det(g) = −1.
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Then G = Stabx = SO2 ⊂ O2, and Px′ = O2 \ SO2. Hence reflections are a right torsor over

rotations.

As another example, let G̃ = SO3 act by rotations on the unit S2 ⊂ R3, and let x = (1, 0, 0) be

the north pole. Then G = Stabx ∼= SO2 is the group of rotations about the (0, 0, ∗)-axis, which can

be identified with rotations in the (∗, ∗, 0)-plane. The rotations that move x to a fixed x′ ∈ S2 are

a torsor over SO2.

Example 7.50 (Bases in a vector space). We conclude with a key example for us. Let V be a

finite dimensional real vector space. Recall from Definition 1.26 the right GLnR-torsor of bases

(7.51) B(V ) = {b : Rn −→ V : b is an isomorphism} .

We use the notation in (4.77) to write the (transported) Maurer–Cartan form on B(V ) as a matrix

of scalar 1-forms Θi
j ∈ Ω1

B(V ) that satisfy the Maurer–Cartan equation (4.83):

(7.52) dΘi
j +Θi

k ∧Θk
j = 0.

(7.53) Geometric interpretation of Θi
j on B(V ). Let b ∈ B(V ) be a basis, which we identify with

the image e1, . . . , en in V of the standard basis of Rn. Let e1, . . . , en be the dual basis of V ∗. A

tangent vector ξ ∈ TbB(V ) is represented as a motion germ e1(t), . . . , en(t) with initial value the

given basis e1, . . . , en. Let ėj = e′j(0) be the initial velocity of the jth basis element.

Proposition 7.54. (Θi
j)b(ξ) = ⟨ei, ėj⟩.

The brackets on the right hand side denote the duality pairing of V ∗ and V . In words, Θi
j measures

the instantaneous rate at which ej is moving towards ei, relative to the given basis. This geometric

interpretation is important in the sequel.

Proof. Choose A ∈ glnR so that ξ = pA. Then by Lemma 7.45 we have (Θi
j)b(ξ) = Aij . Choose the

motion germ with ej(t) = b
[
(etA)j

]
is the image of the jth column, regarded as a vector in Rn, and

so ėj = b(Aj). Hence the basis b maps the pairing ⟨êi, Aj⟩ = Aij of Aj with the standard dual basis

element êi ∈ (Rn)∗ to the desired pairing ⟨ei, ėj⟩. □
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Lecture 8: Curves in a Euclidean plane

We begin the lecture with more discussion of right G-torsors. The group of automorphisms is

introduced. It is the transport of left multiplication on the trivial right G-torsor GG. Then we

discuss the important example of frames in affine space as a torsor over the affine group; its metric

variation is the space of orthonormal frames in Euclidean space. These bundles of frames in affine

geometry provide much intuition for the differential geometry curved manifolds.

In the second half of the lecture we turn to curves in a Euclidean plane. The first instance

of curvature—which dates back to Nicole Oresme in the mid 14th century and was developed

further by Newton, Leibniz, the Brothers Bernoulli, and others beginning in the latter part of the

17th century—emerges from the restriction of Maurer–Cartan forms to the curve. This is Cartan’s

method of moving frames, which in various forms is basic to our approach in this course.

We conclude with a global theorem about plane curves, the so-called theorem of turning tangents

or Hopf umlaursatz.

More on right G-torsors

(8.1) The automorphism group. Let G be a Lie group and suppose P is a right G-torsor.

Definition 8.2. An automorphism φ : P → P of P is a smooth G-equivariant map, i.e.,

(8.3) φ(pg) = φ(p)g, p ∈ P, g ∈ G.

The group of automorphisms is denoted AutG(P ).

If p, p′ ∈ P , then there is a unique φ ∈ AutG(P ) such that φ(p) = p′: use (8.3) to define φ(pg) = p′g

for all g ∈ G. Hence P is a left AutG(P )-torsor. As in (1.30) and (1.31) we write

(8.4) AutG(P ) ⟲ P ⟲ G

Remark 8.5. We remind (Remark 1.29(2)) that right group actions are by structural symmetries

whereas left group actions are by geometric symmetries.

Example 8.6 (Automorphisms of the trivial right G-torsor). Every automorphism of GG is given

by left multiplication:

(8.7)
G −→ AutG(GG)

g 7−→ Lg

is an isomorphism of groups. (φ ∈ AutG(GG) is the image of φ(e) ∈ G.)
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If P is a right G-torsor and p ∈ P , then the map ψp in (7.35) determines an isomorphism

(8.8)
G −→ AutG(P )

g 7−→ ψp ◦ Lg ◦ ψ−1
p

of groups, which we use to transport the Lie group structure on G to AutG(P ); the resulting Lie

group structure is independent of p. The map ψp identifies the right and left actions

(8.9)
G ⟲ G ⟲ G

AutG(P ) ⟲ P ⟲ G

Remark 8.10. As p ∈ P changes, the isomorphism (8.8) of the group of automorphisms of a right G-

torsor with G changes by conjugation. Therefore, an automorphism of a right G-torsor determines

a conjugacy class in G.

Example 8.11 (Homogeneous manifolds). Resuming the setup of Example 7.48, it is straight-

forward to identify AutG(Px′) as a subgroup of G̃, namely the stabilizer subgroup Stabx′ ⊂ G̃.

Observe that Stabx, Stabx′ ⊂ G̃ are conjugate subgroups; any element of the torsor Px′ ⊂ G̃ gives

a conjugacy.

Example 8.12 (Bases in a vector space). Resuming the setup of Example 7.50, identify the

automorphism group AutGLnR
(
B(V )

)
of the torsor of bases with the group Aut(V ) of vector space

automorphisms of V . (An automorphism V → V acts on a basis Rn → V by left composition, so

commutes with the action of GLnR by right composition.)

(8.13) Frames in affine space. Recall from Definition 1.26 that if A is an affine space over a finite

dimensional real vector space V of dimension n ∈ Z≥0, then a frame in A is an affine isomorphism

f : An → A. As in Remark 1.29 the 1-jet of f at 0 ∈ An is a diffeomorphism B(A) → A × B(V );

see (1.32). Let π : B(A) → A be the projection that takes the 0-jet at 0 ∈ An; see (1.33). Embed

GLnR ⊂ Affn as the stabilizer of 0 ∈ An. The right GLnR-action on B(A) preserves π, and in

fact acts simply transitively on the fibers of π, which are identified with B(V ). Hence π is a

(product) fiber bundle of right GLnR-torsors. This is the structural symmetry. The automorphism

group AutAffnR
(
B(A)

)
is isomorphic to the Lie group Aut(A) of affine automorphisms of A. The

subgroup V ⊂ Aut(A) of translations acts on the left on B(A) and on A, and the action commutes

with the projection π. This is the geometric symmetry that encodes the parallelism of affine space.

The use of frames in differential geometry was pioneered by Élie Cartan. The term method of

moving frames—or its French equivalent la méthode du répère mobile—is often used in this context.

Remark 8.14. We will see shortly fiber bundles of right torsors of frames over curves and surfaces.

They are not product bundles, nor is there a global parallelism and consequently no universal left

group action as there is on affine space.
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(8.15) Maurer–Cartan forms on the bundle of frames. Embed An ↪→ Rn+1 as the affine plane

{(ξ0, ξ1, . . . , ξn) : ξ0 = 1}. This embeds Affn as the subgroup of GLn+1R of invertible matrices of

the block form

(8.16)




1 0

∗ P




in which P is an invertible n × n matrix. The Maurer–Cartan 1-form can be regarded as having

values in the Lie algebra of such matrices, so can be written

(8.17)




0 0

θ1

... Θi
j

θn




The Maurer–Cartan equations of GLn+1R (see (4.77)) imply the Maurer–Cartan equations of Affn:

(8.18)
dθi + Θi

j ∧ θj = 0

dΘi
j +Θi

k ∧Θk
j = 0

(8.19) Geometric interpretation of Maurer–Cartan. Let f ∈ B(A) be a frame, which we identify

as a point p ∈ A and a basis e1, . . . , en of the tangent space V . A tangent vector ξ in TfB(A) is rep-

resented as a motion (germ)
(
p(t); e1(t), . . . , en(t)

)
whose initial condition at t = 0 is (p; e1, . . . , en).

Let ṗ, ė1, . . . , ėn ∈ V be the derivatives at t = 0. Proposition 7.54 asserts

(8.20) Θi
j(ξ) = ⟨ei, ėj⟩,

where e1, . . . , en is the basis of V ∗ dual to e1, . . . , en. Similarly, we have the following.

Proposition 8.21. θi(ξ) = ⟨ei, ṗ⟩.
Proof. From the discussion in (7.38) the vector ξ corresponds to an element in the Lie algebra affn ∼=
glnR⊕Rn. The form θi only detects the Rn component of ξ, which is an infinitesimal translation ζ ∈
Rn. As in the proof of Proposition 7.54, the differential of f maps ζ to ṗ. The Maurer–Cartan

form θi on Affn evaluates on ζ to ⟨êi, ζ⟩, the duality pairing between (Rn)∗ and Rn, and this is

equal to ⟨ei, ṗ⟩. □

Remark 8.22. We reinterpret Proposition 8.21 in terms of the map π : B(A)→ A. If ξ is a tangent

vector to B(A) at a frame (p; e1, . . . , en), then π∗ξ is a tangent vector to A at p, and its expression

in the basis e1, . . . , en has coefficients given by the Maurer–Cartan forms θi:

(8.23) π∗ξ = θi(ξ)ei.

This interpretation of the forms θi carries over to smooth manifolds, as we will see.
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(8.24) Orthogonal and Euclidean groups. If G ⊂ GLnR is a closed Lie subgroup, then g ⊂ glnR is

a Lie subalgebra. The Maurer–Cartan form on GLnR restrict to a glnR-valued 1-form on G whose

values lie in this subalgebra g ⊂ glnR. In other words, the restriction of the Maurer–Cartan form

on GLnR to G satisfies some relations.

For the orthogonal group On ⊂ GLnR, the Lie algebra on ⊂ glnR is the space of skew-symmetric

matrices, so the relations satisfied are

(8.25) Θi
j +Θj

i = 0, i, j ∈ {1, . . . , n}.

These equations, together with (4.83), are the structure equations of On:

(8.26)
Θi
j +Θj

i = 0

dΘi
j +Θi

k ∧Θk
j = 0

For the Euclidean group Eucn ⊂ Affn, we also have the relations (8.25), in addition to (8.18), so

the Maurer–Cartan forms θi,Θi
j on Eucn satisfy the structure equations

(8.27)

Θi
j +Θj

i = 0

dθi + Θi
j ∧ θj = 0

dΘi
j +Θi

k ∧Θk
j = 0

These are the basic structure equations of Euclidean geometry, and they transport to Riemannian

geometry as well.

Curvature of plane curves

(8.28) Maurer–Cartan forms on a Euclidean plane.

Definition 8.29. A Euclidean space A is an affine space over an inner product space V . We say

A is a Euclidean plane if dimA = 2.

The Lie group Euc2 has dimension 3. It consists of Euclidean transformations of the standard

Euclidean plane E2: translations, rotations, and reflections. The right Euc2-torsor of orthonormal

frames BO(A) on a Euclidean plane A, which is a 3-manifold, has a global parallelism given by the

Maurer–Cartan 1-forms θ1, θ2,Θ2
1 = −Θ1

2, which form a basis of parallel 1-forms. They satisfy the

Maurer–Cartan equations

dθ1 −Θ2
1 ∧ θ2 = 0(8.30)

dθ2 +Θ2
1 ∧ θ1 = 0(8.31)

dΘ2
1 = 0(8.32)



76 D. S. FREED

Figure 27. A cooriented curve with an adapted moving frame

(8.33) Restriction to a curve. Let C ⊂ A be a 1-dimensional submanifold of a Euclidean plane A.

A coorientation of C ⊂ A is an orientation of the normal bundle. (Recall that the normal bundle

is defined as the line bundle TA
∣∣
C
/ TC → C. Use the metric on V to identify the quotient with

the orthogonal complement TC⊥ → C to the tangent bundle.) We say a frame e1, e2 at p ∈ C

is adapted to C ⊂ A if e2 is the unique cooriented unit normal vector to C; see Figure 27. Let

i : C ↪→ A be the inclusion. Then an adapted moving frame is a lift f of the inclusion

(8.34)

BO(A)

π

��
C � � i //

f
;;

A

whose image consists of adapted frames. Set θ
1
= f∗θ1, θ

2
= f∗θ2, and Θ

2
1 = f∗Θ2

1.

Lemma 8.35.

(1) θ
1
is a nonzero section of T ∗C → C, i.e., a global trivialization.

(2) θ
2
= 0.

(3) Θ
2
1 = κθ

1
for some function κ : C → R.

The function κ is the curvature of C ⊂ A.

Proof. For (1) and (2) use the geometric interpretation (8.23) of the Maurer–Cartan forms θ1, θ2.

Namely, if ξ ∈ TpC for some p ∈ C, and f(p) = (p; e1, e2), then ξ = θ
1
(ξ)e1 + θ

2
(ξ)e2. Since ξ is

a multiple of e1, (1) and (2) follow. For (3) we use that any 1-form on C is a multiple of a given

nonzero 1-form. □

Remark 8.36. At each p ∈ C there are two adapted frames; they differ by the sign of e1. So an

adapted lift f in (8.34) is a section of the orthonormal frame bundle BO(C) → C, which is a

principal O1-bundle over C, i.e., a double cover of C. Hence the diagram in (8.34) expands to

(8.37)

BO(C)

��

� � i // BO(A)

π

��
C � � i //

f

OO

A
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(8.38) The form θ
1
and arc length. The unit vector field e1 of an adapted moving frame defines

a parallelization of the curve C. In particular, it determines an orientation. The dual form θ
1

is the “volume” form of the Riemannian metric on C induced from the inclusion C ⊂ A and the

orientation. Namely, if ξ ∈ TpC is a tangent vector, then its length is |θ1(ξ)|. The Riemannian

measure on C is often denoted ‘|ds|’. This notation is inspired by the situation in which s : C → R

is an arc length parameter on a connected curve: if p, p′ ∈ C, then |s(p′) = s(p)| is the length of

the segment of C between p and p′. If g : C → R is a function, then its integral with respect to arc

length, classically denoted
∫
C g |ds|, is the integral of a differential form on the oriented curve C:∫

C gθ
1
.

A

#
( %-:) XnUr) "YoVen]

Figure 28. A point p of positive curvature and a point p′ of negative curvature

(8.39) Geometric interpretation of curvature. Recall from (7.53) that Θ2
1 measures the instan-

taneous rate at which the frame vector e1 is rotating towards e2. Evaluate the equation in

Lemma 8.35(3) on the unit tangent vector e1 ∈ TpC at some p ∈ C. Then κ(p) = Θ
2
1(e1) is

the instantaneous rate at p that C is turning towards its cooriented normal. Observe that if we

take the “opposite” moving frame −e1, e2, then θ
1
and Θ

2
1 change sign so κ is unchanged. The

reader can think this through using Figure 28.

(8.40) Curvature of a circle. Let A = E2 be the standard Euclidean plane, that is, the affine

space A2 over R2, but the latter endowed with its standard inner product. Use polar coordinates r, θ,

which are defined on A \R, where R is a ray emanating from the origin. The function r is in fact

defined globally on A, but it is not smooth at r = 0: the differential dr is well-defined on A\{(0, 0)}.
The differential dθ also exists on A \ {(0, 0)}. Define the moving frame and dual moving coframe

(8.41)
e1 =

1

r

∂

∂θ
θ1 = r dθ

e2 =
∂

∂r
θ2 = dr
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Now use the structure equations (8.30) and (8.31) to compute Θ2
1 = −Θ1

2. From (8.30),

0 = dθ1 +Θ1
2 ∧ θ2

= dr ∧ dθ +Θ1
2 ∧ dr

(8.42)

which implies

(8.43) Θ1
2 = dθ + f(r)dr

for some function f . (In fact, we can only conclude this locally in A \ {(0, 0)}, but since we prove

below that f = 0 it is enough to argue locally.) Then (8.31) implies

0 = dθ2 +Θ2
1 ∧ θ1

= 0 + rΘ2
1 ∧ dθ

(8.44)

and combining with (8.43) we conclude f = 0. Hence

(8.45) Θ2
1 = −dθ.

Observe that dΘ2
1 = 0, as per (8.32).

Figure 29. An adapted moving frame along a cooriented circle in E2

Now restrict to the circle C ⊂ A \ {(0, 0)} of radius R > 0 with center (0, 0). Note that e1, e2
restricts to an adapted moving frame if we coorient C ⊂ A as indicated in Figure 29. As before, use

bars to denote the restrictions of the Maurer–Cartan forms to C with its adapted moving frame.

Set r = R and so dr = 0 in (8.41) and (8.45) to compute

(8.46)

θ
1
= Rdθ

θ
2
= 0

Θ
2
1 = −dθ

Hence from Lemma 8.35(3) we find

(8.47) κ =
−1
R

In other words, the circle of radius R has constant curvature −1/R. (If we coorient C ⊂ A by the

inward pointing normal, then the curvature is +1/R.)
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Remark 8.48. Note that curvature of a plane curve has units of reciprocal length. We write

(8.49) |κ| = 1/L.

to indicate the units. This elementary dimensional analysis is useful both for computations and for

theoretical understanding.

Total curvature of closed plane curves

We generalize somewhat the notion of a plane curve.

Definition 8.50. Let A be a Euclidean plane with translation group V .

(1) A closed plane curve is the image of an immersion S1 → A.

(2) A simple closed plane curve is the image of an embedding S1 → A.

(3) Let i : S1 → A be an immersion. A coorientation of the resulting closed plane curve is an

orientation of the real line bundle L→ S1 whose fiber at s ∈ S1 is i∗(TsS
1)⊥ ⊂ V .

A

#
( %-:) XnUr) "YoVen]

⑳
Figure 30. Simple and non-simple closed plane curves

Figure 30 depicts a simple closed curve on the left and a closed curve that is not simple on the

right. The reader should contemplate the two coorientations of the latter, especially at the double

points.

Let i : S1 → A be an immersion. Since i may not be injective, we define moving frames in terms

of the pullback frame bundle, a variation of (8.37):

(8.51)

BO(S
1) �

� //

  

i∗BO(A)

~~
S1

f

``

Here BO(S
1)→ S1 is the orthonormal frame bundle of the circle, which is a product double cover

map. There are two moving frames f , the two global sections of this double cover. A unit norm
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tangent vector e1 ∈ TsS1 determines an adapted orthonormal frame of A at the image point i(s);

this determination is the top arrow in (8.51).

Remark 8.52. As geometers we like to know what every point of a space means geometrically, and

the same for every map. We recommend the reader linger over the previous paragraph taking the

previous sentence to heart.

The pullback Maurer–Cartan forms on C obey the conclusions of Lemma 8.35. In particular,

curvature is defined as a function κ : S1 → R. As before, it is independent of the section f , though

it does depend on the coorientation.

Definition 8.53. The total curvature of a closed plane curve is

(8.54)

∫

S1

Θ
2
1.

Here we assume a global moving frame, which orients S1 and so defines the integral. For the

opposite frame, both the orientation and Θ
2
1 change sign, so the total curvature does not change.

Theorem 8.55. The total curvature of a simple closed plane curve is ±2π.

The reader can check this explicitly for a circle using (8.46).

Proof. Since A is simply connected, the embedding i : S1 → A extends to a continuous map

F : D2 → A, which we can perturb to be smooth. (Here D2 ⊂ A2 is the unit closed disk with

boundary S1.) We can perturb further so that the differential at the origin 0 ∈ D2 is an isomor-

phism. Then using the inverse function theorem we can further perturb so that for some δ > 0 the

ball Bδ(0) ⊂ A2 maps isometrically to A. Consider the pullback of the orthonormal frame bundle

to A, restricted to the disk minus the origin:

(8.56) F ∗BO(A) −→ D2 \ {0}.

Choose a section f that (i) restricts to an adapted frame of the simple closed curve at the bound-

ary S1, and (ii) restricts near 0 ∈ D2 to the framing (8.41). The pullback of dΘ2
1 vanishes—as

follows from (8.32)—so by Stokes’ theorem the total curvature at the boundary equals the total

curvature of a small circle about the origin, which is ±2π. □

We now sketch the classical formulation of Definition 8.53. For a closed plane curve S1 → A2

with global moving frame, define a local real-valued function θ on connected proper subsets of S1,

up to shifts by multiples of 2π, by setting

(8.57) e1(s) =
(
cos θ(s), sin θ(s)

)
, s ∈ S1.

Then one can see dθ = κθ1 is globally defined on S1. Then one can integrate to a global periodic

function θ : R → R on the total space of the universal cover R → S1. The total curvature is the

jump in θ over a period, the total “turning” of a tangent vector around the closed curve.
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Lecture 9: Surfaces in a Euclidean 3-space

After we finish up a few loose items about planar curves, mainly the “fundamental theorem”

about prescribed curvature, we turn our attention to surfaces. Curves and surfaces are the focus

of a typical first undergraduate course on differential geometry. Here we use more high powered

techniques than are typically available in such a course to get to some of the main theorems quickly.

This illustrates the geometric power inherent in our techniques. We also encounter maneuvers,

equations, and ideas that develop experience and intuition for the more abstract study of parallelism

and curvature to follow.

Prescribed curvature of plane curves

(9.1) Variation of Theorem 7.8 for right G-torsors. The proof of the following proceeds by iden-

tifying the right G-torsor with G using a basepoint; the conclusion is independent of the basepoint.

Theorem 9.2. Let X be a smooth manifold, let G be a Lie group, let P be a right G-torsor, and

let θP ∈ Ω1
P (g) be the Maurer–Cartan form on P .

(1) Suppose f1, f2 : X → P are smooth maps, f∗1 (θP ) = f∗2 (θP ), and X is connected. Then

there exists φ ∈ Aut(P ) such that

(9.3) f2 = φ ◦ f1.

(2) Suppose ω ∈ Ω1
X(g) satisfies

(9.4) dω +
1

2
[ω ∧ ω] = 0.

Then if X is simply connected, there exists f : X → P such that

(9.5) f∗(θP ) = ω.

(9.6) Plane curves with prescribed curvature. A curve C ⊂ A in a Euclidean plane inherits both a

Riemannian metric and a curvature function. Now we start with an abstract 1-manifold equipped

with this data and seek an immersion that induces it.

Theorem 9.7. Let C be a simply connected Riemannian 1-manifold, let κ : C → R be a smooth

function, and suppose A is a Euclidean plane. Then there exists an isometric immersion i : C → A

such that κ is the induced curvature function for some coorientation of C. Furthermore, i is unique

up to left composition with a Euclidean transformation of A.
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If κ is a constant function, then the image of i is a circle, so if C is a sufficiently long open interval,

then the map i is not injective. Note that the normal bundle to an immersion is defined as a vector

bundle over the domain—it is the quotient of the pullback of the tangent bundle to the codomain

by the tangent bundle to the domain—and so the notion of coorientation also makes sense.

Proof. Let o(C) be the 2-element set of orientations of C. For o ∈ o(C) there corresponds a 1-

form σo ∈ Ω1
C of unit length |σo| = 1. Apply Theorem 9.2(2) to construct f : C → BO(A) that

satisfies

(9.8)

f∗θ1 = σo

f∗θ2 = 0

f∗Θ2
1 = κσo,

where θ1, θ2,Θ2
1 are the Maurer–Cartan forms; see (8.28). Note that the Maurer–Cartan equa-

tion (9.4) is automatically satisfied since 2-forms on C are identically zero. Let π : BO(A)→ A be

projection, and define i = π ◦ f : C → A. Then by Lemma 8.35 the immersion i is an immersion

with curvature κ relative to the coorientation given by e2 (which is defined on C by f).

Theorem 9.2(2) proves uniqueness up to Euclidean transformations of the solution to (9.8), but

those equations depend on a choice of orientation. So we make a more elaborate argument. Let

S =
{
(o, f) ∈ o(C)×Map

(
C,BO(A)

)}
be the space of orientations o and solutions f to (9.8). Let

S be the set of immersions i that are isometric and have curvature κ relative to some coorientation.

Let p : S → S take (o, f) to π ◦ f . Now let ρ ∈ O2 ⊂ Euc2 be the Euclidean transformation which

in the standard x, y-plane is reflection in the y-axis. The right action Rρ of ρ on BO(A) satisfies

(9.9)

R∗
ρ(θ

1) = −θ1

R∗
ρ(θ

2) = θ2

R∗
ρ(Θ

2
1) = −Θ2

2

It follows that Rρ acts on S by sending (o, f) to (−o, Rρ ◦f). The isometry group Aut(A) also acts,

now on the left: φ ∈ Aut(A) sends (o, f) to (o, φ◦f). These two actions commute and generate a left

action on S of a two component direct product Lie group G whose identity component is Aut(A),

and this action is simply transitive. Noting that Rρ fixes the composition π ◦ f , we see that the

G-action on S descends to an Aut(A)-action on S that is also simply transitive.12 That action

composes i with φ ∈ Aut(A). □

(9.10) Alternative discussion of plane curvature. This is an expansion of Remark 8.36. In (8.33)

we fixed an adapted moving frame along a plane curve C ⊂ A; see Figure 27. Another option is

to consider all adapted moving frames at once. At each p ∈ C we already have e2 fixed as the

12This action is the quotient of G by the order two subgroup generated by Rρ; the map of Aut(A) ⊂ G into the
quotient is an isomorphism.
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cooriented unit normal, so there are two choices for e1: the two unit norm vectors in TpC. We have

(9.11)

BO(C)
� � //

π

��

BO(A)

C

where BO(C) = {(p; e1, e2) ∈ BO(A) : p ∈ C, e2 is cooriented}. Then π is a double cover. Observe

that the diffeomorphism Rρ : BO(A) → BO(A) restricts to the deck transformation of π. We can

repeat the analysis of (8.33) using the restrictions of θ1, θ2,Θ2
1 to BO(C). The argument produces

a function κ̂ : BO(C)→ R, and we must prove it descends under π to a function κ : C → R. That

follows from the equation in Lemma 8.35(3) and (9.9). A similar argument occurs at the end of

this lecture in the proof of Proposition 9.52.

Remark 9.12. Observe that π : BO(C)→ C is intrinsically defined from the Riemannian 1-manifold C.

Namely, it is canonically the bundle of orthonormal frames, i.e., pairs (p, e1) in which p ∈ C and

e1 ∈ TpC is a unit norm vector. However the restriction of Θ2
1 to BO(C) is not intrinsic; it depends

on the embedding C ↪→ A. (The existence of unit speed parametrizations proves that any two

Riemannian 1-manifolds are locally isometric.)

Surfaces in Euclidean 3-space

(9.13) Euclidean 3-space. Let A be a 3-dimensional Euclidean space: an affine space over a 3-

dimensional real inner product space V . Let

(9.14) π : BO(A) −→ A

be the bundle of orthonormal frames; see (1.33) and (8.13). The 6-manifold BO(A) is a right

Euc3-torsor, so it is parallelized by the 6 Maurer–Cartan 1-forms θ1, θ2, θ3,Θ2
1,Θ

3
1,Θ

3
2 (recall the

skew-symmetry Θ2
1 +Θ1

2 = 0, etc.) They satisfy the 6 Maurer–Cartan equations

dθ1 +Θ1
2 ∧ θ2 +Θ1

3 ∧ θ3 = 0(9.15)

dθ2 +Θ2
1 ∧ θ1 +Θ2

3 ∧ θ3 = 0(9.16)

dθ3 +Θ3
1 ∧ θ1 +Θ3

2 ∧ θ2 = 0(9.17)

dΘ2
1 +Θ2

3 ∧Θ3
1 = 0(9.18)

dΘ3
1 +Θ3

2 ∧Θ2
1 = 0(9.19)

dΘ3
2 +Θ3

1 ∧Θ1
2 = 0(9.20)

Important to our arguments are the geometric interpretations of these Maurer–Cartan forms

in (8.19).
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(9.21) Pullback of a fiber bundle. In the basic material on fiber bundles in Lecture 9 of the

Differential Topology notes there is no material on pullbacks, so we provide a brief description

here. (We already used a pullback in (8.51).) Let π : E → M be a fiber bundle and suppose

f : N →M is a smooth map of smooth manifolds. In the pullback diagram

(9.22)

f∗E
f̃ //

π′

��

E

π
��

N
f // M

f∗E is defined as the submanifold of N × E consisting of pairs (n, e) such that f(n) = π(e). One

uses the fact that π is a submersion to prove that f∗E is a smooth manifold, that π′ is a submersion,

and more strongly that pull backs of local trivializations of π give local trivializations of π′, which

is therefore a fiber bundle. Note that the fiber of π′ over n ∈ N is diffeomorphic to the fiber of π

over f(n) via the map f̃ .

Figure 31. A cooriented surface in Euclidean 3-space

(9.23) Bundle of frames of an embedded surface. Let Σ ⊂ A be a 2-dimensional submanifold,

and suppose Σ ⊂ A is cooriented. Let ν be the cooriented unit normal vector field along Σ; see

Figure 31. As in (9.11) define the bundle of adapted orthonormal frames

(9.24) BO(Σ) = {(p; e1, e2, e3) ∈ BO(A) : p ∈ Σ, e3 = ν}.

We have a diagram

(9.25)

BO(Σ)
� � i //

π

��

BO(A)

Σ

Lemma 9.26. i is an embedding of a submanifold, and π is a fiber bundle.
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Proof. Let S(V ) ⊂ V be the unit sphere. Define E ⊂ S(V )×BO(V ) as the codimension 2 subman-

ifold of pairs
(
ξ, (e1, e2, e3)

)
such that e3 = ξ. (To see it is a submanifold, show that

(9.27)
S(V )×BO(V ) −→ R2

ξ, (e1, e2, e3) 7−→ ⟨e1, ξ⟩, ⟨e2, ξ⟩

is transverse to (0, 0). Then E is the inverse image of (0, 0).) Next, we claim that the restriction

E → S(V ) of the projection S(V )×BO(V )→ S(V ) is a fiber bundle. To exhibit a local trivialization,

fix ξ0 ∈ S(V ) and suppose ξ ∈ S(V ) satisfies ⟨ξ, ξ0⟩ > 0. Construct a diffeomorphism Eξ0 → Eξ
that maps a frame e1, e2, ξ0 to its image e′1, e

′
2, ξ under a Gram–Schmidt process: let e′1 be the

normalized orthogonal projection of e1 to the 2-dimensional subspace R · ξ⊥ ⊂ V , and then let

e′2 be the normalized orthogonal projection of e2 onto the line of vectors orthogonal to ξ and e′1.

Finally use the cooriented normal vector field ν on Σ to form the pullback

(9.28)

BO(Σ) //

π

��

E

��
Σ

ν // S(V )

This proves that π is a fiber bundle, and in particular gives a smooth manifold structure on BO(Σ).

A closely related construction proves that i is an embedding. Namely, in the diagram

(9.29)

BO(Σ) //

π

��

BO(A)
∣∣
Σ

//

��

BO(A)

��
Σ Σ � � // A

the right hand square is a pullback and the upper left arrow is the submanifold cut out by the

functions ⟨e1, ν⟩ and ⟨e2, ν⟩, as in (9.27). The composition of the top arrows is i. □

Remark 9.30. The map ν : Σ→ S(V ) is the Gauss map. We sometimes denote it as e3.

Remark 9.31. As in Remark 9.12, the fiber bundle π : BO(Σ)→ Σ is intrinsically associated to the

Riemannian 2-manifold Σ. The fiber over p ∈ Σ consists of orthonormal frames of TpΣ.

(9.32) Principal bundles. The fibers of π : BO(Σ) → Σ are right O2-torsors. This inspires the

following generalization.

Definition 9.33. Let X be a smooth manifold, and let G be a Lie group. A principal G-bundle

over X is a fiber bundle π : P → X whose fibers are right G-torsors.

Local trivializations are required to preserve the rightG-torsor structure. In other words, a principal

bundle is locally isomorphic to the trivial principal bundle pr2 : X ×G→ G in which the fibers are

the trivial right G-torsor GG. The local triviality shows that the G-action on each fiber fits to a

smooth G-action on P , and π is a quotient map for the G-action. The fiber bundle π : BO(Σ)→ Σ

is a principal O2-bundle, the bundle of orthonormal frames of Σ. We will study the geometry of

principal bundles in future lectures.
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(9.34) Vertical and horizontal distributions. Let π : E → X be a fiber bundle. (The discussion

generalizes to submersions.) The differential dπ = π∗ is part of a short exact sequence

(9.35) 0 −→ kerπ∗ −→ TE
π∗−−−→ π∗TX −→ 0

of vector bundles over the total space E of π. The subbundle kerπ∗ ⊂ TE is an integrable

distribution whose associated foliation is the decomposition of E by the fibers of π. We sometimes

write T (E/X) for kerπ∗. A tangent vector to E that lies in T (E/X) = kerπ∗ is termed vertical,

as depicted by the vector η in Figure 32.

Figure 32. A horizontal distribution on the total space of a fiber bundle

Definition 9.36. A horizontal distribution H ⊂ TE is a complement to the vertical distribu-

tion kerπ∗ ⊂ TE, i.e., H ⊕ kerπ∗ = TE.

Figure 32 depicts a horizontal distribution. A horizontal distribution is additional data not derived

from the data of the fiber bundle π : E → X. A tangent vector to E that lies in H is termed

horizontal, as depicted by the vector ξ in Figure 32. The data of a horizontal distribution is

equivalent to the data of a splitting σ of (9.35):

(9.37) 0 // kerπ∗ // TE
π∗ // π∗TX
σ

oo // 0

Recall that a splitting is a vector bundle map σ : π∗TX → TE that satisfies the affine equation

π∗ ◦ σ = idπ∗TX in Endπ∗TX. Local splittings can be constructed from a local trivialization; they

blend to a global splitting via a partition of unity. (For details, see (16.16) in the Differential

Topology notes.) The distribution H is the image of σ. The map σ induces for each e ∈ E an

isomorphism Tπ(e)X → He; it is called horizontal lift.

(9.38) The tautological vertical vector field on the frame bundle of a surface. The Lie algebra o2

of the orthogonal group O2 is the real line of 2× 2 skew-symmetric matrices. Set

(9.39) ζ =

(
0 −1
1 0

)
.
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It generates the 1-parameter group of rotations

(9.40) etζ =

(
cos t − sin t
sin t cos t

)

Recall BO(Σ) in (9.24); it is the total space of the orthonormal frame bundle BO(Σ)→ Σ in (9.25).

The right action of the one-parameter group (9.40) produces a flow on BO(Σ). Let pζ be the vertical

vector field that generates the flow; see Figure 33.

Figure 33. The bundle of orthonormal frames π : BO(Σ)→ Σ

(9.41) Maurer–Cartan forms on BO(Σ). As in (9.10), restrict the Maurer–Cartan forms θi,Θi
j

on BO(A) to BO(Σ) using the inclusion i in (9.25), and then analyze the restricted forms using the

Maurer–Cartan equations (9.15)–(9.20). Hence set

(9.42)
θ
i
= i∗θi

Θ
i
j = i∗Θi

j

Recall the geometric interpretation (8.23) of θi. Namely, if (p; e1, e2, e3) ∈ BO(Σ) and we are given

a motion germ at this point that represents a tangent vector ξ, and π : BO(Σ)→ Σ is the projection

that forgets the orthonormal frame, then

(9.43) π∗ξ = θ
i
(ξ)ei.

Since π∗ξ ∈ TpΣ is a tangent vector to Σ, and e1, e2 is a basis of TpΣ, we deduce that θ
3
= 0

(which we reiterate as Proposition 9.52(2) below). Keep in mind that π : BO(Σ)→ Σ is intrinsic13

(Remark 9.31), and for that reason alone e3 cannot enter (9.43).

13The intrinsic/extrinsic dichotomy is fundamental. ‘Intrinsic’ to Σ means ‘does not depend on an embedding
Σ ↪→ A into Euclidean space’.
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(9.44) The horizontal distribution on the frame bundle. The next geometric structure we de-

duce from the Maurer–Cartan forms θ
i
,Θ

i
j is a horizontal distribution on the principal O2-bundle

π : BO(Σ) → Σ. In Lecture 10 we interpret it as a “parallelism” on Σ. However, except in special

cases, it is not a global parallelism in the sense of Definition 1.20. It is a new kind of parallelism

that we will study in great generality in a few weeks.

As a preliminary, let Θ =
(
Θ
i
j

)
1≤i,j≤2

be the 2×2 skew-symmetric matrix of 1-forms on BO(Σ).

Lemma 9.45.

(1) Θ
2
1(

pζ) = 1.

(2) For g ∈ O2 we have R∗
gΘ = g−1Θg.

Proof. For (1), use the geometric interpretation (8.20) of Θ
2
1 and the fact that pζ is generated by

the skew-symmetric matrix (9.39) whose (2, 1)-entry is 1. Or at f ∈ BO(Σ) compute

(9.46) (Θ
2
1)p(

pζ) =
d

dt

∣∣∣∣
t=0

Θ
2
1(f · etζ) =

d

dt

∣∣∣∣
t=0

Θ
2
1

(
f ·
(
cos t − sin t
sin t cos t

))
=

d

dt

∣∣∣∣
t=0

sin t = 1.

For (2) write an orthonormal frame e1, e2 as the row vector e =
(
e1 e2

)
. If

(
p(t); e(t)

)
is a motion

germ on BO(Σ) that represents a tangent vector ξ, then a rewriting of (8.20) is

(9.47) ė = eΘ(ξ).

Hence

(9.48) ėg = eΘ(ξ)g = (eg)(g−1Θ(ξ)g).

But also

(9.49) ėg = (eg)Θ
(
(Rg)∗ξ

)
= (eg)(R∗

gΘ)(ξ).

Combine these expressions for ėg to deduce (2). □

Proposition 9.50. The kernel H = kerΘ
2
1 ⊂ T

(
BO(Σ)

)
is an O2-invariant 2-dimensional distri-

bution on the 3-manifold BO(Σ).

Proof. Lemma 9.45(1) implies that H = kerΘ
2
1 is 2-dimensional at each point of BO(Σ), and

furthermore H is transverse to the vertical tangent line kerπ∗. Thus H is a horizontal distribution.

If a tangent vector ξ ∈ H, i.e., Θ
2
1(ξ) = 0, then for g ∈ O2 we have from Lemma 9.45(2) that

Θ
2
1

(
(Rg)∗ξ

)
= 0, so (Rg)∗(ξ) ∈ H as well. This proves that H is O2-invariant. □
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(9.51) Computation of dΘ
2
1. The analog of Lemma 8.35 for surfaces is the following.

Proposition 9.52.

(1) θ
1
, θ

2
,Θ

2
1 are a global basis of 1-forms on BO(Σ), so define a global parallelism.

(2) θ
3
= 0.

(3) There exists K̃ : Σ→ R such that

(9.53) dΘ
2
1 = (π∗K̃) θ

1 ∧ θ2.

By analogy with Lemma 8.35(3) we call K̃ the curvature of Σ. As we will see in the next lecture,

there are several curvatures of a surface in Euclidean 3-space. This particular curvature is the

Gauss curvature, and importantly it is intrinsic: it only depends on the Riemannian structure

induced on Σ and not on the embedding i : Σ ↪→ A. We will see that it can be computed from a

local section of BO(Σ)→ Σ, i.e., from a single local moving frame.

Proof. The horizontal distribution H gives a direct sum decomposition

(9.54) T
(
BO(Σ)

) ∼= H ⊕ kerπ∗,

of vector bundles over BO(Σ), and π∗ restricts to an isomorphism H
∼=−−→ π∗TΣ. The 1-form Θ

2
1 is

nonzero14 on kerπ∗ and vanishes on H. At a point f = (p; e1, e2) ∈ BO(Σ), the horizontal lifts of

e1, e2 ∈ TpΣ comprise a basis of TfBO(Σ), and by (9.43) the forms θ
1
, θ

2
comprise the dual basis.

This proves (1). The proof of (2) is indicated following (9.43).

The global basis θ
1
, θ

2
,Θ

2
1 of 1-forms on BO(Σ) induces a global basis of 2-forms, and so there

exist functions A,B,C : BO(Σ)→ R such that

(9.55) dΘ
2
1 = Aθ

1 ∧ θ2 + B θ
1 ∧Θ

2
1 + C θ

2 ∧Θ
2
1.

The restriction of the structure equations (9.15) and (9.16) to BO(Σ) give

(9.56)
dθ

1
+Θ

1
2 ∧ θ

2
= 0

dθ
2
+Θ

2
1 ∧ θ

1
= 0

Apply d to each equation (when in doubt, differentiate!), and substitute (9.56) to conclude

(9.57)
dΘ

2
1 ∧ θ

2
= 0

dΘ
2
1 ∧ θ

1
= 0

Plug (9.55) into these equations to deduce B = C = 0. Thus

(9.58) dΘ
2
1 = Aθ

1 ∧ θ2.
14More is true: the fibers of π are right O2-torsors, and the restriction of Θ to a fiber is the Maurer–Cartan form.
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We claim that A descends to the base of π : BO(Σ)→ Σ. In other words, there exists a function

K̃ : Σ→ R so that A = π∗K̃ and hence (9.53) holds. As a first step, differentiate (9.58):

(9.59) 0 = dA ∧ θ1 ∧ θ2.

Contract with the vertical vector field pζ:

(9.60) 0 = ι
pζ
(dA ∧ θ1 ∧ θ2) = (ι

pζ
dA) θ

1 ∧ θ2,

from which 0 = ι
pζ
dA = pζA. In other words, A is locally constant on each fiber of π. Now the

fibers of π are O2-torsors, so they have two components; see Figure 33. Use the reflection ρ ∈ O2

that appears in (9.11) to argue that A is constant on each fiber. Namely, ρ ∈ O2 induces a

diffeomorphism Rρ : BO(Σ) → BO(Σ) that exchanges the components of each fiber. Its effect on

the 1-forms θ
1
, θ

2
,Θ

2
1 is as in (9.9). Apply R∗

ρ to (9.58) to deduce R∗
ρA = A, which implies the

desired descent. □

We continue our study of surfaces in the next lecture. In particular, we will use the heretofore

unemployed structure equations (9.17)–(9.20). We will also discuss something you may have already

divined: dΘ
2
1 is the obstruction to integrability of the horizontal distribution H.
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Lecture 10: Extrinsic geometry of a surface in a Euclidean 3-space

In this lecture we continue to mine the Maurer–Cartan forms and Maurer–Cartan equations on

the right Euc3-torsor of orthonormal bases in a Euclidean 3-space A to explore the local differential

geometry of an embedded surface Σ ⊂ A.
Recall Proposition 9.52(3) in which we introduced a function K̃ : Σ → R that encodes the

differential of the Maurer–Cartan form Θ
2
1 with tangential indices. Our first task here is to explore

the Maurer–Cartan forms Θ
3
1,Θ

3
2 with one normal and one tangent index. This quickly leads to the

second fundamental form (Definition 10.11) and the associated shape operator (Definition 10.16).

They control the second-order geometry, which was known as far back as Euler and the French

geometers who followed. We identify the function K̃ with the negative of the Gauss curvature. The

differentials dΘ
3
1, dΘ

3
2 lead to the Codazzi–Mainardi equations for the second fundamental form,

but we do not explore those in any depth.

In the second part of the lecture we explore the implications of the global parallelism of A for the

embedded surface Σ ⊂ A. We are immediately led (through consideration of the Maurer–Cartan

forms) to the horizontal distribution on BO(Σ) → Σ introduced in (9.44). First we show that

this distribution is integrable iff the Gauss curvature vanishes. Then we use it to define parallel

transport of orthonormal frames along curves in Σ. We only have the space/time to hint at beautiful

intuition-building ideas in classical differential geometry (Remark 10.44).

In the next lecture we prove that the Gauss curvature, the horizontal distribution on BO(Σ)→ Σ,

and so the induced parallel transport are all intrinsic to Σ; that is, they are determined by the

Riemannian metric induced from the embedding Σ ↪→ A.

The second fundamental form

We continue with the setup and notation of Lecture 9. So A is a Euclidean space of dimension

three with inner product space V of translations, and Σ ⊂ A is a cooriented embedded surface

in A. Let ν : Σ → V be the oriented unit normal vector field. The manifold BO(Σ) parametrizes

adapted orthonormal frames of A along Σ, and there is an embedding BO(Σ) ↪→ BO(A). Recall

dimBO(Σ) = 3 and dimBO(A) = 6.

(10.1) The forms Θ
3
i . Recall from Proposition 9.52(1) that θ

1
, θ

2
,Θ

2
1 form a global basis of 1-forms

on BO(Σ). This defines a parallelization of BO(Σ).

Proposition 10.2. There exist functions

(10.3) hij : BO(Σ) −→ R, i, j ∈ {1, 2},

such that Θ
3
i = hijθ

j
. Furthermore hij = hji.

Throughout the statement and proof, we have i, j ∈ {1, 2}.
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Proof. Write

(10.4) Θ
3
i = hijθ

j
+ fiΘ

2
1

for some functions hij , fi : BO(Σ) → R. Apply ι
pζ
. Using the geometric interpretations (8.20)

and (8.23) of the Maurer–Cartan forms on the orthonormal frame bundle, we see that ι
pζ
(Θ

3
i ) = 0,

since ζ ∈ o2 ⊂ o3 has no (3, 1)-entry; see (9.39). By the same token, ι
pζ
(Θ

2
1) = 1, which is

Lemma 9.45(1). Also, ι
pζ
θ
j
= 0, since π∗pζ = 0. Plug into (10.4) to prove the first assertion.

For the symmetry, restrict (9.17) from BO(A) to BO(Σ) and use Proposition 9.52(2):

0 = Θ
3
1 ∧ θ

1
+Θ

3
2 ∧ θ

2

= h1jθ
j ∧ θ1 + h2jθ

j ∧ θ2

= (h21 − h12) θ1 ∧ θ2,

(10.5)

from which h21 = h12, as desired. □

Figure 34. Differentiating the cooriented unit normal

(10.6) Geometric interpretation. Fix p ∈ Σ and ξ ∈ TpΣ. Let t 7→ p(t) be a motion (germ) that

represents ξ; see Figure 34. Then t 7→ ν(t) is a motion in V whose initial velocity is ν̇ ∈ V =

TpΣ⊕ TpΣ⊥. Since ⟨ν(t), ν(t)⟩ = 1 is constant, 0 = ⟨ν, ν⟩˙= 2⟨ν̇, ν⟩, which implies ν̇ ∈ TpΣ. Write

Dξν = ν̇ for the directional derivative of ν in the direction ξ ∈ TpΣ ⊂ V at p. Then by (8.20) we

have

(10.7) Dξν = Θ
i
3(ξ)ei = −

2∑

i=1

Θ
3
i (ξ)ei = −

2∑

i=1

hijθ
j
(ξ)ei.

(Note the fact that Θ
3
3 = 0 implies ⟨Dξν, ν⟩ = 0, which we (re-)derived a few lines ago.) In

particular,

(10.8) Dejν = −
∑

i

hijei,
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or equivalently

(10.9) hij = −⟨Dejν, ei⟩ = −⟨Deiν, ej⟩,

where we use the symmetry hij = hji. This tells that hij defines a symmetric bilinear form that

computes the differential of the normal vector field ν.

(10.10) The first and second fundamental forms.

Definition 10.11. Let Σ ⊂ A be a cooriented 2-dimensional submanifold of a Euclidean 3-space.

Fix p ∈ Σ.

(1) The first fundamental form

(10.12)
Ip : TpΣ× TpΣ −→ R

ξ , η 7−→ ⟨ξ, η⟩p

is the induced Riemannian metric on Σ.

(2) The second fundamental form is

(10.13)
IIp : TpΣ× TpΣ −→ R

ξ , η 7−→ −⟨Dξν, η⟩p

where ν is the cooriented unit normal vector field along Σ, and Dξ is the directional deriv-

ative computed using the global parallelism in the affine space A.

Both I and II are symmetric bilinear forms; the form I is nondegenerate, in fact positive definite.

Remark 10.14. The second fundamental form on Σ is a section of the vector bundle SymT ∗Σ→ Σ

whose fiber at p is the linear space Sym2 T ∗
pΣ of symmetric bilinear forms on TpΣ. The pullback

of TΣ → Σ to the total space BO(Σ) of the frame bundle is trivialized by the frames, and so

the second fundamental form pulls back to a vector-valued function, with values in the linear

space Sym2(R2)∗ of symmetric bilinear forms on R2. This pullback π∗ II is represented by the

functions hij : BO(Σ)→ R. This untwisting by pullback to the frame bundle is a recurrent theme.

(10.15) The shape operator. Given a nondegenerate bilinear form on a vector space, any other

bilinear form can be obtained by applying an endomorphism to one argument.

Definition 10.16. Let Σ ⊂ A be a cooriented 2-dimensional submanifold of a Euclidean 3-space.

Fix p ∈ Σ. The shape operator Sp : TpΣ→ TpΣ is characterized by

(10.17)
IIp
(
ξ, η
)
= I
(
ξ, Sp(η)

)
, ξ, η ∈ TpΣ

= ⟨ ξ, Sp(η) ⟩
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Since I and II are both symmetric, the shape operator S is self-adjoint.

Remark 10.18. The pullback of S to the frame bundle is the End(R2)-valued function

(10.19) π∗S =

(
h11 h12
h21 h22

)

#
Figure 35. A normal section of a surface in Euclidean space

(10.20) Geometric interpretation on the diagonal. If ξ ∈ TpΣ is a nonzero vector, then ν, ξ span

a 2-dimensional subspace Wξ ⊂ V that intersects TpΣ in the span of ξ. The affine subspace

p+Wξ ⊂ A, which is a Euclidean plane, intersects Σ near p in a plane curve Cξ with cooriented unit

normal ν; see Figure 35. Then the curvature of the plane curve Cξ ⊂ p+Wξ at p is Lemma 8.35(3),

which we rewrite as

(10.21) κ(p; ξ) =
−⟨Dξν, ξ⟩
⟨ξ, ξ⟩ =

IIp(ξ, ξ)

Ip(ξ, ξ)
.

The intersection Σ ∩ (p +Wξ) is called a normal section of Σ. The curvatures of normal sections

were studied by Euler in 1760.

(10.22) Geometry of the shape operator. Since Sp is self-adjoint, it is diagonalizable. Let the

eigenvalues be λ1 ≥ λ2. The normal curvature (10.21) is a function on the real projective line PTpΣ

with maximum value λ1 and minimum value λ2. There are several possibilities.

If λ1 = λ2, i.e., if Sp = λ idTpΣ for some λ ∈ R, then the normal curvature is constant and we

say that p is an umbilic point. If λ = 0 then Σ is flat at p and is approximated to second order by

its affine tangent plane. If λ ̸= 0 then Σ is approximated to second order by a sphere of radius 1/λ

passing through p with the same affine tangent plane as Σ.

If λ1 ̸= λ2, then there is a decomposition TpΣ = L1 ⊕ L2 into an orthogonal sum of lines, where

Sp = λi on Li. The Li are called the principal directions at p and the λi the principal curvatures.

It follows from (10.21) that the normal curvature on a line L that makes an angle θ with L1 is

(10.23) λ1 cos
2 θ + λ2 sin

2 θ,
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a result known as Euler’s formula.

If λ1 ≥ 0 ≥ λ2 and λ1 ̸= λ2, then there are two points of PTpΣ at which the normal curvature

vanishes. These are called asymptotic directions.

In every case define the mean curvature and Gauss curvature as

(10.24)
Hp =

λ1 + λ2
2

=
1

2
trace(Sp)

Kp = λ1λ2 = det(Sp).

Observe that the mean curvature has units 1/L of reciprocal length and the Gauss curvature has

units 1/L2 of reciprocal area.

(10.25) Second order approximation. Introduce an orthonormal system of affine coordinates x, y, z

on A centered at p such that the x- and y-axes lie in the affine tangent space to Σ at p and align

with the lines L1, L2; the z-axis is the normal affine line at p. (At an umbilic point we are free

to choose the x- and y-axes as arbitrary orthogonal lines in the affine tangent space.) Then the

osculating quadric surface Qp is cut out by the equation

(10.26) z =
λ1
2
x2 +

λ2
2
y2.

The quadric is nondegenerate if both λ1 and λ2 are nonzero, in which case Qp well-approximates

the surface near p in a sense that can be made precise (Taylor’s theorem).

(10.27) The Gauss equation. Recall the function K̃ : Σ→ R defined in Proposition 9.52(3).

Proposition 10.28. K̃ = −K is minus the Gauss curvature.

Proof. Apply the 4th structure equation (9.18), restricted to BO(Σ). So

0 = dΘ
2
1 +Θ

2
3 ∧Θ

3
1

= (π∗K̃) θ
1 ∧ θ2 − (h21θ

1
+ h22θ

2
) ∧ (h11θ

1
+ h12θ

2
)

=
[
(π∗K̃) + (h11h22 − h12h21)

]
θ
1 ∧ θ2

=
[
π∗K̃ + π∗K

]
θ
1 ∧ θ2

(10.29)

where at the last step we use (10.24) and (10.19). Conclude by observing θ
1∧θ2 is nowhere zero. □
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(10.30) The Codazzi–Mainardi equations. The final two structure equations (9.19) and (9.20),

restricted to BO(Σ). have leading terms (in terms of derivative count) the differentials dΘ
3
1 and dΘ

3
2.

Thus they involve derivatives of the second fundamental form. To get a feel for what they look like,

let U ⊂ Σ be an open subset on which we have an orthonormal moving frame e1, e2, i.e., a section σ

of BO(U) → U . Then σ∗θ
1
, σ∗θ

2
is the dual moving coframe, which we simply denote θ1, θ2. The

1-form σ∗Θ
2
1 in this coframe is

(10.31) σ∗Θ
2
1 = pθ1 + qθ2

for some functions p, q : U → R. Simply write hij for σ
∗hij ; this is the second fundamental form in

the given moving frame. Then the Codazzi–Mainardi equations are

(10.32)
e1 · h12 − e2 · h11 + p(h11 − h22) + 2qh12 = 0

−e2 · h12 + e2 · h22 + q(h11 + h22) = 0

In these equations the vector fields ei act by directional derivative on the functions hij .

The induced parallelism along curves on Σ

The affine space A has a global parallelism encoded by the action of the vector space V . Unless

Σ ⊂ A is an affine subspace, Σ is not preserved by this action, hence there is no induced global

parallelism on Σ. We will re-express the global parallelism on A in infinitesimal terms, and in that

way we will see that the global parallelism on A restricts to the horizontal distribution (9.44) on

the total space BO(Σ) of the orthonormal frame bundle. This restriction determines a parallelism

along curves in Σ. In the next lecture, we will prove that this parallelism along curves is intrinsic

to the Riemannian 2-manifold Σ, as is the Gauss curvature.

(10.33) Parallelism on A. We usually say (1.18) that a vector ξ ∈ TpA = V at any point p ∈ A
induces a global parallel vector field on A. Equally, an orthonormal frame e1, e2, e3 at p ∈ A induces

a global parallel frame on A, i.e., a section σ of the orthonormal frame bundle π : BO(A) → A.

Recalling that BO(A) ≈ A × BO(V ) is a global product, we see that the image of σ is horizontal,

i.e., is of the form A×{f} for some f ∈ BO(V ), namely f = (e1, e2, e3). In other words, the global

parallelism is encoded in the product structure of the total space BO(A) of the orthonormal frame

bundle. Equivalently, it is encoded by an integrable horizontal distribution HA on π : BO(A)→ A,

namely the distribution

(10.34) HA =
⋂

i,j

kerΘi
j .

This distribution has codimension 3: there are 3 linearly independent 1-forms that cut it out. Note

that σ is parallel iff σ∗Θi
j = 0 iff in the global moving frame f = (e1, e2, e3), the vector ej does not

turn instantaneously towards ei.
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(10.35) Restriction to Σ. The 1-forms Θi
j on BO(A) restrict to 1-forms Θ

i
j on BO(Σ). The man-

ifold BO(Σ) has dimension 3, and the fibers of the projection π : BO(Σ) → Σ have dimension 1,

so a horizontal distribution has codimension 1: it is cut out by a single 1-form that is nonvan-

ishing on vertical vectors. (Vertical vectors comprise the kernel of the differential π∗. ) Propo-

sition 10.2 shows that Θ
3
1,Θ

3
2 are linear combinations of θ

1
, θ

2
, hence they vanish identically on

vertical vectors. Among the forms in (10.34) that leaves Θ
2
1, which is nonvanishing on vertical

vectors (Lemma 9.45(1)). Thus the horizontal distribution

(10.36) H = kerΘ
2
1,

already defined in Proposition 9.50, is the analog of (10.34) on Σ. A horizontal curve in H is a

curve of adapted frames on Σ, which via the inclusion BO(Σ) ↪→ BO(A) is a curve of orthonormal

frames in A. The Maurer–Cartan form Θ2
1 restricts to zero on that curve. This means that along

the curve there is no rotation in the (1, 2)-plane, as measured using the global parallelism of A.

The “No (1, 2)-Rotation Rule” characterizes the induced parallelism on Σ.

The distribution H is not integrable in general. More precisely, we have the following.

Proposition 10.37. H ⊂ T
(
BO(Σ)

)
is integrable iff K = 0.

Proof. The codimension one distribution H is cut out by the global nonzero 1-form Θ
2
1. Quite

generally, a global nonzero 1-form Θ on a smooth manifold X defines a distribution H = kerΘ ⊂
TX and a trivialization Θ: TX/H → R of the quotient bundle TX/H → X. (Here R→ X is the

product vector bundle with constant fiber R.) The Frobenius tensor of H is then the 2-form −dΘ
restricted to

∧2H → X. (Recall Definition 5.18 and use (4.48).) For the horizontal distribution

H = kerΘ
2
1 on BO(Σ), by (9.53) and Proposition 10.28 we have dΘ

2
1 = −(π∗K) θ

1 ∧ θ2. Observe

that θ
1 ∧ θ2 is a global basis of

∧2H∗ → BO(Σ), so the Frobenius tensor vanishes iff π∗K vanishes

iff K vanishes. □

Remark 10.38. The horizontal distribution H ⊂ T
(
BO(Σ)

)
is invariant under the O2-action. Quite

generally, an invariant horizontal distribution on the total space of a principal bundle is a connection,

so here we see thatH is a connection on the principal O2-bundle BO(Σ)→ Σ of orthonormal frames.

The general study of connections on principal bundles will occupy us shortly.

(10.39) Parallel transport along curves. We begin more generally.

Definition 10.40. Let Y be a smooth manifold and φ : Y → Σ a smooth map. A horizontal lift

of φ is a map φ̃ : Y → BO(Σ) that satisfies π ◦ φ̃ = φ and φ̃∗(Θ
2
1) = 0.

Equivalently, dφ̃y(TyY ) ⊂ Hφ̃(y) for all y ∈ Y .

Specialize to Y = [0, T ] for some T > 0, so φ is a motion on Σ. Let p = φ(0) and fix an

orthonormal frame f of TpΣ.

Proposition 10.41. There is a unique horizontal lift φ̃ : [0, T ]→ BO(Σ) such that φ̃(0) = f .
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Figure 36. Parallel transport

Proof. Construct the pullback principal O2-bundle π
′ in

(10.42)

Q
pφ //

π′

��

BO(Σ)

π

��
[0, T ]

φ // Σ

The pullback 1-form pφ∗(Θ
2
1) is nonzero, since it is so on nonzero vertical vectors, and its kernel

H ′ = ker pφ∗(Θ
2
1) is a horizontal distribution on π′. (It can be defined directly as the pullback

of H.) Let ξ ∈ X(Q) be the horizontal lift of ∂/∂t on [0, T ]. We claim that an integral curve

σ : [0, T0)→ Q of ξ with initial condition σ(0) = f extends to the entire interval [0, T ]. This follows

from compactness of Q: for a sequence tn → T0 in [0, T ], a subsequence of σ(tn) in Q converges to

some q0 ∈ Q and then the integral curve σ′ : (T0 − δ, T0 + δ) → Q with σ′(T0) = q0 can be glued

to σ to extend the domain of the latter to [0, T ]. Finally, set φ̃ = pφ ◦ σ. □

The composition φ̃ = pφ ◦ σ : [0, T ]→ BO(Σ) is a horizontal moving frame along φ. We say φ̃(T )

is the parallel transport of φ̃(0) along the parametrized curve φ.

