STRONGLY COMPATIBLE SYSTEMS ASSOCIATED TO
SEMISTABLE ABELIAN VARIETIES

MARK KISIN AND RONG ZHOU

ABSTRACT. We prove a motivic refinement of a result of Weil, Deligne
and Raynaud on the existence of strongly compatible systems associated
to abelian varieties. More precisely, given an abelian variety A over a
number field E C C, we prove that after replacing E by a finite exten-
sion, the action of Gal(E/E) on the ¢-adic cohomology H}, (Ag, Q¢) gives
rise to a strongly compatible system of ¢-adic representations valued in
the Mumford—Tate group G of A. This involves an independence of ¢-
statement for the Weil-Deligne representation associated to A at places
of semistable reduction, extending previous work of [KZ] at places of
good reduction.
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2 MARK KISIN AND RONG ZHOU

1. INTRODUCTION

Let X be a proper, smooth algebraic variety over a number field E C C.
The Tannakian fundamental group of the Hodge structure H (X¢, Q) is a
connected reductive Q-group called the Mumford-Tate group. One expects
that, after replacing E by a finite extension, for each prime /¢, the action
of the absolute Galois group I'y := Gal(E/E) on the f-adic cohomology
HY(Xg, Q) gives rise to a representation

pSe:Te = G(Q).

The representations pgég are expected to form a compatible system, in the
following sense (cf. [Ser94l, 12.6]): For v { £ a prime of E, restricting px ¢
to the decomposition group at v gives rise to a representation of the local
Weil-Deligne group

p}}(\iz;}G : WD, — G(Qy).
Fixing an isomorphism i, : Q; = C, we may view p}](\i]Z;JG as a G(C)-
valued representation. If p1, p2 : WD, — G(C) are G-valued Weil-Deligne
representations, we write p; ~qg p2 if there exists g € G(C) such that
g 'p1g = pa. We say that pp is defined over Q if for all o € Aut(C/Q),
we have o o p; ~g p1. Then one has the following conjecture (cf. [Tat79],
[Fon94],[Nool3, Introduction])

Conjecture 1.1. There exists a G-valued Weil-Deligne representation pg(V]B’G

defined over Q such that
pgg’g ~G p\)}(v?f for all primes v 1 £.

One can even extend this to places v|¢ using isocrystals to define pXVR’]G.

For v such that pg’e is unramified at v, the conjecture amounts to the in-

dependence of £ of the G-conjugacy class of p)cg’e(Frobv), where Frob, is the
geometric Frobenius at v.

Now suppose that X = A an abelian variety. Then a fundamental result
of Deligne [Del82] asserts the existence of the representations p)c('ye. In our
previous paper [KZ] we showed Conjecture for places v of good reduc-
tion for A, and of residue characteristic > 2 (see also Noot in [Noo09] and
[Kis17] for some previous partial results). The main goal of this paper is to
generalize these results to places v where A has semistable reduction, and
also to include a version of the result for v|¢ :

Theorem 1.2. Let v be a place where A has semistable reduction. There
exists a G-valued Weil-Deligne representation pXE’G defined over Q such
that
pXVE’G ~G va?;jc' for all primes € (including v|l).
A partial result in the direction of the theorem was previously proved by
Noot [Nool3]. In his result the equivalence relation ~g is replaced by a
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coarser relation ~, and there is an additional assumption that the Frobe-
nius element is weakly neat. If one instead considers the composite of pXV’E’G
with the standard representation G — GLgg, arising from the f-adic Tate
module of A (here g = dim A), then the analogue of Theorem is due
to Raynaud [GRR72]. In fact for GLag-valued representations one can even
drop the semi-stability assumption by using a base change argument to re-
duce to the semistable case, cf. [Sai97, Lemma 1]. It is not clear to us
how to do this for G-valued representations; this seems to be related to the
failure of the group G to be acceptable in the sense of [Lar94].

Although the main point of the theorem is to deal with the case of semi-
stable reduction, let us mention that the case of good reduction with v|¢
allows us to verify [vH24, Hypothesis 2.3.1], which implies quite a general
version of the Chai-Oort Hecke orbit conjecture for Shimura varieties of
Hodge type.

If one assumes the system p)%ﬁ in Conjecture arises from an automor-

phic form IT on the dual group G, then Conjecture can be regarded as a
consequence of local-global compatibility in the Langlands correspondence.
Turning this into an actual proof seems out of reach of available techniques.
Instead we reduce the compatibility in Theorem to an analogous com-
patibility for function fields, where one can apply the results of Lafforgue
[Laf02], and also [Abel8al on existence of compatible systems on curves over
finite fields. This ultimately relies on local-global compatibility for function
fields. The reduction uses in an essential way the arithmetic properties of
the Shimura variety Shi (G, X) associated to G, which we now explain.

To simplify the discussion, we restrict to the case v { ¢ for the rest of
this introduction. For K C G(Ay) a compact open subgroup, Shi (G, X) is
defined over a number field E contained in E and parameterizes abelian va-
rieties whose Mumford—Tate groups are contained in G. The integral model
Sk (G, X) is a scheme defined over the ring of integers of the completion of
E at a place v’ lying below v, and is equipped with a natural G(Qy)-torsor
Ly. For a finite extension x of the residue field x(v') and z € S (G, X)(k),
the geometric |k|-Frobenius Frob,, acting on the geometric stalk of L, at =
gives rise to an element 7, , € Conjg(Qy), where Conjg denotes the variety
of semi-simple conjugacy classes in G. By considering the abelian variety A
as a point x4 € Shk(G, X)(E), Theorem for places of good reduction
follows from

Theorem 1.3. Let (G, X,K) be a strongly admissible triple (see Definition
2.1.6) and assume Gq, is quasi-split. Then for all k/k(v') finite and x €
K (G, X)(k), there exists v, € Conjg(Q) such that vz = vz for all £ with
vt

Although it is not always true that one can extend (G, X) to a strongly
admissible triple, the general case of Theorem[I.2]can be reduced to this one.
The theorem was proved for p > 2 and the more restrictive notion of strongly
acceptable triple in [KZ]; see Definition 4.2.2 of loc. cit.. In this paper, we
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make use of advances in the study of p-adic shtukas and Shimura varieties
[PR21], [GLX] to give a completely different proof, and in particular extend
the result to the case p = 2. In particular, we show that each isogeny class in
Sk (G, X) () contains a element which lifts to a special point, generalizing
a result of Gleason—Lim—Xu [GLX| Corollary 1.4] and verifying [KMS22,
Conjecture 1].

To prove Theorem for places of bad reduction, which is the main
new innovation of this paper, we make use of the toroidal compactifications
FE(G, X) of (G, X) constructed in [Mad19]. Our abelian variety A with
semistable reduction, then corresponds to a point x4 € #F(G, X)(Og,),
whose special fiber lies on the boundary. We show that there exists a
smooth O, -curve C equipped with a point ¢ € C(Og,) and a map 7 :
C — .72(G, X) such that

o 1% (G, X)) C C is the complement of a point b € C(OF,) with
non-empty generic fiber.
e The point 7(¢) € SF (G, X)(Og,) is equal to z 4.

Now let C = C ® k(v), and ¢ € C(k(v)) the reduction of ¢. We denote
by WD, the Weil-Deligne group of the local field obtained by completing
C at c. As A has semistable reduction at v, the associated Weil-Deligne
representation pZV,?,LG is unipotently ramified, and Frobenius semisimple (we
will call this (URFS) for short) and hence is determined by a pair (s, N) €
G(C)® x LieG¢ satisfying Ad(s)N = ¢N, where ¢ = |s(v)|. Here G(C)*
denotes the set of semi-simple elements of G(C).

The pair (s, N) also corresponds to the representation pXJCD’G of WD,
obtained from 7*(ILy). This allows us to reduce Theorem to a statement
comparing Weil-Deligne representations for a local field of equal character-
istic p. Namely, it suffices to show for v { £, ¢’ we have
(1) pre € ~a ppe .

Our next observation is that the condition (f) can be reduced to the case of
GL,,-representations:

Proposition 1.4. Let p1,p2 : WD, — G(C) be G-valued Weil-Deligne
representations which are (URFS). Then p1 ~g p2 if and only if for all
representations r : Ge — GL,, we have

70 p1 ~GL, T © p2.

When p1, p2 are unramified, and hence determined by a semisimple ele-
ment of G, this is a result of Steinberg [Ste65]. Note that this proposition
fails without the assumption of (URFS) on the Weil-Deligne representations

in question; see Remark [4.1.11
Using Proposition it then suffices to show that for any ¢, ¢, we have

WD,G WD,G
(1) TOPpe  ~GLp T O Py,
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for all representations r : G¢ — GL,,. To do this we consider the G(Qy)-
local sytem 7*(Ly) on C' — ¢, and we denote by L;, the GL,-local system
induced from 7*(LLy) via r. By Theorem for v 1 £,¢" the local systems
Ly, and Ly, are compatible at any point z € C' — ¢, in the sense that
Frob, has the same characteristic polynomial when acting on the two local
systems L, and Ly ,. The results of Lafforgue [Laf02] (and [AbelS8al for
v|€) now imply that £, and Ly, are compatible in the stronger sense that
(1) holds.

We now explain the organization of the paper. §2 and §3 contain the
main arithmetic and geometric results concerning Shimura varieties which
are needed for the applications to abelian varieties in §5. In §2, we recall
the construction of integral models of Shimura varieties and prove Theorem
In §3, we recall the construction of compactifications of integral models
of Shimura varieties, and prove that they admit good maps from certain
smooth curves over the rings of integers of p-adic fields. §4 is devoted to
the study of G-valued Weil-Deligne representations: §4.1 contains the proof
of Proposition [I.4] and in §4.2, §4.3 we explain a way to compare Weil—
Deligne representations associated to local systems over fields of different
characteristic. §4.2 deals with f-adic local systems, and §4.3 with their p-adic
counterparts, namely overconvergent isocrystals. In both cases we formulate
this using log geometry, which seems to us to be the most conceptual way
to think about such a comparison. Finally in §5 we put the previous results
together to prove Theorem using the strategy outlined above.

Acknowledgements: The authors would like to thank Michael Rapoport,
Anthony J. Scholl and Jack Thorne for enlightening discussions. M.K is
supported by NSF grant DMS-2502675. R. Z. is supported by EPSRC grant
ref. EP/Y030648/1.

2. INTEGRAL MODELS OF SHIMURA VARIETIES

2.1. Pappas—Rapoport integral models. In this section, recall the con-
struction of integral models of Shimura varieties of Hodge type. We use the
results of |[GLX] and [PR21] to prove the existence of CM lifts for isogeny
classes, and then deduce an /-independence property for these models, gen-
eralizing results in [KZ].

2.1.1. Fix an algebraic closure Q, and for each place v of Q (including
v = 00) an algebraic closure Q, together with an embedding i, : Q — Q,
(here Qo =2 C).

Let G be a reductive group over Q and X a Gg-conjugacy class of ho-
momorphisms

h:S:= RGSC/RGm — Gr

such that (G, X) is a Shimura datum in the sense of [Del71]. We write {u}
for the conjugacy class of the cocharacter

C* = C* x c*(C*) & G(C);
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here ¢ denotes the complex conjugation. We set wy, = u‘f;l

For a compact open subgroup K C G(Ay) of the finite adelic points of G,
the set

(2.1.1.1) Shi (G, X)¢ = G(Q\X x G(As)/K

can be identified with the complex points of a smooth algebraic stack (cf.
[K7Z], §4.1.1]). The theory of canonical models implies that Shk (G, X )¢ has a
model Shi (G, X)) over the reflex field E C C, which is defined to be the field
of definition of the conjugacy class {1 }. We may consider E as a subfield of
Q via the embedding in.. If K is sufficiently small (in fact if K is neat, see
[Mil92], p 24.]), then Shk (G, X) is in fact an algebraic variety.

Now fix a prime p and let A’} be the ring of prime to p adeles, which we
consider as a subgroup of Ay with trivial p-component. From now on, we
assume that the compact open subgroup K is of the form K = K,K?, where
K, C G(Qp) and K? C G(A?) are compact open subgroups, and we define

Shk, (G, X) := E% Shi,k» (G, X);
this is a pro-variety equipped with an action of G(AZ;).

2.1.2. Let V be a Q-vector space equipped with a perfect alternating form
1. Let GSp(V') be the corresponding group of symplectic similitudes and
let S* be the Siegel double space. The Shimura datum (G, X) is said to be
of Hodge type if there exists an embedding of Shimura data

L (G, X) — (GSp(V), §%);
such an ¢ will be called a Hodge embedding.

We set G := Ggq,. Let A C Vg, be a Z,-lattice on which the form 1) takes
values in Zj, and set AZ(p) = ANV which is a Z;,)-module in V. We let gZ(m
denote the Zariski closure of G in GL(AZ(p)) and we set G = QZ(p) ®z,, Lp-
We assume the compact open subgroup K, C G(Q,) is given by G(Z,).
Let K;, C GSp(Q,) denote the stabilizer of A and let K7 C GSp(VAzfv) be
a compact open subgroup containing K? and set K’ = K, K. By [Kis10,
Lemma 2.1.2], we may choose K7 sufficiently small (but still containing KP)
such that the induced map of Shimura varieties

Shi (G, X) — Shx/(GSp(V), SF)g

is a closed immersion.

2.1.3. Let v|p be a place of E. Upon modifying i, : Q — @p, we may
assume v is induced by this embedding. Let FE be the completion of E at
v, and let Op (resp. kg) be its ring of integers (resp. residue field). We
fix k an algebraic closure of kg, and we let E denote the completion of
the maximal unramified extension of . The lattice AZ(p) gives rise to an

interpretation of Shx/(GSp(V), ST) as a moduli space for abelian varieties
up to prime-to-p isogeny, equipped with a weak polarization, and hence to
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an integral model .#/(GSp(V), S*) over Zp (see [KP18, §4] and [Zho20,
§6]). When KP is neat, we define .k (G, X)~ to be the Zariski closure of
Shk (G, X) inside . (GSp(V), S%)o,, and we define .7k (G, X) to be the
normalization of .k (G, X)~. For a general (not necessarily neat) compact
open subgroup K?, we let Kf C K? be a neat normal compact open sub-
group. The action of the finite group K? /K} on Shg,x» (G, X) extends to an
action on S k»(G, X), and we define #k (G, X) to be the stack quotient
of F k¢ (G, X) by this action.
For notational simplicity, we write .7k for (G, X), and we set

pr = @prKp.
Kp

We let f?@ denote the p-adic completion of #k. For z € Sk (k), we let 5/’”1;\%
denote the formal neighbourhood of .7 at x.

