
What makes a theorem 
beautiful?

Oliver Knill 
Harvard University 

5/5/2026

We look at a few criteria for 
"beauty" in a theorem and 

illustrate with examples a few 
proposed taxonomies.



PLAN 
1) INTRODUCTION
2) FOUR THEOREMS
3) DEFINITION ATTEMPTS
4) RANKING LISTS



PART 1:  
INTRODUCTION

1



1920-1928 occupied by 
George BirkhoffGeorge Birkhoff, 1881-1944

BA Harvard1905 MA. in 1906.

Science Center, yesterday 5/4/26 

me

memorial hall

<--- where I live



1920-1928 occupied by 
George BirkhoffGeorge Birkhoff, 1881-1944

BA Harvard1905 MA. in 1906.

Science Center, yesterday 5/4/26 

memorial hall







Oliver 




Oliver 
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an der Wand, was ist 
der schönste Satz im 

ganzen Land?
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We look at a few 
criteria for 

"beauty" in a 
theorem and 

illustrate a few 
proposed 

taxonomies.

Otto Kubel,          ca 1900, Grimm Märchen

https://www.meisterdrucke.com/k%C3%BCnstler/Otto-Kubel.html
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"Theorems are the backbone of 
mathematics. A theory is  

rich, if it produces lots of nice 
theorems. " 

But what is "nice?" 



Symmetry

Harmony

Simplicity

Taste

Surprise HistoryOriginality

BRAIN STORM

Clarity
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Mix different categories

Uses simple definitions 

Can be understood easily
Has many applicationsHas prototype character

General and still concrete 

Is Deep



Simplicity and Complexity 

Novelty and Creativity

Familiarity and Surprise

Elegance and Richness
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THEOREMS 
ARE NOT 

ALONE
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p=4k+1, p = a2 + b2

Primes Fermat

LandauCryptology

HistoryChristmas

Quadratic 
Reciprocity

Gaussian 
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The choice of the following four 
theorems is pretty random. I just took 

the theorems related to projects, 
teaching, social media exposure and 

referee work. All from this spring. 
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1. theorem :  referee work 
2. theorem:   research project  
3. theorem:   social media 
4. theorem:   teaching
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A FIRST 
BEAUTIFUL
THEOREM 



ABC arbitrary triangle

A B

C

D

F

E
DEF pedal triangle

Draw the altitudes



q c=u aTheorem

c

ab a

q

u

c

Quan Hung Tran: Math Magazine 96, 2023
Alexander Bogomolny: Cut the Knot, 2023 



q c=a2

c

a

u=a

p c=b2

v=b

b

c

right angle 
triangle case

qp



Proof. Rotate and scale to have A=(0,0),B=(1,0),C=(x,y). Then 

  

Simplify q*c-u*a.   QED

c = 1,b2 = x2 + y2, a2 = (1 − x)2 + y2, q = 1 − x, u2 =
(1 − x)2

(1 − x)2 + y2

a

q

q c=u a

u

c

(x,y)

(0,0) (1,0)



One of the  
possible  

first  
proofs 

by  
Pythagoras?



c a a

b

An other possible first proof.

Cut into 
5 pieces

Rearrange 
by translation

Join and 
cut into two





The Ascent of man, The Music of the 
Spheres,  

BBC 1973, Jacob Bronowski 1908-1974





500  BC

Pythagoreans



The time of Pythagoras



The Lunes of Hippocrates 3D Pythagoras

Two nice consequences of 
Pythagoras



Why is this theorem 
beautiful?

SimpleNew: 2023

Historical context

Surprise

Geometry Gem

Caveats

Applicability?

We gave  
a proof  
using  

Pythagoras
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A SECOND 
BEAUTIFUL
THEOREM 



Given n variables  in commutative ring R with 1.  
Define  the set of all 0-1-strings of length n. 

x1, …, xn
S = {−1,1}n

n!
n

∏
i=1

xi = |S |−1
∑
s∈S

(∏
j

sj)(∑
i

sixi)n

Polarization Identity



Take n=2, variables x,y. Symmetry set S={ {1,1},{-1,1},{1,-1},{-1,-1}} 

2xy =
1
4

[(x + y)2 − (x − y)2 − (−x + y)2 + (−x − y)2]

- Inner products are determined from lengths

- Length measurements determine angles 

- Covariance can be determined from Variances

-  Ricci(v,v) determines the Ricci tensor 



Simple proof

Not well known

Application context

Algebra Gem

Why is this theorem 
beautiful?