Figure 37. Parallel transport around a spherical triangle
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Example 10.43. To get a feel for the induced parallelism on a surface in a Euclidean 3-space,

consider the 2-sphere Σ = S2(R) centered at the origin in standard Euclidean 3-space A = E3 with

coordinates x, y, z. Coorient Σ so that the exterior of the ball is the “positive side” of Σ in E3.

Let p = (0, 0, 1) be the north pole, and fix the frame e1 = ∂/∂x, e2 = ∂/∂y at p. In Figure 37

the x-axis points to the right, the y-axis points into the page, and the z-axis points up. The

first side 1 begins at p and follows the great circle y = 0 down to the equator z = 0. Use the

“No (1, 2)-Rotation Rule” in (10.35) to deduce the parallel transport. The first frame vector e1

remains tangent to 1 —we will see in the next lecture that this follows from the fact that the

great circle segment 1 is a geodesic—and so at the other endpoint the parallel transported frame

is e1 = −∂/∂z, e2 = ∂/∂y. (The key fact is that for any parametrization of this great circle

segment, the velocity vector is a multiple of the normal e3.) Take this frame as the initial value for

parallel transport along the great circle segment 2 , which sweeps out an arc of length θR on the

equator. The “No (1, 2)-Rotation Rule” implies that at the other endpoint the parallel transported

frame is e1 = −∂/∂z, e2 = (sin θ) ∂/∂x+ (cos θ) ∂/∂y. Now parallel transport back to p along the

great circle segment 3 . The “No (1, 2)-Rotation Rule” implies that at p we arrive at the parallel

transported frame e1 = (cos θ) ∂/∂x−(sin θ) ∂/∂y, e2 = (sin θ) ∂/∂x+(cos θ) ∂/∂y. So the terminal

frame is obtained from the initial frame by rotation through angle θ.

As a preliminary to Remark 10.44, we compute the Gauss curvature of Σ = S2(R) ⊂ E3 using

the geometric interpretation (10.20) of the shape operator. Namely, a normal section at any point

of Σ in any direction is a circle of radius R, and from (8.47) its curvature is κ = −1/R. Therefore,
from (10.24) the Gauss curvature of S2(R) is the constant 1/R2.

Remark 10.44. There is much to be learned from extended contemplation of this example.

(1) In the right O2-torsor P = BO(TpΣ) of orthonormal frames at the north pole, there is a

simply transitive right action by O2 and a simply transitive left action by the group AutP

of right O2-torsor automorphisms. The terminal frame is obtained from the initial frame by

a unique element of either group, and both are rotations. Be sure you know exactly which

rotations, and be sure you see the distinction.

(2) Picture the parallel transported moving frame around the spherical triangle as a lift toBO(Σ)

that begins and ends at the fiber over p. The lift is a path that is not closed, except for

special values of θ. (Which?) That lifted path is horizontal. Compare to the discussion in

Example 5.33.

(3) The area enclosed by the spherical triangle is A = θR2.

(4) The Gauss curvature of Σ is the constant function K = 1/R2, so A = θ/K.

(5) The sum of the angles at the vertices of the spherical triangles is π + θ, so the excess over

the Euclidean plane sum π is θ = KA.

(6) How do (3)–(5) generalize for arbitrary spherical triangles? Identify θ as the rotation

obtained by parallel transport around the triangle. Experiment with examples!



100 D. S. FREED

Lecture 11: Intrinsic geometry of a surface in a Euclidean 3-space

One important dichotomy in geometry is intrinsic vs. extrinsic. We have been studying a sur-

face Σ embedded as a submanifold of a 3-dimensional Euclidean space A. The extrinsic geometry

uses this embedding to derive structures and theorems about Σ, and the results depend—at least

apparently depend—on the embedding. In this lecture we turn to the intrinsic geometry of Σ as an

abstract 2-manifold equipped with a Riemannian metric. (If we start with this abstract situation,

and we want to study the extrinsic geometry of an embedding, we require that the embedding be

isometric, i.e., that it preserve inner products.)

The main theorem is that the parallelism along curves of Σ ⊂ A inherited from the global

parallelism of A is in fact intrinsic; it can be derived directly from the Riemannian structure on Σ.

Recall that the induced parallelism is characterized by the “No (1, 2)-Rotation Rule”, and this

Rule uses the global parallelism of A to compute instantaneous rotation. The intrinsicality of this

parallelism has Gauss’ Theorema Egregium as an immediate corollary: The Gauss curvature is

intrinsic. (By contrast, the mean curvature depends on the embedding.)

The proof of the main theorem, and its generalization to arbitrary dimensions, is at its heart com-

putational. The parallelism is encoded by a (horizontal) distribution H on the 3-manifold BO(Σ)

of orthonormal frames, and that distribution is produced by a formula, not by a “synthetic” con-

struction. (For an embedded surface Σ ∈ A, the distribution H is constructed directly from the

global product structure on BO(A); see (10.33) and (10.35).) This special distribution is the

Levi=Civita connection on the orthonormal frame bundle π : BO(Σ) → Σ. It is a fundamental

structure in Riemannian geometry, yet remains somewhat mysterious in that one way or another

it is only obtained via formulas.

Historically, curvature predates the more primitive notion of parallel transport along curves;

from a modern point of view we derive curvature from infinitesimal parallel transport as encoded

in a horizontal distribution. The principal curvatures (10.22) of an embedded surface Σ ⊂ A

were studied by Euler in the 1760s. The product was proved to be intrinsic by Gauss in 1827.

He does not discuss parallelism explicitly, though he does treat geodesics. Riemann generalized

Gauss curvature to arbitrary dimensions in 1854. Parallel transport along curves was introduced

by Levi–Civita in 1917, based on earlier work of Christoffel, and there is contemporaneous work by

Schouten and Weyl. The approach using horizontal distributions is due to Ehresmann in 1950.

We illustrate the computational power of moving frames in Example 11.28, which only scratches

the surface of the classical theory. In Theorem 11.34 we state the fundamental theorem of surface

theory, which roughly states that a surface in Euclidean 3-space is determined up to Euclidean

transformations by its induced metric and second fundamental form. That theorem is proved

by constructing a map into the right Euc3-torsor of orthonormal frames in Euclidean space. We

conclude with the definition of geodesic curvature of a curve on a Riemannian 2-manifold. This

leads to the definition of a geodesic curve and of a geodesic motion.

Intrinsic parallelism from a metric
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Figure 38. The tautological 1-forms θ1, θ2

(11.1) The intrinsic setup. Let Σ be a Riemannian 2-manifold, and let π : BO(Σ) → Σ be its

principal O2-bundle of orthonormal frames. (There is a homework problem to construct this prin-

cipal bundle for any Riemannian manifold.) A point f = (p; e1, e2) ∈ BO(Σ) is a point p ∈ Σ and

an orthonormal frame e1, e2 of TpΣ. The 3-manifold BO(Σ) has a global nonzero vertical vector

field pζ defined in (9.38). It also carries global linearly independent 1-forms θ1, θ2 defined as in

Remark 8.22. Namely, if ξ ∈ TfBO(Σ) is a tangent vector at f = (p; e1, e2), then the equation

(11.2) π∗ξ = θi(ξ)ei

in TpΣ defines the forms θ1, θ2. See Figure 38 for an illustration.

(11.3) Main theorem and its corollaries. The horizontal distribution that defines the parallelism

we seek is the kernel of a 1-form.

Theorem 11.4. There exists a unique 1-form ψ on BO(Σ) that satisfies

dθ1 − ψ ∧ θ2 = 0(11.5)

dθ2 + ψ ∧ θ1 = 0(11.6)

ι
pζ
ψ = ψ(pζ) = 1(11.7)

Observe that these equations are affine in ψ.

Corollary 11.8. If Σ ⊂ A is isometrically embedded in a Euclidean 3-space, then ψ = Θ
2
1.

Recall from (9.41) that Θ
2
1 is the restriction of the Maurer–Cartan form Θ2

1 on BO(A) to BO(Σ).

Proof. For ψ = Θ
2
1, equation (11.7) is satisfied by Lemma 9.45(1); equations (11.5) and (11.6)

reduce to (9.56). □

Corollary 11.9 (Gauss). The Gauss curvature K is intrinsic.

Proof. Combine (9.53) and Proposition 10.28. □
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Corollary 11.10. If Σ ⊂ A is isometrically embedded in a Euclidean 3-space, then the horizontal

distribution H = kerΘ
2
1 is intrinsic.

Proof. Namely, it is the horizontal distribution kerψ, and ψ is intrinsic. □

Thus there is an intrinsic parallelism along curves in a Riemannian 2-manifold; see (10.39). The

horizontal distribution—the Levi–Civita connection—is depicted in Figure 39.
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=
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Figure 39. The orthonormal frame bundle π : BO(Σ) → Σ of the Riemannian 2-
manifold Σ and its horizontal distribution: the Levi–Civita connection

(11.11) A preliminary lemma. Introduce the matrix notation

(11.12) e =
(
e1 e2

)
θ =

(
θ1

θ2

)
Θ =

(
0 −ψ
ψ 0

)

In this notation, the right hand side of (11.2) is a matrix product:

(11.13) π∗ξ = e θ(ξ).

Lemma 11.14. For g ∈ O2 we have

(11.15) R∗
gθ = g−1θ,

where Rg : BO(Σ)→ BO(Σ) is the right action of g.

Proof. For f = (p; e) ∈ BO(Σ) and ξ ∈ TfBO(Σ) we have

(11.16) eθ(ξ) = π∗
(
(Rg)∗ξ

)
= eg θ

(
(Rg)∗ξ

)
= eg (R∗

gθ)(ξ),

where at the first stage we use π ◦ Rg = π, which implies π∗
(
(Rg)∗ξ

)
= π∗(ξ). The lemma follows

by comparing the first and last expressions in (11.16). □
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(11.17) Proof of main theorem. The proof proceeds in three steps: (1) prove global uniqueness,

(2) prove local existence, (3) deduce global existence. Step (3) follows immediately from (1) and (2):

uniqueness implies that patching of local solutions leads to a well-defined global solution.

Proof of Theorem 11.4. First we prove uniqueness. The difference δ of two solutions ψ satisfies the

linear equations

(11.18)

δ ∧ θ2 = 0

δ ∧ θ1 = 0

ι
pζ
δ = 0

The last equation implies that δ is a linear function on the quotient bundle TBO(Σ)/ kerπ∗ ∼= π∗TΣ

over BO(Σ). It follows from (11.2) that θ1, θ2 is a global basis of these linear functions, and now

the first two equations in (11.18) imply δ = 0.

For local existence, let U ⊂ Σ be an open subset equipped with a moving frame, i.e., a section σ

of BO(U)→ U . Use σ to construct a local trivialization

(11.19)
U ×O2 −→ BO(U)

p , g 7−→ σ(p)g

Let θ =
(
θ1

θ2

)
= σ∗(θ) be the moving coframe. We claim there exists a unique ψ ∈ Ω1

U such that

(11.20)
dθ1 − ψ ∧ θ2 = 0

dθ2 + ψ ∧ θ1 = 0

To see this write

(11.21)
dθ1 = a θ1 ∧ θ2

dθ2 = b θ1 ∧ θ2

then ψ = −a θ1 − b θ2 is the unique solution to (11.20). Set Θ =
(

0 −ψ

ψ 0

)
.

Under the identification (11.19) the matrix-valued 1-form θ pulls back to g−1θ; this follows from

Lemma 11.14. Inspired by Lemma 9.45(2), define

(11.22) Θ = g−1Θg + g−1dg,

which under (11.19) is a 1-form on BO(U). We claim Θ satisfies (11.5)–(11.7). Recall the matrix

notation (11.12), and the corresponding underlined versions. Equation (11.20) in matrix form is

dθ +Θ ∧ θ = 0. Compute using the local trivialization (11.19):

dθ + Θ ∧ θ = d(g−1θ) + (g−1Θg + g−1dg) ∧ (g−1θ)

= −g−1dg ∧ g−1θ + g−1dθ + g−1Θ ∧ θ + g−1dg ∧ g−1θ

= 0

(11.23)
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This proves (11.5)–(11.6).

The vertical vector field pζ on BO(U) corresponds under (11.19) to the vector field on U × O2

that projects to the parallel vector field on O2 defined by
(
0 −1
1 0

)
∈ o2. Thus

(11.24) ι
pζ
Θ = ι

pζ
(g−1dg) =

(
0 −1
1 0

)
,

from which ι
pζ
ψ = 1. This proves (11.7).

Global existence follows, as explained at the beginning of (11.17). This completes the proof of

Theorem 11.4. □

Remark 11.25. Theorem 11.4 asserts the existence of a canonical Levi–Civita connection on the

orthonormal frame bundle BO(Σ)→ Σ of a Riemannian 2-manifold. Later we will prove the analog

for a general Riemannian manifold. The Levi–Civita connection is the horizontal distribution

kerψ ⊂ TBO(Σ), which is O2-invariant.

Local computations

Let Σ be a Riemannian 2-manifold, and suppose U ⊂ Σ is an open subset. A(n orthonormal)

moving frame on U is a section of the orthonormal frame bundle BO(U) → U . So at each p ∈ U
it is a choice of orthonormal frame e1(p), e2(p) of TpU = TpΣ. There is a dual coframe of 1-forms

θ1, θ2 ∈ Ω1
U . The argument in (11.20)–(11.21) proves that there is a unique Θ2

1 such that

(11.26)
dθ1 −Θ2

1 ∧ θ2 = 0

dθ2 +Θ2
1 ∧ θ1 = 0

If σ : U → BO(U) is the section that defines the moving frame e1, e2, then these forms θ1, θ2,Θ2
1 ∈

Ω1
U are the pullbacks via σ of the corresponding forms on the total space BO(U) of the orthonormal

frame bundle. But here, for convenience, we drop the ‘σ∗’. The Gauss curvature K ∈ Ω0
U satisfies

(11.27) dΘ2
1 = −Kθ1 ∧ θ2.

The “method of moving frames” is: (1) choose a moving frame e1, e2 convenient for your problem,

(2) solve for Θ2
1 that satisfies (11.26), and (3) compute the Gauss curvature using (11.27). (This

is for an intrinsic problem on a Riemannian 2-manifold. A similar method works for surfaces

embedded in a Euclidean 3-space, and then one can also compute the second fundamental form.)

Example 11.28. Geodesic polar coordinates on a Riemannian 2-manifold are local coordinates r, ϕ

with respect to which the Riemannian metric is

(11.29) dr2 +G(r, ϕ)dϕ2

for some function G. An example is usual polar coordinates on a Euclidean plane, in which case

G = r2. As in that case, the coordinate functions are defined for r ∈ (0, C) for some C ∈ R>0 and
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ϕ ∈ (0, 2π). The differential form dϕ extends over the ray ϕ = 0, so the computation that follows

is valid in a punctured disk of radius R. Define the orthonormal coframing θ1, θ2 as follows:

(11.30)

θ1 = dr dθ1 = 0

θ2 =
√
Gdϕ dθ2 =

∂
√
G

∂r
dr ∧ dϕ

=
1√
G

∂
√
G

∂r
θ1 ∧ θ2

We easily compute from (11.26) that

(11.31) Θ2
1 = (

√
G)r dϕ,

where we use the subscript notation for the partial derivative. Then

(11.32) dΘ2
1 = (

√
G)rr dr ∧ dϕ,

so from (11.27) we find

(11.33) K = −(
√
G)rr√
G

.

This is a very useful classical formula for the curvature. For a Euclidean plane, G = r2 and so

K = 0 as it must. For a sphere of radius R, suitably spherical coordinates provide geodesic polar

coordinates, and then G = R2 sin2(r/R). It follows that the Gauss curvature is the constant 1/R2.

For the hyperbolic plane, G = R2 sinh2(r/R) and now the Gauss curvature is −1/R2. One can

show that, locally, any constant Gauss curvature metric has this form.

Fundamental theorem of surface theory

There is an analog of Theorem 9.7 for surfaces embedded in a Euclidean 3-space. It too is a

corollary of Theorem 9.2, and so prescribes six Maurer–Cartan forms subject to the six Maurer–

Cartan equations. We did not develop these equations in their most intrinsic global form, so the

following statement is a bit schematic. The proof, which we do not give here, is similar to that of

Theorem 9.7.

Theorem 11.34 (rough statement). Let A be a Euclidean 3-space, and suppose Σ is a 2-dimensional

Riemannian manifold. Let II denote a symmetric bilinear form on TΣ. Suppose the metric and II

satisfy the Gauss and Codazzi-Mainardi equations.

(1) If Σ is simply connected, there exists an isometric immersion f : Σ → A such that the

associated second fundamental form is II.
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(2) If Σ is connected, and f1, f2 : Σ → A are isometric immersions that induce the second

fundamental form II, then there exists a Euclidean transformation φ ∈ AutO(A) such that

f2 = φ ◦ f1.

See (10.27) and (10.30) for the Gauss and Codazzi–Mainardi equations.

Remark 11.35. Theorem 11.4 is used in the proof. Namely, the ψ computed intrinsically is the

form Θ
2
1 we must specify to set up the system of equations for a map BO(Σ) → BO(A). The

forms θ
1
, θ

2
are intrinsic as well (11.2). We set θ

3
= 0 in light of Proposition 9.52(2). The

forms Θ
3
1,Θ

3
2 are defined from II; see Proposition 10.2, (10.8), and (10.13). The Maurer–Cartan

equation (9.4) in Theorem 9.2 is satisfied in view of the Gauss and Codazzi–Mainardi equations.

Curves on surfaces

Let Σ be a Riemannian 2-manifold and C ⊂ Σ a cooriented 1-dimensional submanifold. In

Lecture 8 we studied the special case in which Σ is a 2-dimensional Euclidean space, and in particular

we defined the curvature κ : C → R; see Lemma 8.35(3). Now we generalize to an arbitrary

Riemannian 2-manifold Σ, following the version in (9.10).

Figure 40. An adapted moving frame along C

(11.36) Adapted frames. Let BO(Σ)→ Σ be the principal O2-bundle of orthonormal frames of Σ,

and BO(Σ)
∣∣
C
→ C its restriction to a principal O2-bundle over C. There is a sub principal O1-

bundle

(11.37) BO(C) =
{
(p; e1, e2) ∈ BO(Σ)

∣∣
C
: e2 is the unit cooriented normal vector at p

}
−→ C.

The bundle BO(C)→ C is naturally isomorphic to the principal O1-bundle of orthonormal frames

of C. This is a double cover, which can also be identified with the orientation double cover of C.
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(11.38) Geodesic curvature. It is customary to denote the 1-form ψ in Theorem 11.4 as Θ2
1.

Restrict θ1, θ2,Θ2
1 along the inclusion BO(C) ↪→ BO(Σ) to obtain 1-forms θ

1
, θ

2
,Θ

2
1. Let ρ ∈ O1

be the non-identity element. Then Rρ : BO(C) → BO(C) is the non-identity deck transformation

of the double cover BO(C)→ C. The following is Lemma 8.35 in this situation.

Lemma 11.39.

(1) θ
1
is a nowhere zero 1-form on BO(C) that satisfies R

∗
ρθ

1
= −θ1.

(2) θ
2
= 0.

(3) Θ
2
1 satisfies R∗

ρΘ
2
1 = −Θ

2
1, and Θ

2
1 = (π∗κC)θ

1
for some function κC : C → R.

The κC is the geodesic curvature of C ⊂ Σ. It reverses sign if we reverse the coorientation. The

proof involves no new ideas, but note that Θ
2
1 = κ̂θ

1
for some κ̂ : BO(C)→ R, since θ

1
is nowhere

zero. To descend κ̂ to C, use the fact that the deck transformation Rρ reverses both θ
1
and Θ

2
1.

(11.40) Geodesics. Curves with vanishing geodesic curvature are special.

Definition 11.41. Let C ⊂ Σ be a 1-dimensional submanifold of the 2-dimensional Riemannian

manifold Σ. If κC = 0, then we say C ⊂ Σ is a geodesic curve.

Fix a choice of adapted moving frame e1, e2 along a subset of C, which is equivalent to choosing

an orientation of C. This defines a map

(11.42) f : C −→ BO(C) −→ BO(Σ).

It follows that C is a geodesic iff f is an integral curve in the horizontal distribution H = kerΘ2
1

on BO(Σ). (It is not an integral manifold since dimC = 1 and an integral manifold has dimension 2.

The condition is f∗(TpC) ⊂ Hf(p) for all p ∈ C.)

Remark 11.43. The parallelism along curves determines a differentiation on vector fields along C.

That derivative of the unit tangent vector e1 is the acceleration of a unit speed parametrization,

and is easily determined to be κCe2. So a geodesic has no (intrinsic) acceleration in a unit speed

parametrization. In general, the acceleration is the geodesic curvature times the normal vector.
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Lecture 12: Horizontal distributions on fiber bundles

In this lecture we discuss the geometry of general fiber bundles. These occur throughout differ-

ential geometry as well as more generally in topology. In the next lecture we take up Steenrod’s

approach, which puts the emphasis on symmetry groups. The fundamental object is a principal

bundle, and other fiber bundles are associated to it: the geometry of the principal bundle simulta-

neously controls the geometry of all associated fiber bundles. The theory of fiber bundles, following

Élie Cartan, was exposited by Charles Ehresmann in Les connexions infinitésimales dans un espace

fibré différentiable. A horizontal distribution on a fiber bundle is called an Ehresmann connection.

We begin with basic definitions and examples. Fiber bundles encode mathematical objects

parametrized by a smooth manifold. There is an important dichotomy between intrinsic objects

and extrinsic objects. The examples we give are intrinsic, associated to the first-order geometry of

the tangent bundle. We then turn to general constructions: pullback and fiber product.

The main topic is parallelism in the context of general fiber bundles. Infinitesimal parallelism

is given by a horizontal distribution. This defines a notion of horizontal/flat/parallel sections, but

even locally these may not exist: the Frobenius tensor measure the obstruction. Along curves there

are parallel sections, but in general their domain of definition may not be uniform in the initial data,

and so in general there is no parallel transport. (We first encountered parallel transport in (10.39).)

Reminder on fiber bundles

For convenience, we repeat some definitions from differential topology.
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Figure 41. A fiber bundle with local trivialization about p

(12.1) Definitions.

Definition 12.2. Let π : E → X be a surjective smooth map of smooth manifolds.
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(1) We say π is a fiber bundle if for all x ∈ X there exists an open neighborhood U ⊂ X about x

and a diffeomorphism φ : U × π−1(x)→ π−1(U) such that the diagram

(12.3)

U × π−1(x)
φ //

pr1
##

π−1(U)

π
~~

U

commutes.

(2) Let F be a nonempty smooth manifold. We say π is a fiber bundle with fiber F if for all x ∈ X
there exists an open neighborhood U ⊂ X about x and a diffeomorphism φ : U × F →
π−1(U) such that the diagram

(12.4)

U × F φ //

pr1 ��

π−1(U)

π
~~

U

commutes.

Remark 12.5.

(1) The domain E of π is called the total space and the codomain X is called the base of the

fiber bundle π.

(2) A product bundle pr1 : X×F → X is called trivial, though the term product bundle is more

informative. We denote the product bundle as F → X. Heuristically, a fiber bundle over X

is a function from X to some “space” of smooth manifolds. With this heuristic, a trivial

bundle is a constant function, and the existence of local trivializations (12.3) means a fiber

bundle is—heuristically—a locally constant function.

(3) A fiber bundle is a surjective submersion, but not every surjective submersion is a fiber

bundle.

(4) The fibers of π might carry extra structure, such as a vector space structure, a Lie group

structure, a Lie algebra structure, a right G-torsor structure, etc. We ask that such struc-

tures be smooth over the base, which is formalized by requiring local trivializations (12.3)

to preserve such structures fiberwise.

(5) Concepts/constructions with single manifolds typically extend over a base, that is, to con-

cepts/constructions for fiber bundles. Hence a smooth map of fiber bundles is a smooth

map of the total spaces that commutes with the projections over a common base:

(12.6)

E′

π′   

φ // E′′

π′′~~
X

The local trivializations (12.3) and (12.4) are examples of smooth maps of fiber bundles.
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Examples of fiber bundles

Let X be a smooth manifold. The following fiber bundles are intrinsic, which loosely means they

are naturally constructed from the tangential geometry.15

Example 12.7. The tangent bundle TX → X is a fiber bundle of real vector spaces, i.e., a real

vector bundle.

Example 12.8. The (fiberwise) projectivization P(TX) → X is a fiber bundle whose fibers are

diffeomorphic to real projective spaces. But we do not allow arbitrary diffeomorphisms of real pro-

jective spaces in the local trivializations, only projective transformations. In other words, projective

geometry makes sense in the fibers of P(TX)→ X. The restriction on maps used to glue together a

fiber bundle from a trivial bundle are imposed by realizing the fiber bundle as an associated bundle

to a principal bundle, an idea we develop in the next lecture.

Example 12.9. Variations of Example 12.8 include the Grassmannian bundle Grk(TX) → X,

whose fiber over x ∈ X is the Grassmannian of k-dimensional subspaces of the tangent space TxX;

flag bundles such as Fℓ2,4(TX)→ X, whose fiber at x is the flag manifold of sequences of subspaces

0 ⊂ W2 ⊂ W4 ⊂ TxX of the indicated dimension; the Stiefel bundle Stk(TX) → X, whose fiber

at x is the Stiefel manifold of injections Rk → TxX; etc.

Example 12.10. The fiber bundle End(TX) → X is a bundle of associative algebras; the fiber

at x ∈ X is the algebra of endomorphisms of TxX. It is a bundle of Lie algebras via the commutator

(Remark 3.71).

Example 12.11. The fiber bundle Met(TX) → X has fiber at x the space of inner products

on TxX. The fiber Met(TX)x is a convex subset of the vector space Sym2(T ∗
xX) of symmetric

bilinear forms TxX × TxX → R, so the fiber bundle Met(TX) → X is a convex subbundle of the

vector bundle Sym2(T ∗X)→ X. Sections of Met(X)→ X are Riemannian metrics on X.

Example 12.12. There is a fiber bundle AX → X whose fiber at x ∈ X is the trivial affine

space AxX = TxX over the vector space TxX. So AX → X is an affine bundle over the vector

bundle TX → X.

Operations on fiber bundles

(12.13) Pullback. Pullback is also called base change. Consider the diagram

(12.14)

E

π
��

X ′ f // X

in which π is a fiber bundle and f is a smooth map of smooth manifolds.

15A more precise definition, at least for first-order tangential geometry, is that an intrinsic fiber bundle is a fiber
bundle associated to the principal GLnR-bundle of frames. (We spell out the underlying definitions in the next
lecture.)
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Definition 12.15. The pullback bundle π′ in

(12.16)

E′ f̃ //

π′

��

E

π

��
X ′ f // X

is defined by setting

(12.17) E′ =
{
(x′, e) ∈ X ′ × E : f(x′) = π(e)

}

and letting π′, f̃ be the restrictions of the projections of X ′ × E onto its factors.

The notation f∗E → X ′ or f−1E → X ′ is often used for the pullback. The fiber of π′ at x′ ∈ X ′

is the naturally the fiber of π at f(x′). In other words, if we heuristically view the bundle as a

function to a “space” of manifolds, then pullback of bundles is the usual pullback of functions.

Remark 12.18. We leave the reader to prove that E′ is a smooth manifold. Hint: Prove that the

map f × π : X ′ × E → X ×X is transverse to the diagonal ∆ ⊂ X ×X.

Proposition 12.19. π′ is a fiber bundle.

Proof. The pullback of a local trivialization of π is a local trivialization of π′. In more detail,

let x′ ∈ X ′, choose a local trivialization φ of π in some neighborhood U of f(x′), and pullback:

(12.20)

(π′)−1(x′)

π′
%%

φ′

//
**

(π′)−1
(
f−1(U)

) ))

ww

π−1
(
f(x′)

)

##

φ // π−1(U)

||
f−1(U)

f // U

The key observation is that the pullback of a product bundle is a product bundle. □

(12.21) Fiber product. The following is a special case of pullback.

Definition 12.22. Suppose π′ : E′ → X and π′′ : E′′ → X are fiber bundles over the same base X.

The fiber product of π′ and π′′ is the composition q = π′′ ◦ p′ = π′ ◦ p′′ in the pullback

(12.23)

E
p′′ //

p′

��

q

  

E′

π′

��
E′′ π′′

// X
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The fiber of q at x ∈ X is E′
x×E′′

x . The fiber product of fiber bundles is a parametrized version of

the Cartesian product of smooth manifolds. The fiber product is often written as q : E′×XE′′ → X.

Proposition 12.24. The map q : E → X is a fiber bundle.

Proof. Pullback local trivializations as in (12.20). The key point is that if U ⊂ X is an open set

on which there are simultaneous local trivializations of π′ and π′′ with constant fibers F ′ and F ′′,

respectively, then, the local model over U ′ = f−1(U) is

(12.25)

F ′ × F ′′

##{{

��

F ′′

$$

F ′

{{
U ′

We leave the reader to fill out (12.25) to a diagram analogous to (12.20). □

Example 12.26. Building on Example 12.12, the fiber of AX ×X AX → X over x ∈ X is an

ordered pair of points in TxX. There is a map of fiber bundles

(12.27)

AX ×X AX
− //

%%

TX

~~
X

that computes the displacement vector between two points in the affine tangent space.

(12.28) Existence of global sections. Recall that a section of a fiber bundle π : E → X is a right

inverse of π, i.e., a smooth map s : X → E such that π ◦s = idX . We speak of local sections defined

on open subsets of X, in which case a section of π is termed a ‘global section’. A fiber bundle need

not admit a global section: the fiber bundle π : E → S2 whose total space is TS2 with the zero

section removed has no global section. The following general positive result is often useful. Recall

that an affine bundle is a fiber bundle of affine spaces.

Proposition 12.29. Let X be a smooth manifold, let π : E → X be an affine bundle, and suppose

π′ : E′ → X is a subbundle of fiberwise convex subsets. Then π′ admits a global section.

The subbundle hypothesis means that there is an injective map φ : E′ → E such that π ◦ φ = π′.

Proof. Locally a fiber bundle is a product, hence locally it admits sections. Let {Uα}α∈A be an

open cover of X such that each Uα is equipped with a section s′α : Uα → E′
∣∣
Uα

of π′
∣∣
(π′)−1(Uα)

.

Let {ρα}α∈A be a partition of unity subordinate to the cover {Uα}α∈A. Then
∑

α ραs
′
α is a global

section of π′. □

Remark 12.30.
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Figure 42. A convex subbundle of an affine bundle

(1) Convexity implies that the weighted average
∑

α ραs
′
α lies in E′.

(2) As a special case of Proposition 12.29, an affine bundle admits a global section.

Example 12.31. The fiber bundle Met(TX) → X in Example 12.11 admits global sections. In

other words, a smooth manifold carries Riemannian metrics.

Horizontal splittings (Ehresmann connections)

(12.32) The relative tangent bundle. Let π : E → X be a fiber bundle. The differential of π is

surjective, so its kernel is a subbundle of TE → E.

Definition 12.33. The kernel ker dπ = kerπ∗ = Tπ = T (E/X)→ X is called the relative tangent

bundle to π.

Note that for e ∈ E we have

(12.34) T (E/X)e = Te(Ee) ⊂ TeE,

where Ee = π−1
(
π(e)

)
is the fiber of π through e.

Figure 43. The relative tangent space is the tangent space to the fiber

The relative tangent bundle is the sub in a short exact sequence of vector bundles over E:

(12.35) 0 −→ T (E/X) −→ TE
π∗−−−→ π∗TX −→ 0
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(12.36) Splittings of a short exact sequence. Let V, V ′, V ′′ be a vector spaces and

(12.37) 0 −→ V ′ i−−→ V
j−−→ V ′′ −→ 0

a short exact sequence of linear maps.

Definition 12.38. A splitting of (12.37) is a right inverse s : V ′′ → V to j.

In other words,

(12.39) j ◦ s = idV ′′ .

A splitting is equivalent to a left inverse to i, and a splitting is equivalent to an expression of V as

a direct sum: V = s(V ′′)⊕ i(V ′). Splittings exist since linear subspaces have linear complements.

Observe that (12.39) is an affine equation in s: the left hand side is linear and the right hand side

is constant. From this we deduce that splittings of (12.37) form an affine space over Hom(V ′′, V ′).

Passing to smooth families of short exact sequences of vector spaces, the existence of splittings

is an immediate corollary of Proposition 12.29.

Proposition 12.40. Let X be a smooth manifold; let π : E → X, π′ : E′ → X, π′′ : E′′ → X be

vector bundles over X; and suppose

(12.41) 0 −→ E′ i−−→ E
j−−→ E′′ −→ 0

is a short exact sequence of linear maps. Then there exists a splitting s : E′′ → E.

(12.42) Horizontal distributions. As depicted in Figure 43, we call T (E/X) → X the vertical

tangent bundle.

Definition 12.43. Let π : E → X be a fiber bundle. A horizontal distribution on π is a splitting

of (12.35).

A splitting is a linear map σ in

(12.44) 0 //T (E/X) //TE
π∗ // π∗TX
σ

oo //0

such that π∗ ◦ σ = idπ∗TX . The image of σ is a distribution H ⊂ TE, which we depict in Figure 44

as horizontal. The restriction

(12.45) π∗
∣∣
H
: H −→ π∗TX

is an isomorphism of vector bundles over E with inverse σ. The map σ takes a tangent vector to X

to its horizontal lift in E.

Proposition 12.46. Let π : E → X be a fiber bundle. Then π admits a horizontal distribution.

Proof. This is a direct corollary of Proposition 12.40. □

Remark 12.47. If π : E → X is a fiber bundle with discrete fibers—a covering map—then there is

a unique horizontal distribution H = TE on π.
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Figure 44. The splitting σ and horizontal distribution H

(12.48) Pullback of a horizontal distribution. Horizontal distributions play well with base change.

Proposition 12.49. Let

(12.50)

E′ f̃ //

π′

��

E

π

��
X ′ f // X

be a pullback diagram of fiber bundles, and suppose H ⊂ TE is a horizontal distribution. Then

H ′ = (df̃)−1(H) ⊂ TE′ is a horizontal distribution on π′.

Proof. Since (12.50) is a pullback, it follows that the right square in the commutative diagram

(12.51)

0 // T (E′/X) //

f̃∗
��

TE′
π′
∗ //

f̃∗
��

π′∗TX ′

f∗
��

// 0

0 // T (E/X) // TE
π∗ // π∗TX // 0

is also a pullback. (We leave the proof to a homework exercise.) Then given ξ′ ∈ π′∗TX ′, there

exists a unique η′ ∈ TE′ such that

(12.52)
π′∗η

′ = ξ′

f̃∗η
′ = σ(f∗ξ

′)

These equations produce a right inverse to π′∗ in (12.51) with image (df̃)−1(H). □

(12.53) Flat sections. A horizontal distribution is a first order differential equation for a section.
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Definition 12.54. Let π : E → X be a fiber bundle, H ⊂ TE a horizontal distribution, f : X ′ → X

a smooth map, and

(12.55)

E′ f̃ //

π′

��

E

π

��
X ′ f // X

the pullback of f and π.

(1) A section s : X → E of π is horizontal/flat/parallel if it is an integral manifold of H.

(2) A horizontal lift of f is a flat section of π′ relative to the pullback horizontal distribution H ′.

In particular, if s is flat then s∗(TxX) = Hs(x) for all x ∈ X.

Recall from Theorem 5.41 that the Frobenius tensor is a local obstruction to the existence of

integral manifolds, hence a local obstruction to a flat section. In this case the Frobenius tensor

of H on E is a skew-symmetric bilinear map

(12.56) ϕH : H ×H −→ T (E/X).

It maps two horizontal vectors to a vertical vector. Alternatively, it is a map

(12.57) ϕH : π∗(TX × TX) −→ T (E/X).

In the case of connections on principal bundles, this map descends to the base X, but in general

there is no such descent.

Figure 45. Parallel transport using a horizontal distribution
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(12.58) The one-dimensional case; parallel transport. If dimX = 1 the Frobenius tensor vanishes,

and so local flat sections exist. Furthermore, for each e ∈ Ex there is a unique local section s defined

in some maximal open neighborhood Jmax(e) ⊂ X of x = π(e) such that s(x) = e. If X = [0, 1] is a

closed interval, then we would like to use flat sections to define a parallel transport map (Figure 45)

(12.59) ρH : E0 −→ E1.

Namely, for e ∈ E0 we would let se denote the flat section with se(0) = e and define ρH(e) = se(1).

That works if Jmax(e) = [0, 1] for all e ∈ E0, in which case ρH is defined and is a diffeomorphism.

If we begin with a fiber bundle over any X, and we equip it with a horizontal distribution, then

in a favorable case we can use (12.59) to define parallelism along curves in this fiber bundle, as

in (10.39). However, it is possible that
⋂
e∈E0

Jmax(e) = {0}, in which case parallel transport

E0 → Et is not defined for any t > 0.

Figure 46. A horizontal distribution on E = R→ R

Example 12.60. Let E = R = Rt × Rx
π−−→ Rt be the product fiber bundle over R. For

any horizontal distribution H, the space Ht,x is the graph of a linear function R → R that is

multiplication by F (t, x) for some smooth F : Rt×Rx → R; see Figure 46. Then a section s : Rt →
Rx is flat iff s satisfies the ordinary differential equation

(12.61)
ds

dt
(t) = F

(
t, s(t)

)
.

For x0 ∈ R, the maximal domain of definition Jmax(x0) of a solution with s(0) = x0 is an open

interval in R that contains 0. For

(12.62) F (t, x) = x2

we do indeed find
⋂
x0∈R

Jmax(x0) = {0}.

Remark 12.63. The failure in Example 12.60 is due to a lack of uniformity of the horizontal distribu-

tion in each fiber. If the fiber bundle π : E → X is proper, then uniformity is achieved and parallel

transport exists. Another favorable situation is that a Lie group G acts on the total space E and

π is a quotient map for the action. In that case we can achieve uniformity by demanding that the
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horizontal distribution be G-invariant. This is precisely a connection on a principal bundle. Such

a connection induces a horizontal distribution on every associated fiber bundle, and the parallel

transport on the principal bundle induces parallel transport on associated fiber bundles. We study

the geometry of principal bundles and their connections in the next few lectures.
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Lecture 13: Principal bundles and associated bundles

The general Definition 12.2(2) of a fiber bundle with fiber a smooth manifold F allows arbitrary

diffeomorphisms of F for local trivializations. In Remark 12.5(4) we pointed out that the fibers of

a fiber bundle often carry a geometric structure that should be preserved by local trivializations.

Following Klein’s philosophy (1.34) this means that the model fiber is not merely a smooth mani-

fold F , but rather the model is a smooth action G ⟲ F of a Lie group G on a smooth manifold F .

This leads us to the study of principal G-bundles, which we take up in this lecture. From a princi-

pal G-bundle π : P → X we construct an associated fiber bundle with fiber F by mixing the right

G-action on P with the left G-action on F . Fiber bundles associated to a principal bundle have a

richer theory than of general fiber bundles. This is particularly true for horizontal distributions,

which we take up in the next lecture. The notion of a fiber bundle associated to a principal bundle

is due to Ehresmann. Steenrod’s book The Topology of Fiber Bundles is a classic.

We have emphasized throughout the role of torsors over a Lie group: affine spaces (Definition 1.1),

bases or frames (Definition 1.26), and bundles of frames in the geometry of curves and surfaces

(Lectures 8–10). Recall too the convention (Remark 1.29(2)) that right group actions are structural,

and so we use right actions for principal bundles. Some generalities on right torsors over Lie groups

appear in (7.31)–(8.24) passim; they are worth a review before proceeding further.

The total space P of a principalG-bundle π : P → X carries a free rightG-action. Given a smooth

manifold P with a free right G-action, the quotient map π : P → P/G may be a principal G-bundle.

If so, certainly the quotient P/G must carry a smooth manifold structure. In Theorem 13.9 we

construct one assuming that the G-action is proper, in which case π is a principal bundle.

We give many examples of principal bundles and associated fiber bundles.

We conclude with a discussion of change of structure group. A particular case of this concerns

symmetry types, as introduced in Definition 1.37. There we used the mixing construction to define

a geometric structure on an affine space (Definition 1.54). Now, in Definition 13.52, we define a

geometric structure on a smooth manifold.

Principal bundles

(13.1) Definition. For convenience, we repeat Definition 9.33.

Definition 13.2. Let X be a smooth manifold, and let G be a Lie group. A principal G-bundle

over X is a fiber bundle π : P → X whose fibers are right G-torsors.

In terms of Definition 12.2, a principal bundle is a fiber bundle with fiber F = GG, the model right

G-torsor which is G with the G-action of right multiplication. Sometimes the notations

(13.3) G −→ P
π−−→ X or

G // P

π
��
X

are used. They make the structure group of the principal bundle explicit, and we use these notations

when that is desirable.
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Proposition 13.4. Let G be a Lie group, and suppose P is a smooth manifold equipped with a free

G-action. Assume the quotient map π : P → X is a submersion onto a smooth manifold X. Then

π is a principal G-bundle iff π admits local sections.

Proof. A local trivialization (12.3) of any fiber bundle gives rise to local sections, which implies the

forward direction. Conversely, if U ⊂ X is open and s : U → π−1(U) is a section of π
∣∣
π−1(U)

, then

(13.5)
U ×G −→ π−1(U)

x , g 7−→ s(x)g

is G-equivariant local trivialization, i.e., (13.5) is an isomorphism of principal G-bundles. □

(13.6) Proper free Lie group actions. We begin with a definition.

Definition 13.7. A smooth right action of a Lie group G on a smooth manifold P is proper if

(13.8)
α : P ×G −→ P × P

p , g 7−→ p , pg

is a proper map.

Recall that a map is proper if the inverse image of every compact set is compact. A proper map is

closed16—the image of every closed set is closed—and in particular has closed image.

Theorem 13.9. Suppose a Lie group G acts smoothly, freely, and properly on a smooth manifold P .

Then there is a smooth manifold structure on the quotient P/G such that the quotient map π : P →
P/G is a submersion.

It then follows from Proposition 13.4 that π is a principal G-bundle: the construction in the proof

produces local sections of π. We leave the reader to show that the smooth manifold structure in

Theorem 13.9 is unique. More details for the theorem can be found in John Lee, Introduction to

Smooth Manifolds, Chapter 7.

Proof. First, topologize P/G by the quotient topology. Since P is second countable, so is the

quotient P/G. The space P/G is Hausdorff iff the diagonal ∆ ⊂ P/G× P/G is closed, and by the

definition of the quotient topology that is true iff

(13.10) (π × π)−1(∆) ⊂ P × P

is closed. This subset is the image of the map α in (13.8), which is closed since α is proper.

We construct an atlas on P/G, and in the process prove that P/G is locally Euclidean. Since

the action is free, P is foliated by the orbits, each of which is diffeomorphic to G. We claim that

about each p0 ∈ P there exists a special chart (U ;x1, . . . , xn, y1, . . . , ym) such that (1) the image

16This is true for a proper map of manifolds, and in general for a proper map of topological spaces if the codomain
is locally compact Hausdorff.
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Figure 47. The image of the coordinate chart (U, ϕ) in the proof that special charts exist

of U in affine space is an open cube about the origin and the image of p0 is the origin; and (2) the

intersection of each G-orbit with U is either empty or is a G-slice {xi = ci} for some constants

ci ∈ R, i = 1, . . . , n. To prove the claim, fix p0. By17 Theorem 5.41 we can find cubic coordinate

system (Remark 6.4) about p0 such that each G-slice lies in an orbit, but it may be that a given

orbit intersects U in multiple G-slices. We now show that U can be cut down so this does not

happen; see Figure 47. First, the map

(13.11)
αp0 : G −→ P

g 7−→ p0 · g

is proper: for K ⊂ P compact, the subset18 α−1
p0 (K) = pr2

(
α−1({p0} ×K)

)
⊂ G is compact. Let

K ⊂ U be a compact subset whose image under the chart contains an open cubic set that includes

the origin. Then α−1
p0 (K) is compact, so has finitely many components. This means that the orbit

of p0 intersects K in finitely many G-slices. Hence we can cut down U so that the intersection of

the orbit of p0 with U is the G-slice of U through p0. In this cut down coordinate system, define

S := {yj = 0} and let K ′ ⊂ S be a compact subset that contains p0 in its interior. Then by

properness of α, the subset

(13.12) pr1
(
α−1(K ′ ×K ′) \ (K ′ × {e})

)
⊂ S

is compact and does not include p0. Therefore, an open neighborhood of p0 ∈ S is not contained

in (13.12), and every G-orbit that intersects that neighborhood only does so once: the subset (13.12)

consists of points of K ′ whose G-orbit has multiple intersections with K ′. Now it is clear that a

further restriction of the given chart is special, i.e., it satisfies the desired conditions (1) and (2).

17The tangents to the orbits form an integrable distribution.
18As always, we use the notation pri : X1 ×X2 → Xi, i = 1, 2, for the projections off a Cartesian product.



122 D. S. FREED

P

Do Xv
M

V
*

& (v)

q(k)

*

0

y'---, ym

·

-
+(5)

·
~P (k)

Figure 48. Special charts (U, ϕ) with the slice ϕ(S) in purple

For each special chart (U ;x, y), the function x = (x1, . . . , xn) induces a homeomorphism of π(U)

with an open subset of An. This proves that P/G is locally Euclidean. If two special charts

intersect in P , then the induced overlap function between the x-coordinates is smooth, since the

entire overlap function is smooth. If the images under π of two special charts intersect, then use

G-action to move one of them so that they intersect in P ; see Figure 48. The overlap function of

the moved charts is smooth, and since the G-action is smooth so too is the overlap in P/G for the

original charts. □

The subset S constructed in the proof is called a slice of the G-action; it is the image of a local

section of the quotient map π : P → P/G. The key hypothesis is the properness of the group action,

which guarantees that a compact transversal to the orbits intersects each orbit finitely often.

Examples of principal bundles

(13.13) Frame bundle. We have already encountered frame bundles several times: Remark 1.29(5),

(1.53), (9.10), and (9.23). Let X be an n-dimensional smooth manifold. Define

(13.14) B(X) ⊂ TX ×X · · · ×X TX︸ ︷︷ ︸
n times

as the open submanifold consisting of linearly independent ordered n-tuples (ξ1, . . . , ξn) of tangent

vectors at some x ∈ X. Let

(13.15) π : B(X) −→ X

be the restriction of projection off the n-fold fiber product. The fiber π−1(x) = B(X)x over x ∈ X is

the right GLnR-torsor of bases Rn
∼=−−→ TxX of TxX. Let (U ;x1, . . . , xn) be a chart on X. Then the

moving frame ∂/∂x1, . . . , ∂/∂xn is a local section of π, and so induces a local trivialization (13.5).

Since the GLnR-action on U × GLnR is smooth, so too is the GLnR-action on π−1(U). It follows

from Proposition 13.4 that (13.15) is a principal GLnR-bundle.
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Example 13.16 (free action whose quotient map is not a principal bundle). Let G = R, set

P = R/Z×R/Z, fix a ∈ R \Q, and let G act on P by (x, y) · t = (xt, ayt) for t ∈ G and (x, y) ∈ P .
This action is free but not proper; the quotient is not Hausdorff, much less a manifold. See (4.1)

and Example 5.8 for related discussions.

Example 13.17 (Galois covers). A covering map π : P → X is a principal bundle if it is Ga-

lois/normal/regular. (All of these terms are used.) In this case G is the group of deck transforma-

tions. Given a smooth manifold X and a basepoint x ∈ X, there is a canonical universal cover ing

map π : X̃ → X, and it is a principal π1(X,x)-bundle. (The total space X̃ consists of homotopy

classes of smooth motions [0, 1]→ X that begin at x.)

Example 13.18 (homogeneous manifolds). Let G be a Lie group and H ⊂ G a closed Lie sub-

group. Then the action of H on G by right multiplication is proper, hence by Theorem 13.9 and

Proposition 13.4 the quotient map π : G → G/H is a principal H-bundle. As in Example 7.48, a

variation is to start with a smooth manifold X equipped with a transitive left G-action. We say

that X is a homogeneous manifold. Fix x ∈ X and let H ⊂ G be the stabilizer subgroup of x.

Then

(13.19)
π : G −→ X

g 7−→ gx

is a principal H-bundle (and π descends to a diffeomorphism G/H → X).

We give some special cases of Example 13.18.

Example 13.20 (Hopf fibration). Let X = CP1 = P(C2) be the complex projective line. The Lie

group SU2 of 2 × 2 unitary matrices of unit determinant acts transitively. The stabilizer of the

line C ·( 10 ) is the subgroup
{(

λ
λ−1

)
: λ ∈ T

}
, which we identify with the group T ⊂ C of unit norm

complex numbers. The principal bundle π : SU2 → CP1 is an example of a Hopf fibration. There

are diffeomorphisms SU2 ≈ S3, CP1 ≈ S2, and T ≈ S1, so the total space, base, and fiber are all

spheres. There are real, quaternionic, and octonionic versions of this construction, and together we

have Hopf fibrations

(13.21)

S0 −→S1 −→ S1

S1 −→S3 −→ S2

S3 −→S7 −→ S4

S7 −→S15 −→ S8

However, the last of these is not a principal bundle since S7 does not carry a Lie group structure.

For the three principal bundles in (13.21), it is better to write the groups as O1,U1, Sp1, respectively.

Example 13.22 (spheres as homogeneous manifolds). For any n ∈ Z>0 the orthogonal group On+1

acts transitively on the n-sphere Sn, and this gives rise to a principal bundle

(13.23) On −→ On+1 −→ Sn
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There are similar real and quaternionic constructions with the unitary and symplectic groups:

(13.24)
Un −→Un+1 −→ S2n+1

Spn −→ Spn+1 −→ S4n+3

These principal fiber bundles are useful when studying the topology of classical Lie groups.

Example 13.25 (principal bundles over projective space). Let V be a finite dimensional vector

space over F = R,C or H. Then the map

(13.26) π : V \ {0} −→ P(V ),

that assigns to a nonzero vector the line it spans, is a principal F×-bundle. If we endow V with

a (hermitian) inner product, then we can restrict to unit norm vectors, in which case we obtain a

principal O1-, U1-, or Sp1-bundle in case F = R, C, or H, respectively:

(13.27)

S0 −→Sn −→ RPn

S1 −→S2n+1 −→ CPn

S3 −→S4n+3 −→ HPn

Example 13.28 (Orthonormal frame bundle of a sphere). Fix n ∈ Z≥0. Let V be an (n + 1)-

dimensional real inner product space, let S(V ) ⊂ V be the sphere of unit norm vectors, and

let π : BO

(
S(V )

)
→ S(V ) be the principal On-bundle of orthonormal frames. The orthogonal

group O(V ) acts on BO

(
S(V )

)
on the left. In fact, O(V ) also acts compatibly on S(V ), so we

could say that O(V ) acts on π. We claim the action on BO

(
S(V )

)
is simply transitive. More

precisely, the map

(13.29) φ : BO(V ) −→ BO

(
S(V )

)

that takes an orthonormal frame e0, e1, . . . , en of V to the point e0 ∈ S(V ) and the orthonormal

frame e1, . . . , en of Te0S(V ) is an isomorphism of left O(V )-torsors. This identifies the orthonormal

frame bundle of the standard sphere Sn = S(Rn+1) with the orthogonal group On+1: an orthogonal

matrix maps to the point on Sn given by the first column and the basis of the tangent space given

by the subsequent columns.

Associated bundles

(13.30) Base change. This is also known as pullback. It is a special case of base change for fiber

bundles (12.13). We simply observe that the pullback

(13.31)

P ′ f̃ //

π′

��

P

π

��
X ′ f // X

of a principal G-bundle is a principal G-bundle.
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(13.32) Associated fiber bundles. This is also called the mixing construction. Let G be a Lie

group and F a smooth manifold equipped with a left G-action. Then to any principal G-bundle

π : P → X we associate a fiber bundle FP → X with fiber F as follows. The Cartesian product

P × F carries a right G-action

(13.33) (p, f) · g = (pg, g−1f), p ∈ P, f ∈ F, g ∈ G.

Definition 13.34. Let P ×G F = FP be the quotient of P × F by the G-action (13.33). The

descent πF : FP → X of pr1 : P × F → P is the associated fiber bundle with fiber F .

A local section s : U → π−1(U) of π induces a local trivialization

(13.35)
U × F −→ FP

∣∣
U

x , f 7−→ [s(x), f ]

of πF : FP → X, where [p, f ] ∈ FP is the equivalence class of (p, f) ∈ P × F under the G-

action (13.33).

Figure 49. The associated bundle FP → X descends from P × F → P

Remark 13.36.

(1) The construction by descent means there is a canonical global product structure on the

pullback of πF : FP → X via π:

(13.37)

P × F //

pr1

��

FP

πF

��
P

π // X

(2) A section of πF is a function ψ : P → F that satisfies the G-equivariance condition

(13.38) ψ(pg) = g−1ψ(p), p ∈ P, g ∈ G.

This reduces the study of twisted F -valued functions on X to the study of equivariant

F -valued functions on P . We can apply our known calculus techniques to the latter.
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(3) If F has extra structure—examples: vector space, associative algebra, Lie algebra, Lie

group, action of a Lie group, affine space, . . .—and if the G-action on F preserves that

structure, then FP → X is a smooth family of manifolds with that structure.

(4) A particular case is when F = E is a vector space and G acts via a linear representation

ρ : G → Aut(E). The associated bundle EP = E → X is a vector bundle. Then (13.38) is

written as

(13.39) ψ(pg) = ρ(g)−1ψ(p).

(5) Given F with its G-action, the associated bundle construction is a functor from the cate-

gory19 of principal G-bundles to the category of fiber bundles with fiber F .

Example 13.40 (the tangent bundle). Let X be a smooth n-dimensional manifold and π : B(X)→
X its principal GLnR-bundle of frames. The vector bundle associated to the standard representation

GLnR→ Aut(Rn) is canonically isomorphic to the tangent bundle via the isomorphism

(13.41) φ : B(X)×GLnR
Rn −→ TX

that maps a pair [b, v] of an isomorphism b : Rn → TxX and v ∈ Rn to the tangent vector b(v) ∈
TxX. Observe that for g ∈ GLnR, we have (b ◦ g)(g−1v) = b(v), which proves that (13.41) is a

well-defined map on the associated bundle.

Example 13.42. The fiber bundles in Example 12.7–Example 12.11 are all associated to the frame

bundle π : B(X)→ X. We have already treated the tangent bundle. The projectivization P(TX)→
X is associated to the action GLnR→ PGLnR→ Aut(RPn−1) by projective transformations. The

Grassmannian, Stiefel, and flag bundles are associated to the corresponding Grassmannian, Stiefel,

and flag manifolds of Rn. Similarly, the fiber bundle of metrics Met(TX)→ X is associated to the

action of GLnR on Met(Rn). The bundle of associative algebras End(TX) → X is associated to

the action of GLnR on MnR by conjugation: g ·A = gAg−1 for g ∈ GLnR and A ∈MnR.

Change of structure group

(13.43) Associated principal bundles. Let G′, G be Lie groups and ρ : G′ → G a Lie group ho-

momorphism. This induces a functor from the category of principal G′-bundles to the category of

principal G-bundles that associates to a principal G′-bundle π′ : P ′ → X the bundle π : P → X

associated to the left action of G′ on G via ρ: namely, g′ · g = ρ(g′)g for g′ ∈ G′ and g ∈ G. Since
the left G′-action commutes with right multiplication by G, this left G′-action on G is by maps of

right G-torsors, hence the associated bundle π : P → X is a fiber bundle of right G-torsors, i.e., a

principal G-bundle. We denote the map π : P → X as ρ(π′) : ρ(P ′)→ X.

Example 13.44. Let X be a Riemannian n-manifold and BO(X) → X the principal On-bundle

of orthonormal frames. Let ρ : On ↪→ GLnR be the inclusion. Then ρ
(
BO(X)

)
→ X is canonically

the GLnR-bundle of frames B(X)→ X. We leave the reader to construct an explicit identification.

19There are different ways to flesh this out. We can use bundles over a fixed base or allow base change. We must
also specify the morphisms.
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(13.45) The affine bundle of frames. Let X be a smooth manifold. At each x ∈ X there is a

linear space TxX, the tangent space to X at x. Let AxX be the trivial affine space over TxX, that

is, the tangent vector space regarded as an affine space. The union of AxX over x ∈ X is the total

space of the affine bundle AX → X; see Example 12.12. An affine frame at x ∈ X is an affine

isomorphism An → AxX. Affine frames form a right torsor for AffnR. The union of affine frames

form a principal AffnR-bundle A(X)→ X. The homomorphisms GLnR
// AffnRoo induce passage

between the frame bundle and the affine frame bundle via the associated bundle construction. The

affine bundle AX → X is associated to A(X)→ X via the affine action of AffnR on An.

(13.46) Lift of structure group. This is also called reduction of structure group, especially in case

the homomorphism ρ is injective.

Definition 13.47. Let ρ : G′ → G be a homomorphism of Lie groups, and suppose π : P → X

is a principal G-bundle. A lift (π′, θ) of π along ρ is a principal G′-bundle π′ : P ′ → X and an

isomorphism

(13.48)

P

π
��

θ // ρ(P ′)

ρ(π′)||
X

of principal G-bundles.

While the associated bundle construction (13.43) is a functor, a lift may or may not exist and

may or may not be unique (up to isomorphism).

Example 13.49. Consider the principal GL2R-bundle of frames π : B(S2)→ S2, and let ρ : {e} ↪→
GL2R be the inclusion. A reduction of π along ρ is equivalent to a global section of π, which does

not exist by the Hairy Ball Theorem.

Proposition 13.50. Suppose G′ ⊂ G is a subgroup of a Lie group G, and let π : P → X be a

principal G-bundle. Then a reduction of π to G′ is equivalent to a section of the associated bundle

P/G′ → X.

The fiber bundle P/G′ → X is associated to π via the left G-action on the homogeneous mani-

fold G/G′. We leave the proof of Proposition 13.50 to a homework exercise.

(13.51) Geometric structures. Recall Definition 1.37 in which symmetry types are defined.

Definition 13.52. Let (Gn, λn) be an n-dimensional symmetry type, and suppose X is a smooth

n-dimensional manifold with frame bundle π : B(X)→ X. A (Gn, λn)-structure on X is a reduction

of π along ρn : Gn → GLnR.

For example, a (On, λn)-structure (Example 1.40) on a smooth n-manifold is equivalent to a Rie-

mannian structure. In this case the fiber bundle B(X)/On → X is canonically Met(X) → X,

which appeared in Example 12.11. According to Proposition 13.50 a (On, λn)-structure is a section

of this bundle, i.e., is a Riemannian metric.
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Lecture 14: Connections on principal bundles

In this lecture we take up special horizontal distributions on principal bundles, namely those

invariant under the gauge group.20 The group invariance allows us to descend a connection to the

base, where it is a section of an affine bundle, and thus prove existence. The horizontal distribution

is the kernel of a Lie algebra valued 1-form, which lets us apply exterior calculus. In particular,

the Frobenius tensor—which up to a sign is the curvature of the connection—has an easy formula

in terms of this 1-form. It is convenient to switch between the horizontal distribution and the

connection 1-form, depending on the context. We conclude with parallel transport along curves, a

construction that fails in general for horizontal distributions on fiber bundles. (See Example 12.60.)