2.1.4. For amodule M over aring R, we let M® denote the direct sum of all
R-modules obtained from M by taking duals, tensor products, symmetric
and exterior products. Let (s,) € VZ<p) be a collection of tensors whose
stabilizer is Gz, ; such a collection exists by [Kisl0, Lemma 1.3.2]. We
let A — Yk denote the pullback of the universal scheme, and let Vp :=
R! han «Zp), where hay is the map of complex analytic spaces associated to
h. Since the tensors s, are G-invariant, they give rise to sections s, p € Vg’ .
For a finite prime ¢ # p, we set V;, = R'h¢.Qp and Vp = thmét*Zp where
hy, is the generic fiber of h. Then by the comparison between Betti and étale
cohomology, we obtain tensors sq ¢t € Vz? and sq ¢ € Vf) for ¢ # p (cf. [KZ,
§4.1.6]).

For T' an Og-scheme and z € .7k (T), we let A, for the pullback of A
to « and s, ¢, the pullback of s, . Similarly for 7" an E-scheme (resp. a
C-scheme) and = € Sk (T'), we write sq¢t,2 (resp. sq,B,») for the pullback of
Saét (resp. sq,B) toxz. f T € Sk (k), we let D denote the Dieudonné module
of Az[p>]. We obtain tensors s, 0z € D®[1/p] corresponding to s,etz €
Tp.Ag under the p-adic comparison isomorphism, where z € & (Ok) is a
lift of = for K/@p a finite extension. By [KMS22, Proposition 1.3.7], the
Sq,0,z are independent of the choice of lifting .

2.1.5. In order to the apply the results in [PR21], we need to impose some
further conditions on the compact open K, and the Hodge embedding .
We let B(G,Q)) be the extended Bruhat-Tits building for G over Q,. For
a point x € B(G, Qp) write G = G, for the associated Bruhat—Tits stabilizer
scheme constructed in [BT84]; this is a smooth group scheme over Z, with
generic fiber G, which is characterized by the property that Q(Zp) is the
stabilizer of the point x € B(G, @p). We also write G° = G, for the associated
parahoric group scheme.
We now assume that the following conditions are satisfied.

(1) The Shimura datum (G, X) is of Hodge type.
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(2) K, = G(Z,) where G = G, is a Bruhat-Tits stabilizer scheme with
connected special fiber, i.e. G = G°.

In other words, the tuple (p, G, X, K) is of global Hodge type in the sense of
[PR21], Definition 4.5.1].

We will assume further that the following two conditions are satisfied,
which simplifies some of the discussion and will be sufficient for our purposes.

(3) The centralizer of a maximal Qp—split torus in G is R-smooth (cf.
IKZ|, Definition 2.4.3])
(4) If p = 2, then the relative root system of G@p is reduced.

Definition 2.1.6. Let (G, X) be a Shimura datum and G a stabilizer group
scheme for G. We say the triple (G, X, G) is strongly admissible, if it satisfies
the conditions (1)—(4) above.

2.1.7.  Under the assumption of strong admissibility, the pair (G, X) admits
Hodge embeddings with desirable properties.

Lemma 2.1.8. Let K be a splitting field for G. Then under assumptions
(3) and (4) above, the natural morphism G — Resyq,Gk extends to a
closed immersion

g — ReSOK/ZpgK.
Here Gy is the parahoric group scheme for Gg corresponding to the image

of x in the building B(G, K) for G over K.

Proof. The case p > 2 is [KZl, Proposition 2.4.11]. When p = 2, the result
follows from the same proof, noting that assumption (4) implies that the
groups G,, appearing in the proof of [KZ, Proposition 2.4.11] are isomorphic
to Resr g, SLa. O

Proposition 2.1.9. Let (G, X,G) be a strongly admissible triple. There
exists a Hodge embedding ¢ : (G, X) — (GSp(V), ST) such that the induced
map G — GL(Vg,) extends to a closed immersion G — GL(A), where A C
Vi, s a self-dual Zy-lattice.

Proof. We may argue as in [KZ, Proposition 3.1.9, Lemma 4.1.4] using
Lemma in the case p = 2. Explicitly, fix (G,X) — (GSp(W), S'F)
any Hodge embedding and let F be a totally real field such that G splits
over the completion of F at all p-adic places. Then we let V = W ®q F
considered as a Q-vector space equipped with the alternating bilinear form
Y = Trp/g o (¥' ® F), where ¢/ is the alternating form on W. We thus
obtain a new Hodge embedding G — GSp(V). Over Q,,, the morphism to
GL(Vqg,) factors as

T T
(21.9.1) G = [[Resgq,Gr — [ [ Resr, o, GL(WE,) — GL(Vg,);
i=1 i=1
here the F; are the completions of F at p-adic places, G, is a split reductive
group over F;, and the last map is induced by restriction of structure. By
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[KP18, Proposition 1.3.3], the morphism Gpr — GL(WE,) extends to a
closed immersion Gr, — GL(L;) over OF,, where GL(L;) is the parahoric of
GL(VE,) corresponding an Op;-lattice chain £;. Upon replacing V' and 1 by
a direct sum and each £; by a sum of tot(£;) in the sense of [KPZ, §2.3], we
find that extends to a closed immersion

(2.1.9.2) G = [ [ Resr, /0,97 — [ Resr, o, GL(Ai) — GL(A).
i=1 i=1

Here, the first map is a closed immersion by Lemma [2.1.8] the second map
arises from Weil restriction of a closed immersion Gr, — GL(A;), and the
last map is a closed immersion since it is induced by restriction of structure.

Finally, to ensure that A is self-dual, we apply Zarhin’s trick. Thus we
replace V' with V® equipped with the alternating form as in [Mad), §4.5.9]
and A by the self-dual lattice A* ® A4, The induced Hodge embedding
(G, X) — (GSp(V), 5%) then extends to a closed immersion G — GL(A)
as desired. ]

If (G, X, G) is a strongly admissible triple and ¢ : (G, X) — (GSp(V), ST)
is Hodge embedding as in Proposition then G coincides with Zariski
closure G of its generic fiber in GL(A) and hence we have the integral model

Sk constructed in §2.1.3]

2.1.10. In order to state the main results concerning .7k from [PR21], we
recall some notions concerning p-adic shtukas from [SW20], [PR21]. Let S =
Spa(R, Rt) be an affinoid perfectoid space over k and S* = Spa(RF, RbT)
an untilt over O ;- Recall that a G-shtuka over S with one leg at the untilt
S¥ consists of a pair (2, ¢»), where

e 7 is a G-torsor over the analytic adic space S x Z, = Spa(W(R™)) \
{[w] = 0}

(zw € RT is a pseudouniformizer).
® ¢ is an isomorphism of G-torsors

¢ Frobg(2)|gxz,\ st = Pl sxz,)\st

which is meromophic along the Cartier divisor S* C S x L.

We say the leg is bounded by p if the relative positive of ¢ 4 (Frobg(22))
and & along S* is bounded by u (cf. [SW20, Definition 20.3.5]). More
generally, if F is a v-sheaf over SpdOpg, a G-shtuka over F with leg bounded
by p, is a functorial rule which assigns to a point x of F valued in an affinoid
perfectoid space S, a G-shtuka over S with leg at the until S* corresponding
to the morphism S = F — SpdOp which is bounded by p.

Now let Q, = W(k)[1/p] and let B(G) denote the set of o-conjugacy
classes in G(Q,). Let B(G,u~") be the neutral acceptable set, i.c. the set
of b € B(G) with v, < pu~14,, and k(b) = —uf in the notation of [RV14]
§2.2]. For b € B(G, u~1), the triple (G, b, i1) is a local Shimura datum in the
sense of [SW20|, Definition 24.1.1].
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We let Mg‘y%,” denote the integral model for the local Shimura variety
Shtq .k, given by [SW20, Definition 25.1.1], cf. also [PR21, Definition
3.2.1]. Explicitly, for S = Spa(R, R") affinoid perfectoid, an S-point of
/\/lgltb , is an isomorphism class of quadruples

(Sﬂv L@7¢e@7i7‘)

where S* = Spa(Rf, R") is an untilt of S, (&, $») is a G-shtuka over S
with one leg at the untilt S¥ bounded by u, and i, is a framing, i.e. an
isomorphism of G-torsors

it Gy = Py
for r € Q sufficiently large, under which ¢ 4 corresponds to b x Frobg. Here
Vo) € § % Ty = Spa(W(R) \ {[=] = 0}
is given by Vo) = {[ - | : [p"| < [[@]}.

2.1.11. Wereturn to the setting of but we now assume that (G, X, G)
is strongly admissible and that the Hodge embedding is chosen as in Propo-
sition In particular, G is equal to the Zariski closure G of its generic
fiber in GL(A).

We let Pk denote the G(Z,) local system over Shi (G, X) given by

Pk = Isomsaysa,ét (A7 Vp)’

i.e. trivializations of V), which respect the tensors. The following is proved in
[PR21], §4.5-4.7], which shows that these models satisfy [PR21], Conjecture
4.2.2].

Theorem 2.1.12 ([PR21 Theorem 4.5.2]). Let (G, X,G) be a strongly ad-
missible triple. The models {yK}KpcG(Az;) satisfy the following properties.

(1) For R a DVR of mized characteristic (0,p) over Og, we have a

bijection
Shi, (G, X)(R[1/p]) = x, (R).

(2) There is a G-shtuka 8k bounded by p on Sk which extends the shtuka
&k, g on Shi (G, X)E associated to the pro-étale G(Zy)-local system
Px via [PR21] Proposition 2.5.3].

(3) Assume KP is neat. For T € Sk (G, X)(k), there is an isomorphism
of v-sheaf completions:

At ~o T
Oz : Mg,bz-,u/fo - (yK/E)

such that ©%(&k) is the tautological shtuka on Ml_cfltbfy Here by €
G’(@p) s the p-admissible element corresponding to the G-shtuka
T*Ek over Speck and Ty is the base-point of Mg‘tbﬂl

O
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2.1.13.  We recall the construction of the G-shtuka &k and the isomorphism
O, following [PR21) §4.6-4.7]. We assume KP is neat.

.. . . —0
By definition, the extension &k of & g is a G-shtuka on the v-sheaf .7

associated to 3%, compatible with &k g on the generic fiber. We first extend
the vector shtukaﬂ (VE, o) associated to V, to a vector shtuka(¥?’, ¢) on

3’%0; this is induced by the BKF-module associated to the pullback of the
universal p-divisible group A[p>]. Viewing the tensors s, ¢ as morphisms
1— V;? and applying the functor from [PR21, Proposition 2.5.2], we obtain

tensors sq0E € 7/59, which extend uniquely to tensors sq 0 € ¥© by [PR21]
Theorem 2.7.7]. We then set

& = Isomg, s, o (A, 7)

which is a G-torsor by the argument in [PR21], §4.6]. A key input here is the
main result of [Ans22] on extensions of parahoric torsors. The Frobenius on
¥ preserves sq o and this gives (&, ¢) the structure of a G-shtuka with one
leg bounded by pu.

2.1.14. Recall k was a fixed algebraic closure of kg. For T € .k (k), we
set % = Az[p™] and we let D := D(%4)(Z,) be the Dieudonné module
of 4. Then we have an identification between the Frobenius descent of
the linear dual of D and the BKF-module associated to T*%. The cor-
responding tensors sqa0z € D®[1/p] (cf. §2.1.4) satisfy sq 0z € D®, and
upon fixing a tensor preserving Zp—linear bijection D = AV Rz, Zp, which
again exists by [Ans22], the Frobenius on D is given by o(bz)o for some
bz € Uweadmg(u-1) G(Z,)wG(Z,). Here Admg(u~') denotes the admissible

set in the double quotient Wg\W/ Wg of the Iwahori Weyl group W of G.
Then the o-conjugacy class of bz lies in B(G, u~!). We thus obtain a local
Shimura datum (G, bz, 1~ '), and hence the integral local Shimura variety
ML

We write .7k z = SpfRz. Let 42 denote the pullback of AJp™] to SpfRz
and fé\f the pullback of &k to Spd(Rz). There is unique quasi-isogeny

N
g57RE/PR§ - %,Rz/pRz

over Spf Rz/pRz lifting the identity modulo the maximal ideal m C Rz.

This induces a framing of the vector shtuka associated to ¢42, and the
argument in [PR21), Proof of Proposition 4.7.1] shows that this induces a
framing of ﬁIQE We thus obtain a morphism of v-sheaves

\IJG75 : Spd(Rj) — Mign,tbf,u/io

which is an isomorphism by the argument in [PR21) §4.7.1]. The isomor-
phism Oz is then the inverse of U 7.

1By a vector shtuka, we just mean a GL(V')-shtuka.
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2.2. Isogeny classes and CM lifts.

2.2.1.  We keep the notations the previous subsection. Let .k be the inte-
gral model associated to a strongly admissible triple (G, X,G). Fix a point
T € Yk(k). We will use the above to obtain a description of the points
of % valued in finite extensions of @p analogous to [KP18, Proposition
3.3.13], cf. also [KZl, Proposition 3.3.4 and Proposition 4.1.9].

The proof of the corresponding results in [KP18], [KZ] use as a key input,
results on the deformation theory of p-divisible groups equipped with a
collection crystalline tensors developed in [KP1§|, [KPZ], which is used to
give/a\concrete description of the pullback of the universal p-divisible group
to Sk z. In the approach taken in this paper, these results are replaced
with Theorem (3). The main point is that after taking v-sheaves, we
obtain a good description of the universal shtuka over % This allows
us to prove the desired result (Proposition under the less restrictive
assumption of strong admissibility considered here.

2.2.2. Fix a tensor preserving Zp—linear bijection
(2.2.2.1) D =AY ®z, Z.

This gives an identification of QZP with the group of tensor preserving auto-
morphisms of D.

Proposition 2.2.3. Assume (G, X,G) is a strongly admissible triple and
KP is neat. Let K/Q, be finite and ¥ a deformation of % to Or. Then
& corresponds to a point & € Sk z(Ok) if and only if the following two
conditions are satisfied.

(1) The filtration on D ®Zp K corresponding to & is induced by a G-
valued cocharacter conjugate to p.

(2) The tensors sa0z € D® correspond to tensors Sast € Tp,‘é® under
the p-adic comparison isomorphism.

Proof. 1f g corresponds to T € ;@(OK), the same argument as [KZ|,
Proposition 4.1.9] shows that the two conditions above are satisfied so it
suffices to show the converse. Thus suppose ¢ satisfies the two conditions.
We write CS/’}(\E = SpfRz.

We write H = GL(Vp,) and H = GL(A) a parahoric of H, and we let
'+ G — H be the composition of ¢ and the inclusion GSp(Vgp,) — H. We
obtain a local Shimura datum (H, ' (bz),¢'(1)). Let Az be the complete local
ring at the base-point of the RZ-space RZy /4. /() base-changed to O.
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By [PR21} §4.7.1], we have a commutative diagram

Ueoz L —

(2.2.3.1) Spd(Rz) ’ Mign,%f,u/zo

|

Vnz int
Spd(Af) I MH,L’(bf),L’(u) /To ®Spd(2p)

Spd(Op)

where W 7z and Wy 7 are isomorphisms and the vertical maps are closed im-
mersions. More precisely, [PR21] constructs the diagram where the bottom
row is replaced by the one for a symplectic group, but the same proof works
here.

