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Abstract. We prove a motivic refinement of a result of Weil, Deligne
and Raynaud on the existence of strongly compatible systems associated
to abelian varieties. More precisely, given an abelian variety A over a
number field E ⊂ C, we prove that after replacing E by a finite exten-
sion, the action of Gal(E/E) on the `-adic cohomology H1

ét(AE,Q`) gives
rise to a strongly compatible system of `-adic representations valued in
the Mumford–Tate group G of A. This involves an independence of `-
statement for the Weil–Deligne representation associated to A at places
of semistable reduction, extending previous work of [KZ] at places of
good reduction.
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1. Introduction

Let X be a proper, smooth algebraic variety over a number field E ⊂ C.
The Tannakian fundamental group of the Hodge structure Hi(XC,Q) is a
connected reductive Q-group called the Mumford-Tate group. One expects
that, after replacing E by a finite extension, for each prime `, the action
of the absolute Galois group ΓE := Gal(Ē/E) on the `-adic cohomology
Hi(XĒ,Q`) gives rise to a representation

ρGX,` : ΓE → G(Q`).

The representations ρGX,` are expected to form a compatible system, in the

following sense (cf. [Ser94, 12.6]): For v - ` a prime of E, restricting ρX,`
to the decomposition group at v gives rise to a representation of the local
Weil–Deligne group

ρWD,G
X,`,v : WDv → G(Q`).

Fixing an isomorphism i` : Q̄`
∼= C, we may view ρWD,G

X,`,v as a G(C)-

valued representation. If ρ1, ρ2 : WDv → G(C) are G-valued Weil–Deligne
representations, we write ρ1 ∼G ρ2 if there exists g ∈ G(C) such that
g−1ρ1g = ρ2. We say that ρ1 is defined over Q if for all σ ∈ Aut(C/Q),
we have σ ◦ ρ1 ∼G ρ1. Then one has the following conjecture (cf. [Tat79],
[Fon94],[Noo13, Introduction])

Conjecture 1.1. There exists a G-valued Weil–Deligne representation ρWD,G
X,v

defined over Q such that

ρWD,G
X,v ∼G ρWD,G

X,`,v for all primes v - `.

One can even extend this to places v|` using isocrystals to define ρWD,G
A,`,v .

For v such that ρGX,` is unramified at v, the conjecture amounts to the in-

dependence of ` of the G-conjugacy class of ρGX,`(Frobv), where Frobv is the
geometric Frobenius at v.

Now suppose that X = A an abelian variety. Then a fundamental result
of Deligne [Del82] asserts the existence of the representations ρGX,`. In our

previous paper [KZ] we showed Conjecture 1.1 for places v of good reduc-
tion for A, and of residue characteristic > 2 (see also Noot in [Noo09] and
[Kis17] for some previous partial results). The main goal of this paper is to
generalize these results to places v where A has semistable reduction, and
also to include a version of the result for v|` :

Theorem 1.2. Let v be a place where A has semistable reduction. There

exists a G-valued Weil–Deligne representation ρWD,G
A,v defined over Q such

that

ρWD,G
A,v ∼G ρWD,G

A,`,v for all primes ` (including v|`).

A partial result in the direction of the theorem was previously proved by
Noot [Noo13]. In his result the equivalence relation ∼G is replaced by a
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coarser relation ∼′G, and there is an additional assumption that the Frobe-

nius element is weakly neat. If one instead considers the composite of ρWD,G
A,v

with the standard representation G → GL2g, arising from the `-adic Tate
module of A (here g = dimA), then the analogue of Theorem 1.2 is due
to Raynaud [GRR72]. In fact for GL2g-valued representations one can even
drop the semi-stability assumption by using a base change argument to re-
duce to the semistable case, cf. [Sai97, Lemma 1]. It is not clear to us
how to do this for G-valued representations; this seems to be related to the
failure of the group G to be acceptable in the sense of [Lar94].

Although the main point of the theorem is to deal with the case of semi-
stable reduction, let us mention that the case of good reduction with v|`
allows us to verify [vH24, Hypothesis 2.3.1], which implies quite a general
version of the Chai-Oort Hecke orbit conjecture for Shimura varieties of
Hodge type.

If one assumes the system ρGX,` in Conjecture 1.1 arises from an automor-

phic form Π on the dual group Ǧ, then Conjecture 1.1 can be regarded as a
consequence of local-global compatibility in the Langlands correspondence.
Turning this into an actual proof seems out of reach of available techniques.
Instead we reduce the compatibility in Theorem 1.2 to an analogous com-
patibility for function fields, where one can apply the results of Lafforgue
[Laf02], and also [Abe18a] on existence of compatible systems on curves over
finite fields. This ultimately relies on local-global compatibility for function
fields. The reduction uses in an essential way the arithmetic properties of
the Shimura variety ShK(G, X) associated to G, which we now explain.

To simplify the discussion, we restrict to the case v - ` for the rest of
this introduction. For K ⊂ G(Af ) a compact open subgroup, ShK(G, X) is
defined over a number field E contained in E and parameterizes abelian va-
rieties whose Mumford–Tate groups are contained in G. The integral model
SK(G, X) is a scheme defined over the ring of integers of the completion of
E at a place v′ lying below v, and is equipped with a natural G(Q`)-torsor
L`. For a finite extension κ of the residue field κ(v′) and x ∈ SK(G, X)(κ),
the geometric |κ|-Frobenius Frobx, acting on the geometric stalk of L` at x
gives rise to an element γx,` ∈ ConjG(Q`), where ConjG denotes the variety
of semi-simple conjugacy classes in G. By considering the abelian variety A
as a point xA ∈ ShK(G, X)(E), Theorem 1.2 for places of good reduction
follows from

Theorem 1.3. Let (G, X,K) be a strongly admissible triple (see Definition
2.1.6) and assume GQp is quasi-split. Then for all κ/κ(v′) finite and x ∈
SK(G, X)(κ), there exists γx ∈ ConjG(Q) such that γx = γx,` for all ` with
v - `.

Although it is not always true that one can extend (G, X) to a strongly
admissible triple, the general case of Theorem 1.2 can be reduced to this one.
The theorem was proved for p > 2 and the more restrictive notion of strongly
acceptable triple in [KZ]; see Definition 4.2.2 of loc. cit.. In this paper, we
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make use of advances in the study of p-adic shtukas and Shimura varieties
[PR21], [GLX] to give a completely different proof, and in particular extend
the result to the case p = 2. In particular, we show that each isogeny class in
SK(G, X)(κ̄) contains a element which lifts to a special point, generalizing
a result of Gleason–Lim–Xu [GLX, Corollary 1.4] and verifying [KMS22,
Conjecture 1].

To prove Theorem 1.2 for places of bad reduction, which is the main
new innovation of this paper, we make use of the toroidal compactifications
S Σ

K (G, X) of SK(G, X) constructed in [Mad19]. Our abelian variety A with
semistable reduction, then corresponds to a point xA ∈ S Σ

K (G, X)(OEv),
whose special fiber lies on the boundary. We show that there exists a
smooth OEv -curve C equipped with a point c̃ ∈ C(OEv) and a map π̃ :
C → S Σ

K (G, X) such that

• π̃−1(SK(G, X)) ⊂ C is the complement of a point b̃ ∈ C(OEv) with
non-empty generic fiber.
• The point π̃(c̃) ∈ S Σ

K (G, X)(OEv) is equal to xA.

Now let C = C ⊗ κ(v), and c ∈ C(κ(v)) the reduction of c̃. We denote
by WDc the Weil–Deligne group of the local field obtained by completing
C at c. As A has semistable reduction at v, the associated Weil–Deligne

representation ρWD,G
A,`,v is unipotently ramified, and Frobenius semisimple (we

will call this (URFS) for short) and hence is determined by a pair (s,N) ∈
G(C)ss × LieGC satisfying Ad(s)N = qN , where q = |κ(v)|. Here G(C)ss

denotes the set of semi-simple elements of G(C).

The pair (s,N) also corresponds to the representation ρWD,G
`,c of WDc,

obtained from π̃∗(L`). This allows us to reduce Theorem 1.2 to a statement
comparing Weil–Deligne representations for a local field of equal character-
istic p. Namely, it suffices to show for v - `, `′ we have

(†) ρWD,G
`,c ∼G ρWD,G

`′,c .

Our next observation is that the condition (†) can be reduced to the case of
GLn-representations:

Proposition 1.4. Let ρ1, ρ2 : WDv → G(C) be G-valued Weil–Deligne
representations which are (URFS). Then ρ1 ∼G ρ2 if and only if for all
representations r : GC → GLn, we have

r ◦ ρ1 ∼GLn r ◦ ρ2.

When ρ1, ρ2 are unramified, and hence determined by a semisimple ele-
ment of G, this is a result of Steinberg [Ste65]. Note that this proposition
fails without the assumption of (URFS) on the Weil–Deligne representations
in question; see Remark 4.1.11.

Using Proposition 1.4, it then suffices to show that for any `, `′, we have

(††) r ◦ ρWD,G
`,c ∼GLn r ◦ ρ

WD,G
`′,c
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for all representations r : GC → GLn. To do this we consider the G(Q`)-
local sytem π̃∗(L`) on C − c, and we denote by L`,r the GLn-local system
induced from π̃∗(L`) via r. By Theorem 1.3, for v - `, `′ the local systems
L`,r and L`′,r are compatible at any point x ∈ C − c, in the sense that
Frobx has the same characteristic polynomial when acting on the two local
systems L`,r and L`′,r. The results of Lafforgue [Laf02] (and [Abe18a] for
v|`) now imply that L`,r and L`′,r are compatible in the stronger sense that
(††) holds.

We now explain the organization of the paper. §2 and §3 contain the
main arithmetic and geometric results concerning Shimura varieties which
are needed for the applications to abelian varieties in §5. In §2, we recall
the construction of integral models of Shimura varieties and prove Theorem
1.3. In §3, we recall the construction of compactifications of integral models
of Shimura varieties, and prove that they admit good maps from certain
smooth curves over the rings of integers of p-adic fields. §4 is devoted to
the study of G-valued Weil–Deligne representations: §4.1 contains the proof
of Proposition 1.4, and in §4.2, §4.3 we explain a way to compare Weil–
Deligne representations associated to local systems over fields of different
characteristic. §4.2 deals with `-adic local systems, and §4.3 with their p-adic
counterparts, namely overconvergent isocrystals. In both cases we formulate
this using log geometry, which seems to us to be the most conceptual way
to think about such a comparison. Finally in §5 we put the previous results
together to prove Theorem 1.2 using the strategy outlined above.

Acknowledgements: The authors would like to thank Michael Rapoport,
Anthony J. Scholl and Jack Thorne for enlightening discussions. M.K is
supported by NSF grant DMS-2502675. R. Z. is supported by EPSRC grant
ref. EP/Y030648/1.

2. Integral models of Shimura varieties

2.1. Pappas–Rapoport integral models. In this section, recall the con-
struction of integral models of Shimura varieties of Hodge type. We use the
results of [GLX] and [PR21] to prove the existence of CM lifts for isogeny
classes, and then deduce an `-independence property for these models, gen-
eralizing results in [KZ].

2.1.1. Fix an algebraic closure Q̄, and for each place v of Q (including
v = ∞) an algebraic closure Q̄v together with an embedding iv : Q̄ → Q̄v

(here Q̄∞ ∼= C).
Let G be a reductive group over Q and X a GR-conjugacy class of ho-

momorphisms

h : S := ResC/RGm → GR

such that (G, X) is a Shimura datum in the sense of [Del71]. We write {µ}
for the conjugacy class of the cocharacter

C× → C× × c∗(C×)
h−→ G(C);
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here c denotes the complex conjugation. We set wh = µ−1
h µc−1

h .
For a compact open subgroup K ⊂ G(Af ) of the finite adelic points of G,

the set

(2.1.1.1) ShK(G, X)C = G(Q)\X ×G(Af )/K

can be identified with the complex points of a smooth algebraic stack (cf.
[KZ, §4.1.1]). The theory of canonical models implies that ShK(G, X)C has a
model ShK(G, X) over the reflex field E ⊂ C, which is defined to be the field
of definition of the conjugacy class {µ}. We may consider E as a subfield of
Q̄ via the embedding i∞. If K is sufficiently small (in fact if K is neat, see
[Mil92, p 24.]), then ShK(G, X) is in fact an algebraic variety.

Now fix a prime p and let Apf be the ring of prime to p adeles, which we

consider as a subgroup of Af with trivial p-component. From now on, we
assume that the compact open subgroup K is of the form K = KpK

p, where
Kp ⊂ G(Qp) and Kp ⊂ G(Apf ) are compact open subgroups, and we define

ShKp(G, X) := lim
←Kp

ShKpKp(G, X);

this is a pro-variety equipped with an action of G(Apf ).

2.1.2. Let V be a Q-vector space equipped with a perfect alternating form
ψ. Let GSp(V ) be the corresponding group of symplectic similitudes and
let S± be the Siegel double space. The Shimura datum (G, X) is said to be
of Hodge type if there exists an embedding of Shimura data

ι : (G, X)→ (GSp(V ), S±);

such an ι will be called a Hodge embedding.
We set G := GQp . Let Λ ⊂ VQp be a Zp-lattice on which the form ψ takes

values in Zp and set ΛZ(p)
= Λ∩V which is a Z(p)-module in V . We let ḠZ(p)

denote the Zariski closure of G in GL(ΛZ(p)
) and we set Ḡ = ḠZ(p)

⊗Z(p)
Zp.

We assume the compact open subgroup Kp ⊂ G(Qp) is given by Ḡ(Zp).
Let K′p ⊂ GSp(Qp) denote the stabilizer of Λ and let K′p ⊂ GSp(VApf

) be

a compact open subgroup containing Kp and set K′ = K′pK
′p. By [Kis10,

Lemma 2.1.2], we may choose K′p sufficiently small (but still containing Kp)
such that the induced map of Shimura varieties

ShK(G, X)→ ShK′(GSp(V ), S±)E

is a closed immersion.

2.1.3. Let v|p be a place of E. Upon modifying ip : Q̄ → Q̄p, we may
assume v is induced by this embedding. Let E be the completion of E at
v, and let OE (resp. kE) be its ring of integers (resp. residue field). We

fix k an algebraic closure of kE , and we let Ĕ denote the completion of
the maximal unramified extension of E. The lattice ΛZ(p)

gives rise to an

interpretation of ShK′(GSp(V ), S±) as a moduli space for abelian varieties
up to prime-to-p isogeny, equipped with a weak polarization, and hence to
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an integral model SK′(GSp(V ), S±) over Z(p) (see [KP18, §4] and [Zho20,

§6]). When Kp is neat, we define SK(G, X)− to be the Zariski closure of
ShK(G, X) inside SK′(GSp(V ), S±)OE , and we define SK(G, X) to be the
normalization of SK(G, X)−. For a general (not necessarily neat) compact
open subgroup Kp, we let Kp

1 ⊂ Kp be a neat normal compact open sub-
group. The action of the finite group Kp/Kp

1 on ShKpKp1
(G, X) extends to an

action on SKpKp1
(G, X), and we define SK(G, X) to be the stack quotient

of SKpKp1
(G, X) by this action.

For notational simplicity, we write SK for SK(G, X), and we set

SKp := lim←−
Kp

SKpKp .

We let ŜK denote the p-adic completion of SK. For x ∈ SK(k), we let ŜK,x

denote the formal neighbourhood of SK at x.

2.1.4. For a module M over a ring R, we let M⊗ denote the direct sum of all
R-modules obtained from M by taking duals, tensor products, symmetric
and exterior products. Let (sα) ∈ VZ(p)

be a collection of tensors whose

stabilizer is GZ(p)
; such a collection exists by [Kis10, Lemma 1.3.2]. We

let A → SK denote the pullback of the universal scheme, and let VB :=
R1han,∗Z(p), where han is the map of complex analytic spaces associated to

h. Since the tensors sα are G-invariant, they give rise to sections sα,B ∈ V ⊗B .
For a finite prime ` 6= p, we set V` = R1hét∗Q` and Vp := R1hη,ét∗Zp where
hη is the generic fiber of h. Then by the comparison between Betti and étale
cohomology, we obtain tensors sα,ét ∈ V⊗p and sα,` ∈ V⊗` for ` 6= p (cf. [KZ,
§4.1.6]).

For T an OE-scheme and x ∈ SK(T ), we let Ax for the pullback of A
to x and sα,`,x the pullback of sα,`. Similarly for T an E-scheme (resp. a
C-scheme) and x ∈ SK(T ), we write sα,ét,x (resp. sα,B,x) for the pullback of
sα,ét (resp. sα,B) to x. If x ∈ SK(k), we let D denote the Dieudonné module
of Ax[p∞]. We obtain tensors sα,0,x ∈ D⊗[1/p] corresponding to sα,ét,x̃ ∈
TpA⊗x̃ under the p-adic comparison isomorphism, where x̃ ∈ SK(OK) is a

lift of x for K/Q̆p a finite extension. By [KMS22, Proposition 1.3.7], the
sα,0,x are independent of the choice of lifting x̃.