The relative tangent bundle

(14.1) Global parallelism of vertical tangents. Let G be a Lie group and suppose π : P → X is a

principal G-bundle over a smooth manifold X. As is true for any fiber bundle (12.35), there is a

short exact sequence

(14.2) 0 −→ T (P/X) −→ TP
π∗−−−→ π∗TX −→ 0

of vector bundles over the total space P ; the kernel of π∗ is the relative (or vertical) tangent bundle.

The free right G-action on P induces an injective Lie group homomorphism

(14.3)
g −→ X(P )

ζ 7−→ pζ

that maps ζ ∈ g to the initial velocity of the motion t 7→ petζ at each p ∈ P . The motion lies in

the fiber Pπ(p), and so pζ is a vertical vector field—a section of T (P/X)→ P . Since π is a quotient

map of the G-action, it follows that composition of (14.3) with evaluation at p is an isomorphism

g→ Tp(P/X). In other words, there is an isomorphism of vector bundles

(14.4) g
∼=−−→ T (P/X)

where g→ P is the constant vector bundle with fiber g. This defines a parallelism on the relative

tangent bundle: an isomorphism of the relative tangent bundle with a constant vector bundle.

(14.5) Right G-action and vertical vector fields. The Lie group G acts on P on the right, and via

the differential it acts on the relative tangent bundle. The isomorphism (14.4) is G-equivariant if

we use the (right) adjoint action on the Lie algebra, as we now prove.

20If G is a Lie group and π : P → X a principal G-bundle, we say that G is the gauge group of π.
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Lemma 14.6. For p ∈ P and g ∈ G the diagram

(14.7)

g
∼= //

Ad
g−1

��

Tp(P/X)

(Rg)∗
��

g
∼= // Tpg(P/X)

commutes.

Proof. A vector ζ ∈ g is the initial velocity of the motion t 7→ etζ on G. Map it around (14.7):

(14.8)

etζ � //
_

Ad
g−1

��

petζ
_

(Rg)∗
��

g−1etζg−1 � // (pg)(g−1etζg)= petζg

Now apply d
dt

∣∣
t=0

to verify that (14.7) commutes. □

Corollary 14.9. Let π : P → X be a principal G-bundle. The linear space of right-invariant

vertical vector fields on P is isomorphic to the space of sections of the adjoint bundle gP → X.

Proof. A section of the adjoint bundle pulls back to a function ζ : P → g that satisfies

(14.10) ζ(pg) = Adg−1 ζ(p)

for p ∈ P , g ∈ G. □

(14.11) Descent conditions. The adjoint representation descends the constant vector bundle g→
P to the adjoint bundle gP → X. We will need to descend functions and differential forms on the

total space P , both scalar- and vector-valued, to the base X, so we pause to discuss descent.

Pullback of differential forms from the base of a principal bundle to the total space is an injection.

The following result characterizes the image inside all differential forms on the total space. These

are descent conditions. Recall (Remark 13.36(4)) that if ρ : G→ Aut(E) is a linear representation

of G on a vector space E, then to each principal bundle π : P → X is associated a vector bundle

EP → X. For each q ∈ Z≥0 the vector space of sections of
∧qT ∗X ⊗ EP → X is denoted ΩqX(EP );

it is the space of differential forms with values in the vector bundle EP → X.

Lemma 14.12. Let G be a Lie group and suppose π : P → X is a principal G-bundle.

(1) A form ω ∈ Ω•
P descends to a form in Ω•

X iff

(14.13)
ι

pζ
ωp = 0 for all ζ ∈ g, p ∈ P ,

R∗
gω = ω for all g ∈ G.
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(2) Suppose ρ : G→ Aut(E) is a linear representation. Then ω ∈ Ω•
P (E) descends to a form in

Ω•
X(EP ) iff

(14.14)
ι

pζ
ωp = 0 for all ζ ∈ g, p ∈ P ,

R∗
gω = ρ(g)−1ω for all g ∈ G.

We leave the proof as a homework exercise.

Connections

(14.15) Definition. A connection on a principal bundle is a special horizontal distribution on the

total space.

Definition 14.16. Let G be a Lie group, and suppose π : P → X is a principal G-bundle. A

connection on π is a G-invariant horizontal distribution on P .

Recall that a horizontal distribution is a splitting of (14.2). While such splittings exist, it is

not immediately clear that G-invariant splittings exist. We sometimes use the term ‘G-connection’

without making explicit the underlying principalG-bundle. AG-connection is depicted in Figure 50.

Figure 50. A connection on π : P → X and the induced horizontal lift ξ 7→ ξ̃

(14.17) Horizontal lift. A splitting of (14.2) is a map σ in

(14.18) 0 //T (P/X) //TP
π∗ // π∗TX
σ

oo //0

such that π ◦ σ = idπ∗TX . The image H ⊂ TP of σ is a horizontal distribution. The map σ takes

a tangent vector ξ ∈ TxX to its horizontal lift ξ̃ ∈ Hp ⊂ TpP for any p ∈ Px. The G-invariance

condition is

(14.19) (Rg)∗(Hp) = Hpg p ∈ P, g ∈ G.
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The horizontal lift ξ̃ is a G-invariant section of H
∣∣
Px
→ Px, the restriction of H to the fiber Px.

(14.20) Connections as sections of an affine bundle. Splittings σ in (14.18) form sections of an

affine bundle over P , and it is an affine bundle over the vector bundle

(14.21) Hom
(
π∗TX, T (P/X)

) ∼= Hom(π∗TX, g) −→ P.

By Lemma 14.6, G-invariant sections of (14.21) descend to sections of the vector bundle

(14.22) Hom(TX, gP ) −→ X.

Therefore, the affine space of G-invariant splittings of (14.18) is isomorphic to the space of sections

of an affine bundle Aπ → X over (14.22). The following is then an immediate consequence of (7.52).

Proposition 14.23. A principal bundle admits a connection. Connections on π : P → X are

points of an (infinite dimensional) affine space Aπ over Ω1
X(gP ).

For the second statement, note that the space of sections of Hom(TX, gP )→ X is Ω1
X(gP ).

Remark 14.24. G-invariance descends a connection—a horizontal distribution on the total space P—

to data on the base—a section of an affine bundle.

Remark 14.25. If the gauge group G is discrete, so π is a Galois covering map, then π admits a

unique connection. If G has positive dimension, then the connection is not unique.

(14.26) The connection 1-form. A splitting of (14.18) is equivalent to a linear map TP → T (P/X)

that splits the inclusion:

(14.27) 0 // T (P/X) // TP
π∗ //oo

Θ
yy

π∗TX
σ

oo // 0

g

(14.4)

OO

The 1-form Θ ∈ Ω1
P (g) has kernel the horizontal distribution H. We now characterize the subspace

of Ω1
P (g) consisting of connection 1-forms. (We typically use ‘connection’ for ‘connection 1-form’.)

Lemma 14.28.

(1) A 1-form Θ ∈ Ω1
P (g) defines a splitting of (14.2) iff

(14.29) i∗xΘ = θPx
for all x ∈ X,

where ix : Px ↪→ P is the inclusion and θPx
∈ Ω1

Px
(g) is the Maurer–Cartan form on the

right G-torsor Px.
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(2) The horizontal distribution kerΘ is G-invariant iff

(14.30) R∗
gΘ = Adg−1Θ for all g ∈ G.

Proof. For (1) observe that Θ is a splitting iff Θ(pζ) = ζ for all ζ ∈ g iff (14.29) holds, this last

implication by Lemma 7.45. Assume kerΘ is G-invariant. Equation (14.30) is an equality of

1-forms, so it suffices to check it on horizontal and vertical vectors separately, since

(14.31) TP = H ⊕ T (P/X),

The tangent vector ξ̃ is horizontal iff Θ(ξ̃) = 0. The left hand side of (14.30) on ξ̃ is

(14.32) (R∗
gΘ)(ξ̃) = Θ

(
(Rg)∗ξ̃

)
= 0,

since (Rg)∗ξ̃ is horizontal by the G-invariance of H. The right hand side is

(14.33) (Adg−1Θ)(ξ̃) = Adg−1

(
Θ(ξ̃)

)
= 0.

To check (14.30) on vertical vectors, observe that Rg ◦ ix = ix ◦ Rg, where the last ‘Rg’ acts

on the right G-torsor Px. Apply i∗x to (14.30) to reduce it on vertical vectors to the equation

R∗
gθPx

= Adg−1 θPx
on Px. This is the transformation law of the Maurer–Cartan form on Px, as

follows from the first equation in (7.16) by setting g1 = e and transporting to right G-torsors. □

(14.34) The space of connections. We already observed in Proposition 14.23 that the space Aπ
of connections on a principal bundle π : P → X is an affine space over Ω1

X(gP ). We can also derive

this from Lemma 14.28. Namely, Aπ ⊂ Ω1
P (g) is cut out by a continuum of affine linear equations:

(14.35)
i∗xΘ = θPx

, x ∈ X,
R∗
gΘ = Adg−1Θ, g ∈ G.

The first equation is affine linear in Θ; the second is linear. The linear translate of the affine

subspace defined by (14.35) is cut out by the following linear equations for ∆ ∈ Ω1
P (g):

(14.36)
i∗x∆ = 0, x ∈ X,
R∗
g∆ = Adg−1∆, g ∈ G.

By Lemma 14.12(2) the space of solutions to (14.36) is isomorphic to Ω1
X(gP ).
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Curvature

Definition 14.37. Let G be a Lie group, and suppose π : P → X is a principal G-bundle with

connection a G-invariant horizontal distribution H ⊂ TP . The curvature of the connection is minus

the Frobenius tensor ϕH .

Recall that the Frobenius tensor is a skew-symmetric bilinear form

(14.38) ϕH : H ×H −→ T (P/X),

and in view of (14.4) and the isomorphism π∗ : H → π∗TX it can be regarded as a skew-symmetric

bilinear form

(14.39) ϕH : π∗TX × π∗TX −→ g.

Then G-invariance and Lemma 14.6 imply that −ϕH descends to a 2-form Ω ∈ Ω2
X(gP ) on X with

values in the adjoint bundle. This descent is also called the curvature.

Remark 14.40. The pullback π∗Ω of the curvature to the total space P has values in the vector

space g. This lift agrees with −ϕH on H×H, and it vanishes when contracted with a vertical vector.

We conflate Ω and π∗Ω, meaning that we also use the notation ‘Ω’ for ‘π∗Ω’. The “untwisting” of

the pullback is typical, and it allows us to do calculus with vector-valued differential forms rather

than vector bundle-valued differential forms. We use this idea often.

(14.41) The curvature formula. For computational purposes it is important to express the curva-

ture as an explicit first derivative of the connection 1-form.

Proposition 14.42. The pullback of the curvature to P is the g-valued 2-form

(14.43) Ω = dΘ+
1

2
[Θ ∧Θ].

Proof. We check that (1) for ζ ∈ g, the contraction of the right hand side of (14.43) with pζ vanishes,

and (2) the restriction of the right hand side to H ×H is −ϕH . These properties characterize the

pullback of curvature to P .

Compute

ι
pζ

(
dΘ+

1

2
[Θ ∧Θ]

)
= ι

pζ
dΘ+ [ι

pζ
Θ,Θ]

= −dι
pζ
Θ+ L

pζ
Θ+ [ι

pζ
Θ,Θ]

= −d(ζ) + L
pζ
Θ+ [ζ,Θ]

= L
pζ
Θ+ [ζ,Θ]

(14.44)
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At the last stage we use ι
pζ
Θ = Θ(pζ) = ζ; see (14.29). To compute the Lie derivative L

pζ
Θ observe

that the flow generated by pζ is the right action Retζ on P . Hence

L
pζ
Θ =

d

dt

∣∣∣∣
t=0

R∗
etζΘ

=
d

dt

∣∣∣∣
t=0

Ad∗e−tζ Θ

= −[ζ,Θ],

(14.45)

where we use (14.30) to pass to the second equation. Combine (14.44) and (14.45) to prove the

first claim (1).

Let ξx, ηx ∈ TxX be tangent vectors at some x ∈ X, extend to vector fields ξ, η in a neighborhood

of x, and let ξ̃, η̃ be their horizontal lifts to vector fields on P . Then ι
ξ̃
Θ = ι

η̃
Θ = 0. Hence

ι
η̃
ι
ξ̃

(
dΘ+

1

2
[Θ ∧Θ]

)
= dΘ(ξ̃, η̃)

= −Θ
(
[ξ̃, η̃]

)

= −ϕH(ξ̃, η̃)

(14.46)

The last expression is tensorial in ξ̃, η̃; the value at x of its descent to the base depends only

on ξx, ηx. This proves (2). □

Remark 14.47. The curvature is a map

(14.48) Ω: Aπ −→ Ω2
X(g)

from an affine space to a linear space. According to (14.43) it is an affine quadratic map.

(14.49) Descent and non-descent. Apply Lemma 14.12 to conclude the following.

(i) The connection form Θ ∈ Ω1
P (g) does not descend to X since ι

pζ
Θ = ζ ̸= 0 if ζ is nonzero.

(ii) The difference Θ1 −Θ0 of two connections descends to an element of Ω1
X(gP ); see (14.36).

(iii) The curvature 2-form in Ω2
P (g) descends to an element of Ω2

X(gP ). This follows from

Proposition 14.42. We can also check the descent conditions (14.14) directly on the right

hand side of (14.43). The first check is (14.44) and (14.45). The second is

R∗
g

(
dΘ+

1

2
[Θ ∧Θ]

)
= dR∗

gΘ+
1

2
[R∗

gΘ ∧R∗
gΘ]

= dAdg−1 Θ+
1

2
[Adg−1 Θ ∧Adg−1 Θ]

= Adg−1

(
dΘ+

1

2
[Θ ∧Θ]

)
(14.50)



DIFFERENTIAL GEOMETRY 135

Flat connections and parallel transport

(14.51) Flat connections and integral manifolds of H. Let π : P → X be a principal G-bundle

for some Lie group G, and suppose Θ is a connection with horizontal invariant distribution H =

kerΘ. The Frobenius tensor, hence the curvature Ω, is the obstruction to the existence of integral

manifolds.

Definition 14.52. A connection Θ is flat if its curvature Ω vanishes.

Assume, then, that Θ is flat, so the horizontal distribution H is integrable. Theorem 6.22 implies

that the total space P is foliated by integral manifolds fα : Yα ↪→ P where Yα is connected. Denote

the image of fα as Fα ⊂ P .

Lemma 14.53. Assume that X is connected. Then the composition πα = π ◦ fα : Yα → X is a

Galois covering map.

#
-X
J

Figure 51. The proof of Lemma 14.53

Proof. If y ⊂ Yα, then dfα(TyYα) = Hfα(y), and since dπ is an isomorphism when restricted to the

horizontal distribution, it follows from the inverse function theorem that πα is a local diffeomor-

phism. Let ϕα : U → Yα be a local inverse to πα on an open subset U ⊂ X. Then s := fα ◦ ϕα is a

local section of π. Fix x ∈ U set p = s(x) ∈ Px. If also p′ ∈ Px ∩ Fα, then p′ = pg for some g ∈ G
and Rg ◦ s : U → Fα is also a local section of π. Furthermore, Rg(Fα) = Fα since there is a unique

maximal integral manifold through any point of P . By Theorem 6.25, Rg ◦ fα : Yα → P factors

through a smooth map φ : Yα → Yα and Rg ◦ s factors through a smooth map U → Yα which is a

local inverse to πα. It follows that U is evenly covered by πα. Since πα is a local diffeomorphism,

it is an open map. Its image is connected, since Yα is connected. Suppose x ∈ X is a limit point

of the image of πα. The argument given above implies we can find a neighborhood U ′ ⊂ X of x

and a local flat section s : U ′ → π−1(U ′). Its right translates Rg ◦ s, g ∈ G, foliate π−1(U ′) by
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flat sections. The image of at least one of these sections s′ intersects Fα, since x is a limit point

of π(Fα) ⊂ X. Since fα is a maximal integral manifold, its image must include the image of s′;

if not, we can paste a right translate of s(U ′) to Fα to construct a larger integral manifold. This

proves that x is in the image of πα, which is therefore closed. Since X is assumed connected, it

follows that πα is surjective. Therefore, πα is a covering map. The existence of φ above shows that

automorphisms of πα act transitively on each fiber, i.e., πα is a Galois covering map. □

Remark 14.54. The argument for surjectivity uses strongly the G-invariance to give uniformity

of the domain of flat sections about x. See Example 12.60 for the dire consequences when such

uniformity is lacking.

(14.55) Flat connections and flat sections.

Definition 14.56. Let π : P → X be a principal bundle with connection Θ. A section s : X → P

is flat/horizontal/parallel if s∗Θ = 0.

Equivalently, s is an integral manifold of the horizontal distribution H = kerΘ; see Figure 52. For

example, in the proof of Lemma 14.53, the local section s = fα ◦ g is flat.

Figure 52. A flat section of π

Proposition 14.57. Let π : P → X be a principal bundle with connection Θ. Then Θ is flat iff

π admits local flat sections.

Proof. The forward argument was just given. If s : U → P
∣∣
U
is a flat section of π

∣∣
π−1(U)

, then

□(14.58) Ω = (π ◦ s)∗Ω = s∗
(
dΘ+

1

2
[Θ ∧Θ]

)
= ds∗Θ+

1

2
[s∗Θ ∧ s∗Θ] = 0.

Example 14.59. Consider the map

(14.60)
π : T −→ T

λ 7−→ λ2

It is the nontrivial double cover of the circle, so as in Remark 14.25 it admits a unique connection.

This connection is flat, but there is no global (flat) section of π, only local (flat) sections.
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(14.61) Connections over [0, 1]. Let π′ : P ′ → [0, 1] be a principal G-bundle with connection.

Since the curvature is a 2-form on a 1-manifold, it necessarily vanishes: the connection is flat.

For q ∈ P ′
0 let fq : Yq ↪→ P ′ be the leaf through q in the foliation on P ′ determined by the rank one

horizontal distribution. Then by Lemma 14.53 the composition π′◦fq : Yq → [0, 1] is a covering map,

and since [0, 1] is simply connected it follows that π′ ◦fq is a diffeomorphism. Let ϕq : [0, 1]→ Yq be

its inverse. Then sq := fq ◦ ϕq is a flat section of π′ with sq(0) = q.

Definition 14.62. The parallel transport map is

(14.63)
τ : P ′

0 −→ P ′
1

q 7−→ sq(1)

The G-invariance of the horizontal distribution implies sqg = Rg ◦ sq for all g ∈ G. It follows that

τ is an isomorphism of right G-torsors.

(14.64) Alternative approach. To construct parallel transport (14.63), we can argue as follows.

First, we prove that any principal bundle P ′ → [0, 1] admits a global section s. (In fact, any fiber

bundle over a contractible base is trivializable.) We want to find g : [0, 1] → G such that sg is a

flat section, i.e., (sg)∗(Θ) = 0, and g(0) = e. Compute

(14.65) (sg)∗(Θ) = Adg−1 s∗(Θ) + g∗θ,

where θ is the Maurer–Cartan form on G. Now apply Theorem 7.8(2).

For a matrix group (14.65) reduces to an ordinary differential equation for a map g : [0, 1]→ G:

(14.66)
dg

dt
= g(t)A(t)

for a given function A : [0, 1] → g. If A(t) is a constant function of t, then the solution is the

exponential of the matrix A. For a nonconstant function the solution is sometimes called the

“path-ordered exponential”.

(14.67) Parallel transport along curves. Let π : P → X be a principal G-bundle with connection,

and suppose γ : [0, 1]→ X is a smooth motion. Define the pullback bundle

(14.68)

P ′ //

π′

��

P

π

��
[0, 1]

γ // X

with its pullback connection. Identify P ′
0
∼= Pγ(0) and P

′
1
∼= Pγ(1). The parallel transport (14.63) is

then an isomorphism of right G-torsors

(14.69) τγ : Pγ(0) −→ Pγ(1)
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Remark 14.70. A connection does not in general give a global parallelism. Proposition 14.57 shows

that the curvature is a local obstruction. There is a global obstruction as well—holonomy—which

we take up in the next lecture. Parallel transport along curves (14.69) is the parallelism that any

connection determines.

Proposition 14.71. Let ϕ : [0, 1] → [0, 1] be a monotonic increasing diffeomorphism. Then the

parallel transport along γ ◦ ϕ equals parallel transport along γ.

In other words, parallel transport is reparametrization invariant.

Proof. Briefly, (14.63) is constructed from integral manifolds of a line field, and the line field is

independent of parametrization. □

Remark 14.72.

(1) Define γrev(t) = γ(1− t). Then

(14.73) τγrev = τ−1
γ .

(2) By composing parallel transport along smooth motions, we can define parallel transport

along piecewise smooth motions.

(3) If γ1, γ2 are motions with γ1(1) = γ2(0), then there is a composite piecewise smooth motion,

and parallel transport composes:

(14.74) τγ2◦γ1 = τγ2 ◦ τγ1 .

Parallelism along curves in associated fiber bundles

Let G be a Lie group, and let F be a smooth manifold endowed with a left G-action. In (13.32)

we constructed a functor21

(14.75)
{
principal
G-bundles

}
−→

{
fiber bundles
with fiber F

}

(14.76) The induced horizontal distribution. Now we construct a functor

(14.77)





principal
G-bundles
with
connection




−→





fiber bundles
with fiber F
and horizontal
distribution





Namely, if π : P → X is a principalG-bundle with connection given by a horizontal distributionH ⊂
TP , then H ⊕ 0 ⊂ TP ⊕ TF is a horizontal distribution on the total space of the product bundle

F → P . By G-invariance it descends to a horizontal distribution HF ⊂ TFP on the total space

FP = P ×G F of the associated fiber bundle πF : FP → X

As a generalization22 of Definition 14.56 we have the following.

Definition 14.78. A section s : X → FP of πF is flat/horizontal/parallel if dsx(TxX) = (HF )s(x)
for all x ∈ X.

21We did not spell out what happens on morphisms, only on objects.
22in case F = G with G acting by left multiplication
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(14.79) Parallel transport in an associated fiber bundle. Transport parallel transport in the prin-

cipal bundle to parallel transport in the associated fiber bundle.

Proposition 14.80. Let G be a Lie group, let π′ : P ′ → [0, 1] be a principal G-bundle with con-

nection, and suppose F is a smooth manifold with a left G-action. Assume t 7→ p′t is a flat section

of π′. Then t 7→ [p′t, f ] is a flat section of πF : FP ′ → X for any f ∈ F .

Recall that FP ′ is the quotient of P ′×F by a free G-action; the equivalence class of (p′, f) ∈ P ′×F
under this action is denoted [p′, f ]. The equivalence relation is

(14.81) [p′g, f ] = [p′, gf ], p′ ∈ P ′, g ∈ G, f ∈ F.

Proof. The map t 7→ (p′t, f) is a flat section of the product bundle pr1 : P
′×F → P ′ with horizontal

distribution H ⊕ 0 ⊂ TP ⊕ TF . Since HF is descended from this horizontal distribution, the

descended section is also flat. □

As in (14.67) we define parallel transport along curves in associated bundles by applying Propo-

sition 14.80 to the pullback equipped with its pullback horizontal distribution; see (12.48). We use

that the pullback of the associated horizontal distribution is the associated horizontal distribution

of the pullback. Details are left to the industrious reader.
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Lecture 15: Holonomy

Having constructed parallel transport of a connection on a principal bundle, we now specialize

to parallel transport around a loop. This is an automorphism of the fiber called holonomy or

monodromy. The group we obtain from all loops is the holonomy group. It is an important

invariant of a connection.

We begin with a few definitions of holonomy, both as an automorphism of a fiber of a principal

bundle and as an element, or conjugacy class, in the structure group. The precise concept depends

on which basepoints are chosen, if any. For abelian structure groups the holonomy is the exponential

of an integral of the connection form. For a general group the holonomy is computed from the

solution of an ODE; see (14.66).

There are several flavors of holonomy group. We define only the basic holonomy group and the

restricted holonomy group, which turns out to be the identity component of the former. Theo-

rem 15.21 tells basic structural properties of these holonomy groups, but we do not prove it in this

version of the notes.

We do prove some basic relations between holonomy and curvature. For abelian structure groups,

the holonomy around a bounding loop is the exponential of an integral of the curvature. This leads

to one variation of the Gauss–Bonnet theorem on surfaces in (15.36). The holonomy bundle is an

important construction I believe was introduced by Ambrose–Singer. We construct it and prove the

Ambrose–Singer characterization of the Lie algebra of the holonomy group in terms of curvature.

Finally, we turn to flat sections of associated fiber bundles and relate them to fixed points of the

action of the holonomy group on the model fiber.

The holonomy group and the restricted holonomy group

(15.1) Recollection of parallel transport. Let G be a Lie group, X a smooth manifold, and π : P →
G a principal G-bundle with connection Θ. To a piecewise smooth motion γ : [0, 1] → X we

constructed in (14.67) a parallel transport map

(15.2) τγ : Pγ(0) −→ Pγ(1)

It is invariant under reparametrization, inverts when the path is reversed, and composes when

paths are concatenated; see Remark 14.72.

(15.3) Definition of holonomy. Fix x ∈ X. Let ΩxX be the space of piecewise smooth loops

γ : [0, 1] → X at x, i.e., γ(0) = γ(1) = x. Topologize ΩxX with the compact-open topology.

Let Ω0
xX ⊂ ΩxX denote the subspace of contractible loops, i.e., loops that represent the identity

element in π1(X,x). For γ ∈ ΩxX, the parallel transport

(15.4) τγ : Px −→ Px
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defined in (15.2) is an automorphism of Px as a right G-torsor, called the holonomy of Θ around γ.

A point p ∈ Px induces an isomorphism GG
∼=−−→ Px as right G-torsors, which in turn induces

(15.5) G
∼=−−→ AutG(Px),

an isomorphism of Lie groups; see (8.1), especially (8.8). Changing the point p ∈ Px conju-

gates (15.5) by an element of G, so the holonomy in AutG(Px) determines a conjugacy class in G.

We elaborate on this last assertion. For p ∈ Px the holonomy hγ(p) ∈ G about γ is computed

by lifting γ to a horizontal motion γ̃ : [0, 1] → P with γ̃(0) = p, noting that γ̃(1) ∈ Px, and then

defining hγ(p) as the unique group element such that

(15.6) γ̃(1) = p hγ(p).

If we shift p ∈ Px to Rg(p) = pg ∈ Px for some g ∈ G, then the new horizontal lift of γ is Rg ◦ γ̃,
since the connection (horizontal distribution) is G-invariant. Since

(15.7) (Rg ◦ γ̃)(1) = p hγ(p)g = pg g−1hγ(p)g,

the holonomy transforms as

(15.8) hγ(pg) = g−1hγ(p)g.

This equivariance descends hγ to an element of AutG(Px), which brings us back to our initial

definition of holonomy. Note that if G is abelian, then hγ(p) is independent of p ∈ Px.
We can also shift the basepoint x. Suppose also x′ ∈ X, and we are given a piecewise smooth

motion γ from x to x′ and a piecewise smooth motion γ′ from x′ to x. The piecewise smooth

loop γ′ ◦ γ at x and the loop γ ◦ γ′ at x′ trace out the same loop motion with different starting

points. It follows from Remark 14.72(3) that

(15.9) τγ′◦γ = τ−1
γ ◦ (τγ◦γ′) ◦ τγ

Now τγ : Px → Px′ is an isomorphism of right G-torsors, so in that sense τγ′◦γ is conjugate to τγ◦γ′ .

If we choose a basepoint p ∈ Px and let p′ ∈ Px′ be its parallel transport along the horizontal lift

of γ, then the elements of G that correspond to τγ′◦γ and τγ◦γ′ are equal. Combining with (15.8)

we see that the holonomy is well-defined as a conjugacy class in G independent of any basepoint

on P or on X.

(15.10) Abelian structure groups. Suppose G = A is an abelian Lie group with Lie algebra a.

Since conjugacy classes in A are singletons, it follows from the previous section that the holonomy

of a connection around a loop γ in X is a well-defined element hγ ∈ A.
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Let γ : [0, 1] → X be a piecewise smooth loop with a horizontal lift γ̃ : [0, 1] → P , and suppose

the holonomy a ∈ A lies in the identity component of A. (Recall that a ∈ A satisfies γ̃(1) = γ̃(0)a.)

Then there exists ζ ∈ a such that a = eζ . Define

(15.11)
δ : [0, 1] −→ P

t 7−→ γ̃(t)e−tζ

Then δ(1) = δ(0), so δ is a lift of γ that is a loop. We claim

(15.12) δ∗Θ = −ζ dt,

where Θ ∈ Ω1
P (a) is the connection 1-form. This follows from the general transformation formula

for connections23 and the fact that γ̃∗(Θ) = 0, since γ̃ is a horizontal lift. Then the holonomy is

(15.13) hγ = a = exp(ζ) = exp

(
−
∫

[0,1]
δ∗Θ

)
.

We claim that (15.13) holds for any lift δ of γ to a loop. For any other lift is δ′ = δg for a function

g : [0, 1] → A that satisfies g(1) = g(0). By the transformation law, (δ′)∗Θ = δ∗Θ + g∗θA, where

θA is the Maurer–Cartan form on A.

Lemma 15.14. Let A be an abelian Lie group and suppose g : [0, 1]→ A is a loop in A. Then

(15.15) exp

(
−
∫

[0,1]
g∗θA

)
= e.

Proof. The statement is that θA is a closed a-valued 1-form and all of its periods lie in the lattice

exp−1(e) ⊂ a. First, dθA = 0 by the Maurer–Cartan equation. This means the integral in (15.15), as

a function of the loop g, factors to a function H1A→ A. Furthermore, the image of the exponential

map exp: a → A is contained in the identity component of A, since a is connected. It suffices to

consider a connected abelian Lie group, since all components of a Lie group are diffeomorphic. Since

A is abelian, exp is a homomorphism of Lie groups. Its differential is the identity map, so it is a local

diffeomorphism, hence exp is an open map. It also has closed image: if exp(ζn)→ a for a sequence

{ζn} ⊂ a and a ∈ A, then a−1 exp(ζn)→ e. Since exp is a local diffeomorphism at e, for sufficiently

large n there exists ηn ∈ a (in a neighborhood of 0 ∈ a) such that exp(ηn) = a−1 exp(ζn). Then

a = exp(ζn−ηn) is in the image of exp. It follows that exp is surjective, since we are now assuming

that A is connected. Now exp−1(e) ⊂ a is a discrete subgroup, hence is a finitely generated free

subgroup24 Λ ⊂ a. Therefore, A ∼= a/Λ is isomorphic to the Cartesian product of a torus and a

vector space. In particular, there is an isomorphism H1A ∼= Λ, so it suffices to check (15.15) on

loops that correspond to elements of Λ. For λ ∈ Λ consider the path ξ(t) = tλ in a; its exponential is

a loop in A. For the path t 7→ exp
(
ξ(t)

)
the integral in (15.15) is λ, from which (15.15) follows. □

23I am giving this as a homework problem this week; it was already used in (14.65).
24We do not prove this here. In a basis, this is Zr

⊂ RN for some r ≤ N = dimA.
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Example 15.16. Let A = T be the circle group, and suppose π : P → X is a principal T-bundle

with connection Θ ∈
√
−1Ω1

P . (The Lie algebra of T ⊂ C is naturally
√
−1R ⊂ C: differentiate

the 1-parameter group t 7→ eixt at t = 0.) Let γ : S1 → X be a loop. The argument around (15.11)

proves that the pullback γ∗P → S1 admits a global section s. Write α = s∗Θ. Then (15.13) asserts

that the holonomy of Θ around γ is

(15.17) hγ = exp

(
−
∫

S1

α

)
.

Note the minus sign in (15.17): the log holonomy is minus the integral of the connection form.

(15.18) Holonomy groups. Here are two flavors of holonomy groups. (There are more.)

Definition 15.19. Let G be a Lie group and let Θ be a connection on a principal G-bundle

π : P → X.

(1) The holonomy group at x ∈ X is the subgroup Holx(Θ) ⊂ AutG(Px) which consists of

elements τγ for γ ∈ ΩxX. The holonomy group at p ∈ Px is the subgroup Holp(Θ) ⊂ G that

corresponds to Holx(Θ) under the isomorphism (15.5) induced by the choice of p ∈ Px.
(2) The restricted holonomy group at x ∈ X is the subgroup Hol0x(Θ) ⊂ AutG(Px) which

consists of elements τγ for γ ∈ Ω0
xX. The restricted holonomy group at p ∈ Px is the

subgroup Hol0p(Θ) ⊂ G that corresponds to Hol0x(Θ) under the isomorphism (15.5) induced

by the choice of p ∈ Px.
There is an inclusion of groups

(15.20) Hol0p(Θ) ⊂ Holp(Θ) ⊂ G

in which G is a Lie group. In fact, the subgroups are also Lie groups.

Theorem 15.21.

(1) Hol0p(Θ) is a connected Lie subgroup of G.

(2) Holp(Θ) is a Lie subgroup of G with identity component Hol0p(Θ).

(3) There is a surjective homomorphism of (discrete) groups

(15.22) π1(X,x) −→ π0Holp(Θ) ∼= Holp(Θ)/Hol0p(Θ).

The identity component of any Lie group is open and closed in the Lie group, so Hol0p(Θ) ⊂ Holp(Θ)

is a closed subgroup. However there is no claim that either Hol0p(Θ) or Holp(Θ) is closed in G. In

fact, that is not true in general, as we illustrate below in examples. We do not provide a proof of

Theorem 15.21 in this version of these notes.

For the Levi–Civita connection of a Riemannian manifold (to be defined soon), we have the

following important result.

Theorem 15.23 (Borel–Lichnerowicz). Let X be a Riemannian manifold with orthonormal frame

bundle π : BO(X) → X. Let Θ be the Levi–Civita connection on π. Then Hol0b(Θ) ⊂ SOn is a

closed Lie subgroup for any b ∈ BO(X).
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Examples

Example 15.24 (Klein bottle). The affine torus A2/Z2 has a global parallelism inherited from the

global parallelism of A2 since the translation action of Z2 preserves the parallelism. Alternatively,

A2/Z2 is a right R2/Z2-torsor, and as such it has a global parallelism. The Klein bottle K is the

quotient of A2/Z2 by the free involution (x, y) 7→ (x+1/2,−y). For any x ∈ K we have Hol0x = {e}
and Holx(Θ) is cyclic of order 2: the holonomy about the noncontractible loop t 7→ [t, 0], 0 ≤ t ≤ 1/2

in K is the reflection
(
1
−1

)
on R2 (in some basis), and it has order 2.

Example 15.25 (a nonclosed Riemannian holonomy group). Let X be the Riemannian manifold

that is the quotient of E1 × E2 by the free action of the infinite cyclic group generated by the

transformation

(15.26) (t, y) 7−→
(
t+ 1, Rθ(y)

)
, t ∈ E1, y ∈ E2,

where Rθ is rotation through angle θ. Then for any b in the frame bundle of X, the restricted

holonomy group is trivial whereas the holonomy group Holb(Θ) is the subgroup of SO2 ⊂ SO3

generated by the rotation Rθ. This subgroup is not closed if θ is an irrational multiple of π. This

does not contradict Theorem 15.23, which only asserts that the restricted holonomy group is a

closed subgroup of the special orthogonal group.

Example 15.27 (a nonclosed restricted holonomy group). Let π : P → A2 be a principal R-bundle,

which is a synonym for a principal affine line bundle—a fiber bundle with fiber A1. Let Θ be a

connection on π whose curvature Ω ∈ Ω2(A2) is compactly supported and satisfies
∫
A2 Ω = 1. We

prove below in (15.35) that Hol0p(Θ) = Holp(Θ) = R for any p ∈ P . (By general principles, since

A2 is simply connected the restricted holonomy group equals the holonomy group.) Now let a ∈ T

be a complex number of unit norm that is not a root of unity. Define

(15.28)
ρ : R −→ T2

t 7−→ (eit, aeit)

The (restricted) holonomy group of the associated principal T2-bundle ρ(P ) → A2 with connec-

tion ρ(Θ) is Hol0
(
ρ(Θ)

)
= ρ
(
Hol0(Θ)

)
= ρ(R) ⊂ T2 is not a closed subgroup.

Holonomy and curvature; Gauss-Bonnet for surfaces

We prove some theorems that illustrate the relationship between holonomy—an integrated form

of a connection—and curvature.

(15.29) Abelian structure groups. Observe that if A is an abelian Lie group with Lie algebra a,

then the adjoint action of A on a is trivial, so the adjoint bundle of a principal A-bundle has

constant fiber a. Hence the curvature is an a-valued 2-form on the base.

We work with a connection over the closed 2-disk D2 ⊂ A2, which one may think is the pullback

via a smooth map of D2 into another manifold with connection. The first theorem is for the

structure group T.
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Theorem 15.30. Let π : P → D2 be a principal T-bundle and suppose Θ is a connection on π with

curvature Ω ∈
√
−1Ω2

D2. Endow D2 with the standard orientation inherited from A2, and give ∂D2

the boundary orientation. Then the holonomy of Θ around the boundary is

(15.31) τ
∂D2 = exp

(
−
∫

D2

Ω

)
.

For an abelian structure group the holonomy is independent of the basepoint; see (15.10).

Proof. Let s : D2 → P be a section of π.25 Set α = s∗Θ ∈
√
−1Ω1

D2 , and then the curvature

is Ω = dα. From Example 15.16 we see that the holonomy around the boundary is

(15.32) τ
∂D2 = exp

(
−
∫

∂D2

α

)
= exp

(
−
∫

D2

Ω

)
,

where we use Stokes’ theorem. □

There is a generalization of Theorem 15.30 for arbitrary abelian structure groups.

Theorem 15.33. Let A be an abelian Lie group with Lie algebra a, and let π : P → D2 be a

principal A-bundle with connection Θ and curvature Ω ∈ Ω2
D2(a). Endow D2 with the standard

orientation inherited from A2, and give ∂D2 the boundary orientation. Then the holonomy of Θ

around the boundary is

(15.34) τ
∂D2 = exp

(
−
∫

D2

Ω

)
,

where exp: a→ A is the exponential map of the Lie group A.

The proof, which we leave to the reader, uses the discussion in (15.10).

Figure 53. Computing holonomy via curvature

25A fiber bundle over a contractible base admits a section. In this case we can pick an arbitrary point in the fiber
over the center of D2 and use parallel transport along radii to extend to a section.
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(15.35) An application. In Example 15.27 we claimed that Holp(Θ) = R. We sketch a proof using

Theorem 15.33. Fix a basepoint x ∈ A2 \ supp(Ω). As in Figure 53, fix an open ray S emanating

from x and passing through supp(Ω) and consider the family of closed disks that centers on that

ray and containing x in the boundary. Their disjoint union E can be given the structure of a

3-manifold with boundary that is the total space of a fiber bundle π : E → S. There is a smooth

map f : E → A2. The function26 π∗f
∗(Ω): S → R is smooth and has image [0, 1] ⊂ R. Apply

Theorem 15.33 to conclude that Holp(Θ) contains [0, 1] ⊂ R. Since Holp(Θ) is a subgroup of R, it

must equal R.

(15.36) A Gauss–Bonnet theorem on surfaces. We resume discussions from Lecture 9–Lecture 11.

Let X be a Riemannian 2-manifold. Theorem 11.4 proves the existence of a distinguished con-

nection Θ on the principal O2-bundle of frames BO(X) → X. Let D ⊂ X be a closed region

diffeomorphic to D2, and fix an orientation of D, so a reduction of the frame bundle to a principal

SO2-bundle BSO(X) → X with restricted connection Θ. Recall from (11.27) that the curvature

of Θ is −Kω, where K : X → R is the Gauss curvature and ω ⊂ Ω2
D is the area form determined by

the metric and orientation. Then Theorem 15.33 implies that the holonomy around the oriented

boundary of D is rotation through angle

(15.37) θ∂D = exp

(∫

D
K ω

)
.

The reader should re-examine Example 10.43 and Remark 10.44 in light of this formula.

(15.38) Another relation between holonomy and curvature. Let G be a Lie group and suppose

π : P → X is a principal G-bundle with connection Θ. Fix x ∈ X and vectors ξx, ηx ∈ TxX.

Extend the vectors to local vector fields ξ, η that commute: [ξ, η] = 0. For example, choose a

chart (U ;x1, . . . , xn) about x, write ξx, ηx in terms of the frame ∂/∂x1, . . . , ∂/∂xn at x, and then

extend to ξ, η on U which have constant coefficients in the moving frame of the coordinate vector

fields. Let ξ̃, η̃ denote the horizontal lifts of ξ, η to π−1(U). Fix p ∈ Px, and let φ, ψ be local

flows near p with generators ξ̃, η̃, respectively. The vector fields ξ̃, η̃ are π-related to ξ, η in the

sense of Definition 2.65, so the flows φ, ψ project onto the commuting flows of ξ, η. For sufficiently

small |t|, |s| define h(t, s) ∈ G by

(15.39) ψ−sφ−tψsφt(p) = ph(t, s).

The left hand side lies in Px since the projected local flows on X commute. Note that h(t, s) is

the holonomy around the image of the rectangle in the (t, s)-plane with vertices (0, 0), (t, 0), (t, s),

(0, s).

26Here π∗ : Ω
2(E) → Ω0(S) is integration along the fibers of π, an operation we have not discussed in these notes.

We orient the relative tangent bundle using the orientation of A2 and the fact that df restricted to the relative tangent
bundle is an isomorphism at each point of E.
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Theorem 15.40. The curvature at p is

(15.41) Ωp(ξ̃p, η̃p) = −
∂2

∂s∂t

∣∣∣∣
t=s=0

h(t, s).

Proof. By a computation similar to (14.44) we have

(15.42) Ωp(ξ̃p, η̃p) = −Θ
(
[ξ̃, η̃]p

)
.

Apply Proposition 2.58 to compute the Lie bracket as a second derivative of the left hand side

of (15.39). Then (15.41) follows by differentiating the right hand side. □

The holonomy bundle and the Ambrose–Singer theorem

Let G be a Lie group and π : P → X a principal G-bundle with connection Θ. For p ∈ P define

P (p) = {q ∈ P : there exists a piecewise smooth horizontal motion

γ : [0, 1]→ P such that γ(0) = p, γ(1) = q}(15.43)

and let H = Holp(Θ). Suppose X is connected.

Theorem 15.44. There exists a smooth manifold structure on P (p) and a free right H-action

on P (p) such that the restriction of π to P (p) ⊂ P is a principal H-bundle π′ : P (p) → X. There

is a canonical connection Θ′ on π′ that induces Θ via the inclusion H ↪→ G. Furthermore, this

reduced connection has the same holonomy group: Holp(Θ
′) = H = Holp(Θ).

Remark 15.45. By G-invariance of the connection, P (pg) = Rg
(
P (p)

)
for all g ∈ G. Right trans-

lation induces isomorphisms of the holonomy bundles π′ : P (p)→ X for different choices of p ∈ P .
If Θ is flat, then P (p) is a leaf of the foliation of P generated by the connection; see (14.51).

The proof of Theorem 15.44 follows fairly quickly from the following.

Lemma 15.46. Let π : P → X be a principal G-bundle, and suppose H ⊂ G is a Lie subgroup.

Assume Q ⊂ P is a subset such that

(i) π
∣∣
Q
: Q→ X is surjective;

(ii) Q ·H = Q;

(iii) if q, q′ ∈ Q satisfy π(q) = π(q′), then there exists h ∈ H such that q′ = qh; and

(iv) for all x ∈ X there exists a local cross section of π with image in Q.

Then π
∣∣
Q
: Q→ X is a reduction of π to a principal bundle with structure group H.

Proof. Let σ be a local cross section of π with domain U ⊂ X that satisfies the condition in (iv).

As in (13.5) use σ to construct an isomorphism of principal G-bundles φ : U × G → π−1(U); the

condition in (iv) implies that the restriction

(15.47) φ
∣∣
U×H

: U ×H −→
(
π
∣∣
Q

)−1
(U)
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is a bijection. Cover X by such local trivializations and use the isomorphisms (15.47) construct

a smooth manifold structure on Q. The reader should carefully think through the argument that

the overlaps are smooth; Theorem 6.25 is used in the proof. The maps (15.47) then provide

local trivializations of the quotient map π
∣∣
Q

of the free H-action on Q, so π
∣∣
Q

is a principal

H-bundle. □

Proof of Theorem 15.44. First, H = Holp(Θ) ⊂ G is a Lie subgroup by Theorem 15.21(2). It is

straightforward to prove that P (p) ⊂ P satisfies (i)–(iii) of Lemma 15.46. To verify (iv), fix x ∈ X
and choose a chart about x that identifies a neighborhood of x ∈ X with a neighborhood of 0 ∈ An.

Choose q ∈ P (p)x and use parallel transport to lift radial rays emanating from 0 to horizontal paths

in P that emanate from q. The paths lie in P (p) ⊂ P by definition, so in this way we construct

a local section of π
∣∣
Q
. Now Lemma 15.46 implies that π

∣∣
P (p)

is a principal H-bundle. It remains

to observe that ker(Θ)
∣∣
Q
⊂ TQ, where ker(Θ) ⊂ TP is the G-invariant horizontal distribution that

defines the connection Θ. For this, note that the differential of the local section just constructed

maps TxX onto ker(Θ)q ⊂ TqQ. The H-invariance of ker(Θ)
∣∣
Q

follows from the G-invariance

of ker(Θ). □

Continuing with the setup of Theorem 15.44, let Ω ∈ Ω2
P (g) be the curvature of the connection Θ.

Theorem 15.48 (Ambrose–Singer). The Lie algebra of Holp(Θ) is the subspace g′ ⊂ g spanned by

(15.49)
{
Ωp′(ξ̃, η̃) : p

′ ∈ P (p), ξ̃, η̃ ∈ ker(Θ)p′
}

Proof. As before, write H = Holp(Θ) and h = Lie(H). Then g′ ⊂ h since the curvature Ω equals

the curvature of the connection Θ restricted to the holonomy bundle P (p) → X with structure

group H. By (14.4), g′ ⊂ h determines a subbundle V ′ ⊂ T
(
P (p)/X

)
. Define the distribution

(15.50) E = ker(Θ)⊕ V ′ ⊂ T
(
P (p)

)
.

We claim that E is integrable. To verify this, fix ζ, ζ1, ζ2 ∈ g′ and use hats to denote the induced

sections of V ′ → P (p). Also, fix local vector fields ξ, ξ1, ξ2 on X and use tildes to denote their

horizontal lifts to ker(Θ). Then

(15.51)

[pζ ′1,
pζ ′2] lies in V

′ since g′ is a Lie algebra,

[pζ ′, ξ̃] =
d

dt

∣∣
t=0

(
Retζ′

)
∗
ξ̃ lies in ker(Θ), and

[ξ̃1, ξ̃2] = −Ω(ξ̃1, ξ̃2) lies in V ′ by the definition of g′.

Let P ′ ⊂ P (p) be the leaf of the induced foliation that passes through p. For p′ ∈ P (p), let γ be a

horizontal curve joining p to p′. Then the tangents to γ lie in ker(Θ) ⊂ E, so γ′ ⊂ P ′. In particular,

p′ ⊂ P ′. It follows that P ′ = P (p). Therefore, V ′ = T
(
P (p)/X

)
and so g′ = h. □
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Flat sections of associated fiber bundles

Let G be a Lie group, F a smooth manifold equipped with a left G-action, and π : P → X

a principal G-bundle with connection Θ. The associated fiber bundle πF : FP → X is defined

in (13.32), and the horizontal distribution on πF associated to Θ is defined in (14.76).

(15.52) Horizontal sections. Recall that a section ψ of πF lifts to an equivariant function

(15.53) ψ : P −→ F, ψ(pg) = g−1ψ(p), p ∈ P, g ∈ G,

and conversely such equivariant functions descend to sections of πF .

Proposition 15.54. If a section ψ is parallel, then for all p ∈ P the point ψ(p) ∈ F is fixed by the

holonomy subgroup Holp(Θ) ⊂ G.
Recall that we use ‘flat’, ‘horizontal’, and ‘parallel’ interchangeably in this context.

Proof. Fix p ∈ P and let t 7→ pt be a horizontal motion in P with p0 = p. Then by Proposition 14.80

the motion t 7→ [pt, f ] is horizontal in FP for any f ∈ F . Now suppose π(p1) = π(p0) and write

p1 = p0h for h ∈ G; then h ∈ Holp(Θ). Let ψ : P → F satisfy the equivariance property (15.53).

Set f = ψ(p0). If ψ is parallel, then

(15.55) [pt, ψ(pt)] = [pt, f ], t ∈ [0, 1],

so in particular

(15.56) [p0, f ] = [p0, ψ(p0)] = [p1, ψ(p1)] = [p0h, f ] = [p0, h
−1f ]

from which we conclude that h fixes f . □

Proposition 15.57. Assume now that X is connected and for some p ∈ P there is a Holp(Θ) fixed

point f ∈ F . Then there exists a unique parallel section ψ of πF such that ψ(p) = f .

Proof. Let π′ : P (p) → X be the holonomy bundle through p; see (15.43). The fiber bundle

πF : FP → X is canonically isomorphic to the fiber bundle π′F : FP ′ → X associated to π′ via

the restricted action of Holp(Θ) ⊂ G on F . Define ψ′ : P (p) → F as the constant function with

value f ; it is a parallel section of π′F . Furthermore, every parallel section of π′F lifts to a constant

function on P (p), so ψ′ is the unique parallel section with ψ′(p) = f . The extension ψ of ψ′ to an

equivariant function P → F descends to the same section of π′F . □

Corollary 15.58. Parallel sections of πF correspond to constant functions P (p) → F on the

holonomy bundle, which in turn correspond to Holp(Θ) fixed points in F .

Example 15.59. Let X be a Riemannian manifold with orthogonal frame bundle π : BO(X)→ X.

The Riemannian metric is a section of T ∗X ⊗ T ∗X → X. (In fact, it descends to a section of the

quotient bundle Sym2 T ∗X → X.) This is the vector bundle associated to π via the representation

of On on (Rn)∗ ⊗ (Rn)∗. The standard metric on Rn is a fixed point of that action, and the

associated parallel section of T ∗X ⊗ T ∗X → X is the Riemannian metric.
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(15.60) Parallel tensor fields and geometric structures. Let (Gn, λn) be an n-dimensional symme-

try type. Recall Definition 13.52 of a (Gn, λn)-structure on a smooth manifold X. The Gn-invariant

tensors in tensor powers of Rn are the linear invariants of (Gn, λn)-geometry, and they induce paral-

lel tensor fields on any smooth manifold with a (Gn, λn)-structure and a linear (Gn, λn)-connection.

The (Gn, λn)-structure is a principal Gn-bundle π : P → X with an isomorphism of the frame bun-

dle and the associated bundle λn(π)→ X. A linear (Gn, λn)-connection is a connection on π.

For example, the On-invariant standard metric and volume form on Rn induce a parallel metric

and parallel volume form on any Riemannian manifold with orthogonal connection. Similarly, any

symplectic manifold with symplectic connection has a parallel orientation27 and parallel volume

form, together with the parallel symplectic form and its parallel powers. A complex manifold has

a complex structure on its tangent bundle that is parallel for any compatible connection.

The invariants of (Gn, λn)-geometry need not be linear. Let F = Map
(
Grk(Rn),Grn−k(Rn)

)

denote the space28 of smooth assignments of an (n−k)-plane in Rn to a k-plane in Rn. The general

linear group GLnR acts of F as does any Lie group Gn equipped with a homomorphism λn : Gn →
GLnR. There is an On fixed point, namely the map W 7→ W⊥. Therefore, on any Riemannian

manifold with an orthogonal connection, there is a parallel map that takes a k-dimensional subspace

of a tangent space to its orthogonal complement. However, there is no GLnR fixed point in F , which

means there is no such parallel assignment on a general smooth manifold.

Example 15.61. As opposed to (15.60), this example is extrinsic, not intrinsic.

Consider the C×-action on the complex projective line CP1 by linear fractional (projective)

transformations. Namely, recall that
(
a b
c d

)
∈ SL2C acts on [z0, z1] ∈ CP1 by

(15.62) [z0, z1] 7−→ [az0 + bz1, cz0 + dz1],

and furthermore the action drops to the projective general linear group PSL2C. Let λ ∈ C× act by

(15.63) [z0, z1] 7−→ [λz0, λ−1z1].

The action is by a composition of a homothety and a rotation, both of which fix the poles n = [1, 0]

and s = [0, 1] of CP1. Now a principal C×-bundle π : P → X has an associated complex line

bundle29 L→ X. The fiber bundle associated to π with fiber CP1 may be identified with

(15.64) P(L⊕ C) −→ X,

the projectivization of the rank two bundle obtained by stabilizing L→ X by the trivial line bundle

with fiber C. The north and south poles induce sections of (15.64) that correspond to the lines L

and C. These sections are parallel with respect to any connection on π.

27An orientation is parallel under any linear connection!
28For this illustration we can simply consider F as a set and not contemplate the associated fiber bundle with

fiber F . If you like, you can topologize F with the compact-open topology, and there are various ways to make
(completions) of F into a smooth infinite dimensional manifold, but none of that is necessary for the point of this
example.

29In fact, there is an equivalence of categories between principal C×-bundles and complex line bundles, which I
invite you to spell out in detail. (There are different possible interpretations.)
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Lecture 16: Homogeneous manifolds; linear connections

This lecture treats two distinct topics: (1) homogeneous manifolds and (2) connections on the

frame bundle.

Homogeneous manifolds are characterized as carrying a transitive action of a Lie group G. This

is a geometric action—G acts on the left—and it can be put to good use to study the geometry.

G-torsors are particular examples, but in general there is a nontrivial stabilizer group at each point.

This stabilizer group H is treated as a structure group for the geometry, and we show that the

intrinsic geometry is controlled by a principal H-bundle. A reductive structure yields a G-invariant

connection on this principal bundle, which is often called a homogeneous connection. The curvature

of a homogeneous connection has a simple formula (Proposition 16.19).

Since homogeneous connections are intrinsic, they provide a transition from the general study of

connections on principal bundles in the last few lectures to the intrinsic situation: connections on

the principal bundle of frames. These linear connections give a smooth manifold the structure of

parallelism along curves, which in future lectures is used to define geodesic motions and directional

(covariant) derivatives of tensor fields. We also introduce linear connections compatible with a

geometric structure (Definition 16.45). For a general linear connection we define torsion, which is

a translational analog of curvature. In this lecture we only give formulas; in a future lecture we

discuss the geometric interpretation.

Reductive homogeneous manifolds

(16.1) Homogeneous manifolds. Let G be a Lie group and suppose X is a smooth manifold

equipped with a transitive left action of G. We say that X is a homogeneous manifold. Recall

that the G-action determines a linear map

(16.2)
g −→ X(X)

ξ 7−→ pξ

which is an antihomomorphism of Lie algebras. Fix x ∈ X and let H = Stabx ⊂ G be the stabilizer

subgroup. Then H ⊂ G is a closed Lie subgroup, and the G-action induces a diffeomorphism

(16.3)
G/H −→ X

gH 7−→ gx

In fact, (16.3) is an isomorphism of G-manifolds.

Remark 16.4. The manifold G has a basepoint: the identity element e ∈ G. Its image in G/H is

a basepoint in the homogeneous manifold: the coset [H] ∈ G/H. The guiding principle for homo-

geneous manifolds is that H-invariant geometry at the basepoint extends to G-invariant geometry

on the manifold.
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Observe that any complement p ⊂ g to the Lie subalgebra h ⊂ g determines an isomorphism

(16.5) p ↪−→ g
(16.2)−−−−−→ X(X)

evx−−−→ TxX

when composed with evaluation at x. The adjoint representation of G on its Lie algebra g restricts

to an action of H, and the H-action preserves h ⊂ g, where it restricts to the adjoint action of H.

Definition 16.6. A reductive structure on G/H is an H-invariant complement p ⊂ g to h ⊂ g. We

say that G/H is reductive if it admits a reductive structure.

In other terms, a reductive structure is an H-invariant splitting of the short exact sequence

(16.7) 0 −→ h −→ g −→ g/h −→ 0,

or equivalently an H-invariant direct sum decomposition

(16.8) g = p⊕ h.

Infinitesimally, h is a Lie subalgebra of g and p is a module over h with module structure the Lie

bracket in g:

(16.9)
[h, h] ⊂ h

[h, p] ⊂ p

Remark 16.10. If also [p, p] ⊂ h, then we say that G/H is a symmetric space.

Remark 16.11. If H is a compact Lie group, then any homogeneous manifold G/H is reductive.

Example 16.12 (spheres). A sphere is a homogeneous manifold, potentially in many different

ways. In the following chart we indicate the sphere X, the Lie group G that acts transitively, and

the stabilizer group H.

(16.13)

X G H

Sn On+1 On

S2m+1 Um+1 Um
S4k+3 Spk+1 Spk
S6 G2 SU3

S7 Spin7 G2

S15 Spin9 Spin7

Here n,m, k ∈ Z≥0. Each example has H compact, so H-invariant complements p ⊂ g to h ⊂ g

exist. Note that S7 is a homogeneous manifold in 4 different ways in this chart. Also, each

Lie group G acts by isometries if X is endowed with the round metric, so these are Riemannian

homogeneous manifolds. Another noteworthy observation is that S6 carries a G2-invariant almost

complex structure, since SU3 preserves a complex structure on R6. (It might be called an “almost

Calabi-Yau structure”.) A famous open question: Does S6 admit a complex structure?
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Example 16.14 (a non-reductive example). Let G = Aff1R be the group of symmetries of the

standard affine line A1, and let X be the one dimensional real vector space of translationally-

invariant vector fields on A1. Then G acts transitively on X with stabilizer group H the translation

subgroup R ⊂ Aff1R. There is no H-invariant complement to the Lie algebra h ⊂ g of infinitesimal

translations. To see this, write g = aff1R = gl1R⊕ h, where gl1R is the Lie algebra of infinitesimal

affine transformations that fix 0 ∈ A1. The complement of the line [h] in the real projective

line Pg = P(aff1R) is an affine line30 A. The action of H on this projective line fixes the point [h]

and acts by translation on A. So there is no H fixed point other than [h], hence no H-invariant

complement to h ⊂ g. The matrix representation

(16.15) G =

{(
λ a
0 1

)
: λ ∈ R ̸=0, a ∈ R

}
H =

{(
1 a
0 1

)
: a ∈ R

}
A1 =

{(
t
1

)
: t ∈ R

}

is useful for making computations. Then

(16.16) g =

{(
λ̇ ȧ
0 0

)
: λ̇, ȧ ∈ R

}
,

the projective space Pg can be identified with
{
[λ̇, ȧ]

}
, and then A = {[1, ȧ] : ȧ ∈ R}.

Homogeneous connections

(16.17) The canonical connection on a reductive homogeneous manifold. Let G/H be a reductive

homogeneous manifold with g = h ⊕ p. Then p ⊂ g defines a left-invariant distribution Dp on the

Lie group G. Since the adjoint action by H preserves p, we have (Rh)∗Dp = Dp for h ∈ H acting

by right multiplication. Furthermore, the distribution Dp is horizontal for the principal H-bundle

(16.18) π : G −→ G/H,

the quotient of G under right multiplication by H. (It is true at e ∈ G, since p is a complement to h,

and by G-invariance it is true everywhere.) Hence Dp is a connection on the principal bundle π.

Proposition 16.19. The curvature tensor of the connection Dp is

(16.20) Ω(ξ, η) = −[ξ, η]h, ξ, η ∈ p.