Let C denote the completion of an algebraic closure of K and C” its
tilt. The deformation ¢ corresponds to a morphism Az — Og. Composing
this with O — O¢, we obtain a (C’b,(’)cb)-point Z of SpdAz. We write

—

s P4 ; b ; int
' = VUpyz(z) for the corresponding (C”, Oy )-point of Mﬁ,u(bf),u(u)/%'
Then it suffices to show that z’ factors through /\/ligntbf .

) l‘vu/mo

By construction of Wz, the point &’ can be described as follows. By
[SW20, Theorem 17.5.2] (cf. [PR2I, Example 2.3.4]), we can associate to
Yo, a vector shtuka & over Spa(C”, O») with leg at the untilt Spa(C, O¢).
Let

7 gi’OK/p - gOK/p

denote the unique quasi-isogeny lifting the identity on O /mg = k. Fix 7 €
O a uniformizer and let 7° € Oc» be a pseudouniformizer given by choosing
a compatible system of roots (w!/P"), of m. Then as explained in [PR21]
Proof of Proposition 4.7.1], evaluating io,, /p on the Dieudonné crystal at
Blys(Ocs /m,) gives a framing i, of £ on y[r’oo)(Cb,OCb) for » >> 0. The
point &’ corresponds to the pair (&', 4,).

o —

. ~/ 3 t
Thus in order to show &’ factors through Mg‘b? Iy

&’ has a reduction to a G-shtuka &, and that i, induces a framing of £.
We let & := Zy[[u]] which we equip with the Frobenius ¢ which acts as

it suffices to show

the usual Frobenius on Zp and sends u to uP. By the argument in [KP18,
Lemma 3.3.5], we have a G-torsor

P =Tsom,, ,, 5. (1,9" @z, 6, MT,9"))

over &. Here 9 is the functor in [Kis10, Theorem 1.2.1] and 5, € M(T,%")®
are given by applying 9t to the morphisms s, ¢ : 1 — Tpgv. Let Eu] €
Zp [u] be the Eisenstein polynomial for 7. Then the Frobenius on S)DT(TP%~ Y)
induces an isomorphism

¢ : 0 (Z)1/E(u)] — Z[1/E(u)],
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which gives &2 the structure of a G-BK module (cf. [Pap23]). We ex-
tend the map Z, — W(Og) to a map h : & — W(Op) by sending u
to [°]. Then base changing & along h, we obtain a G-BKF module over
W(Oeg») (cf. [PR21, Proof of Proposition 3.5.1]) and hence a G-shtuka &
over Spa(C”,O»). As in [PR21}, Proposition 3.5.1], the push-out of £ along
G — H is the vector shtuka £'. To conclude, it suffices to show that the
framing 7, preserves the G-structures.

Let S denote the p-adic completion of &[E(u)/i!];>1, which we equip
with the Frobenius u +— wP. Since S — Og/p is equipped with divided
powers, we may evaluate the quasi-isogeny ¢ on .S, and hence we obtain a
Frobenius equivariant isomorphism

A:D @y S[1/p] = Do, ) (9)[1/p] = ML,EY) e, S[L/p]

which lifts the identity on D.

Since the morphism & — By (Ocs»/ 7°) factors through S[1/p], it suffices
to show A takes sq,07 t0 §o. Set s = sq0z and §' = A~ 15,. Then since 5,
lifts 54,0z, we have s—s' € UD?[I Ip]" Since s, and §,, are Frobenius invariant,
and A is Frobenius equivariant, we have

s—s =¢l(s—5) ¢ upJID)?[l/p]

for all j > 1, and hence s = 5. O

224, Let T € (k) with associated abelian variety Az. For £ # p a
prime, let VA2 denote the rational f-adic Tate module of Az. Then the
abelian variety Az is equipped with tensors so 07 € D® and s, 35 € VZ.A%Q .
The isogeny class % of T is the set of T € Sk (k) such that there is a
quasi-isogeny Az — Az taking sa0z t0 8407 and saez to s, 07 for all
l £ p.

We let Autg(Az) denote the Q-group attached to the units in the endo-
morphism algebra Endg(Az) ®z Q. We let Iz C Autg(Az) be the subgroup
which fixes the tensors s, 0z and sq ¢z for £ # p. If ¥ € 75, the quasi-
isogeny Az — Az induces a natural isomorphism Iz =2 .

We fix a Qp—linear bijection

(2.2.4.1) D&y Q =V g, Q

taking s, 0z to s, (for example, we can take the one induced by a Zp—linear
bijection D = AY ®z, Z,) so that we obtain an element by € G(Q,) giving
rise to the Frobenius on . The following description of the set .z is proved
in [GLX], cf. also [PR21), §4.10]. By the Bruhat decomposition, we have a
bijection

invg : G(Zp)\G(Qp)/G(Zp) = W\W /Wg,
and we let Xg(u™", bz) denote the affine Deligne—Lusztig set

-1
{9 € G(Qp)/G(Zp)|invg (g™ bzo(g)) € Admg (")}
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Theorem 2.2.5 ([GLX| Corollary 6.3]). There is a natural map
iz . Xg(/,b_l,bj) — fj
satisfying D(Y;_(q)) = 0(9)D(%%), which induces a bijection
Iz = L (Q)\Xg (', br) x G(AF)/KP.
[l

2.2.6. The action of Iz on D gives rise to a natural inclusion Iz g, C Ju_,
where Jp,_ is the o-centralizer group. By definition, for R a Q,-algebra, we
have

Joz(R) = {g € G(Qy ®q, R)lg~'bzo(9) = ba}.
The Newton cocharacter v,_ : D — G@p satisfies bzo (v, )bz " and hence in-
duces a fractional cocharacter of Jj,_ which is central. By [KMS22, Theorem

6], Iz, and G have the same rank; thus v, induces a central cocharacter
of IE’QI] .

Theorem 2.2.7. Let (G, X,K) be a strongly admissible triple and assume
G = Gq, is quasi-split and KP is neat. Let T € Sk (k) and T C Iz be a
mazimal torus. There exists T € Sz and ¥’ € Sk (Ok) lifting T, for K/Q,
finite, such that the action of T lifts to Az . Moreover &' is a special point.

Remark 2.2.8. A version of this theorem is proved in [GLX| Corollary 1.4]
under the additional assumptions that p > 2, p { |71 (G9")| and G tamely
ramified. The proof in loc. cit. appeals to [Zho20, Theorem 9.5], which
applies once we know the existence of iz. The main point here is that the
arguments in [Zho20], which is based on [Kis17], can be applied in this more
general general setting, once Proposition [2.2.3] is known.

Proof. The proof follows from the same argument as [Kis17, Theorem 2.2.3]
(cf. also [Zho20, Theorem 9.5]), using Theorem We recall the argu-
ment for the convenience of the reader.

Since G is quasi-split, the conjugacy class of the Newton cocharacter v;_
contains a representative 7, which is defined over Q. We write My, ; for
the centralizer of 7y_, which is a Levi subgroup of G defined over Q, and
is equipped with an inner twisting be,@p = M[bz]@p' Upon modifying the
isomorphism , we may assume v, = Uy_.

By [Lan89, Lemma 2.1], there is an embedding j : T" — Mj, ) over Q,
which is Mp,_j-conjugate to the embedding

(2.2.8.1) T@p — IEva — be’@p — M[bf},@p'
By [KMS22| Corollary 1.1.17] (cf. also [Zho20, Lemma 9.2]), there exists a
cocharacter pp € X, (T') such that the following two conditions are satisfied:
(1) j o pr lies in the G-conjugacy class {p}.
(2) v, = fip € X4(T)q; here fir denotes the Galois average of the
cocharacter pr in X, (T)q.
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The scheme of elements in M, ; conjugating j to (2.2.8.1) is a torsor
for T', hence is trivial over @p by Steinberg’s theorem. Thus upon further

modifying the isomorphism (2.2.4.1)) by an element m € M, (@p), we may

assume j agrees with the embedding (2.2.8.1)).
Now let 77 C T be the maximal Qp-split torus. Then by definition of Jj_,

bz commutes with j(7”), hence lies in the centralizer M of j(T”). Since 7
is Qp-rational, it factors through 7" and hence is central in M. It follows
that bz is a basic element of M.

Note that T is an elliptic torus of M; thus by [Kot97], we may modify

(2.2.4.1)) by an element of M(@p) so that bz lies in j(T(@p)). The pair
(bz, pr) is then an admissible pair for the torus 7" in the sense of [KMS22|

§1.1.5], and hence by [RZ96l Lemma 2.1], the cocharacter j o ur induces an
admissible filtration on D ®y, K ', where K'/Q, is a finite extension over
which p7 is defined. By [Kis06l 2.2.6], this corresponds to a p-divisible
group &' over Or. We let s, € (Tpg’v ®z, Qp)® denote the image of
Sa0z € (D ®y, Qp)® o (]D)(g%k) ®y, Qp)® under the p-adic comparison
isomorphism.

Let 7 € 571:5((’)[() be any lifting of Z. Then by Proposition the
filtration on D ®y, K corresponding to ¥; is induced by a G-valued cochar-
acter conjugate to pp. Thus by [Win97, Corollary 4.5.3], there is a Qp-linear
bijection
(2.2.8.2) 1,9 ®z, Qp — Tp% ®z, Qp

taking s/, to ¢tz As in [Kis17, Proposition 1.1.19], upon replacing K’ by
a finite extension and ¢’ by an isogenous p-divisible group, we may assume
(2.2.8.2)) is induced by a Z,-linear bijection T, pg’ — T,%; in particular we
have s/, € T,%"V'®. We thus obtain a representation

p:Gal(K'/K') = G(Zy).

By the discussion in [PR21, §2.6.2], we can associate to p a G-shtuka &
over SpdK. The specialization of this sthuka &) to the residue field k is
the Frobenius descent of the G-torsor of tensor preserving trivializations of
D(4])(Z,), cf [PR21} §3.5]. By [PR21], Proposition 3.5.1], we have

D(F)(Z,) = o(9)D C Doy G,

where g € Xg(,u_l,bf); Thus upon replacing T by iz(g) € #%, we may
assume there is a lift ¢4 of 4% to Ok such that the filtration on D ®Zp K

corresponding to ¢ is induced by pr, and s, o correspond to tensors s, ¢ €

Tpg®. Since pp is conjugate to w, ¢4 corresponds to a point # € «57}:5(0}()
by Proposition [2.2.3] That & is a special point then follows from the same
proof as [Kis17, Prop. 2.2.3]. Namely, since 7 factors through 7', the action
of T on (%) preserves the filtration and hence lifts to an action (in the
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isogeny category) on &. Tt follows that the action of T' C I lifts to an action
on Az. Since T fixes 54,0z, it fixes s, ¢,z and hence also s, Bz, so that we
obtain a natural embedding T' C G, and T is a maximal torus in G. The
Mumford-Tate group of Az is a subgroup of G which commutes with 7" and
hence is contained in 7. O

2.3. Independence of {.

2.3.1. Let (G, X) be a Shimura datum of Hodge type and .k an integral
model over Op for Shk(G, X) as in §2.1.3l Let ¢ # p be a prime, and
assume K is of the form K,K’ with K, ¢ G(Qy), K¢ C G(Aﬁe). We let

L denote the G(Qy)-local system (lisse sheaf) arising from the pro-étale
covering @K, K szKz of S, and we let L, be the induced local system
4

on the special fiber A 1,

Similarly, for £ = p, there is an F-isocrystal with G-structure £ on 7k 1,
(cf. [KMS22), Corollary 1.3.13]). Explicitly, we let D denote the F-isocrystal
corresponding to the crystalline realization of the abelian variety A over
HK k- By [KMS22, Corollary A.7], there exists morphisms of F-isocrystals

So:1— D%

which restrict to sq0z at all points T € Yk (k). We may then argue as in
[KMS22|, Corollary 1.3.13] to obtain the functor £ : Repg — F-Isoc(k iy )-

We write Conjg for the variety of conjugacy classes in G (cf. [KZ, §6.1.3]),
and xg : G — Conjg for the natural projection map. Let kf, = F, be a
finite extension of kg and let x € Sk(kj). We write T € Sk (k) for the
geometric point lying over x. We obtain an element v, , € Conjg(Qy) by
considering the action of the (geometric) local g-Frobenius on the stalks
Lyz of Ly, at 7. Similarly for £ = p, the local Frobenius acting on the
stalk & of the F-isocrystal with G-structure £ at T gives rise to an element

Yzp € Conjg (@p)-

2.3.2. Now assume .k arises from a strongly admissible triple (G, X, G).
Let 7 € (k) and fix ¢ € Iz(Q) a semisimple element. By definition
of Iz, the action of ¢ on Ty Az fixes s, ¢z and hence we obtain an element
cv € G(Qp) well-defined up to conjugation by G(Qy). Similarly, the action of
con D®Zp Qp fixes 54,07 and so upon fixing a tensor preserving isomorphim

D ®Zp QP =AY ®Zp @IH
which exists by Steinberg’s theorem, we obtain an element ¢, € G(@p).

Proposition 2.3.3. Let (G, X, G) be a strongly admissible triple and assume
G is quasi-split and KP is neat. There exists an element ¢y € G(Q) such
that

(1) For £ # p, cy is conjugate to cp in G(Qp).

(2) co is conjugate to ¢, in G(Cp).

(8) The image of co € G(R) is elliptic.
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Proof. Let T C Iz be a maximal torus such that ¢ € T'(Q). By Theorem
upon replacing T by a point in its isogeny class, we may assume there
exists a special point & € .Yk (Ok) lifting T such that the action of T lifts to
Ajz. The action of ¢ on the Betti cohomology of Az preserves s, Bz, so we
obtain an element ¢ € G(Q). By the Betti-étale comparison isomorphism,
co is conjugate to ¢y for £ # p. Similarly, by the comparison between Betti,
de Rham and crystalline cohomology, ¢ is conjugate to ¢, in G(C,).

The fact that cg is elliptic follows from the fact that T'(R)/w,(R*) is
compact (cf. [Kisl7, Proof of Corollary 2.1.7]). O

2.3.4. We apply the above to deduce the ¢-independence of the elements
VYa,l-

Corollary 2.3.5. Let (G, X, G) be a strongly admissible triple and assume G
is quast-split. For any finite extension ki /kp and x € Sk (kYy), there exists
an element v, € Conjg(Q) such that vy = vz for all primes £ (including
t=np).

