Chapter
Vector Bundles

To motivate the definition of a vector bundle let us consider tangent vectors to
the unit 2-sphere S in R®. At each point x € S there is a tangent plane P, . This
is a 2-dimensional vector space with the point
x as its zero vector 0,. Vectors v, € P, are
thought of as arrows with their tail at x. If
we regard a vector v, in P, as a vector in R3,
then the standard convention in linear algebra
would be to identify v, with all its parallel
translates, and in particular with the unique
translate T(v,) having its tail at the origin in

R®. The association v, — T(v,) defines a
function T:TS>—R> where TS? is the set of all tangent vectors vV, as x ranges
over S°. This function T is surjective but certainly not injective, as every nonzero
vector in R> occurs as T(v, ) for infinitely many x, in fact for all x in a great circle
in S$?. Moreover T7(0,) =0 forall x € $%,s0 T71(0) is a whole sphere. On the other
hand, the function TS*>—S>xR?, v, — (x,7T(v,)), is injective, and can be used to
topologize TS? as a subspace of S2xR3, namely the subspace consisting of pairs
(x,v) with v orthogonal to x.

Thus TS? is first of all a topological space, and secondly it is the disjoint union
of all the vector spaces P, for x € $*. One can think of TS? as a continuous family
of vector spaces parametrized by points of $°.

The simplest continuous family of 2-dimensional vector spaces parametrized by
points of S? is of course the product S?xR?. Is that what TS® really is? More
precisely we can ask whether there is a homeomorphism h:TS*>— S?xR? that takes
each plane P, to the plane {x}Xx R? by a vector space isomorphism. If we had such
an h, then for each fixed nonzero vector v € R? the family of vectors v,, = hl(x,v)
would be a continuous field of nonzero tangent vectors to S2. It is a classical theorem
in algebraic topology that no such vector field exists. (See §2.2 for a proof using
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techniques from this book.) So TS? is genuinely twisted, and is not just a disguised
form of the product S?x R?.

Dropping down a dimension, one could consider in similar fashion the space TS*
of tangent vectors to the unit circle S! in R%. In this case there is a continuous

field v, of nonzero tangent vectors to S ! obtained by regarding v
. . . X
points x € S' as unit complex numbers and letting v, be the y

translation of the vector ix that has its tail at x. This leads to a
homeomorphism S'x R— TS' taking (x,t) to tv,,with {x} xR
going to the tangent line at x by a linear isomorphism. Thus TS!
really is equivalent to the product S'xR'.

Moving up to S3, the unit sphere in R*, the space TS® of tangent vectors is again
equivalent to the product S 3% R3. Regarding R* as the quaternions, an equivalence is
the homeomorphism S xR} TS? sending (x, (t;, t,, t3)) to the translation of the
vector t,ix + t,jx + t3kx having its tail at x. A similar construction using Cayley
octonions shows that TS’ is equivalent to S” x R’. It is a rather deep theorem, proved
in §2.3, that S 1, 53, and S’ are the only spheres whose tangent bundle is equivalent
to a product.

Although TS™ is not usually equivalent to the product S" x R", there is a sense
in which this is true locally. Take the case of the 2-sphere for example. For a point
x € S% let P be the translate of the tangent plane P, that passes through the ori-
gin. For points y € §? that are sufficiently close to x the map m, : P, — P sending
a tangent vector v,, to the orthogonal projection of 7(v,) onto P is a linear iso-
morphism. This is true in fact for any y on the same side of P as x. Thus for
v in a suitable neighborhood U of x in S? the map (»v,vy) — (y,mM,(v,)) is a
homeomorphism with domain the subspace of TS consisting of tangent vectors at
points of U and with range the product UxP. Furthermore this homeomorphism
has the key property of restricting to a linear isomorphism from P,, onto P for each
v € U. A convenient way of rephrasing this situation, having the virtue of easily
generalizing,istolet p: TS 2 $? be the map (x,v,)+— x,and then we have a home-
omorphism p 1 (U) — UxP that restricts to a linear isomorphism p ! (y)— {y}xP
for each y € U. With this observation we are now ready to begin with the formal
definition of a vector bundle.
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1.1 Basic Definitions and Constructions

Throughout the book we use the word “map” to mean a continuous function.

An n-dimensional vector bundle is a map p:E— B together with a real vector
space structure on p‘l(b) for each b € B, such that the following local triviality
condition is satisfied: There is a cover of B by open sets U, for each of which there
exists a homeomorphism h,:p ' (U,) — Uy x R" taking p ' (b) to {b}xR" by a vec-
tor space isomorphism for each b € U,. Such an h, is called a local trivialization of
the vector bundle. The space B is called the base space, E is the total space, and the
vector spaces p ' (b) are the fibers. Often one abbreviates terminology by just calling
the vector bundle E, letting the rest of the data be implicit.

We could equally well take C in place of R as the scalar field, obtaining the notion
of a complex vector bundle. We will focus on real vector bundles in this chapter.
Usually the complex case is entirely analogous. In the next chapter complex vector
bundles will play the larger role, however.

Here are some examples of vector bundles:

(1) The product or trivial bundle E = BxR"™ with p the projection onto the first
factor.

(2) If we let E be the quotient space of I xR under the identifications (0,t) ~ (1, —t),
then the projection I x R— I induces amap p: E— S' whichis a 1-dimensional vector
bundle, or line bundle. Since E is homeomorphic to a Mobius band with its boundary
circle deleted, we call this bundle the Moébius bundle.

(3) The tangent bundle of the unit sphere $" in R™"!, a vector bundle p:E—S"

where E = {(x,v) € S"xR""! | x L v} and we think of v as a tangent vector to
S™ by translating it so that its tail is at the head of x, on $". The map p:E—S"
sends (x,v) to x. To construct local trivializations, choose any point x € S" and
let U, c S" be the open hemisphere containing x and bounded by the hyperplane
through the origin orthogonal to x. Define h,:p '(U,)—U,xp '(x) ~ U, xR"
by h,(y,v) = (y,m(v)) where 1, is orthogonal projection onto the hyperplane
p~l(x). Then h, is a local trivialization since 7T, restricts to an isomorphism of
p~'(y) onto p~'(x) for each y € U,.

(4) The normal bundle to S™ in R™"!, a line bundle p:E—S™ with E consisting of
pairs (x,v) € S"xR""! such that v is perpendicular to the tangent plane to S" at
x, or in other words, v = tx for some t € R. The map p:E—S" is again given by
p(x,v) = x. As in the previous example, local trivializations h,:p ' (U,) — U, xR
can be obtained by orthogonal projection of the fibers p~!(y) onto p~!(x) for y €
U,.

(5) Real projective n-space RP" is the space of lines in R"*! through the origin.
Since each such line intersects the unit sphere S$" in a pair of antipodal points, we can
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also regard RP" as the quotient space of S™ in which antipodal pairs of points are
identified. The canonical line bundle p : E— RP" has as its total space E the subspace
of RP"xR"™"! consisting of pairs (£,v) with v € £, and p(£,v) = £. Again local
trivializations can be defined by orthogonal projection.

There is also an infinite-dimensional projective space RP” which is the union
of the finite-dimensional projective spaces RP" under the inclusions RP" ¢ RP""!
coming from the natural inclusions R""! ¢ R""2. The topology we use on RP* is
the weak or direct limit topology, for which a set in RP® is open iff it intersects each

RP" in an open set. The inclusions RP"™ c Rp"*!

induce corresponding inclusions
of canonical line bundles, and the union of all these is a canonical line bundle over
RP*, again with the direct limit topology. Local trivializations work just as in the

finite-dimensional case.

(6) The canonical line bundle over RP" has an orthogonal complement, the space
E* = {({,v) € RP"XR"! | v L £}. The projection p:E*—RP", p(f,v) = £,
is a vector bundle with fibers the orthogonal subspaces £*, of dimension n. Local
trivializations can be obtained once more by orthogonal projection.

A natural generalization of RP" is the so-called Grassmann manifold G,(R"),
the space of all k-dimensional planes through the origin in R". The topology on this
space will be defined precisely in §1.2, along with a canonical k-dimensional vector
bundle over it consisting of pairs (£,v) where £ is a point in G;(R") and v is a
vector in £. This too has an orthogonal complement, an (n — k)-dimensional vector
bundle consisting of pairs (£,v) with v orthogonal to £.

An isomorphism between vector bundles p, : E; — B and p, : E, — B over the same
base space B is a homeomorphism h:E; —E, taking each fiber p;'(b) to the cor-
responding fiber p, L(b) by a linear isomorphism. Thus an isomorphism preserves
all the structure of a vector bundle, so isomorphic bundles are often regarded as the
same. We use the notation E; = E, to indicate that E; and E, are isomorphic.

For example, the normal bundle of S™ in R™"! is isomorphic to the product bun-
dle S" xR by the map (x,tx) — (x,t). The tangent bundle to S ljs also isomorphic
to the trivial bundle S'x R, via (e, ite’?) — (¢!, t), for ¢! € S' and t € R.

As a further example, the Mo6bius bundle in (2) above is isomorphic to the canon-
ical line bundle over RP! ~ S'. Namely, RP' is swept out by a line rotating through
an angle of 1, so the vectors in these lines sweep out a rectangle [0, 7] X R with the
two ends {0} xR and {1} xR identified. The identification is (0,x) ~ (1T, —x) since
rotating a vector through an angle of  produces its negative.

Sections

A section of a vector bundle p:E— B isamap s:B— E assigning toeach b € B a
vector s(b) in the fiber p~1(b). The condition s(b) € p~!(b) can also be written as
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ps = 1, the identity map of B. Every vector bundle has a canonical section, the zero
section whose value is the zero vector in each fiber. We often identity the zero section
with its image, a subspace of E which projects homeomorphically onto B by p.

One can sometimes distinguish nonisomorphic bundles by looking at the com-
plement of the zero section since any vector bundle isomorphism h:E, — E, must
take the zero section of E, onto the zero section of E,, so the complements of the
zero sections in E; and E, must be homeomorphic. For example, we can see that the
Mobius bundle is not isomorphic to the product bundle S' xR since the complement
of the zero section is connected for the Mobius bundle but not for the product bundle.

At the other extreme from the zero section would be a section whose values are
all nonzero. Not all vector bundles have such a section. Consider for example the
tangent bundle to S™. Here a section is just a tangent vector field to S™. As we shall
show in §2.2, S™ has a nonvanishing vector field iff n is odd. From this it follows
that the tangent bundle of S" is not isomorphic to the trivial bundle if n is even
and nonzero, since the trivial bundle obviously has a nonvanishing section, and an
isomorphism between vector bundles takes nonvanishing sections to nonvanishing
sections.

In fact, an n-dimensional bundle p: E— B is isomorphic to the trivial bundle iff
it has n sections sy, - - -, s, such that the vectors s, (b),- - -,s,(b) are linearly inde-
pendent in each fiber p’l (b). In one direction this is evident since the trivial bundle
certainly has such sections and an isomorphism of vector bundles takes linearly inde-
pendent sections to linearly independent sections. Conversely, if one has » linearly
independent sections s;, the map h:BxR" —E givenby h(b,t,- - -,t,) = >, t;s;(b)
is a linear isomorphism in each fiber, and is continuous since its composition with
a local trivialization p~!(U)— UxR" is continuous. Hence h is an isomorphism by
the following useful technical result:

Lemma 1.1. A continuous map h:E, —E, between vector bundles over the same
base space B is an isomorphism if it takes each fiber p; L(b) to the corresponding
fiber p, Y(b) by a linear isomorphism.