2.1.5. In order to the apply the results in [PR21], we need to impose some
further conditions on the compact open Kp and the Hodge embedding ι.
We let B(G,Qp) be the extended Bruhat–Tits building for G over Qp. For
a point x ∈ B(G,Qp) write G = Gx for the associated Bruhat–Tits stabilizer
scheme constructed in [BT84]; this is a smooth group scheme over Zp with

generic fiber G, which is characterized by the property that G(Z̆p) is the

stabilizer of the point x ∈ B(G, Q̆p). We also write G◦ = G◦x for the associated
parahoric group scheme.

We now assume that the following conditions are satisfied.

(1) The Shimura datum (G, X) is of Hodge type.
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(2) Kp = G(Zp) where G = Gx is a Bruhat–Tits stabilizer scheme with
connected special fiber, i.e. G = G◦.

In other words, the tuple (p,G, X,K) is of global Hodge type in the sense of
[PR21, Definition 4.5.1].

We will assume further that the following two conditions are satisfied,
which simplifies some of the discussion and will be sufficient for our purposes.

(3) The centralizer of a maximal Q̆p-split torus in G is R-smooth (cf.
[KZ, Definition 2.4.3])

(4) If p = 2, then the relative root system of GQ̆p is reduced.

Definition 2.1.6. Let (G, X) be a Shimura datum and G a stabilizer group
scheme for G. We say the triple (G, X,G) is strongly admissible, if it satisfies
the conditions (1)–(4) above.

2.1.7. Under the assumption of strong admissibility, the pair (G, X) admits
Hodge embeddings with desirable properties.

Lemma 2.1.8. Let K be a splitting field for G. Then under assumptions
(3) and (4) above, the natural morphism G → ResK/QpGK extends to a
closed immersion

G → ResOK/ZpGK .
Here GK is the parahoric group scheme for GK corresponding to the image
of x in the building B(G,K) for G over K.

Proof. The case p > 2 is [KZ, Proposition 2.4.11]. When p = 2, the result
follows from the same proof, noting that assumption (4) implies that the
groups Gα appearing in the proof of [KZ, Proposition 2.4.11] are isomorphic
to ResL/QpSL2. �

Proposition 2.1.9. Let (G, X,G) be a strongly admissible triple. There
exists a Hodge embedding ι : (G, X)→ (GSp(V ), S±) such that the induced
map G → GL(VQp) extends to a closed immersion G → GL(Λ), where Λ ⊂
VQp is a self-dual Zp-lattice.

Proof. We may argue as in [KZ, Proposition 3.1.9, Lemma 4.1.4] using
Lemma 2.1.8 in the case p = 2. Explicitly, fix (G, X) → (GSp(W ), S′±)
any Hodge embedding and let F be a totally real field such that G splits
over the completion of F at all p-adic places. Then we let V = W ⊗Q F
considered as a Q-vector space equipped with the alternating bilinear form
ψ := TrF/Q ◦ (ψ′ ⊗ F), where ψ′ is the alternating form on W . We thus
obtain a new Hodge embedding G → GSp(V ). Over Qp, the morphism to
GL(VQp) factors as

(2.1.9.1) G→
r∏
i=1

ResFi/QpGFi →
r∏
i=1

ResFi/QpGL(WFi)→ GL(VQp);

here the Fi are the completions of F at p-adic places, GFi is a split reductive
group over Fi, and the last map is induced by restriction of structure. By
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[KP18, Proposition 1.3.3], the morphism GFi → GL(WFi) extends to a
closed immersion GFi → GL(Li) over OFi , where GL(Li) is the parahoric of
GL(VFi) corresponding an OFi-lattice chain Li. Upon replacing V and ψ by
a direct sum and each Li by a sum of tot(Li) in the sense of [KPZ, §2.3], we
find that (2.1.9.1) extends to a closed immersion

(2.1.9.2) G →
r∏
i=1

ResFi/QpGFi →
r∏
i=1

ResFi/QpGL(Λi)→ GL(Λ).

Here, the first map is a closed immersion by Lemma 2.1.8, the second map
arises from Weil restriction of a closed immersion GFi → GL(Λi), and the
last map is a closed immersion since it is induced by restriction of structure.

Finally, to ensure that Λ is self-dual, we apply Zarhin’s trick. Thus we
replace V with V 8 equipped with the alternating form as in [Mad, §4.5.9]
and Λ by the self-dual lattice Λ4 ⊕ Λ∨,4. The induced Hodge embedding
(G, X) → (GSp(V ), S±) then extends to a closed immersion G → GL(Λ)
as desired. �

If (G, X,G) is a strongly admissible triple and ι : (G, X)→ (GSp(V ), S±)
is Hodge embedding as in Proposition 2.1.9, then G coincides with Zariski
closure Ḡ of its generic fiber in GL(Λ) and hence we have the integral model
SK constructed in §2.1.3.

2.1.10. In order to state the main results concerning SK from [PR21], we
recall some notions concerning p-adic shtukas from [SW20], [PR21]. Let S =
Spa(R,R+) be an affinoid perfectoid space over k and S] = Spa(R], R],+)
an untilt over OĔ . Recall that a G-shtuka over S with one leg at the untilt

S] consists of a pair (P, φP), where
• P is a G-torsor over the analytic adic space S × Zp = Spa(W (R+)) \

{[$] = 0}
($ ∈ R+ is a pseudouniformizer).
• φP is an isomorphism of G-torsors

φP : Frob∗S(P)|S×Zp\S]
∼−→P|S×Zp\S] ,

which is meromophic along the Cartier divisor S] ⊂ S × Zp.
We say the leg is bounded by µ if the relative positive of φP(Frob∗S(P))

and P along S] is bounded by µ (cf. [SW20, Definition 20.3.5]). More
generally, if F is a v-sheaf over SpdOE , a G-shtuka over F with leg bounded
by µ, is a functorial rule which assigns to a point x of F valued in an affinoid
perfectoid space S, a G-shtuka over S with leg at the until S] corresponding

to the morphism S
x−→ F → SpdOE which is bounded by µ.

Now let Q̆p = W (k)[1/p] and let B(G) denote the set of σ-conjugacy

classes in G(Q̆p). Let B(G,µ−1) be the neutral acceptable set, i.e. the set

of b ∈ B(G) with νb ≤ µ−1
dom and κ(b) = −µ] in the notation of [RV14,

§2.2]. For b ∈ B(G,µ−1), the triple (G, b, µ) is a local Shimura datum in the
sense of [SW20, Definition 24.1.1].
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We let Mint
G,b,µ denote the integral model for the local Shimura variety

ShtG,b,µ,Kp given by [SW20, Definition 25.1.1], cf. also [PR21, Definition

3.2.1]. Explicitly, for S = Spa(R,R+) affinoid perfectoid, an S-point of
Mint
G,b,µ is an isomorphism class of quadruples

(S],P, φP , ir)

where S] = Spa(R], R]+) is an untilt of S, (P, φP) is a G-shtuka over S
with one leg at the untilt S] bounded by µ, and ir is a framing, i.e. an
isomorphism of G-torsors

ir : GY[r,∞)

∼−→PY[r,∞)

for r ∈ Q sufficiently large, under which φP corresponds to b×FrobS . Here

Y[r,∞) ⊂ S × Zp = Spa(W (R+)) \ {[$] = 0}

is given by Y[r,∞) = {| · | : |pr| ≤ |[$]|}.

2.1.11. We return to the setting of §2.1.3, but we now assume that (G, X,G)
is strongly admissible and that the Hodge embedding is chosen as in Propo-
sition 2.1.9. In particular, G is equal to the Zariski closure Ḡ of its generic
fiber in GL(Λ).

We let PK denote the G(Zp) local system over ShK(G, X) given by

PK = Isomsα,sα,ét
(Λ,Vp),

i.e. trivializations of Vp which respect the tensors. The following is proved in
[PR21, §4.5–4.7], which shows that these models satisfy [PR21, Conjecture
4.2.2].

Theorem 2.1.12 ([PR21, Theorem 4.5.2]). Let (G, X,G) be a strongly ad-
missible triple. The models {SK}Kp⊂G(Apf ) satisfy the following properties.

(1) For R a DVR of mixed characteristic (0, p) over OE, we have a
bijection

ShKp(G, X)(R[1/p]) = SKp(R).

(2) There is a G-shtuka EK bounded by µ on SK which extends the shtuka
EK,E on ShK(G, X)E associated to the pro-étale G(Zp)-local system
PK via [PR21, Proposition 2.5.3].

(3) Assume Kp is neat. For x ∈ SK(G, X)(k), there is an isomorphism
of v-sheaf completions:

Θx : M̂int
G,bx,µ/x0

∼−→ (ŜK/x)♦

such that Θ∗x(EK) is the tautological shtuka on Mint
G,bx,µ. Here bx ∈

G(Q̆p) is the µ-admissible element corresponding to the G-shtuka
x∗EK over Spec k and x0 is the base-point of Mint

G,bx,µ.

�
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2.1.13. We recall the construction of the G-shtuka EK and the isomorphism
Θx following [PR21, §4.6-4.7]. We assume Kp is neat.

By definition, the extension EK of EK,E is a G-shtuka on the v-sheaf ŜK
♦

associated to ŜK, compatible with EK,E on the generic fiber. We first extend
the vector shtuka 1 (VE , φE) associated to Vp to a vector shtuka(V , φ) on

ŜK
♦
; this is induced by the BKF-module associated to the pullback of the

universal p-divisible group A[p∞]. Viewing the tensors sα,ét as morphisms
1→ V⊗p and applying the functor from [PR21, Proposition 2.5.2], we obtain

tensors sα,0,E ∈ V ⊗E , which extend uniquely to tensors sα,0 ∈ V ⊗ by [PR21,
Theorem 2.7.7]. We then set

E = Isomsα,sα,0(Λ,V )

which is a G-torsor by the argument in [PR21, §4.6]. A key input here is the
main result of [Ans22] on extensions of parahoric torsors. The Frobenius on
V preserves sα,0 and this gives (E , φ) the structure of a G-shtuka with one
leg bounded by µ.

2.1.14. Recall k was a fixed algebraic closure of kE . For x ∈ SK(k), we

set Gx = Ax[p∞] and we let D := D(Gx)(Z̆p) be the Dieudonné module
of Gx. Then we have an identification between the Frobenius descent of
the linear dual of D and the BKF-module associated to x∗V . The cor-
responding tensors sα,0,x ∈ D⊗[1/p] (cf. §2.1.4) satisfy sα,0,x ∈ D⊗, and

upon fixing a tensor preserving Z̆p-linear bijection D ∼= Λ∨ ⊗Zp Z̆p, which
again exists by [Ans22], the Frobenius on D is given by σ(bx)σ for some

bx ∈
⋃
w∈AdmG(µ−1) G(Z̆p)ẇG(Z̆p). Here AdmG(µ−1) denotes the admissible

set in the double quotient WG\W̃/WG of the Iwahori Weyl group W̃ of G.
Then the σ-conjugacy class of bx lies in B(G,µ−1). We thus obtain a local
Shimura datum (G, bx, µ

−1), and hence the integral local Shimura variety
Mint
G,bx,µ.

We write ŜK,x = SpfRx. Let G ∧x denote the pullback of A]p∞] to SpfRx
and E ∧K,x the pullback of EK to Spd(Rx). There is unique quasi-isogeny

Gx,Rx/pRx 99K G ∧x,Rx/pRx

over SpfRx/pRx lifting the identity modulo the maximal ideal m ⊂ Rx.
This induces a framing of the vector shtuka associated to G ∧x , and the

argument in [PR21, Proof of Proposition 4.7.1] shows that this induces a
framing of E ∧K,x. We thus obtain a morphism of v-sheaves

ΨG,x : Spd(Rx)→ ̂Mint
G,bx,µ/x0

which is an isomorphism by the argument in [PR21, §4.7.1]. The isomor-
phism Θx is then the inverse of ΨG,x.

1By a vector shtuka, we just mean a GL(V )-shtuka.
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2.2. Isogeny classes and CM lifts.

2.2.1. We keep the notations the previous subsection. Let SK be the inte-
gral model associated to a strongly admissible triple (G, X,G). Fix a point
x ∈ SK(k). We will use the above to obtain a description of the points

of ŜK,x valued in finite extensions of Q̆p analogous to [KP18, Proposition
3.3.13], cf. also [KZ, Proposition 3.3.4 and Proposition 4.1.9].

The proof of the corresponding results in [KP18], [KZ] use as a key input,
results on the deformation theory of p-divisible groups equipped with a
collection crystalline tensors developed in [KP18], [KPZ], which is used to
give a concrete description of the pullback of the universal p-divisible group

to ŜK,x. In the approach taken in this paper, these results are replaced
with Theorem 2.1.12 (3). The main point is that after taking v-sheaves, we

obtain a good description of the universal shtuka over ŜK,x. This allows
us to prove the desired result (Proposition 2.2.3) under the less restrictive
assumption of strong admissibility considered here.

2.2.2. Fix a tensor preserving Z̆p-linear bijection

(2.2.2.1) D ∼= Λ∨ ⊗Zp Z̆p.

This gives an identification of GZ̆p with the group of tensor preserving auto-

morphisms of D.

Proposition 2.2.3. Assume (G, X,G) is a strongly admissible triple and

Kp is neat. Let K/Q̆p be finite and G̃ a deformation of Gx to OK . Then

G̃ corresponds to a point x̃ ∈ ŜK,x(OK) if and only if the following two
conditions are satisfied.

(1) The filtration on D ⊗Z̆p K corresponding to G̃ is induced by a G-

valued cocharacter conjugate to µ.
(2) The tensors sα,0,x ∈ D⊗ correspond to tensors sα,ét ∈ TpG̃⊗ under

the p-adic comparison isomorphism.

Proof. If G̃ corresponds to x̃ ∈ ŜK,x(OK), the same argument as [KZ,
Proposition 4.1.9] shows that the two conditions above are satisfied so it

suffices to show the converse. Thus suppose G̃ satisfies the two conditions.

We write ŜK,x = SpfRx.
We write H = GL(VQp) and H = GL(Λ) a parahoric of H, and we let

ι′ : G → H be the composition of ι and the inclusion GSp(VQp) → H. We
obtain a local Shimura datum (H, ι′(bx), ι′(µ)). Let Ax be the complete local
ring at the base-point of the RZ-space RZH,ι′(bx),ι′(µ) base-changed to OĔ .
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By [PR21, §4.7.1], we have a commutative diagram

(2.2.3.1) Spd(Rx)
ΨG,x

//

��

M̂int
G,bx,µ/x0

��

Spd(Ax)
ΨH,x
// ̂Mint
H,ι′(bx),ι′(µ)/x0

⊗Spd(Z̆p) Spd(OĔ)

where ΨG,x and ΨH,x are isomorphisms and the vertical maps are closed im-
mersions. More precisely, [PR21] constructs the diagram where the bottom
row is replaced by the one for a symplectic group, but the same proof works
here.

Let C denote the completion of an algebraic closure of K and C[ its
tilt. The deformation G̃ corresponds to a morphism Ax → OK . Composing
this with OK → OC , we obtain a (C[,OC[)-point x̃ of SpdAx. We write

x̃′ := ΨH,x(x̃) for the corresponding (C[,OC[)-point of ̂Mint
H,ι′(bx),ι′(µ)/x0

.

Then it suffices to show that x̃′ factors through M̂int
G,bx̄,µ/x0

.

By construction of ΨH,x, the point x̃′ can be described as follows. By
[SW20, Theorem 17.5.2] (cf. [PR21, Example 2.3.4]), we can associate to

G̃OC a vector shtuka E ′ over Spa(C[,OC[) with leg at the untilt Spa(C,OC).
Let

i : Gx,OK/p 99K G̃OK/p

denote the unique quasi-isogeny lifting the identity on OK/mK = k. Fix π ∈
OK a uniformizer and let π[ ∈ OC[ be a pseudouniformizer given by choosing

a compatible system of roots (π1/pn)n of π. Then as explained in [PR21,
Proof of Proposition 4.7.1], evaluating iOC/p on the Dieudonné crystal at

B+
crys(OC[/π[) gives a framing ir of E ′ on Y[r,∞)(C

[,OC[) for r >> 0. The
point x̃′ corresponds to the pair (E ′, ir).