Proof. Let K{ C KP be a neat compact open subgroup and set K; = K, K.
Let T € %k, (k) be a point which maps to . Since x is a klz-point, the
abelian variety Az is defined over k%, = F,, and hence the geometric g¢-
Frobenius is an element of ¢ € Autg(Az). Moreover, ¢ fixes s, ¢z for all
¢ # p and fixes sq,0z, and hence ¢ € Iz(Q) is a semi-simple element. By
construction of Ly, and &, we have ¢y = v, for £ # p and ¢, = v;,. The
result then follows from Proposition by taking -, to be the image of
the element co € G(Q). O

Remark 2.3.6. (1) Let ¥ : Gg — GL, be a representation, and for a

prime £ # p, let IUZ denote the rank n local system induced from IL;
by pushout along . Corollary then implies that for primes ¢, ¢/
not equal to p, L}? and L}f’, are compatible local systems as in [Del80),
Conjecture 1.2.10].

A similar remark holds for the rank n F-isocrystal £Y induced
from £. Namely, for £ # p, £V is a ‘petits camarades cristallines’ for
}L’;. To make this precise, one should prove that £ arises from an
overconvergent isocrystal over % j,; we will prove a version of this
statement for the pullback of £ to a smooth curve in

(2) In we will prove a version of Corollary for Shimura vari-
eties without the strongly admissible assumption.

3. TOROIDAL COMPACTIFICATIONS

In this section, we study the toroidal compactifications of integral models
of Shimura varieties constructed in [Mad19]. The main result is Theorem
3.2.3] which will be used to compare Weil-Deligne representations over lo-

cal fields of different characteristic. Thm. 3.3.10]KZ, Mlgoc{u} satisfies the

Scholze—~Weinstein conjecture [SW20, Conj. 21.4.1]. In our setting, this
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means there is an identification amental group 1 (G%") of the derived group
of G.

3.1. Integral models of toroidal compactifications.

3.1.1. We keep the notations of the last section. In particular we fix a
prime number p. Let (G, X,G) be a strongly admissible triple and fix a
Hodge embedding
L (G,X) — (GSp(V), %)

as in Proposition Thus there is a self-dual lattice A C Vg, with
stabilizer K, such that . extends to a closed immersion G — GL(A). For
K = K,KP, K, = §(Z,) and K? C G(A}) a compact open subgroup, we
have the integral model .#k for Shi (G, X) which is a Deligne-Mumford
stack over Op. By construction, there is a finite map

Sk — Ji(GSp(V), S%) o,

to an integral model for the Siegel Shimura variety with hyperspecial level
structure at p

We may now apply the constructions of [Mad19] to obtain toroidal com-
pactifications of .. We summarize the main properties in the following
proposition. For notational simplicity, we write .7 for . (GSp(V), S%)o,,.

Proposition 3.1.2 ([Mad19]). There exists a collection of (quasi-separated)
proper Deligne-Mumford stacks YI% indexed by certain complete cone de-
compositions Y satisfying the following properties:

(1) Each X is a set {¥(®)}o of cone decompositions indexed by cusp
label representatives @, called an admissible rational polyhedral cone
decomposition (“rped” for short). For a cusp label representative ®,
Y(®) is a complete cone decomposition of some H(®), which is the
union of the interior H(®) of a homogenous self-adjoint cone (cf.
[AMRT10, Ch. II]) together with its rational boundary components.

(2) For each ¥, YI? admits a stratification by locally closed substacks

S =] 2 (1),
T

where T runs over the set Cuspl%(G,X) of equivalence classes of
pairs (®,0), where ® is a cusp label representative, o € X(P) is a
cone whose interior lies in H(®) and the equivalence relation is as
in [Mad19l §2.1.16]. The closure relations are described by a partial
order < on Cuspy (G, X); ¢f. [Madl9, Theorem 4.1.5 (3)].

Proof. This is proved for neat K? in [Mad19]; in this case 5’% is an algebraic
space. For K? general, we let K{ C K” be a neat normal compact open
subgroup and set K; = K,K¥. We let ¥ := (id,1)*Y be the admissible
rped for (G, X, K;) obtained from pullback along the morphism of triples

(id,1) : (G, X,K1) — (G, X, K),
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(cf. [Madl9l 2.1.28]). Then ¥; is invariant under the action of the finite
group I' := KP/K¥, i.e. we have (id,7)*¥; = ¥; for v € I'. By [Madi9,
Proposition 4.1.13], I' acts on 5”}?11 and we set .y = [ygll/f‘] to be the
stack quotient. The rest of the proposition then follows from the correspond-
ing result for .7 211’ and the compatibility of the stratification with taking
quotients on the generic fiber (cf. [Pin89, Proposition 6.25 (b)]) O

Remark 3.1.3. It is possible to show that 5”% does not depend on the choice
of auxiliary neat compact open KY. As this is not needed in the sequel, we

omit this discussion and always consider 5’% as being constructed from a
fixed choice of KP.

For an admissible rpcd as in the theorem, we write 65”% for the boundary
of 5”%, ie. 0.7 = y%\YK, and we call .#k the interior of 5”}?

When KP? is neat, the algebraic spaces YI? are defined to be the normal-
ization of certain Faltings—Chai [FC90] arithmetic compactifications Y%,T for
the integral model of the Siegel Shimura variety inside the compactification
Sh¥ over E constructed by Pink [Pin89]. For general K?, we obtain a finite
map 5”% — .2 for suitable K’ , 21 via the quotient construction above. As
such, the stacks 5”% are equipped with a families of semi-abelian schemes
givefn by the pullback of the universal family of semi-abelian schemes, over
Sz

3.1.4. In order to describe the local structure of the boundary strata, we
need some preparation. Let ® be a cusp label representative, then we may
associate to ® a (pure) Shimura datum (Gg 4, Do ) in the sense of [Pin89),
and hence a Shimura variety Shi, , (Go i, Do) defined over the reflex field
E. Here the compact open subgroup K¢, C Go x(Af) depends on K. For
notational convenience we write Shyg, , for Shk, ,(Gen, De ). Then the
construction in [Mad19, §4] provides us with an integral model .k, , for
Sth),h over O together with a tower of algebraic stacks over O

Jo ge
Fhe > TRy — Ko

Here %%, and VKQ are integral models for mixed Shimura varieties Shk "
Shi, associated to certain mixed Shimura data (Qo, Do), (Qp,Ds), see
[Mad19, §2.1.7].

The integral model Sk, , is equipped with a natural family of abelian
varieties Ak (®) — K, and the map gg is a torsor for Ak (®). The map
fa is a torsor for a certain torus Ex (®) over Z with character group Xg. We
let Xy denote the cocharacter group of Ex(®); then by the construction,
X} ®z R canonically contains H(®). Therefore for a cone o € ¥(®) whose
interior lies in H(®), we obtain a twisted torus embedding over %% _ (see
[Mad19, §2.1.17])

;7}((1) — qu) (U),
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and we let 2%, (o) denote the closed stratum of .7k, (o). If ¢ is smooth
with respect to X§, then ., (o) — %, is a smooth morphism. We write
05, (o) for the complement Yk, (o) \ #k,, which is a relative Cartier
divisor over Of.

We let Ak (®) denote the group associated to ® as defined in [Madl9,
(2.1.16.2)]. This group acts on .k, yﬁ@ and Sk, ,, and fe and go are
equivariant for this action. There is a natural action of Ak (®) on H(®),
and we let Ag(®,0) C Ak (P) denote the stabilizer of o. Then the action
of Ag(®,0) on i, extends to an action on .7k, (c) which preserves the
closed stratum Zk, (o). For notational simplicity we write A = Ak(®,0),
and we write A\.7k, (o) (resp. A\Zk, (o)) for the stack quotient of .7k, (o)
(resp. Zk, (o)) by this action.

For an algebraic stack X and Z — X a locally closed immersion, we write
X(ZN) for the N*® order infinitesimal neighbourhood of Z, and we write X7
for the completion of X along Z (see [Eme, Example 5.9]).

Proposition 3.1.5 ([Madl9, Theorem 4.1.5]). Assume that the complete
admissible rped 3 satisfies [Lanl3l, Condition 6.2.5.25]. Let T = [(®,0)] €
Cuspi (G, X).

(1) There is a canonical isomorphism
A\ Zxk,(0) = Z%(7).

(2) Let A\fﬂ;(q)(a) be the formal completion of A\.Sk, (o) along the
closed stratum A\ Zk, (o), and (y%)f%%(n the formal completion of

SE along Zx(Y). Then the canonical isomorphism from (1) lifts to
an isomorphism of formal algebraic stacks

(3.1.5.1) A\Fk,(0) = (‘y}%x%’i((@)
which identifies the formal substacks
A\OFky (0) = (055 e ()

Proof. The case of neat K? is [Mad19, Theorem 4.1.5]; note that in this case,
the group Ak (®,0) is trivial (see [Madl9, Lemma 2.1.20]). For general
KP, we apply the quotient construction in the proof of Proposition [3.1.2]
Thus 5”}% = Ygll /T for a suitable normal neat compact open subgroup
K? C KP with I' = KP/K}. Let T1 = [(®1,01)] € Cuspg! (G, X) be an
element mapping to T = [(®,0)]. Then using the description of the action
of Ag(®) on equivalences classes of cusp label representatives in [Pin89,
§6.18], we find that the stabilizer of Y; is isomorphic to Ag(®,0) x 'y
where I'y = Ko /K1 ,. Thus we obtain the desired isomorphisms by taking
the quotient of the corresponding isomorphisms

Pt 0, (01) = Zicy (Y1), Fcy0, (01) = () e, 1)
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for T at level Ky by the action of this stabilizer, noting that

FKy0(01)/Te = Fky (0).
O

3.1.6. We may now apply Artin approximation to deduce a result about
the étale local structure of 5”% Thus let ¥ be a complete admissible rpced
for (G, X,K) satisfying [Lanl3, Condition 6.2.5.25] and let .%;> be the as-
sociated compactification over Og. Let T = [(®,0)] € Cuspi (G, X). Let
xg € |Z%(Y)| be a point lying over the closed point of Spec O and let
Yo € |A\Fk,(0)| denote the point corresponding to zp under the isomor-
phism

(3.1.6.1) Zx(T) = A\ 2k, (0)
of Proposition (1). By Proposition (2), this extends to an iso-

morphism of formal completions
(3.1.6.2) (SR )ne = (A\Fio (0))y,
at xg and yg respectively.

Corollary 3.1.7. For any N > 1, there exists a stack U and a point ug € |U]|
which fits in a diagram of étale pointed morphisms

(3.1.7.1) (U, uo)
ST
(7% xo) (A\Fk4 (0), 90)-

such that the following three conditions are satisfied.

(1) f and g both induce isomorphisms of residual gerbes at uy.

(2) We have f~1(05%) = g7 (05, (7))

(8) The induced morphism between the N**-order infinitesimal neighbor-
hoods coincides with the one induced from .

Proof. This follows from applying Artin approximation as in the proof of
[AHR20, Theorem 4.19], cf. also [AHR, Theorem 10.10]. We recall the
argument here for convenience.

We may replace (%, 7o) and (A\.%k, (¢), yo) by étale neighborhoods of
the form ([Spec A/G], ag) and ([Spec B/G], by) respectively, where G is the
finite automorphism group of the respective points. The closed substacks
0.7%, 0.7, (0) correspond to G-invariant ideals I C A and J C B. Let A¢

denote the invariants of A under the action of G, and we let A (resp. A%),
denote the completion of A at ag (resp. AC at the image of ag). Then we
have an isomorphism A ® 4o AG = A.

We consider the functor F' on A%-algebras R given by

F(R) ={f € Homg(B,A® ¢ R)|f(J)A®,¢ R=IA®c R}
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where Hom¢ denotes the set of G-equivariant homomorphisms. Then F' is

locally of finite presentation, and we have an element £ € F(AC) arising
from (3.1.6.2). By Artin approximation, we obtain a residually trivial étale
nieghborhood

(Spec C = U’, uy)

of Spec A%, and an element ¢ € F(C) which coincides with E up to order
N. We set U = [Spec A/G] Xgpec ac U’ which satisfies (1) and (3) by the
previous discussion, and satisfies (2) by definition of the functor F'. O

3.2. Existence of boundary curves. We now use the result of the pre-
vious subsection to show that the algebraic stacks 5”% admit certain mor-
phisms from étale neighbourhoods of Spec Op[u] at its boundary.

We keep the notation of the previous subsection. Thus . is the integral
model over O associated to a strongly admissible triple (G, X, G), and K C
G(A’}) is a fixed not necessarily neat compact open subgroup. We let 5’% be
the compactification associated to a complete admissible rped ¥ satisfying
[Lan13l Condition 6.2.5.25]. In this section, we assume in addition that 3
is smooth (cf. [Madl9, §2.1.17]). The assumption of smoothness implies
that for any [(®,0)] € Cuspi (G, X), the morphism A\.%, (o) — A\,
is smooth.

Let T := [(®, 0)] € Cuspi (G, X) be such that the corresponding stratum
2% () is contained in the boundary 9.7 this is equivalent to the condition
that the associated admissible parabolic Pg is proper. Let xy € |A\ Zk(Y)]
with corresponding point yo € |Zk, ()| under the identification (3.1.6.1)).

Let Or be a finite extension of O with residue field kr and uniformizer
m € Op. Let y € A\ Yk, (0)(OF) such that the induced kp-point represents
yo. We write y, € A\Fxk,(0)(F) for the generic fiber of y. We assume
Yy € A\ Tk, (F), i.e. y, does not lie on the boundary divisor 0.7k, (o).

Proposition 3.2.1. Under the assumptions above, there exists
§ € A\Fk, (0)(Or[u])
satisfying the following two conditions:
(1) The specialization of § along Op[u] — Op,u — 7 is isomorphic to
Y.
(2) The preimage §~1(A\Fk,) of the interior A\ Sk, C Fkq(0) con-
tains the open subscheme Spec Op[u,u™!] C Spec Op[u].

Proof. Let 3 denote the image of y in A\ygq)((’) r) and we write Yg (resp.
Y3 (o)) for the pullback of

A\ Hxk, — A\YKD (resp. A\ Tk, (0) — A\YKD)

along y. Then Yy is a torsor for the torus 7' := Ek(®)p, over Op and
Ys — Yg(0) is the torus embedding corresponding to the cone o.

Since T is a smooth group scheme over O with connected special fiber,

Y is a trivial T-torsor. Thus Yg = Spec Op [Jrf, ..., xF] where z1, ..., 2, is

’rn



24 MARK KISIN AND RONG ZHOU

identified with a basis of the character lattice X := X, (T") of T'. Since Zk(Y)
lies on the boundary of 5”%, we have n > 1. Then since o is smooth we may
choose the basis of X so that Y3(0) = Spec Oplzy, ... ,xm,aziﬂ, oo xE],
and the boundary divisor 0Y (o) is the union of the closed subschemes
(i = 0)i=1,...m- The closed stratum Zg (o) is the identified with the locus
where x1 = ... =z, = 0.