Proof: The hypothesis implies that h is one-to-one and onto. What must be checked
is that h~! is continuous. This is a local question, so we may restrict to an open set
U C B over which E; and E, are trivial. Composing with local trivializations reduces
to the case of an isomorphism h:UXxR" —UxR" of the form h(x,v) = (x,g,(v)).
Here g, is an element of the group GL, (R) of invertible linear transformations of
R", and g, depends continuously on x. This means that if g, is regarded as an

1 also

nxn matrix, its n® entries depend continuously on x. The inverse matrix Ix
depends continuously on x since its entries can be expressed algebraically in terms
of the entries of g, , namely, g, Lis 1/(det d,) times the classical adjoint matrix of

9, - Therefore hlix,v) = (x,g;l(v)) is continuous. O
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As an example, the tangent bundle to S 1 js trivial because it has the section
(X1,X5) — (=Xx5,x,) for (x;,x,) € S'. In terms of complex numbers, if we set
z = x| + ix, then this section is z +— iz since iz = —x, + ix;.

There is an analogous construction using quaternions instead of complex num-
bers. Quaternions have the form z = x; +ix, + jx3 + kx,, and form a division algebra
H via the multiplication rules i = j* = k* = -1, ij = k, jk = i, ki = j, ji = —k,
kj=—-1i,and ik = —j. If we identify H with R* via the coordinates (X1, X2, X3,X4),
then the unit sphere is $3 and we can define three sections of its tangent bundle by
the formulas

Z— iz or (X1, X2, X3,X4) — (=X5, X1, —=X4,X3)
Zw— jz or (X1,X2,X3,X4) — (=X3,X4,X1, —X>)
zw— kz or (X1, X0, X3,X4) — (=X4, —X3,X5,X7)

Itis easy to check that the three vectors in the last column are orthogonal to each other
and to (xy, x5, X3,Xx,), so we have three linearly independent nonvanishing tangent
vector fields on S 3, and hence the tangent bundle to S 3 is trivial.

The underlying reason why this works is that quaternion multiplication satisfies
|lzw| = |z||w|, where |- | is the usual norm of vectors in R*. Thus multiplication by a
quaternion in the unit sphere S* is an isometry of H. The quaternions 1,1, j, k form
the standard orthonormal basis for R*, so when we multiply them by an arbitrary unit
quaternion z € S 3 we get a new orthonormal basis z,iz, jz, kz.

The same constructions work for the Cayley octonions, a division algebra struc-
ture on R®. Thinking of R® as HxH, multiplication of octonions is defined by
(z1,25) (W, wy) = (2w, —W,2,,2,W; +W>,2z;) and satisfies the key property |zw| =
|z||w]|. This leads to the construction of seven orthogonal tangent vector fields on
the unit sphere S7, so the tangent bundle to S’ is also trivial. As we shall show in
§2.3, the only spheres with trivial tangent bundle are S!, $°, and S”.

Another way of characterizing the trivial bundle E ~ Bx R" is to say that there is a
continuous projection map E— R" which is a linear isomorphism on each fiber, since
such a projection together with the bundle projection E— B gives an isomorphism
E =~ BxR", by Lemma 1.1.

Direct Sums

Given two vector bundles p;:E; —B and p,: E, — B over the same base space B,
we would like to create a third vector bundle over B whose fiber over each point of B
is the direct sum of the fibers of E, and E, over this point. This leads us to define
the direct sum of E, and E, as the space

‘El ®E2 = {(Ul,vz) S ‘EIXEZ | ]91(1}1) = }92(1}2)}

There is then a projection E; ® E, — B sending (v, v,) to the point p;(v,) = p,(v,).
The fibers of this projection are the direct sums of the fibers of E; and E,, as we
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wanted. For a relatively painless verification of the local triviality condition we make
two preliminary observations:

(a) Given a vector bundle p:E—B and a subspace A C B, then p:p '(A)—A is
clearly a vector bundle. We call this the restriction of E over A .

(b) Given vector bundles p,:E;—B; and p,:E,—B,, then p; xXp,:E{XE,—B;XB,
is also a vector bundle, with fibers the products p;'(b;)xp5'(b,). For if we have
local trivializations h,:p;' (Uy) = UxxR™ and hg:p;' (Ug) = Ugx R™ for E; and
E,, then h,xhg is alocal trivialization for E; X Ej,.

Then if E; and E, both have the same base space B, the restriction of the product
E, X E, over the diagonal B = {(b,b) € BxB} is exactly E; ®E,.

The direct sum of two trivial bundles is again a trivial bundle, clearly, but the
direct sum of nontrivial bundles can also be trivial. For example, the direct sum of
the tangent and normal bundles to $" in R"™! is the trivial bundle $"xR"*! since
elements of the direct sum are triples (x,v,tx) € S"xR" ! xR""! with x L v, and
the map (x,v,tx) — (x,v +tx) gives an isomorphism of the direct sum bundle with
S"xR"™"1. So the tangent bundle to S™ is stably trivial: it becomes trivial after taking
the direct sum with a trivial bundle.

As another example, the direct sum E®E" of the canonical line bundle E— RP"
with its orthogonal complement, defined in example (6) above, is isomorphic to the
trivial bundle RP"x R™! via the map (¢,v,w) — ({,v + w) for v e £ and w L ¥.
Specializing to the case n = 1, the bundle E* is isomorphic to E itself by the map that
rotates each vector in the plane by 90 degrees. We noted earlier that E is isomorphic
to the Mobius bundle over S' = RP!, so it follows that the direct sum of the Mobius
bundle with itself is the trivial bundle. To see this geometrically, embed the Mdbius
bundle in the product bundle S IvR? by taking the line in the fiber {0} x R? that makes
an angle of 0/2 with the x-axis, and then the orthogonal lines in the fibers form a
second copy of the Mdbius bundle, giving a decomposition of the product S'xR? as
the direct sum of two Mobius bundles.

Example: The tangent bundle of real projective space. Starting with the isomor-
phism S"xR"" ~ TS"@®NS"™, where NS" is the normal bundle of $" in R""!,
suppose we factor out by the identifications (x,v) ~ (—x,—v) on both sides of this
isomorphism. Applied to TS™ this identification yields TRP", the tangent bundle to
RP". This is saying that a tangent vector to RP" is equivalent to a pair of antipodal
tangent vectors to S™. A moment’s reflection shows this to be entirely reasonable,
although a formal proof would require a significant digression on what precisely tan-
gent vectors to a smooth manifold are, a digression we shall skip here. What we will
show is that even though the direct sum of TRP" with a trivial line bundle may not
be trivial as it is for a sphere, it does split in an interesting way as a direct sum of
nontrivial line bundles.
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In the normal bundle NS" the identification (x,v) ~ (-=x, —v) can be written as
(x,tx) ~ (=x,t(=x)). This identification yields the product bundle RP" xR since
the section x — (—x, —x) is well-defined in the quotient. Now let us consider the
identification (x,v) ~ (—x,—v) in $"xR"™"!. This identification respects the co-
ordinate factors of R"™!, so the quotient is the direct sum of n + 1 copies of the
line bundle E over RP" obtained by making the identifications (x,t) ~ (-x,—t)
in S"xR. The claim is that E is just the canonical line bundle over RP". To see
this, let us identify S" xR with NS™ by the isomorphism (x,t) — (x,tx). hence
(=x,-t) — ((—=x,(=t)(=x)) = (—=x,tx). Thus we have the identification (x,tx) ~
(—x,tx) in NS™. The quotient is the canonical line bundle over RP" since the iden-
tifications x ~ —x in the first coordinate give lines through the origin in R"*!, and
in the second coordinate there are no identifications so we have well-defined vectors
tx in these lines.

Thus we have shown that the tangent bundle TRP" is stably isomorphic to the
direct sum of n + 1 copies of the canonical line bundle over RP". When n = 3, for
example, TRP? is trivial since the three linearly independent tangent vector fields on
$3 defined earlier in terms of quaternions pass down to linearly independent tangent
vector fields on the quotient RP3. Hence the direct sum of four copies of the canonical
line bundle over RP? is trivial. Similarly using octonions we can see that the direct
sum of eight copies of the canonical line bundle over RP’ is trivial. In §2.5 we will
determine when the sum of k copies of the canonical line bundle over RP" is at least
stably trivial. The answer turns out to be rather subtle: This happens exactly when k
is a multiple of 2™ where @ (n) is the number of integers i in the range 0 <i <n
with i congruent to 0, 1, 2, or 4 modulo 8. For n = 3,7 this gives 2™ = 4,8,
the same numbers we obtained from the triviality of TRP® and TRP’. If there were
a 16-dimensional division algebra after the octonions then one might expect the sum
of 16 copies of the canonical line bundle over RP'> to be trivial. However this is not
the case since 291> = 27 = 128.

Inner Products

An inner product on a vector bundle p:E—B is a map (,):E®E—R which
restricts in each fiber to an inner product, a positive definite symmetric bilinear form.

’ Proposition 1.2. Aninner product exists for a vector bundle p : E— B if B is compact
Hausdorff or more generally paracompact.

The definition of paracompactness we are using is that a space X is paracom-
pact if it is Hausdorff and every open cover has a subordinate partition of unity, a
collection of maps g : X —[0,1] each supported in some set of the open cover, and
with >z @4 = 1, only finitely many of the @y being nonzero near each point of X.
Constructing such functions is easy when X is compact Hausdorff, using Urysohn’s
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Lemma. This is done in the appendix to this chapter, where we also show that certain
classes of noncompact spaces are paracompact. Most spaces that arise naturally in
algebraic topology are paracompact.

Proof: An inner product for p: E— B can be constructed by first using local trivial-
izations h: p‘l (Uy) = Uy X R", to pull back the standard inner product in R" to an
inner product (-, -), on p_l(Ua), then setting (v, w) = ZB @pp(V){(V,W)p) Where
{@p} is a partition of unity with the support of @4 contained in Uy g - O

In the case of complex vector bundles one can construct Hermitian inner products
in the same way.

In linear algebra one can show that a vector subspace is always a direct summand
by taking its orthogonal complement. We will show now that the corresponding result
holds for vector bundles over a paracompact base. A vector subbundle of a vector
bundle p:E— B has the natural definition: a subspace E, C E intersecting each fiber
of E in a vector subspace, such that the restriction p : E,— B is a vector bundle.

Proposition 1.3. If E— B is a vector bundle over a paracompact base B and E, C E

is a vector subbundle, then there is a vector subbundle Eg C E such that E,®E; ~ E.

Proof: With respect to a chosen inner product on E, let Eg be the subspace of E
which in each fiber consists of all vectors orthogonal to vectors in E,. We claim
that the natural projection Ey — B is a vector bundle. If this is so, then E,®Ej is
isomorphic to E via the map (v,w) — v + w, using Lemma 1.1.