Caveats

Looks a bit 
messy at first

Not so well 
known
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A THIRD 
BEAUTIFUL
THEOREM 



All binary operations xy, x/y, x+y, x-y,  can be 
reduced to one single binary operation 

eml(x,y)= exp(x)-log(y)

xy

eml(1,x) = e-log(x)
eml(x,1) = exp(x)
eml(1,eml(eml(1,x),1)) = e-(e-log(x)) = log(x)
eml(log(x),exp(y))= x-y
eml(log(x),exp(-y)) = x+y
eml(log(x) + log(y),1) = x y
eml(log(x) - log(y),1) = x/y

Proof: 

  Andrzej Odrzywołek 2026

https://arxiv.org/search/cs?searchtype=author&query=Odrzywo%C5%82ek,+A
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eml

1
e

exp

ln

→

→1 2

→x

+

1/x

↑

x2
÷x/2

x+y
2

↓
x

xy

logxy

ω

√
x2+y2

ε

cosh sinh
tanh

cos

sin

tan

arsinh

arcosh

arccos

artanh

arcsin

arctan

Figure 1: Bootstrapping “phylogenetic” tree of the elementary functions found from EML,
(3), as LUCA (Last Universal Common Ancestor) and 1. Spiral unwinds according to sub-
sequent found primitives, and arrows show from which elements it was composed of. Those
using EML and 1 directly are marked using thick arrows. For full adjacency matrix, and
entire discovery chain, see Supplementary Information, Fig. S1 and Table S2.

22

All elementary functions from a single operator

Andrzej Odrzywo!lek
Institute of Theoretical Physics, Jagiellonian University, 30-348 Krakow, Poland

E-mail: andrzej.odrzywolek@uj.edu.pl

April 7, 2026

Abstract

A single two-input gate su!ces for all of Boolean logic in digital hardware. No com-

parable primitive has been known for continuous mathematics: computing elementary

functions such as sin, cos,
→

, and log has always required multiple distinct operations.

Here we show that a single binary operator,

eml(x, y) = exp(x)↑ ln(y),

together with the constant 1, generates the standard repertoire of a scientific calcula-

tor. This includes constants such as e, ω, and i; arithmetic operations including +,

↑, ↓, /, and exponentiation as well as the usual transcendental and algebraic func-

tions. For example, ex = eml(x, 1), lnx = eml(1, eml(eml(1, x), 1)), and likewise for

all other operations. That such an operator exists was not anticipated; I found it

by systematic exhaustive search and established constructively that it su!ces for the

concrete scientific-calculator basis. In EML (Exp-Minus-Log) form, every such ex-

pression becomes a binary tree of identical nodes, yielding a grammar as simple as

S ↔ 1 | eml(S, S). This uniform structure also enables gradient-based symbolic re-

gression: using EML trees as trainable circuits with standard optimizers (Adam), I

demonstrate the feasibility of exact recovery of closed-form elementary functions from

numerical data at shallow tree depths up to 4. The same architecture can fit arbitrary

data, but when the generating law is elementary, it may recover the exact formula.
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Not well known

Nice Exercise

Elegant

Why is this theorem 
beautiful?

Caveats

Fresh: 2026

Use high level  
stuff to get 
basic stuff. 

Over-hyped 
by media
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A FOURTH 
BEAUTIFUL
THEOREM 



 set of probability vectors in dimension n. A 
any  matrix 

Pn

m × n

max
x∈Pm

min
y∈Pn

xT Ay = min
y∈Pn

max
x∈Pm

xT Ay

Von Neumann's Mini-Max Theorem



GPT 5.4



max
x∈Pm

min
y∈Pn

x ⋅ Ay = min
y∈Pn

max
x∈Pm

x ⋅ Ay .