We let y € Y3(Op) denote the point corresponding to y. Then since
the special fiber yg of y lies in Zg(o)(kp), we have y(x;) € 7#Op for i =

1,...,m. Moreover, since Y; does not lie on the boundary divisor, we
have y(z;) # 0 for ¢ = 1,...,m. Thus for i = 1,...,m, we can write
y(z;) = a;m™i for some a; € Oy and M; € Z>1. We may then define
g:Op[xy,... ,xm,xfmﬂ,...,xf] — Op[u] by
a;ut 1< <m
i —
yw) m+l<i<n

Then y defines an Op[u]-point of Y3(o), and the specialization of § along
Orlu] — F,u — = is equal to y. Thus taking § to be the composition

Spec Op[u] & Yo (o) = Fi,(0), we find that § satisfies condition (1) in the
statement of the Proposition. By construction, the preimage 7' (A\ Sk, )
is the locus where each a;u is invertible, and hence we also obtain (2). O

3.2.2. Using Corollary we can transfer the above result to deduce the
main geometric property of 5’% that we will need.

Let z € .72 (OF). We write xo (resp z,) for the induced kp-point (resp.
F-point) of /7.

Theorem 3.2.3. Assume xg € |0.%%| lies on the boundary and x, € |-7k|
lies in the interior. There exists an étale Oplu]-scheme X with geometri-
cally connected special fiber Xy, = X ®o, kr and an element T € YI% (X)
satisfying the following conditions:

(1) There ezists an Op-point 6 € X(O) lying above Op[u] — Op,u —
w such that the specialization of T along § is equal to x.

(2) The preimage ¥~1(Fk) of the interior Sk C .S contains the open
subscheme X[u=!] := X \ {u=0} C X.

Proof. Let T = [(®,0)] € Cusp(G,X) be such that zp € Z(T) under
the decomposition in Proposition Let N > 1 be a sufficiently large
integer such that the induced Op/m™1-point of .#% does not lie on the
boundary 0.7%. We let yo € A\ Zk,(c)(kr) be the element corresponding
to zp under the isomorphism 2k (YT) = A\ Zk, (). Let (U, up) be a common
étale neighborhood of (%, 7o) and (Fk, (), yo) as in Corollary|3.1.7, Thus
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we have a diagram of étale pointed morphisms of algebraic stacks

(3.2.3.1) (U, up)
/ \
(«5/}%,1'0) (A\qu" (0>7y0)
inducing isomorphisms of residue gerbes at base points and such that
FTHOSR) = g7 H(A\OF, (0))

Moreover, the induced map on N*-order infinitesimal neighborhoods coin-
cides with the map induced by the isomorphism

(3.2.3.2) A\ Ty (0) = (55%) e 1)

arising from Proposition (b).

The pullback of f along x is a residually trivial étale neighborhood of the
closed point in Spec O, thus ug lifts to a point v € U(Op) which maps
to x. We let y be the image of v in A\, (0)(OF), which gives a lift of
yo. Then the induced O /7N !point of A\.%, (o) does not lie on the
boundary A\0-k,(0), and hence y, € A\.7%, (F).

Thus y satisfies the assumptions of Prop. let § € A\ Sk, (Or[u])
be the element constructed there. We let @ : X' — U denote the pullback
of § along g. Then X' is a residually trivial étale neighborhood of the
closed point s in Spec Op[u]. We let §p € X'(kp) be a lift of s, and we
let X denote the scheme obtained from X’ by removing all the connected
components of X'®¢, kr which do not contain dy. Then X has geometrically
connected special fiber. We let 7 € A\.%2(X) denote the composition of
PN NN

Consider the base change X of X along the map Op[u] — Op,u — .
Then X is an étale scheme over O which contains dg. Since O is Henselian,
we obtain a section Spec O — X which maps the closed point of Spec Op
to 6g. We let § denote the composition Spec Op — X — X. Then § maps
to u in U(OF), and hence maps to z in A\.#%Z(Op). This verifies condition
(1).

For condition (2), note that
FHAR) = (fou) (k) = (900)  (A\Fk,) D X[u™]
by the corresponding property of the point . The result follows. O

Remark 3.2.4. This Theorem plays the role of [KZ, Corollary 5.2.7] in our
context. It will allows us to relate the Weil-Deligne representation of an
abelian variety over F' with semistable reduction, to the Weil-Deligne rep-
resentation for a mod p family of abelian varieties.
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4. WEIL-DELIGNE REPRESENTATIONS

In this section, we discuss Weil-Deligne representations valued in a re-
ductive group.

4.1. G-valued Weil-Deligne representations.

4.1.1. Let F be a non-archimedean local field with ring of integers O and
residue field kr of size ¢q. Fix F a separable closure of F' and let I'r denote
the absolute Galois group Gal(F/F). We write Ir C I'p for the inertia
subgroup and Wy for the Weil group of F'. Let k denote the residue field
of F which is an algebraic closure of kr. We identify Gal(k/kr) with Z by
sending the arithmetic Frobenius to 1. We then have an exact sequence

0= Ip >Wr 3750

where o sends w € Wp to the integral power of arithmetic Frobenius it
induces. We equip Wr with the weakest topology for which Ir equipped
with the inherited topology from I'r is an open subgroup of Wpg.

The Weil-Deligne group WDy is the algebraic group Wr x G, over Q,
where we consider Wr as a constant group scheme which acts on G, via
multiplication by ¢®().

We fix an algebraically closed field €2 of characteristic 0 and we let G be
a connected reductive group over €.

Definition 4.1.2. A Weil-Deligne G-representation is an algebraic repre-
sentation

pVP (WDp)q — G

such that the induced map Wr — G(€) is continuous for the discrete topol-
ogy on G(9).

Two such representations p}'P and py'P are equivalent (written p}'P ~g
p3¥P) if there exists g € G(Q) such that Ad(g)(p}'P) = py'P.

A Weil-Deligne representaion will simply be a Weil-Deligne GL,, rep-
resentation for some n > 1. We let Rep,oWDp denote the category of
Weil-Deligne representations over ().

A Weil-Deligne G-representation is equivalent to the data of a pair (p/, N)
where p' : Wr — G(Q) is a continuous homomorphism and N € Lie(G) is
an element satisfying

(4.1.2.1) Ad(p'(w))N = ¢*WIN

for all w € Wg. The condition (4.1.2.1) implies that N is a nilpotent element
in Lie(G). In what follows, we use these two points of view on Weil-Deligne
G-representations interchangeably without comment.
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4.1.3. We now focus our attention on Weil-Deligne G-representations sat-
isfying the following two conditions.

Definition 4.1.4. Let pWP be a Weil Deligne G-representation. We say
that p"VP is
(1) Frobenius semisimple if p"¥P(a, 0) is semisimple for one (equivalently
any) lift of Frobenius o € Wpg.
(2) wunipotently ramified if p"VP|yy,. is unramified.
If pWP satisfies both the above conditions, we will use the abbreviation
(URFS) to describe pWVP.

Given a Weil Deligne G-representation pWP, we let pWP* denote its
Frobenius semisimplification. In terms of the pair (p/, N), this is given by
taking (p*°, N), where p'* : Wrp — G(Q) is the semisimplification of p'.

Let pVP be a unipotently ramified Weil-Deligne G-representation. Then
pVP|w,. is determined by the image s := p"P(a,0) of a lift of the Frobenius
element o € Wp. Hence p'VP is determined by a pair of elements (s, N) €
G(2) x Lie(G) satisfying Ad(s)N = ¢N. If pwp is in addition Frobenius
semisimple, then s is a semisimple element of G(£2). We thus define the set

(g, G, Q) == {(5, N) € G(Q)* x N|Ad(s)N = gN}

where G(Q)® is the set of semisimple elements of G(2) and N/ C Lie(Q)
is the nilpotent cone. Then we may identify ®“(q, G,Q) with the set of
(URFS) Weil-Deligne G-representations.

The relation ~qg induces an equivalence relation on @D(q, G, Q). We set

(I)(Qa G7 Q) = q)D(CL Gv Q)/ ~G

to be the set of equivalence classes in ®7(q, G, ), which we consider to be
the set of isomorphism classes of (URFS) Weil-Deligne G-representations.
For pWVP € ¢9(q, G, Q), we write [pVP] for its image in ®(q, G, ).

Remark 4.1.5. As the notation suggests, the set ®(q, G,2) only depends on
F via the size q of its residue field. We will use this observation to compare
(URFS) Weil-Deligne G-representations over non-archimedean local fields
of different characteristics.

4.1.6. Now let L C  be a subfield and assume G is defined over L. If p'VP
is a Weil-Deligne G-representation, then for any ¢ € Aut(€2/L), we obtain
another Weil-Deligne G-representation by taking the composition ¢ o pWP.

Definition 4.1.7. Let pWP be a Weil Deligne G-representation. We say
that pVP is defined over L if for all ¢ € Aut(2/L), we have

WD WD
sop g p oo

It is easy to see that this definition only depends on the equivalence class of
pVP under ~q. In particular, if [p] € ®(q, G, ), then we say [p] is defined
over L if pWP is defined over L for one (equivalently any) representative

pVP e 3(q, G, Q) of [o].
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4.1.8. The next proposition is a key property of (URFS) representations
that we will need. It shows that for such representations, equivalence can
be detected by considering all representations.

Proposition 4.1.9. Let p}'P, p3'P € (¢, G, Q) be (URFS) Weil-Deligne
G-representations. Suppose for every representation r : G — GL,,, we have

WD WD
rop; T ~GL, TOop2 -

Then
A g
i.e. [p'P] = [p3'P] € @(¢, G, Q).
Proof. For i = 1,2, we set
si = p'P(0,0) € G(Q)
for 0 € Wy a lift of Frobenius, and we set
U = pyVD|Ga(1) € G(Q).

By [Ima24, Lemma 1.12], there are homomorphisms £1,& : SLy — G such
that

a(w)/2
&i <[(1) ﬂ) =u;, 8= <[q . q_a?w)/2}> 57 € Za(Im(&)

for i = 1,2. Here Zg(Im(&;)) denotes the centralizer of the image of &. By
assumption, for any r : G — GL,,, there exists g € GL,,(£2) such that

I

g r(s1)g = r(s2) and g~ r(u1)g = r(ug).
By the uniqueness statement in [Ima24, Lemma 1.12], there exists an h €
GL,, () which commutes with 7(s2) and 7(ug2) such that

htg~ (ro&)gh =10 &;
thus we have
h™tg ™ r(s1)gh = r(s)).
Since this is true any for representation r, we have that s} and s/, are G(f2)-
conjugate by [Ste65]. Thus upon replacing p}'P by a G(£)-conjugate, we
may choose &; such that s§ = 5.

Let M C G denote the centralizer of sj. Our assumption implies that
for all representations r : G — GL,, r 0 & and r o & are conjugate by
an element of Zgr, (r(s}])). Thus by Lemma below, upon further
replacing p}'P by an M (Q)-conjugate, we may assume £ = &. But then
u1 = ug and s; = s9. Since u; determines the homomorphism pZWD\Ga, we

have p)'P = pyVD. g
Lemma 4.1.10. Let G be a reductive group over  and s € G(Q) a
semisimple element. Let M := Zg(s) denote the centralizer of s and let

&1,& 1 SLo — M be two algebraic homomorphisms such that for all repre-
sentations r : G — GL,, r 0 & and r o & are conjugate by an element of
ZaL, (r(s)). Then & and & are conjugate by an element of M(S2).
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Proof. Fori=1,2,let o; : G,;, =& M be the composite of the map d : G, —
SLs, which identifies G,, with the diagonal torus, and the morphism &;. By
[Kos59, Theorem 4.2], any homomorphism £ : SLy — M is determined by
its composition with d : G, — SL2 up to conjugation by an element of
M(2). Thus it suffices to show that oy and a are conjugate by an element
of M(€2). Upon replacing & by an M (2)-conjugate, we may assume that
a1 and a9 factor through a common maximal torus in M. It follows that
there exists a maximal torus 7" C M which contains s and the images of oy
and as. Then T is also a maximal torus in G.

By assumption, for any t € Q* and any representation r : G — GL,,
r(a1(t)) and r(as(t)) are conjugate by an element of Zgy,, (r(s))(2), and
hence so are r(saq(t)) and r(saq(t)). Thus by [Ste65], saq(t) and sasg(t) are
conjugate by an element of G(2). Since sa;(t) and saa(t) both lie in T,
they are conjugate by an element w(t) of the Weyl group W for T'. As W
is finite, there is an element w € W such that we may take w(t) = w for
t in some Zariski open subset of 2%, and hence we may take w(t) = w for
any t. In particular, setting ¢ = 1, we obtain w(s) = s and hence w can be
represented by an element w’ € M (). Thus a; and «y are conjugate by an
element of M () as desired. O

Remark 4.1.11. Proposition[4.1.9]does not hold for representations which are
not unipotently ramified. Indeed it already fails for Weil representations.
For example, let G = SOg, I' = Z/4Z x Z/4Z and p : I' — SOg(C) the
representation constructed in [Wei20, Lemma 23]. We let p/ : I' — SOg(C)
be the conjugate of p by an element g € Og(C) \ SOg(C). Then p and
p' are element-conjugate in the sense of [Lar94] and hence r o p and r o p/
are conjugate for all representations r : SOg — GL,. However p is not
conjugate to p’ in SOg(C). It follows that the proposition fails for the Weil
representations which arise by composing p with a surjection Wr — T'.

4.2. Comparison of tame fundamental groups.

4.2.1. In this section, we explain a way to compare Weil-Deligne represen-
tations over different local fields. We first recall how to attach Weil-Deligne
representations to f-adic representations.

We keep the notation of so that F' is a non-archimedean local field.
Let Pr C Ir denote the wild inertia, I" % := I'p/Pp the tame quotient and
It. = Ip/Pp C I'l, the tame inertia. For each Frobenius lift o' € ' there
is an isomorphism

nr : F% = HZg(l) X Z
L#p
which identifies I, with the first factor. For ¢ # p a prime, we fix an

isomorphism 7y : Zy(1) = Zy, and we write t, for the composition Ip —
I% — Zg(l) — Zg.
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4.2.2. Let G be a reductive group over Q; and let p : I'r — G(Qy) be a
continuous homomorphism, where G(Qy) is equipped with the /-adic topol-
ogy. By Grothendieck’s f-adic monodromy theorem [Del73, 8.2], there is
an open subgroup H C Iy and a nilpotent element N € Lie(G) such that
p(h) = exp(tg(h)N) for all h € H.

We define a map o' : Wr — G(Qy) by

p'(c"y) = p(a"y) exp(—te(y)N)

where o is a lift of Frobenius and v € Ip. Then the pair (p', N) gives
rise to Weil-Deligne G-representation p"VP, whose G(Qy)-conjugacy class is
independent of the choice of ¢ € W lifting Frobenius and the isomorphism
T Ze(1) = Zy (see [Del73), 8.11]).