To see that Eé satisfies the local triviality condition for a vector bundle, note
first that we may assume E is the product Bx R" since the question is local in B.
Since E, is a vector bundle, of dimension m say, it has m independent local sections
b — (b,s;(b)) near each point b, € B. We may enlarge this set of m independent
local sections of E, to a set of n independent local sections b — (b, s;(b)) of E by
choosing s,,.;," - -,s, first in the fiber p‘l(ho), then taking the same vectors for
all nearby fibers, since if s;,---,5,,5,.1," " *,S, are independent at b, they will
remain independent for nearby b by continuity of the determinant function. Apply
the Gram-Schmidt orthogonalization process to sq, - - *, S, S+1s* * = » S, in each fiber,
using the given inner product, to obtain new sections s;. The explicit formulas for
the Gram-Schmidt process show the s;’s are continuous, and the first m of them are
a basis for E, in each fiber. The sections s; allow us to define a local trivialization
h:p 1 (U)—>UxR" with h(b,s;(b)) equal to the i'" standard basis vector of R".
This h carries E, to UxR™ and E; to UxR" ™, so h|Ejy is alocal trivialization of
Ej . m

Note that when the subbundle E is equal to E itself, the last part of the proof
shows that for any vector bundle with an inner product it is always possible to choose
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local trivializations that carry the inner product to the standard inner product, so the
local trivializations are by isometries.

We have seen several cases where the sum of two bundles, one or both of which
may be nontrivial, is the trivial bundle. Here is a general result result along these lines:

Proposition 1.4. For each vector bundle E— B with B compact Hausdorff there

exists a vector bundle E' — B such that E®E’ is the trivial bundle.

This can fail when B is noncompact. An example is the canonical line bundle over
RP*, as we shall see in Example 3.6.

Proof: To motivate the construction, suppose first that the result holds and hence
that E is a subbundle of a trivial bundle Bx RY. Composing the inclusion of E into
this product with the projection of the product onto R yields a map E— R" that
is a linear injection on each fiber. Our strategy will be to reverse the logic here, first
constructing a map E— R" that is a linear injection on each fiber, then showing that
this gives an embedding of E in BxR" as a direct summand.

Each point x € B has a neighborhood U, over which E is trivial. By Urysohn’s
Lemma there is a map @, :B—[0,1] thatis O outside U, and nonzero at x. Letting
x vary, the sets qo;l (0,1] form an open cover of B. By compactness this has a finite
subcover. Let the corresponding U, ’s and @, ’s be relabeled U; and ;. Define
giE—R" by g;(v) = @;(p(v))[1;h;(v)] where p is the projection E— B and ;h;
is the composition of a local trivialization h;:p ' (U;) = U; x R"™ with the projection
m; to R™. Then g, is a linear injection on each fiber over @; 10,117, so if we make
the various g;’s the coordinates of a map g:E— RN with RN a product of copies of
R", then g is a linear injection on each fiber.

The map g is the second coordinate of amap f:E— BxRY with first coordinate
p. The image of f is a subbundle of the product Bx RN since projection of R" onto
the it" R" factor gives the second coordinate of a local trivialization over ®; 1 (0,1].
Thus we have E isomorphic to a subbundle of BxRY so by preceding proposition
there is a complementary subbundle E’ with E®E’ isomorphic to Bx RV . O

Tensor Products

In addition to direct sum, a number of other algebraic constructions with vec-
tor spaces can be extended to vector bundles. One which is particularly important
for K-theory is tensor product. For vector bundles p,:E;—B and p,:E,— B, let
E,®E,, as a set, be the disjoint union of the vector spaces ;ol_l(x)®p2_1(x) for
x € B. The topology on this set is defined in the following way. Choose isomor-
phisms h;:p; ! (U)—UxR" for each open set U C B over which E; and E, are
trivial. Then a topology 7 on the set pj 1(U)®p2‘ L(U) is defined by letting the



14 Chapter 1 Vector Bundles

fiberwise tensor product map h; @ h,:p; (U)® p; ' (U) = Ux (R™ ® R"™) be a home-
omorphism. The topology T}, is independent of the choice of the h;’s since any
other choices are obtained by composing with isomorphisms of Ux R" of the form
(x,v) = (x,9;(x)(v)) for continuous maps g,;:U—GL,_ (R), hence h; ¢ h, changes
by composing with analogous isomorphisms of U x (R™ ® R"?) whose second coordi-

nates g, ® g, are continuous maps U— GL (R), since the entries of the matrices

nin
g1 (x)®g,(x) are the products of the entries of g,(x) and g,(x). When we replace
U by an open subset V, the topology on pl’l (V)® pz’l (V) induced by T}, is the same
as the topology 7y, since local trivializations over U restrict to local trivializations
over V. Hence we get a well-defined topology on E; ® E, making it a vector bundle

over B.

There is another way to look at this construction that takes as its point of depar-
ture a general method for constructing vector bundles we have not mentioned previ-
ously. If we are given a vector bundle p : E— B and an open cover {U,} of B with lo-
cal trivializations h,:p ' (U,) — U,xR", then we can reconstruct E as the quotient
space of the disjoint union [[,(U,xR™) obtained by identifying (x,v) € U,xR"
with hﬂh&l (x,v) € Ug X R"™ whenever x € Uy N Ug. The functions hﬁh;l can
be viewed as maps ggy:Uy N Ug—GL, (R). These satisfy the ‘cocycle condition’
9y = Iy ON Uy N Ug N U,. Any collection of ‘gluing functions’ gg, satisfying
this condition can be used to construct a vector bundle E— B.

In the case of tensor products, suppose we have two vector bundles E; —B and
E,— B. We can choose an open cover {U,} with both E; and E, trivial over each U,
and so obtain gluing functions gli;a :Uy N Ug—GL,,, (R) for each E;. Then the gluing
functions for the bundle E, ® E, are the tensor product functions g};,x ® gfm assigning
to each x € U, N Uy the tensor product of the two matrices g};a(x) and géa(x).

It is routine to verify that the tensor product operation for vector bundles over a
fixed base space is commutative, associative, and has an identity element, the trivial
line bundle. It is also distributive with respect to direct sum.

If we restrict attention to line bundles, then the set Vect!(B) of isomorphism
classes of one-dimensional vector bundles over B is an abelian group with respect
to the tensor product operation. The inverse of a line bundle E— B is obtained by
replacing its gluing matrices gg,(x) € GL,(R) with their inverses. The cocycle con-
dition is preserved since 1x 1 matrices commute. If we give E an inner product, we
may rescale local trivializations h, to be isometries, taking vectors in fibers of E to
vectors in R' of the same length. Then all the values of the gluing functions Jpy are
+1, being isometries of R. The gluing functions for E® F are the squares of these
Jpa’S, hence are identically 1, so E®E is the trivial line bundle. Thus each element of
Vect! (B) is its own inverse. As we shall see in §3.1, the group Vect! (B) is isomorphic
to a standard object in algebraic topology, the cohomology group H' (B; Z,) when B
is homotopy equivalent to a CW complex.
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These tensor product constructions work equally well for complex vector bundles.
Tensor product again makes the complex analog Vect}c (B) of Vect! (B) into an abelian
group, but after rescaling the gluing functions gg, for a complex line bundle E, the
values are complex numbers of norm 1, notnecessarily +1, so we cannot expect EQE
to be trivial. In §3.1 we will show that the group Vect}c (B) is isomorphic to H 2 (B;Z)
when B is homotopy equivalent to a CW complex.

We may as well mention here another general construction for complex vector
bundles E— B, the notion of the conjugate bundle E— B. As a topological space, E
is the same as E, but the vector space structure in the fibers is modified by redefining
scalar multiplication by the rule A(v) = Av where the right side of this equation
means scalar multiplication in E and the left side means scalar multiplication in E.
This implies that local trivializations for E are obtained from local trivializations for
E by composing with the coordinatewise conjugation map C" — C" in each fiber. The
effect on the gluing maps gg, is to replace them by their complex conjugates as
well. Specializing to line bundles, we then have E® E isomorphic to the trivial line
bundle since its gluing maps have values zz = 1 for z a unit complex number. Thus
conjugate bundles provide inverses in Vect(lc (B).

Besides tensor product of vector bundles, another construction useful in K-theory
is the exterior power AX(E) of a vector bundle E. Recall from linear algebra that
the exterior power AK(V) of a vector space V is the quotient of the k-fold tensor
product V® - - - ® V by the subspace generated by vectors of the form v, & - - - e v} —
Sgn(o) Vg1 ® -+ - ® Vs (x) Where o is a permutation of the subscripts and sgn(o) =
+1 is its sign, +1 for an even permutation and —1 for an odd permutation. If V has
dimension n then A*(V) has dimension <’,Z) . Now to define A¥(E) for a vector bundle
p : E— B the procedure follows closely what we did for tensor product. We first form
the disjoint union of the exterior powers Ak (p~1(x)) of all the fibers p~!(x), then we
define a topology on this set via local trivializations. The key fact about tensor product
which we needed before was that the tensor product @ ¢ ¢ of linear transformations
@ and ¢ depends continuously on @ and . For exterior powers the analogous fact
is that a linear map @ : R" — R" induces a linear map A¥(p):A¥(R™) — A¥(R™) which
depends continuously on . This holds since A¥(@) is a quotient map of the k-fold
tensor product of @ with itself.

Associated Fiber Bundles

If we modify the definition of a vector bundle by dropping all references to vector
spaces and replace the model fiber R" by an arbitrary space F, then we have the more
general notion of a fiber bundle with fiber F. This is a map p:E— B such that there
is a cover of B by open sets U, for each of which there exists a homeomorphism
h,: p’l(UO() — U, X F taking p’l (b) to {b}xF for each b € U,. We will describe
now several different ways of constructing fiber bundles from vector bundles.
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Having an inner product on a vector bundle E, lengths of vectors are defined, and
we can consider the subspace S(E) consisting of the unit spheres in all the fibers. The
natural projection S (E) — B is a fiber bundle with sphere fibers since we have observed
that local trivializations for E can be chosen to be isometries in each fiber, so these
local trivializations restrict to local trivializations for S(E). Similarly there is a disk
bundle D (E)— B with fibers the disks of vectors of length less than or equal to 1. Itis
possible to describe S(E) without reference to an inner product, as the quotient of the
complement of the zero section in E obtained by identifying each nonzero vector with
all positive scalar multiples of itself. It follows that D (E) can also be defined without
invoking a metric, namely as the mapping cylinder of the projection S(E)— B. This
is the quotient space of S(E) x [0, 1] obtained by identifying two points in S(E) x {0}
if they have the same image in B.

The canonical line bundle E— RP" has as its unit sphere bundle S(E) the space
of unit vectors in lines through the origin in R”"!. Since each unit vector uniquely
determines the line containing it, S(E) is the same as the space of unit vectors in
R™! ie., S™.

Here are some more examples.

(1) Associated to a vector bundle E — B is the projective bundle P(E) — B, where P (E)
is the space of all lines through the origin in all the fibers of E. We topologize P(E) as
the quotient of the sphere bundle S(E) obtained by factoring out scalar multiplication
in each fiber. Over a neighborhood U in B where E is a product U x R", this quotient
is UXx [RP"’l, so P(E) is a fiber bundle over B with fiber [RP"’l, with respect to the
projection P(E)— B which sends each line in the fiber of E over a point b € B to b.