Here we write ζ = ζp + ζh relative to the direct sum decomposition (16.8). Also, the curvature

is (left) G-invariant, since the connection Dp is, so we identify it with an h-valued 2-form on the

horizontal space (Dp)e = p at the identity e ∈ G.
Proof. The vectors ξ, η ⊂ p induce vector fields on G that belong to the distribution Dp. Now

(16.20) follows since the curvature is minus the Frobenius tensor (Definition 14.37). □

30This is the standard decomposition of a projective line as an affine line union a point (“at infinity”).
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Figure 54. The principal H-bundle (16.18) with its connection

(16.21) The canonical bundle is intrinsic. Recall that a symmetry type is a pair (H,λ) of a

Lie group H and a homomorphism λ : H → GLnR = Aut(Rn). A reductive homogeneous space

produces a variation: a Lie group H and a homomorphism λ : H → Aut(p). Recall from (16.5) that

p is isomorphic to the tangent space to G/H at any point. The frame bundle ϖ : B(G/H)→ G/H

consists of a point x ∈ G/H and an isomorphism Rn → Tx(G/H). Modify the construction to have

an isomorphism p→ Tx(G/H) instead, and call the modified frame bundle ϖ′ : B(G/H)′ → G/H;

its structure group is Aut(p). A basis Rn
∼=−−→ p produces an identification of the frame bundles.

We claim there is a canonical isomorphism of the modified frame bundle ϖ′ with the principal

bundle λ(π) associated to (16.18) via the homomorphism λ : H → Aut(p). Namely, this is the map

of principal Aut(p)-bundles

(16.22)

G×H Aut(p) //

ρ(π) &&

B′(G/H)

ϖ′
zz

G/H

that maps [g, ϕ] ⊂ G×H Aut(p) to the isomorphism (twisted frame)

(16.23)
p −→ TgH(G/H)

ξ 7−→ {Adg ϕ(ξ)
∣∣
gH

The hat denotes the vector field defined by the G-action; see (16.2).

Remark 16.24. Somewhat easier to parse at first is that the tangent bundle is associated to π

in (16.18) via the action of H on p. This is the canonical isomorphism

(16.25)
G×H p −→ T (G/H)

[g, ξ] 7−→{Adg ξ
∣∣
gH
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In other terms, a section of the associated vector bundle G ×H p → G/H is an H-equivariant

function ψ : G → p; the equivariance condition is ψ(gh) = Adh−1 ψ(g), g ∈ G, h ∈ H. If we

regard ψ(g) ∈ p as an element of the distribution Dp at g ∈ G, then ψ maps to the vector field

on G/H whose value at gH is π∗ψ(g).

The bottom line is that the homogeneous manifold G/H carries a canonical (H,λ)-structure.

So, as in Remark 16.4, the group H controls the geometry of G/H.

Example 16.26 (The sphere). Consider the sphere as the homogeneous manifold Sn ≈ On+1 /On,

as indicated in the first line of (16.13). In terms of block skew-symmetric (n+1)× (n+1) matrices

the Lie subalgebra on ⊂ on+1 is

(16.27) on =








0 0

0 A


 : A ∈ on





and we choose the On-invariant complement

(16.28) p =








0 v∗

v 0


 : v ∈ Rn





Note that [p, p] ⊂ on. Write Mv for the matrix in (16.28). Then the curvature (16.20) is

(16.29) Ω(v, w) = −[Mv,Mw] = v ⊗ w∗ − w ⊗ v∗

Here w∗ ∈ (Rn)∗ is the covector w∗(u) = ⟨w, u⟩, u ∈ Rn, and v ⊗ w∗ ∈ Rn ⊗ (Rn)∗ ∼= End(Rn) =

MnR; the matrix in (16.29) is skew symmetric. In fact, under the identifications
∧2

p ∼=
∧2Rn and

on ∼=
∧2Rn, the curvature Ω:

∧2
p → on is the identity map. This is equivalent to saying that

Sn has constant curvature (a concept we will introduce later).

Connections on the frame bundle

(16.30) Standard bases. Let e1, . . . , en be the standard basis of Rn; ei is the column vector with

1 in the ith position and 0 elsewhere. The dual basis of (Rn)∗ consists of row vectors e1, . . . , en. Set

(16.31) Eji = ei ⊗ ej = i

j


...
1
...


 ∈ Rn ⊗ (Rn)∗ ∼=MnR ∼= glnR.

Thus if A ∈ glnR we write A = Aij E
j
i .
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(16.32) Linear connections. Let X be a smooth manifold and let ϖ : B(X)→ X be its principal

GLnR-bundle of frames. Recall from (14.1) that associated to A ∈ glnR is a vertical vector field pA.

In particular, there is a basis of vertical vector fields pEji . The tautological Rn-valued 1-form

(16.33) θ = θiei

on B(X) generalizes (11.1). Namely, if x ∈ X and b ∈ B(X)x is a basis b : Rn
∼=−−→ TxX, then

(16.34) π∗ξ = b
(
θ(ξ)

)
= θi(ξ)b(ei), ξ ∈ TbB(X).

The form θ is sometimes called the soldering form: it solders the frame bundle to the base. The

soldering form θ satisfies

(16.35)
ι

pA
θ = 0, A ∈ glnR

R∗
Mθ =M−1θ M ∈ GLnR

It follows that θ descends to an element of Ω1
X(TX), and it is easy to see that the descent may be

identified with idTX : TX → TX.

Definition 16.36. A linear connection on X is a connection on ϖ : B(X)→ X.

The connection form Θ is a glnR-valued 1-form on X, which we write in our basis as

(16.37) Θ = Θi
jE

j
i

Then as in Lemma 14.28 we have for M ∈ GLnR that

(16.38)
ι

pEℓ
k

Θi
j = δikδ

ℓ
j

R∗
MΘ =M−1ΘM

The connection form Θ does not descend to X.

(16.39) The global parallelism of B(X). SupposeX has a linear connection. Then B(X) is canoni-

cally parallelized. We have already described a basis pEji of vertical vector fields. There is a canonical

horizontal vector field ∂v associated to v ∈ Rn whose value at b : Rn
∼=−−→ TxX in B(X) is the hori-

zontal lift to TbB(X) of b(v) ∈ TxX; see Figure 55. For v = ek an element of the standard basis we

write ∂ek = ∂k, and we collate these into an (Rn)∗-valued horizontal vector field

(16.40) ∂ = ∂ke
k

The vector fields ∂k, pEji are a global parallelism of B(X). The dual basis of 1-forms is θk,Θi
j .
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Figure 55. The canonical horizontal vector field

Remark 16.41.

(1) The global parallelism is a linear isomorphism

(16.42) affnR ∼= Rn ⊕ glnR −→ T
(
B(X)

)

of vector bundles over B(X).

(2) The tautological 1-form θ is Rn-valued and the connection 1-form Θ is glnR-valued. The

dual vector field ∂ is (Rn)∗-valued and A 7→ Aij
pEji is a vertical (glnR)∗-valued vector field.

(3) Recall that if X is an n-dimensional affine space with the linear connection that defines

the global parallelism by translation, then B(X) is a right AffnR-torsor and θ,Θ are the

Maurer–Cartan forms. They satisfy the Maurer–Cartan equations (8.18)

(16.43)
dθ +Θ ∧ θ = 0 dθi +Θi

j ∧ θj = 0

dΘ+Θ ∧Θ = 0 dΘi
j +Θi

k ∧Θk
j = 0

which here are written first in matrix notation and then in terms of scalar differential forms.

For a general manifoldX with linear connection these structure equations are modified—the

right hand side is in general nonzero, as we see below in (16.48), (16.50), and (16.51)

(16.44) Linear connections and geometric structures. Recall Definition 13.52 of a geometric struc-

ture on a smooth manifold X. Thus suppose (Gn, λn) is an n-dimensional symmetry type. An

(Gn, λn)-structure on a smooth n-manifold X is a pair (π, φ) consisting of a principal Gn-bundle

π : P → X and an isomorphism φ : B(X)→ λn(P ) of principal GLnR-bundles over X.

Definition 16.45. A linear connection Θ is compatible with the (Gn, λn)-structure if there exists

a connection Θ′ on π : P → X such that Θ = φ(Θ′).

The data of a compatible linear connection is simply a connection Θ′ on π : P → X.

Example 16.46. In Riemannian geometry, a compatible linear connection is called an orthogonal

connection, and it is a connection on the orthonormal frame bundle BO(X)→ X of a Riemannian

manifold X.
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Curvature and torsion

(16.47) Definitions. The curvature is defined for a connection on any principal bundle; see Defi-

nition 14.37 and Proposition 14.42. The torsion is only defined for linear connections.

The curvature Ω ∈ Ω2
B(X)(glnR), written using matrix multiplication rather than Lie bracket, is

(16.48) Ω = dΘ+Θ ∧Θ = ΩijE
j
i , Ωij = dΘi

j +Θi
k ∧Θk

j .

The curvature descends to an element of Ω2
X(EndTX), since the adjoint bundle to the bundle of

frames is the bundle EndTX → X of endomorphisms of the tangent bundle.

Definition 16.49. The torsion of a linear connection Θ is

(16.50) τ = dθ +Θ ∧ θ ∈ Ω2
B(X)(R

n).

A linear connection is torsionfree if τ = 0.

Write τ = τ iei. Then

(16.51) τ i = dθi +Θi
j ∧ θj .

Lemma 16.52. For A ∈ glnR and M ∈ GLnR we have

(16.53)
ι

pA
τ = 0

R∗
Mτ =M−1τ

It follows that τ descends to an element of Ω2
X(TX).

Proof. Compute

ι
pA
τ = ι

pA
(dθ +Θ ∧ θ)

= −dι
pA
θ + L

pA
θ +Aθ

= 0 + L
pA
θ +Aθ,

(16.54)

and

(16.55) L
pA
θ =

d

dt

∣∣∣∣
t=0

R∗
etAθ =

d

dt

∣∣∣∣
t=0

e−tAθ = −Aθ.

Now ι
pA
τ = 0 follows. For the second equation in (16.53) we have

R∗
Mτ = R∗

M(dθ +Θ ∧ θ)
= d(M−1θ) +M−1ΘM ∧ M−1θ

=M−1(dθ +Θ ∧ θ)
=M−1τ

(16.56)

□
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(16.57) The Bianchi identities. From an identity in differential forms we learn new identities by

differentiation.31

Proposition 16.58 (Bianchi identities). The differentials of torsion and curvature satisfy

dτ + Θ ∧ τ = Ω ∧ θ(16.59)

dΩ+ [Θ ∧ Ω] = 0(16.60)

Later we will interpret the left hand sides as the covariant differentials dΘτ and dΘΩ. Note that

these equations descend to X.

Proof. For the first equation, apply d to (16.50):

dτ = dΘ ∧ θ −Θ ∧ dθ
= Ω ∧ θ − Θ ∧Θ ∧ θ − Θ ∧ τ + Θ ∧Θ ∧ θ
= Ω ∧ θ −Θ ∧ τ

(16.61)

To prove (16.60), apply d to (16.48):

dΩ = dΘ ∧Θ−Θ ∧ dΘ
= Ω ∧Θ − Θ ∧Θ ∧Θ − Θ ∧ Ω + Θ ∧Θ ∧Θ

= Ω ∧Θ−Θ ∧ Ω

(16.62)

□

(16.63) Indices galore! Use the global basis θk,Θi
j of 1-forms on B(X) to define functions

(16.64) T ikℓ, R
i
jkℓ : B(X) −→ R

that are coefficients of torsion and curvature:

τ i =
1

2
T ikℓ θ

k ∧ θℓ, T ikℓ = −T iℓk(16.65)

Ωij =
1

2
Rijkℓ θ

k ∧ θℓ Rijkℓ = −Rijℓk(16.66)

The coefficients of θ ∧ Θ and Θ ∧ Θ vanish since the contraction of these 2-forms with a vertical

vector vanishes; see (14.44), (14.45), and (16.53).

The next computations follow directly from the structure equations (16.48) and (16.50).

31Equation (16.60) holds for connections on general principal bundles.
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Proposition 16.67. The bracketing relations among the basis vector fields on B(X) are:

[ pEji ,
pEℓk] = δjk

pEℓi − δℓi
pEjk(16.68)

[ pEji , ∂k] = δjk∂i(16.69)

[∂k, ∂ℓ] = −T ikℓ∂i − Rijkℓ
pEji(16.70)

Remark 16.71.

(1) The last relation (16.70) gives an important interpretation of curvature and torsion. Namely,

up to sign, the torsion is the horizontal component of the Lie bracket of horizontal vector

fields and the curvature is the vertical component. (This latter is the general interpretation

of curvature in terms of the Frobenius tensor of the horizontal distribution.)

(2) The first two bracketing relations (16.68) and (16.69) have constant coefficients. In general,

the torsion functions T ikℓ and curvature functions Rijkℓ are nonconstant. If they are constant,

then (16.68)–(16.70) may be the structure equations of a Lie algebra. In particular, if

T = R = 0 that Lie algebra is affnR.
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Lecture 17: Geodesics and torsion

In this lecture we explore the geometry of a smooth manifold equipped with a linear connection,

focusing on two distinct concepts: geodesic motion and torsion. The linear connection induces

parallelism along curves, and it is this parallelism that gives rise to these concepts.

A geodesic motion in affine space is one with constant velocity. The same definition applies on a

smooth manifold with linear connection, since the parallelism along the motion leads to the concept

of ‘constant velocity’. (Soon we study infinitesimal parallel transport—covariant differentiation—

and then can define acceleration; a geodesic motion has zero acceleration.) The equation for a

geodesic is a system of second-order ODEs, and in (17.5) we use the standard device of rewriting it

as a “doubled” system of first-order ODEs. Here that device appears in a geometric form using the

frame bundle, where a geodesic becomes an integral curve of the standard horizontal vector fields.

Existence and uniqueness of geodesics is thereby reduced to the standard theorems on integral

curves of vector fields.

In the remainder of the lecture we give various geometric manifestations of the torsion of a

linear connection. (As we have seen, the curvature is a more general concept that applies to

connections on arbitrary principal bundles, and it has a cogent geometric interpretation in terms

of the Frobenius tensor.) The first, in (17.14), interprets torsion as the failure of a certain broken

geodesic path to close to second order. The second interpretation brings us to the affine bundle

of frames and the affine tangent bundle. A linear connection induces (Definition 17.32) an affine

connection—a connection on the affine bundle of frames—and the torsion is the translational part of

its curvature. Our third manifestation of torsion is an expression (17.50) for the de Rham operator

in terms of differentiation by the horizontal vector fields on the total space of the frame bundle.

This holds iff the linear connection is torsionfree, and it is one motivation for favoring torsionfree

linear connections.

In our study of the affine connection induced from a linear connection, we introduce develop-

ment (17.42) and normal coordinates (17.44). The latter are canonical coordinate charts centered

at each point x ∈ X of a smooth manifold X equipped with a linear connection. The charts take

values in the affine tangent space AxX; the coordinate is the inverse of the exponential map. The

exponential map does not generally intertwine the parallelisms on the affine space AxX and on the

curved manifold X, but it does if the linear connection is flat and torsionfree.

Geodesic motion

(17.1) Geodesic motion in affine space. Let A be an affine space over a vector space V . A constant

velocity motion γ : (a, b)→ A is one for which γ̇(t) ∈ V is independent of t, as the name suggests.

The term geodesic motion is used synonymously for this class of motions. The parallelism of affine

space is used to compare the velocities at different times t. Crucially, though, only the parallelism

along the motion γ is used, not the global parallelism of affine space. This enables us to define

geodesic motions in a smooth manifold equipped with a linear connection.
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(17.2) Geodesic motion in a smooth manifold. Let X be a smooth manifold equipped with a linear

connection, that is, a connection on the principal GLnR-bundle of frames ϖ : B(X) → X. Recall

that the tangent bundle TX → X is associated to ϖ via the standard representation of GLnR

on Rn. Suppose γ : (a, b) → X is a motion in X. Let γ̃ : (a, b) → B(X) be a horizontal lift;

see (14.61), (14.67), and the surrounding text. A vector field along γ is a section of the pullback

tangent bundle γ∗TX → (a, b). Present this pullback as the associated bundle

(17.3) γ∗B(X)×GLnR
Rn −→ (a, b).

Then a section of γ∗TX → (a, b) is represented as t 7→ [γ̃(t), v(t)] for some curve v : (a, b)→ Rn of

vectors; the square brackets denote the equivalence class in the balancing construction. According

to (14.79), the section is parallel iff v(t) is a constant vector independent of t.

Definition 17.4. A motion γ : (a, b)→ X is geodesic iff the velocity γ̇ is parallel along γ.

Often the simpler term geodesic is used in place of ‘geodesic motion’. Whereas the velocity of

a motion on any smooth manifold is defined, we need the parallelism-along-curves of a linear

connection to define acceleration. The geodesic equation, which equates the acceleration to zero, is

a second-order ODE that we will see explicitly in local coordinates in the next lecture. It is second

order since it is an equation for the time derivative of the velocity, and the velocity is the time

derivative of position.

(17.5) First-order formulation. It is standard to rewrite a system of second-order differential equa-

tions as a system of first-order differential equations by introducing the derivatives as independent

variables. Here we do so in a geometric form by passing to the frame bundle.

Recall that for each v ∈ Rn there is a horizontal vector field ∂v on B(X); see (16.39).

Proposition 17.6. Fix v ∈ Rn and suppose γ̃ : (a, b)→ B(X) is an integral curve of ∂v. Then the

projection γ = ϖ ◦ γ̃ : (a, b)→ X is a geodesic motion in X.

Proof. The motion γ̃ is horizontal, i.e., its velocity ∂v is horizontal. Recall that for x ∈ X and

b ∈ B(X)x a basis b : Rn
∼=−−→ TxX, the vector ∂v(b) is the horizontal lift of b(v). In other words, as

a section of (17.3) the velocity of γ is t 7→ [γ̃(t), v], which is parallel along γ. □

Observe that

(17.7) (RM)∗∂v = ∂M−1v, M ∈ GLnR,

which implies that RM ◦ γ̃ is an integral curve of ∂M−1v that projects to the same integral motion

on X as does γ̃.

(17.8) Existence and uniqueness. We use the existence and uniqueness of integral curves to prove

the existence and uniqueness theorem for geodesics.
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Theorem 17.9. Let X be a smooth manifold equipped with a linear connection. Then for each

x ∈ X and ξ ∈ TxX there exists ϵ > 0 and a unique geodesic motion γ : (−ϵ, ϵ) → X such that

γ(0) = x and γ̇(0) = ξ.

The uniqueness means that any two geodesic motions agree on their common domain.

Proof. For existence, fix x ∈ X and ξ ∈ TxX. Choose a frame b at x such that b(e1) = ξ. Let

γ̃ : (−ϵ, ϵ)→ B(X) be an integral curve of ∂1 with initial condition γ̃(0) = b. Then γ = ϖ ◦ γ̃ is the

desired geodesic motion on X.

For uniqueness, if β : (−δ, δ) → X is a geodesic motion with β(0) = x and β̇(0) = ξ, let

β̃ : (−δ, δ) → B(X) be the horizontal lift with β̃(0) = b, where b ∈ B(X) is the same frame as in

the previous paragraph. Then the velocity of β̃ at t = 0 is ∂1, the horizontal vector that projects

to ξ. Since β is a geodesic motion, the velocity of β̃ at time t is ∂1 = [β̃(t), e1]. That is, β̃ is an

integral curve of ∂1. Therefore, the motions β̃ and γ̃ agree on their common domain, as do their

compositions with ϖ. □

(17.10) Geodesic completeness. Geodesic motions may run off a manifold in finite time.

Definition 17.11. Let X be a smooth manifold equipped with a linear connection. Then X is

geodesically complete if the maximal domain of every geodesic motion is R.

#

o -
&

*

X

Figure 56. A noncomplete geodesic on an affine torus

Example 17.12. The manifold X = A2 \ {0, 0} with its global parallelism is not geodesically

complete: a constant velocity motion in A2 that passes through (0, 0) defines two geodesic motions

on X, neither of which has maximal domain R. Now quotient X by the infinite cyclic group of

homotheties generated by (x, y) 7→ (2x, 2y). The quotient manifold X is diffeomorphic to S1 × S1,

and since a homothety is an affine transformation—it maps parallel (constant) vector fields to

parallel vector fields—it inherits a global parallelism. But X is not geodesically complete since

its universal cover X is not. In particular, a ray that begins at a point [c, c] ∈ X with velocity

(−1,−1) ∈ R2 spins around the torus and into oblivion in finite time; see Figure 56. (The homothety
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does not preserve any metric, so this parallelism is not compatible with a Riemannian structure.

In particular, there is no notion of the speed of the geodesic.)

Remark 17.13. The Hopf–Rinow theorem tells that for the Levi–Civita connection on a Riemannian

manifold, geodesic completeness is equivalent to completeness of the underlying metric space. In

particular, a closed Riemannian manifold is geodesically complete.

Torsion and parallel transport

Next we give various geometric interpretations of the torsion of a linear connection (Defini-

tion 16.49). The reader may wish to review (15.38) for an analogous discussion of curvature.

Throughout X is a smooth manifold equipped with a linear connection, i.e., a connection on its

frame bundle ϖ : B(X)→ X.

(17.14) Geodesics, parallel transport, and torsion. Fix a point x ∈ X, a frame b : Rn → TxX,

and vectors v, w ∈ Rn. Write ξ = b(v) and η = b(w). Let φ, ψ be local flows on B(X) generated

by ∂v, ∂w, respectively. By Proposition 2.58 we have

(17.15) [∂v, ∂w]
∣∣
b
=

∂2

∂t∂s

∣∣∣∣
t=s=0

ψ−sφ−tψsφt(b).

Recall from (16.50) that the torsion of a linear connection Θ is

(17.16) τ = dθ +Θ ∧ θ,

where θ is the tautological Rn-valued 1-form onB(X). Evaluate on the horizontal vector fields ∂v, ∂w
to deduce

(17.17) τ(∂v, ∂w) = −θ
(
[∂v, ∂w]

)
.

Therefore, −[∂v, ∂w]
∣∣
b
projects to τx(ξ, η) under ϖ∗.

Equation (17.15) computes the Lie bracket in terms of the flows, so it remains to interpret the

projection of the flows to X. By Proposition 17.6 these projections are geodesics. Furthermore, the

vector field ∂w projects to the parallel vector field [φt, w] along ϖ ◦ φt. Hence the composition on

the right hand side of (17.15) projects to the following sequence of motions, depicted in Figure 57:

(1) Follow the geodesic with initial position x and initial velocity ξ for time t to end up at x1.

Let ξ1 ∈ Tx1X be the terminal velocity; it is the parallel transport of ξ along the geodesic.

(2) Parallel transport η along that geodesic to η1 ∈ Tx1X, and now follow the geodesic with

initial position x1 and initial velocity η1 for time s to end up at x2. Let η2 ∈ Tx2X be the

terminal velocity.

(3) Parallel transport ξ1 along that geodesic to ξ2 ∈ Tx2X, and now follow the geodesic with

initial position x2 and initial velocity −ξ2 for time t to end up at x3.
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Figure 57. Torsion measures the failure of this “parallelogram” to close

(4) Parallel transport η2 along that geodesic to η3 ∈ Tx3X, and now follow the geodesic with

initial position x3 and initial velocity −η3 for time s to end up at x4.

Then x4(t, s) is the function whose mixed second partial32 computes −τx(ξ, η).

Remark 17.18. The horizontal component of −[∂v, ∂w] is the torsion; the vertical component is the

curvature. The latter follows by evaluating

(17.19) Ω = dΘ+Θ ∧Θ

on ∂v, ∂w; see also (16.70).

(17.20) The flows in affine space. If X = A is an affine space over a vector space V , then the

geodesic motions sweep out line segments, and the “parallelogram” depicted in Figure 57 is an

honest parallelogram. In particular, x4 = x for all t, s, and so the torsion of the linear connection

vanishes. (The curvature vanishes as well.) Up on the total space B(A) ≈ A × B(V ) the flows

of ∂v, ∂w commute.

Torsion and the affine tangent bundle

The torsion is an infinitesimal translation whereas curvature is an infinitesimal general linear

transformation. This suggests that together they form an infinitesimal affine transformation. Hence

given a smooth manifold X with linear connection, we are motivated to study parallel transport

on the fiber bundle

(17.21) AX −→ X

32Observe that x4(t, 0) = x4(0, s) = x for all t, s. Hence the first partial with respect to s at s = 0 maps t to a
vector in TxX. The derivative at t = 0 is then a vector in TxX, as desired.
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whose fiber at x ∈ X is the affine space AxX formed by forgetting the origin of the tangent

space TxX. (Recall (13.45).) We begin by examining this parallel transport on an affine space.

(17.22) Affine parallel transport on affine space. Let A be an affine space over V . Then the affine

bundle (17.21) is the trivial bundle

(17.23) pr1 : A×A −→ A

with fiber A. It has a global parallelism given by this product structure, which makes constant

sections parallel, but that is not the parallelism we want to use. Rather, for x ∈ A we view the

“infinitesimal affine space Ax as a copy of A centered at x, so want x ∈ Ax to parallel transport

to y ∈ Ay for all y ∈ A. In other words, the diagonal section of (17.23) is parallel.

Figure 58. Affine parallel transport in affine space

(17.24) Recollection of the affine group. Recall from (1.25) that the affine group AffnR is a split

extension of the general linear group by translations:

(17.25) 1 //Rn
ι //AffnR

δ // GLnR
σ

oo //1

The image of σ consists of affine transformations of An that fix the origin. The infinitesimal version

of (17.25) is the split extension of Lie algebras33

(17.26) 1 //Rn
ι̇ //affnR

δ̇ //
glnR

σ̇
oo //1

which gives rise to a direct sum decomposition

(17.27) affnR = glnR⊕ Rn.

33The inclusion Rn
→ affnR is labeled “iota dot”.



DIFFERENTIAL GEOMETRY 167

(17.28) The affine bundle of frames. We recall (13.45) as follows.

Definition 17.29. Let X be a smooth manifold. The affine bundle of frames of X is the prin-

cipal AffnR-bundle ϖaff : A(X) → X associated to the principal GLnR-bundle of frames via the

homomorphism σ : GLnR→ AffnR.

The linear and affine bundles of frames fit into the diagram

(17.30)

A(X)
δ

&&

ϖaff

��

B(X)

ϖ
xx

σ

ff

X

in which ϖ is a principal GLnR-bundle; ϖaff is a principal AffnR-bundle; and δ is an affine bundle

of rank n (principal Rn-bundle), the pullback of AX → X via ϖ. A point b ∈ B(X)x in the fiber

of ϖ over x ∈ X is a linear isomorphism b : Rn
∼=−−→ TxX. A point f ∈ A(X)x in the fiber of ϖaff

over x ∈ X is an affine isomorphism f : An
∼=−−→ AxX.

(17.31) The affine connection associated to a linear connection. Let Θ ∈ Ω1
B(X)(glnR) be a linear

connection on ϖ : B(X)→ X. Recall the tautological Rn-valued 1-form θ ∈ Ω1
B(X)(R

n)

Definition 17.32. The associated affine connection on ϖaff : A(X)→ X is

(17.33) Θ̃ = δ∗(σ̇Θ+ ι̇θ).

Use the decomposition (17.27) to locate Θ̃ ∈ Ω1
A(X)(affnR).

Remark 17.34. For X = A an affine space, the parallelism associated to (17.33) is the one discussed

in (17.22), as I leave you to verify in the homework.

Proposition 17.35. The curvature Ω̃ of Θ̃ is

(17.36) Ω̃ = Ω ⊕ τ

as an element of Ω2
A(X)(affnR) = Ω2

A(X)(glnR⊕ Rn).

We streamline the notation by omitting ‘δ∗’ in the formulas. See the diagram in (17.30) to interpret.

The curvature Ω̃ descends to X (hence also to B(X)), where it takes values in the adjoint bundle

of Lie algebras isomorphic to affnR.
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Proof. Compute:

Ω̃ = dΘ̃ +
1

2
[Θ̃ ∧ Θ̃]

= d(σ̇Θ+ ι̇θ) +
1

2

[
(σ̇Θ+ ι̇θ) ∧ (σ̇Θ+ ι̇θ)

]

= σ̇(dΘ+Θ ∧Θ) + ι̇(dθ +Θ ∧ θ)
= σ̇Ω+ ι̇τ

(17.37)

To pass to the third line we use the fact that [Rn,Rn] = 0 in affnR, from which [ι̇θ, ι̇θ] = 0. □

(17.38) Parallel transport in the affine bundle. The affine bundle π : AX → X is associated to

ϖaff : A(X) → X via the affine action of AffnR on An. Thus π inherits a horizontal distribution

and a parallel transport. The holonomy around a loop based at x ∈ X is an affine transformation

of AxX. By Theorem 15.40 and Proposition 17.35 we see that the translational component of

holonomy is related to torsion and the general linear component is related to curvature of the

linear connection Θ. If Θ is torsionfree then there is no translational component of holonomy.

The torsionfree condition has a meaning for parallel transport in π, not just parallel transport

around closed loops. Namely, observe that there is a section ∆ of π,

(17.39) AX
π

// X
∆oo

whose value at x ∈ X is the origin in AxX.

Proposition 17.40. The linear connection Θ is torsionfree iff ∆ is parallel.

In the discussion (17.22) in affine space, the section ∆ of (17.23) is parallel and in fact defines the

parallelism used there. Of course, the parallelism of affine space is both torsionfree and flat.

Proof. First, observe that the section ∆ is represented by the constant function A(X) → An with

value 0 ∈ An, where we view AX → X as an associated affine bundle. The linear connection

Θ is torsionfree iff the affine curvature Ω̃ has vanishing Rn-component. Assume Θ is torsion-

free. It follows from the Ambrose–Singer Theorem 15.48 that for any f ∈ A(X), the holonomy

group Holf (Θ̃) ⊂ GLnR ⊂ AffnR. Hence 0 ∈ An is a fixed point of the action of Holf (Θ̃) ⊂ AffnR

on An. Now apply Proposition 15.57 to conclude that ∆ is parallel.

Conversely, if ∆ is parallel, then by Proposition 15.54 at any f ∈ A(X) the holonomy group Holf (Θ̃)

fixes 0 ∈ An, hence Holf (Θ̃) ⊂ GLnR ⊂ AffnR. Now Theorem 15.40 implies that the translational

component of Ω̃ vanishes, from which Θ is torsionfree by Proposition 17.35. □

Remark 17.41. The absence of translation in the affine parallel transport means there is no “slip-

page” or “sliding”.
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Development, the exponential map, and normal coordinates

(17.42) Development. Let (a, b) ⊂ R be an open interval that contains 0 ∈ R. Let γ : (a, b)→ X

be a motion whose initial position is denoted γ(0) = x ∈ X. For t ∈ (a, b), let ξt ∈ TxX be the

parallel transport of γ̇(t) to x along γ, using the parallel transport in the tangent bundle induced

by the linear connection Θ.

Definition 17.43. The development δ : (a, b) → AxX of γ is the motion in AxX whose initial

position is δ(0) = 0 and whose velocity is δ̇(t) = ξt.

#
-X
J

0 1 0T
TxX

A

&
St

O↳ ·

A b
- X

· ii AxX

Figure 59. The development of a motion

The development is depicted in Figure 59. I leave it to a homework problem to prove that the

development of γ is a constant velocity motion in AxX iff γ is a geodesic motion.

(17.44) Normal coordinates and the exponential map. Fix x ∈ X. Define a map

(17.45) expx : U −→ X

whose domain is a suitable open neighborhood U ⊂ AxX of the origin as follows. For p ∈ AxX let

ξ ∈ TxX be the displacement vector from the origin to p, and let γp denote the geodesic motion

in X with initial position x and initial velocity ξ. If 1 ∈ R lies in the domain of γp, then p ∈ U and

we set expx(p) = γp(1); see Figure 60. I will not prove here that U is open, but at least observe

that compactness of the unit sphere in TxX implies that U contains an open ball about the origin,

and for our purposes it is sufficient to take U equal to that open ball.

#

L

o

&
-

*

X

37

·

3p expx
y living

AxX
- X

Figure 60. The exponential map
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Remark 17.46. The exponential map is often defined on a neighborhood of the zero vector in TxX.

In that definition the geodesic with initial velocity ξ is denoted γξ and expx(ξ) = γξ(1).

Lemma 17.47. d(expx)0 : TxX → TxX equals idTxX .

Proof. The value of d(expx)0 on ξ ∈ TxX is the velocity of the motion t 7→ expx(0 + tξ), which by

definition is the initial velocity of the geodesic γξ, which equals ξ. □

The inverse function theorem implies that expx is a diffeomorphism of a neighborhood of the

origin in AxX with a neighborhood of x in X. Thus on a smooth manifold with a linear connection

there are canonical coordinate systems about each point.34

Definition 17.48. A smooth manifold X with linear connection is locally affine if its torsion and

curvature vanish.

In that case the exponential map at x ∈ X is compatible with the parallelisms: the global affine

parallelism on AxX and the parallelism along curves given by the linear connection.

Torsion and differentiation

Now we take up our third interpretation of the torsion of a linear connection.

(17.49) The Cartan d operator on the frame bundle. Let X be a smooth manifold. A differential

form ω ∈ ΩqX lifts to a GLnR-equivariant function ω̃ : B(X) → ∧•(Rn)∗. Now suppose X has a

linear connection, and let ∂ be the (Rn)∗-valued horizontal vector field on B(X). Consider the

composition

(17.50) ϵ(∂ω̃) : B(X)
∂ω̃−−−→ (Rn)∗ ⊗∧•(Rn)∗

∧−−→ ∧•+1(Rn)∗

in which ϵ is (left) exterior multiplication. The map (17.50) is GLnR-equivariant and descends to

an element of Ω•+1
X .

Proposition 17.51. If Θ is torsionfree, then ϵ(∂ω̃) descends to dω for all ω ∈ Ω•
X .

Proof. As a preliminary, observe that for a torsionfree connection the Bianchi identity (16.59)

reduces to Ω ∧ θ = 0. In terms of the functions Rijkℓ : B(X)→ R defined in (16.66) we have

(17.52) 0 =
1

2
Rijkℓ θ

k ∧ θℓ ∧ θj

for all i. It follows that the skew-symmetrization of Rijkℓ in the variables j, k, ℓ vanishes.

34Well, the domain of the coordinate chart is not determined, so we have a canonical set of charts with connected
domain such that any two agree on their common domain.
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As a second preliminary, we compute the action of the vertical vector field pEji on a GLnR-

equivariant function ω̃ : B(X) → ∧•(Rn)∗. The flow on B(X) generated by pEji is the right action

t 7→ R(etE
j
i ) by the one-parameter group generated by Eji . Hence by the transformation law (15.53)

(17.53) pEji · ω̃ =
d

dt

∣∣
t=0

R∗

etE
j
i

(ω̃) =
d

dt

∣∣
t=0

ρ
(
e−tE

j
i

)
ω̃ = −ρ̇(Eji )ω̃,

where ρ is the action of GLnR on the exterior algebra
∧•(Rn)∗. It remains to compute the last

expression: the (infinitesimal) action of glnR on the exterior algebra. Since Eji : ej 7→ ei by the

action of glnR on Rn, its action on the dual (Rn)∗ maps θi 7→ θj . Write ϵk = ϵ(ek) and ιk = ι(ek)

as endomorphisms of
∧•(Rn)∗. Then the action of Eji on (Rn)∗ is ϵjιi, and this same expression

expresses its action by derivations on the exterior algebra
∧•(Rn)∗. Hence (17.53) becomes

(17.54) pEji · ω̃ = −ϵjιi(ω̃).

Note that this canonical vertical vector field acts algebraically on invariant functions; there is no

differentiation in (17.54).

Now we proceed to the proof. The Cartan operator d is characterized as the unique order

one linear differential operator on Ω•
X that obeys the Leibniz rule (with signs), agrees with the

usual differential on Ω0
X , and squares to zero. All by the last is evident for the operation defined

by (17.50). The computation of the square of ϵ∂ is:

(ϵ∂)2 = ϵk∂kϵ
ℓ∂ℓ

= ϵkϵℓ∂k∂ℓ

=
1

2
ϵkϵℓ(∂k∂ℓ + ∂ℓ∂k) +

1

2
ϵkϵℓ[∂k, ∂ℓ]

= −1

2
Rijkℓϵ

kϵℓ pEji

=
1

2
Rijkℓϵ

kϵℓϵjιi

= 0

(17.55)

To pass to the fourth line, use the fact that ϵkϵℓ is skew in k, ℓ whereas (∂k∂ℓ + ∂ℓ∂k) is symmetric

in k, ℓ, hence the product vanishes. Also, use (16.70) and the vanishing of torsion. The penultimate

step follows from (17.54). In the final step apply the conclusion following (17.52): the sum projects

to the skew-symmetrization of Rijkℓ in j, k, ℓ since ϵ
kϵℓϵj is skew in j, k, ℓ. □

Remark 17.56. This formula for d can be taken as an additional motivation to prefer torsionfree

linear connections.

(17.57) Torsion and geometric structures. Let (Gn, λn) be an n-dimensional symmetry type.

Thus Gn is a Lie group and λn : Gn → GLnR is a Lie group homomorphism. Definition 13.52
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tells that a (Gn, λn)-structure on a smooth n-dimensional manifold X is a principal Gn-bundle

π : BG(X)→ X and an isomorphism ϕ of the frame bundle ϖ and the associated bundle λn(π):

(17.58)

B(X)
ϕ //

ϖ
  

λn
(
BG(X)

)

λn(π)zz
X

Definition 17.59. A (Gn, λn)-structure is torsionfree if π admits a connection Θ such that the

induced linear connection ϕ−1(λ̇n(Θ)) is torsionfree.

We will explore torsionfree geometric structures in future lectures.
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Lecture 18: Local coordinates; the Levi–Civita connection

It is written: Whoever does not write expressions in local coordinates has not done his duty in

a differential geometry course. This comes a bit late, perhaps, but not too late, so in the first part

of this lecture we fulfill this duty. Namely, on a smooth manifold with linear connection we derive

local expressions for the connection, curvature, torsion, and the equation for a geodesic.

At this point we will have completed our general study of parallelism on smooth manifolds, first

for general principal bundles and then for the intrinsic bundle of frames. We turn to parallelism

compatible with a geometric structure, an idea introduced in (16.44). Our focus in this lecture,

and in most of the rest of the course, is on Riemannian geometry. Historically, connections and

the resulting parallelism came after the introduction of the curvature tensor. Thus we follow

Riemann in his 1866 manuscript (which followed his 1854 Privatdocent lecture35) This is a concrete

computation in local coordinates that seeks a local isometry of an arbitrary Riemannian manifold

with a Euclidean space of the same dimension. The obstruction is the Riemann curvature tensor.

Our discussion in 2 dimensions (Lecture 11) provides intuition for the geometry of the curvature

tensor in general dimensions, which we develop in subsequent lectures.

To conclude, we construct the Levi–Civita connection on a Riemannian manifold. This provides

an interpretation of the Cristoffel symbols that appear in the derivation of the Riemann curvature.

We prove the stronger result that the map from connections compatible with a Riemannian metric to

torsion tensors is an isomorphism. The proof generalizes that given in 2 dimensions (Theorem 11.4).

Computations with indices appear in this lecture. They may appear forbidding at first glance,

but in fact they are not terribly difficult as these computations go. I highly recommend working

through them carefully and independently, repeating them with pen and paper to develop facility.

Local coordinates

Let X be a smooth manifold equipped with a linear connection Θ on the bundle of frames

ϖ : B(X)→ X. Let (U ;x1, . . . , xn) be a chart on X. The chart induces a section

(18.1) s =

(
∂

∂x1
, . . . ,

∂

∂xn

)
: U −→ ϖ−1(U)

of the frame bundle over U .

(18.2) Pullbacks to the base. We write/claim:

s∗θi = dxi(18.3)

s∗Θi
j = Γikjdx

k(18.4)

s∗Ωij =
1

2
Rijkℓ dx

k ∧ dxℓ(18.5)

s∗τ i =
1

2
T ikℓ dx

k ∧ dxℓ(18.6)

35I posted both on Canvas, in translation by Spivak. I highly recommend reading them, especially the 1854 lecture.
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Recall that the tautological 1-form θ = θiei on B(X) satisfies ϖ∗ξ = θi(ξ)b(ei) at b : Rn
∼=−−→ TxX,

from which (18.3) follows. Equation (18.4) defines the functions Γikj : U → R. Equations (18.5)

and (18.6) follow from (16.65) and (16.66). The functions Rijkℓ, T
i
kj : U → R are the pullbacks of

the corresponding functions on B(X) via the section s.

(18.7) Curvature. To compute the curvature in local coordinates, apply s∗ to the equation

(18.8) Ωij = dΘi
j +Θi

m ∧Θm
j .

Using (18.5) and (18.4) we obtain

(18.9)
1

2
Rijkℓ dx

k ∧ dxℓ =
∂Γikj
dxℓ

dxℓ ∧ dxk + ΓikmΓ
m
ℓj dx

k ∧ dxℓ.

Equate coefficients of the basis dxk ∧ dxℓ, 1 ≤ k < ℓ ≤ n, of 2-forms on U to obtain

(18.10) Rijkℓ =
∂Γiℓj
dxk

−
∂Γikj
dxℓ

+ ΓikmΓ
m
ℓj − ΓiℓmΓ

m
kj

(18.11) Torsion. To compute the torsion in local coordinates, apply s∗ to the equation

(18.12) τ i = dθi +Θi
j ∧ θj .

Noting dθi = 0 we find

(18.13)
1

2
T ikℓ dx

k ∧ dxℓ = Γiℓk dx
k ∧ dxℓ,

and upon equating coefficients over a basis we have

(18.14) T ikℓ = Γikℓ − Γiℓk

Notice that in a local coordinate system, the torsion measures the deviation from symmetry in k, ℓ

of the Christoffel symbol36 Γikℓ.

36This may be a slightly expansive use of ‘Christoffel symbol’, which is often restricted to the Levi–Civita
connection.
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(18.15) Preliminary. The following is an important general formula in the theory of connections,

one already used and that you proved in the homework. Nonetheless, here it is.

Lemma 18.16. Let π : P → X be a principal G-bundle with a connection Θ ∈ Ω1
P (g). Suppose

s : X → P is a section of π and let g : X → G be a function. Then

(18.17) (sg)∗(Θ) = Adg−1 s∗Θ+ g∗θG,

where θG ∈ Ω1
G(g) is the Maurer–Cartan form.

Proof. The section sg : X → P of π is the composition

(18.18) X
s×g−−−−→ P ×G R−−→ P,

where R is the right action of G on P . Now (18.17) follows from

(18.19) R∗(Θ) = Adg−1 Θ+ θG.

Equation (18.19) is an equality of g-valued 1-forms on P ×G, which can be verified by evaluating

at (p, g) ∈ P × G on a tangent vector ξ ∈ TpP and then on a tangent vector ζ ∈ TgG. On the

former we obtain (14.30) and on the latter we obtain (14.29), which are the defining equations of

a connection. □

(18.20) Geodesic equation. Let γ : (a, b) → U be a motion in the domain U of our coordinate

chart. It is a geodesic motion iff the velocity is parallel along γ. To compute the equation in local

coordinates, form the pullback along γ of the frame bundle and its section s in (18.1):

(18.21)

γ∗B(U) //

ϖ′

��

B(U)

ϖ

��
(a, b)

γ //

s′

JJ

U

s

TT

Write

(18.22) γ(t) = (x1(t), . . . , xn(t)),

and so

(18.23) γ̇ = ẋ1
∂

∂x1
+ · · ·+ ẋn

∂

∂xn
= [s′, ẋ].
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This last expression is a map (a, b)→ B(U)×GLnR Rn, using the mixing construction presentation

of the tangent bundle. By the discussion in (14.61) there exist functions

(18.24) M : (a, b) −→ GLnR,

unique up to a constant, such that s′M is a parallel section of ϖ′. Fix such an M . Thus

(18.25) 0 = (s′M)∗(Θ) =M−1(s∗Θ)M +M−1Ṁ =M−1Γkẋ
kM +M−1Ṁ,

where we write Γk = ( Γi
kj )i,j and we have applied Lemma 18.16. Now γ̇ = [s′, ẋ] = [s′M,M−1ẋ] is

parallel along γ iff M−1ẋ is constant iff

0 = (M−1ẋ)˙

= −M−1ṀM−1ẋ+M−1ẍ

=M−1Γkẋ
kMM−1ẋ+M−1ẍ

=M−1(ẍ+ Γkẋ
kẋ)

(18.26)

where in the third line we substitute (18.25). This is the geodesic equation

(18.27)
dxi

dt2
+ Γikℓẋ

kẋℓ = 0 ,

a second order ODE for the motion γ.

The Riemann curvature tensor

We follow Riemann and derive the curvature tensor as the local obstruction to putting a Rie-

mannian metric into standard form.

Let X be a Riemannian manifold of dimension n, and suppose x1, . . . , xn are local coordinates.

Define local functions

(18.28) gij =

〈
∂

∂xi
,
∂

∂xj

〉

that encode the Riemannian metric. Introduce the inverse metric

(18.29) gij =
〈
dxi, dxj

〉
;

then gijg
jk = δki . We seek a change of coordinates

(18.30) ya = ya(x1, . . . , xn), a = 1, . . . , n,
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such that the coordinate vector fields ∂/∂ya form an orthonormal basis at each point in the local

chart. Thus

(18.31) gij =

〈
∂

∂xi
,
∂

∂xj

〉
=

〈
∂ya

∂xi
∂

∂ya
,
∂yb

∂xj
∂

∂yb

〉
= δab

∂ya

∂xi
∂yb

∂xj
.

This is a system of nonlinear PDE for the functions (18.30).

A basic theorem in calculus states the mixed partials commute for a function of several vari-

ables. This leads to obstructions, as we saw in our discussion of the local Frobenius theorem (see

Example 5.22 and Proposition 5.39, for example). The Frobenius tensor measures the failure of

this commutation, and is then a local obstruction to the existence of integral manifolds. This led us

to curvature of a connection on a principal bundle. And now—once more in a concrete form—we

will see that equality of mixed partials gives rise to the Riemannian curvature tensor as a local

obstruction to solving (18.31).

Assuming (18.31) we derive consequences by repeated differentiation:

(18.32)

∂gij
∂xk

=
∑

a

∂2ya

∂xk∂xi
∂ya

∂xj
+
∂ya

∂xi
∂2ya

∂xk∂xj

∂gik
∂xj

=
∑

a

∂2ya

∂xj∂xi
∂ya

∂xk
+
∂ya

∂xi
∂2ya

∂xj∂xk

∂gjk
∂xi

=
∑

a

∂2ya

∂xi∂xj
∂ya

∂xk
+
∂ya

∂xj
∂2ya

∂xi∂xk

Combining these equations, and using equality of mixed partials, we deduce

(18.33)
1

2

{
∂gij
∂xk

+
∂gik
∂xj

− ∂gjk
∂xi

}
=
∑

a

∂ya

∂xi
∂2ya

∂xj∂xk
.

Use the inverse metric to introduce

(18.34) Γℓjk = Γℓkj =
1

2
gℓi
{
∂gij
∂xk

+
∂gik
∂xj

− ∂gjk
∂xi

}
.

An equivalent form of our PDE (18.31) is

(18.35) δab = gij
∂ya

∂xi
∂yb

∂xj
.

Multiply both sides of (18.33) by ∂yb/∂xℓ and conclude, after renaming dummy indices,

(18.36) Γijk
∂yb

∂xi
=
∑

a

δab
∂2ya

∂xi∂xj
=

∂2yb

∂xj∂xk
.
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Equality of mixed partials in (18.36) still leads to a condition that involves the unknown functions.

So. . . differentiate again:

∂3yb

∂xℓ∂xj∂xk
=
∂Γijk
∂xℓ

∂yb

∂xi
+ Γijk

∂2yb

∂xℓ∂xi

=
∂Γijk
∂xℓ

∂yb

∂xi
+ ΓijkΓ

m
iℓ

∂yb

∂xm

=

{
∂Γijk
∂xℓ

+ ΓmjkΓ
i
mℓ

}
∂yb

∂xi
.

(18.37)

We substitute (18.36) for the mixed second partial derivative to pass from the first to the second

line. Now we are in good shape: the third partial derivative is symmetric in all three variables, so

in particular it is symmetric in the indices k, ℓ. Introduce the Riemann curvature tensor

(18.38) Rijkℓ =
∂Γijℓ
∂xk

−
∂Γijk
∂xℓ

+ ΓmjℓΓ
i
mk − ΓmjkΓ

i
mℓ.

The equality of mixed partials implies that solutions to (18.31) exist locally only if Rijkℓ = 0 for

all i, j, k, ℓ.

In subsequent lectures we study the geometry of the Riemann curvature tensor. We conclude

this lecture by interpreting the Cristoffel symbols Γijk as a special connection on the orthonormal

frame bundle of a Riemannian manifold.

Torsion and the Levi–Civita connection

(18.39) Torsion and geometric structures. Let (Gn, λn) be an n-dimensional symmetry type.

Thus Gn is a Lie group and λn : Gn → GLnR is a Lie group homomorphism. Recall Defini-

tion 13.52 of a (Gn, λn)-structure on a smooth n-dimensional manifold X: a principal Gn-bundle

π : BG(X)→ X and an isomorphism ϕ of the frame bundle ϖ and the associated bundle λn(π):

(18.40)

B(X)
ϕ //

ϖ
  

λn
(
BG(X)

)

λn(π)zz
X

Let Aπ denote the set of connections on π : BG(X) → X. A connection Θ induces a connection

λ̇n(Θ) on ϖ, via the isomorphism ϕ, and it has an associated torsion, as in (17.57). The torsion

is a map

(18.41) τ : Aπ −→ Ω2
X(TX)

from the affine space of connections to the linear space of 2-forms.
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Proposition 18.42. τ is an affine function with differential

(18.43)
Ω1
X(gBG(X)) −→ Ω2

X(TX)

α 7−→ λ̇n(α) ∧ θ

where θ ∈ Ω1
X(TX) is the identity map on TX viewed as a 1-form.

Recall that the pullback of this θ to B(X) is the tautological Rn-valued 1-form.

Proof. The pullback of torsion to B(X) under the map ϖ : B(X)→ X is

(18.44) τ(Θ) = dθ + λ̇n(Θ) ∧ θ,

which is evidently an affine function of Θ with differential (18.43). □

Remark 18.45. The (Gn, λn)-structure is torsionfree (Definition 17.59) iff 0 ∈ Ω2
X(TX) lies in the

image of (18.41).

(18.46) The Riemannian case. Specialize to a Riemannian structure (Gn, λn) = (On, inclusion).

Theorem 18.47. Let X be a Riemannian manifold with orthonormal bundle of frames π : BO → X.

Then the map (18.41) from orthogonal connections to torsion tensors is an isomorphism.

This is an isomorphism of affine spaces, and since the codomain is a vector space we obtain a

basepoint in the domain: the inverse image of the zero vector.

Corollary 18.48. Let X be a Riemannian manifold. Then there exists a unique orthogonal tor-

sionfree linear connection ΘLC.

Remark 18.49.

(1) The Levi–Civita connection, named after the Italian geometer Tulio Levi–Civita, is still

mysterious in the sense that all known proofs are computational in one form or another.

They all rely on the key maneuver in (18.59) below. There is a geometric construction of

the Levi–Civita connection for Kähler manifolds, but not in general.

(2) Corollary 18.48 is sometimes called the fundamental theorem of Riemannian geometry.

(3) The tangent to an orthogonal connection is a 1-form with values in skew-symmetric en-

domorphisms of the tangent bundle, which in a local orthonormal frame e1, . . . , en and its

dual coframe e1, . . . , en is

(18.50) α = αikj e
k ⊗

(
ei ⊗ ej

)
, αikj = −αjki.

The torsion tensor is a 2-form with values in the tangent bundle, so has the form

(18.51) T =
1

2
T ikℓ (e

k ∧ eℓ)⊗ ei, T ikℓ = −T iℓk.
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In each case we have a set of functions with three indices satisfying a single skew-symmetry

constraint, so the number of functions αikj equals the number of functions T ikℓ. We are

solving an affine equation for α given T with an equal number of equations and unknowns.

The analog in finite dimensions is a matrix equation Ax = b with b given and A a square

matrix. In that case uniqueness and existence are equivalent. So too here.

(4) Let π : P → U be a principal G-bundle over a manifold U , and suppose s : U → P is a

section of π. Then there is a canonical connection Θs on π that makes the global section s

horizontal. This connection is flat and has trivial holonomy. It induces an isomorphism

(18.52)
Aπ −→ Ω1

U (gP )

Θ 7−→ s∗Θ

of the affine space of connections on π with the linear space of adjoint bundle valued 1-forms

on U . This is the local form of a connection that we use in the proof.

(5) The proof for Riemannian 2-manifolds is given in (11.17).

Proof of Theorem 18.47. We first prove uniqueness of an orthogonal connection with specified tor-

sion, which can be done via a local argument. Then it suffices to prove local existence; global

existence follows.

Let U ⊂ X be an open set on which we have an orthonormal moving frame, i.e., a section

s : U → BO(U) of the orthonormal frame bundle π : BO(U) → U . For Θ ∈ Aπ and τ ∈ Ω2
U (TU)

write the local expressions

(18.53)

s∗θi = θ
i

s∗Θi
j = Aikj θ

k
, Aikj = −Ajki

s∗τ i =
1

2
T ikℓ θ

k ∧ θℓ, T ikℓ = −T iℓk

Then for some functions Sikℓ : U → R we have

(18.54) dθ
i
=

1

2
Sikℓ θ

k ∧ θℓ, Sikℓ = −Siℓk.

The equation that relates T ikℓ to A
i
kj and S

i
kℓ via the function (18.41) is obtained by applying s∗ to

τ i = dθi +Θi
j ∧ θj :

(18.55)
1

2
T ikℓ θ

k ∧ θℓ = 1

2
Sikℓ θ

k ∧ θℓ +Aikℓ θ
k ∧ θℓ

from which

(18.56) Aikℓ −Aiℓk = T ikℓ − Sikℓ.
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For local uniqueness, suppose for a given τ we have two solutions Θ1,Θ2, and let ∆ = Θ2 −Θ1.

Then relative to the local moving frame on U we write

(18.57) ∆ = ∆i
kj θ

k
, ∆i

kj = −∆j
ki,

for some functions ∆i
kj : U → R. The affine equation (18.56) for a single solution reduces to a linear

equation for the difference of solutions:

(18.58) ∆i
kℓ = ∆i

ℓk.

Combining (18.57) and (18.58) we see that ∆i
kℓ is skew in i, ℓ and symmetric in k, ℓ. The symmetry

and skew-symmetry are in complete tension which forces ∆ = 0:

(18.59) ∆i
kℓ = ∆i

ℓk = −∆k
ℓi = −∆k

iℓ = ∆ℓ
ik = ∆ℓ

ki = −∆i
kℓ.

For local existence, suppose given T ikℓ, S
i
kℓ that are skew in k, ℓ. We solve for Aikℓ using (18.56)

and the skew-symmetry in (18.53):

Aikℓ = T ikℓ − Sikℓ +Aiℓk

= T ikℓ − Sikℓ −Akℓi
= T ikℓ − Sikℓ − T kℓi + Skℓi −Akiℓ
= T ikℓ − Sikℓ − T kℓi + Skℓi +Aℓik

= T ikℓ − Sikℓ − T kℓi + Skℓi + T ℓik − Sℓik +Aℓki

= T ikℓ − Sikℓ − T kℓi + Skℓi + T ℓik − Sℓik −Aikℓ

(18.60)

from which

□(18.61) Aikℓ =
1

2

(
T ikℓ − Sikℓ − T kℓi + Skℓi + T ℓik − Sℓik

)
.
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Lecture 19: Covariant derivatives

We first recall the directional derivative of a vector-valued function ψ on an affine space. The

difference quotient for the derivative subtracts the value of ψ at distinct points of affine space,

which is possible if ψ takes values in a fixed vector space. The directional derivatives combine to a

vector-valued 1-form dψ. A vector-valued function ψ on a smooth manifold X often take values on

a variable vector space—a vector space that varies with the point on the manifold. In other words,

ψ is a section of a vector bundle π : E → X. A typical example is a vector field. To define the

“directional derivative” we need to compare the values of ψ at distinct points of X, at least along

curves, and those values lie in different vector spaces.

If π is associated to a principal bundle with connection, then there is an induced parallel transport

along curves, and we use it to define the analog of the directional derivative, called the covariant

derivative. These comprise a vector-valued 1-form ∇ψ. As always, the calculus simplifies when

pulled back to the total space of the principal bundle (Proposition 19.15).

The covariant derivative is a first-order differential operator: a linear map map that satisfies

the Leibniz rule. This leads (Definition 19.24) to the concept of a covariant derivative on an

arbitrary vector bundle. In the second part of the lecture we explore its properties and use it to

develop a calculus of vector bundle-valued differential forms. A general covariant derivative has a

curvature, and we give a formula (19.55) that expresses it as the failure of mixed partial derivatives

to commute. Equivalently, curvature measures the failure of the twisted de Rham differential to

square to zero.

We conclude by considering the intrinsic case of covariant derivatives on the tangent bundle,

which are equivalent to linear connections. Since the tangent bundle is associated to the bundle of

frames, there is a nice formula (19.82) for the covariant derivative, as there is for the torsion (19.87).

Review of the directional derivative

Figure 61. The directional derivative

Let A be an affine space over a real vector space V , let U ⊂ A be an open subset, and let E be a

(real or complex) vector space. Suppose ψ : U → E is a function. Fix x ∈ U and ξ ∈ V . Choose a

smooth motion γ : (−ϵ, ϵ)→ U such that γ(t) ∈ U for all t ∈ (−ϵ, ϵ), the initial position is γ(0) = x,
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and the initial velocity is γ̇(0) = ξ; see Figure 61. There is a canonical choice of γ, namely the

constant velocity motion γ(t) = x+ tξ. (There is no canonical choice of ϵ > 0, but in any case we

only need the germ of the motion, which is canonical.) The definition of the directional derivative

uses this constant velocity motion. Namely, the directional derivative is

(19.1) Dξψ(x) =
d

dt

∣∣∣∣
t=0

ψ
(
γ(t)

)
= lim

t→0

ψ
(
γ(t)

)
− ψ(x)
t

If the limit exists for the constant velocity motion, then it exists for all smooth motions and the

limit in (19.1) is independent of the choice of smooth motion. The numerator of the difference

quotient is the difference of vectors in E, and the entire difference quotient is an element of E. The

following is a basic theorem in calculus.

Theorem 19.2. In this situation, if Dξψ(x) exists for all x, ξ and is a continuous function of x, ξ,

then ξ 7→ Dξψ(x) is a linear function of ξ.

The covariant derivative on an associated vector bundle

Let X be a smooth manifold, let G be a Lie group, and suppose P → X is a principal G-bundle

with connection Θ ∈ Ω1
P (g). Let ρ : G → Aut(E) be a linear representation of G, and denote the

associated vector bundle as π : E = EP → X. The connection on P → X induces an analog of the

directional derivative on sections of E → X: the covariant derivative.

(19.3) Definition using the induced linear parallelism. Recall that Θ induces a horizontal distri-

bution on all associated fiber bundles, and there is a corresponding parallel transport along curves;

see (14.76) and (14.79). We apply this to the associated vector bundle π : E → X.

Definition 19.4. Let ψ : X → E be a smooth section of π. Fix x ∈ X and ξ ∈ TxX. Let

γ : (−ϵ, ϵ) → X be a smooth motion with initial position γ(0) = x and initial velocity γ̇(0) = ξ.

Then the covariant derivative of ψ at x in the direction ξ is

(19.5) ∇ξψ(x) =
d

dt

∣∣∣∣
t=0

τ−1
t

(
ψ
(
γ(t)

))
= lim

t→0

τ−1
t

(
ψ
(
γ(t)

))
− ψ(x)

t

where τt : Ex → Eγ(t) is the parallel transport along γ induced by Θ.

The data is illustrated in Figure 62.