We say that p is unipotently ramified if it factors through I', and p(v)
is unipotent for all v € Ir. In this case, the corresponding Weil-Deligne
G-representation pWP is also unipotently ramified.

4.2.3. Now let F' be a p-adic field. Let C = SpecOp[u], and sy € C,
the closed point given by u = m = 0. Let R" denote the henselization of
Or[u] at s9. We set C" = Spec R" and we write C[u™!] (resp. C"[u~1]) for
Spec Op[u,u™!] (resp. Spec R"[u~']). We equip C with the log structure
coming from the divisor u = 0.

Fix an algebraic closure kr of kp. Let 59 = Spec kr. We equip so with the
log structure N* +— 0 and 5y with the induced structure of log geometric
point (cf. [I1102]).

Now let F’ be a non-archimedian local field, and suppose we are given
a map R" — Op sending u to a uniformizer 7p» € Ops, and inducing an
isomorphism on residue fields. For example, we may take I/ = F and the
map 0 : R" — F, u+ mor F' = kp((w) and the map v : R" — kp((w)), u —
u. We denote by 77 a geometric point over the generic point n € Spec Op.

Lemma 4.2.4. There is a canonical commutative diagram of (log) étale
fundamental group isomorphisms

160 (Spec F/, i) —— 7y ¢ (€ Mut), 1)

l |

1 _ 1 _
ﬂlfgt(s()v 30) } Wl??t(chv 50)

where 1 ¢ (Spec F', 7)* ~ T, is the tame quotient of Ty & (Spec F', 7). More-
over the isomorphisms are compatible with the natural projection of each
group to 1 (S0, 50)-

Proof. This is contained in [I1I02, 4.7]. The vertical isomorphisms are in-
duced by the specialization map 77 — 3. Note that 71 & (C"[u™'],7) is identi-
fied with the tame fundamental group in [I1I02, 4.7(c)], as the generic point
of the divisor u = 0, has characteristic 0. O
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4.2.5. Now, let F' again be a p-adic local field. The previous result allows
us to relate Weil-Deligne representations for F' and kp((u)) arising from an
{-adic local system over C*[u~1].

We let £ be a G(Qy)-local system over C*[u~!]. This corresponds to a
continuous representation

p:m(CMu™,7) — G(Qu),
and we write

pr:Tr = G(Qo), prp(u) : Tkpu) = G(Qo)
for the representations obtained by pullback along the maps ¢ and - respec-
tively. We write p}{yD (resp. /)X;?(u))) for the Weil-Deligne G-representation
associated to pr (resp. Pp(w))-

Corollary 4.2.6. Suppose pp? is (URFS). Then pz\;]?(u)) is (URFS) and
we have an equality

[0FP] = 200wy € (¢, G, Qp),
where q is the size of the residue field kp of both local fields F and kp((u))
(cf. Remarkl[{.1.5).

Proof. Using Lemma [£.2.4] we have an identification
~ 1 h - ~
0 : F%‘ — Wl(?gt(c ,30) — FI;CF((U))
which identifies the tame inertia subgroups It = I}iF () and is compatible
with Frobenius elements.

Let op € I'p and oy, (u) € Tkp(u) be any Frobenius lifts which are
compatible with 6, and tpe : Ip — Z¢ and tgpu)e @ Iepu) — Ze the
homomorphisms corresponding to a choice of isomorphism 7y : Z;(1) = Zj.
Using these choices, one sees from construction of p}fﬂVD and pz\g?(u)) that

we have an equality pp* = pz\;]?(u)) in ®7(¢, G, Q). The result follows a
fortiori. O

4.3. Weil-Deligne representations associated to isocrystals.

4.3.1. In this subsection we discuss Weil-Deligne representations associated
to isocrystals. In particular, we compare two definitions of the Weil-Deligne
representation associated to an isocrystal. This will allow us to compare
Weil-Deligne representations arising from crystalline cohomology for local
fields of mixed characteristic and equal characteristic p.

4.3.2. Let k be a perfect field of characteristic p, W = W (k) its ring of Witt
vectors, and Fy = W[1/p]. We denote by O C Fp[u] the subring of power
series which converge for |u| < 1. The ring O has a continuous Frobenius ¢,
extending the Frobenius on W, given by ¢(u) = u?.

We denote by Isocfo the category of finite free O-modules M, equipped

with a ¢ semi-linear map ¢, which induces an isomorphism @* M ~ M,
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and a connection Vpy : M = M ®p Q}Q/Fo[l/u], which has at most a
logarithmic pole with nilpotent residue at u = 0. We require that the iso-
morphism p*M ~ M is compatible with connections.

Let 0 denote the differential operator u%. Then 0 acts on M in Isoc‘/po

as the operator u% o V. We denote by ¢, a formal variable, and set
d(fy) = 1, so that ¢, is a formal logarithm on O. We may then extend 0
to a derivation on the polynomial ring O[¢,] over O. We extend ¢ to O[¢,]
by setting ¢ (¢y,) = ply, and we define an O-linear derivation N on O[¢,] by
N(t,) = 1.

Lemma 4.3.3. Let M be in Isocfo, and set D(M) = (O[t,] @0 M)?=0,
Then

(1) The canonical map
D(M) ®p, O[t,] = M R0 O[,].

s an isomorphism.

(2) The operators ¢ @ pypr and N @ 1 on O[l,] ®o M induce opera-
tors ¢ = @pay and N on D(M). Moreover, ¢ on D(M) is an
automorphism, and satisfies

Ny = ppN.

Proof. This is well known, but we sketch a proof.

For r < 1, denote by D(0,r) the open p-adic disc of radius r centered at
0, over Fy. Let O(D(0,7)) be the ring of functions on D(0,r). By the p-adic
version of Fuchs’ theorem [Ked1(0, Thm. 13.2.2], there exists r > 0, and an
isomorphism O(D(0,7))% ~ M|p(q,, such that with respect to this basis
we have for m € M|p ),

d
V (m) = dm +N0§

for some nilpotent matrix No € My(Fp).

Let M C M| D(0,r), b€ the Fp-vector space spanned by the chosen basis.
Then M = ker(0%). Using the isomorphism of O[d]-modules, ¢*(M) =~ M,
one sees that wa induces an automorphism of M, and that any section in
M actually converge on D(0,7/?); that is M C M|D(O’r1/p). Continuing the
argument, we get M C M = N1 M|p(o)-

Now using that M = ker(9?), one sees easily that

(Foltu] ©r, M)?=" = (Fyo[tu] ©r, M)P=0 = (O[t,] ©0 M)?=" = D(M)
has dimension d over Fj, and that
D(M) ®p, Fo[ly] ~ M @5, Fylly].

This implies (1). For (2), the compatibility of ¢*M ~ M with V  implies
that Oy = ppd on M and hence on Fy[l,]®@p, M. This implies that D(M) is



STRONGLY COMPATIBLE SYSTEMS 33

stable under ¢. Moreover, ¢ p(y) is an automorphism as ¢ induces an au-
tomorphism of M. The relation Ny = ppN follows from the corresponding
relation on Fy[l,)]. O

4.3.4. We denote by Modf’ the category of finite dimensional Fy-vector

spaces equipped with a Frobenius semi-linear operator ¢, and a nilpotent,
linear operator N satisfying o N = ppN. Thus Lemma yields a functor

ISOC/O — Mod?Y M D(M) = (O[t,] @0 M)?=.

/Fo

Let D(M)" = M/uM, equipped with the Frobenius induced from ¢ .
The operator 0 induces a nilpotent operator on D(/\/l)’ , which we again

denote by 9. We make D(M)’ into an object of Mod/F by letting IV act as
—0.

Lemma 4.3.5. There is a natural isomorphism
D(M) =~ D(M)’

in ModfFN

Proof. We will show that the composite of the natural maps

D(M) = (O[ty] ©0 M)P=0 = M — M/uM = D(M)

is an isomorphism in Mod?; 7 F
Note that, using the notation of Lemma [£.3.3] the bijection

D(M) = (Fylt.] @r, M)?=° “30 M

is compatible with Frobenius and intertwines the operators N on D(M) and
—0 on M. Now the lemma follows, because we already saw above that M —
D(M)' is a bijection, which is compatible with ¢ and 9, by construction. O

4.3.6. Let C be a smooth scheme of finite type over k. We refer to [Ked03],
[Shi02] for different notions (convergent, overconvergent ...) of F-isocrystal
and log F-isocrystals on C, which we will use below. Suppose that C is
equipped with a fine log structure [Kat87]. We let IsocTc‘fk (resp. Isoc, /k)
denote the category of overconvergent (resp. convergent) log F-isocrystals
on C' over k. These are naturally Tannakian categories, and there is a functor

P
Isocc/k — Isocc/k

T,
C/k

some of the constructions could also be made for Isoc%?

To simplify the discussion, we work with Isoc in this section, although

C/k
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4.3.7. As above, let s = (k,NT) denote the log point and equip Op,
with the log structure coming from the maximal ideal, and Op,[u] with
the log structure coming from u = 0. Recall that the module of logarith-
mic differentials Q}QFO /O, (log) is defined to be the Op,[u]-submodule of

Q%QFO [wu=1]/Op spanned by %, and that we then have

Q%/)FO (1Og) = Q}QFO [u]/OFO (log) ®OF0 [u] OFO'

An object of Isoci:jk consists of an Fy-vector space V together with a semi-
linear Frobenius ¢y, and a connection

Vy:V = V&g QbF(log),
which is compatible with ¢y . For v € V| define

d(v) = (Vv(v),u%>.

Then V is determined by ¢y, and the linear operator 0, subject to the
condition

ppvd = dpy.

We may thus view V as an object of Modﬁfj, by letting N act as —0.

4.3.8. Let k'/k be a finite extension, s{, = (k/,NT), and F}) = W (k')[1/p].
A morphism of log schemes x : s;; — C gives rise to a ®@-functor

¥ Isocy;k — Isocié‘jk/ ~ Mod%]z; M = x* M.
We now assume that k is a finite field, and we write ¢ = p® = |K'|. Fix an
embedding F{) — Q. Then there is a ®-functor

Mod? = Rep;g, WDy N = wW) @ Qp

where w(N) is the underlying Fj-vector space of N, equipped with the
linear operator N, and the unramified Wr action obtained by sending the
arithmetic Frobenius to ¢~ °. Thus, if z : s{ — C is as above, we obtain a
®-functor

1 ]
wy Isocgfk — Rep g, WDg/((w))-
Finally, as the category on the right is @p—linear, we may extend this to a
®-functor

T,

w}fg : ISOCC/ka = Isocgfk ®q, @p — RGP/QPWDk’((u))-
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4.3.9. Now let C be a smooth curve over k, equipped with a finite collection
of closed points Z, and let C = C' — Z. We equip C with the log structure
arising from the divisor Z.

Fix z € Z, let k' be the residue field of z, and identify the complete local
ring of C' at x with k’[u]. Recall that Marmora [Mar(8|, §3] has defined a
®-functor

—p — Rep/QpWDk/((u)) .

Lemma 4.3.10. With the above assumptions the diagram of ®-functors

log
T?
Isocéfk’@p BN Rep g, WD ((u))

|

e *> Rep/Q WDk/ (u))

ISOCC/k,@

commutes up to natural equivalence.

Proof. This follows from Lemma and unwinding the definitions above,
and those in [Mar08, §3]. O

4.3.11. Let G be a connected reductive group over @p. For C' as above, an
overconvergent log F-isocrystal with G-structure on C| is an exact ®-functor

Repg, G — IsocTC“/Ok 0,

where Rep@ G denotes the category of Qp—linear representations of G. We

denote by G- Isoc!¥ the category of overconvergent log F-isocrystals with

GP
C/k,Qp

For z : s{, — C, as above, and £ in G- ISOCC/kQ , we can consider the
P

C/kQp

G-structure on C, and we define G-Isoc in an analogous way.

composite

log
Repg, G 5 Isoch? oy Rep g, WD ((u))-

C/k,Q
By the Tannakian formalism, this corresponds to a map of algebraic groups

pll(:)i : WDk’((u)) — G

over Qp We may likewise define a representation p L : WDy (()) = G using
T

the functor wy in place of wx .
Lemma 4.3.12. Let Z C C, and L be as above. Then for x € Z, there is
an equivalence of G-representations

It
pgga;v _pzx

Proof. This follows immediately from Lemma O
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4.4. Local global compatibility in Lafforgue’s theorem. The aim of
this subsection is to prove a slight refinement of the local-global compati-
bility theorem for ¢-adic companions in [Laf02], and its crystalline analogue
[Abel8al. For the rest of the paper we fix an isomorphism ¢y : Q, = C for
every prime /.

4.4.1. Let C be a smooth, connected curve over a finite field Fy of char-

acteristic p with algebraic closure Fy, and let F' := F,(C) be the function

field of C. Let £ be a prime. Let L, be a lisse Qp-sheaf on C if £ # p, and

an object of IsocTC’f;]F 3y’ if £ = p; (here C is equipped with the trivial log
q5p

structure). We let n be the rank of £;. The following lemma is well known.

Lemma 4.4.2. The restriction of det Ly to C’Fq has finite order.

Proof. When ¢ # p, this is [Del80, Proposition 1.3.4]. For ¢ = p, this is
[Abel8b, Lemma 6.1]. O

4.4.3. Suppose £ # p, and let 5 € QKX be an f-adic unit. Then there is a
continuous homomorphism

Gal(Fy/Fq) — @zx

taking the arithmetic g-Frobenius to 8", where ¢ = p”. This representation
corresponds to a rank 1 lisse Qg-sheaf on SpecF, and we let 8 denote its
pullback to C.

Now suppose £ = p. Then for any g € @ZX, we let £y ® 8 denote the
overconvergent isocrystal obtained from £, by multiplying the isomorphism
@*(Le) ~ Lo by g1 )

By Lemma @ for any ¢ and Ly, there exists a § € Q; which is an
f-adic unit if £ # p, such that det £; ® 8 has finite order. We denote this
element by 5(Ly).

4.4.4. Now let C denote the smooth compactification of C. For = € C a
closed point, let F, denote the completion of F' at z, and x(x) the residue
field of z. We can associate a Weil-Deligne GL,, ,-representation pg% to
Ly and z : For £ # p, this is done by considering the corresponding ¢-adic
representation
prpx Gal(Fy/Fy) — GL,(Qy),

and applying §4.2.2l For ¢ = p this is done in [£.3.9] Via the isomorphism
1+ Qp =2 C we may consider pgg and its Frobenius semisimplification

pg%ss as a GL,, c-representation.