(2) For an n-dimensional vector bundle E— B, the associated flag bundle F(E)— B
has total space F(E) the subspace of the n-fold product of P(E) with itself consisting
of n-tuples of orthogonal lines in fibers of E. The fiber of F(E) is thus the flag
manifold F(R") consisting of n-tuples of orthogonal lines through the origin in R".
Local triviality follows as in the preceding example. More generally, for any k < n one
could take k-tuples of orthogonal lines in fibers of E and get a bundle F; (E)—B.

(3) As arefinement of the last example, one could form the Stiefel bundle V; (E)— B,
where points of V) (E) are k-tuples of orthogonal unit vectors in fibers of E, so V, (E)
is a subspace of the product of k copies of S(E). The fiber of V (E) is the Stiefel
manifold V; (R") of orthonormal k-frames in R".

(4) Generalizing P(E), there is the Grassmann bundle G, (E)— B of k-dimensional
linear subspaces of fibers of E. This is the quotient space of V;(E) obtained by
identifying two k-frames in a fiber if they span the same subspace of the fiber. The
fiber of G (E) is the Grassmann manifold G, (R") of k-planes through the origin in
R™.
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Exercises

1. Show that a vector bundle E— X has k independent sections iff it has a trivial
k-dimensional subbundle.

2. For a vector bundle E— X with a subbundle E’ C E, construct a quotient vector
bundle E/E'— X.

3. Show that the orthogonal complement of a subbundle is independent of the choice
of inner product, up to isomorphism.
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1.2 Classifying Vector Bundles

As was stated in the Introduction, it is usually a difficult problem to classify all
the different vector bundles over a given base space. The goal of this section will be to
rephrase the problem in terms of a standard concept of algebraic topology, the idea
of homotopy classes of maps. This will allow the problem to be solved directly in a
few very simple cases. Using machinery of algebraic topology, other more difficult
cases can be handled as well, as is explained in §??. The reformulation in terms of
homotopy also offers some conceptual enlightenment about the structure of vector
bundles.

For the reader who is unfamiliar with the notion of homotopy we give the basic
definitions in the Glossary [not yet written], and more details can be found in the
introductory chapter of the author’s book Algebraic Topology.

Pullback Bundles

We will denote the set of isomorphism classes of n-dimensional real vector bun-
dles over B by Vect"(B). The complex analogue, when we need it, will be denoted
by Vect¢(B). Our first task is to show how a map f:A— B gives rise to a function
f*:Vect(B) — Vect(A), in the reverse direction.

Proposition 1.5. Given a map f:A— B and a vector bundle p :E— B, then there
exists a vector bundle p’ :E'— A with a map f':E —E taking the fiber of E' over
each point a € A isomorphically onto the fiber of E over f(a), and such a vector
bundle E' is unique up to isomorphism.

From the uniqueness statement it follows that the isomorphism type of E’ de-
pends only on the isomorphism type of E since we can compose the map f  with
an isomorphism of E with another vector bundle over B. Thus we have a function
f*:Vect(B)—Vect(A) taking the isomorphism class of E to the isomorphism class
of E’. Often the vector bundle E’ is written as f*(E) and called the bundle induced
by f, or the pullback of E by f.

Proof: First we construct an explicit pullback by setting E' = { (a,v) € AXE | f(a) =
p(v) }. This subspace of AxE fits into the diagram at the right where p’(a,v) = a

and f'(a,v) = v. Notice that the two compositions fp’ and pf’ 7

E'—L L E

The formula fp' = pf’ looks a bit like a commutativity relation, l’” ’ P lp
A—> B

from E’ to B are equal since they both since a pair (a,v) to f(a).

which may explain why the word commutative is used to describe a
diagram like this one in which any two compositions of maps from one point in the
diagram to another are equal.

If we let [y denote the graph of f, all points (a, f(a)) in AxB, then p’ factors
as the composition E'—»l}—»A, (a,v) — (a,p(v)) = (a, f(a)) — a. The first of
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these two maps is the restriction of the vector bundle 1 X p:AXE—AXB over the
graph Iz, so it is a vector bundle, and the second map is a homeomorphism, so their
composition p":E’— A is a vector bundle. The map f' obviously takes the fiber E’
over a isomorphically onto the fiber of E over f(a).

For the uniqueness statement, we can construct an isomorphism from an arbitrary
E’ satisfying the conditions in the proposition to the particular one just constructed by
sending v’ € E’ to the pair (p’(v'), f (v")). This map obviously takes each fiber of E’
to the corresponding fiber of f*(E) by a vector space isomorphism, so by Lemma 1.1
it is an isomorphism of vector bundles. O

One can be more explicit about local trivializations in the pullback bundle f*(E)
constructed above. If E is trivial over a subspace U C B then f*(E) is trivial over
£71(U) since linearly independent sections s; of E over U give rise to independent
sections a — (a,s;(f(a))) of f*(E) over F£~Y(U). In particular, the pullback of a
trivial bundle is a trivial bundle. This can also be seen directly from the definition,
which in the case E = BxR" just says that f*(E) consists of the triples (a,b,v) in
AxBxR™ with b = f(a), so b is redundant and we have just the product AxR".

Now let us give some examples of pullbacks.

(1) The restriction of a vector bundle p : E— B over a subspace A C B can be viewed
as a pullback with respect to the inclusion map A — B since the inclusion p’l (A) > E
is certainly an isomorphism on each fiber.

(2) Another very special case is when the map f is a constant map, having image a
single point b € B. Then f*(E) is just the product Ax p~!(b), a trivial bundle.

(3) The tangent bundle TS" is the pullback of the tangent bundle TRP" via the quo-
tient map S — RP". Indeed, TRP" was defined as a quotient space of TS" and the
quotient map takes fibers isomorphically to fibers.

(4) An interesting example which is small enough to be visualized completely is the
pullback of the Mobius bundle E—S! by the two-to-one map f:S'—S! given by
f(z) = z° in complex notation. One can regard the Mdbius bundle as the quotient
of S'xR under the identifications (z,t) ~ (—z,—t), and the quotient map for this
identification is the map f” exhibiting the annulus S' x R as the pullback of the Mébius
bundle. More concretely, the pullback bundle can be thought of as a coat of paint
applied to ‘both sides’ of the Mobius bundle, and the map f  sends each molecule
of paint to the point of the Mobius band to which it adheres. Since E has one half-
twist, the pullback has two half-twists, hence is the trivial bundle. More generally, if
E,, is the pullback of the Mobius bundle by the map z — z", then E,, is the trivial
bundle for n even and the Mobius bundle for n odd. This can be seen by viewing
the Mobius bundle as the quotient of a strip [0,1]x R obtained by identifying the
two edges {0} xR and {1} xR by a reflection of R, and then the bundle E, can be
constructed from n such strips by identifying the right edge of the i'" strip to the
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left edge of the i + 15t strip by a reflection, the number i being taken modulo n so
that the last strip is glued back to the first.

(5) At the end of the previous section we defined the flag bundle F(E) associated to
an n-dimensional vector bundle E— B to be the space of orthogonal direct sum de-
compositions of fibers of E into lines. The vectors in the i*" line form a line bundle
L;— F(E), and the direct sum L, & - - - ® L,, is nothing but the pullback of E with re-
spect to the projection F(E) — B since a point in the pullback | ¢..-0, — E

consists of an n-tuple of lines ¢; 1 --- 1 £, in a fiber of E | |
together with a vector v in this fiber, and v can be expressed F(E) B
uniquely as a sum v = v, + - - - + v,, with v; € ¢;. This construction for pulling

an arbitrary bundle back to a sum of line bundles is a key ingredient in the so-called
‘splitting principle’ which is important in §2.3 and §3.1.

Here are some elementary properties of pullbacks:
(i) (fg)*(E) = g* (f*(E)).

(i) 1*(E) ~ E.
(iii) f*(E,®FE,) = f*(E})® f*(E,).
(iv) f*(E;®E,) ~ f*(E;)®f*(E,).
The proofs are easy applications of the preceding proposition. In each case one just
checks that the bundle on the right satisfies the characteristic property of a pullback.
For example in (iv) there is a natural map from f*(E;)® f*(E,) to E; ® E, that is an
isomorphism on each fiber, so f*(E,)® f*(E,) satisfies the condition for being the
pullback f*(E;®E,).

Now we come to the main technical result about pullbacks:

Theorem 1.6. Given a vector bundle p:E— B and homotopic maps f,, f;:A—B,
then the induced bundles fi (E) and fi* (E) are isomorphicif A is compact Hausdorff
or more generally paracompact.

Proof: Let F: AxI— B be a homotopy from f;, to f;. The restrictions of F*(E) over
Ax {0} and Ax {1} are then f; (E) and f;"(E). So the theorem will be an immediate
consequence of the following result:

’ Proposition 1.7. The restrictions of a vector bundle E— XxI over Xx {0} and
Xx {1} are isomorphic if X is paracompact.

Proof: We need two preliminary facts:

(1) A vector bundle p:E— XX [a,b] is trivial if its restrictions over XX [a,c] and
XX [c,b] are both trivial for some ¢ € (a,b). To see this, let these restrictions
be E, = p'(Xx[a,c]) and E, = p '(Xx[c,b]), and let hy:E;—Xx[a,c]xR"
and h,:E, — XX [c,b]x R" be isomorphisms. These isomorphisms may not agree on
p_l (Xx {c}), but they can be made to agree by replacing h, by its composition with
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the isomorphism X x [c,b]x R"— X x [c,b]x R™ which on each slice X x {x}xR" is
given by h hy' : Xx {c}xR"— Xx {c}xR"™. Once h, and h, agree on E, N E,, they
define a trivialization of E.

(2) For avector bundle p: E— X X1, there exists an open cover {U,} of X so that each
restriction p~ ' (U,xI) — U, x1 is trivial. This is because for each x € X we can find
open neighborhoods U, i, - - -,U in X and a partition 0 =, <t; <--- <t =1 of
[0, 1] such that the bundle is trivial over U, ;X [t;_j,t;], using compactness of [0, 1].
Then by (1) the bundle is trivial over U, xI where U, =U,; N ---NUy.

Now we prove the proposition. By (2), we can choose an open cover {U,} of X
so that E is trivial over each U,xI. Let us first deal with the simpler case that X
is compact Hausdorff. Then a finite number of U,’s cover X. Relabel these as U;
for i =1,2,---,m. As shown in Proposition 1.4 there is a corresponding partition
of unity by functions @; with the support of @; contained in U;. For i = 0, let
Y, =@, + -+ @, soin particular ¢, =0 and y,, = 1. Let X; be the graph of ¢,
the subspace of X xI consisting of points of the form (x, ¢;(x)), and let p;: E; — X;
be the restriction of the bundle E over X;. Since E is trivial over U;xI, the nat-
ural projection homeomorphism X; — X;_; lifts to a homeomorphism h;:E;—E;_;
which is the identity outside p; ! (U,) and which takes each fiber of E; isomorphically
onto the corresponding fiber of E;,_,. The composition h = h,h, - - - h,, is then an
isomorphism from the restriction of E over Xx {1} to the restriction over X x {0}.