(19.6) Computation on the total space of the principal bundle. The pullback of the associated

vector bundle π : E → X via the projection P → X is canonically the product fiber bundle over P

with fiber E: namely, P ×E
pr1−−−→ P . Thus the pullback of a section ψ of π is an E-valued function

that satisfies an equivariance condition:

(19.7) ψ̃ : P −→ E, R∗
gψ̃ = ρ(g)−1ψ̃, g ∈ G.
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Figure 62. The horizontal distribution on a vector bundle
and the induced covariant derivative

In particular, an element of the fiber Ex at a point x ∈ X pulls back to an equivariant E-valued

function on Px.

The pullback of the covariant derivative can be expressed in terms of the ordinary Cartan dif-

ferential d on P . Resuming the setup of Definition 19.4, let ξ̃p be the horizontal lift of ξ at p ∈ Px.

Proposition 19.8. The covariant derivative (∇ξψ)(x) ∈ Ex pulls back to the G-equivariant func-

tion

(19.9)
Px −→ E

p 7−→ dψ̃p(ξ̃p).

Note that dψ̃p(ξ̃p) = ξ̃p · ψ̃p is the directional derivative.

i
I
v

-

-

-3-X00 -

Figure 63. Computation of the covariant derivative

Proof. As depicted in Figure 63, let γ̃p be the horizontal lift of γ with initial position p ∈ Px:

(19.10)

P

��
(−ϵ, ϵ)

γ̃p
<<

γ // X
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Recall (Proposition 14.80) that the composition of a function P → E with γ̃p is parallel iff that

composition is constant. This means that the parallel transport in (19.5) drops out from ψ̃ ◦ γ̃p,
and thereby reduces the computation of covariant derivatives to the computation in affine space:

(19.11) (∇ξψ)(x) =
d

dt

∣∣∣∣
t=0

ψ̃
(
γ̃(t)

)
= dψ̃p(ξ̃p).

(We conflate sections of π : E → X with their pullbacks to P .) □

Corollary 19.12. The function ξ 7→ (∇ξψ)(x) is a linear function of ξ ∈ TxX.

The pullback reduces the covariant derivative to the directional derivative, and so Corollary 19.12

reduces to Theorem 19.2.

(19.13) The covariant derivative as a 1-form. It follows from Corollary 19.12 that the equation

(19.14) (∇ψ)x(ξ) = (∇ξψ)(x), x ∈ X, ξ ∈ TxX

determines a 1-form ∇ψ on X with values in E.

Proposition 19.15. The pullback of ∇ψ to the total space P of P → X is the E-valued 1-form

(19.16) ∇ψ = dψ̃ + ρ̇(Θ)ψ̃.

On the left hand side of (19.16) we do not explicitly notate the pullback.

Proof. We first check that the right hand side descends to X. If g ∈ G and e ∈ E, then

(19.17) ρ̇(Θ)ρ(g)−1e = ρ(g)−1ρ̇(Θ)ρ(g)ρ(g)−1e = ρ(g)−1ρ̇(Θ)e.

It follows that R∗
g

(
dψ̃ + ρ̇(Θ)ψ̃

)
= ρ(g)−1

(
dψ̃ + ρ̇(Θ)ψ̃

)
. The contraction of the right hand side on

a vertical vector vanishes by an argument similar to (16.54): if ξ ∈ g and pξ is the induced vertical

vector field on P , then

(19.18) ι
pξ

(
dψ̃ + ρ̇(Θ)ψ̃

)
= L

pξ
ψ̃ + ρ̇(ξ)ψ̃.

The Lie derivative is L
pξ
ψ̃ = −ρ̇(ξ)ψ̃: differentiate the transformation law (19.7) along the motion

t 7→ etξ on P generated by pξ. Hence (19.18) vanishes and therefore the right hand side descends.

Now it suffices to observe that on horizontal vectors the two sides agree, by Proposition 19.8. □
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(19.19) Properties of the covariant derivative. Recall that to the vector bundle π : E → X we

associate the Z-graded vector space Ω•
X(E) of E-valued differential forms, i.e., the graded vector

space of sections of the vector bundle E ⊗ ∧•T ∗X → X. These sections form a graded module

over the graded algebra Ω•
X of differential forms on X. Locally, an element of Ω•

X(E) is a sum

of products ω ⊗ ψ in which ω ∈ Ω•
X and ψ ∈ Ω0

X(E). Corollary 19.12 implies that the covariant

derivative is a map

(19.20) ∇ : Ω0
X(E) −→ Ω1

X(E).

Proposition 19.21.

(1) ∇ is a linear map.

(2) For f ∈ Ω0
X and ψ ∈ Ω0

X(E) we have

(19.22) ∇(fψ) = df · ψ + f∇ψ.

Equation (19.22) is the Leibniz rule; it expresses that ∇ is a first order differential operator.

Proposition 19.21 follows directly from (19.16), which reduces the Leibniz rule for the covariant

derivative to the Leibniz rule for the Cartan d operator.

(19.23) Remark on the horizontal distribution. On an arbitrary vector bundle π : E → X, not

necessarily associated to a principal bundle with connection, one can reasonably ask which hori-

zontal distributions give rise to covariant derivatives that satisfy the properties in (12.62). Since

∇0 = 0, we know that the 0-section must be flat, and this is a constraint that is illustrated in

Figure 62: the horizontal distribution is tangent to the 0-section. But this observation hardly gets

us toward the general properties. I do not know any geometric description of the “linear” horizontal

distributions. Instead, we reverse the logic below and axiomatize a covariant derivative. From that

we can deduce a horizontal distribution on the total space E, though we do not do so explicitly.

Covariant derivative on an arbitrary vector bundle

So far we have considered vector bundles associated to a principal bundle. The covariant deriv-

ative can also be defined on any vector bundle, as follows.

Definition 19.24. Let π : E → X be a vector bundle over a smooth manifold X. A covariant

derivative on π is a linear operator

(19.25) ∇ : Ω0
X(E) −→ Ω1

X(E)

that satisfies the Leibniz rule

(19.26) ∇(fψ) = df · ψ + f∇ψ, f ∈ Ω0
X , ψ ∈ Ω0

X(E).

Denote the space of covariant derivatives on π as Dπ.
We prove below that Dπ is nonempty.
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(19.27) Local expressions. Suppose π : E → X has rank N . Let U ⊂ X be an open subset on

which we are given sections e1, . . . , eN : U → E of π : E
∣∣
U
→ U such that at each x ∈ U the vectors

e1(x), . . . , eN (x) form a basis of Ex. Using the basis property define 1-forms Aij such that

(19.28) ∇ej = Aijei, Aij ∈ Ω1
U .

Then for any section ψ = ejf
j , f j ∈ Ω0

U , we have

∇ψ = ∇(ejf j) = ∇ej · f j + ej · df j

= eiA
i
jf
j + ejdf

j

= ei
(
df i +Aijf

j
)

(19.29)

In matrix notation we write

(19.30) e =
(
e1 . . . eN

)
A =



A1

1 · · · A1
N

...
. . .

...
AN1 · · · ANN


 f =



f1

...
fN




Then

(19.31) ∇(ef) = e(df +Af).

Observe that for any matrix of 1-forms A ∈ Ω1
U (Mn), equation (19.31) defines a covariant derivative

on the product bundle of rank N over U .

(19.32) Existence of covariant derivatives. Let π : E → X be a vector bundle and suppose

∇0,∇1 ∈ Dπ. Then the difference ∆ = ∇1 −∇0 is a linear operator ∆: Ω0
X(E) → Ω1

X(E) that is

also linear over functions:

(19.33) ∆(fψ) = f∆ψ, f ∈ Ω0
X , ψ ∈ Ω0

X(E)

as follows from (19.26). Hence ∆ is given by a tensor A ∈ Ω1
X(EndE):

(19.34) ∆(ψ) = A(ψ), ψ ∈ Ω0
X(E).

Therefore, Dπ is empty or Dπ is affine over Ω1
X(EndE). In fact, the latter holds.

Proposition 19.35. Dπ is nonempty.

Proof. Choose an open cover U = {Uα}α∈A together with trivializations of πα : π
−1(Uα)→ Uα. Let

∇α denote a covariant derivative on πα; see (19.27) for the existence proof. Choose a partition of

unity {ρα}α∈A subordinate to U . Then ∇ =
∑
α∈A

ρα∇α is a covariant derivative on π. □
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(19.36) Duals and tensor products. A covariant derivative ∇E on a vector bundle π : E → X

determines a covariant derivative ∇E∗

on the dual vector bundle π : E∗ → X as follows. Let

⟨−,−⟩ : E∗ × E → R be the duality pairing, and require

(19.37) d⟨θ, ψ⟩ = ⟨∇E∗

θ, ψ⟩+ ⟨θ,∇Eψ⟩, θ ∈ Ω0
X(E

∗), ψ ∈ Ω0
X(E).

Note that (19.37) is an equation in Ω1
X . The left hand side is the differential of the product of three

factors: θ, ψ, and the pairing ⟨−,−⟩. The right hand side has only two terms, so the equation

expresses that the pairing is covariant constant. Equation (19.37) determines ∇E∗

from ∇E .
Similarly, let ∇′,∇′′ be covariant derivatives on vector bundles π′ : E′ → X and π′′ : E′′ → X,

respectively. Define a covariant derivative ∇ on the tensor product π : E′ ⊗ E′′ → X by

(19.38) ∇(ψ′ ⊗ ψ′′) = ∇′ψ′ ⊗ ψ′′ + ψ′ ⊗∇′′ψ′′, ψ′ ∈ Ω0
X(E

′), ψ′′ ∈ Ω0
X(E

′′).

This equation expresses that the tensor product operation is covariant constant.

A covariant derivative on E → X induces one on EndE → X by combining these constructions,

since EndE ∼= E ⊗ E∗.

(19.39) Pullbacks. Let π : E → X be a vector bundle and ϕ : X ′ → X a smooth map of smooth

manifolds. Form the pullback

(19.40)

E′ //

π′

��

E

π

��
X ′ ϕ // X

vector bundle π′. Suppose ∇ is a covariant derivative on π. Construct a pullback covariant de-

rivative ∇′ on π′ as follows. Let ψ′ : X ′ → E′ be a section of π′ and fix x′ ∈ X ′ and ξ′ ∈ Tx′X ′.

Suppose γ : (−ϵ, ϵ)→ X ′ is a motion with initial position γ′(0) = x′ and initial velocity γ̇′(0) = ξ′.

In the diagram

(19.41)

E′′ //

π′′

��

E′ //

π′

��

E

π

��
(−ϵ, ϵ) γ′ //

ψ′′

II

X ′ ϕ //

ψ′

II

X

the left square is a pullback from which it follows that the outer rectangle is a pullback. Let ψ′′ be

the pullback of ψ′. Use the outer pullback rectangle and the covariant derivative ∇ to define parallel

transport τt : E
′′
0 → E′′

t . Set

(19.42) (∇′
ξ′ψ

′)(x′) =
d

dt

∣∣∣∣
t=0

τ−t
(
ψ′′(t)

)
.

This defines the pullback covariant derivative. We leave the reader to check that it satisfies the

requisite properties.
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The twisted de Rham complex and curvature

(19.43) A differential graded module. Recall from (19.19) that Ω•
X(E) is a Z-graded module over

the Z-graded algebra Ω•
X . The Cartan differential d makes Ω•

X a DGA, or differential graded

algebra. We now enhance Ω•
X(E) to a differential graded module over the DGA Ω•

X .

Proposition 19.44. There exists a unique sequence of operators d∇ in

(19.45) Ω0
X(E)

d
∇−−−→ Ω1

X(E)
d
∇−−−→ Ω2

X(E)
d
∇−−−→ · · ·

such that

(1) d∇ is linear;

(2) d∇(ω ∧ σ) = dω ∧ σ + (−1)qω ∧ d∇σ for all ω ∈ ΩqX and σ ∈ Ω•
X(E); and

(3) d∇ = ∇ on Ω0
X(E).

Proof. The module Ω•
X(E) is generated by Ω0

X(E): any submodule of Ω•
X(E) that contains Ω0

X(E)

equals Ω•
X(E). Therefore, d∇ is determined by its value on products ω · s with ω ∈ Ω•

X and

s ∈ Ω0
X(E). But the value on such a product is determined by (2) and (3),

(19.46) d∇(ω · s) = dω · s+ (−1)qω ∧∇s, ω ∈ ΩqX , s ∈ Ω0
X(E),

and the value on sums is determined by (1). This proves uniqueness.

For existence, use (19.46) to define d∇, extend to be linear, and then check (2). We omit the

details. □

Remark 19.47. This is of course similar to the theorem that constructs d; see the Differential Topol-

ogy notes. In that case we impose d2 = 0 as part of the characterization of d. In Proposition 19.44

the Leibniz rule (2) is all that is needed to characterize d as a first order differential operator. The

square d∇ is computed, not prescribed.

(19.48) Curvature. The square d2∇ does not necessarily vanish, but it is tensorial.

Lemma 19.49. d2∇ : Ω•
X(E)→ Ω•+2

X (E) is linear over functions.

Proof. Fix f ∈ Ω0
X and σ ∈ Ω•

X(E). Then

d2∇(fσ) = d∇(df ∧ σ + fd∇σ)

= d2f ∧ σ − df ∧ d∇σ + df ∧ d∇σ + fd2∇σ

= fd2∇σ.

(19.50)

□

Recall that linearity over functions implies tensoriality.

Corollary 19.51. There exists F∇ ∈ Ω2
X(EndE) such that

(19.52) d2∇(σ) = F∇ ∧ σ, σ ∈ Ω•
X(E).
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(19.53) A formula for curvature. The following is essentially the formula (4.48) for the differential

of a 1-form, and it follows from it.

Proposition 19.54. Let ∇ be a covariant derivative on a vector bundle π : E → X with curvature

F∇ ∈ Ω2
X(EndE). Then for vector fields ξ1, ξ2 ∈ X(X) we have

(19.55) F∇(ξ1, ξ2)ψ = ∇ξ1∇ξ2ψ −∇ξ2∇ξ1ψ −∇[ξ1,ξ2]
ψ, ψ ∈ Ω0

X(E).

We give the proof below in (19.73).

Remark 19.56. Linearity over functions, as in Lemma 19.49, is a useful check on formulas, as is

more generally the behavior of formulas when a tensor field, such as a vector field, is multiplied by

a function. For example, the left hand side of (19.55) is linear over functions in both ξ1, ξ2, whereas

on the right hand side we apparently see a first order differential operator in these variables. But

substituting fξ1 for ξ1 for some function f we find

∇fξ1∇ξ2ψ −∇ξ2∇fξ1ψ −∇[fξ1,ξ2]
ψ

= f∇ξ1∇ξ2ψ − (ξ2f)∇ξ1ψ − f∇ξ2∇fξ1ψ + (ξ2f)∇ξ1ψ − f∇[ξ1,ξ2]
ψ

= f
{
∇ξ1∇ξ2ψ −∇ξ2∇ξ1ψ −∇[ξ1,ξ2]

ψ
}
.

(19.57)

The terms that differentiate f cancel out. The verification that the right hand side is linear over

functions in ξ2 is similar.

(19.58) Bianchi identity. Recall the Bianchi identity (16.60) for a connection on a principal bun-

dle.

Proposition 19.59. Let ∇ be a covariant derivative on a vector bundle π : E → X with curvature

F∇ ∈ Ω2
X(EndE). Then

(19.60) [d∇ ∧ F∇] = 0

as an operator Ω•
X(E)→ Ω•+3

X (E).

Proof. For all σ ∈ Ω•
X(E) we have

d3∇σ = F∇ ∧ d∇σ
= d∇(F∇ ∧ σ).

(19.61)

But

(19.62) d∇(F∇ ∧ σ) = [d∇ ∧ F∇] ∧ σ + F∇ ∧ d∇σ,

from which

(19.63) [d∇ ∧ F∇] ∧ σ = 0.

Let σ run over a local basis of sections to conclude. □
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The bundle of frames

We began this lecture by passing from a connection on a principal G-bundle to a covariant

derivative on every associated vector bundle. Now we execute the inverse construction, albeit for

G the general linear group.

(19.64) Connection on the bundle of frames. To a vector bundle π : E → X we associate its

principal G = GLNR-bundle of frames ϖ : B(E)→ X. Namely, a point in the fiber B(E)x at x ∈ X
is an isomorphism b : RN → Ex. The pullback of π over ϖ has N canonical sections:

(19.65)

E′ //

π′

��

E

π

��
B(E)

ϖ //

e1,...,eN

UU

X

Namely, a point of E′ is the data: a point x ∈ X, a basis b = (e1, . . . , eN ) of Ex, and a point ϵ ∈ Ex.
The projection π′ forgets the point ϵ. The ith section of π′ sets ϵ = ei. In other words, the value of

the section ei at b is the i
th element of the basis b.

Suppose that ∇ is a covariant derivative on π, and let ∇′ be the pullback covariant derivative

on π′. Define 1-forms Θi
j on B(E) by

(19.66) ∇′ej = eiΘ
i
j , Θi

j ∈ Ω1
B(E).

It is convenient to rewrite (19.66) in matrix notation, as in (19.30):

(19.67) ∇′e = eΘ, Θ =
(
Θi
j

)
∈ Ω1

B(E)(glNR).

Lemma 19.68. Θ is a connection on ϖ : B(E)→ X.

Proof. We check the two conditions in Lemma 14.28. First, for each x ∈ X and basis b of Ex, an

element A ∈ glNR generates a motion t 7→ b · etA in B(E)x. Since each ei takes values in the fixed

vector space Ex in the fiber B(E)x, the covariant derivative of e along this motion is the ordinary

directional derivative. Since essentially e = b, this is

(19.69)
d

dt

∣∣∣∣
t=0

b · etA = b ·A,

from which the value of Θ on the vertical vector generated by A is A. This proves (14.29). To

check (14.30), for M ∈ GLNR compute

□(19.70) ∇′(eM) = ∇′e ·M = eΘM = (eM)(M−1ΘM).

Remark 19.71. The constructions in (19.3) and (19.64) define equivalences of categories

(19.72)

{
principal GLNR-bundles over X

with connection

}
//
{
rank N vector bundles over X

with covariant derivative

}
oo .



192 D. S. FREED

(19.73) An application. We have found it convenient to compute in a fiber bundle E → X with

fiber F that is associated with a principal bundle P → X by pulling back to the total space P :

the fiber bundle untwists and sections of E → X become functions P → F . Here, then, is an

application of the correspondence (19.72).

Proof of Proposition 19.54. Let ϖ : B(E)→ X be the bundle of frames of π : E → X. The pullback

under ϖ of an element σ ∈ Ω•
X(E) is a differential form σ̃ ∈ Ω•

B(E)(R
N ). A small variation of

Proposition 19.15 computes the pullback of d∇σ under ϖ:

(19.74) d∇σ = dσ̃ +Θ ∧ σ̃,

where Θ ∈ Ω1
B(E)(glNR) is the connection on ϖ constructed in Lemma 19.68. Let Ω ∈ Ω2

B(E)(glNR)

be the curvature of Θ. Then Ω descends to F∇.

Let ξ̃1, ξ̃2 be the horizontal lifts of ξ1, ξ2 to B(E). Then the lift of F∇(ξ1, ξ2) to B(E) is

F∇(ξ1, ξ2) = Ω(ξ̃1, ξ̃2)

= dΘ(ξ̃1, ξ̃2) + (Θ ∧Θ)(ξ̃1, ξ̃2)

= −Θ
(
[ξ̃1, ξ̃2]

)
(19.75)

which is a glNR-valued function. Let ψ̃ : B(E) → RN be the lift of the section ψ. Recall that it

satisfies the equivariance condition

(19.76) ψ̃(bM) =M−1ψ̃(b), b ∈ B(E), M ∈ GLNR.

Differentiate in M to see that −Θ([ξ̃1, ξ̃2])ψ̃ is the directional derivative of ψ̃ along the vertical

component of [ξ̃1, ξ̃2].

From (19.74) we see that

(19.77)
∇ξ2ψ = ξ̃2ψ̃

∇ξ1∇ξ2ψ = ξ̃1ξ̃2ψ̃

meaning, as usual, that the lift of the left hand sides to B(E) is the right hand side. Thus the right

hand side of (19.55) lifts to

(19.78) ξ̃1ξ̃2ψ̃ − ξ̃2ξ̃1ψ̃ − [̃ξ1, ξ2]ψ̃ =
{
[ξ̃1, ξ̃2]− [̃ξ1, ξ2]

}
ψ̃

which is the directional derivative of ψ̃ along the vertical component of [ξ̃1, ξ̃2]. □
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(19.79) Linear connections and covariant derivatives. As a special case of the preceding—the

intrinsic case—a covariant derivative on the tangent bundle TX → X of a smooth manifold X is

equivalent to a linear connection: a connection on the principal bundle of frames ϖ : B(X)→ X.

Remark 19.80. The term ‘connection’ is often used interchangeably with ‘covariant derivative’,

especially in the intrinsic context.

Let E be a vector space equipped with a representation ρ : GLnR → Aut(E). Sections of the

associated vector bundle π : E = EB(X) → X are tensor fields on X. One expression for the

induced covariant derivative of tensor fields is given in Proposition 19.15. Here is another. Recall

the (Rn)∗-valued horizontal vector field ∂ = ∂ke
k on B(X). The following very useful formula is a

direct consequence of Proposition 19.8.

Proposition 19.81. Let ψ be a section of π : E → X and let ψ̃ : B(X)→ E be its pullback under ϖ.

Then the covariant derivative pulls back to

(19.82) ∇ψ = ∂ψ̃,

a GLnR-equivariant function B(X)→ (Rn)∗ ⊗ E.

More general differential operators on X can often be written in a similar form on the frame bundle;

see (17.49) for an example.

Remark 19.83. The following observation may be useful to make explicit. A covector ω ∈ T ∗
xX has

a lift in two different senses to the frame bundle ϖ : B(X)→ X. (The same applies to differential

forms of arbitrary degree.) On the one hand, ϖ∗(ω) ∈ Ω1
B(X) is the lift as a 1-form. On the other

hand, there is a lift ω̃ : B(X)→ (Rn)∗ to an (Rn)∗-valued function. They are related by

(19.84) ϖ∗(ω)(∂v) = ⟨ω̃, v⟩, v ∈ Rn.

(19.85) Torsion in terms of covariant derivatives. The following formula expresses the torsion

directly in terms of covariant derivatives.

Proposition 19.86. Let X be a smooth manifold with a linear connection and associated covariant

derivative ∇ on TX → X. Let τ ∈ Ω2
X(TX) be the torsion. Then

(19.87) τ(ξ1, ξ2) = ∇ξ1ξ2 −∇ξ2ξ1 − [ξ1, ξ2], ξ1, ξ2 ∈ X(X).

Proof. Let ξ̃1, ξ̃2 denote the horizontal lifts of ξ1, ξ2, respectively. Plug into τ = dθ+Θ∧ θ and use

Proposition 19.81:

τ(ξ1, ξ2) = ξ̃1θ(ξ̃2)− ξ̃2θ(ξ̃1)− θ
(
[ξ̃1, ξ̃2]

)

= ∇ξ1ξ2 −∇ξ2ξ1 − [ξ1, ξ2].
(19.88)

□
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Lecture 20: The Levi–Civita covariant derivative and the Riemann curvature tensor

We constructed the Levi–Civita connection of a Riemannian manifold in (18.46) as a connection

on the orthonormal frame bundle ϖ : BO(X)→ X. Our first task in this lecture is to construct the

corresponding Levi–Civita covariant derivative on the tangent bundle. We end up with an 6-term

explicit formula (20.15) in terms of the metric and Lie bracket, a formula that is very useful in

many situations. It is not necessary to memorize the precise formula, but rather one should know

its properties so it can be quickly recovered (Remark 20.16(2)).

In the second half of the lecture we explore the symmetries of the Riemann curvature tensor,

which are enumerated in Theorem 20.36.

The Levi–Civita covariant derivative

(20.1) Covariant derivatives and geometric structures. Let X be a smooth manifold. In (19.72)

we constructed a 1:1 correspondence (which is an equivalence of categories)

(20.2) {covariant derivatives on TX −→ X} ←→ {connections on B(X) −→ X} .

Now suppose (Gn, λn) is a symmetry type and X has a (Gn, λn)-structure encoded in a principal

Gn-bundle BG(X) → X (and an isomorphism of the associated principal GLnR-bundle with the

frame bundle). We ask for additional data/conditions on the covariant derivative on TX → X

such that the corresponding connection has a natural lift to BG(X)→ X. We do not address that

problem in general, but only treat the case of a Riemannian structure.

Remark 20.3. The setting generalizes to arbitrary vector bundles, and in particular Proposition 20.5

applies to vector bundles equipped with an inner product.

(20.4) Orthogonal covariant derivatives on the tangent bundle. Let X be a Riemannian manifold.

Proposition 20.5. Suppose ∇ is a covariant derivative on the tangent bundle TX → X. Then the

induced connection on the frame bundle B(X) → X restricts to a connection on the orthonormal

frame bundle BO(X)→ X iff

(20.6) d⟨ξ1, ξ2⟩ = ⟨∇ξ1, ξ2⟩+ ⟨ξ1,∇ξ2⟩

for all vector fields ξ1, ξ2 ∈ X(X).

Proof. Let Θ be a connection 1-form on BO(X) → X. Suppose given vector fields ξ1, ξ2 ∈ X(X),

and let ξ̃1, ξ̃2 : BO(X)→ Rn be the lifts to On-equivariant functions. Then since Θ takes values in

skew-symmetric matrices, we have

d⟨ξ̃1, ξ̃2⟩ = ⟨dξ̃1, ξ̃2⟩+ ⟨ξ̃1, dξ̃2⟩
= ⟨dξ̃1 +Θξ̃1, ξ̃2⟩+ ⟨ξ̃1, dξ̃2 +Θξ̃2⟩
= ⟨∇ξ1, ξ2⟩+ ⟨ξ1,∇ξ2⟩,

(20.7)
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where at the last stage we write the descent to X using Proposition 19.15.

Conversely, suppose ∇ is a covariant derivative on TX → X that satisfies (20.6). Let Θ be

the corresponding linear connection on B(X) → X, constructed in (19.64). Similar to (19.65),

construct the pullback of the tangent bundle over the orthonormal frame bundle

(20.8)

E′ //

π′

��

TX

π

��
BO(X)

ϖ //

e1,...,en

UU

X

let ∇′ be the pullback covariant derivative, and let Θ be the 1-form defined as in (19.66):

(20.9) ∇′ej = eiΘ
i
j , Θi

j ∈ Ω1
BO(X).

The proof of Lemma 19.68 shows that the extension of Θ to the principal GLnR-bundle of frames

is a connection. To prove that Θ is a connection on BO(X) → X we show that it takes values in

skew-symmetric matrices. Namely, since e1, . . . , en are orthonormal,

0 = d⟨ej , ek⟩
= ⟨∇ej , ek⟩+ ⟨ej ,∇ek⟩
= ⟨eiΘi

j , ek⟩+ ⟨ej ,Θi
kei⟩

= Θk
j +Θj

k

(20.10)

□

(20.11) The 6-term formula. LetX be a Riemannian manifold. Then according to (20.6) and (19.87)

the Levi–Civita covariant derivative, which is orthogonal and torsionfree, satisfies

ξ⟨η, ζ⟩ = ⟨∇ξη, ζ⟩+ ⟨η,∇ξζ⟩(20.12)

[ξ, η] = ∇ξη −∇ηξ(20.13)

for all vector fields ξ, η, ζ ∈ X(X).

Theorem 20.14. The Levi–Civita covariant derivative on a Riemannian manifold X satisfies

(20.15) ⟨∇ξη, ζ⟩ =
1

2

{
ξ⟨η, ζ⟩+ η ⟨ζ, ξ⟩ − ζ⟨ξ, η⟩+ ⟨[ξ, η], ζ⟩ − ⟨[η, ζ], ξ⟩+ ⟨[ζ, ξ], η⟩

}

for all vector fields ξ, η, ζ ∈ X(X).

Remark 20.16.

(1) For x ∈ X let ζ(x) run over an orthonormal basis of TxX to determine (∇ξη)(x) ∈ TxX.
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(2) The form of the 6-term formula (20.15) is easy to remember, but the signs are not. One

can quickly derive them by using the fact that the left hand side is linear over functions

in ξ and ζ but is a first order differential operator on η:

(20.17) ⟨∇fξ(gη), hζ⟩ = fgh ⟨∇ξη, ζ⟩+ f(ξg)h⟨η, ζ⟩, f, g, h ∈ Ω0
X .

The other input is that the terms ξ⟨η, ζ⟩ and ⟨[ξ, η], ζ⟩ have + signs, which follows imme-

diately from (20.12) and (20.13).

Proof. Alternately apply (20.12) and (20.13), each three times:

(20.18)

⟨∇ξη, ζ⟩ = ξ⟨η, ζ⟩ − ⟨η,∇ξζ⟩
= ξ⟨η, ζ⟩ − ⟨η, [ξ, ζ]⟩ − ⟨η,∇ζξ⟩
= ξ⟨η, ζ⟩ − ⟨η, [ξ, ζ]⟩ − ζ⟨η, ξ⟩+ ⟨∇ζη, ξ⟩
= ξ⟨η, ζ⟩ − ⟨η, [ξ, ζ]⟩ − ζ⟨η, ξ⟩+ ⟨[ζ, η], ξ⟩+ ⟨∇ηζ, ξ⟩
= ξ⟨η, ζ⟩ − ⟨η, [ξ, ζ]⟩ − ζ⟨η, ξ⟩+ ⟨[ζ, η], ξ⟩+ η⟨ζ, ξ⟩ − ⟨ζ,∇ηξ⟩
= ξ⟨η, ζ⟩ − ⟨η, [ξ, ζ]⟩ − ζ⟨η, ξ⟩+ ⟨[ζ, η], ξ⟩+ η⟨ζ, ξ⟩ − ⟨ζ, [η, ξ]⟩ − ⟨ζ,∇ξη⟩

(Compare to (18.60).) Rearrange the terms to derive (20.15). □

(20.19) The Levi–Civita covariant derivative in local coordinates. Let (U ;x1, . . . , xn) be a chart

on X. Then on U we have the framing
∂

∂x1
, . . . ,

∂

∂xn
and the dual coframing dx1, . . . , dxn. The

metric on the tangent space with respect to this framing and the dual metric on the cotangent

space with respect to this coframing define functions gij , g
ij : U → R by

(20.20) gij = ⟨
∂

∂xi
,
∂

∂xj
⟩, gij = ⟨dxi, dxj⟩,

which make up inverse matrices in the sense that gijg
jk = δki for 1 ≤ i, k ≤ n. Define functions

Γikj : U → R that express the Levi–Civita covariant derivative relative to this framing:

(20.21) ∇
∂/∂xk

∂

∂xj
= Γikj

∂

∂xi
.

Use the fact that

[
∂

∂xk
,
∂

∂xℓ

]
= 0 to deduce from (20.15) that

(20.22) ⟨∇
∂/∂xk

∂

∂xj
,
∂

∂xℓ
⟩ = Γmkjgmℓ =

1

2

(
∂gjℓ
∂xk

+
∂gℓk
∂xj

−
∂gkj
∂xℓ

)
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from which we obtain the classical formula

(20.23) Γikj =
1

2
giℓ

(
∂gjℓ
∂xk

+
∂gℓk
∂xj

−
∂gkj
∂xℓ

)

for the Christoffel symbols. We previously introduced this formula as an notational convenience (18.34)

in our derivation of the Riemann curvature tensor. Here we see its geometric meaning in terms of

the Levi–Civita connection.

(20.24) The Riemann curvature in local coordinates. In Lecture 18 we derived the classical formula

for the Riemann curvature tensor in local coordinates twice. In (18.10) it was derived for a general

linear connection. Then in (18.38) it was derived, following Riemann, as the obstruction to finding

local coordinates in which the coordinate vector fields are orthonormal.

The Riemann curvature tensor and its symmetries

We continue with the Riemannian manifold X.

(20.25) The global parallelism of BO(X). We modify (16.30) and (16.39) slightly for the Lie

subalgebra on ⊂ glnR. Namely, for 1 ≤ i, j ≤ n set

(20.26) Sji = Eji − Eij .

The skew-symmetric matrices Sji form a basis of on if we restrict 1 ≤ i < j ≤ n. But it is convenient
to use the spanning set in which i, j are unrestricted and impose skew-symmetry on the coefficients,

all compensated by a factor of 1/2. Let pSji denote the corresponding vertical vector field on the total

space BO(X) of the orthonormal frame bundle ϖ : BO(X) → X. The horizontal vector fields ∂k
are defined as before.

(20.27) The Riemann tensor. Apply (16.66) to define functions Rijkℓ : BO(X)→ R:

(20.28) Ωij =
1

2
Rijkℓ θ

k ∧ θℓ.

Since Ω =
(
Ωij

)
is a 2-form with values in skew-symmetric matrices, we have

(20.29) Rijkℓ = −Rjikℓ.

The dual to (20.28) is (16.70) specialized to the Riemannian case:

(20.30) [∂k, ∂ℓ] = −Rijkℓ pEji = −
1

2
Rijkℓ

pSji .
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The collection of functions Rijkℓ satisfy equivariance conditions for the On-action on BO(X); they

are the components of the pullback to BO(X) of a tensor

(20.31) R ∈ Ω2
X(SkewEndTX),

a 2-form with values in the vector bundle of skew-symmetric endomorphisms of the tangent bundle.

Fix x ∈ X and let b ∈ BO(X) be an orthonormal basis e1, . . . , en of TxX. Then

(20.32) R(ek, eℓ)ej = Rijkℓei.

R is the Riemann curvature tensor.

(20.33) Symmetries. Define Rijkℓ : BO(X)→ R to be the function with value

(20.34) Rijkℓ(b) := ⟨ei, R(ek, eℓ)ej⟩ = Rijkℓ(b).

at the basis b = (e1, . . . , en) ∈ BO(X)x. These descend to a quadrilinear form

(20.35) R̃ : TX × TX × TX × TX −→ R.

It obeys symmetry conditions expressed by the first three of the following constraints on Rijkℓ.

Theorem 20.36. For all 1 ≤ i, j, k, ℓ ≤ n we have

Rijkℓ = −Rjikℓ(20.37)

Rijkℓ = −Rijℓk(20.38)

Rijkℓ = Rkℓij(20.39)

Rijkℓ +Rikℓj +Riℓjk = 0(20.40)

Equations (20.37)–(20.39) imply that R̃ factors down to a symmetric bilinear form

(20.41) R̃ :
∧2TX ×∧2TX −→ R.

Put differently,

(20.42) R̃ ∈ Sym2
(∧2 T ∗X

)
.

The formula for R̃ in terms of R is: for tangent vectors ξ, η, ζ, λ we have

(20.43) R̃(ξ ∧ η, ζ ∧ λ) = ⟨ξ, R(ζ, λ)η⟩.



DIFFERENTIAL GEOMETRY 199

Proof. The skew-symmetry (20.37) is (20.29), and the skew-symmetry (20.38) is (16.66). To

prove (20.40) we use the Bianchi identity (16.59):

0 = dΘτ = dτ +Θ ∧ τ = Ω ∧ θ

=
1

2
Rijkℓ θ

k ∧ θℓ ∧ θj ei
(20.44)

since the Levi–Civita connection Θ is torsionfree. Fix i, j, k, ℓ. Then the coefficient of θk ∧ θℓ∧ θj ei
in (20.44) is

(20.45)
1

2

(
Rijkℓ +Rikℓj +Riℓjk

)
− 1

2

(
Rijℓk +Riℓkj +Rikjℓ

)
= Rijkℓ +Rikℓj +Riℓjk

and it vanishes, which is (20.40).

Figure 64. Proof of (20.39)

The symmetry (20.39) follows from (20.37), (20.38), and (20.40) by a beautiful argument of

Milnor depicted in Figure 64 (which is lifted from his Morse Theory book). The six vertices of the

octahedron are each labeled by a component of the Riemann tensor, and (20.40) implies that the

sum of the components at the vertices of the faces labeled X , Y , Z , and W vanish. Apply

the proved symmetries (20.37) and (20.38) to deduce

0 = Rikjℓ +Rjikℓ +Rℓijk

= Rijkℓ +Rikℓj +Riℓjk

0 = Rkjiℓ +Rℓjki +Rjikℓ

= Rjkℓi +Rjℓik +Rjikℓ

0 = Rkjiℓ +Rikjℓ +Rℓkij

= Rkjiℓ +Rkiℓj +Rkℓji

0 = Rℓkij +Rℓijk +Rℓjki

(20.46)
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Add these four equations to find

(20.47) 0 = 2(Rℓkij +Rjiℓk)

from which (20.39) follows. □

Remark 20.48. An equivalent expression for the Bianchi identity (20.40) is

(20.49) R(ξ1, ξ2)ξ3 +R(ξ2, ξ3)ξ1 +R(ξ3, ξ1)ξ2 = 0,

where ξ1, ξ2, ξ3 ∈ TxX are tangent vectors at a point x ∈ X. This follows from (20.32).

Remark 20.50. Note that (20.40) does not follow from (20.37)–(20.39). In other words, (20.42) is

not the definitive location of the Riemann tensor; one must also impose the Bianchi identity.
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Lecture 21: The Gauss–Bonnet theorem

In the next few lectures we prove the Gauss–Bonnet–Chern theorem, which gives a formula for

the Euler number of a closed Riemannian manifold in terms of the Riemann curvature.37 Along

the way we introduce Chern–Weil and Chern–Simons invariants of connections, each of which is

an important topic in its own right. A fundamental ingredient in the proof is (a special case of)

the Poincaré–Hopf theorem, which is Theorem 28.33 in the Differential Topology notes.

In this lecture we begin with the classical Gauss–Bonnet theorem for 2-manifolds. This classical

Gauss–Bonnet theorem38 is one of the first theorems to relate Riemannian geometry to the topology

of the underlying smooth manifold (or, in this case, the topology of the underlying topological

space). There are many, many theorems that do so, including quite recent ones; as an illustration

of the genre, we state a theorem of Kazdan–Warner. The proof of the classical Gauss–Bonnet

theorem is completed at the end of the lecture.

The main ingredients of the proof are presented in arbitrary dimensions. The Euler number is

computed by counting with signs the zeros of a vector field ξ with simple zeros. Away from the

zeros the (normalized) vector field defines a section of the sphere bundle of the tangent bundle.

We extend this over a compact manifold with boundary, obtained by “blowing up” the points at

which ξ vanishes. In dimension two we conclude by identifying the sphere bundle with the oriented

orthonormal frame bundle, assuming the underlying Riemannian surface is oriented. Then we

apply Stokes’ theorem to the connection form. In higher dimensions we need to find an analogous

transgressing differential form on the total space of the sphere bundle. The construction of that

form, due to Chern, takes up the next few lectures.

I posted some papers, including Chern’s original paper, on Canvas. They are well worth reading.

The classical Gauss–Bonnet theorem

(21.1) Statement and remarks. Let (Σ, g) be a closed Riemannian 2-manifold. The Riemannian

metric determines a smooth density dµg; at each point it gives the area of parallelograms in the

tangent space. Let Kg : Σ → R be the Gauss curvature (Corollary 11.9). The classical Gauss–

Bonnet theorem is the following.

Theorem 21.2. The Euler number of Σ is

(21.3) Euler(Σ) =
1

2π

∫

Σ
Kg dµg.

We make several remarks.

37A simple version of the Gauss–Bonnet theorem for surfaces is treated in (15.36).
38The “Gauss–Bonnet” theorem for closed manifolds, which is the version we discuss here, is due to Walther von

Dyck. Daniel Gottlieb, in an article about the history and sociology of Gauss–Bonnet (posted on Canvas), writes,
“Part of this story shows that the name of a theorem is not really for an attribution. It is very convenient to have a
name for important theorems, and the main point is that people should know approximately what theorem is meant
by the name rather than who gets the credit. Still, one can reflect that Bonnet’s name is famous and Dyck’s is
virtually unknown these days.”
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Remark 21.4.

(1) The theorem does not require that Σ be oriented. For example, the theorem applies to the

real projective plane and to the Klein bottle. In the proofs below we assume an orientation

to simplify the presentation. Straightforward arguments with the orientation double cover

extend the proofs to unoriented manifolds.

(2) Let Σ = S2(R) be the 2-sphere with the round metric induced by the standard embedding

into Euclidean space E3 as a sphere of radius R > 0. Then the Gauss curvature is the

constant 1/R2; see (11.33) and the text that follows. The area is 4πR2 and so (21.3) is

(21.5) Euler(S2) =
1

2π

1

R2
(4πR2) = 2.

Notice that the radius R cancels out as it must: the Euler number is a topological invariant

independent of the Riemannian metric.

(3) Geometry computes topology. Namely, in (21.3) the left hand side is a global topological

invariant. It is computed by the right hand side, which is the integral of a local geometric

invariant. The local geometric invariant depends on extra local structure—the Riemannian

metric—but its integral is independent of it. The local structure is chosen from a continuous

space (of Riemannian metrics), whereas the global invariant is discrete. This means the

local geometric invariant (Gauss curvature times area density) carries hidden integrality.

(4) Topology constrains geometry. The Gauss–Bonnet theorem implies constraints on the pos-

sible Gauss curvatures of a Riemannian surface. For example, S2 does not admit a metric

with nonpositive Gauss curvature. Similarly the torus and Klein bottle, which have vanish-

ing Euler numbers, do not admit metrics with either positive or negative Gauss curvature.

And connected oriented closed surfaces of genus ≥ 2, which have negative Euler numbers,

do not admit metrics with positive Gauss curvature.

(21.6) An existence theorem. In the other direction, and as an illustration of the interplay between

topology and local geometry, we state without proof the following theorem of Kazdan–Warner. It

is an existence theorem for Riemannian metrics, the only constraints being those identified in

Remark 21.4(4).

Theorem 21.7 (Kazdan–Warner). Let Σ be a closed connected 2-manifold. Suppose K : Σ→ R is

a function that satisfies

(i) if Euler(Σ) > 0, then there exists x ∈ Σ such that K(x) > 0;

(ii) if Euler(Σ) = 0, then K is either identically zero or takes on both positive and negative

values; and

(iii) if Euler(Σ) < 0, then there exists x ∈ Σ such that K(x) < 0.

Then there exists a Riemannian metric g on Σ whose Gauss curvature satisfies Kg = K.

In fact, Kazdan–Warner prove the more precise existence of metrics with prescribed Gauss curvature

conformally equivalent to a given Riemannian metric. This involves proving existence of solutions

to a nonlinear partial differential equation on Σ. It is typical that natural questions in differential

geometry quickly lead to nonlinear PDEs; their study is the field of global analysis.
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(21.8) The oriented orthonormal frame bundle. Assume that the Riemannian 2-manifold Σ is also

oriented. Then a unit tangent vector e1 ∈ TxΣ at a point x ∈ Σ determines an oriented orthonormal

frame e1, e2 at x: the second basis vector e2 is obtained from e1 by a π/2-rotation in the direction

determined by the orientation. So the principal SO2-bundle of oriented orthonormal frames

(21.9) ϖ : BSO(Σ) −→ Σ

is identified with the unit circle bundle of the tangent bundle

(21.10) π : S(TΣ) −→ Σ,

which in this case is a principal bundle with structure group the abelian Lie group SO2.

Remark 21.11. If X is a Riemannian manifold of dimension n ≥ 3, then the unit sphere bundle

S(TX)→ X is not a principal bundle, whereas the oriented orthonormal frame bundle is a principal

bundle with structure group SOn.

Recall from Theorem 11.4 that the 3-manifold BSO(Σ) has a global coframing θ1, θ2,Θ2
1 that

satisfies the following properties. First, the Levi–Civita connection is the kernel of the connection

1-form Θ2
1. In particular,

(21.12) ι
pA
Θ2

1 = 1,

where pA is the vertical vector field on BSO(Σ) induced from A =
(
0 −1
1 0

)
∈ so2. Next, the 2-form

θ1∧θ2 descends to a 2-form Ωg ∈ Ω2
Σ that is the area 2-form defined by the Riemannian metric and

orientation. (The associated density is dµg = |Ωg|.) Finally, the curvature39 descends to the base:

(21.14) dΘ2
1 = π∗ω.

The 2-form ω has an expression in terms of the Gauss curvature; see (11.27):

(21.15) ω = −Kg Ωg.

Observe that ω is the integrand in the Gauss–Bonnet formula (21.3).

39Since SO2 is abelian, in matrix notation we have

(21.13) dΘ+Θ ∧Θ = dΘ+
1

2
[Θ ∧Θ] = dΘ.
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(21.16) Transgressing differential forms. Equation (21.14) and its generalizations are the key to

the proof of Gauss–Bonnet and much more, so we isolate the relationship between Θ2
1 and ω.

Definition 21.17. Let π : E → X be a fiber bundle. Then α ∈ ΩqE is a transgressing differential

form if

(21.18) dα = π∗ω

for some ω ∈ Ωq+1
X .

Differentiating (21.18) we deduce that dω = 0, since π∗ is injective. Definition 21.17 simply says

that α is a transgressing form if dα descends to the base. The restriction of α to any fiber of π

is a closed differential q-form. So both this restriction to the fiber and the form ω on the base

are closed, hence represent de Rham cohomology classes. These cohomology classes are said to be

related by transgression, a notion introduced by Borel. The geometric version here was introduced

by Chern, and it tracks the differential forms, not just the underlying cohomology classes.

(21.19) Special case: parallelizable surfaces. Suppose ξ ∈ X(Σ) is a nowhere vanishing vector

field on the Riemannian surface Σ. Then s := ξ
∥ξ∥ : Σ → S(TΣ) ≈ BSO(Σ) is a global section

of ϖ : BSO(Σ)→ Σ. Apply Stokes’ theorem to s∗Θ2
1 and use (21.14) and (21.15) to deduce

(21.20) 0 =

∫

Σ
ds∗Θ2

1 =

∫

Σ
s∗dΘ2

1 =

∫

Σ
ω = −

∫

Σ
Kg Ωg.

In other words, the right hand side of (21.3) vanishes. In this case the Euler number of Σ also

vanishes, as we recall below. If Σ is connected, then Σ is either a torus or a Klein bottle. (We are

assuming for convenience that Σ is oriented, but as mentioned before with a bit of elaboration our

arguments apply to unoriented surfaces as well.)

On a general surface, we will use a vector field with isolated transverse zeros to compute the

Euler number. Then we modify (21.20) to integrate on a blow-up of Σ at the zeros, which is a

manifold with boundary. The boundary term in Stokes’ theorem then gives the Euler number. For

this last step we need the relationship between Euler numbers and vector fields, which we now

recall.

Euler number and the Poincaré–Hopf theorem

This section is a recollection of Lecture 28 in the Differential Topology notes, to which I refer

for details and proofs.
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(21.21) Definition of the Euler number and elementary properties. Let X be a closed oriented

manifold. Write ∆ for the diagonal submanifold of X ×X; it is diffeomorphic to X.

Definition 21.22. The Euler number of X is the self-intersection number of the diagonal:

(21.23) Euler(X) = #X×X(∆,∆).

This integer is computed via oriented intersection theory. In fact, it is independent of the orientation

on X and can be defined on unoriented manifolds.

The normal bundle to ∆ ⊂ X × X is isomorphic to the tangent bundle TX → X, and by the

tubular neighborhood theorem the self-intersection number (21.23) can be computed inside the

normal bundle. This leads to the following theorem.

Theorem 21.24. Let X be a closed oriented manifold, and write Z ⊂ TX for the image of the

zero section. Then

(21.25) Euler(X) = #TX(Z,Z).

The zero section 0: X → TX assigns the zero vector to each point of X.

-

EE

Ei v
-

! -3-X00

Figure 65. Computing the self-intersection number of ∆ ⊂ X ×X

The self-intersection number (21.25) is computed by writing the first copy of Z as the image of a

function and then perturbing that function to be transverse to the second copy of Z. Lemma 28.12

in the Differential Topology notes shows that it suffices to perturb through sections of TX → X.

In other words, there exists a vector field ξ ∈ X(X) with a finite set {x1, . . . , xN} ⊂ X of transverse

zeros, as depicted in Figure 65. Then the intersection number is the count of zeros with sign.
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(21.26) The local sign. The differential of ξ : X → TX at a zero x ∈ X is a linear map

(21.27) TxX → T0(TX).

Two transverse submanifolds pass through 0 ∈ TxX: the zero section and the fiber. This gives

a direct sum splitting of T0(TX), and the differential dξx is identified as the self-map of TxX

obtained by composing (21.27) with projection onto the tangent space to the fiber. At a transverse

zero this is an isomorphism dξx : TxX → TxX. The sign tracks whether it is orientation-preserving

or orientation-reversing.

Remark 21.28. No orientation of TxX is necessary to know if an automorphism preserves or reverses

orientation.

An expression for the sign is then

(21.29) ϵ = ±1 = sign det dξx.

We need an equivalent expression, computed in the following lemma.

Lemma 21.30. Let V be a finite dimensional real vector space, and write S(V ) = V/R>0 for the

quotient by scalar multiplication by positive real numbers. Let T : V → V be an invertible linear

map; it induces a diffeomorphism S(T ) : S(V )→ S(V ). Then

(21.31) sign detT = degS(T ).

The degree ±1 of the diffeomorphism tells whether it preserves or reverses orientation.

iE
v

-

-

to
-3-X

X

X

Ro

&

~
To

# Bo · To

Figure 66. Computation of the sign
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Proof. Fix a nonzero vector v ∈ V . In the commutative diagram

(21.32)

0 // R · v //

T |
R·v

��

V //

T

��

T[v]S(V ) //

dS(T )[v]
��

0

0 // R · Tv // V // T[Tv]S(V ) // 0

the vertical maps are isomorphisms. Orient the rays R>0 · v and R>0 · Tv to be “outgoing” from

the origin, so that the first vertical map is orientation preserving. Fix an orientation of V and

so induce an orientation of the quotient spaces in (21.32). The latter are consistent with the

induced orientation of S(V ). It now follows that T is orientation-preserving iff dS(T ) is orientation-

preserving. □

(21.33) A special case of the Poincaré–Hopf theorem.

Theorem 21.34. Let X be a closed manifold, and suppose ξ is a vector field that is transverse to

the zero section of TX → X. Let x1, . . . , xN be the zeros of ξ, and define ϵi = sign det dξxi. Then

(21.35) Euler(X) =
∑

i

ϵi.

The general Poincaré–Hopf is for vector fields with isolated, but not necessarily transverse, zeros.

It is treated in Lecture 29 of the Differential Topology notes.

The blow-up

&
n

x

- E

- ↑
↓

↓
-
x

y
->

(i) (ii) (iii)

Figure 67. Vector fields (i) x
∂

∂x
+ y

∂

∂y
(ii) x

∂

∂x
− y ∂

∂y
(iii) x

∂

∂y
− y ∂

∂x
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(21.36) Intuition. Return to dimension 2 and let’s consider local models for an isolated transverse

zero of a vector field, so a vector field ξ in A2
x,y. Three such vector fields are depicted in Figure 67.

After normalization, each defines a section of the unit circle bundle of the tangent bundle away

from the origin. Cut out a disk of radius δ about the origin and consider the behavior of the section

as δ → 0. You should conclude that in the limit the section “winds” around the circle fiber over the

origin. In fact, each of these vector fields is linear, and in the limit one obtains the restriction of

the vector field to the unit circle, which is a map from the circle to itself. Furthermore, you should

conclude that the degree of that map is the sign of the zero of each vector field; see Lemma 21.30.

For a nonlinear vector field the δ → 0 limit is the normalized differential of ξ at the origin, restricted

to the unit circle.

We construct a compactification of the plane minus the origin which is a blow-up: it replaces the

origin by the circle of directions at the origin. Then we extend the section of the circle bundle to a

map of the blow-up into the circle bundle. Finally, we apply Stokes’ theorem as in (21.20), but now

with boundary terms that produce the signs in (21.35). We carry this out in arbitrary dimensions.

&
n

x

-

-
·

↑
↓
y
->

(i) (ii) (iii)

e
gen

e
,

Figure 68. The boundary orientation and Θ2
1

Remark 21.37 (orientations). Recall that the 1-form Θ2
1 restricts on a fiber of the oriented orthonor-

mal frame bundle to the Maurer–Cartan form on SO2 (or rather on the right SO2-torsor that is

the fiber). It measures the instantaneous rate of turning of e1 toward e2 in a moving frame. In

Figure 68 the circle is oriented clockwise as the boundary of its exterior, and the value of Θ2
1 on

a unit vector in the clockwise direction is −1. That sign reappears at the end of the lecture in a

more general context; see (21.50).

(21.38) The sphere bundle of a Riemannian manifold. As a preliminary, letX be an n-dimensional

oriented Riemannian manifold, let ϖ : BSO(X)→ X be its oriented orthonormal frame bundle, and

let π : S(TX) → X be the unit sphere bundle of its tangent bundle. Then ϖ is a principal SOn-

bundle and the fiber bundle π is associated via the action of SOn on Sn−1. It inherits a horizontal

distribution from the Levi–Civita connection on ϖ. Identify Sn−1 as the homogeneous manifold

SOn / SOn−1, where SOn−1 ⊂ SOn is the subgroup of n×n orthogonal matrices of the form
(
1
M

)
,

M ∈ SOn−1. We can also identify S(TX) as the quotient BSO(X)/ SOn−1. Recall the canonical

horizontal vector fields ∂1, . . . , ∂n. The vector field ∂1 drops to a horizontal vector field ∂ on S(TX);

these vector fields are q-related (Definition 2.65), where q : BSO(X)→ S(TX) is the quotient map.

Recall that the integral curves of ∂1 in BSO(X) project to geodesic motions on X. Since the vector
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fields are q-related, the same is true for the integral curves of ∂ in S(TX). The construction is a

blow-up of the Riemannian exponential map; see (17.44).

(21.39) The blow-up. Let X be a closed n-dimensional Riemannian manifold, and suppose ξ is a

vector field with isolated zeros at x1, . . . , xN . Let π : S(TX)→ X be the unit sphere bundle of the

tangent bundle. We construct a compact manifold with boundary pX and a smooth map p : pX → X

such that

(i) the boundary is ∂ pX =
⊔
i
p−1(xi);

(ii) the restriction of p to the interior of pX is a diffeomorphism int( pX)→ X \{x1, . . . , xN}; and

(iii) there is a canonical diffeomorphism p−1(xi) ≈ S(TxiX).

&
n

x

-

-
·

↑
↓
y
->

(i) (ii) (iii)

&

e
-E

gen

e
, ↓

TX
,
X)

i

*
Figure 69. Integral curves of ∂

For the construction, at each i ∈ {1, . . . , N} consider the integral curves of ∂ that begin on the

fiber S(TxiX) of π : S(TX) → X over xi. These project to geodesics in X that emanate from xi,

as in Figure 69. Since S(TxiX) is compact, there exists ϵi > 0 such that the flow exists for time ϵi
uniformly in the initial position. This gives a diagram

(21.40)

[0, ϵi)× S(TxiX) //

p
((

S(TX)

π

��
X

Furthermore, it follows from Lemma 17.47 and the inverse function theorem that the restriction of p

to (0, ϵi)×S(TxiX) is a diffeomorphism onto its image, possible after reducing ϵi. Now construct pX

from the disjoint union

(21.41)
⊔

i

(
[0, ϵi)× S(TxiX)

)
⊔
(
X \ {x1, . . . , xn}

)
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using the diffeomorphism on each (0, ϵi)× S(TxiX) to glue.

(21.42) Extension of the vector field ξ. Assume now that ξ has transverse zeros at each xi, or

equivalently that dξxi : TxiX → TxiX is an isomorphism for each i.

Proposition 21.43. The section s = ξ
∥ξ∥ : X \ {x1, . . . , xN} → S(TX) of π : S(TX)→ X extends

to the map fξ in the commutative diagram

(21.44)

pX
fξ //

p

''

S(TX)

π

��
X \ {x1, . . . , xN}

?�

OO

� � //

s
77

X

Proof. It suffices to define fξ on ∂ pX =
⊔
i
S(TxiX) and prove that the extension is smooth. The

definition is

(21.45) fξ
∣∣
S(TxiX)

= S(dξxi),

where for T : V → V an invertible linear map on a real inner product space we set

(21.46) S(T )(v) =
T (v)

∥T (v)∥ , v ∈ V.

Near xi use parallel transport along radial geodesics to identify each tangent space in a neighborhood

with V = TxiX. Then the smoothness of the extension is a consequence of the following lemma.

Lemma 21.47. Let V be a finite dimensional inner product space, suppose F : Bϵ(0) → V is a

smooth map with F (0) = 0 and dF0 invertible. Then for all v ∈ V ,

(21.48) lim
t→0

F (tv)

∥F (tv)∥ =
dF0(v)

∥dF0(v)∥
.

Proof. Use dF0(v) = lim
t→0

F (tv)

t
. □

□

Gauss–Bonnet and transgressing forms

Continue with the closed oriented Riemannian n-dimensional manifold X, the vector field ξ, the

blow-up pX, and the map fξ : pX → S(TX).

Proposition 21.49. Suppose α ∈ Ωn−1
S(TX) satisfies

(i)
∫
S(TxX) α = 1 for all x ∈ X; and
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(ii) dα = π∗ω for some closed ω ∈ ΩnX .

Then

(21.50) Euler(X) = −
∫

X
ω.

In (i) the sphere S(TxX) ⊂ X is oriented as the boundary of the ball it bounds.

Proof. Apply Stokes’ theorem to f∗ξ α. Then

(21.51)

∫

∂ pX
f∗ξ α =

∫

pX
f∗ξ π

∗ω =

∫

int( pX)
ω =

∫

pX
ω.

Here we use that ∂ pX ⊂ pX has measure zero. On the other hand, the integral of the pullback of α

computes the degree of fξ on each boundary component, which by Lemma 21.30 is the sign of the

determinant of the differential of ξ. The orientation of STxiX as the boundary of pX is opposite to

that as the boundary of the ball in TxiX, and so

(21.52)

∫

∂ pX
f∗ξ α =

∑

i

− deg

(
ξ

∥ξ∥

∣∣∣∣
S(TxiX)

)
= −

∑

i

ϵi.

Apply Theorem 21.34 to conclude. □

(21.53) Proof of Theorem 21.2. It only remains to observe that α = Θ2
1/2π satisfies the conditions

in Proposition 21.49.
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Lecture 22: Chern–Weil and Chern–Simons forms

This lecture is an exposition of parts of the classical paper Shiing-Shen Chern, James Simons,

Characteristic forms and geometric invariants, Annals of Math., 99(1974), pp. 48–69.

We begin with Chern–Weil forms, which predate this paper, though I don’t know that they

appeared in print in a joint paper. Given a Lie group G we seek a universal procedure that associates

to each principal G-bundle π : P → X with connection Θ a differential form ω(Θ) ∈ Ω•
X . The

association should be natural under pullbacks of connections. It turns out that every such natural

differential form is determined by an Ad-invariant polynomial on the Lie algebra g. Furthermore,

every such form ω(Θ) is closed. We construct these Chern–Weil forms (22.12), but we do not prove

that they are the only natural differential forms.

There are two types of Chern–Simons forms. The first (22.29) is associated to two connections on

π : P → X, and it lives on the base X. It is a secondary form in the sense that its differential (22.31)

is the difference of two primary Chern–Weil forms. A corollary is that the de Rham cohomology

class of a Chern–Weil form is independent of the connection. The second type of Chern–Simons

form (22.43) is associated to a single connection on π : P → X, and it lives on the total space P .

It is a transgressing form in the sense of Definition 21.17: it transgresses the Chern–Weil form to

a bi-invariant form on G.

In the next lecture we extend this discussion to transgression in certain associated fiber bundles,

and then we complete the proof of the Chern–Gauss–Bonnet theorem.

Chern–Weil forms

(22.1) Universal data and universal forms. Let G be a Lie group. (For topological purposes one

usually assumes that G has finitely many components, but for our purposes that is not strictly

necessary.) We seek natural or universal constructions of differential forms from G-connections.