Theorem 4.4.5. Suppose that Ly is irreducible (resp. semi-simple), and
satisfies the following condition

For every factor £, C Ly, B(L}) is algebraic and a p-unit
Then there exists a number field E C C, and for each prime £ an irreducible

(resp. semisimple) lisse Qp-sheaf on C (resp. object of ISOCEL“/OFWQP if ¢! =p)
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/ WD ss

such that for every closed point x € C, Pr, is defined over E and we

have

WDssN WD,ss
'O,CZ/Z‘ nCpL‘,[x

Proof. We remark that for x € C| pﬁe . and pﬁ » are unramified, and
the equality in the Theorem amounts to the statement that under these
representations, the characteristic polynomials of Frobenius are equal and
in E[T]. It suffices to consider the case where C' is geometrically irreducible
(in which case C is also geometrically irreducible) and Ly is an irreducible
lisse sheaf.

We first consider the case that £, has determinant of finite order. In this
case Ly corresponds to a cuspidal automorphic representation m of GL,, (A ),
and the association £, —  is compatible with L and e-factor of pairs [Laf02,
Thm. VIL3], [Abel8al Thm. 4.2.2]. As in [Laf02, Thm. VII.6] and [Laf02,
Cor. VIL5], respectively, this implies the existence of the number field E
such that pWD ** is defined over E for all z, and that the association Ly +— 7
is Compatlble with the local Langlands correspondence at all closed points
x € C. That is, pr,« corresponds to the local factor m, of m, under the Lo-
cal Langlands correspondence. Now applying the correspondence of [Laf02,
Thm. VIL3] and [Abel8a, Thm. 4.2.2] to 7, we obtain an Ly such that Ly ,
corresponds to . for all closed points z. This implies p L, xs ~GL, ¢ pg}]? 5,

Now for any Ly satisfying the condition of the theorem let B = B(Ly) €
Q* and BY/" € Q* be any nth root of 5. Then Ef = L; ® BY" has deter-
minant of finite order. Applying the case considered above to o , we obtain

a number field Ef C C and an Qg-sheaf (resp. object of Isocc/[F 0 ) Ef,.
q>p
We may now take E = Eﬁ(ﬁl/n), and Ly = Le/ ® B~n, 0

5. INDEPENDENCE OF /¢

In §5.1 and §5.2, we use the results of the previous section to prove an
independence of £ result for the monodromy at the boundary in the special
fiber of Shimura varieties. This is used to prove the main theorem concerning
abelian varieties in §5.3.

5.1. Local monodromy at the boundary.

5.1.1. We return to the setting of Thus let (G, X,G) be a strongly
admissible Shimura datum and fix a Hodge embedding

L1 (G, X) = (GSp(V), 5%)

as in Proposition For K = G(Z,), KP C G(A?) a eompact open
subgroup and K = K,K?, we let .#)x denote the associated integral model
over Op. Throughout this subsection, we will make the assumption that
G = G, is quasi-split.
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Now let £ # p be a prime, and assume as in that K is of the
form K,K¢, with K, ¢ G(Qy), K¢ C G(Afc). Then we have a G(Qy)-local
system L, on A 1, arising from the pro-étale covering l.&ancKe yK;Kf,kE-
By Corollary the (ILg)¢p form a compatible system of G-local systems
on i, defined over Q in the following sense: For each z € .7k (F,), we
let 750 € Conjg(Qr) be the element corresponding to the action of local
Frobenius on the geometric stalk Lyz. Then there exists 7, € Conjg(Q)
such that for all £ # p, we have v, = 7, ¢ in Conjg(Qy).

For notational simplicity, we will write Sk for the special fiber %% 1, of
K.

5.1.2. Let YI% denote the toroidal compactification of #k associated to a
choice of complete smooth admissible rational polyhedral cone decomposi-
tion, and let SI% denote the special fiber of YI? Then we have an open
immersion Sk — 8}% and we let 0Sk denote the complement S}% \ Sk.

Let kf; = F4 be a finite extension of kg and fix z € 0Sk (k). Let
7:C — 8}%71@ be a morphism from a smooth geometrically connected curve

C over kf; satisfying the following two properties:
(1) There exists ¢ € C (k) with 7(c) = z.

(2) m(C) intersects the interior Sk .

We let C' = W_l(SK,k'E) which is an open subscheme of C. Fix a geometric
point of w € C. Then the pullback of Iy, to C gives rise to a representation

poye ™ (C ) — G(Qp),

which is known to be semisimple by a result of Zarhin [Zar74a), [Zar74b].

We let F,. denote the completion of the fractional field k(C) at the place
corresponding to ¢, and we let pggc denote the Weil-Deligne G¢ repre-
sentation associated to pc |F,, induced by our fixed choice of isomorphism
¢ : Qp =2 C for every prime /.

Lemma 5.1.3. For any £ # p, pg?’c 1s Frobenius semisimple and unipo-
tently ramified.

Proof. It suffices to prove the result for the Weil-Deligne GL,, ¢ representa-
tion 7 o P\g,?,c induced by a faithful representaion r : G — GL,. We take r
to be the representation induced by the Hodge embedding ¢. Then r o p\é\f?c
arises from the the action of I'r, on the f-adic Tate module of an abelian va-

riety over F, with semistable reduction. The result then follows from [DG72),
IX, 3.5]. g

By the lemma above, for each ¢ # p, we can associate to 7 : C — SI% I
RE

as above an element
[0 0) € (q,G,C).
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5.1.4. Now let ¥ : G¢ — GL,, be any representation, defined over C. The
G (Qy)-local system L, induces a Qg-local system of rank n on Sk via ¥, and
we write E? = [,?’19 for its pullback to C. The representation 9 also gives
rise to a corresponding Weil-Deligne GL,-representations 1 o pggc.

Proposition 5.1.5. For any {,{' # p, we have
[79 o p\CA’],?,c] - [79 o P\()JV,?,J € (I)<q7 GLp, C)?
i.e. Yo pg]zc and ¥ o pg?,c are conjugate by an element of GL,(C).

Proof. By |[KZ, Lemma 5.3.3], which applies in our setting, the local sys-
tem E’g satisfies the condition of Theorem We let £/, denote the
semisimple Qg -local system associated to ﬁ by Theorem m Then L,
is ¢'-compatible for E in the sense of [KZ, §5.3. l]ﬂ

By Corollary (cf. Remark -, Ez, is also ¢'-compatible for E}?.
Thus by the Chebotarev density theorem Egl and L), are isomorphic, since

they are both semisimple. Thus, using Theorem [£.4.5, we have
W0 pled = oy = oz, = g = 0o pEil] € (g, GLy, ©).

Combining with Proposition [4.1.9] we obtain the following corollary.

Corollary 5.1.6. With the notation and assumptions as above, for any
0,0 #+ p, we have

p&2e) = o0 o] € (g, G, C).
Moreover [pYP.] is defined over Q for any £.

Proof. Let ¢,/ # p. By Proposition for any representation ¥ : G¢ —
GL,,, we have that ¢ o pg?’c, Yo pg?c are GL,(C)-conjugate. Thus by
Proposition [4.1.9, we have

[0 = [pE0 o) € 2(a, G, C).

To show that [pggc] is defined over Q, we first show it is defined over a
number field L. By [Ima24, Proposition 1.13], we may view pggc as a pair
(s',€) where s’ € G(C)* and

§ : SL2 — Zg(sl)
is a homomorphism to the centralizer of s’.
Let r : G — GLgy denote the representation arising from the Hodge

embedding ¢. Then r o p\g?c is the Weil-Deligne representation associated

to an abelian variety with semistable reduction over k/;((w)), hence is defined
over Q. In particular, the conjugacy class of r(s") € GL,,(C)* is defined over
Q. Since the map

Conjg — Conjgy,,

2In [KZ, §5.3.1], £ is denoted K.
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is a finite morphism Of Varieties the conjugacy class of s is defined over Q.
Thus upon replacing pC e . bya G((C)-conjugate, we may assume s’ € G(L)*
for L a number field.

Now as in Lemma the homomorphism & : SLy — Zg(s') is deter-
mined up to Zg(s')-conjugacy by the cocharacter « : G, — Zg(s') given by
the composition with the map d : G,, — SLo from the diagonal torus. Upon
extending L, the Zg(s ) conjugacy class of a has a representative defined
over L. It follows that pc ic s defined over L

We may assume L is minimal for which pc ¢ 1s defined over L. For every
U+ p, [Pozc] [pcz' | arises from a G(Qy)-local system, thus [p\év?c] is
defined over Q for all v = p; here we consider Qp C C via the isomorphism
ip : Qp = C. It follows that for every prime ¢ # p, there is a place of L

above ¢ which splits in L. The Chebotarev density theorem then implies
L = Q (cf. [KZ, Proof of Theorem 5.1.4]). O

Definition 5.1.7. We define

e € ®(q, G, C)

to be the element [P\c]‘\f?,c] € ®(q,G,C) for one, equivalently any, choice of

prime £ # p.

5.2. Local monodromy for ¢ =p

5.2.1. We keep the notation of the previous section. Fix a collection of
tensors {sq}o C V¥, such that G is the pointwise stabilizer of {ss}q. The
generic fiber Shg = .k ® E carries a p-adic local system V,[1/p], and each
Sq give rise to a morphism s ¢ : 1 — Vp[1/p]® from the constant local
system.

Let E”/E be a finite extension, and z : Spec E” — Yk an E”-point
which we assume extends to a morphism x : Spec Ogr — 5”% Then x
corresponds to an abelian variety over E” with semi-stable reduction, and
so the pullback 2*(V,[1/p]) is a semi-stable Galois representation. We may
therefore apply Fontaine’s functor to obtain &, = Ds(2*(V),)), which is a
filtered (¢, N)-module. Forgetting the filtration, we may view &, as a log
F-isocrystal over the log point (kg»,N*). The tensors Sa,ét, then give rise
to tensors sq,0. € £, which are invariant by ¢ and killed by N. Moreover,
the p-adic comparison map implies that the scheme of isomorphisms

Pr = Isomy, (VY. &)

taking s, t0 $q.,0.4 is & G-torsor over W (kg )[1/p]. Thus & may be promoted
to an F-isocrystal with G-structure

ES . Repg, G — Isoc!? W= W xP,/G.

(kg N¥) e ir B
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5.2.2.  We want to show that all the c‘:xG' arise from a log F-isocrystal with
G-structure over SI%. For technical reasons we do this only after pulling back
to a curve.

We now assume that the map 7 : C' — SI%J%’ defined in [5.1.2} lifts to a

map 7 :C — 5”% Op where Op is the ring of integers of a finite extension
E'/E with residue field kg = kf;, and C is a smooth curve over O with
Ck, = C. We equip C with the log structure coming from the complement
SE\Ixk, and we let C = 1 (Hk0,,).

the
~ C/kg,Qp
finite extension E"/E', and any point x € C(Ogr»)NC(E"), there is a canon-

ical isomorphism x*(ES) ~ ES, in IsocJ(r]’f N e B
E'y E!HXp

Lemma 5.2.3. There is an object Eg' in G-Isoc such that for any

Proof. By [Mad19l 1.3.5], the universal abelian scheme (arising from the
chosen Hodge embedding), on .k corresponds to a log Dieudonné crystal

on SI% - In particular, this gives rise to an object £ in Isocg‘p , , such that
Ed 5] /kE
for all z as above 2*(€) is canonically isomorphic to &,.

We claim that there exists morphisms s, : 1 — €%, in Isoc2?

/K
that, for all x as above, *(sq,0) ™~ Sa,0,2- The proof of this is essgntially
contained in [KMS22| Prop. A.6]. There are two differences between the
statement of loc. cit, and the one we are using here: The base scheme S there
(which corresponds to C) is assumed to be proper, and the compatibility
*(80,0) = Sa,0,2 1s only stated for x € C(Opr). The properness is not used
in the proof; indeed the argument is made étale locally. The compatibility
for more general x is proved in the same way, by invoking the functoriality
of Faltings’ construction [Fal02].

Next we show that {s, 0} gives rise to a convergent object 555’, in G-
Isocgfkb@p. For an enlargement C' < T, let Pr = Isomy, 1(V",E(T)) be
the scheme of isomorphisms taking s, to sqo|7. This is a finite type T-
scheme. We claim that that Pr is a G-torsor. Let C denote the p-adic
completion of C. Locally on T, C' — C lifts to T — C, , so it suffices to check
this when T = C.

Now P is an affine scheme of finite type over the adic space C® Qp,

such

~

such that for any finite extension E”/E and x € C(E"), 2*(Ps) ~ P, is a

~ ~

G-torsor. Since the sections sq0(C) are parallel for the connection on £(C),
Pz is flat over C® Qp, with constant fiber dimension. Thus P is a G-torsor,
as claimed.

We consider Pr as a functor on the category of enlargements, and de-
note by ¢*(P)r the value of its Frobenius pullback on 7. Since the sq0
are Frobenius invariant, we have an natural isomorphism ¢*(P) ~ P. For
W € Repg, G, we set Eg(W) = W x P/G, which defines an object in

G-Isoc%? , _ .
C/ky,Qp
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To show that Eg’ corresponds to an object in G-Isoct! , = , note that
C/kr,,Qp
the functors
e e cp
C/klEzQp C/k,E7Qp C/k/E)QI)
are fully faithful by [Ked04, Thm. 1.1] and [Ked07, Thm. 6.4.5], so it suffices

to show that for W € Repg, G, EG (W) is in Isocgfk/ g, But EG(W) is a
E P

direct summand in €%, so this follows from the fact that £ is in Isoc

Isoc — Isoc — Isoc

e
— C/klEva ’

It remains to check that for z € C(Og») N C(E"), there is a canonical
isomorphism z*(£F) ~ £S. First note that £5(sa) = Sa0. Indeed, this
holds over C' by construction, and hence over C. This implies that

Py = ISﬂ{sa}(Vv, &) = ISﬂ{sa}(Vva Jf*(gcg(v)))a

so both &, and 2*(£F) can be recovered by twisting V¥ by the same G-
torsor, and hence they are canonically isomorphic. [l

5.2.4. Recall that associated to £5, and ¢ € C(k};), we have the Weil-
Deligne representation ,0150(% . constructed in (4.3.11
Cc

Corollary 5.2.5. plgoé is (URFS), and we have
g

[p?cég = [pllP] € (¢, G, C).

Proof. The fact that p?é .18 (URFS) follows from the same argument as
C k)

Lemma [5.1.3] using the corresponding result for the Weil-Deligne represen-
tation associated to an abelian variety with semistable reduction over a local
function field; see eg. [CL17, Lemm 3.12]

Let ¢’ # p be a prime. By Proposition [4.1.9} it suffices to show that for any
representation ¥ : G¢ — GL,, 190/%‘{?C and ﬁoplgocg; . are GL; (C)-conjugate.
The proof of this is similar to that of Propositionc

Let £}, denote the semisimple Qg -local system associated to EG(Y) by
Theorem Then L, is £-compatible for £F(9). By Corollary cf.
Remark LY is also ¢-compatible for £ (¥). Thus by the Chebotarev
density theorem £7Z, and L], are isomorphic, since they are both semisimple.