Thus in order to show x̃′ factors through M̂int
G,bx,µ/x0

, it suffices to show

E ′ has a reduction to a G-shtuka E , and that ir induces a framing of E .
We let S := Z̆p[[u]] which we equip with the Frobenius σ which acts as

the usual Frobenius on Z̆p and sends u to up. By the argument in [KP18,
Lemma 3.3.5], we have a G-torsor

P = Isomsα,ét,s̃α(TpG̃
∨ ⊗Zp S,M(TpG̃

∨))

over S. Here M is the functor in [Kis10, Theorem 1.2.1] and s̃α ∈M(TpG̃ ∨)⊗

are given by applying M to the morphisms sα,ét : 1 → TpG̃ ∨. Let E[u] ∈
Z̆p[u] be the Eisenstein polynomial for π. Then the Frobenius on M(TpG̃ ∨)
induces an isomorphism

φM : σ∗(P)[1/E(u)]→P[1/E(u)],
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which gives P the structure of a G-BK module (cf. [Pap23]). We ex-

tend the map Z̆p → W (OC[) to a map h : S → W (OC[) by sending u

to [π[]. Then base changing P along h, we obtain a G-BKF module over
W (OC[) (cf. [PR21, Proof of Proposition 3.5.1]) and hence a G-shtuka E
over Spa(C[,OC[). As in [PR21, Proposition 3.5.1], the push-out of E along
G → H is the vector shtuka E ′. To conclude, it suffices to show that the
framing ir preserves the G-structures.

Let S denote the p-adic completion of S[E(u)i/i!]i≥1, which we equip
with the Frobenius u 7→ up. Since S → OK/p is equipped with divided
powers, we may evaluate the quasi-isogeny i on S, and hence we obtain a
Frobenius equivariant isomorphism

λ : D⊗Z̆p S[1/p]
∼−→ D(G̃OK/p)(S)[1/p] = M(TpG̃

∨)⊗S,σ S[1/p]

which lifts the identity on D.
Since the morphism S→ B+

crys(OC[/π[) factors through S[1/p], it suffices

to show λ takes sα,0,x to s̃α. Set s = sα,0,x and s′ = λ−1s̃α. Then since s̃α
lifts sα,0,x, we have s−s′ ∈ uD⊗S[1/p]. Since sα and s̃α are Frobenius invariant,

and λ is Frobenius equivariant, we have

s− s′ = φj(s− s′) ∈ upjD⊗S[1/p]

for all j ≥ 1, and hence s = s′. �

2.2.4. Let x ∈ SK(k) with associated abelian variety Ax. For ` 6= p a
prime, let V`A⊗x denote the rational `-adic Tate module of Ax. Then the
abelian variety Ax is equipped with tensors sα,0,x ∈ D⊗ and sα,`,x ∈ V`A⊗x .
The isogeny class Ix of x is the set of x′ ∈ SK(k) such that there is a
quasi-isogeny Ax → Ax′ taking sα,0,x to sα,0,x′ and sα,`,x to sα,`,x′ for all
` 6= p.

We let AutQ(Ax) denote the Q-group attached to the units in the endo-
morphism algebra EndQ(Ax)⊗Z Q. We let Ix ⊂ AutQ(Ax) be the subgroup
which fixes the tensors sα,0,x and sα,`,x for ` 6= p. If x′ ∈ Ix, the quasi-
isogeny Ax → Ax′ induces a natural isomorphism Ix ∼= Ix′ .

We fix a Q̆p-linear bijection

(2.2.4.1) D⊗Z̆p Q̆p
∼= V ∨ ⊗Qp Q̆p

taking sα,0,x to sα (for example, we can take the one induced by a Z̆p-linear

bijection D ∼= Λ∨ ⊗Zp Z̆p) so that we obtain an element bx ∈ G(Q̆p) giving
rise to the Frobenius on D. The following description of the set Ix is proved
in [GLX], cf. also [PR21, §4.10]. By the Bruhat decomposition, we have a
bijection

invG : G(Z̆p)\G(Q̆p)/G(Z̆p)→WG\W̃/WG ,

and we let XG(µ−1, bx) denote the affine Deligne–Lusztig set

{g ∈ G(Q̆p)/G(Z̆p)|invG(g−1bxσ(g)) ∈ AdmG(µ−1)}.
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Theorem 2.2.5 ([GLX, Corollary 6.3]). There is a natural map

ix : XG(µ−1, bx)→ Ix

satisfying D(Gix(g)) = σ(g)D(Gx), which induces a bijection

Ix
∼= Ix(Q)\XG(µ−1, bx)×G(Apf )/Kp.

�

2.2.6. The action of Ix on D gives rise to a natural inclusion Ix,Qp ⊂ Jbx ,
where Jbx is the σ-centralizer group. By definition, for R a Qp-algebra, we
have

Jbx(R) = {g ∈ G(Q̆p ⊗Qp R)|g−1bxσ(g) = bx}.
The Newton cocharacter νbx : D→ GQ̆p satisfies bxσ(νbx)b−1

x and hence in-

duces a fractional cocharacter of Jbx which is central. By [KMS22, Theorem
6], Ix,Qp and G have the same rank; thus νbx induces a central cocharacter
of Ix,Qp .

Theorem 2.2.7. Let (G, X,K) be a strongly admissible triple and assume
G = GQp is quasi-split and Kp is neat. Let x ∈ SK(k) and T ⊂ Ix be a
maximal torus. There exists x′ ∈ Ix and x̃′ ∈ SK(OK) lifting x′, for K/Qp

finite, such that the action of T lifts to Ax̃′. Moreover x̃′ is a special point.

Remark 2.2.8. A version of this theorem is proved in [GLX, Corollary 1.4]
under the additional assumptions that p > 2, p - |π1(Gder)| and G tamely
ramified. The proof in loc. cit. appeals to [Zho20, Theorem 9.5], which
applies once we know the existence of ix. The main point here is that the
arguments in [Zho20], which is based on [Kis17], can be applied in this more
general general setting, once Proposition 2.2.3 is known.

Proof. The proof follows from the same argument as [Kis17, Theorem 2.2.3]
(cf. also [Zho20, Theorem 9.5]), using Theorem 2.2.5. We recall the argu-
ment for the convenience of the reader.

Since G is quasi-split, the conjugacy class of the Newton cocharacter νbx
contains a representative νbx which is defined over Qp. We write M[bx] for
the centralizer of νbx , which is a Levi subgroup of G defined over Qp and
is equipped with an inner twisting Jbx,Q̄p

∼= M[bx],Q̄p . Upon modifying the

isomorphism (2.2.4.1), we may assume νbx = νbx .
By [Lan89, Lemma 2.1], there is an embedding j : T → M[bx] over Qp

which is M[bx]-conjugate to the embedding

(2.2.8.1) TQ̄p → Ix,Q̄p → Jbx,Q̄p
∼−→M[bx],Q̄p .

By [KMS22, Corollary 1.1.17] (cf. also [Zho20, Lemma 9.2]), there exists a
cocharacter µT ∈ X∗(T ) such that the following two conditions are satisfied:

(1) j ◦ µT lies in the G-conjugacy class {µ}.
(2) νbx = µT ∈ X∗(T )Q; here µT denotes the Galois average of the

cocharacter µT in X∗(T )Q.
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The scheme of elements in M[bx] conjugating j to (2.2.8.1) is a torsor

for T , hence is trivial over Q̆p by Steinberg’s theorem. Thus upon further

modifying the isomorphism (2.2.4.1) by an element m ∈M[bx](Q̆p), we may
assume j agrees with the embedding (2.2.8.1).

Now let T ′ ⊂ T be the maximal Qp-split torus. Then by definition of Jbx ,
bx commutes with j(T ′), hence lies in the centralizer M of j(T ′). Since νbx
is Qp-rational, it factors through T ′ and hence is central in M . It follows
that bx is a basic element of M .

Note that T is an elliptic torus of M ; thus by [Kot97], we may modify

(2.2.4.1) by an element of M(Q̆p) so that bx lies in j(T (Q̆p)). The pair
(bx, µT ) is then an admissible pair for the torus T in the sense of [KMS22,
§1.1.5], and hence by [RZ96, Lemma 2.1], the cocharacter j ◦ µT induces an

admissible filtration on D ⊗Z̆p K
′, where K ′/Q̆p is a finite extension over

which µT is defined. By [Kis06, 2.2.6], this corresponds to a p-divisible

group G̃ ′ over OK′ . We let s′α ∈ (TpG̃ ′
∨ ⊗Zp Qp)

⊗ denote the image of

sα,0,x ∈ (D ⊗Z̆p Q̆p)
⊗ ∼= (D(G̃x,k) ⊗Z̆p Q̆p)

⊗ under the p-adic comparison

isomorphism.

Let x̃ ∈ ŜK,x(OK) be any lifting of x. Then by Proposition 2.2.3 the
filtration on D⊗Z̆p K corresponding to Gx̃ is induced by a G-valued cochar-

acter conjugate to µT . Thus by [Win97, Corollary 4.5.3], there is a Qp-linear
bijection

(2.2.8.2) TpG̃
′ ⊗Zp Qp → TpGx̃ ⊗Zp Qp

taking s′α to sα,ét,x̃. As in [Kis17, Proposition 1.1.19], upon replacing K ′ by

a finite extension and G̃ ′ by an isogenous p-divisible group, we may assume
(2.2.8.2) is induced by a Zp-linear bijection TpG̃ ′ → TpGx̃; in particular we

have s′α ∈ TpG̃ ′∨,⊗. We thus obtain a representation

ρ : Gal(K̄ ′/K ′)→ G(Zp).

By the discussion in [PR21, §2.6.2], we can associate to ρ a G-shtuka P
over SpdK. The specialization of this sthuka P0 to the residue field k is
the Frobenius descent of the G-torsor of tensor preserving trivializations of
D(G̃ ′k)(Z̆p), cf [PR21, §3.5]. By [PR21, Proposition 3.5.1], we have

D(G̃ ′k)(Z̆p) = σ(g)D ⊂ D⊗Z̆p Q̆p

where g ∈ XG(µ−1, bx). Thus upon replacing x by ix(g) ∈ Ix, we may

assume there is a lift G̃ of Gx to OK such that the filtration on D ⊗Z̆p K

corresponding to G̃ is induced by µT , and sα,0 correspond to tensors sα,ét ∈
TpG̃⊗. Since µT is conjugate to µ, G̃ corresponds to a point x̃ ∈ ŜK,x(OK)
by Proposition 2.2.3. That x̃ is a special point then follows from the same
proof as [Kis17, Prop. 2.2.3]. Namely, since µT factors through T , the action

of T on D(G̃k) preserves the filtration and hence lifts to an action (in the
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isogeny category) on G̃ . It follows that the action of T ⊂ Ix lifts to an action
on Ax̃. Since T fixes sα,0,x, it fixes sα,ét,x̃ and hence also sα,B,x̃, so that we
obtain a natural embedding T ⊂ G, and T is a maximal torus in G. The
Mumford–Tate group of Ax̃ is a subgroup of G which commutes with T and
hence is contained in T . �

2.3. Independence of `.

2.3.1. Let (G, X) be a Shimura datum of Hodge type and SK an integral
model over OE for ShK(G, X) as in §2.1.3. Let ` 6= p be a prime, and
assume K is of the form K`K

`, with K` ⊂ G(Q`), K` ⊂ G(A`f ). We let

L̃` denote the G(Q`)-local system (lisse sheaf) arising from the pro-étale
covering lim←−K′`K

` SK′`K
` of SK, and we let L` be the induced local system

on the special fiber SK,kE .
Similarly, for ` = p, there is an F -isocrystal with G-structure E on SK,kE

(cf. [KMS22, Corollary 1.3.13]). Explicitly, we let D denote the F -isocrystal
corresponding to the crystalline realization of the abelian variety A over
SK,kE . By [KMS22, Corollary A.7], there exists morphisms of F -isocrystals

sα : 1→ D⊗

which restrict to sα,0,x at all points x ∈ SK(k). We may then argue as in
[KMS22, Corollary 1.3.13] to obtain the functor E : RepG → F -Isoc(SK,kE ).

We write ConjG for the variety of conjugacy classes in G (cf. [KZ, §6.1.3]),
and χG : G → ConjG for the natural projection map. Let k′E = Fq be a
finite extension of kE and let x ∈ SK(k′E). We write x ∈ SK(k) for the
geometric point lying over x. We obtain an element γx,` ∈ ConjG(Q`) by
considering the action of the (geometric) local q-Frobenius on the stalks
L`,x of L` at x. Similarly for ` = p, the local Frobenius acting on the
stalk Ex of the F -isocrystal with G-structure E at x gives rise to an element
γx,p ∈ ConjG(Q̆p).

2.3.2. Now assume SK arises from a strongly admissible triple (G, X,G).
Let x ∈ SK(k) and fix c ∈ Ix(Q) a semisimple element. By definition
of Ix, the action of c on T`Ax fixes sα,`,x and hence we obtain an element
c` ∈ G(Q`) well-defined up to conjugation by G(Q`). Similarly, the action of

c on D⊗Z̆p Q̆p fixes sα,0,x and so upon fixing a tensor preserving isomorphim

D⊗Z̆p Q̆p
∼= Λ∨ ⊗Zp Q̆p,

which exists by Steinberg’s theorem, we obtain an element cp ∈ G(Q̆p).

Proposition 2.3.3. Let (G, X,G) be a strongly admissible triple and assume
G is quasi-split and Kp is neat. There exists an element c0 ∈ G(Q) such
that

(1) For ` 6= p, c0 is conjugate to c` in G(Q`).
(2) c0 is conjugate to cp in G(Cp).
(3) The image of c0 ∈ G(R) is elliptic.
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Proof. Let T ⊂ Ix be a maximal torus such that c ∈ T (Q). By Theorem
2.2.7, upon replacing x by a point in its isogeny class, we may assume there
exists a special point x̃ ∈ SK(OK) lifting x such that the action of T lifts to
Ax̃. The action of c on the Betti cohomology of Ax̃ preserves sα,B,x̃, so we
obtain an element c ∈ G(Q). By the Betti-étale comparison isomorphism,
c0 is conjugate to c` for ` 6= p. Similarly, by the comparison between Betti,
de Rham and crystalline cohomology, c0 is conjugate to cp in G(Cp).

The fact that c0 is elliptic follows from the fact that T (R)/wh(R×) is
compact (cf. [Kis17, Proof of Corollary 2.1.7]). �

2.3.4. We apply the above to deduce the `-independence of the elements
γx,`.

Corollary 2.3.5. Let (G, X,G) be a strongly admissible triple and assume G
is quasi-split. For any finite extension k′E/kE and x ∈ SK(k′E), there exists
an element γx ∈ ConjG(Q) such that γx = γx,` for all primes ` (including
` = p).

Proof. Let Kp
1 ⊂ Kp be a neat compact open subgroup and set K1 = KpK

p
1.

Let x ∈ SK1(k) be a point which maps to x. Since x is a k′E-point, the
abelian variety Ax is defined over k′E = Fq, and hence the geometric q-
Frobenius is an element of c ∈ AutQ(Ax). Moreover, c fixes sα,`,x for all
` 6= p and fixes sα,0,x, and hence c ∈ Ix(Q) is a semi-simple element. By
construction of L` and E , we have c` = γx,` for ` 6= p and cp = γx,p. The
result then follows from Proposition 2.3.3 by taking γx to be the image of
the element c0 ∈ G(Q). �

Remark 2.3.6. (1) Let ϑ : GQ̄ → GLn be a representation, and for a

prime ` 6= p, let Lϑ` denote the rank n local system induced from L`
by pushout along ϑ. Corollary 2.3.5 then implies that for primes `, `′

not equal to p, Lϑ` and Lϑ`′ are compatible local systems as in [Del80,
Conjecture 1.2.10].

A similar remark holds for the rank n F -isocrystal Eϑ induced
from E . Namely, for ` 6= p, Eϑ is a ‘petits camarades cristallines’ for
Lϑ` . To make this precise, one should prove that E arises from an
overconvergent isocrystal over SK,kE ; we will prove a version of this
statement for the pullback of E to a smooth curve in §5.

(2) In §5.4, we will prove a version of Corollary 2.3.5 for Shimura vari-
eties without the strongly admissible assumption.

3. Toroidal compactifications

In this section, we study the toroidal compactifications of integral models
of Shimura varieties constructed in [Mad19]. The main result is Theorem
3.2.3, which will be used to compare Weil–Deligne representations over lo-
cal fields of different characteristic. Thm. 3.3.10]KZ, Mloc

G,{µ} satisfies the

Scholze–Weinstein conjecture [SW20, Conj. 21.4.1]. In our setting, this
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means there is an identification amental group π1(Gder) of the derived group
of G.

3.1. Integral models of toroidal compactifications.

3.1.1. We keep the notations of the last section. In particular we fix a
prime number p. Let (G, X,G) be a strongly admissible triple and fix a
Hodge embedding

ι : (G, X)→ (GSp(V ), S±)

as in Proposition 2.1.9. Thus there is a self-dual lattice Λ ⊂ VQp with
stabilizer Kp such that ι extends to a closed immersion G → GL(Λ). For
K = KpK

p, Kp = G(Zp) and Kp ⊂ G(Apf ) a compact open subgroup, we

have the integral model SK for ShK(G, X) which is a Deligne–Mumford
stack over OE . By construction, there is a finite map

SK → SK′(GSp(V ), S±)OE

to an integral model for the Siegel Shimura variety with hyperspecial level
structure at p

We may now apply the constructions of [Mad19] to obtain toroidal com-
pactifications of SK. We summarize the main properties in the following
proposition. For notational simplicity, we write SK for SK(GSp(V ), S±)OE .