In the general case that X is only paracompact, Lemma 1.21 asserts that there is
a countable cover {V;};.; of X and a partition of unity {g;} with @; supported in
Vi, such that each V; is a disjoint union of open sets each contained in some U, . This
means that E is trivial over each V;xI. As before we let ¢; = @, + - - - + @; and let
p;:E;— X, be the restriction of E over the graph of ;. Also as before we construct
h;:E;—E,;_, using the fact that E is trivial over V;xI. The infinite composition h =
h,h, - - - is then a well-defined isomorphism from the restriction of E over X x {1}
to the restriction over X x {0} since near each point x € X only finitely many @;’s
are nonzero, so there is a neighborhood of x in which all but finitely many h;’s are
the identity. O

Corollary 1.8. A homotopy equivalence f:A— B of paracompact spaces induces a
bijection f*:Vect™(B)—Vect"(A). In particular, every vector bundle over a con-
tractible paracompact base is trivial.

Proof: If g is a homotopy inverse of f then we have f*g* = 1* = 1 and g*f* =
1*=1. O

We might remark that Theorem 1.6 holds for fiber bundles as well as vector bun-
dles, with the same proof.
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Clutching Functions

Letus describe a way to construct vector bundles E— S k with base space a sphere.
Write S¥ as the union of its upper and lower hemispheres D'i and D*, with Df nD* =
S*'. Given amap f:S*'—GL,(R), let E; be the quotient of the disjoint union
DX xR™ 11 D* xR"™ obtained by identifying (x,v) € dD*xR™ with (x, f(x)(v)) €
aD’i x R"™. There is then a natural projection E =S k¥ and this is an n-dimensional
vector bundle, as one can most easily see by taking an equivalent definition in which
the two hemispheres of S k are enlarged slightly to open balls and the identification
occurs over their intersection, a product skl (—&,€), with the map f used in each
slice S 1x {t}. From this viewpoint the construction of E risa special case of the
general construction of vector bundles by gluing together products, described earlier
in the discussion of tensor products.

The map f is called a clutching function for Ey, by analogy with the mechanical
clutch which engages and disengages gears in machinery. The same construction
works equally well with C in place of R, so fromamap f:S k=1, GL,,(C) one obtains
a complex vector bundle E;— S k.

Example 1.9. Let us see how the tangent bundle TS? to S* can be described in
these terms. Consider the vector field v, on D2 obtained by choosing a tangent
vector at the north pole and transporting this along each

—
meridian circle in such a way as to maintain a constant NN
angle with the meridian. By reflecting across the plane [,

- g vector ~20\)
of the equator we obtain a corresponding vector field v_ L,
on DZ . Rotating each vector v, and v_ by 90 degrees S l
counterclockwise when viewed from outside the sphere, e \ \

we obtain vector fields w, and w_ on D? and D?. The

vector fields v, and w, give trivializations of TS? over

Di , allowing us to identify these two halves of TS? with Di x R?. We can then recon-
struct TS? as a quotient of the disjoint union of Di xR? and D? x R? by identifying
along S'x R? using the clutching function f which reads off the coordinates of the
v_,w_ vectors in the v_,w, coordinate system, since the definition of a clutching
function was that it identifies (x,v) € DX x R™ with (x, f(x)(v)) € anﬁ x R™. Thus
Jf rotates (v,,w,) to (v_,w_). As we go around the equator S in the counter-
clockwise direction when viewed from above, starting from a point where the two
trivializations agree, the angle of rotation increases from 0 to 47r. If we parametrize
S! by the angle 0 from the starting point, then f(6) is rotation by 26.

Example 1.10. Let us find a clutching function for the canonical complex line bundle
over CP' = S%. The space CP! is the quotient of C% - {0} under the equivalence
relation (z(,z;) ~ A(zy, z;) for A € C - {0}. Denote the equivalence class of (z(, z;)
by [zy,2,]. We can also write points of CP' as ratios z = z,/z; € CU {0} = §2. If
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we do this, then points in the disk D(Z) inside the unit circle S' ¢ C can be expressed
uniquely in the form [z,/z;,1] = [z,1] with |z] < 1, and points in the disk Dfo
outside S' can be written uniquely in the form [1,z,/z,] = [1,z"'] with |z7'| < 1.
Over Dé a section of the canonical line bundle is given by [z,1] — (z,1) and over
Dfo a section is [1, z‘l] — (1,2_1). These sections determine trivializations of the
canonical line bundle over these two disks, and over their common boundary S' we
pass from the D2 trivialization to the D(Z, trivialization by multiplying by z. Thus if
we take D2 as D2 and D3 as D> then the canonical line bundle has the clutching
function f:Sl—>GL1((C) defined by f(z) = (z). If we had taken Di to be Dé rather
than D2 then the clutching function would have been f(z) = (z7}).

A basic property of the construction of bundles E f—>Sk via clutching functions
fiskt —GL,(R) is that E; = E, if f and g are homotopic. For if we have a homo-
topy F:S k=l —GL,(R) from f to g, then the same sort of clutching construction
can be used to produce a vector bundle E; — S¥x I that restricts to Ey over skx {0}
and E, over S¥x {1}. Hence E r and E, are isomorphic by Proposition 1.7. Thus if
we denote by [X, Y] the set of homotopy classes of maps X — Y, then the association
Sf — E; gives a well-defined map &: [sk=1, GL,(R)] — Vect"(55).

There is a similarly-defined map & for complex vector bundles. This turns out to
have slightly better behavior than in the real case, so we will prove the following basic
result about the complex form of ® before dealing with the real case.

Proposition 1.11. The map ®: [Sk’l, GL,(O)] —»VectTC‘(Sk) which sends a clutching
function f to the vector bundle E is a bijection.

Proof: We construct an inverse ¥ to ®. Given an n-dimensional vector bundle
p:E—S¥, its restrictions E, and E_ over Dﬁ and D¥ are trivial since D* and D*
are contractible. Choose trivializations h, :E. — DX xC". Then h,h~! defines a map
gkl — GL,, (C), whose homotopy class is by definition Y (E) € [Sk’l, GL,(C)]. To
see that ¥ (E) is well-defined, note first that any two choices of h, differ by a map
DX —GL, (C). Since DX is contractible, such a map is homotopic to a constant map
by composing with a contraction of Di. Now we need the fact that GL,,(C) is path-
connected. The elementary row operation of modifying a matrix in GL,,(C) by adding
a scalar multiple of one row to another row can be realized by a path in GL,,(C), just
by inserting a factor of t in front of the scalar multiple and letting t go from O to 1.
By such operations any matrix in GL, (C) can be diagonalized. The set of diagonal
matrices in GL, (C) is path-connected since it is homeomorphic to the product of n
copies of C — {0}.

From this we conclude that h, and h_ are unique up to homotopy. Hence the
composition h +h:1 sk GL,, (C) is also unique up to homotopy, which means that
¥ is a well-defined map Vectg(Sk)q[Sk’l,GLn(C)]. It is clear that ¥ and & are
inverses of each other. |
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Example 1.12. Every complex vector bundle over S' is trivial, since by the proposi-
tion this is equivalent to saying that [S 0 GL, (C)] has a single element, or in other
words that GL,, (C) is path-connected, which is the case as we saw in the proof of the
proposition.

Example 1.13. Let us show that the canonical line bundle H— CP! satisfies the rela-
tion (H®H)®1 ~ H® H where 1 is the trivial one-dimensional bundle. This can be
seen by looking at the clutching functions for these two bundles, which are the maps
st— GL,(C) given by

z-—»(zz O) and 2|—><Z 0)

0 1 0 z

More generally, let us show the formula E;,®n ~ E®E, for n-dimensional vec-
tor bundles E f and E 4 over S* with clutching functions f,g: gk-1 —GL,, (C), where
fg is the clutching function obtained by pointwise matrix multiplication, fg(x) =
f(x)g(x).

The bundle E, ® E,;, has clutching function the map feg: skl GL,, (C) having
the matrices f(x) in the upper left nxn block and the matrices g(x) in the lower
right nxn block, the other two blocks being zero. Since GL,, (C) is path-connected,
there is a path «; € GL,,(C) from the identity matrix to the matrix of the trans-
formation which interchanges the two factors of C"xC". Then the matrix product
(fe ) (1 ®g)x; gives a homotopy from f & g to fg @ 1, which is the clutching
function for Ez,©n.

The preceding analysis does not quite work for real vector bundles since GL,,(R)
is not path-connected. We can see that there are at least two path-components since
the determinant function is a continuous surjection GL,(R)—R — {0} to a space
with two path-components. In fact GL,,(R) has exactly two path-components, as
we will now show. Just as in the complex case we can construct a path from an
arbitrary matrix in GL,,(R) to a diagonal matrix. Then by a path of diagonal matrices
we can make all the diagonal entries +1 or —1. Two —1’s represent a 180 degree
rotation of a plane so they can be replaced by +1’s via a path in GL,,(R). This shows
that the subgroup GL; (R) consisting of matrices of positive determinant is path-
connected. This subgroup has index 2, and GL, (R) is the disjoint union of the two
cosets GL;;([R{) and O(GL;;([R) for « afixed matrix of determinant —1. The two cosets
are homeomorphic since the map B — «f is a homeomorphism of GL,(R) with
inverse the map B — o« !B. Thus both cosets are path-connected and so GL, (R) has
two path-components.

The closest analogy with the complex case is obtained by considering oriented
real vector bundles. Recall from linear algebra that an orientation of a real vector
space is an equivalence class of ordered bases, two ordered bases being equivalent
if the invertible matrix taking the first basis to the second has positive determinant.
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An orientation of a real vector bundle p:E— B is a function assigning an orientation
to each fiber in such a way that near each point of B there is a local trivialization
h:p 1 (U)—UxR" carrying the orientations of fibers in p 1 (U) to the standard ori-
entation of R" in the fibers of Ux R". Another way of stating this condition would
be to say that the orientations of fibers of E can be defined by ordered n-tuples of
independent local sections. Not all vector bundles can be given an orientation. For
example the Mobius bundle is not orientable. This is because an oriented line bundle
over a paracompact base is always trivial since it has a canonical section formed by
the unit vectors having positive orientation.

Let Vect” (B) denote the set of isomorphism classes of oriented n-dimensional
real vector bundles over B, where isomorphisms are required to preserve orientations.
The clutching construction defines a map &: [Sk’l, GL,*L([R%)] — Vect’j(Sk), and since
GL,; (R) is path-connected, the argument from the complex case shows:

H Proposition 1.14. The map ®:[S*!, GL} (R)] — Vect" (§*) is a bijection. |

To analyze Vect"(Sk) let us introduce an ad hoc hybrid object Vectg(Sk), the
n-dimensional vector bundles over S* with an orientation specified in the fiber over
one point x, € S k=1 with the equivalence relation of isomorphism preserving the
orientation of the fiber over x,. We can choose the trivializations h, over Di to
carry this orientation to a standard orientation of R", and then h. is unique up to
homotopy as before, so we obtain a bijection of Vect{ (S %) with the homotopy classes
of maps ¥ —GL,(R) taking x, to GL; (R).

The map Vect]! (S¥) — Vect™(S¥) that forgets the orientation over x, is a sur-
jection that is two-to-one except on vector bundles that have an automorphism (an
isomorphism from the bundle to itself) reversing the orientation of the fiber over x,,
where it is one-to-one.