It follows by Theorem that

[Wopbe )= [E0] = [op] = 00 pl0 ] € 2(q,GLy, C).

o

Now the corollary follows as p?(g; o~ pTG by Lemma [4.3.12 (I
& C Egc

5.3. Weil-Deligne representations attached to abelian varieties. We
now prove our main result concerning abelian varieties.
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5.3.1. Let A be an abelian variety over a number field E. Recall we have
fixed an embedding i : Q — C; using this we may consider E as a subfield
of C. We write Vp for the Betti cohomology H}(A(C), Q) which is equipped
with a Hodge structure of type ((0,—1),(—1,0)). This Hodge structure is
induced by a morphism

h: S = Resc/rGm — GL(VB).
We write
p:Cx 22N ox o) B gLV ® ©)

for the Hodge cocharacter.

Definition 5.3.2. The Mumford-Tate group G of A is the smallest alge-
braic subgroup of GL(Vg), defined over Q, such that G(C) contains the
image of pu.

We remark that G depends on the embedding E — C; if G; is the
group defined by a different embedding then there is a canonical inner
twisting Gg = Gy g induced by the torsor of tensor preserving isomor-
phisms between the Betti cohomology groups (see [Del82l Proof of Theorem

3.8]. In particular, there is a canonical Aut(C/Q)-equivariant identification
®(q, G,C) = ®(q,G1,C) for any ¢ = p°.

5.3.3. For a prime number ¢, let Ty A be the f-adic Tate module of A. The
action of I'y := Gal(E/E) on T, A gives rise to a representation p4 ¢ : I'y —
GL(T;A) and the Betti-étale comparison gives us a canonical isomorphism

Hp(A(C),Q) ®g Q¢ = T;AY ®7, Q.

Deligne’s theorem that Hodge cycles are absolutely Hodge [Del82], implies
that upon replacing E by a finite extension, the map p4 ¢ factors through
G(Qy); see [Noo09, Remarque 1.9]. By [KZ, Lemma 7.1.4], if ps, factors
through G(Qy) for some prime ¢, then this holds for all primes ¢. We replace
E by the smallest extension such that I'y maps to G(Qy), and we write pgie
for the induced map I'g — G(Qy).

5.3.4. Let v be a prime of E where A has semistable reduction lying above
a rational prime p. Upon modifying the embedding i, : Q — @p fixed in
we may assume that v is induced by i,. We write E/ = E,, and
let kgpr = Fy be its residue field. For ¢ # p a prime, the restriction of pfie
to I'gr := Gal(E'/E’) gives rise to a Weil-Deligne G-representation va,]l?,'u
which is known to be Frobenius semisimple (cf. [Nool3] Remark 1.9), and
hence (URF'S) by our assumption of semistable reduction at v. If v is a place
of good reduction for A, pie is unramified at v and P\/}x\f]t?,v factors through

the surjection G, x Wgr — Wgr = Z.
For ¢ = p, we have an F-isocrystal with G-structure

G . Repg, G — Isoc“(",;L“Nﬂ/kEl; W = Dg (W),
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where we view W & Rep@pG as a I'gr-representation via pf . We denote
by p}ﬁiv the Weil-Deligne associated to £F, as in |4.3.7| and 4.3.8} Again,
px\fz?v is (URFS), and unramified if A has good reduction reduction at v.

5.3.5. We would like to apply the considerations in §5.1] and to the
current setting. To do this, we will make use of the following auxiliary
construction. Let F/Q be a totally real field, and let H C H' := Resp/oGr
denote the subgroup constructed in [KZ, §6.1.6]. Then H is a reductive
group and there is a H(R) conjugacy class Xy of homomorphisms S — Hp
which makes (H, X§) a Shimura datum. Moreover, there are morphisms of
Shimura data

(G, X) = (H, Xu) = (GSp(W), 5),

where W is the symplectic space with underlying vector space given by
V ®q F considered as a Q-vector space.

Lemma 5.3.6. The natural inclusion G — H induces an injective map
®(¢,G,C) = @(¢, H,C)
which is equivariant for the action of Aut(C/Q).

Proof. Let (s1, Na), (s2, No) € ®(¢q, G,C) and suppose there exists h €
H(C) such that (s2, No) = (hsih~', Ad(h)(Ny)) in ®7(¢, H, C). Then under
the identification

(i, N;) corresponds to (s;,...,8;) X (Ni,...,N;) € [[..p_,c Gec XN, and we
let h = (h1,...,h,). Then (s2, Na) = (hsih™t, Ad(h1)(N1)) implies

(s2, No) = (h1s1hyt, Ad(h)(Ny))

with h; € G(C), and so (s1,N1) and (s2, N2) have the same image in

®(q, G,C).
The equivariance under Aut(C/Q) follows from the fact that the map
G — H is defined over Q. O

5.3.7. Let g, € I'g be the image of a lift of the geometric Frobenius in
Gal(E'/E"). The following proposition serves as the analogue of [KZ, Propo-
sition 6.2.4] in our setting, and is proved in a similar way.

Proposition 5.3.8. There exists a totally real field F such that if (H, X) is
the Shimura datum arising from the construction in then H := Hg,
s quasi-split and there exists a parahoric group scheme H for H such that
(A) The image of pgp(&q) in H(Qp) lies in H(Zy).
(B) The triple (H, Xy, H) is strongly admissible.
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Proof. By [KZ, Lemma 6.2.1], there exists F'/Q, finite such that G is split
and there exists a special parahoric Gp of G such that the image of pg' (6q)
lies in Grp(OF). We take F a totally real field with F,, = F for all places
w|p of F, and let ‘H be the parahoric of H corresponding to the parahoric
[Ljp 90r(OF) of H'. Then H der js the Weil-restriction of a split group,
hence quasi-split, and has reduced relative root system so that condition (4)
in the definition of strongly admissible triple is satisfied. (1) is satisfed by
construction, and (3) is satisfied since any centralizer of a maximal (@p—split
torus is an extension of G,, by an induced torus, hence R-smooth by [KZ,
Proposition 2.4.6].

For condition (2), note that X,(H?P) is an extension of G,, by an induced
torus, and hence X, (H?P); is torsion-free. The result then follows from [KZ,
Lemma 4.2.4], noting that H is a very special parahoric of H. [l

5.3.9. We now prove our main theorem.

Theorem 5.3.10. Let A be an abelian variety over a number field E and
let v|p be a prime of E where A has semistable reduction. Then there exists
an element [px\f?] € ®(q, G,C) satisfying the following two properties.

(1) [va:?] is defined over Q.
(2) For all primes ¢, we have

[pW o] = [pA 1] € (¢, G,C).

Proof. If G is a torus, A has CM and hence has everywhere potentially
good reduction. The assumption of semistability then implies A has good
reduction at v, and in this case the result is a theorem of Shimura—Taniyama.

We now assume G is not a torus. Let (H, X1, H) be a strongly admissible
triple arising from Proposition above. By construction, pﬁp(ﬁq) lies
in K, := H(Z,). Hence there is a finite extension E'/E such that pS"ph‘E,
factors through K, and such that there is a prime v'|v such that E!, is a
totally ramified extension of E,. By Lemma [5.3.11] below, it suffices to prove
the result with E replaced by E’, and v replaced by v’, thus upon replacing
E by E/, we may assume Pg,p factors through K,,.

~

By our assumption on E, the representation p? : 'y — GL(V(A)) factors
through G(A’}) - H(A?) and hence through a compact open subgroup K? C
H(A%). We set K = K,KP and write .k = i (H, Xg) for the integral
model. As in [KZ, Theorem 6.2.7], the abelian variety AY := A ®q F given
by the Serre tensor construction [CMO04, §7] corresponds to an E' := E,-
point x4 € Shg(E’).

Case (1): A has good reduction at v. In this case [px\f?v] is unramified and
hence is determined by the conjugacy class of Frobenius v4¢, € Conjg(C).
The statement then amounts to showing there exists 4, € Conjg(Q) such
that

Yaw = VA for all primes /.
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When p > 2, and ¢ # p, this is proved in [KZ, Theorem 6.2.7]. The remaining
cases in the good reduction case (p = 2 and ¢ = p) can be handled in the same
way using Corollary in place of [KZ, §5.1.4]. We recall the argument
here for completeness.

By construction, the triple (H, Xy, H) satisfies the assumptions in Corol-
lary The assumption that A has good reduction implies that x4 ex-
tends to a point © € Sk (Opr). Let xg € Sk (kg/) denote the special fiber of
x. Then we have v, ¢ = Y400 € Conjg(C), where 74, ¢ is the element asso-
ciated to z( in Then by Corollary there exists v € Conji(Q)
such that v = ~v,,, € Conjg(C) for all £. The result then follows from
Lemma [5.3.60

Case (2): A has bad reduction at v. Let ¥ be a complete smooth ad-
missible rped for the triple (H, Xy, K), and YI? the associated compacti-
fication. The assumption of semistability implies that x4 extends to point
x € S%(Op), with special fiber (¢ contained in the boundary 0.%% (k).

Fix w a uniformizer for E’. Let (C,c) be a residually trivial étale neigh-
bourhood of Spec O/ [u] and 7 : C — YI? a map satisfying the properties in
the conclusion of Theorem in particular, there is a point 6 € C(Og)
lying above u — w which maps to x4. By assumption, the pre-image of
the interior .#% in C contains C[u~!]. Thus for each ¢ # p, we obtain a
H(Qy)-local system on C[u~!] given by the pullback of L,. This corresponds
to a continuous homomorphism

pe: m(Clu™"],7) — H(Qy).

We let v denote the morphism SpecF,[u] — C lifting Op[u] — F,[u], u

u. We write pgr g : I'pr — H(Qg) and PF,(w),0 * F]Fq((u)) — H(@g) for the

representations obtained from py by pullback along § and ~ respectively.
Note that we have an equality & o va,?’v = p%v,l’%, where £ : G — H is the

natural map. It follows that p%v,]?g is (URFS). By Corollary we have

Here we use Remark to identify the sets ®(q, H,C) for the different

local fields E' and F,((u)). Let C = C ® kg, and C C C the preimage of
Y% . Then pD = pggc with the notation in §5.1.2|7 and hence applying

(u),e ~
Corollary to C, we find that there exists [p}47H7U] € ®(q,H,C) defined

over Q such that
[PY&Y%,U} = [p?;](?u)),ﬁ] = [5 © pAW,]l?,v] € (I)(Q7H>(C)

for all ¢ # p. It follows by Lemma [5.3.6] there is an element [pXXV’UD] €
®(q, G, C) defined over Q such that [pyg,] = [£o px\va], and

(45 =[P4 6] € ®(g,G,C)
for all £ = p. This proves the theorem for ¢ # p.
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For the case ¢ = p, let Eg be the object of H—Isocg“/akE 2 constructed in
1P
Lemma [5.2.3l Then we have

€0 pipn) = lpghl = [0 pY) € 2(¢. H.C),

where the first equality is part of Lemma [5.2.3| - note that it involves the
equality in ®(g, H, C) of representations of WD g and WD, () - and the
second equality follows from Corollary Arguing as above using Lemma
we find that

[ ) = [PA7] € ®(¢, G, C)
as desired. (]

Lemma 5.3.11. Let F' be a non-archimedean local field with residue field
F, and let p : T% — G(Qp) be a unipotently ramified continuous homo-
morphism. Let F'/F be a totally ramified extension, and we let p™'P (resp.
p’™"WP ) denote the unipotently ramified Weil-Deligne representations associ-
ated to p (resp. plr,, ). Then we have an equality

[p"P] = [0"™"P] € @(¢, G, C).

Remark 5.3.12. Note that F' and F’ have the same residue field, so that it
makes sense to compare [pWP] and [p"WP] as elements of ®(q, G, C).

Proof. Note that p"P (resp. p’"P) depends on a choice of Frobenius lift o
in I't, (resp. ¢’ € I'pr) and a choice of homomorphism ¢ : I}, — Z; (resp.
ty : It, — Zy). Since F'/F is totally ramified, we may choose o = o', and
we let ¢, = m—ltﬁhfw, where m is the index of I, in I%.

We let (s,N),(s’, N') € ®"(¢q,G,C) denote the elements corresponding
to pVP and p'WP respectively. Then with our above choices, we have that

(s, N') = (s,aN)

for some a € C. The argument in [Del73 Variante 8.11] shows that (s, N’)
and (s,N) are G(C)-conjugate, and hence their images in ®(q, G,C) are
equal. O

Remark 5.3.13. The proof of Theorem [5.3.10| applies to abelian varieties
defined over more general fields: Let K be a finite extension of Q, with
residue field IF, equipped with an embedding K C C and let A be an abelian
variety over K with Mumford-Tate group G. Then the proof of Theorem
5.3.10| shows that upon replacing K by a finite extension, we obtain Weil—
Deligne G-representations P}ZXR} for each prime ¢ whose image in ®(¢, G, C)
is defined over Q and does not. depend on the choice of £.

5.4. Applications. In this last section, we use our main result on abelian
varieties to deduce ¢-independence results for Shimura varieties without the
assumption of strong admissibility.

We now let (G, X) be a Shimura datum of Hodge type and let %k be an
integral model for Shx (G, X) over O as constructed in In partic-
ular, we don’t necessarily assume that (G, X) arises as part of a strongly
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admissible triple. For k%, = F, a finite extension of kg and zo € Sk (k}),

we obtain elements v, , € Conj(Q) for £ # p and 7y, € Conjg(Q,) cor-
responding to the local Frobenius acting on the stalk of the G(Qy)-local
system Ly (resp. F-isocrystal with G-structure £); see §2.3.1f For m > 1,

we let ’VSZZ € Conjg(Qy) for £ # p (resp. ’yg(fo'fz)g € Conjg(Q,)) denote the
corresponding elements for the ¢"*-Frobenius.

Theorem 5.4.1. Let ki, = F, be a finite extension of the residue field kg
and let xy € Sk (k). For sufficiently divisible m, there exists an element

%(c?) € Conjg(Q) such that
A = 5 for all ¢ (including ¢ = p).

Proof. Let x € Y« (G, X)(K) be alift of xp, where K is a finite extension of
Qp with residue field Fys. Then we obtain an abelian variety A, over K, and
for a fixed embedding K C C, its Mumford-Tate group is a subgroup G’ of
G. Upon replacing K by a finite extension, we may assume the action of I'i

on VpA, factors through G'(Qy). It follows that the elements ’Yi?,e can be

refined to an element (also denoted 'yiz)j) of Conjg/(Qy) (resp. Conjg (Qp)

for ¢ = p). By Theorem |5.3.10| we obtain an element 'yg(cz) € Conjg/(Q) such
that 753? = ’yif)) o for all £. The theorem follows a fortiori for any m which is
divisible by s. O

Remark 5.4.2. This theorem verifies [vH24, Hypothesis 2.3.1] for these Shimura
varieties. In loc. cit., this is used to prove instances of the Hecke-orbit con-
jecture.
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