Proposition 3.1.2 ([Mad19]). There exists a collection of (quasi-separated)
proper Deligne–Mumford stacks S Σ

K indexed by certain complete cone de-
compositions Σ satisfying the following properties:

(1) Each Σ is a set {Σ(Φ)}Φ of cone decompositions indexed by cusp
label representatives Φ, called an admissible rational polyhedral cone
decomposition (“rpcd” for short). For a cusp label representative Φ,
Σ(Φ) is a complete cone decomposition of some H(Φ), which is the
union of the interior H(Φ) of a homogenous self-adjoint cone (cf.
[AMRT10, Ch. II]) together with its rational boundary components.

(2) For each Σ, S Σ
K admits a stratification by locally closed substacks

S Σ
K =

⊔
Υ

ZK(Υ),

where Υ runs over the set CuspΣ
K(G, X) of equivalence classes of

pairs (Φ, σ), where Φ is a cusp label representative, σ ∈ Σ(Φ) is a
cone whose interior lies in H(Φ) and the equivalence relation is as
in [Mad19, §2.1.16]. The closure relations are described by a partial
order 4 on CuspΣ

K(G, X); cf. [Mad19, Theorem 4.1.5 (3)].

Proof. This is proved for neat Kp in [Mad19]; in this case S Σ
K is an algebraic

space. For Kp general, we let Kp
1 ⊂ Kp be a neat normal compact open

subgroup and set K1 = KpK
p
1. We let Σ1 := (id, 1)∗Σ be the admissible

rpcd for (G, X,K1) obtained from pullback along the morphism of triples

(id, 1) : (G, X,K1)→ (G, X,K),
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(cf. [Mad19, 2.1.28]). Then Σ1 is invariant under the action of the finite
group Γ := Kp/Kp

1, i.e. we have (id, γ)∗Σ1 = Σ1 for γ ∈ Γ. By [Mad19,

Proposition 4.1.13], Γ acts on S Σ1
K1

and we set S Σ
K = [S Σ1

K1
/Γ] to be the

stack quotient. The rest of the proposition then follows from the correspond-
ing result for S Σ1

K1
, and the compatibility of the stratification with taking

quotients on the generic fiber (cf. [Pin89, Proposition 6.25 (b)]) �

Remark 3.1.3. It is possible to show that S Σ
K does not depend on the choice

of auxiliary neat compact open Kp
1. As this is not needed in the sequel, we

omit this discussion and always consider S Σ
K as being constructed from a

fixed choice of K′p.

For an admissible rpcd as in the theorem, we write ∂S Σ
K for the boundary

of S Σ
K , i.e. ∂S Σ

K = S Σ
K \SK, and we call SK the interior of S Σ

K .
When Kp is neat, the algebraic spaces S Σ

K are defined to be the normal-

ization of certain Faltings–Chai [FC90] arithmetic compactifications S Σ†
K′ for

the integral model of the Siegel Shimura variety inside the compactification
ShΣ

K over E constructed by Pink [Pin89]. For general Kp, we obtain a finite

map S Σ
K → S Σ†

K′ for suitable K′,Σ† via the quotient construction above. As

such, the stacks S Σ
K are equipped with a families of semi-abelian schemes

given by the pullback of the universal family of semi-abelian schemes, over

S Σ†
K′ .

3.1.4. In order to describe the local structure of the boundary strata, we
need some preparation. Let Φ be a cusp label representative, then we may
associate to Φ a (pure) Shimura datum (GΦ,h, DΦ,h) in the sense of [Pin89],
and hence a Shimura variety ShKΦ,h

(GΦ,h, DΦ,h) defined over the reflex field
E. Here the compact open subgroup KΦ,h ⊂ GΦ,h(Af ) depends on K. For
notational convenience we write ShKΦ,h

for ShKΦ,h
(GΦ,h, DΦ,h). Then the

construction in [Mad19, §4] provides us with an integral model SKΦ,h
for

ShKΦ,h
over OE together with a tower of algebraic stacks over OE

SKΦ

fΦ−→ SKΦ

gΦ−→ SKΦ,h
.

Here SKΦ
and SKΦ

are integral models for mixed Shimura varieties ShKφ ,

ShKΦ
associated to certain mixed Shimura data (QΦ, DΦ), (QΦ, DΦ), see

[Mad19, §2.1.7].
The integral model SKΦ,h

is equipped with a natural family of abelian
varieties AK(Φ) → SKΦ,h

and the map gΦ is a torsor for AK(Φ). The map
fΦ is a torsor for a certain torus EK(Φ) over Z with character group XΦ. We
let X∨Φ denote the cocharacter group of EK(Φ); then by the construction,

X∨Φ ⊗Z R canonically contains H(Φ). Therefore for a cone σ ∈ Σ(Φ) whose
interior lies in H(Φ), we obtain a twisted torus embedding over SKΦ

(see

[Mad19, §2.1.17])

SKΦ
→ SKΦ

(σ),
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and we let ZKΦ
(σ) denote the closed stratum of SKΦ

(σ). If σ is smooth
with respect to X∨Φ, then SKΦ

(σ)→ SKΦ
is a smooth morphism. We write

∂SKΦ
(σ) for the complement SKΦ

(σ) \ SKΦ
, which is a relative Cartier

divisor over OE .
We let ∆K(Φ) denote the group associated to Φ as defined in [Mad19,

(2.1.16.2)]. This group acts on SKΦ
, SKΦ

and SKΦ,h
, and fΦ and gΦ are

equivariant for this action. There is a natural action of ∆K(Φ) on H(Φ),
and we let ∆K(Φ, σ) ⊂ ∆K(Φ) denote the stabilizer of σ. Then the action
of ∆K(Φ, σ) on SKΦ

extends to an action on SKΦ
(σ) which preserves the

closed stratum ZKΦ
(σ). For notational simplicity we write ∆ = ∆K(Φ, σ),

and we write ∆\SKΦ
(σ) (resp. ∆\ZKΦ

(σ)) for the stack quotient of SKΦ
(σ)

(resp. ZKΦ
(σ)) by this action.

For an algebraic stack X and Z → X a locally closed immersion, we write

X
(N)
Z for the N th order infinitesimal neighbourhood of Z, and we write X∧Z

for the completion of X along Z (see [Eme, Example 5.9]).

Proposition 3.1.5 ([Mad19, Theorem 4.1.5]). Assume that the complete
admissible rpcd Σ satisfies [Lan13, Condition 6.2.5.25]. Let Υ = [(Φ, σ)] ∈
CuspΣ

K(G, X).

(1) There is a canonical isomorphism

∆\ZKΦ
(σ) ∼= ZK(Υ).

(2) Let ∆\ŜKΦ
(σ) be the formal completion of ∆\SKΦ

(σ) along the
closed stratum ∆\ZKΦ

(σ), and (S Σ
K )∧ZK(Υ) the formal completion of

S Σ
K along ZK(Υ). Then the canonical isomorphism from (1) lifts to

an isomorphism of formal algebraic stacks

(3.1.5.1) ∆\ŜKΦ
(σ) ∼= (S Σ

K )∧ZK(Φ)

which identifies the formal substacks

∆\∂ŜKΦ
(σ) ∼= (∂S Σ

K )∧ZK(Φ).

Proof. The case of neat Kp is [Mad19, Theorem 4.1.5]; note that in this case,
the group ∆K(Φ, σ) is trivial (see [Mad19, Lemma 2.1.20]). For general
Kp, we apply the quotient construction in the proof of Proposition 3.1.2.
Thus S Σ

K = S Σ1
K1
/Γ for a suitable normal neat compact open subgroup

Kp
1 ⊂ Kp with Γ = Kp/Kp

1. Let Υ1 = [(Φ1, σ1)] ∈ CuspΣ1
K1

(G, X) be an

element mapping to Υ = [(Φ, σ)]. Then using the description of the action
of ∆K(Φ) on equivalences classes of cusp label representatives in [Pin89,
§6.18], we find that the stabilizer of Υ1 is isomorphic to ∆K(Φ, σ) × ΓΦ

where ΓΦ = KΦ/K1,Φ1 . Thus we obtain the desired isomorphisms by taking
the quotient of the corresponding isomorphisms

ZK1,Φ1
(σ1) ∼= ZK1(Υ1), ŜK1,Φ1

(σ1) ∼= (S Σ1
K1

)∧ZK1
(Υ1).



22 MARK KISIN AND RONG ZHOU

for Υ1 at level K1 by the action of this stabilizer, noting that

SK1,Φ
(σ1)/ΓΦ = SKΦ

(σ).

�

3.1.6. We may now apply Artin approximation to deduce a result about
the étale local structure of S Σ

K . Thus let Σ be a complete admissible rpcd
for (G, X,K) satisfying [Lan13, Condition 6.2.5.25] and let S Σ

K be the as-

sociated compactification over OE . Let Υ = [(Φ, σ)] ∈ CuspΣ
K(G, X). Let

x0 ∈ |ZK(Υ)| be a point lying over the closed point of SpecOE and let
y0 ∈ |∆\SKΦ

(σ)| denote the point corresponding to x0 under the isomor-
phism

(3.1.6.1) ZK(Υ) ∼= ∆\ZKΦ
(σ)

of Proposition 3.1.5 (1). By Proposition 3.1.5 (2), this extends to an iso-
morphism of formal completions

(3.1.6.2) (S Σ
K )∧x0

∼= (∆\SKΦ
(σ))∧y0

at x0 and y0 respectively.

Corollary 3.1.7. For any N ≥ 1, there exists a stack U and a point u0 ∈ |U |
which fits in a diagram of étale pointed morphisms

(3.1.7.1) (U, u0)
g

''

f

yy

(S Σ
K , x0) (∆\SKΦ

(σ), y0).

such that the following three conditions are satisfied.

(1) f and g both induce isomorphisms of residual gerbes at u0.
(2) We have f−1(∂S Σ

K ) = g−1(∂SKΦ
(σ))

(3) The induced morphism between the N th-order infinitesimal neighbor-
hoods coincides with the one induced from (3.1.6.2).

Proof. This follows from applying Artin approximation as in the proof of
[AHR20, Theorem 4.19], cf. also [AHR, Theorem 10.10]. We recall the
argument here for convenience.

We may replace (S Σ
K , x0) and (∆\SKΦ

(σ), y0) by étale neighborhoods of
the form ([SpecA/G], a0) and ([SpecB/G], b0) respectively, where G is the
finite automorphism group of the respective points. The closed substacks
∂S Σ

K , ∂SKΦ
(σ) correspond to G-invariant ideals I ⊂ A and J ⊂ B. Let AG

denote the invariants of A under the action of G, and we let Â (resp. ÂG),
denote the completion of A at a0 (resp. AG at the image of a0). Then we

have an isomorphism A⊗AG ÂG ∼= Â.
We consider the functor F on AG-algebras R given by

F (R) = {f ∈ HomG(B,A⊗AG R)|f(J)A⊗AG R = IA⊗AG R}
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where HomG denotes the set of G-equivariant homomorphisms. Then F is

locally of finite presentation, and we have an element ξ̂ ∈ F (ÂG) arising
from (3.1.6.2). By Artin approximation, we obtain a residually trivial étale
nieghborhood

(SpecC = U ′, u′0)

of SpecAG, and an element ξ ∈ F (C) which coincides with ξ̂ up to order
N . We set U = [SpecA/G] ×SpecAG U

′ which satisfies (1) and (3) by the
previous discussion, and satisfies (2) by definition of the functor F . �

3.2. Existence of boundary curves. We now use the result of the pre-
vious subsection to show that the algebraic stacks S Σ

K admit certain mor-
phisms from étale neighbourhoods of SpecOF [u] at its boundary.

We keep the notation of the previous subsection. Thus SK is the integral
model overOE associated to a strongly admissible triple (G, X,G), and Kp ⊂
G(Apf ) is a fixed not necessarily neat compact open subgroup. We let S Σ

K be

the compactification associated to a complete admissible rpcd Σ satisfying
[Lan13, Condition 6.2.5.25]. In this section, we assume in addition that Σ
is smooth (cf. [Mad19, §2.1.17]). The assumption of smoothness implies
that for any [(Φ, σ)] ∈ CuspΣ

K(G, X), the morphism ∆\SKΦ
(σ) → ∆\SKΦ

is smooth.
Let Υ := [(Φ, σ)] ∈ CuspΣ

K(G, X) be such that the corresponding stratum
ZK(Υ) is contained in the boundary ∂S Σ

K ; this is equivalent to the condition
that the associated admissible parabolic PΦ is proper. Let x0 ∈ |∆\ZK(Υ)|
with corresponding point y0 ∈ |ZKΦ

(σ)| under the identification (3.1.6.1).
Let OF be a finite extension of OE with residue field kF and uniformizer

π ∈ OF . Let y ∈ ∆\SKΦ
(σ)(OF ) such that the induced kF -point represents

y0. We write yη ∈ ∆\SKΦ
(σ)(F ) for the generic fiber of y. We assume

yη ∈ ∆\SKΦ
(F ), i.e. yη does not lie on the boundary divisor ∂SKΦ

(σ).

Proposition 3.2.1. Under the assumptions above, there exists

ỹ ∈ ∆\SKΦ
(σ)(OF [u])

satisfying the following two conditions:

(1) The specialization of ỹ along OF [u] → OF , u 7→ π is isomorphic to
y.

(2) The preimage ỹ−1(∆\SKΦ
) of the interior ∆\SKΦ

⊂ SKΦ
(σ) con-

tains the open subscheme SpecOF [u, u−1] ⊂ SpecOF [u].

Proof. Let y denote the image of y in ∆\SKΦ
(OF ) and we write YΦ (resp.

YΦ(σ)) for the pullback of

∆\SKΦ
→ ∆\SKΦ

(resp. ∆\SKΦ
(σ)→ ∆\SKΦ

)

along y. Then YΦ is a torsor for the torus T := EK(Φ)OF over OF and
YΦ → YΦ(σ) is the torus embedding corresponding to the cone σ.

Since T is a smooth group scheme over OF with connected special fiber,
YΦ is a trivial T -torsor. Thus YΦ

∼= SpecOF [x±1 , . . . , x
±
n ] where x1, . . . , xn is
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identified with a basis of the character lattice X := X∗(T ) of T . Since ZK(Υ)
lies on the boundary of S Σ

K , we have n ≥ 1. Then since σ is smooth we may
choose the basis of X so that YΦ(σ) ∼= SpecOF [x1, . . . , xm, x

±
m+1, . . . , x

±
n ],

and the boundary divisor ∂YΦ(σ) is the union of the closed subschemes
(xi = 0)i=1,...,m. The closed stratum ZΦ(σ) is the identified with the locus
where x1 = . . . = xm = 0.

We let y ∈ YΦ(OF ) denote the point corresponding to y. Then since
the special fiber y0 of y lies in ZΦ(σ)(kF ), we have y(xi) ∈ πOF for i =
1, . . . ,m. Moreover, since Yη does not lie on the boundary divisor, we
have y(xi) 6= 0 for i = 1, . . . ,m. Thus for i = 1, . . . ,m, we can write
y(xi) = aiπ

Mi for some ai ∈ O×F and Mi ∈ Z≥1. We may then define

ỹ : OF [x1, . . . , xm, x
±
m+1, . . . , x

±
n ]→ OF [u] by

xi 7→

{
aiu

Mi 1 ≤ i ≤ m
y(xi) m+ 1 ≤ i ≤ n

.

Then ỹ defines an OF [u]-point of YΦ(σ), and the specialization of ỹ along
OF [u] → F, u 7→ π is equal to y. Thus taking ỹ to be the composition

SpecOF [u]
ỹ−→ YΦ(σ)→ SKΦ

(σ), we find that ỹ satisfies condition (1) in the
statement of the Proposition. By construction, the preimage ỹ−1(∆\SKΦ

)
is the locus where each aiu

M
i is invertible, and hence we also obtain (2). �

3.2.2. Using Corollary 3.1.7, we can transfer the above result to deduce the
main geometric property of S Σ

K that we will need.
Let x ∈ S Σ

K (OF ). We write x0 (resp xη) for the induced kF -point (resp.
F -point) of S Σ

K .

Theorem 3.2.3. Assume x0 ∈ |∂S Σ
K | lies on the boundary and xη ∈ |SK|

lies in the interior. There exists an étale OF [u]-scheme X with geometri-
cally connected special fiber XkF = X ⊗OF kF and an element x̃ ∈ S Σ

K (X)
satisfying the following conditions:

(1) There exists an OF -point δ ∈ X(OF ) lying above OF [u]→ OF , u 7→
π such that the specialization of x̃ along δ is equal to x.

(2) The preimage x̃−1(SK) of the interior SK ⊂ S Σ
K contains the open

subscheme X[u−1] := X \ {u = 0} ⊂ X.