That is, to every principal G-bundle π : P → X with connection Θ we associate a differential form

ω(Θ) ∈ Ω•
X without making any choices. More precisely, naturality means that if

(22.2)

P ′ φ̃ //

π′

��

P

π
��

X ′ φ // X

is a pullback diagram and Θ ∈ Ω1
P (g) is a connection form on π, then

(22.3) ω(φ̃∗Θ) = φ∗ω(Θ).

The construction we give associates a natural form to a symmetric multilinear G-invariant map

(22.4) h : g× · · · × g −→ R
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If there are k ∈ Z>0 arguments, then the G-invariance is

(22.5) h(Adg ξ1, . . . ,Adg ξk) = h(ξ1, . . . , ξk), g ∈ G, ξ1, . . . , ξk ∈ g.

The vector space of such symmetric multilinear k-forms is (Sym• g∗)G. There is a theorem that the

construction below produces all natural assignments of a differential form to a G-connection.40

Example 22.6. Let G = GLNR for some N ∈ Z>0, or more generally suppose that G is a subgroup

of GLNR, i.e., G is a matrix group. (We can replace R by C—or, for the invariant theory discussion,

by any field.) Then for k = 2 the bilinear form

(22.7) h(A1, A2) = trace(A1A2)

is symmetric and G-invariant. For k ≥ 3 one can symmetrize the k-linear form

(22.8) A1, . . . , Ak 7−→ trace(A1 · · ·Ak)

to obtain a symmetric G-invariant form. For G = GLNR and k = N there is an invariant form h

whose value on the diagonal is

(22.9) h(A, . . . , A)︸ ︷︷ ︸
N

= det(A),

which is a polynomial of degree N in N2 variables. Classical invariant theory is, in part, the study

of such invariant forms.

Remark 22.10. For G = SO2m there is a slightly exotic G-invariant symmetric m-linear form, the

Pfaffian, which is what we use for the Gauss–Bonnet theorem in the next lecture.

(22.11) The Chern–Weil form. For the rest of this lecture fix G and h ∈ (Sym• g∗)G. Then for a

connection Θ on a principal G-bundle π : P → X with curvature Ω ∈ Ω2
P (g), define

(22.12) ω = ω(Θ) = ωh(Θ) = h(Ω ∧ · · · ∧ Ω︸ ︷︷ ︸
k

) = h(Ω∧k) ∈ Ω2k
P .

This is the Chern–Weil form associated to h and the connection Θ.

Lemma 22.13.

(1) ω descends to X.

40In fact, there is a “generalized smooth manifold” B∇G such that a map X → B∇G is a G-connection, and a
strong form of the theorem alluded to proves that the Chern–Weil construction is an isomorphism from (Sym• g∗)G

to the de Rham complex of B∇G; the differential is zero. See D. S. Freed, M. J. Hopkins, Chern–Weil forms and

abstract homotopy theory , Bull. Amer. Math. Soc., 50 (2013), no. 3, pp. 431–468, (arXiv:1301.5959).
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(2) dω = 0.

As usual, we denote the descended form as ω ∈ Ω2k
X .

Proof. For (1) we check that ω is G-invariant and that the interior product with a vertical vector

vanishes. Thus if g ∈ G, then

(22.14) R∗
gω = R∗

g

(
h(Ω∧k)

)
= h

(
(R∗

gΩ)
∧k
)
= h

(
(Adg−1 Ω)∧k

)
= h(Ω∧k) = ω.

At the penultimate stage we use the G-invariance (22.5). Now if ζ ∈ g and pζ is the induced vertical

vector field on P , then

(22.15) ι
pζ
ω =

∑
h(Ω ∧ · · · ∧ ι

pζ
Ω ∧ · · · ∧ Ω) = 0.

Here we use that ι
pζ
Ω = 0. This completes the proof of (1).

The proof of (2) uses the Bianchi identity (16.60), which asserts dΩ = −[Θ ∧ Ω]. Hence

dω =
∑

h(Ω ∧ · · · ∧ dΩ ∧ · · · ∧ Ω)

= −
∑

h(Ω ∧ · · · ∧ [Θ ∧ Ω] ∧ · · · ∧ Ω)

= 0,

(22.16)

since it suffices to evaluate on horizontal vectors and Θ vanishes on horizontal vectors. (Alterna-

tively, the infinitesimal version of G-invariance (22.5) can be used to deduce the vanishing.) □

The universal connection

To study the Chern–Weil form ω(Θ) on families of connections we introduce a universal connec-

tion on a fixed principal G-bundle π : P → X.

(22.17) Universal objects and moduli spaces. The construction here is ubiquitous in geometry and

beyond. As an example, let V be a vector space and fix a nonnegative integer ℓ. The collection

of all ℓ-dimensional subspaces W ⊂ V forms a manifold Grℓ(V ), the Grassmannian. Each point

of Grℓ(V ) represents a subspaceW ⊂ V , and these subspaces collate to a vector bundle S → Grℓ(V )

whose fiber at W ∈ Grℓ(V ) is the vector space W . (In fact, it comes to us as a subbundle of the

constant vector bundle V → Grℓ(V ) with fiber V .) In this example, Grℓ(V ) is the moduli space

and S → Grℓ(V ) is the universal object that the moduli space parametrizes.

Remark 22.18. Let Mg be the moduli space of Riemann surfaces of fixed genus g ∈ Z≥0. Riemann

surfaces can have automorphisms, and this complicates the construction of a universal Riemann

surface Cg →Mg. In this situation one should construct a moduli stack rather than a moduli space,

and in that world the universal object exists.

Our example—connections on a fixed bundle—is more analogous to the case of the Grassmannian,

albeit infinite dimensional.
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Remark 22.19. In the following we freely use infinite dimensional vector spaces and infinite di-

mensional affine spaces, at least in a formal way. The construction of Chern–Simons forms below

only uses finite dimensional families of connections—in fact a 1-dimensional family—so we do not

attempt to justify the infinite dimensional calculus we use now.

(22.20) The universal 1-form. Recall that the space Aπ of connections on π : P → X is an affine

subspace of the vector space of 1-forms Ω1
P (g). We begin, then, with the universal g-valued 1-form

on P , which is a 1-form Θu on the Cartesian product manifold Ω1
P (g)× P . Fix Θ ∈ Ω1

P (g), p ∈ P ,
ξ, ξ1, ξ2 ∈ TpP , and Λ,Λ1,Λ2 ∈ Ω1

P (g). Then the universal 1-form is defined by

(22.21)
Θu

(Θ,p)(Λ) = 0

Θu
(Θ,p)(ξ) = Θp(ξ)

A short computation shows that the differential is

(22.22)

dΘu
(Θ,p)(Λ1,Λ2) = 0

dΘu
(Θ,p)(Λ, ξ) = Λ ·Θu(ξ)− ξ ·Θu(Λ)−Θu

(
[Λ, ξ]

)
= Λ(ξ)

dΘu
(Θ,p)(ξ1, ξ2) = dΘp(ξ1, ξ2)

In the intermediate step in the second formula, Λ is extended to a constant vector field on Ω1
P (g)

and ξ to a vector field on P , then each is extended to the Cartesian product Ω1
P (g) × P to be

constant along the other factor.

(22.23) The universal connection. The 1-form restricts to a universal connection form Θu on the

principal G-bundle

(22.24) Aπ × P −→ Aπ ×X

Its curvature Ωu can be computed from (22.22) to be

(22.25)

Ωu(Θ,p)(Λ1,Λ2) = 0

Ωu(Θ,p)(Λ, ξ) = Λ(ξ)

Ωu(Θ,p)(ξ1, ξ2) = ΩΘ(ξ1, ξ2)

where now Λ,Λ1,Λ2 ∈ Ω1
X(gP ).

(22.26) The universal Chern–Weil form. Finally, apply (22.12) to the universal connection to

obtain the universal Chern–Weil form

(22.27) ω(Θu) = h(Ωu ∧ · · · ∧ Ωu
︸ ︷︷ ︸

k

) = h
(
(Ωu)∧k

)
∈ Ω2k

Aπ×X
.

The universal property is: the restriction of ω(Θu) to {Θ} ×X is ω(Θ) for each Θ ∈ Aπ.
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Chern–Simons forms

j

·

AxX

>

·

.
·
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Figure 70. The affine path connecting two connections

(22.28) The Chern–Simons form of two connections. Continuing with the principal G-bundle

π : P → X, suppose that Θ0,Θ1 ∈ Aπ are two connections. Since Aπ is an affine space, there is a

unique affine map ∆1 → Aπ from the 1-simplex ∆1 = [0, 1] which begins at Θ0 and terminates at Θ1;

see Figure 70. The Chern–Simons form is the integral of the universal Chern–Weil form (22.27)

along this 1-simplex:

(22.29) α(Θ0,Θ1) =

∫

∆1

ω(Θu) ∈ Ω2k−1
X .

Proposition 22.30. The differential of the Chern–Simons form is

(22.31) dα(Θ0,Θ1) = ω(Θ1)− ω(Θ0).

Proof. Stokes’ theorem. □

Corollary 22.32. The de Rham cohomology class of the Chern–Weil form of a connection on

π : P → X is independent of the connection.

Therefore, the bundle π and the invariant polynomial h determine a cohomology class

(22.33) h(π) ∈ H2k
dR(X) ∼= H2k(X;R).

This is an example of a characteristic class. It satisfies a naturality property: given a pullback

diagram (22.2),

(22.34) h(π′) = φ∗h(π).

The map41

(22.35)
(
Sym• g∗

)
−→ H2•(B•G;R)

that assigns to an invariant polynomial a characteristic class is an algebra homomorphism. Under

favorable circumstances it is an isomorphism.

41As in footnote 40 there is a classifying object B•G for principal G-bundles: a map X → B•G is a principal
G-bundle over X.
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Remark 22.36. The Chern–Weil construction of a characteristic class from a connection is an exam-

ple of the Geometry computes Topology principle in Remark 21.4(3), and it is a vast generalization

of the example discussed there.

(22.37) Explicit formula. We now compute an explicit formula for the Chern–Simons form α(Θ0,Θ1).

Set Λ = Θ1−Θ0, which descends to the base X as an element of Ω1
X(gP ). The universal curvature

restricts to

(22.38) Ωu
∣∣
∆1×P

= dt ∧ Λ + Ωt,

where t is the coordinate along ∆1 = [0, 1] and

(22.39) Ωt = Ω0 + tdΛ + t[Θ0 ∧ Λ] +
t2

2
[Λ ∧ Λ].

Then a straightforward computation gives

(22.40) α(Θ0,Θ1) = k

∫ 1

0
dt h(Λ ∧ Ω

∧(k−1)
t ) ∈ Ω2k−1

X .

j

·

AxX

· o·
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An

·

On
Ar

Figure 71. The product connection Θ∆ and the pullback connection π∗Θ

(22.41) The Chern–Simons form of a single connection. The pullback principal G-bundle

(22.42)

π∗P //

π′

��

P

π
��

P

∆

VV

π // X

has total space π∗P ≈ P ×X P , and so there is a canonical diagonal section ∆. The G-translates

of ∆ provide a trivialization of π′ (as in Proposition 13.4), and there is a corresponding integrable

connection Θ∆ for which these translates are integral manifolds. In particular, Θ∆ is flat.
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Now suppose Θ ∈ Aπ is a connection on π : P → G. It pulls back to a connection on π′ : π∗P → P ;

see Figure 71. The Chern–Simons form of the connection Θ is

(22.43) α(Θ) = α(Θ∆, π
∗Θ) ∈ Ω2k−1

P .

Notice that the Chern–Simons form (22.43) of a single connection is a scalar differential form on

the total space P of π : P → X, whereas the Chern–Simons form (22.29) of two connections is a

scalar differential form on the base space X.

(22.44) Explicit formula. Use ∆ to identify π∗P ≈ P ×G, and then (22.40) becomes

(22.45)

P ×G R //

pr1
��

P

π
��

P

id×e

UU

π // X

Under this identification, and using Λ = π∗Θ−Θ∆, we have

(22.46)

Θ∆ = θG

π∗Θ = R∗Θ = Adg−1 Θ+ θG

Λ = Adg−1 Θ

where θG ∈ Ω1
G(g) is the Maurer–Cartan form on G. Specialize (22.39) to this case, pulling back

by the section id×e to compute on P :

Ωt = tdΘ+
t2

2
[Θ ∧Θ]

= tΩ+
t2 − t
2

[Θ ∧Θ].

(22.47)

where Ω is the curvature of Θ. So we obtain the explicit formula

(22.48) α(Θ) = k

∫ 1

0
dt h(Θ ∧ (Ωt)

k−1) ∈ Ω2k−1
P .

Example 22.49. Let k = 2 and write

(22.50) h(ξ1, ξ2) = ⟨ξ1, ξ2⟩, ξ1, ξ2 ∈ g.

Then the Chern–Simons form is

α(Θ) = 2

∫ 1

0
dt

[
t⟨Θ ∧ Ω⟩+

(
t2 − t
2

)
⟨Θ ∧ [Θ ∧Θ]⟩

]

= ⟨Θ ∧ Ω⟩ − 1

6
⟨Θ ∧ [Θ ∧Θ]⟩.

(22.51)

This scalar 3-form is the starting point of the Chern-Simons theory that constructs both classical

and quantum invariants in low-dimensional geometry and topology.
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(22.52) The Chern–Simons form as a transgressing form. Recall Definition 21.17 of a transgress-

ing form in a fiber bundle. The following theorem tells that the Chern–Simons form is a trans-

gressing form for the Chern–Weil form. Let Θ be a connection on π : P → X with curvature Ω, let

θ be the Maurer–Cartan form on G, fix x ∈ X, let ix : Px ↪→ P denote the inclusion, fix g ∈ G, let
α = α(Θ) be the Chern–Simons form (22.48), and let ω = ω(Θ) be the Chern–Weil form (22.12).

Proposition 22.53.

(1) i∗xα = ck h(θ ∧ [θ ∧ θ]∧(k−1)), where42

(22.54) ck = k

∫ 1

0
dt

(
t2 − t
2

)k−1

=
(−1)k−1

2k−1
(
2k−1
k

) =
(−1)k−1k!(k − 1)!

2k−1(2k − 1)!
.

(2) R∗
gα = α.

(3) dα = π∗ω.

Proof. Use the explicit formulas (22.48) and (22.47). For (1), observe that i∗xΩ = 0 and i∗xΘ =

θPx = θ, where we identify the Maurer–Cartan form on Px with the Maurer–Cartan form on G.

Hence

i∗xα = k

∫ 1

0
dt h

(
θ ∧

(
t2 − t
2

[θ ∧ θ]
)∧(k−1)

)

=

[
k

∫ 1

0
dt

(
t2 − t
2

)k−1
]
h(θ ∧ [θ ∧ θ]∧(k−1))

= ck h(θ ∧ [θ ∧ θ]∧(k−1))

(22.55)

For (2) use that R∗
gΘ = Adg−1 Θ, R∗

gΩ = Adg−1 Ω, and h is G-invariant. The transgression

equation (3) is a corollary of (22.31). □

(22.56) Bi-invariant differential forms on G and transgression. The differential form

(22.57) η = ck h(θ ∧ [θ ∧ θ]∧(k−1)) ∈ Ω2k−1
G

in Proposition 22.53(1) is a left-invariant form on G, since the Maurer–Cartan form θ is left-

invariant, and it is also right invariant since R∗
gθ = Adg−1 θ, g ∈ G, and h is G-invariant. So η is

bi-invariant.

The left-invariant forms comprise the vector space
∧•

g∗ and the bi-invariant forms comprise the

subspace
(∧•

g∗
)G

of Ad-invariant forms on g. Suppose η is bi-invariant, and let ι : G → G be

inversion g 7→ g−1. The differential at e ∈ G is dι = − idg, from which dι acts on a homogeneous

42The first few values are c1 = 1, c2 = −1/6, c3 = 1/40, and c4 = −1/280.
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differential form η at e by (−1)deg η. Hence for a homogeneous bi-invariant form η on G we deduce

at g ∈ G that

(ι∗η)g = (ι∗L∗
g−1ηe)

= R∗
gι

∗ηe

= (−1)deg ηR∗
gηe

= (−1)deg ηηg

(22.58)

from which ι∗η = (−1)deg ηη. Then

(22.59) (−1)deg η+1dη = ι∗dη = dι∗η = (−1)deg ηdη

which implies dη = 0. In other words, every bi-invariant form is closed. Put differently, the

de Rham complex on bi-invariant forms is the vector space
(∧•

g∗
)G

with zero differential. The

Chern–Simons form effects a transgression homomorphism

(22.60) (Sym• g∗)G −→
(∧•

g∗
)G
.
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Lecture 23: Transgression in associated bundles; proof of Chern–Gauss–Bonnet

In this lecture we conclude the proof of the Chern–Gauss–Bonnet formula. Sadly, we did not get

the constants to work out at the end of the lecture. Dear Reader, please find the error and email

me at dafr@math.harvard.edu.

We begin by generalizing the discussion of transgression in principal bundles, which begins

in (22.41), to transgressions in associated bundles of reductive homogeneous manifolds. Once

more, we use the basic Chern–Simons construction (22.28) to produce the transgressing form.

The invariant polynomial relevant to the Euler number is the pfaffian, which is a square root of

the determinant on skew-symmetric matrices. Determinants are best located in exterior algebra,

and so too are pfaffians.

In our application the reductive homogeneous manifold is the sphere Sn−1 ≈ SOn / SOn−1;

see Lecture 21. In particular, in Proposition 21.49 we must compute the integral of the trans-

gressing form over the sphere. We do so, but presumably that is where some constants go

astray. . . Nonetheless, we indicate how to derive the formula for the Euler number as an integral of

the pfaffian of the Riemann curvature tensor.

Transgression in associated bundles

(23.1) Notation. Fix G a Lie group, h ∈ (Symk g∗)G an invariant polynomial of degree k ∈ Z>0

on the Lie algebra of G, π : P → X a principal G-bundle, Θ a connection 1-form on π, and let Ω be

the curvature of Θ.

(23.2) An associated bundle of reductive homogeneous spaces. Suppose H ⊂ G is a closed Lie

subgroup, and assume given a reductive structure

(23.3) g = p⊕ h

on the Lie algebra, i.e., an H-invariant decomposition of the adjoint representation. Let ρ : g→ h

denote the projection map with kernel p. Then there is a pullback diagram

(23.4)

f∗P
f̃ //

π′

��

P
∆

oo

π

��
ϖ

}}
P/H

f // X

in which π, π′ are principal G-bundles, ϖ is a principal H-bundle, and f, f̃ are fiber bundles with

fiber G/H. The map ∆ is the diagonal ∆(p) = (pH, p), p ∈ P , where we embed f∗P ⊂ P/H × P .

Remark 23.5. The special case H = {e} is (22.42). In fact, the entire discussion specializes

to (22.41) ff.
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Observe that π′ is the principal G-bundle associated to ϖ via the inclusion H ↪→ G: there is an

isomorphism

(23.6) f∗P −→ P ×H G

of right G-manifolds. To construct it, fix x ∈ X and p, p′ ∈ Px. Write p = p′g for a unique g ∈ G.
The map (23.6) sends (p′H, p) ∈ (f∗P )x to the equivalence class of (p′, g) ∈ Px ×G in (Px)×H G.

(23.7) The induced connection on ϖ. Decompose the connection Θ on π as

(23.8) Θ = Θp +Θh, Θh = ρ(Θ).

Lemma 23.9. Θh = ρ(Θ) ∈ Ω1
P (h) is a connection form on ϖ.

Proof. For h ∈ H we compute

(23.10) R∗
h

(
ρ(Θ)

)
= ρ(R∗

hΘ) = ρ(Adh−1 Θ) = Adh−1 ρ(Θ),

since ρ is H-invariant. Also, if ζ ∈ h and pζ is the induced vertical vector field on P , then

(23.11) ι
pζ
Θh = ι

pζ
ρ(Θ) = ρ(ι

pζ
Θ) = ρ(ζ) = ζ.

Together, (23.10) and (23.11) imply that Θh is a connection form. □

(23.12) Two connections on π′. The principal G-bundle π′ : f∗P ≈ P ×H G→ P/H in (23.4) has

two connection forms:

(23.13)
Ξ0 = connection induced from Θh

Ξ1 = f̃∗Θ

The first, Ξ0, is induced from the connection Θh on ϖ, using the isomorphism (23.6).

Remark 23.14. For H = {e} the connection Ξ0 is the connection Θ∆ in (22.41).

Introduce the Chern-Simons form

(23.15) α = α(Ξ0,Ξ1) ∈ Ω2k−1
P/H

as an application of the general formula (22.29). The form α is the protagonist of this lecture.
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(23.16) Explicit formula for α. To compute α, expand (23.4) into the pullback diagram

(23.17)

P ×G q //

pr1

��

P ×H G ≈ f∗P

R

##

=pr1 π′

��

f̃ // P

π

��

ϖ

zz
P

s

JJ

ϖ // P/H
f // X

Here R : P ×H G→ P is the right action of G on P and the section s is s(p) = (p, e), p ∈ P . Then

(23.18)
q∗Ξ0 = Adg−1 Θh + θG

q∗Ξ1 = q∗R∗Θ = Adg−1 Θ+ θG

where θG is the Maurer-Cartan form on G. Introduce the difference

(23.19) Λ̃ = q∗Ξ1 − q∗Ξ0 = Adg−1(Θ = Θh) = Adg−1(Θp).

Pull back the computation to P via the section s. Then

(23.20)
Λ := s∗Λ̃ = Θp

s∗Ξ0 = Θh

The curvature of Θ = Θh +Θp is

(23.21) Ω = Ωh + dΘp + [Θh ∧Θp] +
1

2
[Θp ∧Θp].

Following the procedure in (22.37), the curvature of Θh + tΛ is

Ωt = Ωh + tdΘp + t[Θh ∧Θp] +
t2

2
[Θp ∧Θp]

= tΩ+ (1− t)Ωh +

(
t2 − t
2

)
[Θp ∧Θp]

(23.22)

Then from (22.40) we have

(23.23) α = k

∫ 1

0
dt h(Λ ∧ Ω

∧(k−1)
t ).

As written, this is a (2k − 1)-form on P , and it descends to P/H.
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(23.24) α as a transgression form. We introduce a crucial hypothesis in the statement of the next

proposition; it guarantees that α is a transgression form in the fiber bundle f : P/H → X. Let

jx : (P/H)x ↪→ P/H denote the inclusion. Write the Maurer–Cartan form on G as θG = θp + θh,

using the decomposition g = p+h. Let ω = ω(Θ) ∈ Ω2k
X be the Chern–Weil form of the connection Θ.

Recall the constant ck defined in (22.54).

Proposition 23.25. Assume h maps to zero under the restriction map (Symk g∗)G → (Symk h∗)H .

(1) j∗xα = ck h(θp ∧ [θp ∧ θp]∧(k−1)).

(2) dα = f∗ω.

Proof. For (1) use the explicit formula formulas in (23.16) and compute on P . Let ix : Px ↪→ P

denote the inclusion. Then

(23.26)

i∗xΛ = θp

i∗xΩt =

(
t2 − t
2

)
[θp ∧ θp].

Now (1) follows from (23.23). For (2) we apply Proposition 22.30 to the definition (23.15) of α to

deduce

(23.27) dα = ω(Ξ1) = ω(Ξ0).

Now ω(Ξ1) = ω, so it suffices to prove ω(Ξ0) = 0. But s∗(Ξ0) = Θh, so s
∗(Ω0) = Ωh, and the

conclusion follows since by hypothesis h(Ω∧k
h ) = 0. □

(23.28) The transgressed form on G/H. The form j∗xα in Proposition 23.25 is the transport

to (P/H)x of the G-invariant form

(23.29) η = ck h(θp ∧ [θp ∧ θp]∧(k−1)) ∈ Ω2k−1
G/H

on the homogeneous manifold G/H. The left-invariance follows since L∗
gθG = θG from which

L∗
gθp = θp. The form η is determined by its value at the basepoint [H] ∈ G/H. Since T[H]G/H ∼= p,

this value is an element of
∧2k−1

p∗ and it is H-invariant. Hence transgression is a linear map

(23.30) ker
(
(Symk g∗)G → (Symk h∗)H

)
−→ (

∧2k−1
p∗)H .

The pfaffian

For the Chern–Gauss–Bonnet theorem on an n-dimensional manifold, we have G = SOn, H =

SOn−1, and h is a multiple of the pfaffian, which is an invariant polynomial on skew-symmetric

matrices. We give a brief introduction here. We assume n = 2m is even.
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(23.31) Algebraic definition. Let V be an oriented real inner product space of dimension 2m,

which we eventually take to be V = R2m with its standard orientation and dot product. Then

V carries a volume form ν ∈ DetV ∗ =
∧2mV ∗. Associated to a skew-symmetric endomorphism

T : V → V is the 2-form ωT ∈
∧2V ∗ defined by

(23.32) ωT (ξ1, ξ2) = ⟨ξ1, T ξ2⟩, ξ1, ξ2 ∈ V.

Definition 23.33. pfaff T ∈ R is defined by

(23.34)
(ωT )

∧m

m!
= (pfaff T )ν.

This is the diagonal of a multilinear symmetric form h ∈ Symm o(V )∗ defined by

(23.35) h(T1, . . . , Tm)ν =
ωT1 ∧ · · · ∧ ωTm

m!
.

Example 23.36. Take V = R2 with standard basis e1, e2, dual basis e1, e2, and volume form

ν = e1 ∧ e2. The skew-symmetric matrix

(23.37) T =

(
0 −a
a 0

)

corresponds to the 2-form

(23.38) ωT = −a e1 ∧ e2.

Then pfaff T = −a. Observe that detT = (pfaff T )2 = a2.

Remark 23.39.

(1) The pfaffian changes sign if we reverse the orientation of V .

(2) The form ωT is nondegenerate iff T is invertible iff pfaff T ̸= 0.

(3) There is a sign choice in (23.32): one can put instead ⟨Tξ1, ξ2⟩ on the right hand side.

(23.40) Pfaffians and determinants.

Lemma 23.41. (pfaff T )2 = detT .

We do not give a proof here, but do mention a more general statement. Namely, if V is a vector

space of dimension 2m (no inner product or orientation, any base field of characteristic zero),

then there is a notion of a skew transformation T : V → V ∗, namely T ∗ = −T . The determinant
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of T is the induced map detT : DetV → DetV ∗ on the (2m)th exterior power. In other words,

detT ∈ (DetV ∗)⊗2. On the other hand, T determines ωT ∈
∧2V ∗ and

(23.42)
(ωT )

∧m

m!
∈ DetV ∗.

The more general claim is

(23.43)

(
(ωT )

∧m

m!

)⊗2

= detT

in (DetV ∗)⊗2.

(23.44) The pfaffian on SOn / SOn−1. Henceforth set V = R2m and write n = 2m. The decom-

position

(23.45)
on = Rn−1 ⊕ on−1

= p ⊕ h

is illustrated by the matrix

(23.46)




0 −tv

v A


 , v ∈ Rn−1, A ∈ son−1.

Observe that [p, p] ⊂ h, i.e., SOn / SOn−1 is a symmetric space.

Lemma 23.47. The restriction of h to son−1 vanishes.

Here h is the symmetric multilinear form (23.35) built from the pfaffian.

Proof. The pfaffian vanishes on odd dimensional vector spaces. Or, more concretely, if A ∈ son−1,

then ωA does not involve e1, so the wedge product in (23.35) vanishes. □

Integral of the transgressing form over the fiber

(23.48) The identification of SOn / SOn−1 with the sphere. Let Sn−1 ⊂ Rn be the sphere of unit

norm vectors, and let the north pole (1, 0, . . . , 0) ∈ Rn be the basepoint. The motion

(23.49)




cos t − sin t 0 · · ·
sin t cos t 0 · · ·
0 0
...

...
. . .







1

0

...



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in Sn has initial velocity the vector at the north pole induced by the matrix

(23.50) e2 =




0 −1
1 0

. . .




∈ son

Here we use the standard basis e2, e3, . . . , en of p = Rn−1 as embedded in skew-symmetric n ×
n matrices; see (23.46). Conclusion: the standard dot product on p = Rn−1 corresponds to the

unit radius round metric on Sn−1 ≈ SOn / SOn−1.

(23.51) The integral over Sn−1. Next, we compute the transgressed differential form η in (23.29),

which is a form of degree n − 1 on Sn−1 ≈ SOn / SOn−1. By the general theory, η is an SOn-

invariant form on Sn−1, and there is a 1-dimensional real line of such forms; they form the vector

space (Det p∗)SOn−1 , and the action of SOn−1 on the determinant line of p = Rn−1 is trivial. So

η is the volume form of the round metric on a sphere of some radius.

We now compute

(23.52) h
(
e2, [e3, e4], [e5, e6], . . .

)
,

where h is given in (23.35). The matrix e2 is (23.50), and

(23.53) [e3, e4] =




0 −1
1 0

. . .




and so on. According to Example 23.36 the corresponding 2-forms on Rn are

(23.54)
e2 ←→ −e1 ∧ e2

[e3, e4]←→ −e3 ∧ e4

Hence from (23.35) we deduce

(23.55) h(e2, [e3, e4], . . . ) =
(−1)m
m!

.

Next, we compute the value of the form η in (23.29), viewed as an element of Det p∗, on the

basis e2, . . . , en. We must sum (with sign) over the (n − 1)! = (2m − 1)! permutations of the
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basis elements, and a little thought shows that each term in that sum contributes (−1)m/m!, as

in (23.55). From (22.54) we deduce

(23.56) η(e2, . . . , e2m) =
cm (−1)m(2m− 1)!

m!
= − (m− 1)!

2m−1
.

For the unit radius sphere the basis e2, . . . , en is orthonormal, so the right hand side of (23.56)

tells which multiple η is of the standard volume form. The volume of the unit radius sphere in

Euclidean space of dimension 2m is 2πm/(m− 1)!, so with the standard orientation we obtain

(23.57)

∫

Sn−1

η = − (m− 1)!

2m−1

2πm

(m− 1)!
= − πm

2m−2
.

Application to Chern–Gauss–Bonnet

We resume the argument at the end of Lecture 21. Recall that X is a closed oriented n-manifold

(n = 2m), and S(TX)→ X is the unit sphere bundle of its tangent bundle. We seek a differential

form of degree n−1 on the total space S(TX) that satisfies the two conditions in Proposition 21.49.

Proposition 23.58. The Chern–Simons form −α/(2π)m in (23.23) satisfies these conditions.

Here we take π : P → X to be the oriented orthonormal SOn frame bundle of X, so S(TX) =

P/ SOn−1. Sadly, in this version of the notes we are off by a power of 2.

Proof. According to (23.57), the integral of −α/(2π)m over the sphere fiber is

(23.59)
πm

2m−2

1

(2π)m
=

1

22m−2
.

(If the constants were working out, it should be 1.) The second condition in Proposition 21.49

follows from Proposition 23.25(2). □

If we get the constants to work out, then we have completed the proof of the following.

Theorem 23.60 (Chern–Gauss–Bonnet). Let X be a closed oriented Riemannian manifold of

dimension n = 2m. Let R denote the Riemann curvature tensor. Then

(23.61) Euler(X) =

∫

X

1

(2π)m
pfaff(R).
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Lecture 24: Sectional curvature of a Riemannian manifold

(Notes from Lectures 22 and 23 will appear in the next week or two as part of a collated version

of all notes from the semester.)

An alternative way to present the information in the Riemann curvature tensor is as a function on

2-dimensional subspaces of the tangent bundle: the sectional curvature. This is a generalization to

arbitrary dimensions of the Gauss curvature. We begin this lecture with a definition of the sectional

curvature. The reader will be well-advised to first review the material in Lecture 20, especially the

6-term formula and the symmetries of the Riemann tensor. We prove (Proposition 24.22) that the

sectional curvature equals the Gauss curvature of an embedded surface obtained by the Riemannian

exponential map.

The simplest Riemannian manifolds have constant sectional curvature κ. On such manifolds

the Lie brackets of the canonical global vector fields on the total space of the orthonormal frame

bundle have constant coefficients. Those bracketing relations define a finite dimensional Lie algebra,

whose isomorphism type depends on the sign of κ; see Proposition 24.33. If the constant curvature

manifold is connected and complete, then the total space of the orthonormal frame bundle is a

torsor for a Lie group. In (24.40) we give standard models for constant curvature manifolds:

spheres, Euclidean space, and hyperbolic space. Constant curvature manifolds are unique in both

a local (Theorem 24.54) and global (Theorem 24.55) sense. Our proof of the local theorem uses the

Maurer–Cartan equations to construct a map of orthonormal frame bundles, which is an application

of the general Theorem 7.8 (or rather the variation Theorem 9.2).

We conclude by stating some important theorems in Riemannian geometry—old and fairly new—

that illustrate relationships between sectional curvature and topology. These only scratch the

surface of a time-honored line of research.

Throughout this lecture X denotes a Riemannian manifold.

Sectional curvature

(24.1) Curvature on 2-planes. The symmetries of the Riemann curvature (Theorem 20.36) are

important here. Recall from (20.41) that the Riemann curvature tensor may be regarded as a

real-valued symmetric bilinear form on “bivectors”:

(24.2) R̃ :
∧2TX ×∧2TX −→ R

More concretely, for x ∈ X and ξ, η, ζ, λ ∈ TxX,

(24.3) R̃(ξ ∧ η, ζ ∧ λ) = ⟨ξ, R(ζ, λ)η⟩,

where R ∈ Ω2
X(SkewEndX) is the Riemann tensor. Let

(24.4)
q
R̃
:
∧2TX −→ R

Ξ 7−→ R̃(Ξ,Ξ)
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be the associated quadratic form.

If V is a vector space, then the Plücker embedding is the map

(24.5) φ : Gr2(V ) −→ P
(∧2V

)

that sends a 2-plane π ⊂ V to the line in
∧2V spanned by ξ ∧ η for any basis ξ, η of π. Said

differently, the inclusion π ↪→ V induces an inclusion Detπ =
∧2π ↪→ ∧2V whose image is φ(π).

Let Gr2(TX) → X denote the fiber bundle whose fiber at x ∈ X is the Grassmannian of 2-

dimensional subspaces π ⊂ TxX. Then (24.5) induces a map of fiber bundles

(24.6)

Gr2(TX)
φ //

��

P
(∧2TX

)

}}
X

Use the induced inner product on
∧2TX → X to define its sphere bundle, which is the total space

of a double cover:

(24.7)

S
(∧2TX

)
� � //

2:1
��

∧2TX

P
(∧2TX

)

The restriction of the quadratic function (24.4) to the total space of the sphere bundle drops to the

total space of the projective bundle.

Definition 24.8. Let X be a Riemannian manifold. The composition

(24.9) K = KX : Gr2(TX)
φ−−→ P

(∧2TX
) q

R̃−−−→ R

is the sectional curvature of X.

More concretely, from (24.3) we see that if ξ, η is an orthonormal basis of π ∈ Gr2(TX), then

(24.10) K(π) = ⟨ξ, R(ξ, η)η⟩.

In particular, for an orthonormal frame e1, . . . , en the sectional curvature of a “basis 2-plane” is

(24.11) K(ei ∧ ej) = Rijij .

Remark 24.12. Scalar curvature has units 1/Length2.
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Proposition 24.13. Let X be a Riemannian manifold. Then the sectional curvature determines

the Riemann curvature tensor.

Proof. We are given all functions Rijij and must solve for the general Rijkℓ. First, all curvatures

⟨ξ, R(ξ, ζ)η⟩ with a single vector repeated are determined. To prove this, choose i, j, ℓ distinct and

expand

(24.14) 2K
(
ei ∧ (ej + eℓ)

)
= ⟨ei, R(ei, ej + eℓ)(ej + eℓ)⟩ = Rijij + 2Rijiℓ +Riℓiℓ

to solve for Rijiℓ in terms of sectional curvatures. Then expand

(24.15) ⟨ei + ek, R(ei + ek, eℓ)ej⟩

to solve for Rijkℓ−Riℓkj in terms of known curvatures. Similarly, Rikℓj −Rijℓk can be expressed in

terms of known curvatures. Now add the last two expressions and apply Bianchi (20.40) to solve

for Rijkℓ. □

Remark 24.16. If dimX = 2, then K : Gr2(TX) = X → R is the Gauss curvature.

(24.17) Preliminary: Levi–Civita covariant derivative of a submanifold. We discussed the Rie-

mannian geometry of a surface in Euclidean 3-space in Lectures 8–11. Here we discuss the induced

covariant derivative of a submanifold of a Riemannian manifold in arbitrary dimensions.

LetX be a Riemannian manifold and let Σ ⊂ X be a submanifold. Then Σ inherits a Riemannian

metric: at any x ∈ Σ the tangent space TxΣ is a subspace of TxX and so inherits an inner

product. Let ∇ be the Levi–Civita covariant derivative on X and let ∇′ be the Levi–Civita

covariant derivative on Σ.

Proposition 24.18. For vector fields ξ, η ∈ X(Σ) we have

(24.19) ∇′
ξη = Π

(
∇ξη

)
,

where at x ∈ X the map Πx : TxX → TxΣ is orthogonal projection.

Proof. First, if pξ, pη are vector fields on X that are tangent to Σ, so restrict to vector fields ξ, η

on Σ, then the Lie bracket [pξ, pη] on X is also tangent to Σ and it restricts to the Lie bracket [ξ, η]

computed on Σ. This follows from the definition of the Lie derivative (Definition 2.18) since the

flow on X generated by pξ preserves Σ and restricts on Σ to the flow generated by ξ.

Let ξ, η, ζ be vector fields on Σ, and choose extensions to vector fields pξ, pη, pζ on X. The 6-term

formula (20.15) implies

(24.20)
⟨∇′

ξη, ζ⟩ =
1

2

{
ξ⟨η, ζ⟩+ η ⟨ζ, ξ⟩ − ζ⟨ξ, η⟩+ ⟨[ξ, η], ζ⟩ − ⟨[η, ζ], ξ⟩+ ⟨[ζ, ξ], η⟩

}

⟨∇
pξ
pη, pζ⟩ = 1

2

{
pξ⟨pη, pζ⟩+ pη ⟨pζ, pξ⟩ − pζ⟨pξ, pη⟩+ ⟨[pξ, pη], pζ⟩ − ⟨[pη, pζ], pξ⟩+ ⟨[pζ, pξ], pη⟩

}

where the first equation is computed on Σ and the second is computed on X. The restriction of

the right hand side of the second equation to Σ equals the right hand side of the first equation.

The left hand side of the second equation equals ⟨∇ξη, ζ⟩. Hence (24.19) follows. □
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(24.21) Geometric interpretation of sectional curvature. Let X be a Riemannian manifold, x ∈ X
a point, and ξ, η ∈ TxX orthonormal tangent vectors that span a 2-plane π ⊂ TxX. We give a

formula for the sectional curvature KX(π) in terms of Gauss curvature. Recall the exponential

map defined in (17.44). Let U ⊂ AxX be an open neighborhood of the origin of the affine tangent

space on which expx is a diffeomorphism onto its image, let U ′ = U ∩ π, and let Σ = expx(U
′); see

Figure 72. Then Σ ⊂ X is a 2-dimensional submanifold, so Σ inherits a Riemannian metric.

j

·

AxX

Figure 72. The plane π exponentiates to the local surface Σ

Proposition 24.22. KX(π) = KΣ(x).

In other words, the sectional curvature of X at x on the 2-plane π is the Gauss curvature of Σ at x.

Proof. Extend the vectors ξ, η to vector fields pξ, pη in a neighborhood of x by parallel transport

along geodesics in X emanating from x. These geodesics are the exponential images of rays in AxX

emanating from 0, so in particular those with initial velocity in π lie in Σ. It follows that pξ, pη restrict

to vector fields ξ, η on Σ. Let∇ be the Levi–Civita covariant derivative onX. The geodesic equation

implies that ∇
pξ
pξ = ∇

pηpη = 0 in the entire neighborhood. Furthermore, ∇pξ(x) = ∇pη(x) = 0 by the

parallel transport equation, and therefore [pξ, pη](x) = 0 by the torsionfree condition (20.13). Hence

by (24.10) and (19.55) we have, evaluating at the point x,

KX(π) = ⟨pξ, R(pξ, pη)pη⟩
= ⟨pξ,∇

pξ
∇

pηpη⟩ − ⟨pξ,∇
pη∇pξ

pη⟩

= −⟨pξ,∇
pη∇pξ

pη⟩

= −pη ⟨pξ,∇
pξ
pη⟩+ ⟨∇

pη
pξ,∇

pξ
pη⟩

= −pη ⟨pξ,∇
pξ
pη⟩

(24.23)

We can make the same manipulation restricted to Σ to derive that

(24.24) KΣ(x) = −η ⟨ξ,∇′
ξη⟩,

where ∇′ is the Levi–Civita covariant derivative on Σ. Use Proposition 24.18 to conclude. □
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Constant curvature

(24.25) The Riemann tensor of a constant curvature manifold. The term ‘constant curvature’ for

a Riemannian manifold refers to sectional curvature.

Definition 24.26. Let X be a Riemannian manifold of dimension n ≥ 2. Then X has constant

curvature if KX : Gr2(TX)→ R is a constant function.

We use the procedure in the proof of Proposition 24.13 to determine the Riemann tensor.

Proposition 24.27. Let X be a Riemannian manifold of constant curvature κ. Then, relative to

an orthonormal frame, Rijkℓ vanishes unless (1) i = k and j = ℓ are distinct or (2) i = ℓ and j = k

are distinct, in which case Rijij = κ. Equivalently, for any tangent vectors ξ, η, ζ, λ,

(24.28) ⟨ξ, R(ζ, λ)η⟩ = κ
[
⟨ξ, ζ⟩⟨η, λ⟩ − ⟨ξ, λ⟩⟨η, ζ⟩

]
.

Proof. From (24.14) we deduce that Rijkℓ vanishes when the indices take three values. Then by

expanding (24.15) we deduce that Rijkℓ vanishes for four distinct indices. For i, j distinct, Rijij =

Rijij = κ is the constant sectional curvature. □

(24.29) The controlling Lie algebra. Let X be a Riemannian manifold with orthonormal frame

bundle ϖ : BO(X) → X. Recall from (20.25) the global framing of BO(X) given by the vector

fields ∂k, pSji , where 1 ≤ k ≤ n and 1 ≤ i < j ≤ n. The bracketing relations (16.68)–(16.70)

specialize to

[pSji ,
pSℓk] = δjk

pSℓi − δℓi
pSjk − δjℓ

pSki + δki
pSjℓ(24.30)

[pSji , ∂k] = δjk∂i − δik∂j(24.31)

[∂k, ∂ℓ] = −
1

2
Rijkℓ

pSji(24.32)

where Rijkℓ : BO(X) → X are the coefficients of the Riemann curvature tensor. (The sum on the

right hand side of (24.32) runs over all 1 ≤ i, j ≤ n.) If X has constant curvature κ, then Rijkℓ = κ

or Rijkℓ = 0, by Proposition 24.27, so all Rijkℓ are constant functions. In that case (24.30)–(24.32)

are the structure equations for a Lie algebra gn(κ) of dimension dimBO(X) = n(n+ 1)/2.

Proposition 24.33. The isomorphism type of gn(κ) is

(24.34) gn(κ) ∼=





son+1, κ > 0;

eucn, κ = 0;

on,1, κ < 0.
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Proof. On Rn+1 define the diagonal symmetric bilinear form

(24.35) ⟨ei, ej⟩ =





κ, i = j = 0;

1, 1 ≤ i = j ≤ n;
0, i ̸= j.

The isomorphism with the Lie algebra spanned by ∂k, pSji is expressed by the matrix

(24.36)




0 −κ∂i

∂i pSji




in which the upper left block is n× n. □

(24.37) A better model. We give a useful description of gn(κ). Let V = Rn and then o(V ) is the

Lie algebra of n× n skew-symmetric real matrices. Then

(24.38) gn(κ) ∼= o(V )⊕ V.

The bracketing is as follows. o(V ) is a sub Lie algebra. The Lie bracket o(V ) × V → V is matrix

multiplication, the action of o(V ) on V . The Lie bracket V × V → o(V ) is given by the formula

(24.39) [ξ, η](ζ) =
[
[ξ, η], ζ

]
= κ

[
⟨ξ, ζ⟩η − ⟨η, ζ⟩ξ

]
, ξ, η, ζ ∈ V.

(24.40) Standard models. For κ ∈ R and n ∈ Z≥2 we introduce a complete43 simply connected

Riemannian n-manifold Xn(κ) of constant curvature κ.

The following standard models are homogeneous Riemannian manifolds, and their curvature is

computed in (26.59).

κ > 0: Let En+1 denote standard Euclidean space with coordinates x0, x1, . . . , xn and standard

Euclidean metric ds2 = (dx0)2 + (dx1)2 + · · ·+ (dxn)2. (The underlying manifold is the

standard affine space An+1.) Define Xn(κ) to be the sphere of radius 1/
√
κ with the

induced Riemannian metric:

(24.41) Xn(κ > 0) =
{
(x0, x1, . . . , xn) ∈ En+1 : (x0)2 + (x1)2 + · · ·+ (xn)2 = 1/κ

}
.

43We have not discussed completeness in this course. One interpretation is geodesic completeness (Defini-
tion 17.11). Another is completeness of the metric space in which the distance between two points is the infimum of
the length of a smooth path connecting them. The Hopf–Rinow theorem asserts that the two notions of completeness
are equivalent.
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κ = 0: Simply let

(24.42) Xn(κ = 0) = En

be Euclidean n-space.

κ < 0: Let Mn+1 denote standard Minkowski spacetime with coordinates x0, x1, . . . , xn and

standard Lorentz metric ds2 = −(dx0)2+(dx1)2+· · ·+(dxn)2. (The underlying manifold

is the standard affine space An+1.) This is not a positive definite metric, but it is

nondegenerate, a so-called semi-Riemannian metric. DefineXn(κ) to be the hyperboloid

of “radius” 1/
√−κ with the induced metric:

(24.43) Xn(κ < 0) =
{
(x0, x1, . . . , xn) ∈Mn+1 : −(x0)2 + (x1)2 + · · ·+ (xn)2 = −1/κ, x0 > 0

}
.

Nonzero tangent vectors to Xn(κ) are spacelike in that they have positive norm square,

so the induced metric on Xn(κ) is indeed positive definite, i.e., is a Riemannian metric.

(24.44) Isometries. The following christens maps that are compatible with Riemannian metrics.

Definition 24.45. Let X,X ′ be Riemannian manifolds. A smooth map f : X ′ → X is an isometric

immersion if it preserves the metrics:

(24.46) ⟨f∗ξ′, f∗η′⟩X = ⟨ξ′, η′⟩X′ , x′ ∈ X ′, ξ′, η′ ∈ Tx′X ′.

If, in addition, f is an embedding, then we say f is an isometric embedding. If f is a diffeomorphism,

then we say f is an isometry.

Observe that a linear map f∗ that satisfies (24.46) is necessarily injective.

Example 24.47. An isometric immersion γ : (a, b) → X from an open interval in R (with the

standard metric) to a Riemannian manifold X is a unit speed motion.

Let f : X ′ → X be an isometry. Then f is covered by a diffeomorphism of orthonormal frame

bundles:

(24.48)

BO(X
′)

f̃ //

ϖ′

��

BO(X)

ϖ

��
X ′ f // X

The lift f̃ of an orthonormal basis b′ = (e1, . . . , en) of Tx′X
′ at some x′ ∈ X ′ is the orthonormal

basis (f∗e1, . . . , f∗en) of Tf(x′)X.
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(24.49) Lie groups of isometries. The model constant curvature manifolds Xn(κ) admit transitive

Lie groups of isometries. In fact, isometries act simply transitively on the total space BO(Xn(κ))

of the orthonormal frame bundle: so BO(Xn(κ)) is a torsor over a Lie group. We find it convenient

to work with connected Lie groups, and so we orient Xn(κ) and work with the connected manifold

of oriented orthonormal frames BSO(Xn(κ)) ⊂ BO(Xn(κ)). It is the total space of a principal SOn-

bundle BSO(Xn(κ))→ Xn(κ). The following Lie groups act simply transitively on BSO(Xn(κ)):

(24.50) Gn(κ) ∼=





SOn+1, κ > 0;

SEucn, κ = 0;

SO↑
n,1, κ < 0.

Here SEucn is the component of the identity of the Euclidean group; it consists of orientation-

preserving Euclidean transformations. Similarly, SO↑
n,1 is the component of the identity of the

group of isometries of a Lorentz signature metric.44

Remark 24.51. See Remark 1.29 for the connection between Lie groups and frame bundles in the

case of affine space.

(24.52) Uniqueness theorem. We prove a theorem spelling out in what sense the model constant

curvature Riemannian manifolds Xn(κ) are models. Orient Xn(κ) and let

(24.53) π : Bn(κ) −→ Xn(κ)

be the principal SOn-bundle of oriented orthonormal frames.

Theorem 24.54. Let X be a simply connected Riemannian n-manifold with constant curvature

κ ∈ R. Then there exists an isometric immersion f : X → Xn(κ).

There is also a global version of the theorem, which we will not prove here.

Theorem 24.55. Let X be a complete simply connected Riemannian n-manifold with constant

curvature κ ∈ R. Then there exists an isometry f : X → Xn(κ).

Proof of Theorem 24.54. The manifold X is orientable, since it is simply connected. Orient X, let

ϖ : BSO(X)→ X be the principal SOn-bundle of oriented orthonormal frames, and let B̃SO(X)→
BSO(X) be the universal cover of the total space. The tautological 1-forms θi and the Levi–Civita

1-forms Θi
j on BSO(X) satisfy the Maurer–Cartan structure equations of Gn(κ), the dual equations

to (24.30)–(24.32). The pullbacks of θi,Θi
j to B̃SO(X) satisfy the same equations. Let θ

i
,Θ

i
j be

the Maurer–Cartan forms on the Gn(κ)-torsor Bn(κ). Apply Theorem 7.8(2) to construct a map

(24.56) φ : B̃SO(X) −→ Bn(κ)

44For n ≥ 2, which we assume, the group On,1 has four components, and the component group π0On,1 is isomorphic
to the Klein group /µ.. 2

× /µ.. 2
. One homomorphism to /µ.. 2

tracks whether g ∈ On,1 is orientation-preserving. Another

tracks whether g preserves the orientation of time. (There are two components of timelike vectors, and g either
preserves the components or exchanges them.)
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that satisfies

(24.57)
φ∗θ

i
= θi

φ∗Θ
i
j = Θi

j

We claim that φ preserves fibers, i.e., that there is a map f : X → Xn(κ) that fits into

(24.58)

B̃SO(X)
φ //

ϖ̃

��

Bn(κ)

π

��
X

f // Xn(κ)

To verify this, fix x ∈ X and let F̃ = B̃SO(X)x. We use some elementary topology to prove that

F̃ is connected, or equivalently that F̃ is path connected. Namely, the universal cover B̃SO(X)→
BSO(X) restricts to a covering map F̃ → F := BSO(X)x, and F ≈ SOn is path connected. Our

claim follows if we prove that F̃ → F is a universal covering map. By the construction of the

universal cover, it suffices to show that any path in BSO(X) that connects the images b0, b1 ∈ F of

any two points b̃0, b̃1 ∈ F̃ is homotopic to a path in F . That follows from the fact that X is simply

connected. Next, the (connected) submanifold F̃ is a leaf of the foliation cut out by the equations

θi = 0, i = 1, . . . , n. Equations (24.57) imply that φ is a local diffeomorphism, so in particular it

restricts to an immersion on F̃ . Those equations also imply that the image of dφ restricted to T F̃

lies in ker dπ. It follows that φ(F̃ ) is contained in a fiber of π, which proves the existence of f .

Note that f is an immersion, since φ is a local diffeomorphism.

B(r)

Dot
↓

Ch f
di
fx

-
- X >
- X(k)

*

f(x)

Figure 73. Computation of df

Now we claim that φ is a lift to B̃SO(X) of the map f̃ : BSO(X)→ Bn(κ) on oriented orthonormal

frames induced by f ; see (24.48) for the definition of f̃ . We illustrate the proof in Figure 73.

Fix x ∈ X, let b = (e1, . . . , en) ∈ BSO(X)x be an oriented orthonormal frame at x, let b̃ ∈ B̃SO(X)

be a lift of b. For 1 ≤ i ≤ n, lift the horizontal vector field ∂k on BSO(X) to a vector field ∂̃k on the
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cover B̃SO(X). An integral curve of ∂̃k projects to a geodesic motion on X with initial position x

and initial velocity ek. Write φ(b̃) = b̄ = (ē1, . . . , ēn), which is an oriented orthonormal frame

at f(x). Now from (24.57) the differential of φ maps ∂̃k to the corresponding horizontal vector

field ∂k on Bn(κ), hence φ maps integral curves of ∂̃k to integral curves of ∂k, hence f maps the

ϖ̃-image of integral curves of ∂̃k to the π-image of integral curves of ∂k. So finally the differential

of f maps the initial velocity of the resulting geodesic on X to the initial velocity of the resulting

geodesic on Xn(κ). In other words, f∗(ek) = ēk. It follows that φ = f̃ , as claimed.

Finally, f is an isometric immersion since its differential maps orthonormal frames to orthonormal

frames. □

Theorems about sectional curvature

We say the curvature of a Riemannian manifold has a sign if either KX > 0, KX = 0, or KX < 0:

the sectional curvature is either everywhere positive, everywhere zero, or everywhere negative. The

theorems quoted here without proof are for curvatures with a definite sign.

(24.59) Compact manifolds. This first theorem45 is for compact Riemannian manifolds.

Theorem 24.60. Let X be a compact manifold. Suppose X has Riemannian metrics g, g′ whose

sectional curvatures K,K ′ have a sign. Then either KK ′ > 0 or K = K ′ = 0.

In other words, K and K ′ are both positive, both zero, or both negative.

If dimX = 2, then Theorem 24.60 is a consequence of the Gauss–Bonnet theorem. In higher

dimensions it is a distillation of several different theorems in Riemannian geometry.

(24.61) Positive curvature. The first result is due to Bonnet–Myers.46

Theorem 24.62. Let X be a complete Riemannian manifold of positive sectional curvature. Then

X is compact with finite fundamental group.

As a consequence, the universal cover of X is also compact.

The next result is a much stronger restriction on the fundamental group if dimX is even.

Theorem 24.63. Suppose X is a compact connected even-dimensional Riemannian manifold with

positive sectional curvature. Then if X is orientable, it is simply connected. If X is not orientable,

then π1X ∼= Z/2Z.

Note that RPn, n even, is an example of a nonorientable even-dimensional Riemannian manifold of

positive sectional curvature.

45I learned the statement from a mathoverflow posting of Misha Kapovich:
https://mathoverflow.net/questions/133007/why-dont-mathbbtn-mathbbsn-mathbbhn-admit-other-metrics-of-cons

46There is a stronger version about positive Ricci curvature. The version stated with positive sectional curvature
is essentially due to Bonnet.

https://mathoverflow.net/questions/133007/why-dont-mathbbtn-mathbbsn-mathbbhn-admit-other-metrics-of-cons
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Remark 24.64. In odd dimensions the theorem fails: lens spaces have metrics of positive sectional

curvature and can have a fundamental group that is cyclic of any order. Even more exotically,

any finite subgroup Γ ⊂ SO3 ≈ RP3 acts freely by left translation, and the action is by isometries

for the standard metric on RP3. Hence the quotient is a compact Riemannian 3-manifold X with

positive (in fact, constant) sectional curvature. The fundamental group is isomorphic to the double

cover of Γ in SU2. For example, Γ can be the order 60 group of symmetries of the icosahedron, in

which case the fundamental group is nonabelian of order 120.

The next result is a pinching theorem. The homeomorphism statement was proved by Berger,

and the diffeomorphism statement fairly recently by Brendle–Schoen. It is called the differentiable

sphere theorem.

Theorem 24.65. Let X be a complete simply connected Riemannian manifold whose sectional

curvature is 1/4-pinched: 1/4 < KX ≤ 1. Then X is diffeomorphic to Sn.

Remark 24.66.

(1) The same conclusion—that X is diffeomorphic to a sphere—holds if the pinching is point-

wise: at each point x ∈ X the max and min of KX restricted to Gr2(TxX) have ratio < 4.

(2) The proof by Brendle and Schoen uses the Ricci flow introduced by Hamilton and used by

Perelman to prove the Poincaré conjecture in dimension three.

(3) If we allow 1/4 ≤ KX ≤ 1, then X could also be CPn, HPn, or OP2.

(24.67) Negative curvature. The most basic theorem is for nonpositive curvature and is due to

Cartan–Hadamard.

Theorem 24.68. Let X be a complete n-dimensional Riemannian manifold of nonpositive sectional

curvature. Then the universal cover of X is diffeomorphic to An.

In particular, the universal cover is contractible. Such a topological space is called aspherical : its

homotopy groups πq vanish for q > 1.
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Lecture 25: More Riemannian curvature

We continue our discussion of the Riemann curvature tensor by distilling from it simpler quan-

tities: Ricci curvature and scalar curvature. The Ricci form is of the same type as the metric, so

it makes sense to ask that the metric and Ricci curvature be proportional. That proportionality

condition is a Riemannian variation of Einstein’s equation in relativity, so Riemannian manifolds

that satisfy it are called Einstein manifolds. We prove that if the proportionality is only imposed

pointwise, then as long as the dimension is at least 3 the proportionality is locally constant. The

fact that the Ricci curvature and metric are tensors of the same type is also the basis of the Ricci

flow equation, which plays an important role in modern developments that we do not cover here.

We conclude the lecture by reciting the general structure of the curvature tensor from the rep-

resentation theory of the orthogonal group. There is a noteworthy extra decomposition in dimen-

sion 4 on oriented Riemannian manifolds. Self-duality of curvature is an important condition in

4-dimensional differential geometry and its applications to topology and physics.

Ricci and scalar curvature

(25.1) Review. Let X be a Riemannian manifold. The Riemann tensor is defined by global func-

tions on the total space BO(X) of the orthonormal frame bundle as in (16.66):

(25.2) Ωij =
1

2
Rijkℓθ

i ∧ θj , Rijkℓ = Rijkℓ.

The lowered index is made with no change since we work with orthonormal frames. Theorem 20.36

lists the symmetries of Rijkℓ.

(25.3) Definitions. We give the definitions in terms of bases.

Definition 25.4. Let X be a Riemannian manifold.

(1) The Ricci form Ric: TX×TX → R is the symmetric bilinear form defined by the functions

(25.5) Rjℓ = Rijiℓ =
∑

i

Rijiℓ

on BO(X).

(2) The scalar curvature r : X → R is the real-valued function

(25.6) r =
∑

j

Rjj =
∑

i,j

Rijij .
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Use the equivariance properties of Rijkℓ under On to deduce that (25.5) descends to a symmetric

bilinear form on TX and that (25.6) descends to a real-valued function on X. On the other hand,

having descended Rijkℓ to the curvature 2-form (20.31), we can write

(25.7) Ricx(ξ1, ξ2) = Tr
(
η 7−→ R(η, ξ2)ξ1

)
, x ∈ X, ξ1, ξ2 ∈ TxX,

and

(25.8) r(x) =
∑

i

Ricx(ei, ei), x ∈ X,

where ei runs over an orthonormal basis of TxX.

(25.9) The Ricci form and the metric. The Riemannian metric g and the Ricci form Ric are both

symmetric bilinear forms, an important concurrence. First, we use it to give a more intrinsic form

of (25.8). Namely, since the metric g is nondegenerate—in fact, positive definite—we define the

Ricci operator S : TX → TX as the ratio of Ric and g:

(25.10) Ricx(ξ, η) = ⟨ξ, Sx(η)⟩x, x ∈ X, ξ, η ∈ TxX.