∃x*

max
x∈Pm

min
y∈Pn

xT Ay = min
y∈Pn

max
x∈Pm

xT Ay

min
y∈Pn

(x*)T Ay ≥ c ≥ max
x∈Pm

xT Ay*

∃y* ∃c

min
y∈Pn

xT Ay ≤ max
x∈Pm

xT Ay



 is compact, contractible.  
   gives  pay-off 

X × Y = Pn × Pm

(x, y) ∈ X × Y f = xT Ay

αi = max{0,(Ay)i − f}, i = 1,…, m positive if  row strategy >than payoff 

βj = max{0,(xT A)j − f}, j = 1,…, n positive if  column strategy >than payoff 

ui(x, y) =
xi + αi

1 + ∑m
k=1 αk

, i = 1,…, m,

vj(x, y) =
yj + βj

1 + ∑n
ℓ=1 βℓ

, j = 1,…, n

defines continuous  
map T(x,y) =(u,v)  

Brouwer fixed point theorem: exists (x,y) = T(x,y) . This implies αi = 0,βj = 0

Beautiful Proof by Beautiful mind:



First of its kind

Nice proof by 
beautiful mind

Important

Why is this theorem beautiful?

Elegant
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PART 3:  HOW TO 
WE DEFINE 

BEAUT Y ?
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Euler’s Gradus Suavitati
G(a/b) = 1+∑ (p-1)

G(5/12) = 1+2(2-1)+1 (3-1)+1 (5-1)=9

G[a_,b_]:=Module[{s=FactorInteger[LCM[a,b]/GCD[a,b]]}, 
1+Sum[s[[k,2]]*(s[[k,1]]-1),{k,Length[s]}]] 

p in a*b

a

b

n(p) is multiplicity with 
which prime p appears in

a/b after factoring out
common divisors 



Equal Tempered-Pythagorean

https://upload.wikimedia.org



5 10 15 20 25 30

0.01

0.02

0.03

0.04

0.05

The distance 
to small
 rational 

numbers is 
measured using

Euler Gradus 
Suavitats 

Why 12 ?

12

Gradus[n_] :=  
 Module[{s = FactorInteger[n]},  

  primes = Table[s[[k, 1]], {k, Length[s]}]; 
  Product[primes[[k]] - 1, {k, Length[primes]}]] 

GradusSuavis[p_, q_] :=  
 Module[{}, g = GCD[p, q]; a = p/g; b = q/g; Gradus[a*b] + 1] 

P = 32; 

DiophantError[n_, m_] := Module[{}, x[k_] := 2^(k/n); 
   F[x_, p_, q_] := N[Abs[(x - p/q) GradusSuavis[p, q]]]; 
   G[k_] := Min[Table[F[x[k], p, q], {p, 1, m}, {q, 1, m}]]; 

   Sum[G[k], {k, n}]/n]; 

http://www.mathematik.com/Piano/
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"Beauty is a rather 
objective property 
which depends on 

historic-social 
contexts."

Gian-Carlo Rota (1932-1999) 
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"Beauty is the first test. 
There is no permanent 
place in the world for 

ugly mathematics"

Godfrey Harold Hardy  (1877-1947) 
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Charles Hartshorne
complex

symmetric

trivial

chaotic



I. THE AESTHETIC IDEAL IN ANCIENT GREECE 

influence Neoplatonic thinking. In Plato's thinking Beauty has an 
autonomous existence, distinct from the physical medium that accidentally 
expresses it; it is not therefore bound to any sensible object in particular, but 
shines out everywhere. 

Beauty does not correspond to what we see (while Socrates was 
notoriously ugly, he was said to shine with an inner Beauty). Since in Plato's 
view the body is a dark cavern that imprisons the soul, the sight of the 
senses must be overcome by intellectual sight, which requires a knowledge 
of the dialectical arts, in other words philosophy. And so not everyone is 
able to grasp true Beauty. By way of compensation, art in the proper sense 
of the term is a false copy of true Beauty and as such is morally harmful to 
youth: better therefore to ban it from the schools, and substitute it with the 
Beauty of geometrical forms, based on proportion and a mathematical 
concept of the universe. 

Leonardo da Vinci, 
Ycocedron abscisus 
solidus and Septuaginta 
duarum basium vacuum, 
platonie solids from 
De Divina proportione 
by Luca Pacioli, 
1509. 
Milan, Biblioteca 
Ambrosiana 

so 

BA Harvard1905 MA. in 1906.