When k = 1 there are just two homotopy classes of maps SO—>GLn([R) taking
x, to GL)(R), represented by maps taking x, to the identity and the other point
of S° to either the identity or a reflection. The corresponding bundles are the trivial
bundle and, when n = 1, the Mobius bundle, or the direct sum of the Mobius bundle
with a trivial bundle when n > 1. These bundles all have automorphisms reversing
orientations of fibers. We conclude that Vect™(S!) has exactly two elements for each
n = 1. The nontrivial bundle is nonorientable since an orientable bundle over S is
trivial, any two clutching functions S° — GL, (R) being homotopic.

When k > 1 the sphere sk1 g path-connected, so maps Sk_1—>GLn(IR) tak-
ing x, to GL;(R) take all of $*"! to GL;(R). This implies that the natural map
Vecti‘(Sk) —>Vect’0‘(5k) is a bijection. Thus every vector bundle over S¥ is orientable
and has exactly two different orientations, determined by an orientation in one fiber.
It follows that the map Vect” (§¥) — Vect™(S¥) is surjective and at most two-to-one.
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It is one-to-one on bundles having an orientation-reversing automorphism, and two-
to-one otherwise.

Inside GL, (R) is the orthogonal group O(n), the subgroup consisting of isome-
tries, or in matrix terms, the n X7 matrices A with AAT =1 , that is, matrices whose
columns form an orthonormal basis. The Gram-Schmidt orthogonalization process
provides a deformation retraction of GL,,(R) onto the subspace O(n). Each step of
the process is either normalizing the i* vector of a basis to have length 1 or sub-
tracting a linear combination of the preceding vectors from the i" vector in order to
make it orthogonal to them. Both operations are realizable by a homotopy. This is
obvious for rescaling, and for the second operation one can just insert a scalar factor
of t in front of the linear combination of vectors being subtracted and let t go from 0
to 1. The explicit algebraic formulas show that both operations depend continuously
on the initial basis and have no effect on an orthonormal basis. Hence the sequence
of operations provides a deformation retraction of GL,(R) onto O(n). Restricting
to the component GL;, (R), we have a deformation retraction of this component onto
the special orthogonal group SO(n), the orthogonal matrices of determinant +1.
This is the path-component of O(n) containing the identity matrix since deformation
retractions preserve path-components. The other component consists of orthogonal
matrices of determinant —1.

In the complex case the same argument applied to GL, (C) gives a deformation
retraction onto the unitary group U(n), the nxn matrices over C whose columns
form an orthonormal basis using the standard Hermitian inner product.

Composing maps s¥150(n) with the inclusion SO(n) < GL; (R) gives a
function [$*!,50(n)]1—[S*"!,GL} (R)]. This is a bijection since the deformation
retraction of GL; (R) onto SO(n) gives a homotopy of any map gkt —GL; (R) to
a map into SO (n), and if two such maps to SO(n) are homotopic in GL;;([R) then
they are homotopic in SO(n) by composing each stage of the homotopy with the
retraction GL; (R)—SO(n) produced by the deformation retraction.

The advantage of SO(n) over GL (R) is that it is considerably smaller. For
example, SO(2) is just a circle, since orientation-preserving isometries of R’ are
rotations, determined by the angle of rotation, a point in S L Taking k = 2 as well,
we have for each integer m € Z the map f,,:S 1,81 z+— z™ which is the clutching
function for an oriented 2-dimensional vector bundle E,, — S*. We encountered E, in
Example 1.9 as TS?, and E 1 is the real vector bundle underlying the canonical complex
line bundle over CP' = S?, as we saw in Example 1.10. It is a fact proved in every
introductory algebraic topology course that an arbitrary map f:S'—S! is homotopic
to one of the maps z — z™ for some m uniquely determined by f, called the degree
of f. Thus via the bundles E,, we have a bijection Vecti(S2) ~ Z. Reversing the
orientation of E,, changesitto E_,,, so elements of Vect?(S?) correspond bijectively
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with integers m = 0, via the bundles E,, . Since U (1) is also homeomorphic to S 1 ,we
obtain a similar bijection Vect? (§?) ~ Z.

Another fact proved near the beginning of algebraic topology is that any two maps
s*¥=1 - g! are homotopic if k > 2. (Such a map lifts to the covering space R of S,
and R is contractible.) Hence every 2-dimensional vector bundle over S k is trivial
when k > 2, as is any complex line bundle over S K for k > 2.

It is a fact that any two maps S°—SO(n) or S?—U(n) are homotopic, so all
vector bundles over S* are trivial. This is not too hard to show using a little basic
machinery of algebraic topology, as we show in §??, where we also compute how many
homotopy classes of maps S —SO(n) and S*— U(n) there are.

For any space X the set [X,S0O(n)] has a natural group structure coming from
the group structure in SO (n). Namely, the product of two maps f,g:X—S0(n) is
the map x — f(x)g(x). Similarly [X,U(n)] is a group. For example the bijection
[S',S0(2)] ~ Z is a group isomorphism since for maps S'—S?!, the product of
z—z"and z— z"is z +— z™z", and z"Mz" =z,

The groups [$',SO(n)] and [S},U(n)] are isomorphic to the homotopy groups
m;SO(n) and m;U(n), special cases of the homotopy groups ;X defined for all
spaces X and central to algebraic topology. To define 1, X requires choosing a base-
point x, € X, and then ;X is the set of homotopy classes of maps $'— X taking a
chosen basepoint s, € §' to x,, where homotopies are also required to take s, to x,
at all times. This basepoint data is needed in order to define a group structure in ;X
when i > 0. (When i = O there is no natural group structure in general.) However, the
group structure on 11; X turns out to be independent of the choice of x, when X is
path-connected. Taking X = SO(n), there is an evident map ;SO (n) — [Si, SO(m)]
obtained by ignoring basepoint data. To see that this is surjective, suppose we are
given a map f:Si—>SO(n). Since SO(n) is path-connected, there is a path «; in
SO (n) from the identity matrix to f(s,), and then the matrix product a{l f defines
a homotopy from f to a map §'—=S0(n) taking s, to the identity matrix, which we
choose as the basepoint of SO (n). For injectivity of the map ;SO (n)— [Si, SO(n)]
suppose that f, and f, are two maps S 'S0 (n) taking So to the identity matrix,
and suppose f; is a homotopy from f, to f; that may not take basepoint to base-
point at all times. Then [ ft(so)]’1 f: is anew homotopy from f, to f; that does take
basepoint to basepoint for all £. The same argument also applies for U(n).

Note to the reader: The rest of this chapter will not be needed until Chapter 3.

The Universal Bundle

We will show that there is a special n-dimensional vector bundle E,, — G,, with the
property that all n-dimensional bundles over paracompact base spaces are obtainable
as pullbacks of this single bundle. When n = 1 this bundle will be just the canonical
line bundle over RP”, defined earlier. The generalization to n > 1 will consist in
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replacing RP®, the space of 1-dimensional vector subspaces of R, by the space of
n-dimensional vector subspaces of R*”.

First we define the Grassmann manifold Gn([Rk) for nonnegative integers n < k.
As a set this is the collection of all n-dimensional vector subspaces of R, that is,
n-dimensional planes in R¥ passing through the origin. To define a topology on
Gn([R{k) we first define the Stiefel manifold Vn([Rk) to be the space of orthonormal
n-frames in [Rk, in other words, n-tuples of orthonormal vectors in R¥. This is a
subspace of the product of n copies of the unit sphere § k=1 namely, the subspace
of orthogonal n-tuples. Itis a closed subspace since orthogonality of two vectors can
be expressed by an algebraic equation. Hence Vn([Rk) is compact since the product
of spheres is compact. There is a natural surjection V, (R*)— G, (R¥) sending an
n-frame to the subspace it spans, and Gn(Rk) is topologized by giving it the quotient
topology with respect to this surjection. So Gn(IRk) is compact as well. Later in this
section we will construct a finite CW complex structure on Gn([Rk) and in the process
show that it is Hausdorff and a manifold of dimension n(k — n).

The inclusions R¥ ¢ R¥*! ¢ ... give inclusions G, (R¥) c G, (R¥*!) c -- -, and
we let G,,(R™) = Uy Gn([Rk). This is the set of all n-dimensional vector subspaces of
the vector space R” since if we choose a basis for a finite-dimensional subspace of
R, each basis vector will lie in some [Rik, hence there will be an R¥ containing all the
basis vectors and therefore the whole subspace. We give G, (R”) the weak or direct
limit topology, so a setin G, (R*) is open iff it intersects each Gn([Rk) in an open set.

There are canonical n-dimensional vector bundles over Gn([Rk) and G, (R%).
Define En([Rk) ={{,v) e Gn([Rk)x[Rk | v € £}. The inclusions R* c R¥*! ¢ ...
give inclusions En([Rk) C En(Rk“) C --- and we set E, (R”) = Uy En(IRk), again with
the weak or direct limit topology.

’ Lemma 1.15. The projection p :En(IRk)—>Gn([Rk), p{,v) =¥, is a vector bundle.,
both for finite and infinite k.

Proof: First suppose k is finite. For £ € Gn([Rk) et mp: RX — ¢ be orthogonal projec-
tion and let Uy = { £ € G, (R¥) | ,(£’) has dimension # }. In particular, £ € U,. We
will show that U is open in G, (R¥) and that the map h:p ' (U;) = U;x € ~ Uy x R"
defined by h(£',v) = (£, y(v)) is a local trivialization of E, (R¥).

For U, to be open is equivalent to its preimage in Vn([Rk) being open. This
preimage consists of orthonormal frames vy, - - -, v,, such that my(v,),- -, m(v},)
are independent. Let A be the matrix of 1, with respect to the standard basis in
the domain R* and any fixed basis in the range ¢. The condition on vy,---,v,, is
then that the nxn matrix with columns Avy,- - -, Av,, have nonzero determinant.
Since the value of this determinant is obviously a continuous function of vy, --,v,,,
it follows that the frames vy, - - -, v,, yielding a nonzero determinant form an open
setin V, (R).
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It is clear that h is a bijection which is a linear isomorphism on each fiber. We
need to check that h and h™! are continuous. For £’ € U, there is a unique invertible
linear map L, : RK— R restricting to 77, on ¢’ and the identity on £* = Ker m,. We
claim that L, , regarded as a kx k matrix, depends continuously on ¢’. Namely, we
can write L, as a product AB~! where:

— B sends the standard basis to vy, --,V,, V41, - -, Vg With vy, ---,v, an or-
thonormal basis for ¢ and v,,,, - -, v, a fixed basis for £*.
— A sends the standard basis to 1p(vy), - - -, Tp(V,), Vyyiqs - =+ Vk-
Both A and B depend continuously on vy, - - -, v,,. Since matrix multiplication and

matrix inversion are continuous operations (think of the ‘classical adjoint’ formula for
the inverse of a matrix), it follows that the product Ly = AB™! depends continuously
onvy,---,V,.Butsince L, depends only on £’ , not on the basis vy, -, v, for {, it
follows that L, depends continuously on £’ since Gn(le) has the quotient topology
from V,,(R¥). Since we have h({',v) = (£',mp(v)) = (£',Ly (v)), we see that h is
continuous. Similarly, h ™' (£',w) = (¢',L;!(w)) and L,' depends continuously on
¢’ , matrix inversion being continuous, so h~! is continuous.