Then (25.8) becomes

(25.11) r(x) = Tr(Sx).

More significantly, we can impose a proportionality condition.

Definition 25.12. A Riemannian manifold X with metric g is Einstein if its Ricci form satisfies

(25.13) Ric = λg

for some constant λ ∈ R.

Manifolds of constant sectional curvature (24.40) are Einstein, but there are many more examples,

such as the projective spaces CPn and HPn in their standard metrics.

Remark 25.14 (Ricci flow). Another manifestation of the concurrence of types is the Ricci flow

equation. Namely, if X is a Riemannian manifold with metric g0, then we can write an equation

for a path gt, t > 0, of Riemannian metrics:

(25.15)
dgt
dt

= −2Ric(gt).

The absolute value of the constant is a bit of a convenience; its sign is crucial. Also, the Ricci

curvature behaves as the negative Laplacian of the metric; the constant −2 in (25.15) is chosen to
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maximize the similarity to the heat equation. On the infinite dimensional manifold of Riemannian

metrics, the right hand side defines a vector field, and (25.15) is the equation for an integral curve.

But there is no such cute trickery to turn a PDE (here related to the heat equation) into an ODE:

even existence for small times t is highly nontrivial.

The Ricci flow equation was introduced by Richard Hamilton in the early 1980s, and he and

Yau speculated that it might be useful in attacking Thurston’s geometrization conjecture for 3-

manifolds, a special case of which is the Poincaré conjecture. That turned out to be the case, and

this program was completed by Perelman in the early 2000s. The Ricci flow has been applied to

many other problems in Riemannian and Kähler geometry, for example Theorem 24.65.47

(25.16) Variable proportionality. One could contemplate generalizing Definition 25.12 to allow

the proportionality λ to vary from point to point. However, we have the following.

Proposition 25.17. Suppose X is a Riemannian manifold whose metric g and Ricci form Ric

satisfy

(25.18) Ricx = λ(x)gx, x ∈ X,

for some function λ : X → R. Then if dimX ≥ 3 the function λ is locally constant.

Proof. Write n = dimX. Work on the total space BO(X) of the orthonormal frame bundle with

its global framing ∂i, pEji and dual coframing θi,Θi
j . We eventually evaluate the expressions below

on horizontal vector fields ∂i, so work modulo the ideal generated by Θi
j . Use ‘+ ’ to denote

terms that involve Θi
j . Then the Bianchi identity (16.60) asserts:

(25.19) 0 = dΘΩ = dΩ+ [Θ ∧ Ω],

and so for all 1 ≤ i, j ≤ n we have

0 = dΩij +Θi
k ∧ Ωkj − Ωik ∧Θk

j

= dΩij +

= d
(1
2
Rijkℓθ

k ∧ θℓ
)
+

(25.20)

Evaluate on ∂i and sum over i, using the hypothesis (25.18) in the form Rjℓ = λδjℓ:

0 =
1

2

(
∂iR

i
jkℓ

)
θk ∧ θℓ − 1

2
d(Rijiℓ) ∧ θℓ +

1

2
d(Rijkℓ) ∧ θk +

=
1

2
(∂iR

i
jkℓ)θ

k ∧ θℓ − dRjℓ ∧ θℓ +

=
1

2
(∂iR

i
jkℓ)θ

k ∧ θℓ − dλ ∧ θj +

(25.21)

47Hamilton recently gave an overview lecture on Ricci flow: https://www.youtube.com/watch?v=lcCBJVLFZ c
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This equation in 2-forms holds for each j. Evaluate on ∂m, ∂j and sum over j:

0 = ∂iR
i
jmj − (∂mλ)δ

j
j + (∂jλ)δ

j
m

=
∑

i

∂iR
j
ijm − (n− 1)∂mλ

=
∑

i

∂iRim − (n− 1)∂mλ

= ∂mλ− (n− 1)∂mλ

= (2− n)∂mλ

(25.22)

Hence if n ≥ 2 we conclude ∂mλ = 0 for all m, i.e., dλ = 0. □

(25.23) Examples of Einstein manifolds. This is too vast an area to do any justice in these notes.

In the next lecture we will mention some homogeneous examples. There are constant sectional

curvature examples that are not simply connected—the simply connected constant sectional curva-

ture examples are homogeneous—already vast in the case of compact manifolds: e.g. the theory of

spherical space forms (positive curvature), flat manifolds (Bieberbach etc.), and hyperbolic mani-

folds (negative curvature). Or we could consider the Kähler case: Kähler–Einstein metrics. (We

introduce Kähler geometry in the last lecture of the course.) The theory depends very much on

the sign of the proportionality constant λ. For example, a Calabi–Yau manifold is the case λ = 0.

All of these examples, or their universal covers, fit one or both of two classes of special Riemannian

manifolds: homogeneous and Kähler. The intersection of those classes is also a very interesting set

of Riemannian manifolds. But there is much outside of these classes as well. You might have a

look at the book Einstein Manifolds, a collation by the fictional Arthur Besse from the mid 1980s.

(25.24) Scalar curvature and topology. This is another subject we did not have time to discuss in

the course. One famous theorem of Lichnerowicz gives an obstruction to positive scalar curvature

in terms of a special Pontrjagin number: the Â genus. In another direction, every manifold of

dimension ≥ 3 admits a metric of constant negative scalar curvature. In dimension 2 this is false, for

example none of S2, RP2, S1×S1, and the Klein bottle admit metrics of negative (scalar=Gauss up

to a positive factor) curvature: apply the Gauss–Bonnet theorem. There is much work on compact

manifolds of positive scalar curvature.

Decomposition of the Riemann curvature tensor

Let V be an n-dimensional real inner product space. The curvature tensor at a point x in a

Riemannian manifoldX lies in a subspace of SkewEndV ⊗∧2V ∗, where V = TxX; see (20.31). That

subspace is cut out by the symmetries in Theorem 20.36, and it is invariant under the orthogonal

group O(V ). This leads to the problem, in any dimension, of describing the representation of O(V )

in which the Riemann curvature tensor transforms, where “describing” means expressing it as a

sum of irreducible representations. Here we give an indication of the answer without proof.
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(25.25) A few representations. For the general linear group Aut(V ), relevant representations are

the trivial representation on scalars R and the representation on the vector space Sym2 V ∗ of

symmetric bilinear forms V × V → R, which is also irreducible. However, the restriction of the

latter to O(V ) is reducible: the inner product spans an invariant line in Sym2 V ∗. Its orthogonal

complement is an irreducible representation that we denote Sym2
0 V

∗. On a Riemannian manifold

this induces a decomposition of the Ricci form Ric into two pieces:

(25.26) Ric = r ⊕ Ric0 .

(There is a factor of 1/n that one might put in, but here I summarize the “information” in the

Ricci form.) Ric0 is called the traceless Ricci form; the trace in (25.11) vanishes if we use Ric0
in (25.10).

(25.27) n = 2. In 2 dimensions the Riemann tensor function Rijkℓ is possibly nonzero only if

the indices i, j, k, ℓ ∈ {1, 2} are equal in pairs i = k, j = ℓ or i = ℓ, j = k, and both possible

values are realized. One can easily work out that there is only one independent number, so the

curvature reduces to a single scalar. That can be taken to be the Gauss curvature K or the scalar

curvature r = 2K. We schematically write

(25.28) R = r.

(25.29) n = 3. Now there is more:

(25.30) R = r ⊕ Ric0 .

In other words, the Riemann curvature reduces to the Ricci form.

It is apposite at this point to note the following.

Proposition 25.31. A connected 3-dimensional Einstein manifold has constant sectional curva-

ture.

Proof. Let X be such a manifold, so that on BO(X) we have Rjℓ = λδjℓ for some λ ∈ R. Let

(25.32) Kij = Kji = Rijij

be the sectional curvature in the i, j plane (relative to an orthonormal basis which is a point

of BO(X)). Then from (25.5)

(25.33)

R11 = K12 +K13

R22 = K21 +K23

R33 = K31 +K33
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Hence

(25.34) 2K12 = R11 +R22 −R33 = λ,

and similarly we conclude K23 = K13 = λ/2. □

(25.35) n ≥ 4. Once we arrive to dimension 4 and beyond the Ricci form does not capture all of

the information in the curvature tensor. Rather, there is a single O(V )-irreducible piece left after

subtracting off Ric; it is called the Weyl curvature W :

(25.36) R = r ⊕ Ric0 ⊕W.

The Weyl curvature is encoded in functions W i
jkℓ : BO(X) → R that satisfy the same symmetries

as do Rijkℓ. One significant fact about the Weyl tensor is that it is conformally invariant: it is

unchanged under g 7→ e2ϕg for some function ϕ : X → R.

(25.37) n = 4. Dimension 4 is quite special in Riemannian geometry and in differential topology—

those specialnesses are related. This is due to self-duality, which enters in the presence of an orien-

tation. Thus suppose V is an oriented 4-dimensional inner product space. Then the representation∧2V ∗ of 2-forms decomposes under the special orthogonal group SO(V ):

(25.38)
∧2V ∗ =

∧2
+V

∗ ⊕ ∧2
−V

∗

2-forms in the first summand are self-dual ; 2-forms in the second summand are anti-self-dual. The

decomposition is effected using the Hodge star operator, which is an automorphism of
∧2V ∗ that

squares to id∧2V ∗ ; (25.38) is the decomposition into +1 and −1 eigenspaces.

On an oriented Riemannian 4-manifold, the Weyl curvature decomposes into self-dual and anti-

self-dual parts:

(25.39) R = r ⊕ Ric0 ⊕W+ ⊕ W−.
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Lecture 26: Homogeneous Riemannian manifolds

In these last two lectures we can only scratch the surface of three topics: homogeneous Riemann-

ian manifolds, complex manifolds, and Kähler manifolds. We introduced homogeneous manifolds

in (16.1), which is a good preliminary to the discussion here of the Riemannian case.

We begin by proving that an isometry of Riemannian manifolds with connected domain is de-

termined by its value and first differential at one point. This implies that the group of isometries

of a connected Riemannian manifold is finite dimensional. It is also a Lie group by a theorem of

Myers–Steenrod that we do not prove here. As another preliminary, we give the easy proof of the

existence of Haar measure on a compact Lie group, and we use it to prove elementary theorems

about invariant complements and invariant symmetric bilinear forms on linear representations.

The main topic is the geometry of a Riemannian homogeneous manifold G/H. We prove that

if G acts effectively, then the homogeneous manifold is reductive and H is compact. There is a

canonical linear connection on G/H, from the reductive structure, but it may not be the Levi–

Civita connection. We compute a formula for the Levi–Civita connection (Proposition 26.51), and

then report formulas for various of its curvatures. In particular, we verify that the model manifolds

in (24.40) do have constant sectional curvature. We conclude with some remarks about geodesics

and rigid bodies.

Some preliminaries

(26.1) Isometries are determined by the 1-jet at a point. Recall Definition 24.45 of an isometry.

Proposition 26.2. Let f0, f1 : X
′ → X are isometries of Riemannian manifolds, and suppose that

X ′ is connected. Let f̃0, f̃1 : BO(X
′) → BO(X) be the lifts (24.48) to orthonormal frame bundles.

Suppose for some x′ ∈ X ′ we have f̃0
∣∣
BO(X′)x′

= f̃1
∣∣
BO(X′)x′

. Then f0 = f1.

|]¥ÉBoW É,
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Figure 74. Equality of isometries that agree to 1st order at a point

Proof. See Figure 74 for an illustration of the proof. Set n = dimX ′ = dimX. The lifts f̃0, f̃1
preserve Levi–Civita connections, since the Levi–Civita connection is canonically determined from
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the metric, and so they map the tautological horizontal vector fields ∂′1, . . . , ∂
′
n on BO(X

′) to the

tautological horizontal vector fields ∂1, . . . , ∂n on BO(X). Fix a basis b′ = (e′1, . . . , e
′
n) ∈ BO(X

′)

of Tx′X
′. Let γ : [0, 1]→ X ′ be a smooth motion with initial position x′, and let γ̃ : [0, 1]→ BO(X

′)

be its horizontal lift with initial position b′. Then γ̃(t) =
(
e′1(t), . . . , e

′
n(t)

)
is the parallel transport

of the initial frame b′ along γ. Let v : [0, 1] → Rn be smooth curve such that γ̇(t) = γ̃(t) · v(t) =
vi(t)e′i(t). Then γ̃ is the integral curve of the time-varying vector field vi(t)∂′i with initial position b′.

By assumption we have f̃0(b
′) = f̃1(b

′) = b for some b ∈ BO(X)x, where f0(x
′) = f1(x

′) = x ∈ X.

It follows that the images of γ̃ under f̃0 and f̃1 are integral curves of vi(t)∂i with initial position b.

Hence they are equal. In particular, f0
(
γ(1)

)
= f1

(
γ(1)

)
. Since X ′ is connected, it follows that

f0 = f1. □

(26.3) Bi-invariant measures on a compact Lie group. Let V be a finite dimensional real vector

space and let B(V ) = {b : Rn ∼=−−→ V } be its right GLnR-torsor of bases. The real line

(26.4) |DetV ∗| =
{
µ : B(V )→ R : µ(bg) = |det(g)|µ(b), b ∈ B(V ), g ∈ GLnR

}

is the line of densities on V . Decompose

(26.5) |DetV ∗| = |DetV ∗|+ ⨿ |DetV ∗|0 ⨿ |DetV ∗|−

according as the function µ is positive, zero, or negative. Then |DetV ∗|+ is the ray of positive

volume functions on V . (If A is an affine space over V , then |DetV ∗|+ is the ray of translation-

invariant positive measures on A.)

Let X be a smooth manifold. Associated to ϖ : B(X)→ X via the representation g 7→ | det g| is
the real line bundle | detT ∗X| → X, and it decomposes as in (26.5). A section of

(26.6) | detT ∗X|+ −→ X

is a smooth measure on X. Since the fibers of (26.6) are contractible, smooth measures exist. One

can integrate continuous compactly supported functions against a smooth measure.

Theorem 26.7. Let G be a compact Lie group. Then there exists a smooth bi-invariant measure µ

on G.

Since G is compact, the total measure µ(G) ∈ R>0 is finite. There is a unique choice of µ such that

µ(G) = 1.

Proof. The ray |Det g∗|+ consists of left-invariant smooth measures on G. Pullback by right trans-

lation gives an action of G on this ray, and the action is by a homomorphism ρ : G→ R>0, where

R>0 is the group of positive real numbers under multiplication. Since G is compact, ρ(G) is a com-

pact subgroup of R>0. The only such is the identity {1} ⊂ R>0. Hence any element of |Det g∗|+ is

a bi-invariant smooth measure. □
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(26.8) Invariant complements. In a linear representation of a Lie group, not every invariant sub-

space has an invariant complement. For example, let n ∈ Z act on R2 via the matrix ( 1 n0 1 ). The

1-dimensional subspace of vectors ( ∗0 ) is invariant, but there is no invariant complement. This does

not happen for representations of compact Lie groups.

Proposition 26.9. Let G be a compact Lie group, suppose G acts linearly on a vector space V ,

and let V ′ ⊂ V be an invariant subspace. Then there exists an invariant complement V ′′ ⊂ V , i.e.,

V = V ′ ⊕ V ′′ as a representation of G.

Proof. The space Π ⊂ End(V ) of linear projections V → V ′ is an affine space over Hom(V/V ′, V ′).

The linear action of G on V induces an affine action of G on Π by conjugation. Let µ be the smooth

bi-invariant measure on G with µ(G) = 1. Choose any π ∈ Π. Then

(26.10) π′ =

∫

G
(g ◦ π ◦ g−1)µ(g)

is a G-invariant element of Π. The kernel V ′′ = ker(π′) is an invariant complement. □

(26.11) Invariant metrics. The same argument proves that every real representation of a compact

Lie group is orthogonalizable, and every complex representation is unitarizable.

Proposition 26.12. Let G be a compact Lie group and suppose G acts linearly on a real vector

space V . Then there exists a G-invariant inner product on V .

Proof. The space M of (positive definite) inner products on V is an open convex cone in the vector

space Sym2 V ∗, and the linear action of G on Sym2 V ∗ preserves M. Thus if m ∈M is any element,

for g ∈ G the transform is mg(ξ, η) = m(gξ, gη), ξ, η ∈ G. Then

(26.13) m′ =

∫

G
mg µ(g)

is a G-invariant inner product. □

(26.14) Invariant symmetric bilinear forms. A representation ρ : G→ Aut(V ) on a vector space V

is irreducible if V does not contain any G-invariant subspace.

Proposition 26.15. Let G be a compact Lie group equipped with an irreducible representation

on a real vector space V . Then the vector space of G-invariant symmetric bilinear forms on V is

1-dimensional.

In other words, any two G-invariant symmetric bilinear forms on V are proportional.

Proof. By Proposition 26.12 we can and do choose a G-invariant inner product ⟨−,−⟩ on V . Now

suppose B is a G-invariant symmetric bilinear form on V . Define T ∈ End(V ) by

(26.16) B(ξ, η) = ⟨ξ, T (η)⟩, ξ, η ∈ V.
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Then T is self-adjoint, so it is diagonalizable, and it is also G-invariant. If T is not a multiple

of the identity, then any eigenspace of T is a G-invariant subspace of V , which contradicts the

irreducibility of the representation. □

Homogeneous Riemannian manifolds

(26.17) Definition and examples.

Definition 26.18. Let X be a Riemannian manifold. Then X is homogeneous Riemannian if for

every pair of points x, x′ ∈ X, there exists an isometry f : X → X with f(x) = f(x′).

It is a theorem of Myers–Steenrod that the group of all isometries of a Riemannian manifold carries

a natural Lie group structure. For our purposes we assume given a Lie group G that acts transitively

on X (on the left) by isometries. Furthermore, we assume that G acts effectively, i.e., for g ̸=e ∈ G
there exists x ∈ X such that gx ̸= x.

Example 26.19 (spheres). The chart (16.13) tells various compact Lie groups G that act transi-

tively on various spheres X. Similar to (26.10) we can average Riemannian metrics over a compact

Lie group to construct an invariant Riemannian metric. These spheres are homogeneous Riemann-

ian manifolds. Note that some spheres, such as S7, have several different Lie groups listed that

act transitively and isometrically. The G-invariant geometry differs depending on G. (The larger

the G, the fewer invariants.)

Example 26.20 (projective spaces). The real, complex, and quaternionic projective spaces RPn,

CPn, and HPn are each homogeneous Riemannian under a compact Lie group. So too is the

octonionic (Cayley) plane OP2 = F4 / Spin9.

There are more exotic compact examples, such as E8 / Spin16, which has dimension 128. There

are also many noncompact examples, such as hyperbolic space Hn (see (24.43)). A Lie group—

compact or not—with a left-invariant metric is a homogeneous Riemannian manifold.

(26.21) Reductivity. For the rest of this lecture, let G be a Lie group that acts transitively and

effectively by isometries on a connected Riemannian manifold X. Furthermore, fix x ∈ X and let

(26.22) H = {h ∈ G : hx = x}

be the isotropy group.

Lemma 26.23. H is a compact Lie subgroup of G.

Proof. Since (26.22) is a closed condition, H ⊂ G is a closed subgroup of G, hence by Theorem 4.4

is a Lie subgroup. The main point is to prove compactness. Each h ∈ H fixes x, and the differential

of its action at x is a linear isometry of TxX. In other words, the isotropy representation factors

through the orthogonal group:

(26.24) ρ : H −→ O(TxX).
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Any h ∈ ker ρ fixes x and fixes each orthonormal frame at x, hence by Proposition 26.2 it acts as

the identity on X. Since G acts effectively, we conclude h = e. In other words, ρ is injective, H is

a subgroup of the compact Lie group O(TxX), and therefore H is compact. □

Corollary 26.25. There exists an H-invariant decomposition

(26.26) g = h⊕ p,

where H ⊂ G acts on the Lie algebra by the restriction of the adjoint action of G on g.

This follows from Proposition 26.9. From now on we fix a choice of p. (It may not be unique.)

(26.27) Symmetry. The H-invariance of the decomposition (26.26) implies that

(26.28)
[h, h] ⊂ h

[h, p] ⊂ p

Definition 26.29. The homogeneous Riemannian manifold X ≈ G/H is locally symmetric if

(26.30) [p, p] ⊂ h.

Briefly, the term ‘local symmetry’ means that about each y ∈ X there exists a local isometry (an

isometry on a neighborhood of y) that fixes y and has differential − idTyX . At the basepoint y = x,

this isometry is induced from the automorphism idh⊕−idp of the Lie algebra g = h⊕p. The manifold

is symmetric if each of these local symmetries extends to a global isometry. For example, the simply

connected constant curvature Riemannian manifolds are symmetric. So too are projective spaces.

A closed Riemann surface of constant curvature −1 is locally symmetric but not symmetric.

The Levi–Civita connection on a homogeneous Riemannian manifold

(26.31) The canonical connection. We recall (16.17). The map

(26.32)
π : G −→ X

g 7−→ gx

is a principal H-bundle: H ⊂ G acts simply transitively on the fibers of π by right multiplication.

Left translation gives a trivialization

(26.33) TG ∼= g ∼= h⊕ p.

We have h = kerπ∗ is the relative tangent bundle to π, the vertical tangent bundle of the principal

bundle π. Since p is H-invariant under the adjoint action, the distribution h ⊂ TG is H-invariant
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under right multiplication, hence defines a connection on π. This is the canonical connection. In

particular, the differential of π induces a linear isomorphism

(26.34) p ∼= p
e

π∗−−−→ TxX.

Use it to transport the inner product on TxX to p, which we denote as ⟨−,−⟩.
More generally, elements of g induce vector fields on X:

(26.35)
g −→ X(X)

ξ 7−→ pξ

The value of pξ at y ∈ X is d
dt

∣∣
t=0

(etξy). Setting y = gx we see that the right invariant vector

field ξ̃ on G is π-related (recall Definition 2.65) to pξ. Note that at g ∈ G we have

(26.36) ξ̃g =
d

dt

∣∣∣∣
t=0

etξg =
d

dt

∣∣∣∣
t=0

g(g−1etξg) = (Adg−1 ξ)g.

It follows that the map (26.35) is an antihomomorphism: z[ξ, η] = −[pξ, pη] for ξ, η ∈ g.

Recall also (16.21), but in a variation using the Riemannian metric. Namely, use the isotropy

homomorphism (26.24), together with the isomorphism (26.34), to construct a principal O(p)-

bundle associated to π:

(26.37) ϖ : G×H O(p) −→ X.

If we fix an orthonormal frame at x, then ϖ is identified with the orthonormal frame bundle of X.

Note that G acts on the total space of ϖ by left translation, and this action covers the action of G

on X. Under the isomorphism with the orthonormal frame bundle, this is the usual lift (24.48)

of isometries. Also, the bundle π is a subbundle of ϖ, since ρ in (26.24) is injective: there is an

induced inclusion G ↪→ G×H O(p) that sends g ∈ G to the equivalence class of (g, e) ∈ G×O(p).

See Figure 75 for an illustration.

The canonical connection p ⊂ TG on π induces a connection on ϖ. In general, it is not the

Levi–Civita connection since it is not in general torsionfree.

(26.38) The Levi–Civita connection. A connection on ϖ is homogeneous if it is G-invariant. The

canonical connection is homogeneous, and any other homogeneous connection on ϖ has horizontal

space at (e, e) ∈ G×H O(p) given as the graph Γ ⊂ p⊕ o(p) of an H-invariant linear map

(26.39) Λ: p −→ o(p).

Translate Γ by the left action of G and the right action of O(p) to produce the corresponding

homogeneous connection on ϖ. Our task is to compute Λ so that this is the Levi–Civita connection,

and for that we compute the torsion.48

48In lecture I took a different route and computed a formula for the Levi–Civita covariant derivative: I used the
6-term formula (20.15) to derive an expression for ∇

pξ
pη(x), ξ, η ∈ p.
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Figure 75. The canonical connection extends to an orthogonal linear connection

First, we compute the torsion of the canonical connection on π : G→ X. Use the decomposition

g = h ⊕ p to decompose the Maurer–Cartan form θ ∈ Ω1
G(g) as θ = θh + θp, where θh ∈ Ω1

G(h)

and θp ∈ Ω1
G(p). The form θh is the connection form of the canonical connection. Also, ρ̇(θp) is

the restriction of the tautological 1-form49 on G×H O(p) to G. Now the Maurer–Cartan equation

for G implies

(26.40) 0 = dθ +
1

2
[θ ∧ θ] =

{
dθh +

1

2
[θh ∧ θh] +

1

2
[θp ∧ θp]

}
+

{
dθp + [θh ∧ θp]

}
.

The last expression is a decomposition into h- and p-components if X is locally symmetric. In

general, we deduce from (26.40) that

(26.41) dθp + [θh ∧ θp] +
1

2
[θp ∧ θp]p = 0,

since

(26.42) dθh +
1

2
[θh, θh] = 0

by the Maurer–Cartan equation of the subgroup H. (The restriction of θh to H ⊂ G is the Maurer–

Cartan form of H, and by left invariance (26.42) holds on all of G.) Now it follows from (26.41)

that the torsion of the canonical connection is

(26.43) τ = −1

2
[θp ∧ θp]p.

The right hand side is an H-equivariant element of Ω2
G(p), and by Remark 16.24 it descends to an

element of Ω2
X(TX). Note that for ξ, η ∈ p,

(26.44) τ(ξ, η) = −[ξ, η]p.
49Here the tautological 1-form is p-valued rather than Rn-valued, unless we fix a basis of p.
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Now we take up the connection on ϖ given by the graph of Λ in (26.39). Write the connection

form as ρ̇θh +α for α : p→ o(p), and use (ρ̇θh +α)(ξ +Λ(ξ)) = 0, ξ ∈ p, to deduce α = −Λ. From
Proposition 18.42 we see that the torsion of ρ̇θh − Λ is

(26.45) τ(Λ) = −1

2
[θp ∧ θp]p − Λ ∧ θp,

and so the condition τ(Λ) = 0 is the equation

(26.46) −[ξ, η]p − Λ(ξ)η − Λ(η)ξ = 0, ξ, η ∈ p.

Since Λ maps to skew-symmetric endomorphisms of p,

(26.47) ⟨Λ(ξ)η, ζ⟩+ ⟨η,Λ(ξ)ζ⟩ = 0, ξ, η, ζ ∈ p.

Use (26.46) and (26.47) to play the golden oldie (see (18.60) and (20.18)):

⟨Λ(ξ)η, ζ⟩ = −⟨η,Λ(ξ)ζ⟩
= −⟨η, [ξ, ζ]p⟩ − ⟨η,Λ(ζ)ξ⟩
= −⟨η, [ξ, ζ]p⟩+ ⟨Λ(ζ)η, ξ⟩
= −⟨η, [ξ, ζ]p⟩+ ⟨[ζ, η]p, ξ⟩+ ⟨Λ(η)ζ, ξ⟩
= −⟨η, [ξ, ζ]p⟩+ ⟨[ζ, η]p, ξ⟩ − ⟨ζ,Λ(η)ξ⟩
= −⟨η, [ξ, ζ]p⟩+ ⟨[ζ, η]p, ξ⟩ − ⟨ζ, [η, ξ]p⟩ − ⟨ζ,Λ(ξ)η⟩

(26.48)

from which

(26.49) 2⟨Λ(ξ)η, ζ⟩ = −⟨η, [ξ, ζ]p⟩+ ⟨ξ, [ζ, η]p⟩ − ⟨ζ, [η, ξ]p⟩.

Introduce

(26.50)
α : p −→ End(p)

ξ 7−→ (η 7→ [ξ, η]p)

and let α∗
ξ ∈ End(p) be its adjoint with respect to ⟨−,−⟩. Then (26.49) is the following.

Proposition 26.51. The Levi–Civita connection on the Riemannian homogeneous space X is the

shift of the canonical connection by the linear map Λ: p→ o(p) defined as

(26.52) Λ(ξ)η =
1

2

{
[ξ, η]p − α∗

ξ(η)− α∗
η(ξ)

}
, ξ, η ∈ p.

Remark 26.53. In the locally symmetric case Λ = 0; the canonical connection is the Levi–Civita

connection.
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Curvature of Riemannian homogeneous manifolds

At this point we leave detailed computations to the reader and merely report some results.

(26.54) Sectional curvature. Set

(26.55) U(ξ, η) =
1

2

(
α∗
ξ(η) + α∗

η(ξ)
)
, ξ, η ∈ p.

Proposition 26.56. Let X be a homogeneous Riemannian manifold as above. Then for ξ, η ∈ p ∼=
TxX at the basepoint x we have

(26.57) ⟨ξ, R(ξ, η)η⟩ = −3

4
∥[ξ, η]p∥2 −

1

2
⟨
[
ξ, [ξ, η]

]
p
, η⟩ − 1

2
⟨
[
η, [η, ξ]

]
p
, ξ⟩

+ ∥U(ξ, η)∥2 − ⟨U(ξ, ξ), U(η, η)⟩.

If X is locally symmetric, then

(26.58) ⟨ξ, R(ξ, η)η⟩ = −⟨
[
ξ, [ξ, η]

]
, η⟩.

These formulas at the basepoint give formulas on all of X via the transitive G-action.

(26.59) Constant curvature manifolds. We use Proposition 26.56 to verify that the supposed

constant curvature manifold Xn(κ) in (24.40) indeed has constant curvature k ∈ R. To do so

we apply the model in (24.37) for its global symmetry group Gn(κ). The Lie algebra gn(κ) is

decomposed in (24.38) as h⊕ p, and [p, p] ⊂ h. From (24.39) we find for ξ, η, ζ ∈ p = V that

(26.60)
[
[ξ, η], ζ

]
= k

[
⟨ξ, ζ⟩η − ⟨η, ζ⟩ξ

]
,

and so (24.39) reduces to

(26.61) ⟨ξ, R(ξ, η)η⟩ = k
[
⟨ξ, ξ⟩⟨η, η⟩ − ⟨ξ, η⟩2

]
.

By (24.28) this is the constant curvature equation.

(26.62) Homogeneous Einstein manifolds. The formula for Ricci and scalar curvatures can be

deduced from Proposition 26.56. We do not report these, nor do we investigate general homogeneous

Einstein metrics. Instead, we observe the following.

Proposition 26.63. Let X be a homogeneous Riemannian manifold as above, and suppose the

isotropy representation ρ : H → O(p) is irreducible. Then X is Einstein.

A Riemannian manifold whose isotropy representation is irreducible is termed isotropy irreducible.
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Proof. The Ricci form at the basepoint is an H-invariant symmetric bilinear form on p, hence by

Proposition 26.15 it is a multiple of the metric. □

Notice that the Riemannian metric on an isotropy irreducible homogeneous space is unique up

to a positive scalar.

Example 26.64. The constant curvature manifolds Sn,En,Hn are Einstein. So to are the projec-

tive spaces CPn,HPn,OP2 = F4 / Spin9. There are many more, such as E8 / Spin16.

Further topics

I am certain that my dual variables of time and energy are both low right now, so I will only

indicate a few directions for you to explore.

(26.65) Geodesic equation. In our general setup we ask for a motion g : (a, b) → G that projects

under π to a geodesic motion on X. You can work out that if

(26.66) η(t) = [ġg−1]p(t),

then the geodesic equation is

(26.67)
dη

dt
− α∗

η(η) = 0.

(26.68) Left-invariant metrics on Lie groups. As remarked earlier, if G is a Lie group, then G is

a homogeneous manifold under the action of G by left multiplication, and any inner product on

the Lie algebra g transports to a homogeneous metric on G. In this case αξ(η) = adξ(η), and so

α∗
ξ = ad∗ξ . The formulas for the Levi–Civita connection and curvature simplify. You can find that

g(t) is a geodesic motion iff ξ := g−1ġ satisfies

(26.69)
dξ

dt
− ad∗ξ(ξ) = 0.

If the inner product on g is invariant under the adjoint action of G, in which case the Riemannian

metric on G is bi-invariant, then the formulæ simplify even further. In particular, 1-parameter

groups are geodesics.

The analysis extends to invariant metrics on left G-torsors.
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(26.70) Rigid bodies. In the 1960s, Vladimir Arnold made beautiful connections of this geometry

to classical physics. Suppose A is an affine space over a vector space V , and we consider a rigid

body moving in A. The moments of inertia of the rigid body form an inner product on V . The

position and orientation of the rigid body in space is a point in BO(A), the manifold of orthonormal

bases in the Euclidean space A. As in Remark 1.29(1), BO(A) is a left Euc(A)-torsor, and it has

an invariant metric. Geodesic motion in that metric is the motion of a rigid body.

More strikingly, Arnold observed that the Euler equation for an ideal fluid (incompressible,

non-viscous) moving on a Riemannian manifold M—these are nonlinear PDE—can (formally) be

expressed as geodesic motion for a certain metric on the infinite dimensional Lie group of volume-

preserving diffeomorphisms of M .
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Lecture 27: Complex and Kähler manifolds

In this final lecture of the course, we provide an introduction to (almost) complex manifolds,

(almost) Hermitian manifolds, and Kähler manifolds.50 Almost complex structures and almost

Hermitian structures are geometric structures based on symmetry types, as introduced in (1.34),

(1.36), (1.53), and (13.51). Our treatment emphasizes the underlying symmetry groups, which fit

into a diagram (27.107). Each of these geometric structures has associated integrability conditions,

uniformly expressed as the existence of a torsionfree connection; see (17.57). Complex manifolds,

Hermitian manifolds, and Kähler manifolds satisfy different variants of integrability.

We begin with background linear algebra. The category of complex vector spacesW and complex

linear maps is equivalent to the category of real vector spacesWR equipped with an automorphism I

that squares to minus the identity and real linear maps that commute with I. The complexification

of WR is canonically the direct sum of two subspaces, and this leads to a decomposition of complex

differential forms as well.

An almost complex manifold is a smooth manifold whose tangent spaces are equipped with

such an automorphism I. The linear algebra applies pointwise and leads to a decomposition of

differential forms and of the de Rham differential d. We are led to an integrability condition

that takes several equivalent forms. An manifold with integrable almost complex structure has

the structure of a complex manifold. We introduce complex manifolds and state this fundamental

Newlander–Nirenberg Theorem 27.67. Its proof involves analysis of PDEs that we do not undertake

here.

In almost complex geometry the analog of a Riemannian metric is a hermitian structure. We first

recall the linear algebra of Hermitian inner products. An almost complex manifold whose tangent

spaces have Hermitian inner products is an almost Hermitian manifold. There are two integrability

conditions: one for the underlying almost complex structure and one for the Hermitian structure.

In the latter case an integrable almost Hermitian manifold is called a Kähler manifold. The Kähler

condition is naturally expressed as the torsionfree condition for a geometric structure. Calculus on

Kähler manifolds is also very pleasant in terms of the frame bundle, as we briefly indicate.

We conclude with a beautiful geometric construction of the Chern connection due to Singer. In

the case of a Kähler manifold, this leads to a “synthetic” construction of the Levi–Civita connection

on a Kähler manifold: we direction construct the horizontal distribution. Recall that in general the

Levi–Civita connection of a Riemannian manifold is produced one way or another by a formula:

see (18.61) and (20.15). In the Kähler case, at least, we have a direct construction.

There is quite a bit of material in these notes that was not covered in lecture, and I would have

like to tell much more. . .

Some linear algebra

There is not a canonical i ∈ C such that i2 = −1: the Galois automorphism of C/R exchanges

the two possibilities. As is typical, we break that symmetry by fixing a choice of i =
√
−1.

50Ideally, we would have first provided an introduction to (almost) symplectic manifolds. Instead, we are reduced
to a few footnotes on the subject.
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(27.1) Complexified complex vector spaces. The real vector space WR that underlies a complex

vector space W is equipped with an endomorphism I : WR → WR that satisfies I2 = − idWR
; it

is scalar multiplication on W by i. There is an equivalence of categories between complex vector

spaces W and pairs (V, I) of a real vector space and an endomorphism I : V → V such that

I2 = − idV . Then W ←→ (WR, I) under that equivalence, and the complex conjugate vector

space W corresponds to the other choice of
√
−1: under the equivalence W ←→ (WR,−I).

The endomorphism I of WR does not have any (real) eigenvectors, but it does diagonalize if we

complexify:

(27.2) WR ⊗R C ∼=W ′ ⊕W ′′,

where W ′ is the (+i)-eigenspace of I with scalars extended to C, and W ′′ is its (−i)-eigenspace.
There are complex linear isomorphisms

(27.3)

W −→ W ′

ξ 7−→ ξR − iIξR
2

and

(27.4)

W −→ W ′′

ξ̄ 7−→ ξ̄R + iIξ̄R
2

In these formulas ξR ∈WR equals ξ ∈W ; the sets that underlie W and WR are equal.

(27.5) Determinants and orientations. Under the equivalence W ←→ (WR, I), a complex endo-

morphism A ∈ EndCW has an underlying real endomorphism AR ∈ EndR(WR) that commutes

with the complex structure: AR ◦ I = I ◦AR.

Lemma 27.6. Suppose W is a finite dimensional complex vector space and let A ∈ EndW . Then

detAR = | detA|2.

Proof. The complexification of AR preserves the decomposition (27.2), and under the isomor-

phisms (27.3) and (27.4) its restrictions to W ′,W ′′ are A,A, respectively. It follows that

□(27.7) detAR = (detA)(detA) = (detA)(detA) = | detA|2.

Corollary 27.8. ForW a finite dimensional complex vector space there is a canonical isomorphism

(27.9) DetWR
∼=−−→ DetW ⊗DetW.

In particular, WR has a canonical orientation.
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For any nonzero ω ∈ DetW , the image of ω ⊗ ω̄ under the inverse of (27.9) is positively oriented.

Observe that DetW ⊗DetW has a canonical real structure.

Remark 27.10. If f1, . . . , fm is a basis of W , then f1∧ · · ·∧fm∧ f̄1∧ · · ·∧ f̄m ∈ DetWR is positively

oriented in this convention. If we change to a new complex basis of W , then the corresponding

element of DetWR multiplies by a positive number (Lemma 27.6).

(27.11) Complex differential forms. Recall that the exterior algebra of a direct sum of vector

spaces is canonically the (Z-graded) tensor product of their exterior algebras. (This is developed

in detail in Lecture 21 of the Multivariable Analysis notes.) Then

(27.12)
∧k(W ∗

R ⊗R C) ∼=
∧k(W ∗ ⊕W ∗

) ∼=
⊕

p+q=k

∧pW ∗ ⊗∧qW ∗
.

Elements of
∧pW ∗ ⊗∧qW ∗

are called (p, q)-forms.

Almost complex manifolds

We assume the dimension n = 2m is an even integer.

(27.13) The complex symmetry type. The group GLmC of invertible m × m complex matrices

is a subgroup of the group GLnR of invertible m × m real matrices: a complex automorphism

of W = Cm induces a real automorphism of WR = Rn. Define the complex symmetry type as the

pair (GLmC, incl); see (1.36). Recall Definition 13.52 of a general geometric structure.

Definition 27.14. An almost complex manifold X is a smooth manifold equipped with a (GLmC, incl)-

structure.

The almost complex structure is a reduction of the principal GLnR-bundle of frames to a principal

GLmC-bundle:

(27.15)

B′(X) �
� //

π′

GLmC ��

B(X)

ϖ

GLnR��
X

Such reductions are in 1:1 correspondence with sections of the associated fiber bundle

(27.16) B(X)/GLmC −→ X

with fiber the homogeneous space GLnR/GLmC. One can apply algebro-topological methods to

address the existence and uniqueness of sections.
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(27.17) The complexified tangent bundle; an alternative definition. The tangent bundle of an

almost complex manifold is associated to the complex frame bundle π′ : B′(X) → X via the rep-

resentation Aut(Cm) = GLmC ↪→ GLnR = Aut(Rn). Use the correspondence Cm ←→ (Rn, I0) for

I0 =
(
0 −I
I 0

)
described in (27.1) to deduce the following.

Proposition 27.18. An almost complex structure on a smooth manifold X is equivalent to an

endomorphism I ∈ End(TX) such that I2 = − idTX .

The decomposition (27.2) induces a decomposition

(27.19) TX ⊗R C ∼= T ′X ⊕ T ′′X

of the complexified tangent bundle to an almost complex manifold. Vectors in T ′X are of type (1, 0);

vectors in T ′′X are of type (0, 1). The isomorphisms (27.3) and (27.4) induce isomorphisms

TX
∼=−−→ T ′X(27.20)

TX
∼=−−→ T ′′X(27.21)

of complex vector bundles.

Remark 27.22. Sections of T ′X → X and sections of T ′′X → X are complex vector fields. They

are not tangent to integral curves, for example. However, we can identify sections with real vector

fields using the isomorphisms (27.20) and (27.21).

(27.23) Orientation. Corollary 27.8 implies that an almost complex manifold carries a canonical

orientation. Another way to see that is as follows. For any smooth n-dimensional manifold X,

the orientation double cover is the fiber bundle associated to the action of GLnR on {±1} via

multiplication by the sign of the determinant. The restriction of that action to GLmC is trivial by

Lemma 27.6. The fixed point +1 ∈ {±1} induces a global section of the orientation double cover.

(27.24) Examples and non-examples. Obviously, an odd dimensional manifold does not admit an

almost complex structure, nor does a nonorientable manifold. Here are a few less trivial remarks.

Example 27.25. An orientable 2-manifold admits an almost complex structure. Indeed, the

structure group of an oriented 2-manifold is GL+
2 R, and it deformation retracts onto GL1C ⊂ GL+

2 R.

Hence in that case the fibers of (27.16) are contractible, so it admits a section.

Example 27.26. The 4-sphere X = S4 does not admit an almost complex structure. We can argue

for this using characteristic classes: if there is an almost complex structure, then c2(T
′X) = e(X)

is the nonzero Euler class of the 4-sphere, but also c2(T
′X) = −p1(X) vanishes.

Example 27.27. The 6-sphere does admit an almost complex structure. In fact, S6 is a homoge-

neous space for the exceptional Lie group G2 with stabilizer group SU3. The group SU3 ⊂ GL6R

preserves the standard complex structure on R6, and this induces a homogeneous almost complex

structure on S6.
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(27.28) Complex differential forms. Let X be an almost complex manifold. The decomposi-

tion (27.12) induces a decomposition

(27.29) ΩkX(C) ∼=
⊕

p+q=k

Ωp,qX

of complex differential forms on X. An element of Ωp,qX is a complex differential form of type (p, q).

From the direct sum decomposition we obtain projections πp,q : ΩkX(C)→ Ωp,qX , and so first order

differential operators

(27.30)
∂ : Ωp,qX ↪−→ ΩkX(C)

d−−→ Ωk+1
X (C)

πp+1,q

−−−−−→ Ωp+1,q
X

∂ : Ωp,qX ↪−→ ΩkX(C)
d−−→ Ωk+1

X (C)
πp,q+1

−−−−−→ Ωp,q+1
X

The map ∂ is the d-bar operator. Evidently d = ∂ + ∂ on Ω1
X(C). However, that need not be the

case on ΩkX(C), k ≥ 2. Namely the red arrows π0,2 ◦ d and π2,0 ◦ d in the diagram

(27.31)

Ω2,0
X

∂
55

∂

((

· · ·
Ω1,0
X

��

∂ 66

∂
((
⊕

Ω0,0
X

∂ 66

∂
((
⊕ Ω1,1

X

∂
66

∂

((

· · ·
Ω0,1
X

BB

∂ 66

∂
((
⊕
Ω0,2
X

∂
66

∂

))

· · ·

could be nonzero. They are complex conjugate, so either both are nonzero or both vanish. Vanishing

is equivalent to a torsionfree condition on the almost complex structure, as we see below.

(27.32) The Nijenhaus tensor. The subbundle T ′X ⊂ TX⊗RC of tangent vectors of type (1, 0) is

a complex distribution on an almost complex manifold X. Just as complex tangent vectors do not

have integral curves, complex distributions do not have integral manifolds. However, the notion of

integrability still makes sense. Namely, the Frobenius tensor (Definition 5.18) is defined. In this

case, the Frobenius tensor is a skew-symmetric map

(27.33) ϕT ′X : T ′X × T ′X −→ (TX ⊗R C)/T ′X ∼= T ′′X,

which under the isomorphisms (27.20) and (27.21) is identified with a real tensor.

Definition 27.34. Let X be an almost complex manifold. The Nijenhaus tensor N ∈ Ω2
X(TX) is

the real form of the Frobenius tensor (27.33).
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This prescription leads to the formula

(27.35) N(ξ, η) = [ξ, η]− [Iξ, Iη] + I[Iξ, η] + I[ξ, Iη], ξ, η ∈ TX.

Lemma 27.36. The map

(27.37) Ω0,1
X ↪−→ Ω1

X(C)
d−−→ Ω2

X(C)
π2,0

−−−−→ Ω2,0
X

vanishes iff N = 0.

Proof. For ω̄ ∈ Ω0,1
X and ξ, η vector fields of type (1, 0) we have

(27.38) dω̄(ξ, η) = ξω̄(η)− ηω̄(ξ)− ω̄([ξ, η]) = −ω̄([ξ, η])

and the (0, 1)-component of [ξ, η] vanishes for all ξ, η iff N = 0. □

Example 27.39. The Nijenhaus tensor of the almost complex structure (Example 27.27) on S6 =

GL6R/ SU3 is nonzero. Whether S6 admits a torsionfree almost complex structure is an open

problem.

(27.40) The torsionfree condition. Recall from Definition 17.59 that the almost complex structure

on X is torsionfree iff the complex frame bundle B′(X)→ X admits a torsionfree connection.

Proposition 27.41. An almost complex structure on X is torsionfree iff its Nijenhaus tensor N

vanishes.

Proof. If Θ′ is a connection on B′(X) → X, and ∇ is the associated covariant derivative on

TX → X, then ∇I = 0. (Conversely, a covariant derivative on the tangent bundle is induced from

a connection on the complex frame bundle iff the almost complex structure I is parallel.) Now, if

Θ′ is torsionfree, then so too is ∇ and hence

(27.42) [ξ, η] = ∇ξη −∇ηξ, ξ, η ∈ X(X).

Since ∇ preserves the decomposition (27.19) of TX ⊗R C, if we take ξ, η complex of type (1, 0)

in (27.42), then the Lie bracket [ξ, η] is also of type (1, 0). Therefore, N = 0.

Conversely, suppose N = 0. About any point of X there exists an open neighborhood U and a

coframing ϑ1, . . . , ϑm ∈ Ω1,0
U by complex 1-forms51 of type (1, 0). By (the complex conjugate of)

Lemma 27.36, their differentials do not have any component of type (0, 2). Thus

(27.43) dϑi =
1

2
Aijkϑ

j ∧ ϑk + Aijk̄ϑ
j ∧ ϑk̄, Aijk = −Aikj

51A real coframing is then given by (ϑ1 + ϑ
1
)/2, . . . , (ϑm + ϑ

m
)/2,−i(ϑ1

− ϑ
1
)/2, . . . ,−i(ϑm

− ϑ
m
)/2
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for complex functions Aijk, A
i
jk̄
∈ Ω0

U (C). Define the complex 1-form

(27.44) (Θ′)ij =
1

2
Aijkϑ

k + Aijk̄ϑ
k
.

Then the connection form

(27.45) Θ′ =

(
(Θ′)ij

(Θ
′
)ij

)
∈ Ω1

U

(
End(T ′X)⊕ End(T ′′X)

)

is real, preserves the almost complex structure I, and is torsionfree:

(27.46)
dϑi + (Θ′)ij ∧ ϑj = 0

dϑ
i
+ (Θ

′
)ij ∧ ϑ

j
= 0

Each of these conditions is affine in Θ′, hence averaging using a partition of unity constructs a

global torsionfree connection on π′ : B′(X)→ X. □

(27.47) Calculus on torsionfree almost complex manifolds. Let X be an almost complex manifold

with vanishing Nijenhaus tensor, and choose a torsionfree connection Θ′ on π′ : B′(X)→ X. Then

B′(X) has horizontal complex vector fields

(27.48)
∂′1, . . . , ∂

′
m

∂′′1 , . . . , ∂
′′
m

that are complex versions of the real vector fields in (16.40). Note that ∂′′k = ∂′k. The corresponding

real vector fields, restricted to B′(X) ⊂ B(X), are

(27.49) (∂′1 + ∂′′1 )/2, . . . , (∂
′
m + ∂′′m)/2,−i(∂′1 − ∂′′1 )/2, . . . ,−i(∂′m − ∂′′m)/2.

Let

(27.50)
f1, . . . , fm

f1, . . . , fm

denote the standard dual bases of Cm and (Cm)∗. The differential operators ∂, ∂ in (27.30) on X

lift to operators

(27.51)
∂ = ϵ(fk)∂′k

∂ = ϵ̄(f̄k)∂′′k

that act on lifts of complex differential forms to GLmC-equivariant functions

(27.52) B′(X) −→ ∧p(Cm)∗ ⊗∧q(Cm)∗.

Recall that ϵ(f) is exterior multiplication by the complex 1-form f .
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Proposition 27.53. Let X be a torsionfree almost complex manifold. Then

(27.54) d = ∂ + ∂.

We have already proved this on 1-forms, but not in general.

Proof. This follows from Proposition 17.51. □

Complex manifolds

(27.55) Holomorphic functions. Let A be an affine space over a complex vector space V , let B be

an affine space over a complex vector space W , and suppose U ⊂ A is an open set.

Definition 27.56. A smooth function f : U → B is holomorphic if its differential dfx : V → W is

complex linear for all x ∈ U .

This condition on the first differential is a first order PDE, the system of Cauchy–Riemann equa-

tions. For a complex-valued function f on an open subset of standard finite dimensional affine

space AmC with coordinates z1, . . . , zm, the Cauchy–Riemann equations are

(27.57)
∂f

∂z̄1
= · · · = ∂f

∂z̄m
= 0.

(27.58) Complex manifolds. A smooth manifold is pasted together from open subsets of real affine

space by smooth functions. Similarly, a complex manifold is pasted together from open subsets of

complex affine space by holomorphic functions.

Definition 27.59. Let X be a topological manifold. Suppose {Uα}α∈A is an open cover of X,

and for each α ∈ A suppose we are given a continuous map xα : Uα → Aα into a finite dimensional

complex affine space Aα such that xα is a homeomorphism onto its image. Then if for each α, β ∈ A
the map

(27.60) xα(Uα ∩ Uβ) −→ xβ(Uα ∩ Uβ) ↪−→ Aβ

is holomorphic, we say that this data gives X the structure of a complex manifold.

The definition is completely parallel to that of a smooth structure on a topological manifold.52

Remark 27.61. Since holomorphic maps are smooth, a complex manifold X has a canonical real

atlas and so a canonical smooth manifold structure. Denote53 the underlying smooth manifold

as XR.

52A smooth structure is usually taken to be a maximal atlas. Definition 27.59 is the definition of a complex atlas,
and we should take a maximal atlas to define a complex manifold.

53This is appropriate for an introduction, but with experience one does not use a separate notation.
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The basic theory develops in parallel to that of smooth manifolds. For example, at each point x ∈
X of a complex manifold there is a complex tangent space TxX, or equivalently a complex structure

on the real tangent space TxXR. In other words, XR has a canonical almost complex structure.

The following could be a theorem or a definition.

Definition 27.62. Let X,X ′ be complex manifolds. A smooth map f : X ′
R → XR is holomorphic

if its differential is complex linear at each point of X ′.

A standard chart on a complex manifold takes values in the standard complex affine space AmC .

The coordinates z1, . . . , zm are holomorphic functions on an open set U ⊂ X, and

(27.63)

dz1, . . . , dzm ∈ Ω1,0
U

dz̄1, . . . , dz̄m ∈ Ω0,1
U

∂

∂z1
, . . . ,

∂

∂zm
∈ Γ(T ′U)

∂

∂z̄1
, . . . ,

∂

∂z̄m
∈ Γ(T ′′U)

are pointwise bases. The dzi are holomorphic 1-forms, and the ∂/∂zi are holomorphic vector fields.

Proposition 27.64. The Nijenhaus tensor of a complex manifold vanishes.

Hence by Proposition 27.41 the almost complex structure on a complex manifold is torsionfree.

Proof. We must show that the Lie bracket of vector fields of type (1, 0) is a vector field of type (1, 0),

and it suffices to do so locally. In a standard local chart on an open set U ⊂ X we verify

□(27.65)

[
ξi

∂

∂zi
, ηj

∂

∂zj

]
=

{
ξj
∂ηi

∂zj
− ηj ∂ξ

i

∂zj

}
∂

∂zi
, ξi, ηi ∈ Ω0

U (C).

(27.66) The Newlander–Nirenberg theorem. The following basic theorem is a converse to Propo-

sition 27.64.

Theorem 27.67 (Newlander–Nirenberg). A torsionfree almost complex manifold admits a unique

compatible complex structure.

Remark 27.68. Thus if X is a torsionfree almost complex manifold, the theorem asserts the exis-

tence of local holomorphic complex-valued functions, and what’s more about any point a collection

z1, . . . , zm of local holomorphic functions whose differentials are linearly independent.

Summarizing Proposition 27.64 and Theorem 27.67, there is an equivalence between the category

of torsionfree almost complex manifolds and the category of complex manifolds.
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(27.69) Examples.

Example 27.70. Let W be a finite dimensional complex vector space. Then the Grassman-

nian Grk(W ) is a complex manifold. In particular, the projective space P(W ) is a complex manifold.

For W = Cm+1 we obtain the standard projective space CPm.

Example 27.71. A finite set of homogeneous polynomials in m+ 1 variables cuts out a complex

submanifold X ∈ CPm if they are transverse. Chow’s Theorem asserts that a complex submanifold

of CPm is algebraic, i.e., it is cut out this way. This basic result explains why algebraic techniques

are so powerful in complex geometry.

Example 27.72. A complex Lie group is a complex manifold equipped with a group structure

such that the group operators are holomorphic. (This is the holomorphic version of Definition 3.6.)

A prime example is the complex general linear group GLmC of m×m invertible complex matrices.

The unitary group Um is a closed Lie subgroup of GLmC. There are complex versions of the

orthogonal and symplectic groups as well.

The next two examples use more of the theory of Lie groups than we have discussed in this

course, but they are worth mentioning nonetheless.

Example 27.73. Let G be a connected compact Lie group and T ⊂ G a maximal torus. Then the

homogeneous manifold G/T admits G-invariant complex structures.

Example 27.74. Let G be an even dimensional compact Lie group. Then G admits a left invariant

complex structure. The proof of this assertion uses a bit of structure theory. Namely, under the

adjoint action restricted to a maximal torus T ⊂ G, the Lie algebra of G decomposes as

(27.75) g = t ⊕
⊕

ᾱ

gᾱ,

where t is the Lie algebra of T (on which T acts trivially) and each gᾱ is a real 2-dimensional

irreducible representation of T . (The sum is finite and runs over the set of roots up to sign.)

Each representation gᾱ admits two opposite T -invariant complex structures (which correspond to a

choice of positive root in ᾱ = {±α}), and the even-dimensional real vector space dim t also admits

a T -invariant complex structure since T acts trivially. The vanishing of the Nijenhaus tensor is a

pleasant exercise in the structure theory.

Example 27.76. As a special case of Example 27.74, the 4-dimensional Lie group G = U2 has

a double cover whose total space is diffeomorphic to S1 × S3, and a complex structure on U2

lifts to a complex structure on the double cover. In fact, the product of any two odd-dimensional

spheres admits a complex structure. (It is even true that the product of a circle and some exotic

odd-dimensional spheres admits a complex structure.)

We remark that the complex manifolds in Example 27.74 and Example 27.76 do not admit Kähler

metrics. (We discuss Kähler metrics later in this lecture.)
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(27.77) The complex frame bundle of a complex manifold.

Definition 27.78. Let X be a complex manifold and let G be a complex Lie group. Then a

holomorphic principal bundle π : P → X is a complex manifold P equipped with a free right

holomorphic action of G such that π is a quotient map and π is holomorphic.

Let X be a complex manifold of complex dimension m. As in (27.15) it has a principal GLmC-

bundle of frames

(27.79) π′ : B′(X) −→ X

A point in the fiber B′(X)x over x ∈ X is a complex basis b′ = (f1, . . . , fm) of the complex tangent

space T ′
xX.

Proposition 27.80. There is a complex manifold structure on B′(X) such that π′ is a holomorphic

principal GLmC-bundle.

Proof. Let U ⊂ X be a coordinate patch with local holomorphic coordinates z1, . . . , zm. Define

functions P ij : (π
′)−1(U)→ C by

(27.81) fj

∣∣∣∣
x

= P ij (b
′)
∂

∂zi

∣∣∣∣
x

, b′ = (f1, . . . , fm) ∈ B′(X)x, x ∈ U.

The smooth functions
{
(π′)∗zi, P ij

}
are smooth coordinates on π−1(U), and we declare them to

be holomorphic. We leave the reader to check that overlaps under change of coordinates on X

are holomorphic functions. It is straightforward to verify in these local coordinates that π′ is a

holomorphic map and the GLmC-action is holomorphic. □

(27.82) The tautological holomorphic 1-forms. Analogous to the tautological 1-forms (16.34) on

the real frame bundle of a smooth manifold, there are complex 1-forms

(27.83) ϑ1, . . . , ϑm ∈ Ω1,0
B′(X).

With respect to the local holomorphic coordinates just introduced, we have dual to (27.81) that

(27.84) ϑi = (P−1)ijdz
j ,

and since the coefficients (P−1)ij are rational functions of the holomorphic functions P ij , it follows

that

(27.85) ∂ϑi = 0.

In other words, ϑi is a holomorphic 1-form.
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(27.86) Connections on a holomorphic principal bundle. Let π : P → X be a holomorphic princi-

pal bundle with structure group a complex Lie group G, as in Definition 27.78. Over P we have a

short exact sequence

(27.87) 0 −→ T (P/X) −→ TP
π∗−−−→ π∗TX −→ 0

of holomorphic vector bundles equipped with a holomorphic G-action. Recall that a connection is a

G-equivariant splitting of (27.87), so a G-equivariant direct sum decomposition TP = H⊕T (P/X).

Definition 27.88. Let H be a connection on π : P → X.

(1) We say H is compatible with the complex structure if IP (H) = H.

(2) We say H is a holomorphic connection if H → P is a holomorphic vector bundle.

Holomorphic connections may not exist; a famous early paper of Atiyah introduces the Atiyah

class, which obstructs their existence. On the other hand, connections compatible with the complex

structure do exist.

Proposition 27.89. If H is compatible with the complex structure, then its curvature form Ω has

type (1, 1) + (2, 0).

In other words, Ω0,2 = 0.

Proof. Let Θ ∈ Ω1
P (g) be the connection form of a connection H on π : P → X. Since g is complex,

there is a decomposition

(27.90) Ω1
P (g) = Ω1,0

P (g)⊕ Ω0,1
P (g).

A connection Θ is compatible with the complex structure iff Θ ∈ Ω1,0
P (g). Then by inspection the

curvature

(27.91) Ω = dΘ+
1

2
[Θ ∧Θ]

has type (1, 1) + (2, 0); the first term has this mixed type and the second has type (2, 0). □

More linear algebra

As preparation for our introduction to Hermitian and Kähler geometry, we discuss inner products

on a complex vector space.
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(27.92) Hermitian inner products.

Definition 27.93. LetW be a complex vector space. A Hermitian inner product onW is a bilinear

form

(27.94) h = ⟨−,−⟩ : W ×W −→ C

which for all ξ, η ∈W satisfies

⟨ξ̄, η⟩ = ⟨η̄, ξ⟩(27.95)

⟨ξ̄, ξ⟩ > 0 if ξ ̸= 0(27.96)

Condition (27.95) is the Hermitian symmetry; condition (27.96) is positive definiteness.

(27.97) The induced real inner product and symplectic form. Let h be a Hermitian inner product

on a complex vector space W , and decompose h into its real and imaginary parts:

(27.98) h = g + iω.