Proof. Let Υ = [(Φ, σ)] ∈ CuspΣ
K(G, X) be such that x0 ∈ Z (Υ) under

the decomposition in Proposition 3.1.2. Let N ≥ 1 be a sufficiently large
integer such that the induced OF /πN+1-point of S Σ

K does not lie on the
boundary ∂S Σ

K . We let y0 ∈ ∆\ZKΦ
(σ)(kF ) be the element corresponding

to x0 under the isomorphism ZK(Υ) ∼= ∆\ZKΦ
(σ). Let (U, u0) be a common

étale neighborhood of (S Σ
K , x0) and (SKΦ

(σ), y0) as in Corollary 3.1.7. Thus
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we have a diagram of étale pointed morphisms of algebraic stacks

(3.2.3.1) (U, u0)
g

''

f

yy

(S Σ
K , x0) (∆\SKΦ

(σ), y0)

inducing isomorphisms of residue gerbes at base points and such that

f−1(∂S Σ
K ) = g−1(∆\∂SKΦ

(σ)).

Moreover, the induced map on N th-order infinitesimal neighborhoods coin-
cides with the map induced by the isomorphism

(3.2.3.2) ∆\ŜKΦ
(σ) ∼= (S Σ

K )∧ZK(Υ)

arising from Proposition 3.1.5 (b).
The pullback of f along x is a residually trivial étale neighborhood of the

closed point in SpecOF , thus u0 lifts to a point u ∈ U(OF ) which maps
to x. We let y be the image of u in ∆\SKΦ

(σ)(OF ), which gives a lift of
y0. Then the induced OF /πN+1-point of ∆\SKΦ

(σ) does not lie on the
boundary ∆\∂SKΦ

(σ), and hence yη ∈ ∆\SKΦ
(F ).

Thus y satisfies the assumptions of Prop. 3.2.1; let ỹ ∈ ∆\SKΦ
(OF [u])

be the element constructed there. We let ũ : X ′ → U denote the pullback
of ỹ along g. Then X ′ is a residually trivial étale neighborhood of the
closed point s in SpecOF [u]. We let δ0 ∈ X ′(kF ) be a lift of s, and we
let X denote the scheme obtained from X ′ by removing all the connected
components ofX ′⊗OF kF which do not contain δ0. ThenX has geometrically
connected special fiber. We let x̃ ∈ ∆\S Σ

K (X) denote the composition of

X
ũ−→ U

f−→ ∆\S Σ
K .

Consider the base change X of X along the map OF [u] → OF , u 7→ π.
ThenX is an étale scheme overOF which contains δ0. SinceOF is Henselian,
we obtain a section SpecOF → X which maps the closed point of SpecOF
to δ0. We let δ denote the composition SpecOF → X → X. Then δ maps
to u in U(OF ), and hence maps to x in ∆\S Σ

K (OF ). This verifies condition
(1).

For condition (2), note that

x̃−1(SK) = (f ◦ ũ)−1(SK) = (g ◦ ũ)−1(∆\SKΦ
) ⊃ X[u−1]

by the corresponding property of the point ỹ. The result follows. �

Remark 3.2.4. This Theorem plays the role of [KZ, Corollary 5.2.7] in our
context. It will allows us to relate the Weil–Deligne representation of an
abelian variety over F with semistable reduction, to the Weil–Deligne rep-
resentation for a mod p family of abelian varieties.
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4. Weil–Deligne representations

In this section, we discuss Weil–Deligne representations valued in a re-
ductive group.

4.1. G-valued Weil–Deligne representations.

4.1.1. Let F be a non-archimedean local field with ring of integers OF and
residue field kF of size q. Fix F̄ a separable closure of F and let ΓF denote
the absolute Galois group Gal(F̄ /F ). We write IF ⊂ ΓF for the inertia
subgroup and WF for the Weil group of F . Let k denote the residue field

of F̄ which is an algebraic closure of kF . We identify Gal(k/kF ) with Ẑ by
sending the arithmetic Frobenius to 1. We then have an exact sequence

0→ IF →WF
α−→ Z→ 0

where α sends w ∈ WF to the integral power of arithmetic Frobenius it
induces. We equip WF with the weakest topology for which IF equipped
with the inherited topology from ΓF is an open subgroup of WF .

The Weil–Deligne group WDF is the algebraic group WF n Ga over Q,
where we consider WF as a constant group scheme which acts on Ga via
multiplication by qα(·).

We fix an algebraically closed field Ω of characteristic 0 and we let G be
a connected reductive group over Ω.

Definition 4.1.2. A Weil–Deligne G-representation is an algebraic repre-
sentation

ρWD : (WDF )Ω → G

such that the induced map WF → G(Ω) is continuous for the discrete topol-
ogy on G(Ω).

Two such representations ρWD
1 and ρWD

2 are equivalent (written ρWD
1 ∼G

ρWD
2 ) if there exists g ∈ G(Ω) such that Ad(g)(ρWD

1 ) = ρWD
2 .

A Weil–Deligne representaion will simply be a Weil–Deligne GLn rep-
resentation for some n ≥ 1. We let Rep/ΩWDF denote the category of
Weil–Deligne representations over Ω.

A Weil–Deligne G-representation is equivalent to the data of a pair (ρ′, N)
where ρ′ : WF → G(Ω) is a continuous homomorphism and N ∈ Lie(G) is
an element satisfying

(4.1.2.1) Ad(ρ′(w))N = qα(w)N

for all w ∈WF . The condition (4.1.2.1) implies that N is a nilpotent element
in Lie(G). In what follows, we use these two points of view on Weil–Deligne
G-representations interchangeably without comment.
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4.1.3. We now focus our attention on Weil–Deligne G-representations sat-
isfying the following two conditions.

Definition 4.1.4. Let ρWD be a Weil–Deligne G-representation. We say
that ρWD is

(1) Frobenius semisimple if ρWD(σ, 0) is semisimple for one (equivalently
any) lift of Frobenius σ ∈WF .

(2) unipotently ramified if ρWD|WF
is unramified.

If ρWD satisfies both the above conditions, we will use the abbreviation
(URFS) to describe ρWD.

Given a Weil–Deligne G-representation ρWD, we let ρWD,ss denote its
Frobenius semisimplification. In terms of the pair (ρ′, N), this is given by
taking (ρ′ss, N), where ρ′ss : WF → G(Ω) is the semisimplification of ρ′.

Let ρWD be a unipotently ramified Weil–Deligne G-representation. Then
ρWD|WF

is determined by the image s := ρWD(σ, 0) of a lift of the Frobenius
element σ ∈ WF . Hence ρWD is determined by a pair of elements (s,N) ∈
G(Ω) × Lie(G) satisfying Ad(s)N = qN . If ρWD is in addition Frobenius
semisimple, then s is a semisimple element of G(Ω). We thus define the set

Φ�(q,G,Ω) := {(s,N) ∈ G(Ω)ss ×N|Ad(s)N = qN}
where G(Ω)ss is the set of semisimple elements of G(Ω) and N ⊂ Lie(G)
is the nilpotent cone. Then we may identify Φ�(q,G,Ω) with the set of
(URFS) Weil–Deligne G-representations.

The relation ∼G induces an equivalence relation on Φ�(q,G,Ω). We set

Φ(q,G,Ω) := Φ�(q,G,Ω)/ ∼G

to be the set of equivalence classes in Φ�(q,G,Ω), which we consider to be
the set of isomorphism classes of (URFS) Weil–Deligne G-representations.
For ρWD ∈ φ�(q,G,Ω), we write [ρWD] for its image in Φ(q,G,Ω).

Remark 4.1.5. As the notation suggests, the set Φ(q,G,Ω) only depends on
F via the size q of its residue field. We will use this observation to compare
(URFS) Weil–Deligne G-representations over non-archimedean local fields
of different characteristics.

4.1.6. Now let L ⊂ Ω be a subfield and assume G is defined over L. If ρWD

is a Weil–Deligne G-representation, then for any ς ∈ Aut(Ω/L), we obtain
another Weil–Deligne G-representation by taking the composition ς ◦ ρWD.

Definition 4.1.7. Let ρWD be a Weil–Deligne G-representation. We say
that ρWD is defined over L if for all ς ∈ Aut(Ω/L), we have

ς ◦ ρWD ∼G ρWD.

It is easy to see that this definition only depends on the equivalence class of
ρWD under ∼G. In particular, if [ρ] ∈ Φ(q,G,Ω), then we say [ρ] is defined
over L if ρWD is defined over L for one (equivalently any) representative
ρWD ∈ Φ�(q,G,Ω) of [ρ].
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4.1.8. The next proposition is a key property of (URFS) representations
that we will need. It shows that for such representations, equivalence can
be detected by considering all representations.

Proposition 4.1.9. Let ρWD
1 , ρWD

2 ∈ Φ�(q,G,Ω) be (URFS) Weil–Deligne
G-representations. Suppose for every representation r : G→ GLn, we have

r ◦ ρWD
1 ∼GLn r ◦ ρWD

2 .

Then
ρWD

1 ∼G ρWD
2 ,

i.e. [ρWD
1 ] = [ρWD

2 ] ∈ Φ(q,G,Ω).

Proof. For i = 1, 2, we set

si := ρWD
i (σ, 0) ∈ G(Ω)

for σ ∈WF a lift of Frobenius, and we set

ui := ρWD
i |Ga(1) ∈ G(Ω).

By [Ima24, Lemma 1.12], there are homomorphisms ξ1, ξ2 : SL2 → G such
that

ξi

([
1 1
0 1

])
= ui, s′i := ξi

([
qα(w)/2 0

0 q−α(w)/2

])
s−1
i ∈ ZG(Im(ξi))

for i = 1, 2. Here ZG(Im(ξi)) denotes the centralizer of the image of ξi. By
assumption, for any r : G→ GLn, there exists g ∈ GLn(Ω) such that

g−1r(s1)g = r(s2) and g−1r(u1)g = r(u2).

By the uniqueness statement in [Ima24, Lemma 1.12], there exists an h ∈
GLn(Ω) which commutes with r(s2) and r(u2) such that

h−1g−1(r ◦ ξ1)gh = r ◦ ξ2;

thus we have
h−1g−1r(s′1)gh = r(s′2).

Since this is true any for representation r, we have that s′1 and s′2 are G(Ω)-
conjugate by [Ste65]. Thus upon replacing ρWD

1 by a G(Ω)-conjugate, we
may choose ξ1 such that s′1 = s′2.

Let M ⊂ G denote the centralizer of s′1. Our assumption implies that
for all representations r : G → GLn, r ◦ ξ1 and r ◦ ξ2 are conjugate by
an element of ZGLn(r(s′1)). Thus by Lemma 4.1.10 below, upon further
replacing ρWD

1 by an M(Ω)-conjugate, we may assume ξ1 = ξ2. But then
u1 = u2 and s1 = s2. Since ui determines the homomorphism ρWD

i |Ga , we
have ρWD

1 = ρWD
2 . �

Lemma 4.1.10. Let G be a reductive group over Ω and s ∈ G(Ω) a
semisimple element. Let M := ZG(s) denote the centralizer of s and let
ξ1, ξ2 : SL2 → M be two algebraic homomorphisms such that for all repre-
sentations r : G → GLn, r ◦ ξ1 and r ◦ ξ2 are conjugate by an element of
ZGLn(r(s)). Then ξ1 and ξ2 are conjugate by an element of M(Ω).
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Proof. For i = 1, 2, let αi : Gm →M be the composite of the map d : Gm →
SL2, which identifies Gm with the diagonal torus, and the morphism ξi. By
[Kos59, Theorem 4.2], any homomorphism ξ : SL2 → M is determined by
its composition with d : Gm → SL2 up to conjugation by an element of
M(Ω). Thus it suffices to show that α1 and α2 are conjugate by an element
of M(Ω). Upon replacing ξ2 by an M(Ω)-conjugate, we may assume that
α1 and α2 factor through a common maximal torus in M . It follows that
there exists a maximal torus T ⊂M which contains s and the images of α1

and α2. Then T is also a maximal torus in G.
By assumption, for any t ∈ Ω× and any representation r : G → GLn,

r(α1(t)) and r(α2(t)) are conjugate by an element of ZGLn(r(s))(Ω), and
hence so are r(sα1(t)) and r(sα2(t)). Thus by [Ste65], sα1(t) and sα2(t) are
conjugate by an element of G(Ω). Since sα1(t) and sα2(t) both lie in T ,
they are conjugate by an element w(t) of the Weyl group W for T . As W
is finite, there is an element w ∈ W such that we may take w(t) = w for
t in some Zariski open subset of Ω×, and hence we may take w(t) = w for
any t. In particular, setting t = 1, we obtain w(s) = s and hence w can be
represented by an element w′ ∈M(Ω). Thus α1 and α2 are conjugate by an
element of M(Ω) as desired. �

Remark 4.1.11. Proposition 4.1.9 does not hold for representations which are
not unipotently ramified. Indeed it already fails for Weil representations.

For example, let G = SO6, Γ = Z/4Z × Z/4Z and ρ : Γ → SO6(C) the
representation constructed in [Wei20, Lemma 23]. We let ρ′ : Γ → SO6(C)
be the conjugate of ρ by an element g ∈ O6(C) \ SO6(C). Then ρ and
ρ′ are element-conjugate in the sense of [Lar94] and hence r ◦ ρ and r ◦ ρ′
are conjugate for all representations r : SO6 → GLn. However ρ is not
conjugate to ρ′ in SO6(C). It follows that the proposition fails for the Weil
representations which arise by composing ρ with a surjection WF → Γ.

4.2. Comparison of tame fundamental groups.

4.2.1. In this section, we explain a way to compare Weil–Deligne represen-
tations over different local fields. We first recall how to attach Weil–Deligne
representations to `-adic representations.

We keep the notation of §4.1.1 so that F is a non-archimedean local field.
Let PF ⊂ IF denote the wild inertia, ΓtF := ΓF /PF the tame quotient and
ItF = IF /PF ⊂ ΓtF the tame inertia. For each Frobenius lift σt ∈ ΓtF there
is an isomorphism

ηF : ΓtF
∼=
∏
` 6=p

Z`(1) o Ẑ,

which identifies ItF with the first factor. For ` 6= p a prime, we fix an
isomorphism τ` : Z`(1) ∼= Z`, and we write t` for the composition IF →
ItF → Z`(1)→ Z`.



30 MARK KISIN AND RONG ZHOU

4.2.2. Let G be a reductive group over Q̄` and let ρ : ΓF → G(Q̄`) be a
continuous homomorphism, where G(Q̄`) is equipped with the `-adic topol-
ogy. By Grothendieck’s `-adic monodromy theorem [Del73, 8.2], there is
an open subgroup H ⊂ IF and a nilpotent element N ∈ Lie(G) such that
ρ(h) = exp(t`(h)N) for all h ∈ H.

We define a map ρ′ : WF → G(Q̄`) by

ρ′(σnγ) = ρ(σnγ) exp(−t`(γ)N)

where σ is a lift of Frobenius and γ ∈ IF . Then the pair (ρ′, N) gives
rise to Weil–Deligne G-representation ρWD, whose G(Q̄`)-conjugacy class is
independent of the choice of σ ∈WF lifting Frobenius and the isomorphism
τ : Z`(1) ∼= Z` (see [Del73, 8.11]).

We say that ρ is unipotently ramified if it factors through ΓtF and ρ(γ)
is unipotent for all γ ∈ IF . In this case, the corresponding Weil–Deligne
G-representation ρWD is also unipotently ramified.

4.2.3. Now let F be a p-adic field. Let C = SpecOF [u], and s0 ∈ C,
the closed point given by u = π = 0. Let Rh denote the henselization of
OF [u] at s0. We set Ch = SpecRh and we write C[u−1] (resp. Ch[u−1]) for
SpecOF [u, u−1] (resp. SpecRh[u−1]). We equip C with the log structure
coming from the divisor u = 0.

Fix an algebraic closure k̄F of kF . Let s̄0 = Spec k̄F . We equip s0 with the
log structure N+ 7→ 0 and s̄0 with the induced structure of log geometric
point (cf. [Ill02]).

Now let F ′ be a non-archimedian local field, and suppose we are given
a map Rh → OF ′ sending u to a uniformizer πF ′ ∈ OF ′ , and inducing an
isomorphism on residue fields. For example, we may take F ′ = F and the
map δ : Rh → F , u 7→ π or F ′ = kF ((u)) and the map γ : Rh → kF ((u)), u 7→
u. We denote by η̄ a geometric point over the generic point η ∈ SpecOF ′ .

Lemma 4.2.4. There is a canonical commutative diagram of (log) étale
fundamental group isomorphisms

π1,ét(SpecF ′, η̄)t //

��

π1,ét(Ch[u−1], η̄)

��

πlog
1,ét(s0, s̄0) // πlog

1,ét(C
h, s̄0)

where π1,ét(SpecF ′, η̄)t ' ΓtF ′ is the tame quotient of π1,ét(SpecF ′, η̄). More-
over the isomorphisms are compatible with the natural projection of each
group to π1,ét(s0, s̄0).