This finishes the proof for finite k. When k = co one takes U, to be the union of
the U,’s for increasing k. The local trivializations h constructed above for finite k
then fit together to give a local trivialization over this Uy, continuity being automatic
since we use the weak topology. O

We will mainly be interested in the case k = c now, and to simplify notation we
will write G,, for G, (R”) and E,, for E,(R%). As earlier in this section, we use the
notation [X, Y] for the set of homotopy classes of maps f:X—Y.

Theorem 1.16. For paracompact X, the map [X, G, ]—Vect(X), [f]1— f*(E,),
is a bijection.

Thus, vector bundles over a fixed base space are classified by homotopy classes
of maps into G,,. Because of this, G,, is called the classifying space for n-dimensional
vector bundles and E,, — G,, is called the universal bundle.

As an example of how a vector bundle could be isomorphic to a pullback f*(E,,),
consider the tangent bundle to S™. This is the vector bundle p:E—S" where E =
{(x,v) € S"xR"™ | x L v}. Each fiber p~'(x) is a point in G, (R™""), so we have
amap S"—G,(R"™!), x — p~'(x). Via the inclusion R"*! < R™ we can view this
asamap f:5S"—G,(R”) =G, and E is exactly the pullback f*(E,).

Proof of 1.16: The key observation is the following: For an n-dimensional vector
bundle p:E— X, an isomorphism E ~ f*(E,) is equivalent to a map g:E—R® that
is a linear injection on each fiber. To see this, suppose first that we have a map
f:X— G, and an isomorphism E ~ f*(E,). Then we have a commutative diagram
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~

E ~ fE,) —{ E, T R"

L

where 1m(¢,v) = v. The composition across the top row is a map g:E— R* that is
a linear injection on each fiber, since both f and 1t have this property. Conversely,
given a map g:E— R" that is a linear injection on each fiber, define f:X—G,, by
letting f(x) be the n-plane g( p’l (x)). This clearly yields a commutative diagram
as above.

To show surjectivity of the map [X,G,,] — Vect(X), suppose p:E— X is an
n-dimensional vector bundle. Let {U,} be an open cover of X such that E is trivial
over each U,. By Lemma 1.21 in the Appendix to this chapter there is a countable
open cover {U;} of X such that E is trivial over each U;, and there is a partition
of unity {@,;} with @; supported in U;. Let gi:p_l(Ui)—>[R” be the composition
of a trivialization p~!(U,)— U;xR™ with projection onto R"™. The map (@;p)g;,
v — @;(p(v))g;(v), extends to a map E— R" that is zero outside p~'(U,). Near
each point of X only finitely many @;’s are nonzero, and at least one @, is nonzero,
so these extended (@;p)g;’s are the coordinates of amap g:E— (R™)® = R* that is
a linear injection on each fiber.

For injectivity, if we have isomorphisms E ~ f; (E,) and E ~ f;"(E,) for two
maps fy, f;:X— G, then these give maps g,, g, :E— R> that are linear injections
on fibers, as in the first paragraph of the proof. We claim g, and g, are homotopic
through maps g, that are linear injections on fibers. If this is so, then f; and f; will
be homotopic via f;(x) = g,(p 1 (x)).

The first step in constructing a homotopy g, is to compose g, with the homotopy
L;:R”—R* defined by L;(xy,x5,- ) = (1 —t)(x, x5, - ) +t(x,,0,%,,0,-- ). For
each t this is a linear map whose kernel is easily computed to be 0, so L, is injective.
Composing the homotopy L; with g, moves the image of g, into the odd-numbered
coordinates. Similarly we can homotope g, into the even-numbered coordinates. Still
calling the new g’s g, and g,, let g, = (1 — t)g, + tg,. This is linear and injective
on fibers for each t since g, and g, are linear and injective on fibers. O

An explicit calculation of [X, G,,] is usually beyond the reach of what is possible
technically, so this theorem is of limited usefulness in enumerating all the different
vector bundles over a given base space. Its importance is due more to its theoretical
implications. Among other things, it can reduce the proof of a general statement to
the special case of the universal bundle. For example, it is easy to deduce that vector
bundles over a paracompact base have inner products, since the bundle E,, — G,, has
an obvious inner product obtained by restricting the standard inner product in R*®
to each m-plane, and this inner product on E, induces an inner product on every
pullback f*(E,).
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The preceding constructions and results hold equally well for vector bundles over
C, with Gn((Ck) the space of n-dimensional C-linear subspaces of C¥, and so on. In
particular, the proof of Theorem 1.16 translates directly to complex vector bundles,
showing that Vect¢ (X) =~ [X, G, (C™)].

There is also a version of Theorem 1.16 for oriented vector bundles. Let G, (R¥)
be the space of oriented n-planes in RX, the quotient space of Vn(IRk) obtained by
identifying two n-frames when they determine the same oriented subspace of R,
Forming the union over increasing k we then have the space (N}n(IR{""). The universal
oriented bundle E, (R*) over G, (R*) consists of pairs (£,v) € G,(R®)xR™ with
v € £. In other words, En([R“) is the pullback of E,(R*) via the natural projection
5n(R°°)—>Gn(R°°). Small modifications in the proof that Vect"(X) ~ [X, G, (R%)]
show that Vect(X) ~ [X, G, (R®)].

Both G,(R”) and G, (R®) are path-connected since Vect"(X) and Vect”(X)
have a single element when X is a point. The natural projection G, (R%)— G, (R%)
obtained by ignoring orientations is two-to-one, and readers familiar with the no-
tion of a covering space will have no trouble in recognizing that this two-to-one
projection map is a covering space, using for example the local trivializations con-
structed in Lemma 1.15. In fact G, (R®) is the universal cover of G,(R*) since it
is simply-connected, because of the triviality of Vectl}(Sl) ~ [Sl, CN;n([R"")]. One can
also observe that a vector bundle E ~ f*(E, (R%)) is orientable iff its classifying map
f:X—G, (R®) lifts to a map f:X—»(N}n([R{‘”), and in fact orientations of E corre-
spond bijectively with lifts f

Cell Structures on Grassmannians

Since Grassmann manifolds play a fundamental role in vector bundle theory, it
would be good to have a better grasp on their topology. Here we show that G,,(R%)
has the structure of a CW complex with each Gn([Rk) a finite subcomplex. We will also
see that Gn([Rk) is a closed manifold of dimension n(k — 7). Similar statements hold
in the complex case as well, with G,,(C¥) a closed manifold of dimension 2n(k — n).

For a start let us show that Gn([Rk) is Hausdorff, since we will need this fact later
when we construct the CW structure. Given two n-planes £ and ¢’ in Gn([Rk), it
suffices to find a continuous map f: Gn([R{k) — R taking different values on £ and ¥'.
For a vector v € RF let f, (£) be the length of the orthogonal projection of v onto £.
This is a continuous function of £ since if we choose an orthonormal basis v, - - -, v,
for € then f,(£) = (v -v)? + - - + (v - v,)?)""?, which is certainly continuous in
vy, - +,V, hence in £ since Gn([Rk) has the quotient topology from Vn([Rk). Now
for an n-plane ¢' # £ choose v € £ — {', and then f,(¥) = |v| > f, ().

There is a nice description of the cells in the CW structure on Gn([Rk) in terms
of the familiar concept of echelon form for matrices. Recall that any nx k matrix A
can be put into an echelon form by a finite sequence of elementary row operations
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consisting either adding a multiple of one row to another, multiplying a row by a
nonzero scalar, or permuting two rows. In the standard version of echelon form one
strives to make zeros in the lower left corner of the matrix, but for our purposes it will
be more convenient to make zeros in the upper right corner instead. Thus a matrix in
echelon form will look like the following, with the asterisks denoting entries that are
arbitrary numbers:

* X X ¥
* X X X
o O O =
* % % O
S O = O
o = O O
* O O O
* O O O
= o O O
oS O O O

We are assuming that our given nx k matrix A has rank n and that n < k. The
shape of the echelon form is specified by which columns contain the special entries
1, say in the columns numbered o, < - - - < 0,,. The n-tuple (oy,---,0,) is called
the Schubert symbol o (A). To see that this depends only on the given matrix A and
not any particular reduction of A to echelon form, consider the n-plane ¢, in RX
spanned by the rows of A. This is the same as the n-plane spanned by the rows of
an echelon form of A since elementary row operations do not change the subspace
spanned by the rows. Let p;: RK—R" be projection onto the last n — i coordinates.
As i goes from O to k the dimension of the subspace p;(¥,) of R* decreases from
n to 0 in n steps and the decreases occur precisely when i hits one of the values o,
as is apparent from the echelon form since p;(£,) has basis the rows of the matrix
obtained by deleting the first i columns of the echelon form. Thus the Schubert
symbol only depends on the n-plane spanned by the rows of A.

In fact the echelon form itself depends only on the #n-plane spanned by the rows.
To see this, consider projection onto the n coordinates of R given by the numbers
o;. This projection is surjective when restricted to the n-plane, hence is also injective,
and the n rows of the echelon form are the vectors in the n-plane that project to the
standard basis vectors.

As noted above, the numbers ¢; in the Schubert symbol of an n-plane £ are the
numbers i for which the dimension of the image p;(¥) decreases as i goes from 0
to n. Equivalently, these are the i’s for which the dimension of the kernel of the
restriction p, | £ increases. This kernel is just £ N R’ where R’ is the kernel of p;, the
subspace of R spanned by the first i standard basis vectors. This gives an alternative

definition of the Schubert symbol o (¥).

Given a Schubert symbol o one can consider the set e(o) of all n-planes in R¥
having o as their Schubert symbol. In terms of echelon forms, the various n-planes
in e(0) are parametrized by the arbitrary entries in the echelon form. There are o; -1
of these entries in the i!" row, for a total of (0 =1) +---+ (0, —n) entries. Thus
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e(o) is homeomorphic to a euclidean space of this dimension, or equivalently an open
cell.

H Proposition 1.17. The cells e(o) are the cells of a CW structure on G, (RF).

For example Gz([Ri4) has six cells corresponding to the Schubert symbols (1,2),

(1,3), (1,4), (2,3), (2,4), (3,4), and these cells have dimensions 0, 1, 2, 2, 3, 4
k

n) , the number of ways of

respectively. In general the number of cells of Gn([Rk) is (
choosing the n distinct numbers o; < k.

Proof: Our main task will be to find a characteristic map for e(o). This is a map
from a closed ball of the same dimension as e(o) into G,(R¥) whose restriction
to the interior of the ball is a homeomorphism onto e(o). From the echelon forms
described above it is not clear how to do this, so we will use a slightly different sort
of echelon form. We allow the special 1’s to be arbitrary nonzero numbers and we
allow the entries below these 1’s to be nonzero. Then we impose the condition that
the rows be orthonormal and that the last nonzero entry in each row be positive. Let
us call this an orthonormal echelon form. Once again there is a unique orthonormal
echelon form for each n-plane ¢ since if we let £; denote the subspace of £ spanned
by the first i rows of the standard echelon form, or in other words ¥; = £ n R%",
then there is a unique unit vector in ¥; orthogonal to ¥; ; and having positive o;"*
coordinate.