Then g is a real inner product on the underlying real vector space WR, and ω is a symplectic

form on WR, that is, a nondegenerate skew-symmetric bilinear form. Recall also that WR carries a

complex structure I. These three pieces of structure are related by the equation

(27.99) ω(ξ, η) = g(Iξ, η), ξ, η ∈WR.

This equation implies the following.

Proposition 27.100. Any two of I, ω, g determine the third.

Remark 27.101. Proposition 27.100 is too terse: there are compatibility conditions among I, ω, g.

For example, I : WR → WR preserves both ω and g. On the other hand, given ω and g we can

define I using (27.99), and then I is skew-symmetric, but it may not square to − idWR
, so we need

to add that assumption as a compatibility condition between ω and g.

(27.102) Standard model. On the model finite dimensional space W = Cm with standard basis

f1, . . . , fm and dual basis f1, . . . , fm, define the standard Hermitian inner product

(27.103) h =

m∑

i=1

f̄ i ⊗ f i.

The basis f1, . . . , fm is unitary in the sense that

(27.104) h(f̄i, fj) = δij =

{
1, i = j;

0, i ̸= j.

The form h induces the standard inner product and symplectic form on WR = Rn, where n = 2m.
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(27.105) Symmetry groups and symmetry types. We arrange the data in the diagram

(27.106)

I

(h, I)

88

//

&&

ω

g

The symmetry groups that preserve the data fit into a diagram of inclusions:

(27.107)

GLmC� r

$$
Um

-



;;

� � //
� q

##

SpnR
� � // GLnR

On

,
�

::

Each of the groups in (27.107) induces a symmetry type via its inclusion into GLnR. In the

remainder of the lecture we focus on the symmetry type (Um, incl).

(Almost) Hermitian and Kähler manifolds

(27.108) Definitions. There are several complex analogs of a real Riemannian manifold.

Definition 27.109. Let X be a smooth manifold.

(1) An almost Hermitian structure is a (Um, incl)-structure.

(2) It is a Hermitian structure if the underlying almost complex manifold is torsionfree.

(3) It is a Kähler structure if the (Um, incl)-structure is torsionfree.

Equivalently, an almost Hermitian structure is a pair (I, h) of an almost complex structure I and

Hermitian metric h on the resulting complex tangent bundle. By Theorem 27.67, a Hermitian

manifold is a complex manifold equipped with a Hermitian metric. It is Kähler iff there exists a

torsionfree covariant derivative ∇ on TX → X such that

(27.110) ∇I = ∇h = 0.

Notice from the diagram (27.106) that an almost Hermitian structure on a smooth manifold X

induces simultaneously an almost complex structure, an almost symplectic structure, and a Rie-

mannian structure. Any Riemannian structure is torsionfree. The almost Hermitian structure is

Hermitian iff the induced almost complex structure is torsionfree.
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(27.111) The frame bundles. Let X be an almost Hermitian manifold. Then corresponding to

the diagram (27.107) of symmetry groups is a diagram of principal bundles over X, whose total

spaces fit into the diagram of inclusions

(27.112)

B′(X)
� r

$$
BU(X)

+
�

99

� � //
� s

%%

BSp(X) �
� // B(X)

BO(X)
,
�

::

Recall that if G → G′ is a homomorphism of Lie groups, then a connection on a principal

G-bundle induces a connection on the associated G′-bundle.

Proposition 27.113. If X is Kähler, then BU(X)→ X admits a unique torsionfree connection Θ,

and it induces the Levi–Civita connection ΘLC on BO(X)→ X.

We call Θ the Kähler connection.

Proof. Any torsionfree Θ induces ΘLC, since ΘLC is the unique torsionfree connection on BO(X)→
X. But then Θ is the restriction of ΘLC to BU(X) ⊂ BO(X). This characterizes it uniquely. □

Remark 27.114. On a general almost Hermitian manifold, the restriction of ΘLC to BU(X) is not

valued in the unitary algebra um ⊂ on, so is not a connection on BU(X)→ X.

Proposition 27.115. If X is Kähler, then the almost complex structure B′(X)→ X is torsionfree.

Proof. A torsionfree connection on BU(X) → X induces a torsionfree connection on the (almost)

complex frame bundle B′(X)→ X. □

(27.116) The Chern connection. The following theorem—due to Chern and Nakano—holds much

more generally, for holomorphic principal G-bundles equipped with a reduction to a principal K-

bundle, where K ⊂ G is the maximal compact subgroup. We write here for frame bundles and

Um ⊂ GLmC, but the proof—due to Singer—is the same in the general case.

Recall that a Hermitian manifold X is complex, and that on a complex manifold X the complex

frame bundle B′(X)→ X is holomorphic.

Proposition 27.117. Suppose that X is a Hermitian manifold. Then there exists a unique con-

nection Θ on BU(X) → X such that the induced connection Θ′ on B′(X) → X is compatible with

the complex structure.

In other words, the horizontal distribution on B′(X) is invariant under the complex structure I.

The unique connection in Proposition 27.117 is called the Chern connection.
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Proof. We explicitly construct the horizontal distribution H on BU(X). Fix b ∈ BU(X), let Wb =

TbBU(X), and let Vb = TbB
′(X). Set

(27.118) Hb =Wb ∩ Ib(Wb),

where Ib : V → V is the complex structure on B′(X). Then Hb ⊂ Vb is a complex subspace—it is

evidently stable under Ib—and it is Um-invariant since I is GLmC-invariant on B′(X). Finally, we

claim that Hb ⊂ Wb is horizontal. First, restrict (27.118) to the vertical tangent space to B′(X)

at b: the right hand side is then um ∩
√
−1um ⊂ glmC. But the only complex matrix that is

simultaneously skew-Hermitian and Hermitian is the zero matrix. Hence Hb does not contain any

nonzero vertical vectors. Since Wb + Ib(Wb) = Vb we compute

(27.119) dimHb = 2dimWb − dimVb = 2(2m+m2)− (2m+ 2m2) = 2m,

which equals the dimension of the base X. It follows that Hb is horizontal. □

Proposition 27.120. The curvature of the Chern connection has type (1, 1).

Proof. By Proposition 27.89 the curvature Ω on B′(X) has type (2, 0) + (1, 1). The restriction

of Ω to BU(X) takes values in skew-Hermitian matrices, so Ω + tΩ = 0. It follows that the (2, 0)-

component of Ω vanishes, since tΩ has type (0, 2) + (1, 1). □

(27.121) The Chern connection and the Kähler condition.

Proposition 27.122. Let X be a Hermitian manifold. Then X is Kähler iff the Chern con-

nection Θ′ on B′(X) → X is torsionfree. In that case Θ′ restricts to the Kähler connection on

BU(X)→ X.

Proof. The reverse implication is the definition of a Kähler manifold. Suppose then thatX is Kähler

and Θ is the Kähler connection on BU(X) → X. Recall the tautological holomorphic Cm-valued

1-form ϑ = ϑifi on B′(X); see (27.82). Since Θ is torsionfree, we have

(27.123) dϑ+Θ ∧ ϑ = 0.

Since dϑ has type (2, 0) by (27.85), it follows that Θ has type (1, 0). Hence Θ induces the Chern

connection on B′(X)→ X, and therefore the Chern connection is torsionfree. □

(27.124) A synthetic construction of the Kähler connection. In summary, if X is a Kähler man-

ifold then its Levi–Civita connection agrees with the Chern connection: they both induce the

same connection on B(X) → X. (It helps to refer to the chart (27.112).) The “synthetic con-

struction” (27.118) of the Chern connection—a simple geometric prescription—is then a synthetic

construction of the Levi–Civita connection.
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(27.125) Calculus on a Kähler manifold. The Kähler connection gives horizontal vector fields (27.48)

on BU(X) as well as expressions (27.51) for the differential operators ∂, ∂. Now in the Kähler case,

on the manifold BU(X), there are also adjoints ∂∗, ∂
∗
, and these too have nice expressions in terms

of contraction with a vector field:

(27.126)

∂∗ = −
∑

k

ι(fk)∂
′
k

∂
∗
= −

∑

k

ι(f̄k)∂
′′
k

This is the starting point for proving Hodge identities and carrying out other computations in

Kähler geometry.



Problem Set # 1

Math230a: Differential Geometry

Due: September 11

Please form working groups of 3 ˘ 1.5 (round up) people to go over lectures and tackle problem

sets. The problem sets are a crucial part of the class, and I strongly suggest that you engage with

them. You can also use Discord to discuss problems, but please do not spoil others’ joy by giving

solutions; hints are better. The problems are as much about the journey as the destination. Those

getting a grade in the course (this includes all undergraduates) should regularly hand in solutions.

Do take advantage of office hours and problem sessions.

I tend to give many problems. They are at different levels and some are open-ended. Do as

many as you can do well. I’d rather have you do fewer problems better than have you do more

problems worse. Don’t expect to turn in solutions to every problem every week. Again, better to

turn in fewer well-written solutions than many poorly written ones.

The notes on Multivariable Analysis, Lectures 1 and 2, have material about affine space that

you may want to read through. If you need reviews of exterior algebra and differential forms, they

appear later in those notes and also in the notes on Differential Topology.

It is also a good idea to look over the material on ODE in Lectures 17 and 18 of the Multivariable

Analysis notes. There is a global version in the middle of Lecture 14 of the Differential Topology

notes. That material is good preparation for Lie derivatives, which we cover in the second lecture

of the course.

For Problem 4 you may want to review Proposition 19.16 in the Differential Topology notes.

This problem set is a bit heavy on foundational problems, which is natural at the beginning to

give you some review of techniques we will use right away in the course. As an antidote, a bit of

classical geometry is here too. Enjoy!

1. Prove the following theorem of Menelaus. Let A be an affine space and p0, p1, p2 independent points,

i.e. points whose affine span is 2-dimensional. Let q0 be a point on the line spanned by p1, p2; q1 be

a point on the line spanned by p2, p0; and q2 be a point on the line spanned by p0, p1. Then q0, q1, q2

are collinear if and only if
q2p0

q2p1

q0p1

q0p2

q1p2

q1p0
“ 1.

(Each ratio is a real number: what is the definition? No Euclidean structure is necessary, but if

one is present can you define it in terms of distances? Can the ratio be 0 or 8? Is the statement

true if so?)

2. Let A,B be affine spaces over vector spaces V,W , respectively, and let f : A Ñ B be a function.

Do not assume finite dimensionality.

(a) Proof or counterexample: f is affine iff for all p0, p1 P A and λ0, λ1 P R with λ0 ` λ1 “ 1,

fpλipiq “ λifppiq.
1



Here and always we use the summation convention: sum over indices which appear once as a

subscript and once as a superscript (in an expression, i.e., on one side of an equation).

(b) Suppose that for every finite subset S Ă A the center of mass (define!) of fpSq is the image of

the center of mass of S. Does it follow that f is affine?

(c) Define what it means for f to be (affine) quadratic.

(d) Define precisely an equivalence relation on quadratic functions A2 Ñ R by, roughly, considering

two to be equivalent if they are related by a “change of coordinates”. How many equivalence

classes are there? For each equivalence class of quadratics q : A2 Ñ R describe the shape

of q´1p0q.

3. This problem gives practice with the index notation and summation convention that I use and

strongly recommend to you. Note carefully the placement (superscript vs. subscript) of the indices

in what follows. The actual name of the index (i or j or α) is arbitrary, though as always a judicious

choice of notation helps you and your readers.

Let V be an n dimensional (real) vector space. Suppose teju and tfiu are two bases for V which

are related by the equation

ej “ P i
jfi,

where P is an invertible matrix. In the matrix P “
`

P i
j

˘

, i is the row index and j the column

index.

(a) Suppose ξ P V is a vector. Then we can find real numbers ξj and ξ̃i such that ξ “ ξjej “ ξ̃ifi.

Express ξ̃i in terms of the ξj .

(b) Suppose T : V Ñ V is a linear transformation. Relative to the basis teju it is expressed as the

matrix A defined by Tej “ Ai
jei, and relative to the basis tfiu it is expressed as the matrix B

defined by Tfi “ B
j
i fj . What is the relationship between A and B?

(c) The dual space V ˚ is the vector space of all linear functionals V Ñ R; it is also n dimensional.

Every basis of V gives rise to a dual basis of V ˚. For the basis teju of V the dual basis teiu

of V ˚ is defined by the equation

eipejq “ δij “

#

1, if i “ j;

0, otherwise.

(This equation defines the symbol δij .) The dual basis tf ju is defined similarly. Express f j in

terms of the ei.

(d) Suppose ω P V ˚. Then we define its components relative to the basis teiu by the equation

ω “ ωie
i and its components relative to the basis tf ju by the equation ω “ ω̃jf

j . Express

the ωi in terms of the ω̃j .

(e) The tensor and exterior powers of V have natural induced bases. For example, what is the

basis for b2V ˚ “ V ˚ b V ˚, the space of bilinear forms on V ? What about
Ź

2V ˚, the space of

alternating bilinear forms? What about Sym2 V ˚, the space of symmetric bilinear forms?
2



4. Let X be a smooth manifold. Recall that a vector field is a section of the tangent bundle TX Ñ X.

(a) Suppose ξ : C8pXq Ñ C8pXq is a derivation on the algebra of smooth functions on X, i.e., ξ is

a linear map and

ξpfgq “ pξfqg ` fpξgq, f, g P C8pXq.

Prove that ξ defines a unique vector field whose directional derivative on functions is the given

derivation. (Define these terms carefully. Henceforth we identify vector fields and the associated

derivation.)

(b) Define the Lie bracket rξ1, ξ2s of vector fields ξ1, ξ2 on X as the commutator of derivations:

rξ1, ξ2sf “ ξ1ξ2f ´ ξ2ξ1f.

Prove that rξ1, ξ2s is a derivation, hence is a vector field.

(c) The vector space of vector fields on X is often denoted XpXq. For ξ1, ξ2, ξ3 P XpXq prove

rξ1, ξ2s ` rξ2, ξ1s “ 0

rξ1, rξ2, ξ3ss ` rξ2, rξ3, ξ1ss ` rξ3, rξ1, ξ2ss “ 0

These equations express that
`

XpXq, r´,´s
˘

is a Lie algebra.

5. Let X be a smooth manifold and Ω‚pXq the Z-graded commutative algebra of differential forms.

Let ξ, ξ1, ξ2 be vector fields on X. In differential calculus we have three basic (graded) derivations

on Ω‚pXq: d,Lξ, ιξ, where d is the exterior derivative of degree `1, Lξ is the Lie derivative of

degree 0, and ιξ is the contraction of degree ´1. We define the Lie derivative Lξ in Lecture 2. In

case I don’t get to it, I indicate the definition of contraction in part (a). Note that d and Lξ are

first-order differential operators, whereas ιξ is algebraic. In this problem you will compute the

commutators of these operations. These are the basic equations of differential calculus.

(a) Let V be a vector space. For ξ P V let ιξ : V
˚ Ñ R be the linear map which evaluates a

functional α P V ˚ on the vector ξ. Prove that there is a unique extension ιξ :
Ź‚V ˚ Ñ

Ź‚V ˚

of degree ´1 which satisfies the derivation (Leibniz) formula

ιξpω1 ^ ω2q “ ιξω1 ^ ω2 ` p´1qkω1 ^ ιξω2, ω1 P
ŹkV ˚, ω2 P

Ź‚V ˚.

(What are the corresponding derivation formulæ for d and Lξ?)

(b) Verify rd, ιξs “ Lξ. This is the Cartan formula for the Lie derivative on differential forms.

(c) Show rd,Lξs “ 0. What does this formula express about the operator d?

(d) Note rd, ds “ 0 is one of the defining properties of d. What is rιξ1 , ιξ2s?

(e) Check rLξ1 ,Lξ2s “ Lrξ1,ξ2s.

(f) Compute the remaining commutator rLξ1 , ιξ2s “ ιrξ1,ξ2s.

(g) Let α be a 1-form. Expand dαpξ1, ξ2q “ ιξ1ιξ2dα using the above formulas. The only differ-

entiation in the final answer should be directional derivatives of functions and Lie brackets of

vector fields. Try the next case: dβ for a 2-form β.
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6. (a) Prove the statement that follows Definition 1.52 in the notes: For the symmetry type On ãÑ

GLnR and a vector space V , the data pBGpV q, θq in the definition is equivalent to a choice of

positive definite inner product on V .

(b) What is the symmetry type of a complex structure on an n “ 2m dimensional vector space?

Show that a vector space with this structure, in the sense of Definition 1.52, is a complex vector

space. State and prove a converse as well.

(c) What is the symmetry type of an n-dimensional vector space equipped with a codimension one

subspace? What about the same for vector spaces equipped with an inner product?

(d) Consider the following two 2-dimensional symmetry types. The first is SO2 ˆ/µ
2

Ñ GL2R,

where /µ
2

“ t˘1u is the cyclic group of order two and the map is projection onto the first factor

followed by inclusion. The second is Spin2 Ñ GL2R, which is the composition of the double

cover map Spin2 Ñ SO2 followed by the inclusion SO2 ãÑ GL2R. (Both Spin2 and SO2 are

isomorphic to the circle group T of unit norm complex numbers; the double cover is the map

λ ÞÑ λ2, λ P T.) The internal symmetry group in each case is /µ
2
. Describe as best you can the

geometry of a 2-dimensional affine space equipped with each geometric structure.

4



Problem Set # 2

Math230a: Differential Geometry

Due: September 18

Throughout we use ‘g’ to denote the Lie algebra of a Lie group G.

1. Let V be a finite dimensional real vector space and B : V ˆ V Ñ R a nondegenerate bilinear form.

Define

AutBpV q “ tP P AutpV q : BpPξ1, P ξ2q “ Bpξ1, ξ2q for all ξ1, ξ2 P V u

and

EndBpV q “ tA P EndpV q : BpAξ1, ξ2q ` Bpξ1, Aξ2q “ 0 for all ξ1, ξ2 P V u.

(a) Prove that AutBpV q is a Lie group with Lie algebra EndBpV q.

(b) Let V “ R
n for some n P Z

ą0. Suppose B is the standard (symmetric) inner product. Iden-

tify AutBpRnq with the group On of orthogonal matrices.

(c) Let V “ R
2m for some m P Z

ą0. Suppose B is a nondegenerate skew-symmetric form: for the

standard basis e1, . . . , e2m of R2m, set

Bpei, ei`mq “ ´Bpei`m, eiq “ 1, i P t1, . . . ,mu,

and set Bpei, ejq “ 0 otherwise. Identify the group AutBpR2mq explicitly in terms of block 2ˆ2

matrices in which the blocks have size m ˆ m. This is the symplectic group Sp2mR.

2. Let α : G1 Ñ G be a homomorphism of Lie groups.

(a) Prove that the differential α˚ induces a linear map from left invariant vector fields on G1 to

left invariant vector fields on G. Furthermore, prove that this linear map is a Lie algebra

homomorphism, which we denote 9α : g1 Ñ g.

(b) Prove that the diagram

g
1 9α

//

exp

��

g

exp

��

G1 α
// G

commutes.

1



3. Let G be a Lie group, let X be a smooth manifold, and suppose G acts on X. There is an induced

linear map g Ñ XpXq which maps ξ P g to the vector field ξ̂ on X.

(a) If G acts on the right, show that for all ξ1, ξ2 P g,

rξ̂1, ξ̂2s “ {rξ1, ξ2s.

(b) If G acts on the left, show that for all ξ1, ξ2 P g,

rξ̂1, ξ̂2s “ ´ {rξ1, ξ2s.

4. Answer for each of the following Lie groups G:

A finite dimensional real vector space V

T “
␣
λ P C : |λ| “ 1

(

SU2 “
␣
A “

ˆ
a b

c d

˙
: a, b, c, d P C, AA˚ “ I, detA “ 1

(

SL2R

GLnR

On

(a) Is G abelian?

(b) Is G compact?

(c) Is G connected?

(d) Is G simply connected?

(e) What is the Lie algebra of G? (Identify in concrete terms, for example as a Lie algebra of

matrices.)

5. Let G be a Lie group.

(a) As a preliminary, let V be a finite dimensional real vector space. Define a real line |DetV |

such that an ordered n-tuple ξ1, . . . ξn P V define an element |ξ1 ^ ¨ ¨ ¨ ^ ξn| P |DetV |, and

elements for two ordered bases are related by the absolute value of the determinant of the

change of basis matrix. Identify |DetV ˚| as a certain space of functions V ˆn Ñ R. Show

that positive functions determine an orientation of |DetV ˚|. Interpret a positive function as a

notion of volume for n-dimensional parallelepipeds in V . Does this induce a notion of volume

for lower dimensional parallelepipeds? Identify positive elements as translationally invariant

positive measures on V . Construct such a positive element from an inner product on V .

(b) Apply to the tangent bundle of a smooth manifold. Define the notion of a smooth positive

measure on a smooth manifold. Do they always exist?
2



(c) The real line |Det g˚| consists of left-invariant measures on G. Define an action of G on this

line. Compute the action in case G is compact. Compute it for G “ GLnR and G “ SLnR.

(d) A Haar measure on G is a bi-invariant positive smooth measure on G. Prove that a Haar

measure exists if G is compact. Normalize it so the total volume of G is 1.

(e) Write a formula for Haar measure on the circle group T Ă C; the formula should be in terms

of λ P T. On the multiplicative group R
ˆ of nonzero real numbers. On the additive group R of

real numbers. On the orthogonal group O2.

6. Suppose G is a connected compact Lie group.

(a) Let Ω‚

linvpGq Ă Ω‚pGq denote the vector subspace of left-invariant differential forms. Show that

Ω‚

linvpGq is in fact a sub-differential graded algebra, i.e., it is closed under multiplication and

the differential d.

(b) Construct an isomorphism Ź
‚
g

˚ Ñ Ω‚

linvpGq.

Transfer the differential on Ω‚

linvpGq to
Ź

‚
g

˚ and write a formula for it. In this way you obtain a

differential graded complex defined directly from the Lie algebra g. Observe that your definition

works for any Lie algebra (it needn’t be the Lie algebra of a compact Lie group).

(c) Prove that the inclusion in part (a) induces an isomorphism on cohomology. A map of cochain

complexes with this property is called a quasi-isomorphism. So you can compute the de Rham

cohomology of G from this Lie algebra complex. (Hint: Average over G using Haar measure to

construct a left-invariant form from an arbitrary form.)

(d) Use the inverse map g ÞÑ g´1 to show that the differential of a bi-invariant differential form

vanishes. Show that the de Rham cohomology of G is isomorphic to the algebra of bi-invariant

forms.

(e) Use these ideas to compute H‚

dRpSU2q.

(f) (for those who know some Riemannian geometry) Endow G with a bi-invariant metric. Is

there a relationship between harmonic forms and bi-invariant forms?
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Problem Set # 3

Math230a: Differential Geometry

Due: September 25

1. (a) Let M be a 3-manifold and α a nonzero 1-form. Prove that the 2-dimensional distribution

determined by α is integrable if and only if α ^ dα “ 0.

(b) The Hopf fibration π : S3 Ñ S2 may be constructed by identifying S3 as the unit sphere in C
2

and S2 as CP
1; then the map is πpz1, z2q “ rz1, z2s, where pz1q2 ` pz2q2 “ 1 and rz1, z2s is

the equivalence class in the projective line. The kernel of the differential π˚ is an (integrable)

one-dimensional distribution on S3. Let E Ă TS3 be the 2-dimensional distribution whose

fiber at p P S3 is the orthogonal complement of kerπ˚ relative to the standard round metric

on S3. Is E integrable? Find a nonzero 1-form α which generates the ideal IpEq associated

to E. Compute dα and α ^ dα.

2. Suppose M is a smooth manifold and E Ă TM a distribution. Define

IpEq “ tω P Ω‚
M : ω

ˇ

ˇ

∆
“ 0u.

(a) Prove that IpEq Ă Ω‚
M is an ideal.

(b) Prove that if E has corank r—that is, if dimEm ` r “ dimmM for all m P M—then E is

locally generated by r independent 1-forms.

(c) Prove that IpEq is closed under d if and only if E is integrable.

(d) Consider the distribution E on A
3
x,y,z spanned by the vector fields B{Bx and x B{By ` B{Bz.

Show that E is not integrable. Show that any point px, y, zq P A
3 may be joined to p0, 0, 0q by

a piecewise smooth curve whose tangent line belongs to E.

3. Example or proof of nonexistence: A codimension 1 foliation on the sphere S4.

4. (a) Let P,Q : A2 Ñ R be smooth functions. Define the 2-dimensional distribution E on A
2
x,y ˆ Rz

with

Epx,y,zq “ span

"

B

Bx
` P

B

Bz
,

B

By
` Q

B

Bz

*

.

Compute the Frobenius tensor of E.
1



(b) Suppose X is a manifold and G a Lie group. Let θi, i “ 1, . . . , n be a basis of left-invariant

1-forms on G and suppose

dθi `
1

2
cijkθ

j ^ θk “ 0

for constants cijk. Let θiX , i “ 1, . . . , n be 1-forms on X. Consider the ideal of differential

forms on X ˆ G generated by π˚
2θ

i ´ π˚
1θ

i
X , where π1 : X ˆ G Ñ X and π2 : X ˆ G Ñ G are

projections. Prove that this ideal is closed under d if and only if

dθiX `
1

2
cijkθ

j
X ^ θkX “ 0

(c) Compute the Frobenius tensor of the distribution in (b) defined as the simultaneous kernel of

the 1-forms π˚
2θ

i ´ π˚
1θ

i
X .

5. This is a collection of exercises on the Maurer-Cartan form.

(a) Let G be a Lie group with Maurer-Cartan form θ. Compute R˚
gθ for g P G. Do this first for

a matrix group, where you can write θ “ g´1dg for g : G Ñ MnR the natural matrix-valued

function on a matrix group. (MnR is a vector space, so the differential of the function g is

defined as a MnR-valued 1-form.)

(b) Let G be a Lie group and suppose T is a right G-torsor. Show that the Maurer-Cartan form

on G transports to a canonical element of Ω1
T pgq. Can you give a prose definition of this Maurer-

Cartan 1-form on the torsor: “its value at a point t P T on the vector ζ P TtT is. . . ”? What is

the Maurer-Cartan equation? What is the pullback of the Maurer-Cartan 1-form by an element

of G acting on T?

(c) Let V be an n-dimensional real vector space and BpV q the right GLnpRq-torsor of bases. (Recall

that a basis is an isomorphism b : Rn Ñ V .) Let Θi
j be the Maurer-Cartan forms in the standard

basis of the Lie algebra of GLnpRq. Suppose bptq is a smooth curve in BpV q. Write the basis bptq

as te1ptq, . . . , enptqu and the dual basis as te1ptq, . . . , enptqu. Prove that

Θi
jp

9bq “ xeip0q, 9ejp0qy.

Heuristically, then, Θi
j measures the instantaneous motion of ej in the direction of ei, where

‘direction’ is determined by the entire basis e1, . . . , en. This interpretation is important!

(d) Let A be an n-dimensional real affine space and BpAq the right AffnpRq-torsor of bases of

the underlying vector space at all points of A. So a point of BpAq is an affine isomorphism

A
n Ñ A. Let θi,Θi

j be the Maurer-Cartan forms in the standard basis of the Lie algebra

of AffnpRq. (Define this basis: the single index is for infinitesimal translations, and the double

index for infinitesimal linear transformations, as in (c).) Suppose bptq is a smooth curve in BpAq

which projects to the curve xptq in A, and write the underlying basis of V as in (c). Prove that

θip9bq “ xeip0q, 9xp0qy.

Interpret this in prose terms.
2



Problem Set # 4

Math230a: Differential Geometry

Due: October 2

1. Let X be a smooth manifold and f : Y ãÑ X an injective immersion. Suppose Z is a smooth

manifold, g : Z Ñ X is a smooth map, and assume that g factors through f : there exists a map (of

sets) h : Z Ñ Y such that g “ f ˝ h. Prove that h is smooth iff h is continuous.

2. Let H “ ta ` bi ` cj ` dk : a, b, c, d P Ru denote the division algebra of quaternions. (Recall i2 “

j2 “ k2 “ ´1, ij “ ´ji “ k, jk “ ´kj “ i, ki “ ´ik “ j and real numbers commute with i, j, k.)

Let G Ă H denote the subset of quaternions g “ a ` bi ` cj ` dk such that a2 ` b2 ` c2 ` d2 “ 1.

Topologize H using the topology of real numbers and give G the induced topology.

(a) Prove that G is a Lie group.

(b) If H Ă G is a finite subgroup, show that the quotient map p : G Ñ G{H is a covering map.

(c) Identify the Lie algebra g with the set of imaginary quaternions ImH “ tq “ bi ` cj ` dk :

b, c, d P Ru. Identify the map

φ : G ÝÑ Aut
`

ImH
˘

g ÞÝÑ pq ÞÑ gqg´1q

with the adjoint representation of G. Show that φ maps onto the group SO3 of rotations in R
3

and the kernel of φ is cyclic of order two.

(d) Construct an isomorphism of G with the Lie group SU2 of 2 ˆ 2 unitary matrices of unit

determinant.

(e) A 3 ˆ 3 real matrix always has a fixed line, and if the matrix is orthogonal there is a fixed

line that is pointwise fixed: the eigenvalue is 1. Show that this is so. Except for the identity

matrix I, this line is unique. Show that the map f : SO3 ztIu Ñ RP
2 so defined is a surjective

submersion. What is the inverse image of a point? Is f a fiber bundle?

(f) Do the conjugation classes of SO3 form a foliation? Identify the diffeomorphism types of the

conjugacy classes.

(g) If H Ă SO3 is a finite subgroup, then H Ă φ´1pHq is a finite subgroup of G of twice the order

of H. Let P Ă R
3 be a finite set of n vectors whose “tips” lie on a regular polygon in R

2 Ă R
3.

What is the finite subgroup of rotations which preserve P? What is its lift to G?

(h) More interesting is to let I be the set of 12 vectors whose tips lie at the vertices of a regular

icosahedron. In this case the quotient space G{H is called the Poincaré sphere. Can you

compute the order of H?

1



3. Let ω P Ω1

R
be a 1-form on the real line, and suppose G is a Lie group.

(a) Prove that locally about any t P R there exists a map into G such that the pullback of the

Maurer-Cartan form equals ω. Write the first order ordinary differential equation this map

satisfies.

(b) Do global solutions always exist?

(c) Construct an integrable distribution on RˆG that is transverse to the “vertical” fibers ttu ˆG

and such that leaves of the resulting foliation of R ˆ G do not project surjectively onto R.

4. Let G be a Lie group with Maurer-Cartan form θ, and suppose P is a right G-torsor.

(a) Compute the pullback of θ under multiplication m : GˆG Ñ G and under inversion i : G Ñ G.

(b) Use your formulas to carry out the computation (7.14) in the notes for an arbitrary Lie group G.

(c) Suppose ξ P g is a parallel (left-invariant) vector field. Compute pRgq˚ξ. Is it parallel?

(d) Let θP be the transport of the Maurer-Cartan form to a g-valued 1-form on P . Compute

R˚

g pθP q, g P G. Compute φ˚pθP q for φ P AutP .

(e) An element ξ P g determines a vector field ξ̂ P XpP q. Review the definition. Compute pRgq˚pξ̂q.

Compute φ˚pξ̂q.

5. Let G be a Lie group. Recall that a left G-torsor is a smooth manifold X equipped with a simply

transitive left G action. Now we relax to a homogeneous manifold X, which is equipped with a

transitive left G-action that is not necessarily simple. For x P X the stabilizer subgroup H Ă G

is a closed Lie subgroup. It is true—and you may want to prove—that G{H has a canonical

smooth manifold structure such that the quotient map G Ñ G{H is a principal H-bundle, i.e.,

a fiber bundle whose fibers are H-torsors. Accepting this (if you don’t prove it), construct a

diffeomorphisms G{H Ñ X. The diffeomorphism depends on the basepoint x. If you choose a

different basepoint x1 can you still construct a diffeomorphism G{H Ñ X, now one that maps the

basepoint of G{H (the coset H) to x1? Is it canonical? Explore the fate of parallel vector fields and

the Maurer-Cartan form, both on G{H and on X. Are there canonical vector fields? Canonical

1-forms?

6. The symplectic group Sp1 consists of n ˆ n quaternionic matrices P such that P tP is the identity

matrix.

(a) Identify Sp1 with the group G in the previous problem.

(b) Prove that Spn is a compact Lie group.

(c) Describe the Lie algebra spn as a sub Lie algebra of glnR.

(d) Compute dimSpn.

(e) Can you recognize the homogeneous manifolds Sp1 {U1 and Sp2 {Sp1?
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Problem Set # 5

Math230a: Differential Geometry

Due: October 9

1. Let n be a positive integer, V be an n-dimensional vector space, A an affine space over V , and

U Ă A an open subset.

(a) Let n “ 2. Suppose θ1, θ2 P Ω1pUq are 1-forms so that for each p P U the values θ1p, θ
2
p form

a basis of V ˚. (We call this a moving (co)frame on U .) Prove that there exists a unique

Θ P Ω1pUq such that
dθ1 ` Θ ^ θ2 “ 0

dθ2 ´ Θ ^ θ1 “ 0

(b) Repeat for arbitrary n. Hence θ1, . . . , θn is a moving coframe on U and we seek unique 1-forms

Θi
j P Ω1pUq such that for all 1 ď i, j ď n we have

dθi ` Θi
j ^ θj “ 0

Θi
j ` Θj

i “ 0

2. Let X be a smooth manifold and Θ P Ω1

X a nowhere vanishing 1-form. Let H P TX be the kernel

of Θ, which is a codimension one distribution on X. Use Θ to construct a trivialization of the

quotient bundle TX{H Ñ X. Compute the Frobenius tensor of H in terms of Θ.

3. Let I Ă R be an interval and suppose px, yq : I Ñ A
2
x,y is an immersion into the standard Euclidean

plane. Compute the curvature of this immersion as a function of t P I.

4. Compute the curvature of the following curves in the Euclidean plane A
2
x,y.

(a) The parabola y “ kx2, k P R.

(b) The ellipse x2{a2 ` y2{b2 “ 1, a, b P R
ą0.

(c) The cycloid that is the image of

R ÝÑ A
2

t ÞÝÑ pt ´ sin t, 1 ´ cos tq

5. Let A be a Euclidean plane and suppose C Ă A is a 1-dimensional submanifold.

(a) At each p P C prove that there is an osculating circle, that is, a circle Cp Ă A that is tangent

to C at p and among all such circles “best approximates” C near p. How is the radius of Cp

related to the curvature of C at p? The center of Cp is called the center of curvature of C at p.

(b) Is there a well-defined notion of a parabola in A? If so, can you replace circles by parabolas

in (a)?
1



6. The evolute of a curve C Ă A in a Euclidean plane is the locus of its centers of curvature.

(a) Is the evolute a one-dimensional submanifold?

(b) Compute the evolute of each of the curves in Problem 3.

7. Let A “ A
3
x,y,z be standard Euclidean space (so the tangent space R

3 has its usual inner product).

I strongly encourage you to try moving frames for this problem, though you are of course free to use

other techniques. The curvature in this problem is the real-valued function rK on a surface Σ Ă A

introduced in Proposition 9.52 of the notes. You can compute using a local moving frame (a local

section of the orthonormal frame bundle).

(a) Compute the curvature of a sphere of radius R.

(b) Compute the curvature of the ellipsoid

x2

a2
`

y2

b2
`

z2

c2
“ 1,

where a, b, c P R
ą0. (Can you use symmetry?)

(c) Repeat for the hyperboloid
x2

a2
`

y2

b2
´

z2

c2
“ 1,

Now can you use symmetry?

8. Let A be a 3-dimensional Euclidean space, Σ P A a surface (2-dimensional submanifold), and

C Ă Σ a curve (1-dimensional submanifold). Suppose Σ Ă A and C Ă Σ are cooriented. Construct

a bundle of frames adapted to C Ă Σ Ă A. Work out the restrictions of the six Maurer-Cartan

forms θ1, θ2, θ3,Θ2

1
,Θ3

1
,Θ3

2
to your bundle. What curvatures do you discover? Can you see the

meaning of vanishing curvature? What does your discussion reduce to if Σ is an affine plane in A?

2



Problem Set # 6

Math230a: Differential Geometry

Due: October 16

1. Let A be a 3-dimensional Euclidean space and Σ Ă A a surface (2-dimensional submanifold) which

is cooriented. A point p P Σ is umbilic is the second fundamental form at p is a multiple of the

metric at p. Suppose e1, e2, e2 is a moving frame on an open subset of Σ, and θ1, θ2,Θ2
1
,Θ3

1
,Θ3

2

the induced 1-forms from BOpAq. Express the umbilic condition in terms of these forms. Suppose

now that every point of Σ is umbilic. Then there is a function λ : Σ Ñ R such that the second

fundamental form is λ times the first fundamental form (metric). Prove that λ is locally constant.

2. Let M be a smooth manifold of dimension n for some n P Z
ě0.

(a) Construct the principal GLnR-bundle of frames BpMq Ñ M . This can be done in several ways.

For example, first construct a vector bundle over M whose fibers consist of ordered sets of

n tangent vectors. (This is the fiber product of the tangent bundle with itself n times, so you

may want to investigate fiber products of fiber bundles first.) Or you may patch BpMq Ñ M

together from an cover of M by coordinate charts.

(b) Now suppose M carries a Riemannian metric. Construct the principal On-bundle of orthonor-

mal frames BOpMq Ñ M . One method is to consider the function BpMq Ñ SymnR with

values in the vector space of symmetric nˆn real matrices that maps a frame e1, . . . , en to the

symmetric matrix p xei,ejy q
1ďi,jďn.

3. Does there exist an example of a Riemannian 2-manifold Σ and an embedded oriented circle C Ă Σ

such that parallel transport around C is a reflection (rather than a rotation)? If so, what does this

say about the lift of C to the orientation double cover, which is identified with BOpΣq{SO2 Ñ Σ?

Does there exist an example in which Σ is a submanifold of a Euclidean 3-space?

4. Consider a surface of revolution as follows. In the standard Euclidean plane A
2
x,z consider the

embedded curve C which is the graph of a positive function x “ fpzq, z0 ă z ă z1, for some

z0 ă z1. Now revolve C about the z-axis in standard Euclidean 3-space A
3
x,y,z. Use z, ϕ as

coordinates, where ϕ is the angle of revolution about the z-axis. Compute the Gauss curvature

in terms of f . Compute the second fundamental form. What are the principal curvatures and

what are the principal directions? (These are the eigenvalues and eigenlines of the shape operator.)

Check your computations against standard examples (cylinder, sphere). Can you find f so that the

resulting surface has constant curvature ´1? Investigate geodesics on this surface of revolution.

1



5. Continuing the notation of the previous problem, the catenoid is the surface of revolution obtained

by revolving the catenary curve, which is the graph of fpzq “ a coshpz{aq for some a ą 0. The

helicoid in A
3
x,y,z is the image of the map

p0,8q ˆ p0, 2πq ÝÑ A
3

pr, θq ÞÝÑ pr cos θ, r sin θ, aθq

Prove that the catenoid and the helicoid are minimal surfaces: their mean curvature vanishes. In

addition, construct a local isometry between them.

6. Let Σ be a Riemannian 2-manifold and π : BOpΣq Ñ Σ the principal O2-bundle of orthonormal

frames.

(a) Explain how to construct global horizontal vector fields B1, B2 on BOpΣq from the global 1-

forms θ1, θ2 P Ω1

BOpΣq. Are B1, B2 π-projectible to vector fields on Σ?

(b) Compute rB1, B2s.

(c) Compute rζ̂ , Bis, i “ 1, 2, where ζ̂ is the vertical vector field discussed in lecture.

(d) Prove that integral curves of B1 project to geodesic motions on Σ.

7. Let Σ be a Riemannian 2-manifold and π : BOpΣq Ñ Σ the principal O2-bundle of orthonormal

frames.

(a) Suppose f : D2 Ñ Σ is a smooth map from the (closed) 2-disk into Σ which is an immersion

on BD2 and has a regular point p in the interior. Factor f
ˇ

ˇ

BD2 through π using an adapted

moving frame. What choices do you make?

(b) Extend that lift to D2zBϵppq, where Bϵppq is a ball of small radius ϵ. (Or simply a sufficiently

small open set about p; we haven’t discussed distance on a Riemannian manifold.) What

theorem can you use to prove existence?

(c) What can you say about the lift on BBϵppq? Try to get a geometric picture of its image in BOpΣq.

(d) Integrate the pullback of the equation dΘ2
1

“ ´pπ˚Kq θ1 ^ θ2 under your lift. What can you

conclude as ϵ Ñ 0.

2



Problem Set # 7

Math230a: Differential Geometry

Due: October 23

1. Suppose

E1 f̃
//

π1

��

E

π

��

X 1 f
// X

is a pullback diagram of manifolds. Prove that the differentials

TE1 f̃˚
//

π1
˚

��

TE

π˚

��

TX 1 f˚
// TX

also form a pullback.

2. Let Σ be a Riemannian 2-manifold and π : BOpΣq Ñ Σ the principal O2-bundle of orthonormal

frames.

(a) Construct an explicit identification of BOpΣq{SO2 Ñ Σ with the orientation double cover of Σ.

(b) Prove that θ1 ^ θ2 P Ω2

BOpΣq descends to the total space of the orientation double cover.

(c) Let pX Ñ X be the orientation double cover of a smooth n-manifold X. A density on X is

ω P Ωn
pX
such that σ˚ω “ ´ω, where σ is the deck transformation. Show that a compactly

supported density can be integrated over X. (Recall the integral over an oriented smooth

manifold of a compactly supported n-form. The key point is the change of variables formula.)

3. (a) Let A be a 3-dimensional Euclidean space and c : pa, bq Ñ A a smooth curve parametrized by

arc length. The surface M which is the union of the tangent lines to the image C of c is called

the tangent developable of C. Find conditions on c so that M is a smooth manifold. Compute

its Gauss curvature.

(b) More generally, a ruled surface is a union of lines. One example is a Möbius strip. Find a

parametrization of the Möbius strip. Compute the Gauss curvature. Another ruled surface is

the helicoid , obtained by fixing perpendicular lines ℓ, ℓ1 Ă A and taking the surface swept out

by ℓ1 as it moves along ℓ, remaining perpendicular to ℓ and rotating at a constant speed as it

moves. Find a parametrization and compute the Gauss curvature and mean curvature.

1



4. Let A be a 4-dimensional Euclidean space and Σ Ă A an embedded 2-dimensional manifold. Define

a submanifold BOpΣq Ă BOpAq of adapted orthonormal frames. Investigate the restrictions of the

Maurer-Cartan forms and Maurer-Cartan equations. Notice that the normal bundle to Σ in A has

rank 2, and it has an associated principal O2-bundle of orthonormal frames.

5. This problem is designed to develop some intuition about horizontal distributions and parallel

transport. Let A “ Ax,y be the standard affine plane, and consider the product fiber bundle over A

with fiber R.

(a) Which functions F : A ˆ R
2 Ñ R define a horizontal distribution? How?

(b) For example, we might say that the infinitesimal rate of change of a parallel section of AˆR Ñ A

at px, yq P A along a unit vector in the direction that makes angle θ with the x-axis is cos θ.

Does that define a horizontal distribution? Is it integrable?

(c) What if instead we say that the infinitesimal rate of change is x cos θ?

(d) In both cases consider parallel transport along the path that travels around the triangle with

initial vertex p0, 0q, second vertex p0, 1q, third vertex p1, 1q, and then back to the initial ver-

tex p0, 0q.

(e) This fiber bundle is extrinsic: a section attaches a real number to each point, and the real

number is unrelated to the intrinsic geometry of A. What if instead we consider the fiber

bundle whose fibers are lines in the vector space R
2. Now the rule for infinitesimal parallel

transport is to rotate at the speed specified in (b) or (c). The objects we are transporting are

different—lines as opposed to real numbers—but do the answers to the questions change?

2



Problem Set # 8

Math230a: Differential Geometry

Due: October 30

1. Let G be a Lie group and suppose π : P Ñ X is a principal G-bundle. In particular, π is a surjective

submersion, so π˚ : Ω‚
X Ñ Ω‚

P is an injection. Characterize the image by proving Lemma 14.12 in

the notes.

2. Let G be a Lie group andH Ă G a closed Lie subgroup. Suppose π : P Ñ X is a principal G-bundle.

(a) Prove that reductions of π to H are in 1:1 correspondence with sections of P {H Ñ X.

(b) Suppose that Θ is a connection on π. Prove that reductions of π to H such that Θ is induced

from a connection on the reduction are in 1:1 correspondence with flat sections of P {H Ñ X.

(c) Consider the case G “ GLnR and H “ On. What do these reductions imply for the induced

horizontal distribution and parallel transport on the vector bundle associated to the action

of GLnR and On on R
n?

3. (a) Prove that the action of a compact Lie group on a smooth manifold is proper.

(b) Let G be a Lie group and suppose H is a closed Lie subgroup. Prove that the action of H on G

by left multiplication is proper. What if H Ă G is not closed?

4. (a) Let Q Ñ r0, 1s ˆ M be a principal G-bundle. Choose a connection on Q. (Why does it exist?)

Use parallel transport to construct an isomorphism Q
ˇ

ˇ

t0uˆM
Ñ Q

ˇ

ˇ

t1uˆM
.

(b) Let ft : M Ñ N be a smooth homotopy and P Ñ N a principal bundle. Prove that f˚
0
P – f˚

1
P .

(c) Prove that a principal bundle over a contractible manifold is trivializable.

(d) Classify up to isomorphism principal T-bundles on Sn for all n.

5. Let G be a Lie group and let π : P Ñ X be a principal G-bundle. I showed in lecture that a

connection on π is a section of a fiber bundle of affine spaces Aπ Ñ X. Construct this bundle. Is

it associated to π via the action of G on some affine space? If not, is it associated to some other

principal bundle over X?

1



6. (a) Let P be a Riemannian manifold equipped with a free action of a Lie group H by isometries.

Assume that the quotient map π : P Ñ X is a principal H-bundle. Use the metric to construct

a connection on π.

(b) Let G be a Lie group and let H be a closed Lie subgroup. Define the notion of a bi-invariant

Riemannian metric on G. (Bi-invariant=left and right invariant.) Give examples of a Lie

group and a bi-invariant metric on it. Give an example of a Lie group that does not admit a

bi-invariant metric. Can you prove the nonexistence?

(c) Assuming a bi-invariant metric exists and is chosen, use it to construct a connection on π : G Ñ

G{H. Compute the curvature of this connection.

(d) Apply to the Hopf bundle U1 Ñ S3 Ñ S2. What about the Hopf bundle Sp1 Ñ S7 Ñ S4? The

connection you construct on the latter is the basic instanton (self-dual connection).

7. Let G be a Lie group and let π : P Ñ X be a principal G-bundle. A gauge transformation of π

is a diffeomorphism φ : P Ñ P that is G-equivariant and covers the identity map of X, i.e., the

diagram

P
φ

//

π
  

P

π
~~

X

commutes.

(a) Construct a function g : P Ñ X that satisfies φppq “ p ¨gppq for all p P P . How does g transform

under the G-action on P?

(b) Express g as a section of a fiber bundle associated to π. What kind of a fiber bundle is it?

(c) Do gauge transformations always exist?

(d) Are there any simplifications if G is abelian? If G is discrete?

(e) Let AutpP q denote the group of G-equivariant diffeomorphisms of P , and let Autpπq denote

the group of gauge transformations. Construct an exact sequence

1 ÝÑ Autpπq ÝÑ AutpP q ÝÑ DiffpXq

where DiffpXq is the group of diffeomorphisms of X. Is the last map surjective? Give a proof

or (counter)example to verify your answer.

(f) Suppose Θ is a connection 1-form on P , and let φ : P Ñ P be a gauge transformation. Show

that φ˚Θ is a connection 1-form. Give a formula for φ˚Θ in terms of the function g defined

in (a). How do gauge transformations act on connections as G-invariant horizontal distributions

on P .

2



Problem Set # 9

Math230a: Differential Geometry

Due: November 6

1. Let π : P Ñ X be a principal G-bundle with connection Θ P Ω1

P pgq.

(a) Denote the right G-action of G on P as R : P ˆ G Ñ P . Compute R˚Θ.

(b) Suppose s : X Ñ P is a section of π and g : X Ñ G is a function. Compute α1 “ psgq˚pΘq in

terms of α “ s˚pΘq.

(c) Write your results in matrix notation if G is a matrix group.

2. For this problem you should recall Haar measure as discussed in Problem Set #2.

(a) Let G be a Lie group (not necessarily compact) and let H Ă G be a closed Lie subgroup which

is compact. Prove that the homogeneous manifold G{H is reductive.

(b) Find an H-invariant complement p to h Ă g for the homogeneous manifolds On,1 {On (hyper-

bolic space) and Sp2nR {Un (Siegel upper half space). The Lie group On,1 consists of invertible

n ˆ n real matrices that preserve the inner product xξ, ηy “
n
ř

i“1

ξiηi ´ ξn`1ηn`1.

(c) Compute the curvature of the induced linear connection on hyperbolic space. Compare to the

case of the sphere (in the lecture notes).

(d) Describe the Riemannian metric on hyperbolic space. Identify the total space of the orthonormal

frame bundle.

3. Let π : P Ñ X be a principal G-bundle with connection Θ. Prove that Θ is flat iff the holonomy

group HolppΘq Ă G is a discrete subgroup for all p P P .

4. My proof of Proposition 14.71 in the lecture notes is a complete waffle. Write a convincing proof.

5. In (14.64) of those same notes I indicated that parallel transport reduces to a concrete ordinary

differential equation. You will flesh that out in this problem.

(a) Let G be a Lie group and let π : P Ñ r0, 1s be a principal G-bundle with connection Θ. Let

s : r0, 1s Ñ P be a section, and write s˚Θ “ Aptqdt P Ω1

r0,1spgq. Write the ODE for a function

g : r0, 1s Ñ G which satisfies the condition that the section sg of π is flat. Impose the initial

condition gp0q “ e.

(b) Suppose first that Aptq “ A is a constant function. Write a solution to the ODE.
1



(c) Suppose G “ GLnR and write g as an invertible n ˆ n matrix M . You should have found in

part (a) an equation similar to

dM

dt
` MptqBptq “ 0

Consider the function

Qptq “ 1 ´

ż t

0

Bpu1q |du1| `

ĳ

0ďu2ău1ďt

Bpu1qBpu2q |du1du2| ´ ¨ ¨ ¨

Draw a picture. Write the rest of the series. Prove convergence. Does this give a solution to

the ODE? What if Bptq “ B is a constant function? (Remark: This power series is sometimes

denoted

: exp

ˆ

´

ż t

0

Bpuq |du|

˙

:

and is called the path-ordered exponential.)

6. (a) Fix m P Z
ą0. Construct a C

ˆ-action on CP
m with precisely m ` 1 fixed points.

(b) Let π : P Ñ X be a principal Cˆ-bundle over a smooth manifold X. Let L Ñ X be the

associated complex line bundle (to the action of Cˆ on C by multiplication). Construct the

fiber bundle with fiber CPm associated to π directly in terms of L Ñ X. Construct a canonical

isomorphism from the associated bundle to the fiber bundle you construct.

(c) What if the C
ˆ-action has more fixed points?

(d) Specialize to X “ S1 and now put a connection on π. Describe the monodromy of the induced

horizontal distribution on the associated fiber bundle.

7. Let G be a Lie group and suppose π : P Ñ S1ˆS1 is a principal G-bundle with a flat connection Θ.

Fix a basepoint p P P . Prove that the holonomy subgroup HolppΘq Ă G is abelian.

2



Problem Set # 10

Math230a: Differential Geometry

Due: 20

Reminder: There is an extra lecture on Friday, November 8 and there is no lecture on Wednesday,

November 13. I am giving you two weeks to complete this problem set. All references to equations

and theorems are to the lecture notes.

1. Carry out the computations to prove Proposition 16.67.

2. (a) Verify that (17.33) is a connection form.

(b) Verify the claim in Remark 17.34.

(c) Verify the claim that follows Definition 17.43.

3. Let X be a smooth manifold. Suppose γ : pa, bq Ñ X is a smooth motion. Assume 0 P pa, bq and

write x “ γp0q.

(a) Let G be a Lie group, let π : P Ñ X be a principal G-bundle with connection. Suppose F is

a smooth manifold equipped with a smooth left action G ö F . Let σ : X Ñ FP be a smooth

section of the associated fiber bundle with fiber F . Explain how to use parallel transport to

define a motion δ : pa, bq Ñ pFP qx, where pFP qx is the fiber of the associated bundle FP Ñ X

at x P X. Prove that δ is smooth.

(b) Now suppose X has a linear connection. Use parallel transport to define a motion δ : pa, bq Ñ

TxX. Prove that δ is smooth.

4. Let X be a Riemannian 2-manifold, and suppose x1, x2 is a local coordinate system. Compute the

Gauss curvature in terms of the Riemann curvature tensor Ri
jkℓ.

5. Let G be a Lie group. There are two canonical linear connections ΘL,ΘR defined using left and

right multiplication.

(a) Define them carefully.

(b) Compute their curvature and torsion. What are the geodesic motions that begin at the identity

element?

(c) The Lie group GˆG acts transitively on G by left and right multiplication. Is there a homoge-

neous connection? Give examples. If so, is it related to ΘL and/or ΘR? Compute its curvature

and torsion and also the geodesic motions that begin at the identity element e P G.

(d) In (3.57) we defined an exponential map on a Lie group without using a linear connection.

In (17.45) we define an exponential map using the affine connection associated to a linear

connection. Compare them on G at e P G for each of the linear connections above.

1



6. Let X Ă E be a submanifold of a Euclidean space. The dimensions of X and E are not fixed.

(a) Use the global parallelism of E to induce a parallelism—a covariant derivative—on X. So if ξ P

TxX is a tangent vector at some point x P X and η a vector field on X defined in a neighborhood

of X, use the natural covariant derivative on E to define the covariant derivative ∇ξη on X.

(b) Prove that ∇ preserves the induced Riemannian metric on X.

(c) Consider the example of a unit 2-sphere X in a 3-dimensional Euclidean space. Let C be the

circle obtained by intersecting X with a plane whose distance from the nearest parallel tangent

plane is d ă 1. The holonomy of the parallel transport around C is rotation through some

angle θ. Compute θ as a function of d. Make clear your orientations.

7. Let S3 Ă E
4 be a sphere of radius R in Euclidean 4-space.

(a) Introduce local coordinates. Compute the Cristoffel symbols and the Riemann curvature tensor

in that coordinate system.

(b) Write S3 as a homogeneous manifold for a Lie group of isometries. Is there a homogeneous con-

nection? Does it induce the Levi-Civita connection? If so, recover the curvature you computed

in (a) from the curvature of the homogeneous connection.

(c) Compute yet another way by constructing a local orthonormal frame.

8. Read Riemann’s essay (“Riemann1”) that is posted on Canvas. Choose one small passage and

explain it in modern terms.

9. Let X be a smooth manifold and E Ă TX a distribution of rank k. Let BEpXq Ă BpXq be the

subbundle of frames for which the first k vectors form a basis of E. Prove that BpXq Ñ X admits

a torsionfree connection if and only if E is involutive.

10. Let X be a smooth manifold equipped with a linear connection. Is it possible for a geodesic to

intersect itself? Example or counter-proof.

2



Problem Set # 11

Math230a: Differential Geometry

Due: December 4

1. Let X be a Riemannian manifold and suppose tx1, . . . , xNu Ă X is a finite subset. In lecture

(notes) I constructed a manifold with boundary X̂ and a map p : X̂ Ñ X that is a diffeomorphism

on the complement of
Ů

i

p´1pxiq. Furthermore, if ξ is a vector field on X with a transverse zero at

each xi and no other zero, then the normalization s :“ ξ{}ξ} : Xztx1, . . . , xNu Ñ SpTXq extends

over X̂, where SpTXq Ă TX is the total space of the unit sphere bundle of the tangent bundle.

Explore this construction in detail when dimX “ 1. Draw pictures.

2. Consider Chern–Simons–Weil forms for G “ T the circle group of unit norm complex numbers.

The Lie algebra is g –
?

´1R. Be sure to make orientations explicit when working this problem.

(a) For each k P Z
ą0 identify the vector space of degree k G-invariant polynomials on g.

(b) If π : P Ñ X is a principal G-bundle and h is a G-invariant polynomial of degree k, then the

Chern–Simons form restricts to a closed p2k ´ 1-form on each fiber of π, and this form may be

identified with a biinvariant form on G. Identify this form for k “ 1. For which h is the integral

of this form (with respect to some orientation of G) an integer?

(c) Consider the Hopf bundle π : S3 Ñ S2, which is a principal G-bundle. Construct a connection

(perhaps one that is invariant under left translation by SU2 « S3). Construct a section of π

on the complement of a point of S2, and use a blow-up construction as in Problem #1 to

extend over a manifold with boundary. Use this to compute the integral of the Chern–Weil

form over S2. For which h is this an integer?

(d) Now consider k “ 2, so the Chern–Weil form has degree 4. Construct a nontrivial principal

G-bundle over S2ˆS2 by first taking the Cartesian product of the Hopf bundle above with itself

to form a principal pGˆGq-bundle over S2 ˆS2, and then use the homomorphism GˆG Ñ G

to form the associated principal G-bundle. (Why is multiplication a homomorphism?) Do so

with the connection you constructed above. Compute the integral of the Chern–Weil form. For

which h is the answer an integer?

(e) Continuing with k “ 2, take the base 4-manifold to be CP2. For which h do you find an integer

when you integrate the Chern–Weil form?

3. Now consider G “ SU2 with Lie algebra su2 the space of 2 ˆ 2 traceless skew-Hermitian matrices.

(a) Identify the space of G-invariant polynomials of degree 2 on g.

(b) Write an explicit formula for the Chern–Simons 3-form of a connection. Use matrix multipli-

cation in your formula rather than the Lie bracket.
1



(c) Use the homomorphism
T ÝÑ SU2

λ ÞÝÑ
ˆ

λ 0
0 λ´1

˙

to construct SU2-connections from T-connections. How are the Chern–Simons forms related?

(d) Investigate integrality of the integral of Chern–Weil forms for k “ 2.

4. Let Σ Ă E
3 be a closed surface that is a submanifold of Euclidean 3-space. Prove that Σ has a

point of positive Gauss curvature.

5. Let G be a Lie group, let H Ă G be a closed Lie subgroup, and assume that the homogeneous

manifold G{H has a reductive structure, i.e., an H-invariant splitting g “ p ‘ h as vector spaces.

(a) Recall the definition of the canonical connection on the principal H-bundle π : G Ñ G{H.

(b) Compute its curvature.

(c) What is the meaning of the torsion of this connection? Compute it.

(d) What is the meaning of geodesics of this connection? Compute them.

(e) Consider the transitive action ofGˆG onG by left and right multiplication. Is this homogeneous

space reductive?

6. (a) Let pΣ, gq be a Riemannian 2-manifold, and suppose ϕ : Σ Ñ R is a smooth function. Compute

the Gauss curvature K 1 of the metric e2ϕg in terms of ϕ and the Gauss curvature K of the

metric g.

(b) Can you do the same for the Riemann curvature tensor in arbitrary dimensions?

7. Let G be a Lie group with a left-invariant Riemannian metric, denoted x´,´y. Suppose ξ, η, ν, ζ

are left-invariant vector fields on G.

(a) Prove that

∇ξη “ 1

2

`

rξ, ηs ´ padξq˚η ´ padηq˚ξ
˘

,

where the star denotes the adjoint with respect to the inner product on the Lie algebra.

(b) Derive a formula for xRpξ, ηqν, ζy, where R is the Riemann curvature tensor.

(c) Derive a formula for xRpξ, ηqη, ξy, which is the sectional curvature.

(d) How do your formulas simplify for bi-invariant Riemannian metrics?

2
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