Proof. This is contained in [Ill02, 4.7]. The vertical isomorphisms are in-
duced by the specialization map η̄ → s̄. Note that π1,ét(Ch[u−1], η̄) is identi-
fied with the tame fundamental group in [Ill02, 4.7(c)], as the generic point
of the divisor u = 0, has characteristic 0. �
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4.2.5. Now, let F again be a p-adic local field. The previous result allows
us to relate Weil–Deligne representations for F and kF ((u)) arising from an
`-adic local system over Ch[u−1].

We let L be a G(Q̄`)-local system over Ch[u−1]. This corresponds to a
continuous representation

ρ : π1(Ch[u−1], η)→ G(Q̄`),

and we write

ρF : ΓF → G(Q̄`), ρkF ((u)) : ΓkF ((u)) → G(Q̄`)

for the representations obtained by pullback along the maps δ and γ respec-
tively. We write ρWD

F (resp. ρWD
kF ((u))) for the Weil–Deligne G-representation

associated to ρF (resp. ρkF ((u))).

Corollary 4.2.6. Suppose ρWD
F is (URFS). Then ρWD

kF ((u)) is (URFS) and

we have an equality

[ρWD
F ] = [ρWD

kF ((u))] ∈ Φ(q,G, Q̄`),

where q is the size of the residue field kF of both local fields F and kF ((u))
(cf. Remark 4.1.5).

Proof. Using Lemma 4.2.4, we have an identification

θ : ΓtF
∼−→ πlog

1,ét(C
h, s̄0)

∼−→ ΓtkF ((u))

which identifies the tame inertia subgroups ItF
∼= ItkF ((u)), and is compatible

with Frobenius elements.
Let σF ∈ ΓF and σkF ((u)) ∈ ΓkF ((u)) be any Frobenius lifts which are

compatible with θ, and tF,` : IF → Z` and tkF ((u)),` : IkF ((u)) → Z` the
homomorphisms corresponding to a choice of isomorphism τ` : Z`(1) ∼= Z`.
Using these choices, one sees from construction of ρWD

F and ρWD
kF ((u)) that

we have an equality ρWD
F = ρWD

kF ((u)) in Φ�(q,G, Q̄`). The result follows a

fortiori. �

4.3. Weil–Deligne representations associated to isocrystals.

4.3.1. In this subsection we discuss Weil–Deligne representations associated
to isocrystals. In particular, we compare two definitions of the Weil–Deligne
representation associated to an isocrystal. This will allow us to compare
Weil–Deligne representations arising from crystalline cohomology for local
fields of mixed characteristic and equal characteristic p.

4.3.2. Let k be a perfect field of characteristic p, W = W (k) its ring of Witt
vectors, and F0 = W [1/p]. We denote by O ⊂ F0[[u]] the subring of power
series which converge for |u| < 1. The ring O has a continuous Frobenius ϕ,
extending the Frobenius on W, given by ϕ(u) = up.

We denote by Isocϕ/O the category of finite free O-modules M, equipped

with a ϕ semi-linear map ϕM, which induces an isomorphism ϕ∗M ' M,
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and a connection ∇M : M → M ⊗O Ω1
O/F0

[1/u], which has at most a

logarithmic pole with nilpotent residue at u = 0. We require that the iso-
morphism ϕ∗M'M is compatible with connections.

Let ∂ denote the differential operator u d
du . Then ∂ acts on M in Isocϕ/O

as the operator u d
du ◦ ∇M. We denote by `u a formal variable, and set

∂(`u) = 1, so that `u is a formal logarithm on O. We may then extend ∂
to a derivation on the polynomial ring O[`u] over O. We extend ϕ to O[`u]
by setting ϕ(`u) = p`u, and we define an O-linear derivation N on O[`u] by
N(`u) = 1.

Lemma 4.3.3. Let M be in Isocϕ/O, and set D(M) = (O[`u] ⊗OM)∂=0.

Then

(1) The canonical map

D(M)⊗F0 O[`u]→M⊗O O[`u].

is an isomorphism.
(2) The operators ϕ ⊗ ϕM and N ⊗ 1 on O[`u] ⊗O M induce opera-

tors ϕ = ϕD(M) and N on D(M). Moreover, ϕ on D(M) is an
automorphism, and satisfies

Nϕ = pϕN.

Proof. This is well known, but we sketch a proof.
For r ≤ 1, denote by D(0, r) the open p-adic disc of radius r centered at

0, over F0. Let O(D(0, r)) be the ring of functions on D(0, r). By the p-adic
version of Fuchs’ theorem [Ked10, Thm. 13.2.2], there exists r > 0, and an
isomorphism O(D(0, r))d ' M|D(0,r), such that with respect to this basis
we have for m ∈M|D(0,r),

∇M(m) = dm+N0
du

u

for some nilpotent matrix N0 ∈Md(F0).
Let M ⊂ M|D(0,r), be the F0-vector space spanned by the chosen basis.

Then M = ker(∂d). Using the isomorphism of O[∂]-modules, ϕ∗(M) ' M,
one sees that ϕM induces an automorphism of M, and that any section in
M actually converge on D(0, r1/p); that is M ⊂M|D(0,r1/p). Continuing the

argument, we get M ⊂M = ∩r<1M|D(0,r).

Now using that M = ker(∂d), one sees easily that

(F0[`u]⊗F0 M)∂=0 ' (F0[`u]⊗F0 M)∂=0 ' (O[`u]⊗OM)∂=0 = D(M)

has dimension d over F0, and that

D(M)⊗F0 F0[`u] 'M ⊗F0 F0[`u].

This implies (1). For (2), the compatibility of ϕ∗M'M with ∇M implies
that ∂ϕ = pϕ∂ onM and hence on F0[`u]⊗F0M. This implies that D(M) is
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stable under ϕ. Moreover, ϕD(M) is an automorphism as ϕM induces an au-
tomorphism of M. The relation Nϕ = pϕN follows from the corresponding
relation on F0[`u]. �

4.3.4. We denote by Modϕ,N/F0
the category of finite dimensional F0-vector

spaces equipped with a Frobenius semi-linear operator ϕ, and a nilpotent,
linear operator N satisfying ϕN = pϕN. Thus Lemma 4.3.3 yields a functor

Isocϕ/O → Modϕ,N/F0
M 7→ D(M) = (O[`u]⊗OM)∂=0.

Let D(M)′ = M/uM, equipped with the Frobenius induced from ϕM.
The operator ∂ induces a nilpotent operator on D(M)′, which we again

denote by ∂. We make D(M)′ into an object of Modϕ,N/F0
by letting N act as

−∂.

Lemma 4.3.5. There is a natural isomorphism

D(M) ' D(M)′

in Modϕ,N/F0
.

Proof. We will show that the composite of the natural maps

D(M) = (O[`u]⊗OM)∂=0 →M→M/uM = D(M)′

is an isomorphism in Modϕ,N/F0
.

Note that, using the notation of Lemma 4.3.3, the bijection

D(M) = (F0[`u]⊗F0 M)∂=0 `u→0→ M

is compatible with Frobenius and intertwines the operators N on D(M) and
−∂ on M. Now the lemma follows, because we already saw above that M →
D(M)′ is a bijection, which is compatible with ϕ and ∂, by construction. �

4.3.6. Let C be a smooth scheme of finite type over k. We refer to [Ked03],
[Shi02] for different notions (convergent, overconvergent ...) of F -isocrystal
and log F -isocrystals on C, which we will use below. Suppose that C is

equipped with a fine log structure [Kat87]. We let Isoc†,ϕC/k (resp. Isocc,ϕC/k)

denote the category of overconvergent (resp. convergent) log F -isocrystals
on C over k. These are naturally Tannakian categories, and there is a functor

Isoc†,ϕC/k → Isocc,ϕC/k.

To simplify the discussion, we work with Isoc†,ϕC/k in this section, although

some of the constructions could also be made for Isocc,ϕC/k.
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4.3.7. As above, let s0 = (k,N+) denote the log point and equip OF0

with the log structure coming from the maximal ideal, and OF0 [u] with
the log structure coming from u = 0. Recall that the module of logarith-
mic differentials Ω1

OF0
[u]/OF0

(log) is defined to be the OF0 [u]-submodule of

Ω1
OF0

[u,u−1]/OF spanned by du
u , and that we then have

Ω1
OF0

(log) ' Ω1
OF0

[u]/OF0
(log)⊗OF0

[u] OF0 .

An object of Isoc†,ϕs0/k consists of an F0-vector space V together with a semi-

linear Frobenius ϕV , and a connection

∇V : V → V ⊗F0 Ω1
OF (log),

which is compatible with ϕV . For v ∈ V, define

∂(v) = 〈∇V (v), u
d

du
〉.

Then V is determined by ϕV , and the linear operator ∂, subject to the
condition

pϕV ∂ = ∂ϕV .

We may thus view V as an object of Modϕ,N/F0
, by letting N act as −∂.

4.3.8. Let k′/k be a finite extension, s′0 = (k′,N+), and F ′0 = W (k′)[1/p].
A morphism of log schemes x : s′0 → C gives rise to a ⊗-functor

x∗ : Isoc†,ϕC/k → Isoc†,ϕ
s′0/k

′ ' Modϕ,N
/F ′0

; M 7→ x∗M.

We now assume that k is a finite field, and we write q = ps = |k′|. Fix an
embedding F ′0 → Q̄p. Then there is a ⊗-functor

Modϕ,N
/F ′0
→ Rep/Q̄pWDk′((u)); N 7→ ω(N )⊗F ′0 Q̄p,

where ω(N ) is the underlying F ′0-vector space of N , equipped with the
linear operator N, and the unramified WF action obtained by sending the
arithmetic Frobenius to ϕ−s. Thus, if x : s′0 → C is as above, we obtain a
⊗-functor

ωlog
x : Isoc†,ϕC/k → Rep/Q̄pWDk′((u)).

Finally, as the category on the right is Q̄p-linear, we may extend this to a
⊗-functor

ωlog
x : Isoc†,ϕ

C/k,Q̄p
:= Isoc†,ϕC/k ⊗Qp Q̄p → Rep/Q̄pWDk′((u)).
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4.3.9. Now let C̄ be a smooth curve over k, equipped with a finite collection
of closed points Z, and let C = C̄ − Z. We equip C̄ with the log structure
arising from the divisor Z.

Fix x ∈ Z, let k′ be the residue field of x, and identify the complete local
ring of C̄ at x with k′[[u]]. Recall that Marmora [Mar08, §3] has defined a
⊗-functor

ω†x : Isoc†,ϕ
C/k,Q̄p

→ Rep/Q̄pWDk′((u)).

Lemma 4.3.10. With the above assumptions the diagram of ⊗-functors

Isoc†,ϕ
C̄/k,Q̄p

ωlog
x //

��

Rep/Q̄pWDk′((u))

Isoc†,ϕ,
C/k,Q̄p

ω†x // Rep/Q̄pWDk′((u))

commutes up to natural equivalence.

Proof. This follows from Lemma 4.3.5, and unwinding the definitions above,
and those in [Mar08, §3]. �

4.3.11. Let G be a connected reductive group over Q̄p. For C as above, an
overconvergent log F -isocrystal with G-structure on C, is an exact ⊗-functor

RepQ̄pG→ Isoc†,ϕ
C/k,Q̄p

,

where RepQ̄pG denotes the category of Q̄p-linear representations of G. We

denote by G-Isoc†,ϕ
C/k,Q̄p

the category of overconvergent log F -isocrystals with

G-structure on C, and we define G-Isocc,ϕ
C/k,Q̄p

in an analogous way.

For x : s′0 → C̄, as above, and L in G-Isoc†,ϕ
C̄/k,Q̄p

, we can consider the

composite

RepQ̄pG
L→ Isoc†,ϕ

C̄/k,Q̄p
ωlog
x→ Rep/Q̄pWDk′((u)).

By the Tannakian formalism, this corresponds to a map of algebraic groups

ρlog
L,x : WDk′((u)) → G

over Q̄p. We may likewise define a representation ρ†L,x : WDk′((u)) → G using

the functor ω†x in place of ωlog
x .

Lemma 4.3.12. Let Z ⊂ C̄, and L be as above. Then for x ∈ Z, there is
an equivalence of G-representations

ρlog
L,x ' ρ

†
L,x.

Proof. This follows immediately from Lemma 4.3.10. �
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4.4. Local global compatibility in Lafforgue’s theorem. The aim of
this subsection is to prove a slight refinement of the local-global compati-
bility theorem for `-adic companions in [Laf02], and its crystalline analogue
[Abe18a]. For the rest of the paper we fix an isomorphism ι` : Q̄`

∼= C for
every prime `.

4.4.1. Let C be a smooth, connected curve over a finite field Fq of char-
acteristic p with algebraic closure F̄q, and let F := Fq(C) be the function
field of C. Let ` be a prime. Let L` be a lisse Q̄`-sheaf on C if ` 6= p, and

an object of Isoc†,ϕ
C/Fq ,Q̄p

, if ` = p; (here C is equipped with the trivial log

structure). We let n be the rank of L`. The following lemma is well known.

Lemma 4.4.2. The restriction of detL` to CF̄q has finite order.

Proof. When ` 6= p, this is [Del80, Proposition 1.3.4]. For ` = p, this is
[Abe18b, Lemma 6.1]. �

4.4.3. Suppose ` 6= p, and let β ∈ Q̄×` be an `-adic unit. Then there is a
continuous homomorphism

Gal(F̄q/Fq)→ Q̄×`
taking the arithmetic q-Frobenius to βr, where q = pr. This representation
corresponds to a rank 1 lisse Q̄`-sheaf on SpecFq and we let β denote its
pullback to C.

Now suppose ` = p. Then for any β ∈ Q̄×` , we let L` ⊗ β denote the
overconvergent isocrystal obtained from L` by multiplying the isomorphism
ϕ∗(L`) ' L` by β−1.

By Lemma 4.4.2, for any ` and L`, there exists a β ∈ Q̄×` which is an
`-adic unit if ` 6= p, such that detL` ⊗ β has finite order. We denote this
element by β(L`).

4.4.4. Now let C denote the smooth compactification of C. For x ∈ C a
closed point, let Fx denote the completion of F at x, and κ(x) the residue
field of x. We can associate a Weil–Deligne GLn,Q̄`-representation ρWD

L`,x to
L` and x : For ` 6= p, this is done by considering the corresponding `-adic
representation

ρL`,x : Gal(F̄x/Fx)→ GLn(Q̄`),

and applying §4.2.2. For ` = p this is done in 4.3.9. Via the isomorphism
ι` : Q̄`

∼= C we may consider ρWD
L`,x and its Frobenius semisimplification

ρWD,ss
L`,x as a GLn,C-representation.

Theorem 4.4.5. Suppose that L` is irreducible (resp. semi-simple), and
satisfies the following condition

For every factor L′` ⊂ L`, β(L′`) is algebraic and a p-unit

Then there exists a number field E ⊂ C, and for each prime `′ an irreducible

(resp. semisimple) lisse Q̄`′-sheaf on C (resp. object of Isoc†,ϕ
C/Fq ,Q̄p

if `′ = p)
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L′` such that for every closed point x ∈ C̄, ρWD,ss
L`,x is defined over E and we

have

ρWD,ss
L`′ ,x

∼GLn,C ρ
WD,ss
L`,x .

Proof. We remark that for x ∈ C, ρWD
L`,x and ρWD

L`′ ,x
are unramified, and

the equality in the Theorem amounts to the statement that under these
representations, the characteristic polynomials of Frobenius are equal and
in E[T ]. It suffices to consider the case where C is geometrically irreducible
(in which case C is also geometrically irreducible) and L` is an irreducible
lisse sheaf.

We first consider the case that L` has determinant of finite order. In this
case L` corresponds to a cuspidal automorphic representation π of GLn(AF ),
and the association L` 7→ π is compatible with L and ε-factor of pairs [Laf02,
Thm. VII.3], [Abe18a, Thm. 4.2.2]. As in [Laf02, Thm. VII.6] and [Laf02,
Cor. VII.5], respectively, this implies the existence of the number field E

such that ρWD,ss
L`,x is defined over E for all x, and that the association L` 7→ π

is compatible with the local Langlands correspondence at all closed points
x ∈ C̄. That is, ρL`,x corresponds to the local factor πx of π, under the Lo-
cal Langlands correspondence. Now applying the correspondence of [Laf02,
Thm. VII.3] and [Abe18a, Thm. 4.2.2] to π, we obtain an L`′ such that L`′,x
corresponds to πx for all closed points x. This implies ρWD,ss

L`′ ,x
∼GLn,C ρ

WD,ss
L`,x .

Now for any L` satisfying the condition of the theorem, let β = β(L`) ∈
Q̄× and β1/n ∈ Q̄× be any nth root of β. Then Lβ` := L` ⊗ β1/n has deter-

minant of finite order. Applying the case considered above to Lβ` , we obtain

a number field Eβ ⊂ C and an Q̄`′-sheaf (resp. object of Isoc†,ϕ
C/Fq ,Q̄p

) Lβ`′ .
We may now take E = Eβ(β1/n), and L`′ = Lβ`′ ⊗ β

−1/n. �

5. Independence of `

In §5.1 and §5.2, we use the results of the previous section to prove an
independence of ` result for the monodromy at the boundary in the special
fiber of Shimura varieties. This is used to prove the main theorem concerning
abelian varieties in §5.3.