B E AUT Y 
A HISTORY OF A WESTERN IDEA 
EDITED BY 

UMBERTO ECO 

Umberto Eco: 
Notions of Beauty shift  

with time
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III. BEAUTY AS PROPORTION AND HARMONY 

COPERNICANVM^, 
Systems 

C R E A T I T 
THES1 i 

Ha CAKA rx ' 

PLANISPHftRIVM 
Sive fsj? 

v-Niviiusi r o j M M 
F.X H Y P O 
C O P E R N I Y ' 
PI.ANO - t v 

Andreas Cellarius, 
Harmonia 
Macrocosmica, 
Amsterdam, 
1660 

equilibrium was followed by the restless agitation of Mannerism. But for this 
change to occur in the arts (and in the concept of natural Beauty), the world 
had to be seen as less ordered and geometrically obvious. Ptolemy's model 
of the universe, based on the perfection of the circle, seemed to embody the 
Classical ideals of proportion. Even Galileo's model, in which the earth was 
shifted from the centre of the universe and made to revolve around the sun, 
did not disturb this most ancient idea of the perfection of the spheres. But 
with Kepler's planetary model, in which the earth revolves along an ellipse 
of which the sun is one of the foci, this image of spherical perfection was 
thrown into crisis.This was not because Kepler's model of the cosmos did 
not obey mathematical laws, but because—in a visual sense—it no longer 
resembled the'Pythagorean' perfection of a system of concentric spheres. 

Moreover, if we consider that toward the end of the sixteenth century 
Giordano Bruno had begun to suggest the idea of an infinite cosmos and a 
plurality of worlds, it is evident that the very idea of cosmic harmony had to 
take another path. 

96 

From Eco's book
Proportion and Harmony
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Birkhoff, 1933

1920-1928 occupied by 
George Birkhoff

M =
O
C

Beauty = Order / Complexity 
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SOCIAL 
CONTEXT



De Brange theorem

f(z) = z +
∞

∑
n=2

anzn

An injective holomorphic 
function from the unit disk  
to the complex plane with

satisfies  |an | ≤ n

Biberbach conjecture
Napoleon's theorem
Most rediscovered
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PRETT Y 
PICTURES
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George Birkhoff, 1881-1944
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AN IMPORTANT 
INGREDIENT IS  

STRUCTURE



   HippocratesAlgebraic
Topological
Order 
Measure
Simplex
Sheave

group
metric space

poset
sigma algebra

simplicial complex
fiber bundle

topology

monoid

quasiorder

dynkin set

delta set

pre sheaf

field

manifold

total order

Lebesgue

Whitney

Principal
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Modern math 
----------------------------- 

A perverse scheme of sheaves 
chews on a stalk of stacks. 

Is it etale or crystal? 
We are all chained to a ringed 
topos in Serres saga of gaga. 
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APROPOS
POETRY
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I will have to touch upon 
that most elusive of 

philosophical questions - 
what is beauty? 

There is one word that 
captures its essence: 

Magic
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PART 4:  HOW 
DOES THE 

WORLD JUDGE?

4
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India Soale, Medium, 2023

LET'S  GOOGLE
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India Soale, Medium, 2023
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Lionel Salem 
Frederic Testard 
Coralie Salem 

1992 

49 formulas
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Schöne Sätze 
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A B S T R A C T

Can an idea be beautiful? Mathematicians often describe arguments as “beautiful” or “dull,” and famous sci-
entists have claimed that mathematical beauty is a guide toward the truth. Do laypeople, like mathematicians
and scientists, experience mathematics aesthetically? Three studies suggest that they do. When people rated the
similarity of simple mathematical arguments to landscape paintings (Study 1) or pieces of classical piano music
(Study 2), their similarity rankings were internally consistent across participants. Moreover, when participants
rated beauty and various other potentially aesthetic dimensions for artworks and mathematical arguments, they
relied mainly on the same three dimensions for judging beauty—elegance, profundity, and clarity (Study 3).
These aesthetic judgments, made separately for artworks and arguments, could be used to predict similarity
judgments out-of-sample. These studies also suggest a role for expertise in sharpening aesthetic intuitions about
mathematics. We argue that these results shed light on broader issues in how and why humans have aesthetic
experiences of abstract ideas.

1. Introduction

“Beauty is the first test. There is no permanent place in the world for
ugly mathematics.”

G.H. Hardy
“Mathematics is the music of reason.”