The i'" row of the orthonormal echelon form then belongs to the hemisphere H;
in the unit sphere $% ! c R% c R¥ consisting of unit vectors with non-negative o;"
coordinate. In the Stiefel manifold Vn([Rk) let E(o) be the subspace of orthonormal
frames (vy,---,v,) € (§¥"1)" such that v; € H; for each i. We claim that E(0) is
homeomorphic to a closed ball. To prove this the main step is to show that the pro-
jection m:E(o)—H,, m(vy,---,v,) = vy, is a trivial fiber bundle. This is equivalent
to finding a projection p:E(0) —>Tr’1(v0) which is a homeomorphism on fibers of
, where v, = (0,---,0,1) € R C Rk, since the map nxp:E(a)—»Hlxn_l(vO) is
then a continuous bijection of compact Hausdorff spaces, hence a homeomorphism.
The map p:Tr’l(v)—n‘r’l(vO) is obtained by applying the rotation p, of R¥ that
takes v to v, and fixes the (k — 2)-dimensional subspace orthogonal to v and v.
This rotation takes H; to itself for i > 1 since it affects only the first o; coordinates
of vectors in R¥. Hence p takes m !(v) onto m ! (v,).

The fiber 7w~ !(v,) can be identified with E(c”) for ¢’ = (0, — 1,---,0, — 1).
By induction on n this is homeomorphic to a closed ball of dimension (o, — 2) +

-+ (0, —n), so E(0) is a closed ball of dimension (o — 1) +--- + (0, —n). The

boundary of this ball consists of points in E(o) having v; in 0H; for at least one i.
This too follows by induction since the rotation p, takes 0H; to itself for i > 1.

The natural map E(o)— G,, sending an orthonormal n-tuple to the n-plane it
spans takes the interior of the ball E(o) to e(o) bijectively. Since G,, has the quotient
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topology from V,,, the map intE(o)—e(0) is a homeomorphism. The boundary of
E(o) maps to cells e(0’) of G, where ¢’ is obtained from o by decreasing some
0;’s, so these cells e(o") have lower dimension than e(o).

To see that the maps E(0)— G, (R¥) for the cells e(o) are the characteristic
maps for a CW structure on Gn([Rk) we can argue as follows. Let X' be the union of
the cells e(o) in Gn([Rk) having dimension at most i. Suppose by induction on i that
X' is a CW complex with these cells. Attaching the (i+1)-cells e(o) of X'*! to X' via
the maps JE (o) — X' produces a CW complex Y and a natural continuous bijection
Y — X!, Since Y is a finite CW complex it is compact, and X'*! is Hausdorff as a
subspace of Gn([Rk), so the map Y- X" s a homeomorphism and X"l isa Cw
complex, finishing the induction. Thus we have a CW structure on Gn(Rk) . O

Since the inclusions Gn([Rk) C Gn([Rk”) for varying k are inclusions of subcom-
plexes and G, (R%) has the weak topology with respect to these subspaces, it follows
that we have also a CW structure on G, (R%).

Similar constructions work to give CW structures on complex Grassmann mani-
folds, but here e(o) will be a cell of dimension (20, -2)+(20,-4)+- - -+(20,,—2n).
The hemisphere H; is defined to be the subspace of the unit sphere S 20:=1 jn C% con-
sisting of vectors whose o;" coordinate is real and nonnegative, so H; is a ball of
dimension 20; — 2. The transformation p, € SU (k) is uniquely determined by spec-
ifying that it takes v to v, and fixes the orthogonal (k — 2)-dimensional complex
subspace, since an element of U(2) of determinant 1 is determined by where it sends
one unit vector.

The cell of G,(R¥) of largest dimension is e(o) for the Schubert symbol o =
(k—m+1,k—n+2,---,k). This cell has dimension n(k — n), so this is the di-
mension of Gn([R%k). Near points in this top-dimensional cell Gn([Rk) is a manifold.
But Gn([Rk) is homogeneous in the sense that given any two points in Gn([Rk) there
is a homeomorphism Gn(le)—>Gn(le) taking one point to the other, namely, the
homeomorphism induced by an invertible linear map Rk — RK taking one n-plane to
the other. From this homogeneity it follows that Gn([Rk) is a manifold near all points.
Since it is compact, it is a closed manifold.

There is a natural inclusion i:G,, — G,., defined by i({) = Rxj(¥) where
Jj:R®—R® is the embedding j(x, x5, --) = (0,x1,%5,-- ). f o (¥) = (0q,- - -,0,)
then o(i(¥)) = (1,0, +1,---,0, + 1), so i takes cells of G,, to cells of G, of the
same dimension, making i(G,,) a subcomplex of G,,, . Identifying G,, with the sub-
complex i(G,,), we obtain an increasing sequence of CW complexes G; C G, C - - -
whose union G, = U, G,, is therefore also a CW complex. Similar remarks apply as
well in the complex case.
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Appendix: Paracompactness

A Hausdorff space X is paracompact if for each open cover {U,} of X there
is a partition of unity {@g} subordinate to the cover. This means that the @;’s are
maps X —1I such that each @ has support (the closure of the set where @z + 0)
contained in some U,, each x € X has a neighborhood in which only finitely many
@g’s are nonzero, and > g ®p = 1. An equivalent definition which is often given is
that X is Hausdorff and every open cover of X has a locally finite open refinement.
The first definition clearly implies the second by taking the cover {(pgl (0,1]}. For the
converse, see [Dugundji] or [Lundell-Weingram)]. It is the former definition which is
most useful in algebraic topology, and the fact that the two definitions are equivalent
is rarely if ever needed. So we shall use the first definition.

A paracompact space X is normal, for let A; and A, be disjoint closed sets in X,
and let {@;} be a partition of unity subordinate to the cover {X —A;, X - A,}. Let @;
be the sum of the @;’s which are nonzero at some point of A;. Then @;(4;) =1, and
@, + @, < 1 since no @y can be a summand of both @, and @,. Hence @1 (Yo, 1]
and @, '(Y/,,1] are disjoint open sets containing A, and A,, respectively.

Most of the spaces one meets in algebraic topology are paracompact, including:

(1) compact Hausdorff spaces

(2) unions of increasing sequences X; C X, C - - - of compact Hausdorff spaces X;,
with the weak or direct limit topology (a set is open iff it intersects each X; in an
open set)

(3) CW complexes

(4) metric spaces

Note that (2) includes (3) for CW complexes with countably many cells, since such
a CW complex can be expressed as an increasing union of finite subcomplexes. Using
(1) and (2), it can be shown that many manifolds are paracompact, for example R".

The next three propositions verify that the spaces in (1), (2), and (3) are paracom-
pact.

|| Proposition 1.18. A compact Hausdorff space X is paracompact.

Proof: Let { U,} be an open cover of X. Since X is normal, each x € X has an open
neighborhood V, with closure contained in some U,. By Urysohn’s lemma there is a
map @, :X—1I with ¢, (x) =1 and @, (X -V,) = 0. The open cover {@,'(0,1]} of
X contains a finite subcover, and we relabel the corresponding @, ’s as @g’s. Then
> g ®p(x) > 0 for all x, and we obtain the desired partition of unity subordinate to
{Uy} by normalizing each @ by dividing it by > BPg- O

Proposition 1.19. If X is the direct limit of an increasing sequence X; C X, C - - -
of compact Hausdorff spaces X;, then X is paracompact.
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Proof: A preliminary observation is that X is normal. To show this, it suffices to find
amap f:X—1I with f(A) =0 and f(B) = 1 for any two disjoint closed sets A and B.
Such an f can be constructed inductively over the X;’s, using normality of the X;’s.
For the induction step one has f defined on the closed set X; U(ANX;,;)U(BNX;,;)
and one extends over X;,, by Tietze’s theorem.

To prove that X is paracompact, let an open cover {U,} be given. Since X; is
compact Hausdorff, there is a finite partition of unity {g,;} on X; subordinate to
{Ux N X;}. Using normality of X, extend each @;; to amap @;;:X—1I with support
in the same U,. Let 0; = >.; @;;. This sumis 1 on X;, so if we normalize each @;;
by dividing it by max{!/,, 0;}, we get new maps @, j with 0; = 1 in a neighborhood
Vi of X;. Let y;; = max{0, @;; — Xx.; 0%} - Since 0 < ¢;; < @;;, the collection {y,;}
is subordinate to {U,}. In V; all (/ka’s with k > i are zero, so each point of X has a
neighborhood in which only finitely many ; ;'s are nonzero. For each x € X there
is a y;; with g;;(x) > 0, since if @;;(x) > 0 and i is minimal with respect to this
condition, then ;;(x) = @;;(x). Thus when we normalize the collection {y;;} by
dividing by >.; jWi; we obtain a partition of unity on X subordinate to {U,}. O

|| Proposition 1.20. Every CW complex is paracompact.

Proof: Given an open cover {U,} of a CW complex X, suppose inductively that we

have a partition of unity {@g} on X" subordinate to the cover {U, n X"}. For a

n+1
Y

S$"™ = 3D™". Since S™ is compact, only finitely many of these compositions @ s®, can

cell e with characteristic map @, D"l x| {pp®,} is a partition of unity on
be nonzero, for fixed y. We extend these functions @z®, over D" by the formula
P (1)@, (x) using ‘spherical coordinates’ (v, x) € IxS" on D"*! where p,:I1—1
isOon [0,1-¢]and 1 on[1-¢/,,1]. If € = €, is chosen small enough, these extended
functions p,@;®, will be subordinate to the cover {<I>;,1 (Uy)}- Let {y,;} be a finite
partition of unity on D™ subordinate to {‘P;l (Uy)}- Then {p,@g®,, (1-p )y, ;} is
a partition of unity on D"*! subordinate to {®, Lwu )1 - This partition of unity extends
the partition of unity {gz®,} on S™ and induces an extension of {pp} to a partition
of unity defined on X" U e;”l
n+1

e, gives a partition of unity on X "+l The local finiteness condition continues to

hold since near a point in X" only the extensions of the @ p’s in the original partition

n+1
Y

nonzero are the ones coming from g, ;’s. After we make such extensions for all n,

and subordinate to {U,}. Doing this for all (n+1)-cells

of unity on X™ are nonzero, while in a cell e the only other functions that can be

we obtain a partition of unity defined on all of X and subordinate to {U,}. O

Here is a technical fact about paracompact spaces that is occasionally useful:
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Lemma 1.21. Given an open cover {U,} of the paracompact space X, there is a
countable open cover {V,} such that each V, is a disjoint union of open sets each
contained in some U, and there is a partition of unity {@p,} with @, supported in
Vy.

Proof: Let { @g} be a partition of unity subordinate to {U,}. For each finite set S of
functions @y let Vg be the subset of X where all the @g’s in § are strictly greater
than all the @4’s notin S. Since only finitely many ;’s are nonzero near any x € X,
Vs is defined by finitely many inequalities among ;’s near x, so V; is open. Also,
Vs is contained in some U,, namely, any U, containing the support of any Pg € S,
since @4 € S implies g > 0 on V. Let V; be the union of all the open sets Vg such
that S has k elements. This is clearly a disjoint union. The collection {V,} is a cover
of X since if x € X then x € Vg where § = {@g | g(x) > 0}.

For the second statement, let {(py} be a partition of unity subordinate to the
cover {V;}, and let @, be the sum of those @, ’s supported in V; but notin V; for
Jj<k. |

Exercises

1. Show that the projection V, (R¥)— G, (R¥) is a fiber bundle with fiber O(n) by
showing that it is the orthonormal n-frame bundle associated to the vector bundle
E,(RY—G, (RY).