5.1. Local monodromy at the boundary.

5.1.1. We return to the setting of §2. Thus let (G, X,G) be a strongly
admissible Shimura datum and fix a Hodge embedding

ι : (G, X)→ (GSp(V ), S±)

as in Proposition 2.1.9. For K = G(Zp), Kp ⊂ G(Apf ) a compact open

subgroup and K = KpK
p, we let SK denote the associated integral model

over OE . Throughout this subsection, we will make the assumption that
G = GQp is quasi-split.
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Now let ` 6= p be a prime, and assume as in §2.3.1 that K is of the
form K`K

`, with K` ⊂ G(Q`), K` ⊂ G(A`f ). Then we have a G(Q`)-local
system L` on SK,kE arising from the pro-étale covering lim←−K′`⊂K`

SK′`K
`,kE

.

By Corollary 2.3.5, the (L`)`6=p form a compatible system of G-local systems
on SK,kE defined over Q in the following sense: For each x ∈ SK(Fq), we
let γx,` ∈ ConjG(Q`) be the element corresponding to the action of local
Frobenius on the geometric stalk L`,x. Then there exists γx ∈ ConjG(Q)
such that for all ` 6= p, we have γx = γx,` in ConjG(Q`).

For notational simplicity, we will write SK for the special fiber SK,kE of
SK.

5.1.2. Let S Σ
K denote the toroidal compactification of SK associated to a

choice of complete smooth admissible rational polyhedral cone decomposi-
tion, and let SΣ

K denote the special fiber of S Σ
K . Then we have an open

immersion SK ↪→ SΣ
K and we let ∂SK denote the complement SΣ

K \ SK.
Let k′E = Fq be a finite extension of kE and fix x ∈ ∂SK(k′E). Let

π : C̄ → SΣ
K,k′E

be a morphism from a smooth geometrically connected curve

C̄ over k′E satisfying the following two properties:

(1) There exists c ∈ C̄(k′E) with π(c) = x.
(2) π(C̄) intersects the interior SK,k′E

.

We let C = π−1(SK,k′E
) which is an open subscheme of C̄. Fix a geometric

point of u ∈ C. Then the pullback of L` to C gives rise to a representation

ρC,` : π1(C, u)→ G(Q`),

which is known to be semisimple by a result of Zarhin [Zar74a], [Zar74b].
We let Fc denote the completion of the fractional field k(C) at the place

corresponding to c, and we let ρWD
C,`,c denote the Weil–Deligne GC repre-

sentation associated to ρC,`|Fc , induced by our fixed choice of isomorphism
ι` : Q̄`

∼= C for every prime `.

Lemma 5.1.3. For any ` 6= p, ρWD
C,`,c is Frobenius semisimple and unipo-

tently ramified.

Proof. It suffices to prove the result for the Weil–Deligne GLn,C representa-

tion r ◦ ρWD
C,`,c induced by a faithful representaion r : G → GLn. We take r

to be the representation induced by the Hodge embedding ι. Then r ◦ ρWD
C,`,c

arises from the the action of ΓFc on the `-adic Tate module of an abelian va-
riety over Fc with semistable reduction. The result then follows from [DG72,
IX, 3.5]. �

By the lemma above, for each ` 6= p, we can associate to π : C̄ → SΣ
K,k′E

as above an element

[ρWD
C,`,c] ∈ Φ(q,G,C).
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5.1.4. Now let ϑ : GC → GLn be any representation, defined over C. The
G(Q`)-local system L` induces a Q̄`-local system of rank n on SK via ϑ, and

we write Lϑ` = LC,ϑ` for its pullback to C. The representation ϑ also gives

rise to a corresponding Weil–Deligne GLn-representations ϑ ◦ ρWD
C,`,c.

Proposition 5.1.5. For any `, `′ 6= p, we have

[ϑ ◦ ρWD
C,`,c] = [ϑ ◦ ρWD

C,`′,c] ∈ Φ(q,GLn,C),

i.e. ϑ ◦ ρWD
C,`,c and ϑ ◦ ρWD

C,`′,c are conjugate by an element of GLn(C).

Proof. By [KZ, Lemma 5.3.3], which applies in our setting, the local sys-
tem Lϑ` satisfies the condition of Theorem 4.4.5. We let L′`′ denote the

semisimple Q̄`′-local system associated to Lϑ` by Theorem 4.4.5. Then L′`′
is `′-compatible for Lϑ` in the sense of [KZ, §5.3.1]2.

By Corollary 2.3.5 (cf. Remark 2.3.6), Lϑ`′ is also `′-compatible for Lϑ` .

Thus by the Chebotarev density theorem Lϑ`′ and L′`′ are isomorphic, since
they are both semisimple. Thus, using Theorem 4.4.5, we have

[ϑ ◦ ρWD
C,`′,c] = [ρWD

Lϑ
`′ ,c

] = [ρWD
L′
`′ ,c

] = [ρWD
Lϑ` ,c

] = [ϑ ◦ ρWD
C,`,c] ∈ Φ(q,GLn,C).

�

Combining with Proposition 4.1.9, we obtain the following corollary.

Corollary 5.1.6. With the notation and assumptions as above, for any
`, `′ 6= p, we have

[ρWD
C,`,c] = [ρWD

C,`′,c] ∈ Φ(q,G,C).

Moreover [ρWD
C,`,c] is defined over Q for any `.

Proof. Let `, `′ 6= p. By Proposition 5.1.5, for any representation ϑ : GC →
GLn, we have that ϑ ◦ ρWD

C,`,c, ϑ ◦ ρWD
C,`′,c are GLn(C)-conjugate. Thus by

Proposition 4.1.9, we have

[ρWD
C,`,c] = [ρWD

C,`′,c] ∈ Φ(q,G,C).

To show that [ρWD
C,`,c] is defined over Q, we first show it is defined over a

number field L. By [Ima24, Proposition 1.13], we may view ρWD
C,`,c as a pair

(s′, ξ) where s′ ∈ G(C)ss and

ξ : SL2 → ZG(s′)

is a homomorphism to the centralizer of s′.
Let r : G → GL2g denote the representation arising from the Hodge

embedding ι. Then r ◦ ρWD
C,`,c is the Weil–Deligne representation associated

to an abelian variety with semistable reduction over k′E((u)), hence is defined
over Q. In particular, the conjugacy class of r(s′) ∈ GLn(C)ss is defined over
Q. Since the map

ConjG → ConjGLn

2In [KZ, §5.3.1], L′`′ is denoted K`′ .
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is a finite morphism of varieties, the conjugacy class of s′ is defined over Q̄.
Thus upon replacing ρWD

C,`,c by a G(C)-conjugate, we may assume s′ ∈ G(L)ss

for L a number field.
Now as in Lemma 4.1.10, the homomorphism ξ : SL2 → ZG(s′) is deter-

mined up to ZG(s′)-conjugacy by the cocharacter α : Gm → ZG(s′) given by
the composition with the map d : Gm → SL2 from the diagonal torus. Upon
extending L, the ZG(s′)-conjugacy class of α has a representative defined
over L. It follows that ρWD

C,`,c is defined over L.

We may assume L is minimal for which ρWD
C,`,c is defined over L. For every

`′ 6= p, [ρWD
C,`,c] = [ρWD

C,`′,c] arises from a G(Q`′)-local system, thus [ρWD
C,`,c] is

defined over Q`′ for all `′ 6= p; here we consider Q`′ ⊂ C via the isomorphism
i`′ : Q̄`′

∼= C. It follows that for every prime `′ 6= p, there is a place of L
above ` which splits in L. The Chebotarev density theorem then implies
L = Q (cf. [KZ, Proof of Theorem 5.1.4]). �

Definition 5.1.7. We define

[ρWD
C,c ] ∈ Φ(q,G,C)

to be the element [ρWD
C,`,c] ∈ Φ(q,G,C) for one, equivalently any, choice of

prime ` 6= p.

5.2. Local monodromy for ` = p.

5.2.1. We keep the notation of the previous section. Fix a collection of
tensors {sα}α ⊂ V ⊗, such that G is the pointwise stabilizer of {sα}α. The
generic fiber ShK = SK ⊗ E carries a p-adic local system Vp[1/p], and each
sα give rise to a morphism sα,ét : 1 → Vp[1/p]⊗ from the constant local
system.

Let E′′/E be a finite extension, and x : SpecE′′ → SK an E′′-point
which we assume extends to a morphism x : SpecOE′′ → S Σ

K . Then x
corresponds to an abelian variety over E′′ with semi-stable reduction, and
so the pullback x∗(Vp[1/p]) is a semi-stable Galois representation. We may
therefore apply Fontaine’s functor to obtain Ex = Dst(x

∗(Vp)), which is a
filtered (ϕ,N)-module. Forgetting the filtration, we may view Ex as a log
F -isocrystal over the log point (kE′′ ,N+). The tensors sα,ét, then give rise
to tensors sα,0,x ∈ E⊗x , which are invariant by ϕ and killed by N. Moreover,
the p-adic comparison map implies that the scheme of isomorphisms

Px = Isom{sα}(V
∨, Ex)

taking sα to sα,0,x is a G-torsor over W (kE′′)[1/p]. Thus Ex may be promoted
to an F -isocrystal with G-structure

EGx : RepQ̄pG→ Isoc†,ϕ
(kE′′ ,N+)/kE′′ ,Q̄p

; W 7→W × Px/G.
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5.2.2. We want to show that all the EGx arise from a log F -isocrystal with
G-structure over SΣ

K. For technical reasons we do this only after pulling back
to a curve.

We now assume that the map π : C̄ → SΣ
K,k′E

, defined in 5.1.2, lifts to a

map π̃ : C̄ → S Σ
K,OE′

, where OE′ is the ring of integers of a finite extension

E′/E with residue field kE′ = k′E , and C̄ is a smooth curve over OE′ with
C̄kE′ = C̄. We equip C̄ with the log structure coming from the complement

S Σ
K \SK, and we let C = π−1(SK,OE′ ).

Lemma 5.2.3. There is an object EGC in G-Isoc†,ϕ
C̄/k′E ,Q̄p

such that for any

finite extension E′′/E′, and any point x ∈ C̄(OE′′)∩C(E′′), there is a canon-

ical isomorphism x∗(EGC ) ' EGx , in Isoc†,ϕ
(kE′′ ,N+)/kE′′ ,Q̄p

.

Proof. By [Mad19, 1.3.5], the universal abelian scheme (arising from the
chosen Hodge embedding), on SK corresponds to a log Dieudonné crystal

on SΣ
K,k′E

. In particular, this gives rise to an object E in Isoc†,ϕ
C̄/k′E

, such that

for all x as above x∗(E) is canonically isomorphic to Ex.
We claim that there exists morphisms sα,0 : 1 → E⊗, in Isocc,ϕ

C̄/k′E
, such

that, for all x as above, x∗(sα,0) ' sα,0,x. The proof of this is essentially
contained in [KMS22, Prop. A.6]. There are two differences between the
statement of loc. cit, and the one we are using here: The base scheme S there
(which corresponds to C̄) is assumed to be proper, and the compatibility
x∗(sα,0) ' sα,0,x is only stated for x ∈ C(OE′′). The properness is not used
in the proof; indeed the argument is made étale locally. The compatibility
for more general x is proved in the same way, by invoking the functoriality
of Faltings’ construction [Fal02].

Next we show that {sα,0}α gives rise to a convergent object EGC , in G-
Isocc,ϕ

C/k′E ,Q̄p
. For an enlargement C ↪→ T, let PT = Isom{sα}(V

∨, E(T )) be

the scheme of isomorphisms taking sα to sα,0|T . This is a finite type T -

scheme. We claim that that PT is a G-torsor. Let Ĉ denote the p-adic

completion of C. Locally on T, C → Ĉ lifts to T → Ĉ, so it suffices to check

this when T = Ĉ.
Now PĈ is an affine scheme of finite type over the adic space Ĉ ⊗ Qp,

such that for any finite extension E′′/E and x ∈ Ĉ(E′′), x∗(PĈ) ' Px is a

G-torsor. Since the sections sα,0(Ĉ) are parallel for the connection on E(Ĉ),
PĈ is flat over Ĉ ⊗Qp, with constant fiber dimension. Thus PĈ is a G-torsor,
as claimed.

We consider PT as a functor on the category of enlargements, and de-
note by ϕ∗(P)T the value of its Frobenius pullback on T. Since the sα,0
are Frobenius invariant, we have an natural isomorphism ϕ∗(P) ' P. For
W ∈ RepQ̄pG, we set EGC (W ) = W × P/G, which defines an object in

G-Isocc,ϕ
C/k′E ,Q̄p

.
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To show that EGC corresponds to an object in G-Isocϕ,†
C̄/k′E ,Q̄p

, note that

the functors

Isoc†,ϕ
C̄/k′E ,Q̄p

→ Isoc†,ϕ
C/k′E ,Q̄p

→ Isocc,ϕ
C/k′E ,Q̄p

are fully faithful by [Ked04, Thm. 1.1] and [Ked07, Thm. 6.4.5], so it suffices

to show that for W ∈ RepQ̄pG, EGC (W ) is in Isoc†,ϕ
C̄/k′E ,Q̄p

. But EG(W ) is a

direct summand in E⊗, so this follows from the fact that E is in Isoc†,ϕ
C̄/k′E ,Q̄p

.

It remains to check that for x ∈ C̄(OE′′) ∩ C(E′′), there is a canonical
isomorphism x∗(EGC ) ' EGx . First note that EGC (sα) = sα,0. Indeed, this
holds over C by construction, and hence over C̄. This implies that

Px = Isom{sα}(V
∨, Ex) = Isom{sα}(V

∨, x∗(EGC (V ))),

so both Ex and x∗(EGC ) can be recovered by twisting V ∨ by the same G-
torsor, and hence they are canonically isomorphic. �

5.2.4. Recall that associated to EGC , and c ∈ C̄(k′E), we have the Weil-

Deligne representation ρlog

EGC ,c
constructed in 4.3.11

Corollary 5.2.5. ρlog

EGC ,c
is (URFS), and we have

[ρlog

EGC ,c
] = [ρWD

C,c ] ∈ Φ(q,G,C).

Proof. The fact that ρlog

EGC ,c
is (URFS) follows from the same argument as

Lemma 5.1.3, using the corresponding result for the Weil–Deligne represen-
tation associated to an abelian variety with semistable reduction over a local
function field; see eg. [CL17, Lemm 3.12]

Let `′ 6= p be a prime. By Proposition 4.1.9, it suffices to show that for any

representation ϑ : GC → GLn, ϑ◦ρWD
C,`′,c and ϑ◦ρlog

EGC ,c
are GLn(C)-conjugate.

The proof of this is similar to that of Proposition 5.1.5.
Let L′`′ denote the semisimple Q̄`′-local system associated to EGC (ϑ) by

Theorem 4.4.5. Then L′`′ is `′-compatible for EGC (ϑ). By Corollary 2.3.5, cf.

Remark 2.3.6, Lϑ`′ is also `′-compatible for EGC (ϑ). Thus by the Chebotarev

density theorem Lϑ`′ and L′`′ are isomorphic, since they are both semisimple.
It follows by Theorem 4.4.5 that

[ϑ ◦ ρ†EGC ,c
] = [ρWD

L′
`′ ,c

] = [ρWD
Lϑ
`′ ,c

] = [ϑ ◦ ρWD
C,`′,c] ∈ Φ(q,GLn,C).

Now the corollary follows as ρlog

EGC ,c
' ρ†EGC ,c

by Lemma 4.3.12. �

5.3. Weil–Deligne representations attached to abelian varieties. We
now prove our main result concerning abelian varieties.
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5.3.1. Let A be an abelian variety over a number field E. Recall we have
fixed an embedding i∞ : Q̄→ C; using this we may consider E as a subfield
of C. We write VB for the Betti cohomology H1

B(A(C),Q) which is equipped
with a Hodge structure of type ((0,−1), (−1, 0)). This Hodge structure is
induced by a morphism

h : S := ResC/RGm → GL(VB).

We write

µ : C× z 7→(z,1)−−−−−→ C× × c∗(C×)
h−→ GL(VB ⊗ C)

for the Hodge cocharacter.

Definition 5.3.2. The Mumford–Tate group G of A is the smallest alge-
braic subgroup of GL(VB), defined over Q, such that G(C) contains the
image of µ.

We remark that G depends on the embedding E ↪→ C; if G1 is the
group defined by a different embedding then there is a canonical inner
twisting GQ̄

∼= G1,Q̄ induced by the torsor of tensor preserving isomor-
phisms between the Betti cohomology groups (see [Del82, Proof of Theorem
3.8]. In particular, there is a canonical Aut(C/Q)-equivariant identification
Φ(q,G,C) ∼= Φ(q,G1,C) for any q = ps.