James Joseph Sylvester
Can an idea be beautiful? Scientists and mathematicians seem to

think so—they often imbue explanations with aesthetic qualities. Proofs
can be “elegant” or “beautiful”; they can be “dull” or “trivial.” Albert
Einstein “was quite convinced that beauty was a guiding principle in
the search for important results in theoretical physics” (Zee, 1999),
while physicist Paul Dirac (1963) even claimed that “it is more im-
portant to have beauty in one’s equations than to have them fit ex-
periment.”

In this paper, we explore the aesthetics of ideas by testing lay-
people’s aesthetic experiences of mathematical arguments. In parti-
cular, we test whether laypeople have nonrandom degrees of consensus
in their judgments of aesthetic similarity between mathematical proofs
and art objects such as paintings and music (Studies 1 and 2), whether
there is consensus about which proofs are most beautiful (Study 3), and
what properties contribute to these judgments of aesthetic similarity

and pleasure (Study 3). Overall, these findings reveal a degree of con-
sensus about the aesthetics of even the most abstract kind of ideas. We
argue that these findings contribute to our understanding of how and
why ideas can evoke aesthetic experiences.

1.1. Aesthetics: the true, the adaptive, and the ugly

To judge by the practitioners quoted above, aesthetic experiences
not only imbue their interactions with scientific and mathematical
ideas, but guide them toward the truth. On the face of it, this is quite a
strange (if not ugly) idea. When we seek knowledge, we strive to em-
ploy tools, such as deductive logic and the scientific method, that re-
liably lead to justified true beliefs. Aesthetic experiences, such as
beauty, could hardly be more di,erent. Indeed, beauty is commonly
said to be in the eye of the beholder. David Hume (1985/1757) put this
point (how else but) elegantly:

Beauty is no quality in things themselves: It exists merely in the
mind which contemplates them; and each mind perceives a di,erent
beauty. One person may even perceive deformity, where another is
sensible of beauty; and every individual ought to acquiesce in his
own sentiment, without pretending to regulate those of others.
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Pigeonhole: Pigeonhole principle

Faulhaber: Geometric proof of a Faulhaber formula

Appendix B. Study 1 results by subgroup

See Tables B1–B3.

Table B1
Similarity judgments in Study 1 – Mechanical Turk sample without higher mathematics training.

Yosemite Rockies Su,olk Andes

Raw means
Geometric 3.41 2.88 3.08 2.88
Gauss 2.31 2.15 2.28 1.88
Pigeonhole 2.23 1.99 2.09 2.37
Faulhaber 2.77 2.64 3.06 2.35
Ranks
Geometric 16 12.5 15 12.5
Gauss 7 4 6 1
Pigeonhole 5 2 3 9
Faulhaber 11 10 14 8
Z-scored means
Geometric 0.48 0.23 0.33 0.20
Gauss R0.12 R0.24 R0.12 R0.38
Pigeonhole R0.10 R0.38 R0.31 R0.02
Faulhaber 0.19 0.09 0.33 R0.17
Frequency top-ranked
Geometric 39% 18% 23% 20%

(continued on next page)
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judgments about a domain as abstract as mathematics, it is likely that
aesthetic experiences in less abstract domains of ideas would be even
more powerful. Scientists often invoke aesthetic considerations in jus-
tifying their preference for one theory over another, which perhaps
helps to guide scientists toward truth (if we believe Dirac, Einstein, and
Keats). Social engineers may experience aesthetic pleasure at con-
templating particularly beautiful social arrangements, and such con-
siderations may play a role in political decision-making, particularly in
regimes unconstrained by democratically expressed preferences.
Consumers may be attracted to particular ideas expressed in the mar-
ketplace, especially in the less tangible domain of services, com-
plementing insights about physical products in consumer behavior and
product design (e.g., Desmet & Hekkert, 2007; Hoyer & Stokburger-
Sauer, 2012). Understanding the aesthetics of ideas could prove to be a

critical link between the a,ective and cognitive sciences.
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Appendix A. Text of arguments

Geometric: Sum of an infinite geometric series

Gauss: Gauss’s summation trick for positive integers3

3 The minor typo in this item (can you spot it?) was present in the experimental materials. However, it is unlikely that this substantially influenced the results of the
study, as (a) it scores as well as or better than the other proofs on the dimensions measured in Study 3, and (b) Study 1 participants had the opportunity to write
comments at debriefing, and no participant mentioned the typo.
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