5.3.3. For a prime number `, let T`A be the `-adic Tate module of A. The
action of ΓE := Gal(Ē/E) on T`A gives rise to a representation ρA,` : ΓE →
GL(T`A) and the Betti-étale comparison gives us a canonical isomorphism

H1
B(A(C),Q)⊗Q Q`

∼= T`A
∨ ⊗Z` Q`.

Deligne’s theorem that Hodge cycles are absolutely Hodge [Del82], implies
that upon replacing E by a finite extension, the map ρA,` factors through
G(Q`); see [Noo09, Remarque 1.9]. By [KZ, Lemma 7.1.4], if ρA,` factors
through G(Q`) for some prime `, then this holds for all primes `. We replace
E by the smallest extension such that ΓE maps to G(Q`), and we write ρGA,`
for the induced map ΓE → G(Q`).

5.3.4. Let v be a prime of E where A has semistable reduction lying above
a rational prime p. Upon modifying the embedding ip : Q̄ → Q̄p fixed in
§2.1.1, we may assume that v is induced by ip. We write E′ = Ev, and
let kE′ = Fq be its residue field. For ` 6= p a prime, the restriction of ρGA,`
to ΓE′ := Gal(Ē′/E′) gives rise to a Weil–Deligne G-representation ρWD

A,`,v

which is known to be Frobenius semisimple (cf. [Noo13] Remark 1.9), and
hence (URFS) by our assumption of semistable reduction at v. If v is a place
of good reduction for A, ρGA,` is unramified at v and ρWD

A,`,v factors through

the surjection Ga oWE′ →WE′
α−→ Z.

For ` = p, we have an F -isocrystal with G-structure

EG : RepQ̄pG→ Isocϕ,†
(kE′ ,N+)/kE′

; W 7→ Dst(W ),
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where we view W ∈ RepQ̄pG as a ΓE′-representation via ρGA,p. We denote

by ρWD
A,p,v the Weil–Deligne associated to EG, as in 4.3.7 and 4.3.8. Again,

ρWD
A,p,v is (URFS), and unramified if A has good reduction reduction at v.

5.3.5. We would like to apply the considerations in §5.1 and §5.2 to the
current setting. To do this, we will make use of the following auxiliary
construction. Let F/Q be a totally real field, and let H ⊂ H′ := ResF/QGF

denote the subgroup constructed in [KZ, §6.1.6]. Then H is a reductive
group and there is a H(R) conjugacy class XH of homomorphisms S→ HR
which makes (H, XH) a Shimura datum. Moreover, there are morphisms of
Shimura data

(G, X) ↪→ (H, XH) ↪→ (GSp(W ), S′±),

where W is the symplectic space with underlying vector space given by
V ⊗Q F considered as a Q-vector space.

Lemma 5.3.6. The natural inclusion G→ H induces an injective map

Φ(q,G,C)→ Φ(q,H,C)

which is equivariant for the action of Aut(C/Q).

Proof. Let (s1, N2), (s2, N2) ∈ Φ�(q,G,C) and suppose there exists h ∈
H(C) such that (s2, N2) = (hs1h

−1,Ad(h)(N1)) in Φ�(q,H,C). Then under
the identification

H′C =
∏

τ :F→C
GC,

(si, Ni) corresponds to (si, . . . , si)× (Ni, . . . , Ni) ∈
∏
τ :F→C GC×N , and we

let h = (h1, . . . , hn). Then (s2, N2) = (hs1h
−1,Ad(h1)(N1)) implies

(s2, N2) = (h1s1h
−1
1 ,Ad(h)(N1))

with h1 ∈ G(C), and so (s1, N1) and (s2, N2) have the same image in
Φ(q,G,C).

The equivariance under Aut(C/Q) follows from the fact that the map
G→ H is defined over Q. �

5.3.7. Let σ̃q ∈ ΓE be the image of a lift of the geometric Frobenius in
Gal(Ē′/E′). The following proposition serves as the analogue of [KZ, Propo-
sition 6.2.4] in our setting, and is proved in a similar way.

Proposition 5.3.8. There exists a totally real field F such that if (H, X) is
the Shimura datum arising from the construction in §5.3.5, then H := HQp
is quasi-split and there exists a parahoric group scheme H for H such that

(A) The image of ρGA,p(σ̃q) in H(Qp) lies in H(Zp).
(B) The triple (H, XH,H) is strongly admissible.
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Proof. By [KZ, Lemma 6.2.1], there exists F/Qp finite such that GF is split
and there exists a special parahoric GF of GF such that the image of ρGp (σ̃q)
lies in GF (OF ). We take F a totally real field with Fw = F for all places
w|p of F, and let H be the parahoric of H corresponding to the parahoric∏
w|p GOF (OF ) of H ′. Then Hder is the Weil-restriction of a split group,

hence quasi-split, and has reduced relative root system so that condition (4)
in the definition of strongly admissible triple is satisfied. (1) is satisfed by

construction, and (3) is satisfied since any centralizer of a maximal Q̆p-split
torus is an extension of Gm by an induced torus, hence R-smooth by [KZ,
Proposition 2.4.6].

For condition (2), note that X∗(H
ab) is an extension of Gm by an induced

torus, and hence X∗(H
ab)I is torsion-free. The result then follows from [KZ,

Lemma 4.2.4], noting that H is a very special parahoric of H. �

5.3.9. We now prove our main theorem.

Theorem 5.3.10. Let A be an abelian variety over a number field E and
let v|p be a prime of E where A has semistable reduction. Then there exists
an element [ρWD

A,v ] ∈ Φ(q,G,C) satisfying the following two properties.

(1) [ρWD
A,v ] is defined over Q.

(2) For all primes `, we have

[ρWD
A,v ] = [ρWD

A,`,v] ∈ Φ(q,G,C).

Proof. If G is a torus, A has CM and hence has everywhere potentially
good reduction. The assumption of semistability then implies A has good
reduction at v, and in this case the result is a theorem of Shimura–Taniyama.

We now assume G is not a torus. Let (H, XH,H) be a strongly admissible
triple arising from Proposition 5.3.8 above. By construction, ρGA,p(σ̃q) lies

in Kp := H(Zp). Hence there is a finite extension E′/E such that ρGA,p|ΓE′

factors through Kp, and such that there is a prime v′|v such that E′v′ is a
totally ramified extension of Ev. By Lemma 5.3.11 below, it suffices to prove
the result with E replaced by E′, and v replaced by v′, thus upon replacing
E by E′, we may assume ρGA,p factors through Kp.

By our assumption on E, the representation ρp : ΓE → GL(V̂ (A)) factors
through G(Apf ) ⊂ H(Apf ) and hence through a compact open subgroup Kp ⊂
H(Apf ). We set K = KpK

p and write SK := SK(H, XH) for the integral

model. As in [KZ, Theorem 6.2.7], the abelian variety AF := A⊗Q F given
by the Serre tensor construction [CM04, §7] corresponds to an E′ := Ev-
point xA ∈ ShK(E′).

Case (1): A has good reduction at v. In this case [ρWD
A,`,v] is unramified and

hence is determined by the conjugacy class of Frobenius γA,`,v ∈ ConjG(C).
The statement then amounts to showing there exists γA,v ∈ ConjG(Q) such
that

γA,v = γA,`,v for all primes `.
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When p > 2, and ` 6= p, this is proved in [KZ, Theorem 6.2.7]. The remaining
cases in the good reduction case (p = 2 and ` = p) can be handled in the same
way using Corollary 2.3.5 in place of [KZ, §5.1.4]. We recall the argument
here for completeness.

By construction, the triple (H, XH,H) satisfies the assumptions in Corol-
lary 2.3.5. The assumption that A has good reduction implies that xA ex-
tends to a point x ∈ SK(OE′). Let x0 ∈ SK(kE′) denote the special fiber of
x. Then we have γx0,` = γA,`,v ∈ ConjH(C), where γx0,` is the element asso-
ciated to x0 in §2.3.4. Then by Corollary 2.3.5, there exists γ ∈ ConjH(Q)
such that γ = γx0,` ∈ ConjH(C) for all `. The result then follows from
Lemma 5.3.6.

Case (2): A has bad reduction at v. Let Σ be a complete smooth ad-
missible rpcd for the triple (H, XH,K), and S Σ

K the associated compacti-
fication. The assumption of semistability implies that xA extends to point
x ∈ S Σ

K (OE′), with special fiber x0 contained in the boundary ∂S Σ
K (kE′).

Fix $ a uniformizer for E′. Let (C̄, c) be a residually trivial étale neigh-
bourhood of SpecOE′ [u] and π̃ : C̄ → S Σ

K a map satisfying the properties in
the conclusion of Theorem 3.2.3; in particular, there is a point δ ∈ C̄(OE′)
lying above u 7→ $ which maps to xA. By assumption, the pre-image of
the interior SK in C̄ contains C̄[u−1]. Thus for each ` 6= p, we obtain a

H(Q`)-local system on C̄[u−1] given by the pullback of L̃`. This corresponds
to a continuous homomorphism

ρ` : π1(C̄[u−1], y)→ H(Q`).

We let γ denote the morphism SpecFq[[u]]→ C̄ lifting OE′ [u]→ Fq[[u]], u 7→
u. We write ρE′,` : ΓE′ → H(Q`) and ρFq((u)),` : ΓFq((u)) → H(Q`) for the
representations obtained from ρ` by pullback along δ and γ respectively.

Note that we have an equality ξ ◦ ρWD
A,`,v = ρWD

E′,`, where ξ : G → H is the

natural map. It follows that ρWD
E′,` is (URFS). By Corollary 4.2.6, we have

[ξ ◦ ρWD
A,`,v] = [ρWD

E′,`] = [ρWD
Fq((u)),`] ∈ Φ(q,H,C).

Here we use Remark 4.1.5 to identify the sets Φ(q,H,C) for the different
local fields E′ and Fq((u)). Let C̄ = C̄ ⊗ kE′ , and C ⊂ C̄ the preimage of
SK. Then ρWD

Fq((u)),` = ρWD
C,`,c with the notation in §5.1.2, and hence applying

Corollary 5.1.6 to C̄, we find that there exists [ρWD
A,H,v] ∈ Φ(q,H,C) defined

over Q such that

[ρWD
A,H,v] = [ρWD

Fq((u)),`] = [ξ ◦ ρWD
A,`,v] ∈ Φ(q,H,C)

for all ` 6= p. It follows by Lemma 5.3.6, there is an element [ρWD
A,v ] ∈

Φ(q,G,C) defined over Q such that [ρWD
A,H,v] = [ξ ◦ ρWD

A,v ], and

[ρWD
A,v ] = [ρWD

A,`,v] ∈ Φ(q,G,C)

for all ` 6= p. This proves the theorem for ` 6= p.
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For the case ` = p, let EHC be the object of H-Isoc†,ϕ
C̄/kE ,Q̄p

constructed in

Lemma 5.2.3. Then we have

[ξ ◦ ρWD
A,p,v] = [ρlog

EHC
] = [ξ ◦ ρWD

A,v ] ∈ Φ(q,H,C),

where the first equality is part of Lemma 5.2.3 - note that it involves the
equality in Φ(q,H,C) of representations of WDE′ and WDFq((u)) - and the
second equality follows from Corollary 5.2.5. Arguing as above using Lemma
5.3.6, we find that

[ρWD
A,p,v] = [ρWD

A,v ] ∈ Φ(q,G,C)

as desired. �

Lemma 5.3.11. Let F be a non-archimedean local field with residue field
Fq and let ρ : ΓtF → G(Q`) be a unipotently ramified continuous homo-
morphism. Let F ′/F be a totally ramified extension, and we let ρWD (resp.
ρ′WD) denote the unipotently ramified Weil–Deligne representations associ-
ated to ρ (resp. ρ|ΓF ′ ). Then we have an equality

[ρWD] = [ρ′WD] ∈ Φ(q,G,C).

Remark 5.3.12. Note that F and F ′ have the same residue field, so that it
makes sense to compare [ρWD] and [ρ′WD] as elements of Φ(q,G,C).

Proof. Note that ρWD (resp. ρ′WD) depends on a choice of Frobenius lift σ
in ΓtF (resp. σ′ ∈ ΓF ′) and a choice of homomorphism t` : ItF → Z` (resp.
t′` : ItF ′ → Z`). Since F ′/F is totally ramified, we may choose σ = σ′, and
we let t′` = m−1t`|It

F ′
, where m is the index of ItF ′ in ItF .

We let (s,N), (s′, N ′) ∈ Φ�(q,G,C) denote the elements corresponding
to ρWD and ρ′WD respectively. Then with our above choices, we have that

(s′, N ′) = (s, aN)

for some a ∈ C. The argument in [Del73, Variante 8.11] shows that (s′, N ′)
and (s,N) are G(C)-conjugate, and hence their images in Φ(q,G,C) are
equal. �

Remark 5.3.13. The proof of Theorem 5.3.10 applies to abelian varieties
defined over more general fields: Let K be a finite extension of Qp with
residue field Fq equipped with an embedding K ⊂ C and let A be an abelian
variety over K with Mumford–Tate group G. Then the proof of Theorem
5.3.10 shows that upon replacing K by a finite extension, we obtain Weil–
Deligne G-representations ρWD

A,`,v for each prime ` whose image in Φ(q,G,C)
is defined over Q and does not depend on the choice of `.

5.4. Applications. In this last section, we use our main result on abelian
varieties to deduce `-independence results for Shimura varieties without the
assumption of strong admissibility.

We now let (G, X) be a Shimura datum of Hodge type and let SK be an
integral model for ShK(G, X) over OE as constructed in §2.1.3. In partic-
ular, we don’t necessarily assume that (G, X) arises as part of a strongly
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admissible triple. For k′E = Fq a finite extension of kE and x0 ∈ SK(k′E),

we obtain elements γx0,` ∈ Conj(Q`) for ` 6= p and γx0,p ∈ ConjG(Q̆p) cor-
responding to the local Frobenius acting on the stalk of the G(Q`)-local
system L` (resp. F -isocrystal with G-structure E); see §2.3.1. For m ≥ 1,

we let γ
(m)
x0,`
∈ ConjG(Q`) for ` 6= p (resp. γ

(m)
x0,p ∈ ConjG(Q̆p)) denote the

corresponding elements for the qm-Frobenius.

Theorem 5.4.1. Let k′E = Fq be a finite extension of the residue field kE
and let x0 ∈ SK(k′E). For sufficiently divisible m, there exists an element

γ
(m)
x0 ∈ ConjG(Q) such that

γ(m)
x0

= γ
(m)
x0,`

for all ` (including ` = p).

Proof. Let x ∈ SK(G, X)(K) be a lift of x0, where K is a finite extension of
Qp with residue field Fqs . Then we obtain an abelian variety Ax over K, and
for a fixed embedding K ⊂ C, its Mumford–Tate group is a subgroup G′ of
G. Upon replacing K by a finite extension, we may assume the action of ΓK
on V`Ax factors through G′(Q`). It follows that the elements γ

(s)
x0,`

can be

refined to an element (also denoted γ
(s)
x0,`

) of ConjG′(Q`) (resp. ConjG′(Q̆p)

for ` = p). By Theorem 5.3.10, we obtain an element γ
(s)
x0 ∈ ConjG′(Q) such

that γ
(s)
x0 = γ

(s)
x0,`

for all `. The theorem follows a fortiori for any m which is

divisible by s. �

Remark 5.4.2. This theorem verifies [vH24, Hypothesis 2.3.1] for these Shimura
varieties. In loc. cit., this is used to prove instances of the Hecke-orbit con-
jecture.
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1967–1969 (SGA 7 I),, Springer-Verlag, 1972.

[Ill02] L. Illusie, An overview of the work of K. Fujiwara, K. Kato, and C. Nakayama
on logarithmic étale cohomology, no. 279, 2002, Cohomologies p-adiques et
applications arithmétiques, II, pp. 271–322.

[Ima24] N. Imai, Local langlands correspondences in `-adic coefficients, Manuscripta
Math. 175 (2024), no. 1-2, 345–364.

[Kat87] K. Kato, On p-adic vanishing cycles (application of ideas of Fontaine-
Messing), Algebraic geometry, Sendai, 1985, Adv. Stud. Pure Math., vol. 10,
North-Holland, Amsterdam, 1987, pp. 207–251.

[Ked03] K. S. Kedlaya, Semistable reduction for overconvergent F -isocrystals on a
curve, Math. Res. Lett. 10 (2003), no. 2-3, 151–159.

[Ked04] , Full faithfulness for overconvergent F -isocrystals, Geometric aspects
of Dwork theory. Vol. I, II, Walter de Gruyter, Berlin, 2004, pp. 819–835.

[Ked07] , Semistable reduction for overconvergent F -isocrystals. I. Unipotence
and logarithmic extensions, Compos. Math. 143 (2007), no. 5, 1164–1212.

[Ked10] , p-adic differential equations, Cambridge Studies in Advanced Mathe-
matics, vol. 125, Cambridge University Press, Cambridge, 2010.

[Kis06] M. Kisin, Crystalline representations and F -crystals, Algebraic geometry and
number theory, Progr. Math., vol. 253, Birkhäuser Boston, Boston, MA, 2006,
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